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Abstract

We consider the estimation of the scale parameter appearing in the second order condition
when the distribution underlying the data is of Pareto-type. Inspired by the work of Goege-
beur, Beirlant and de Wet (2010) on the estimation of the second order rate parameter,
we introduce a flexible class of estimators for the second order scale parameter, which has
weighted sums of scaled log spacings of successive order statistics as basic building blocks.
Under the second order condition, some conditions on the weight functions, and for appro-
priately chosen sequences of intermediate order statistics, we establish the consistency of
our class of estimators. Asymptotic normality is achieved under a further condition on the
tail function 1 — F', the so-called third order condition. As the proposed estimator depends
on the second order rate parameter, we also examine the effect of replacing the latter by a
consistent estimator. The asymptotic performance of some specific examples of our proposed
class of estimators is illustrated numerically, and their finite sample behavior is examined by
a small simulation experiment.

Keywords: Extreme value statistics, Pareto-type model, second order scale parameter,
weighted estimator.

1 Introduction

When interest is in estimating parameters related to the far tail of a distribution function, such
as extreme quantiles or small exceedance probabilities, one has to extend the empirical distri-
bution function beyond the available data. Extreme value theory studies the behavior of the
largest observations in a sample and provides laws governing these values, and as such forms the
natural framework for carrying out this extrapolation step. We refer to the seminal works by
Fréchet (1927) and Fisher and Tippett (1928). In this paper we deal with an estimation problem
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within the class of heavy-tailed or Pareto-type distributions, which constitute the max-domain
of attraction of the Fréchet distribution. Such models find important practical applications in
areas such as non-life insurance, finance, telecommunications and geology, to name but a few.

A distribution is said to be of Pareto-type if for some v > 0 its survival function is of the form:
1—F(z) =2 p(a), x>0, (1)
where /r denotes a slowly varying function at infinity, i.e.

The parameter vy is called the extreme value index, and clearly governs the tail behavior, with
larger values indicating heavier tails. The Pareto-type model can also be stated in an equivalent
way in terms of the tail quantile function U, where U(x) := inf{y : F(y) > 1—1/z}, z > 1, as
follows

— 1 as z — oo for all A > 0. (2)

U(z) = 2"y (x), (3)
with £;; again a slowly varying function at infinity (Gnedenko, 1943).

A central topic in the analysis of Pareto-type distributions is the estimation of the extreme value
index 7. Several estimators for this parameter have been proposed in the statistical literature,
and their limiting distributions established, usually under a second order condition on the tail
behavior.

Second order condition (R) There exists a positive real parameter v, a negative real parameter
p and a function b with b(t) — 0 for t — oo, of constant sign for large values of t, such that
InU(te) -InU(t) —yInzx 2 -1

tllglo b(t) - op Ve >0.

We refer to Bingham et al. (1987) and de Haan and Ferreira (2006) for further details. As in
Caeiro and Gomes (2006) and Caeiro et al. (2009), we assume that (R) holds with b(¢) = vDt?,
D # 0. Note that as such the parameter p controls the rate of convergence in the first order
framework given in (3). When |p| is small this convergence is slow and the estimation of tail
parameters is typically difficult in practice. Condition (R) is not too restrictive; for instance
the important Hall-Welsh class of Pareto-type models (Hall and Welsh, 1985) for which the tail
quantile function is of the form

U(zx) = Cx” (1 + %x” + o(xp)> ;

satisfies (R). The estimation of the second order parameters p and D are challenging estima-
tion problems. The estimation of the second order rate parameter p has received considerable



attention in the recent extreme value literature; see Gomes et al. (2002), Fraga Alves et al.
(2003), Ciuperca and Mercadier (2010) and Goegebeur et al. (2010) for examples of estimators
that show good practical performance. The estimation of the second order scale parameter D
is less well studied. Gomes and Martins (2002) introduced a maximum likelihood estimator for
D derived from the representation of Beirlant et al. (1999) and Feuerverger and Hall (1999) for
scaled log-spacings of successive order statistics, whereas Gomes et al. (2010) applied a quasi
likelihood estimation method to weighted log-excesses over a high threshold. Caeiro and Gomes
(2006) studied an estimator based on generalized Hill statistics, the type of statistics used in
e.g. Fraga Alves et al. (2003) for the construction of estimators for p. In this paper we will
elaborate on the work Goegebeur et al. (2010) performed on the estimation of the second order
rate parameter p. In particular, we will consider weighted sums of scaled log spacings of suc-
cessive order statistics, and based on their asymptotic distributional representations introduce
a flexible class of estimators for D. Adequate estimation of the second order scale parameter D
has practical relevance for bias-corrected estimation of the extreme value index 7. Indeed, recent
research on tail index estimation has focused on the development of improved estimators for + by
explicitly estimating the dominant term of the asymptotic bias. This bias depends on D and p,
so an a priori estimation of these parameters is necessary to obtain the bias reduction. We refer
to Beirlant et al. (1999), Feuerverger and Hall (1999), Gomes and Martins (2002), Caeiro et
al. (2005), and more recently Gomes et al. (2008) for examples of such bias-corrected estimators.

The remainder of this paper is organized as follows. In the next section we introduce the
weighted moment estimator for the second order scale parameter and establish its consistency
under the second order condition (R), and some conditions on the weight function and on the
number of upper order statistics used in the estimation. We also show that our estimator, when
appropriately normalized, converges in distribution to a normal random variable, if we invoke
a third order condition on the tail behavior, some further conditions on the weight function
and on the number of upper order statistics the estimator is based upon. The asymptotic and
finite sample behavior of estimators obtained for some specific examples of weight functions are
illustrated numerically in Section 3. The proofs of the main results are deferred to the appendix.

2 Asymptotic properties

2.1 Consistency

In this section we introduce our estimator for D and establish its consistency. Let Xi,..., X,
be independent and identically distributed (i.i.d.) random variables from a distribution function
satisfying (1) and denote by X , < ... < X,, ,, the associated order statistics. The basic building
blocks for the estimator are the kernel statistics considered in Goegebeur et al. (2008, 2010):

k .
1 J
T (K) = Y K (m) Zj,
j=1

where K is a non-negative weight function and Z; := j(In Xy, j11, —In Xp—j,), 5 =1,... k.



In order to obtain the asymptotic distributional expansion of T), ;(/K) we have to introduce
some condltlons on the Weight function K. Define In*(1/u) := max{In(1/u),1} with u € (0, 1),
= [ K(u)du and 0*(K) := [} K2(u)du.

Condition (K) Let K be a function defined on (0,1) such that

(i) K(t) = & fo v)dv for some function u satisfying ‘ E+1 f(jj/(lf%kﬂ) u(t)dt| < f(k%q) for

some posztwe continuous function f defined on (0,1) such that fo In*(1/w) f(w)dw < oo,
(1) 02(K) < oo,

(iid) £ 3232 K () = m(K) + o(1/VE) for k= ox,

(iv) maxjeqy, . py K (k+1> = o(Vk) for k — oo.

Let Ki,...,Kg be kernel functions, KM = (Ky,...,Ky), K® = (K;,...,Kg), K12 .=
(K(l) ’ K(Q)),

I(K;, p)
p(Ki)

where a = 1,2 and 7,5 € {1,2,...,8}. We assume that IV (K, Ko, p), IV (K3, Ky, p), IV (K5, Kg, p)
and T (K7, Kg, p) are well defined and non-zero.

TI(K;, K;,p) == I(K;, p) — I(Kj, p),

1
— [ Kiwurdu, (ki) =
0

Consider the statistic

Top(K)\Y  (Tor(K2)\ o
1) — [( p(K1) > < H(K2) ) }
n,k(K ,041,9) — 0 9
(Tn,k(KS))al _ (Tn,k(K4))a1
n(Ks) p(Ky)
where a1 € R and 6 € Z\ {0,1}. Under conditions (R) and (K) we have, for k,n — oo such
that k/n — 0 and vkb(n/k) — oo, the following convergence

(prl)\ﬂ (KD oy gy B (@D DKL Ky p))f

- 4
n 9‘[(1)(K35K4,p) ( )

Similarly, under the same conditions

p(6—2) 9—2(7(1) 0—1
N g h(&® ag,0 1) B (02D LU Ke )T (5)
n 7 (9 - 1)‘[(1)(K7a KS’p)

where as € R. Equations (4) and (5) motivate then the following estimator for D:

~ ]C P
Dn7k(K(172)7 ar, ag, 97 p) = C(K(1’2)70417 2, 97 p) <_> Amk(K(lz)a ay, g, 6)7
n

4



where
90[372‘?(1) (K?H K4, p) [f(l) (Kf)a K6, p)]0—1

(0 — 1) TV (K7, Ky, p)[ TV (K1, Ko, p)]°”
T, (KW aq,0)

VoKD, 9,0 - 1)

C(K(1,2)aalaa2aeap) =

A (KE2 ay; ag, 6)

Note that the proposed estimator for D depends on p, the rate parameter appearing in the
second order condition, which is typically unknown. If this is the case then one replaces p by a
consistent estimator pj.

Theorem 1 Let Xy,...,X,, be i.i.d. random variables according to a distribution satisfying (R).
Let K, ..., Ky satisfy condition (K), and suppose f(l)(Kl, Ko, p), f(l)(Kg, Ky, p), f(l)(K5, Kg, p)
and I (K7, Kg, p) are well defined and nonzero. Then, if k,n — oo such that k/n — 0 and

VEkb(n/k) — oo we have ﬁmk(K(l’Q),al,ag,H,p) 5D, Further, under the same conditions,

]3”7;3(]1{(172), ar,az,0,py) Ep for any consistent estimator py, for p that satisfies (py—p)Inn/k =
0]1»(1).

Goegebeur et al. (2010) introduced a very flexible class of consistent estimators for the second
order rate parameter p. Based on the asymptotic expansion of T), j(K) they proposed the
following ratio

A, (KD I
A oKD oy o, 1) = = KD w0y wy +1)
An,k(K(Q)MQ,WQ +1)

where w1, ws and [ are positive tuning parameters, and with

(Tz%ii”)f - <Tz&2€?)):f
(Bed) - (Be) ™

Ay (KW w1, w9) =

Under the conditions of Theorem 1 it was shown that An,k(K(l’Q) w1, w2, 1) L A(K(m) , w1, wa, L, p),
a function depending on the unknown p only, which then leads to the estimator
Pr(KA2) 1wy, l) = A’l(K(l’z),wl,wg,l,Amk(K(l’Q),wl,wz,l)), provided the function p +—
A(K(1’2),w1,w2,l,p) is bijective. If A™! is continuous then the estimator ﬁk(K(l’Q),wl,wg,l)
is consistent for p. Other consistent estimators for p can be found in Gomes et al. (2002), Fraga
Alves et al. (2003), and Ciuperca and Mercadier (2010).

2.2 Asymptotic normality

In this section we will establish the asymptotic normality of our estimator for D, when appro-
priately normalized. Similar to the estimation of the second order rate parameter p, we need a
third order condition on the tail behavior and some further conditions on the weight functions.
We start by introducing the third order condition on the tail of F'.



Third order conditi0n~(R) There exists a positive real parameter v, negative real parameters
p and B, functions b and b with b(t) — 0 and b(t) — 0 for t — oo, both of constant sign for large
values of t, such that

In U(t:v)flbrzg(t)ffy Inz zpp_l .

lim = = , Vx> 0.
t—00 b(t) p+p

We assume here that Z)(t) = ¢t8, € # 0. The parameter 3 thus determines the rate of convergence
in the second order framework given in (R), and hence plays a role that is analogous to that of
the second order rate parameter p. Recently, Goegebeur and de Wet (2011) used statistics of the
type T, 1, (K) to introduce a class of estimators for 5 and studied its asymptotic properties. The
third order condition is not too restrictive and is satisfied for a large subclass of the Hall-Welsh
class of Pareto-type models (Hall and Welsh, 1985). In Table 1 we provide some examples of
Pareto-type models satisfying (R), where we derive for each of them the parameter 7, and the
functions b(z) and b(z).

Concerning the kernel function K we assume the following;:

Condition (K) Assume (K) with (i) replaced by

(i") K(t) = %fot w(v)dv for some function u satisfying ‘(k:—i— 1) f(?/i(lf;%)gﬂ) u(t)dt| < f(k%q) for

some positive continuous and integrable function f defined on (0,1),

and the following two extra conditions

) 00K () () " = 1Eop) + o(1/VE) Jor k = oc,

(vi) fol K(u)ul!l=1=¢du < co for some e > 0.

Conditions (K) and (K) are satisified by the class of weight functions given by

K(u;7,0) := (—lnu)"u’, ue (0,1); 7,0 >0. (6)
We refer to Lemma 3 for the details about the verification of (IC)f(IE) The class of weight func-
tions (6) is very flexible and contains for instance the power weight function Py := K(.;0,J) and
the log weight function L, := K(.;7,0), considered in Goegebeur et al. (2010) in the framework
of the estimation of p.

As will be clear from Theorem 2 given below, if we estimate D and p by means of the same
sequence for k, then the asymptotic behavior of ﬁn,k (K(LQ), a1, a,0, pr) is determined by that
of pr. In the sequel we will concentrate on the estimators for p introduced in Goegebeur et al.
(2010), though similar results can be obtained with the p estimators of Gomes et al. (2002), Fraga
Alves et al. (2003) and Ciuperca and Mercadier (2010). Goegebeur et al. (2010) showed that if
U satisfies (75,), the weight functions in K(1?) satisfy (IE), and A is bijective and differentiable



in p, then for k,n — oo such that k/n — 0, Vkb(n/k) — oo, Vkb(n/k)b(n/k) — A and
VEbV?(n/k) — Xy one obtains the following convergence in distribution

\/Eb n/k Ank K(I’Q) w1, w2 l) —
(n/k) [P (KO, w1,0m,0) = p
2} N (AI/B él(K(172)’wlaw25l,7’paﬁ) + )‘252(K(172),w1,w25l’ry’p)?62(K(172)’w1,w25l’7?p)) .

We refer to Goegebeur et al. (2010) for details about El(K(m) swi,wa, Ly, p, B), EQ(K(I’Q) w1, w2, 1,7y, p)
and 92(KM2), wy,wa, 1,7, p).

Let
2 K)
5’2 Kz = g ( ! y
(5:) 12 (K)
Ni(Ki, Kj) = 6(Ki)Nk(K;) — 0(K;)Nik(K;),
(1,2) _ ONy (K1, K3) Ni(K3, Ky) (0 — 1)Ny (K5, Ko) Ni(K7, Ks)
Ne(®.0,p) = 7D | =5 T 0 0 :
1 (KlaKQap) I (K33K4ap) I (K53K6)p) I (K75K85p)
0TV (K, Ko, p+B) TW(K3, K4,p+
uD(K(1,2);Gapaﬁ) = D |: 7(1() - 20 ) - 7((1) : LP )
I (KlaKQap) I (K37K4ap)
(0 =)IW(K5,Ke,p+8) TV (Kz, Ks,p+ )
I_(l)(K5aK65p) I_(l)(K7aK8ap) ’
D [6(a; — NI?(K,, K. 0—1)I? (K3, K.
UD(K(1’2),CY1,CY2,9,p) - Z (0417 I (K, Ko, p) _ (on - M9 (K3, Ky, p)
2y IW(Ky, K, p) ITW(K3, Ky, p)
o (9 - 1)(0(2 - 1)1_(2)(K5,K6,p) (042(9 - 1) - 1)1_(2)(K7,Kg,p):|
I_(l)(K5;Kﬁap) I_(l)(K7aK8ap) ’
wh (KB, 0,p) 1= Avar(Nx(K*2),6,p)).
Theorem 2 Let Xy,...,X, be i.i.d. random variables according to a distribution satisfying

(R). If the kernel functions K1, . .., Ky satisfy assumption (K) and are such that fp)(Kl, Ko, p),
fp)(Kg,KAt,p), fp)(Kg,,KG,p),fp)(KﬂKg,p) are well defined and nonzero, then for k,n — oo
such that k/n — 0, VEb(n/k) — oo, Vkb(n/k)b(n/k) — A\ and Vkb*(n/k) — o we have

VEb(n/k) | Do (K, 1, 05,0,p) = D|

2N (AluD(K(l’Q),H,p,ﬁ) + )\QUD(K(l’Q),al,ag,H,p),w%(K(l’z), 0,p)> ) (7)

The same result continues to hold when p in ﬁn7k(K(1’2), a1, as,0,p) is replaced by an external

estimator py which is such that py, — p = Op(l/\/%b(n/l::)), when \/%b(n/l::) — 00, provided

VEb(n/k)Inn/k N
Vib(n/k)

0. (8)



Concerning ﬁn,k(K(m), a1, 2,0, pr), t.e. if we use the same k sequence for the estimation of D
and p, we have that if k,n — co such that k/n — 0, VEb(n/k)/Inn/k — oo, Vkb(n/k)b(n/k) —
A1 and VEVA(n/k) — Ay then

VEb(n/k)

W [Bnﬁk(K(lg)a Qaq, g, 97 //)\k) - D:|

2} N (7D()\15 &1(K(1’2),W1,WQ,Z,’}/,/), ﬂ) + >\252(K(1’2),w1,w2,l,’y,p)),D2172(K(1’2),w1,w2,l,’y,p)) .

Note that when D and p are estimated using the same sequence of k then the normalized
estimator of D inherits the asymptotic behavior of the normalized p estimator. For a detailed
discussion about k sequences satisfying the conditions of Theorem 2, and that can be used when
estimating p we refer to Caeiro and Gomes (2006), Caeiro et al. (2009) and Gomes et al. (2009).

3 Numerical results

In this section we compare several estimators for D, both at the asymptotic level and through
small sample simulations. We consider examples of our class of estimators obtained with the
power and log weight functions, namely lA)n,k(]P’(l’?), ay,p) = lA)n,k(IP’(Lz), a1,1,2, p) with PO :=
(Ps,, Ps,, Ps,, Ps,) and P@) := (Bs,, Ps,, Ps,, Ps,), and Dy, (L1 g, p) := Dy 1 (L5, 0y, 1,2, p)
with LY := (L., L., Ly, L) and L& := (L,,,L,,,L,,,L.,) where for both the power and
the log kernel functions we set 61 = 7 = 0.25, 0o = 75 = 0.5, §3 = 73 = 0.75 and 94 = 74 = 1.
The motivation for using these values for the tuning parameters stems from a small preliminary
investigation of the asymptotic mean squared errors of the resulting estimators, in which they
provided a reasonable performance for a wide range of models. These values are however in
no way optimally selected, so further improvements over the presented results are still possible.
The parameter a7 is not fixed in advance, and will be used to fine tune the estimator for a
specific distribution. When reasonable choices are made for the other parameters, this provides
sufficient flexibility for practical applications.

The performance of our estimators will be compared with the following estimators from the
recent extreme value literature:

e The maximum likelihood estimator for D from Gomes and Martins (2002):
IS N AN R I A o N AN
ﬁ(GM)(p) B (ﬁ)ﬂ [k 21 (k) } [k >i-1 ZJ] F 21 (k) Zj
mwhk T \n 1k i\ 7P| |1k AN 1k N,
[E Zj:l <%> ] [E Zj:l <%) Zj] % Zj:l (%) Zj




e The moment estimator introduced by Caeiro and Gomes (2006):

W\ (y(@) 7/2]?
— 2l () RMn ©) (i) L if 7 £ 0
P (P k) 2) = (MO (k) j24) ’
N(CG,T n n
Df@,k )(P) = ( ) ( )
s e [pO O]
o n) (M) (k) /2)— 3 In(MSY (k) /24) v
where
Lk
M) (k) = - jzl(ln Xo—jrin — I Xn_gn)® a>0.

The latter two estimators have an asymptotic behavior that is in line with that stated in Theorem
2 for Dn,;i(K(M),al,ag,H,p), namely under (R), for k,n — oo, k/n — 0, Vkb(n/k) — oo,
VEb(n/E)b(n/k) — A and VEV(n/k) — A,

VEb(n/k) (D) (p) — D) B N(uly) + a0l (w)?), (9)

where o is either GM or CG, 7; see Gomes and Martins (2002) and Caeiro and Gomes (2006)

for further details on ug), vg) and wg).

We start with an evaluation of the estimators at the asymptotic level. In Figure 1 we show
the components up and vp of the asymptotic bias, and the asymptotic standard deviation wp
of the estimators under study as a function of p for Pareto-type distributions with p = 5 and
v = D = 1. Such parameter setting is satisfied by e.g. the Burr distribution (see Table 1).

The estimator ﬁﬁﬁgM) (p) is a maximum likelihood estimator and hence has minimal asymptotic
variance though through an appropriate selection of the tuning parameter oy the estimators
ﬁmk(P(l’Q),al,p) and ﬁmk(L(l’z),al,p) do not lose much. We set oy = 3.75 and a7 = —3.1
for the estimators based on the power and the log kernel functions, respectively. These values
give a good asymptotic efficiency relative to ﬁfiG’_l'Q)(p) for a wide range of p values; see
the discussion about the asymptotic relative efficiency given below. The value 7 = —1.2 is

taken from Caeiro and Gomes (2006) where it showed in the simulation experiment a good
performance for a wide range of Burr models. Compared to DfliM) (p), Dy (P12 3,75 p) and

ﬁmk(L(m), —3.1, p), the estimator ]37(5?’71'2) (p) is characterized by a high asymptotic standard
deviation. For what concerns the asyfnptotic bias, there are two components, up and vp, and
therefore the performance of the estimators with respect to bias depends on the way these two
components are combined in the overall bias. From (7) we obtain the following first order
approximation to the asymptotic bias:

Abias(ﬁmk(K(l’Q), a1, 0,0, p)) = b(n/k)up(KY? 6, p, B) + b(n/k)vp (KM, ay, as,6, p).

Similar expressions are obtained for ﬁfliM) (p) and EY(LCICG’T) (p) based on (9). This is illustrated in

Figure 2 with the Burr(1,1,1) distribution, havingy =D = ¢ = 1 and p = f = —1 (see also Table



1). For distributions with p = 8 the bias components of ﬁiﬁgM) (p) satisty ng) = —U(SM)/%

which implies that the asymptotic bias is zero for instance for the Burr and GPD distributions.
Consequently, for the class of Burr distributions the estimator DfliM)(p) is asymptotically the

optimal one. From Figure 2 it is clear that for an appropriate selection of the tuning parameter
«y the asymptotic bias and variance of our estimators can be kept small, so that asymptotically
they perform almost as good as the maximum likelihood estimator. An alternative way to

compare the asymptotic performance of ﬁmk(K(l’Q), a1, p), where K12 ig either P12 or }L(LQ),

and ﬁn . (p), for distributions with p = 3, is by considering their asymptotic relative efficiency
(AREFF):

ming AMSE(D 5 (p)
ming AMSE(D,, (K12, ay, p))

(wgCG’T)P —2p/(1-4p) (B(CG.m)2 (1—2p)/(1—4p)
N\ w3 T2, 2,p) <BQ(K(1’2>, al,p)) ’

AREFF(Dp (K*?), a1, ), D5 (p)) = J

where
BEKM a1,p) = &up(®K™?,2,p,p) +vDup(K*?, a1,1,2,p),
BCGN = g(C6D) 4 py(C6m),

In  Figwe 3  we  show  AREFF(D,;(P12,3.75,0), D% (p))  and

AREFF(ﬁn,k(L(1’2)7 —=3.1,p), ﬁr(LCkG7_1'2) (p)) as a function of p for the Burr(¢, A, d) family. Our
estimators show clearly a very attractive behavior over a wide range of p values. As mentioned

above, ﬁfliM) (p) is asymptotically optimal for the Burr distributions, and therefore it is not

included in the comparison based on AREFF.

In case of the |T, | distribution, where |7, | refers here to the absolute value of a Student t ran-
dom variable with v degrees of freedom, the asymptotic bias of DfliM) (p) will not necessarily
be equal to zero, and hence the estimators ﬁn7k(P(1’2),a1, 0), ﬁmk(L(m), a1, p) and ﬁflc;ﬁG’T) (p)
may asymptotically outperform the former. In Figure 4 we show the asymptotic bias, standard

deviation and mean squared error of ﬁn7k(P(1’2), 1.75, p), ﬁn,k(L(l’Q), —1.75, p), ﬁﬁiM) (p) and

ﬁiCkG’_O'ZS) (p) as a function of k in case of a sample of size n = 5000 from |T5|. The tuning
parameters were chosen in such a way that the asymptotic bias and standard deviation were
both reasonably small, though the used values are not optimal. From Figure 4 it is clear that

ﬁmk(P(l’Q), 1.75,p), ﬁn,k(L(l’Z), —1.75, p) and ﬁfﬁf’*o'%) (p) are nearly asymptotically unbiased,
and that ﬁn,k(]P’(l’Q), 1.75, p) and ﬁmk(L(l’z), —1.75, p) have an asymptotic standard deviation
that is close to that of the maximum likelihood estimator ﬁéiM) (p). The asymptotic bias of
ﬁf&M) (p) is considerable and therefore ﬁn,k(ﬂ”(l’z), 1.75,p) and ﬁn,k(L(l’z), —1.75, p) reach the
smallest minimum AMSE of the estimators under consideration. The plot of
AREFF(Dy, 1, (P02, 1.75, p), DS %) (p)) and AREFF(D,, (L1, ~1.75, p), D'\GE "% ()
versus v given in Figure 5 illustrates also here the very attractive asymptotic behavior of
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ﬁmk(P(l’z), 1.75, p) and ﬁmk(L(m), —1.75, p) versus ﬁfﬁf’fo'%) (p) for a wide range of |1, | dis-

tributions. Compared to ﬁﬁiM) (p), the estimators ﬁmk(P(l’Q), 1.75, p) and ﬁn,k(L(l’Q), —1.75, p)
perform only better for v < 6, corresponding to v > 1/6 and p < —1/3.

Note: The expressions for the bias components suggest that in case p = 8 we can make the
asymptotic bias of the estimators lA)n,k(IP’(l’z), a1, p), lA)n,k(}L(l’Q), ag,p) and lA?ngG’T) zero by an
appropriate choice of oy and 7, respectively, and hence for an asymptotic evaluation of the
estimators it suffices in principle to compare the asymptotic standard deviations. However, the
bias-eliminating values for the tuning parameters are distribution dependent, and are in prac-
tical applications unknown, so therefore it is relevant to have values for the tuning parameters
that work well for a reasonable range of members of a particular family of distributions, which
motivates the above analyses based on AREFF.

It is a well known fact that when estimating higher order parameters, the differences between the
asymptotic and finite sample results may become considerable (Draisma, 2000, p 43-59, Gomes
et al., 2002). Therefore, we also investigate the properties of the four considered estimators with
a small simulation study. The distributions considered in the simulation are

e the Burr(1,1,1) distribution: vy =1, p=—1, D = 1;
e the Burr(1,0.5,2) distribution: vy =1, p= -2, D = 1;
o the Fréchet(1) distribution: vy =1, p = —1, D = 0.5;
e the |T1| distribution: v =1, p = =2, D = 1.645;

o the |T5| distribution: v = 0.5, p = —1, D = 1.5;

we refer to Table 1 for further details. For each of the considered distributions we generated
1000 data sets of size n = 5000, and computed the four estimators under study for £ = 10 to
k = 4990 in steps of 10. The estimators are implemented with the power kernel p estimator of
Goegebeur et al. (2010), with k& = [n%%] in case p = —1 and k = [n%97%] in case p = —2. Note
that, in case one would use the AMSE optimal sequence of k for the estimation of D, given by
k = O(n~%/(1-40)) (according to (7)), these choices for k would satisfy condition (8). We refer to
Caeiro et al. (2009) for a more detailed discussion about the choice of k. The results are reported
in Figures 6 to 9. The considered values of «ay for ﬁmk(P(l’z),al, py,) and ﬁmk(L(m), a1, py,) were
inspired by the above asymptotic evaluations. For what concerns lA?éCkG’T) (p) we set T at the
value that worked best in the simulations reported in Caeiro and Gomes (2006), i.e. —1.2 for
Burr distributions and —3 for the Fréchet(1) distribution. For the |T3| and |T5| distributions we
tried several values and report here only the results for 7 = —0.25, which worked best.

Although the simulation experiment is limited we can draw the following provisional conclusions:

e Consistent with the asymptotic evaluation we find that ﬁéiM) (p;,) shows the best per-

formance in terms of minimal MSE on the Burr distributions, though the difference with

Dy (P12),3.25, 57 ) is small. For the Fréchet(1), |Ti| and |Ty| distributions, D% (5,)
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has considerable bias, and is outperformed in terms of minimal MSE by D, (IP’(LQ) at, py),
ﬁn,k(L(m),al,ﬁE) and D(CG T)( i), for appropriate choices of the tunlng parameters o

and 7. Despite its considerable bias on the Fréchet distribution, the estimator Df1 . )(ﬁ;;)
performs reasonably well in terms of minimal MSE.

e Unlike the estimation of the second order rate parameter p, the performance of the estima-
tors for D depends on the appropriate selection of the tuning parameter a1, an observation
that was also made in Caeiro and Gomes (2006) concerning their tuning parameter 7. It is
however rather easy to find values for the tuning parameters that give a good performance
for a wide range of distributions within a particular family.

e The estimators ]3” k(IP’(LQ) at, py) and ﬁn,k(L(l’z), a1, py) have sample paths that are more

stable than those of D(CG 7 (py,), an observation that is in line with the smaller asymptotic
variance of the former two found in the above asymptotic evaluation.

e The best (in terms of minimal MSE, and considered over the values of a1) estimator
Dmk(P(l’z), a1, py) seems to perform slightly better than the best Dmk(L(m), at, py)-

e Overall our estimators are competitive with ﬁfliM) (py) and D(CG ™ (py,), though none of
the considered estimators performs uniformly best. For practlcal apphcatlons we therefore
suggest to consider several estimators for the parameter D and to use the common stable
part of their sample paths to infer about the true value of D. Further work is in progress on
the appropriate selection of the tuning parameters, and on the evaluation of other kernel
functions.

Finally we illustrate the use of the considered weighted estimators for D on bias corrected
estimation of the extreme value index «. For the Hill estimator (Hill, 1975), Hy,,, := T, (K),
with K(u) = 1(9,1)(u), we have under the second order condition (R), and for k,n — oo, k/n — 0

and Vkb(n/k) — X that

Vil =) B (202, (10)

from which we deduce the following bias-corrected estimator

a0 =t (1725 (7))

This bias-corrected estimator for v was first considered in Caeiro et al. (2005). We now exam-
ine the finite sample behavior of this estimator implemented with the power weighted estimator
for p of Goegebeur et al. (2010), and the estimators D ~(IP’(1’2) a1,p), D, (L1 aq, pp),
DinM)( ) and D(CG T)( z) for D, in a small simulation experiment. In this the tuning pa-

rameters of the estlmators for D are set as above. Note that, as in Caeiro and Gomes (2008)
and Caeiro et al. (2009), we estimate D and p at the same level of k, which is as above taken
as k = [n%%| in case p > —1 and k = |[n"97®| otherwise. We consider the distributions
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Burr(1,2,0.5), having v = 1 and p = —0.5, Burr(1,1,1), having v = 1 and p = —1, and |T}|,
having v = 1 and p = —2. For each of these distributions we simulate 1000 data sets of size
n = 1000, and compute the estimators for kK = 5,6,...,999. In Figure 10 we show the mean and
the empirical mean squared error (MSE) of the Hill estimator and its bias-corrected versions, as
a function of k. As is clear from Figure 10, the bias of the Hill estimator becomes more prob-
lematic as p gets closer to zero, an observation which is in line with the asymptotic result stated
n (10). Also, the bias correction used in H. ,gic) is effective in that the estimators for + show a
longer stable portion around the true value, though the Burr distribution with p = —0.5 remains
difficult. For what concerns the MSE it is clear that the use of estimator ﬁnﬁ(L(l’Q), ai, py) in

7(BO) (GM)

wn is highly competitive compared to lA)n i (Py), despite the asymptotic optimality of the

latter on Burr distributions.

4 Conclusion

In this paper we introduced a very flexible class of estimators for the second order scale pa-
rameter, which has weighted sums of scaled log-spacings of successive order statistics as basic
building blocks. Its consistency and asymptotic normality were established under appropriate
conditions on the underlying distribution, the weight functions, and the sequences k£ and n. The
asymptotic and finite sample evaluations indicated that the members from the class obtained
for the power and log weight functions show an attractive behavior compared to the alternatives
from the recent literature. Further work is in progress on, among others, the evaluation of other
weight functions, the development of algorithms for the automatic determination of the tuning
parameters, and for the selection of k.

5 Appendix

5.1 Proof of Theorem 1

Let Eq,..., E} denote independent unit exponential random variables. Under the conditions of

Theorem 1, Goegebeur et al. (2010) derived the following asymptotic distributional representa-

tion

Ny (K)
vk

Ty 1o(K) 2 yu(K) + 0 (K) (1 + 0p(1)) + b(n/k)I(K, p)(1 + op(1)),

with

PYR K () (B - 1)
o(K) ’

Np(K) :=Vk

which is asymptotically a standard normal random variable. Straightforward application of
Taylor’s theorem gives

(M

N2 g Nl
) 2o st

vk

(1 +o0p(1)) + b(n/k)ary™ " I(K, p)(1 + op(1)),
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and thus

(Tn,k(Kl))al _ (Tn,k‘(Kz)
p(EK1) w(Kz)

b(n/k)

) D al'yo‘l_ll_(l)(Kl, Ko, p)(l + Op(l)) + agy™ —N\;(Ei)ix/lzj) (1 + OIP’(l))a (11)

where Ni (K71, K2) := 6(K1)Ni(K1)—0(K2)Ni(K2). By another application of Taylor’s theorem
we obtain

{(wa;))al - (TZ’&?)%]

b(n/k)

0

9

a1 (K Ky, p))? (1 + op(1)) (12)

_ - _1 Np(Kq, K»)
+0afA0C=DHUTM (K Ky, p)]f~F 220 (1 4 op(1).
17 [ ( 1, 82 P)] \/Eb(n/k) ( IP’( ))

By combining (11), (12) and using the fact that b(z) = yDz? we have, if k,n — oo such that
k/n — 0 and Vkb(n/k) — oo

RN KD gy B @D IO, Ky p)”
nk (855 0, 010 (K3, Ka,p)

and similarly,

o DY2TD(Kr. K. )01
" ’ (0 — 1)IV (K7, Kg, p)
This then yields

o — 1D (K Ke, p) [TV (K. Ko, p)]?
<ﬁ> An,k(K(l,Q)’a1’a2’6)£>D (9 0_)204_1 ( 75 87_p)[ ( 1, 27p)]
n 0oy T (K, K, p)[ I (K, Ko, p))~!

)

from which the consistency of lA)nk (K(M), a1, as,0,p) for D follows.

In case p is replaced by a consistent estimator, we apply Taylor’s theorem and obtain

ﬁn,k(K(1’2)7a17a2797ﬁ,§) =
Dy (K12 a1, 09,0, p) — Dy k(K2 0y, a9, 0, p) In(n/k) (B, — p)(1 + 0p(1)),  (13)

)

so that we have consistency if In(n/k)(p;, — p) = op(1). O

5.2 Some lemmas

The first lemma gives the asymptotic expansion of T}, 5 (K) under (R) and (K). Let Y7, < ... <
Y, n denote the order statistics of a random sample of size n from the unit Pareto distribution.
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Lemma 1 Let Xy,..., X, be i.i.d. random variables according to a distribution satisfying (75,)
If (K) holds, then for k,n — oo such that k/n — 0 we have

Ny (K)

19

Tk (K) Yu(K) + o (K)

(1 + OP(l)) + b(Yn—k,n)I(K’ p)

<

"’b(Yn—k,n)B(Yn—k,n)I(K’ p+ /8)(1 + OP(l)) + b(Yn—k,n)OP (%) )

where Ni(K) is an asymptotic standard normally distributed random variable.

Proof:

The proof of the lemma proceeds along the lines of argumentation used in Theorem 2 of Goege-
beur et al. (2010), where the asymptotic expansion of T}, ;(K') is derived under a slightly different

version of condition (R), and therefore we focus here only on the development of the terms that
are different.

From the inverse probability integral transform we have that X , v (Yjn),j=1,...,n, where
Yin <...<Y,, denote the order statistics of a random sample of size n from the unit Pareto
distribution. Further Y,,_ji1,/Yn—kn L Yi—jyik, J = 1,...,k, independently from Y;,_j ».
This enables us to write

Cu(Yi—jr1kYn—kn)
EU(Ynfk,n)

P
Yk—j+1,k -1

19

In X, jr1n—InX gp YInYi—ji1k+1n

= yInY 16 +0(Yn—kn)
+8

Ykp—j+1,k -1
p+ B

+b(Yn—k,n)b(Yn—k,n)Bn,k(])a

+b(Yn—k,n)B(Yn—k,n)

where
Inly (Ye—j41,6Yn—kn) " Inlu(Yn_kn) Ykl yrt8 1
B k;(]) — b(Ynfk,n) p _ k—j+1,k -
n, b(Yn,hn) p—i—ﬂ 9
.] = 1’ N 7]{:
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Using Rényi’s representation (Rényi, 1953) for exponential order statistics we obtain

Y/ -Y!

D 1 k—jt1k k—j.k
Tn K = E b n—kmn)7. 7
W(K) fykz ( ) (Yo ;2; <k+1> .
k p+B p+B
= 1 YiZiiw ™ Yijk
bY k)b (Yotm)— > K J g
Tk B0a) 3 (2 1)1 O
~ 1 k J
b(Yy—tn)b(Yy— - K
= W @ G )
= TN+ T8 + T + T,
where FE1, ..., E} are independent unit exponential random variables, and 7n; = j(B,x(j) —

Bni(j+1)),7=1,...,k, Byip(k+1) :=0. The terms Télg and Tﬁz are identical to those in
Goegebeur et al. (2010) where it was shown that

Ni(K)

W= yu(K) + 0 (K) (1+ op(1)),

=

~7E2]Z = b(Yn—k,n)I(K’ /0) + b(Yn—k,n)OlP’(l/\/E)'

Note that the weighted average in Ty(f,g is of the same form as that appearing in Tr(f,z, and hence

T;E?Ig = b( n—k n)g( n—k n)I(K,P + 5)(1 + Op(l)).
Finally consider T:lg From ( K ) (i') we have

k

k . i/ (k+1)
1 j kE+1 nj //(
_E K12 Vp = _E E
ke <k+1>”’ K j ” u(v)dv

j=1 —1)/(k+1)
k ; k
ka1 i/ (k+1) "
= —0 Z/ u(v)dv Z L
im1 Y (i—=1)/(k+1) =i J

i/(k+1)

ktlg ,
= —g By k(4 u(v)dv

i—1)/(k+1)

and

%Zi: <k+'1>"] - sz<k+1>‘3"”“(i)"

Concerning By, 1,(i) we use Drees (1998), from which it follows that for every ¢ > 0 there exists
ng such that for any n > ng, with arbitrary large probability, for : =1, ...k,

. +B+5 +B—0
Bur(i)l < emax {00 v )

_ p+B+6
= Y~ i+1.k

< s
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provided 0 < § < —p — 8, and thus

sup By ()] = op(1),
ie{l,....k}

leading to

i ()] = oS (),

i=1
which, by assumption (K)(i') is op(1). Thus Tﬁg = b(Yn_ )b (Y )op(1).

The combination of the above results establishes Lemma 1. O

Lemma 2 LetY:, <... <Y, , denote the order statistics from a random sample of size n from
the unit Pareto distribution. If p < 0 and k,n — co such that k/n — 0 and Vk(n/k)P — oo we

have that
Yn—k n>p D < 1 )
) 2lqop | — ).
( n/k "\ VE(n/k)
Proof:
Let Fy, < ... < E,, denote the order statistics of a random sample of size n from the unit

exponential distribution. We have

19

P pE, i,
Yn—k,n ernTnn

eplnn/k + pean,k (En—km —1In n/k:),

where @, is a random value between E,_j , and Inn/k. From Lemma 1 of Girard (2004) we
have that E, g, — Inn/k = Op(1/Vk) and hence e’@n+ = op(1). This then gives

anfk,n 2 <%)p + op (\%) )

from which the result follows. O

Lemma 3 The kernel function
K(u;7,60) = (—Inw)"u’, we(0,1);7,6 >0,

satisfies conditions (KC) and (K).

Proof:
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For part (i) of (K) we have that
u(t) =t°[(146)(—=Int)” — 7(—Int)™ 1],
and hence

Jk4)
(k+U/j u(t)dt
G-/ k+1)

<(k+1)

3/ (k+1) 3/ (k+1)
(1+ 5)/ (—lnt)Tdt—i—T/ (—Int)"lat| .
(—=1)/(k+1) (G—=1)/(k+1)

We distinguish two cases.

Case 1: 7> 1. We have

3/ (k+1) E+1 3/ (k+1) 3/ (k+1)
(k+ 1)/ u(t)dt)| < —— | (1 + 6)/ (= Int)"dt + 7'/ (=In t)Tfldt ,
(j—1)/(k+1) J 0 0
and thus
_ 14+96

()

x

/ (—Int)"dt + I/ (—Int)"at
0 T Jo
which satisfies fol In™(1/z) f(z)dz < oo.

Case 2: 7 < 1. In this case

3/ (k+1)
(k+U/ ult)dt
(-1)/(k+1)

1 [3/04D) i\
<(14+6)—— —Int)"dt —1
< (1+49) 7 /0 (—Int) +T< nk+1> ,

SO
146

x

f(z) / (—Int)"dt + 7(—Inz)" 1,
0
. . 1, 4+
also satisfying [ In™ (1/z)f(z)dx < oco.
Condition (KC)(i4) is trivially satisfied as fol K2(u;7,8)du = T(1 +27)/(1 + 20)1 27 < c0.

Concerning (K)(7it) observe that

k . 1
1 J
— K : — K(u;
. g <k+177—’5> /0 (u;T,0)du

J=1

k . 1
1 J > /
— K ;7,0 ) — K(u;7,0)du

Jj=1

1/(k+1) 1
+/ K(u;T,0)du + O <%>
0

k .
1 J B
—_— K|——:7.0) —K(u;;7,0
i [ () - o)
(Ink)™

ro (B2E0)),
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where 7; is a value between j/(k 4+ 1) and (j +1)/(k +1). Thus

jf: [ < . 5) (u7;7,5{

]:1 J=1

AN
(]~
N
NA
+
—_
N————
(=%}
| —
/T\
—
NA
+
—_
N———
3
—
]
=g
<
—_

=: L1+ Ls.

For L; and L9 one easily obtains the following

k . T . T

1 J J+1

L < — Y |(-mn—2-) - (-mit
b= k+1j1[< nk+1> < nk+1>}

(In(k +1))"

E+1
k . 5 N
(In(k + 1)) j
Ly < —
25 kvl ; <k+1> <k+1>

o)

Combining the above we have that

k . 1
1 J (Ink)"
“S K ) = [ K
kal </€+17T’5> /0 (u7T,5)du+O< ’ ),

and hence (K) (i) is satisfied.

As for (K)(iv) we have

i
K(——76) <(n(k+1)
emax <k+1’7’ >_(n( +1))7,

and (In(k + 1))7 = o(Vk).

We now turn to the verification of (K). Condition (i) follows from (K)(i) and (v) can be
obtained from (K)(iii). As for (vi) we easily obtain

1 L(1+7)
—Inw) Wt e gy = ,
JAS Gt

provided & < |p| + 0. O
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5.3 Proof of Theorem 2

From Lemma 1 and Taylor’s theorem we obtain easily
<Tn,k(K1)>al _ (Tn,k(KQ)
(K1) w(K?2)
b(Yn—k,n)
Ny (K1, Ko) : ~1701
0 E D2 (1 4 0p(1)) 4 b(Vnpn)ary™ HTW (K, Ko, p+ 8)(1 + op(1))
\/Eb(yn—k,n)

1 _
+b(Yn—k‘,7L) % ,}/061—2[(2) (Kly K2a p)(l + OP(l))? (14)

)
2 iy (K, Ky, p)

+aqy

and

(Be)™ - (Baen™ )",
b

(Y k ) a1y [j(l)(KlyK2ap)]6
1 _

+W9a?79(a1—1)+1[ﬂ1)([(h K>, P)]G_lNk(Kl, K2)(1 + op(1))
n—k,n

DV )0087 @D IO (K, K, p)) TV (K, Ko p + B)(1 -+ 08(1))

af(ag —1 _ _
(Y )0 LD 00010 (R Ky )P (K Koy )1+ 02(1)).

From (14) we also derive
<Tn,k(K3)>a19 B <Tn,k(K4)>“1"
p(K) p(Kq) D 1072191 T (K5, Ky, p)
b(Ynfk:,n)

%h +02(1)) + B(Yagn)anby ™ IO (K, Ko p+ B)(1 + 0p(1)

016 —1
+b(Ynfk,n) %

+a19,ya19

10212 Ky, Ky, p)(1 + op(1)),
and hence
p(1-6) Hj(l)(K:g,Kllap)
nokn P10 (Ky, Ko, p))?

1 1 [ ONg(K1, K2) Ni(K3, Ky)
- o pt-r | 2k S 1 1
\/Eb(yn—k,n)’y [[(1)(K17K27P) IW(K3, Ky, p) (1+orlD))

D

\I’n,k (K(l), aq, 9)

Dé)—l +

- OIV(Ky, Ko, p+ ) IO (Ky, Ky, p+ B)
b(Yn—kn Deil = ’ ’ _ _ ) ) 1 1
+ ( k, ) [ I(l)(Kl,KQ,p) I(l)(K3,K4,p) ( —|—01p>( ))
D1 1 0(a; — D I(K, Ko, a0 — 1)@ (K, Ky,
+0(Yn—k,n) ( 17(1)) (K1, K3,p) (a1 7(1)) (K3, K4,p) 1+ op(1),
oL ) 10 (K, K1.p)
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Also

y P29 (0 — 1) IV (K7, Kg, p) v
R 82T (K, K, p)]0 1
1 g_o [ (0 —1)Ni(K5, Ke) Ni(K7, Ky)
77D = — -
VEO(Y, 1) IW(Ks5, Ke, p) IW (K7, Ks, p)
(9 - 1)1_(1)(K55K65p + B) o I_(l)(K%K&P + 6)

D

wk(K® as,0 1)

D=2 4

@ oeta)

Fi(Y D | @ orta)

j(l)(KE)aKSap) j(l)(K77K8;p)
D=2 [(0 —1)(aa — DI (K5, Kg, as(0—1) — 1)IP (K7, Ks,
+b(Yn7k,n) |:( )(_(21) ) ( > 0 p) - ( 2( —()1) ) ( ’ 8 p):| (1 +OIP’(1))5
2y IV (K5, Ke, p) IW (K7, Kg, p)

so that by another application of Taylor’s theorem we obtain

Y_p C(K(LQ) , 01, (g, 07 p)An,k(K(LQ)a a1, (2, 6) 2

n—k,n

D WWK“’Q)’ 0.p)(1+ 05(1)) + b(Yokn)up (K™, 0, p. B)(1 + 0p(1)
n—k,n

+b(Yn_kn)vp (KD a1, 9,0, p) (1 + 0p(1)).

Finally, by using Lemma 2 we establish the asymptotic normality of the normalized
Dn7k(K(1’2),a1,a2,6,p)-

The last part of Theorem 2, dealing with the replacement of p by an estimator in
Dmk(K(l’Q), a1, as, 0, p) follows easily from expansion (13). O
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Figure 1: Pareto-type models with p = 3 and v = D = 1: (a) bias component up, (b) bias com-
ponent vp, and (c) asymptotic standard deviation as a function of p for Dn,k(IP’(M), 3.75, p) (black

solid line), ﬁmk(L(l’Q), —3.1, p) (black dashed line), ﬁﬁiM) (p) (grey solid line) and ]326;?’71'2) (p)
(grey dashed line).
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Table 1: Examples of Pareto-type distributions satisfying (ﬁ)

Distribution 1—F(x) y b(x) b(x)
X
Burr(¢, A, 0) (G%) = =t/ z /A
x>0;(N6>0
v1/2 50 7(D1+U2) 2 B
Fo v % (Z—;) jm urr/2—1 (1 + Z—iu) du % % r—2/va (Dl — 2%) r—2/ve
2> 05 1,05 >0 Dy = 201Gy %" Dy = (% — mg2c) oyt
_ I((ri4r2)/2) v —v2/2 . vre(itre)(itre+2) (v 2
Co = F(u1(5231“(l/22)//2+1) (uf) Co 1= == 8(21/2+14) : (7?)
Oy = vy (vitve)
1- 2U1(U2+2)
Fréchet(a) 1 —exp(—z7%) L o =
x>0, a>0
GPD(k,0) (1+k %)_1 " K vz~ x7
xz>0;k0>0
T, 2r((u+1)/2) —FD 2 1 2Dy . —-2/v (D . 2&) —2/v
v \/EF(U/Q) v v 1 D,
x> 0;v> -0 Dy = Lcycp? Dy = (S — w302 op "
_ 2wV ((v41)/2) _ Pu)(+3)
Co := VorT (v]2) Ca = 8(v+4)
Cl — V2 (v41)

2(v+2)




