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Abstract

We show that repulsive random variables can yield Monte Carlo methods with
faster convergence rates than the typical N~1/2, where N is the number of integrand
evaluations. More precisely, we propose stochastic numerical quadratures involving
determinantal point processes associated with multivariate orthogonal polynomials,
and we obtain root mean square errors that decrease as N~(+1/d/2 where d is the
dimension of the ambient space. First, we prove a central limit theorem (CLT) for the
linear statistics of a class of determinantal point processes, when the reference mea-
sure is a product measure supported on a hypercube, which satisfies the Nevai-class
regularity condition; a result which may be of independent interest. Next, we intro-
duce a Monte Carlo method based on these determinantal point processes, and prove
a CLT with explicit limiting variance for the quadrature error, when the reference
measure satisfies a stronger regularity condition. As a corollary, by taking a specific
reference measure and using a construction similar to importance sampling, we ob-
tain a general Monte Carlo method, which applies to any measure with continuously
derivable density. Loosely speaking, our method can be interpreted as a stochastic
counterpart to Gaussian quadrature, which, at the price of some convergence rate, is
easily generalizable to any dimension and has a more explicit error term.

Contents

1

Introduction

1.1 Gaussian quadrature . . . . . . .. ... Lo
1.2 Monte Carlo methods . . . . . . . . . . . . .. ...
1.3 Quasi-Monte Carlo methods . . . . . . . . ... .. ... ... ...
1.4 Our contribution . . . . . . . . . ...

Statement of the results
2.1 Determinantal point processes and multivariate OP Ensembles . . . . . . .

2.1.1 Point processes and determinantal correlation functions . . .. . ..
2.1.2  Multivariate OP Ensembles . . . . . . . ... .. ... ... .....
2.1.3 The graded lexicographic order and the bijection b . . . . . . . . ..

Email: remi.bardenet@gmail.com

France. Email: adrien.hardy@math.univ-1illel.fr

OOt s W N

(o BEN I o> RN RN

*CNRS & CRIStAL, Université de Lille, Cité Scientifique, 59655 Villeneuve d’Ascq Cedex, France.

fLaboratoire Paul Painlevé, Université de Lille, Cité Scientifique, 59655 Villeneuve d’Ascq Cedex,


mailto:remi.bardenet@gmail.com
mailto:adrien.hardy@math.univ-lille1.fr

2.2 A central limit theorem for multivariate OP Ensembles . . . . . . . . . . .. 8

2.3 Monte Carlo methods based on determinantal point processes . . . . . . . . 10
2.4 Sampling a multivariate OP Ensemble . . . . . . . ... ... ... ..... 12

3 Experimental illustration 13
4 Orthogonal polynomials and outlines for the proofs 16
4.1 Orthogonal polynomials and the Nevaiclass . . . . .. ... ... ... ... 16
4.2  Sketch of the proof of Theorem 2.1 . . . . . . .. ... .. ... .. ..... 20
4.2.1 Reduction to probability reference measures . . . . . . .. .. .. .. 20

4.2.2  Soshnikov’s key theorem . . . . . . . ... ... 21

4.2.3 Variance asymptotics . . . . . . . . ... Lo 21

4.3 A bound on the limiting variance . . . . . . . ... ... oo 22
4.4 Assumptions of Theorem 2.7 and outline of the proof . . .. ... .. ... 23

5 CLT for multivariate OP Ensembles: proof of Theorem 2.1 27
5.1 A useful representation of the covariance . . . . . . . .. ... ... ... .. 27
5.2 Covariance asymptotics: the Chebyshev case . . . ... ... ... ... .. 28
5.3 Covariance asymptotics: the general case . . . . . ... . ... ... .... 35
5.4 Extension to ¢! functions and conclusion . . . .. ... .. .. ... .... 38

6 Monte Carlo with DPPs: proof of Theorem 2.7 40
6.1 The off-diagonal contribution . . . . . ... ... ... ... ... ...... 41
6.2 The diagonal contribution . . . . . . .. ... oL 41
6.3 Proof of Lemma 6.2 . . . . . ... ... ... 42

7 Discussion and perspectives 44

1 Introduction

Numerical integration, or quadrature, refers to algorithms that approximate integrals

/ f(@)u(da), (1.1)

where 1 is a finite positive Borel reference measure, and where f ranges over some class
of test functions . We assume for convenience that the support of u is included in

the d-dimensional hypercube I? = [—1,1]%, since one can recover this setting in most
applications by means of appropriate transformations. For any given N, a quadrature
algorithm outputs N nodes x1,...,xy € I% and weights wq,...,wy € R so that the
approximation

N
S wift) ~ [ flutda) (12

is reasonable for every f € ¥. The nodes and weights depend on N, u, and can be
realizations of random variables, but they are not allowed to depend on f. The quality of



a quadrature algorithm is assessed through the approximation error

N
En(f) =3 wif(x) - / f(@)u(de) (1.3)
=1

and specifically its behaviour as N — co. Many quadrature algorithms have been devel-
oped: variations on Riemann summation [Davis and Rabinowitz, 1984], Gaussian quadra-
ture [Gautschi, 2004], Monte Carlo methods [Robert and Casella, 2004], etc. In the re-
maining of Section 1, we quickly review three families of such methods to provide context
for our contribution, which we then introduce in Section 1.4.

1.1 Gaussian quadrature

Let us first assume d = 1, so that p is supported on I = [—1,1]. Let (pg)ren be the
orthonormal polynomials associated with this measure, that is, the family of polynomials
such that ¢, has degree k, positive leading coefficient, and [ ¢ (z)pe(x)p(dz) = dge for
every k.0 € N. Gaussian quadrature, see e.g. [Davis and Rabinowitz, 1984, Gautschi,
2004, Brass and Petras, 2011] for general references, then corresponds to taking for nodes
X1,...,Xy the zeros of the Nth degree orthonormal polynomial ¢y (x), which are real and
simple. As for the weights, Gaussian quadrature corresponds to

1

w; = ————, 1.4
Y KN (xi,%) 4
where we introduced the Nth Christoffel-Darboux kernel associated with u,
N-1
En(z,y) = > ou(@)er(y). (1.5)
k=0

This celebrated method is characterized by the property to be exact, i.e. &n(f) =0,
for every polynomial function f of degree up to 2N — 1. This is the highest possible
degree such that this holds. Gaussian quadrature is thus particularly suitable when the
test functions f look like polynomials. For instance, &v(f) decays exponentially fast when
f is analytic [Gautschi and Varga, 1983]. However, although Gaussian quadrature is now
two centuries old [Gauss, 1815], optimal rates of decay for the error &x(f) do not seem
to be known for less regular test functions, say f € €', in general. By using Jackson’s
approximation theorem for algebraic polynomials, one can see that &n(f) = O(1/N)
when f € €'. Optimal decays have been recently investigated in the particular case of
the Gauss-Legendre quadrature [Xiang and Bornemann, 2012, Xiang, 2016]. However,
even in the familiar Gauss-Jacobi quadrature, optimal rates are only conjectured.

Efficient computation of the nodes and weights in Gaussian quadrature has been an
active topic of research. Classical approaches are based on the QR algorithm, such as
the Golub-Welsch algorithm, see e.g. [Gautschi, 2004, Section 3.5] for a discussion. The
computational cost of these QR approaches usually scales as O(N?2). More recently, O(N)
approaches have been proposed for specific choices of the reference measure [Glaser et al.,
2007, Hale and Townsend, 2013], with parallelizable methods [Bogaert, 2014] further taking
down costs.



Let us stress that Gaussian quadrature is intrinsically a one-dimensional method. In-
deed, in the higher-dimensional setting where Supp(y) C I, although one may define mul-
tivariate orthonormal polynomials associated with u, it is not possible to take for nodes the
zeros of a multivariate polynomial. However, if ;4 is a product measure g = 1 ® - - - ® piq
with each p; supported on I, one could build a grid of nodes using d one-dimensional
Gaussian quadratures. But this has for consequence to rise up the one-dimensional error
estimate for Ex(f) to a power 1/d, which essentially makes Gaussian quadrature ineffec-
tive in higher dimensions than one or two. In fact, the same phenomenon arises for any
other grid-like product of one-dimensional quadratures; this is commonly referred to as
the curse of dimensionality.

1.2 Monte Carlo methods

Monte Carlo methods [Robert and Casella, 2004] correspond to picking up the N nodes
(x;) in (1.2) as the realizations of random variables in I¢. For instance, assuming u in
(1.2) has a density w with respect to the Lebesgue measure, importance sampling refers to
taking the (x;) to be i.i.d. realizations with a so-called proposal density ¢, and the weights
to be

1 w(x;)

w; = — .
N q(x;)

That way, &n(f) has mean zero. Provided that

} < 00 (1.6)

1/2

where X has density ¢, &v(f) has a standard deviation decreasing as N~"/<, and satisfies

the classical central limit theorem:

VNG (f) 7 N(0.07),

where 0]20 equals (1.6). Let us stress that the cost of importance sampling is virtually O(1),
as draws can be made in parallel.

When the ambient dimension d becomes large, practitioners typically prefer Markov
chain Monte Carlo (MCMC) methods over importance sampling. This means taking w; =
1/N and nodes (x;) to be the realization of a Markov chain with stationary distribution
1, such as the Metropolis-Hastings chain. Under general conditions on the Markov chain
and for f in L' of an appropriate measure related to the Markov kernel, v/ N&y(f) then
converges in distribution to a centered Gaussian variable [Douc et al., 2014, Theorem
7.32]. The limiting variance grows more slowly with the dimension d than for importance
sampling, a posteriori justifying the preferential use of MCMC for large d. In any case, the
typical order of magnitude of the error &y (f) for Monte Carlo methods is N~'/2, which
is often deemed a rather slow decay.

Recently, Delyon and Portier [2016] proposed a variant of importance sampling that
takes nodes as independent draws from some proposal density ¢, but takes weights to be

_ 1 w(x;)
NG (xi)’

Wy



where ¢7 is the so-called leave-one-out kernel estimator of the density ¢ of the nodes.
Perhaps surprisingly, for smooth enough products fw and the right tuning of kernel pa-
rameters, v N. &n(f) then converges in probability to zero. Exact rates are investigated
by Delyon and Portier [2016], and a central limit theorem is proven. We further discuss

their results in Section 7.

1.3 Quasi-Monte Carlo methods

Quasi-Monte Carlo methods (QMC; [Dick and Pilichshammer, 2010, Dick et al., 2013])
are deterministic constructions that focus on the uniform case, p(dz) = dz in (1.2).
The cornerstone of classical QMC is the Koksma-Hlawka inequality [Dick et al., 2013,
Equation 3.15]. This inequality bounds the error &x(f) in (1.3) by the product of the
star discrepancy of the nodes and the Hardy-Krause variation of f. The star discrepancy
measures the departure of the empirical measure of the N nodes from the uniform measure.
Classical QMC methods aim at proposing efficient node constructions that minimize this
star discrepancy. Some constructions guarantee a star discrepancy that asymptotically
decreases as fast as N~ 'log?~! N. This implies the same rate for En(f) provided f has
finite Hardy-Krause variation. While this seems faster than typical Monte Carlo methods
in Section 1.2, the rate as a function of N does not decrease until N is exponential in d.
Moreover, the Hardy-Krause variation is hard to manipulate in practice.

Modern QMC methods come up with more practical rates [Dick et al., 2013]. For ex-
ample, scrambled nets [Owen, 1997, 2008] are randomized QMC methods, meaning that a
stochastic perturbation is applied to a deterministic QMC construction. The perturbation
is built so that &y (f) has mean 0. Owen [1997] shows that only assuming f is L?, the
standard deviation of &y (f) is o(N~1/2), that is, converges to zero faster than the tradi-
tional Monte Carlo rate. When f is smooth enough, which requires at least that all mixed
partial derivatives of f of order less than d are continuous, Owen [2008] further shows that
the standard deviation is O(N_3/2_1/d log(d_l)/2 N). Again, this rate decreases only when
N is exponential in the dimension, but Owen [1997] shows that for finite N, randomized
QMC cannot perform significantly worse than Monte Carlo.

1.4 Our contribution

Our main goal is to leverage repulsive particle systems to build a Monte Carlo method
with standard deviation of the error decaying as o(IN -1/ 2). More precisely, the idea is to
use correlated random variables for the quadrature nodes, interacting as strongly repulsive
particles. Our motivation comes from specific models in random matrix theory (see Sec-
tion 2.2 for references), for which the linear statistic ) f(z;) converges in distribution to
a Gaussian, without requiring any normalizing factor. In this work, we focus on determi-
nantal point processes (DPPs), which have received much attention recently in probability
and related fields, see [Hough et al., 2006] for a survey.

In any dimension d, we construct DPPs generating the nodes x3,...,x5 and appro-
priate weights w;’s so that the error &y(f) in (1.3) decreases rapidly, as N — oo. We
obtain precise rates
oF

Var[&n(f)] ~ N1+1/d

(1.7)



with explicit oy. In fact, we prove a central limit theorem
VN gy () <22 A(0,02), (1.8)
N—oo

for a certain class of measures p and any f essentially €, see Theorems 2.7 and 2.9. We
also provide experimental evidence that convergence in (1.8) happens quite fast.

It turns out that, when d = 1, our method is formally very similar to Gaussian quadra-
ture described in Section 1.1. We basically replace the zeros of orthogonal polynomials
by particles sampled from orthogonal polynomial ensembles (OP Ensembles), DPPs whose
building blocks are orthogonal polynomials. Our contribution also has the advantage
of generalizing more naturally to higher dimensions than Gaussian quadrature through
multivariate OP Ensembles.

Monte Carlo with DPPs is to be classified somewhere between classical Monte Carlo
methods and QMC methods, respectively described in Sections 1.2 and 1.3. It is very much
similar to importance sampling, but with negatively correlated nodes. Simultaneously,
it is more Monte Carlo than scrambled nets, as it does not randomize a posteriori a
low discrepancy deterministic set of points, but rather incorporate the low discrepancy
constraint into the randomization procedure. We further comment on this in Section 7.

The rest of the paper is organized as follows. In Section 2, we state our quadrature
rules and theoretical results on the convergence of its error. In Section 3, we demonstrate
our results in a simple experimental setting. In Section 4, we introduce key notions and
give the outline of our proofs, the technical parts of the proofs being detailed in Sections 5
and 6. We conclude with some perspectives in Section 7.

2 Statement of the results

Notation. All along this work, we write for convenience I = [—1,1] and I¢ = [-1, 1]¢.
Also, for any 0 < ¢ < 1, we set I. = [-1 46,1 —¢] and I? = [-1 +¢,1 — ¢]?. Finally,
except when specified otherwise, a reference measure is a positive finite Borel measure
with support inside I¢.

2.1 Determinantal point processes and multivariate OP Ensembles

In Section 2.1, we introduce the necessary background in order to state the main results.

2.1.1 Point processes and determinantal correlation functions

A simple point process (hereafter point process) on I¢ is a probability distribution P on
finite subsets S of I%; see [Daley and Vere-Jones, 2003] for a general reference. Given a
reference measure p, a point process has a n-correlation function p, if one has

E Z O(Kiyy - -5 Xi,) :/ o1, T0)pr(T1, .. o) (dy, . . ., day,)
Xiy Fr FE Xy Rk
(2.1)
for every bounded Borel function ¢ : I™ — R, where the sum in (2.1) ranges over all
pairwise distinct k-uplets of the random finite subset S. The function p,, provided it
exists, thus encodes the correlations between distinct n-uplets of the random set S.



A point process is determinantal (DPP) if there exists an appropriate kernel K :
I? x I? — R such that the n-correlation function exists for every n and reads

n

pn(T1, ..., x,) = det |:K(ZL‘1‘,£L‘@):| T,z €I (2.2)

i0=1
In particular such a kernel has to be positive definite, in the sense that the right-hand side
of (2.2) is always non-negative. The kernel of a DPP thus encodes how the points in the
random configurations interact.

A canonical way to construct DPPs generating configurations of N points P-almost
surely, i.e. S = {xi,...,xn}, is the following. Consider N orthonormal functions
©0, -, pN—1 in L?(u), namely satisfying [ o (z)pe(z)pu(dz) = 6y, and take for kernel

N-1
Kn(z,y) = > wor(@)er(y) (2.3)
k=0
In this setting, it turns out the (permutation invariant) random variables x;, ..., xy with
joint probability distribution
1 .
57 det [KN(Q;Z-, xg)} - H1 p(d;) (2.4)

generate a DPP with kernel Kn(z,y). For further information on determinantal point
processes, we refer the reader to [Hough et al., 2006, Johansson, 2006, Soshnikov, 2000,
Lyons, 2003, Lavancier et al., 2014, 2015].

2.1.2 Multivariate OP Ensembles

In the one-dimensional setting, we can for instance build a DPP using (2.4) with ¢q, ..., pn—1
the N lowest degree orthonormal polynomials associated with the reference measure p.
Such DPPs are known as OP Ensembles and have been popularized by random matrix
theory, see e.g. [Koning, 2005] for an overview.

Our contribution involves a higher-dimensional generalization of OP Ensembles, relying
on multivariate orthonormal polynomials, which we now introduce. Given a reference
measure [, assume it has well-defined multivariate orthonormal polynomials, meaning
that [ P?(z)u(dz) > 0 for every non-trivial polynomial P. This is for instance true if
p(A) > 0 for some non-empty open set A C I?. Now choose an ordering for the multi-
indices (au,...,aq) € N% that is, pick a bijection b : N — N? This gives an ordering
of the monomial functions (z1,...,zq) — «{'---23?, to which one applies the Gram-
Schmidt algorithm. This yields a sequence of orthonormal polynomial functions (g )ken,
the multivariate orthonormal polynomials. In this work, we use a specific bijection b
defined in Section 2.1.3.

Equipped with this sequence (¢k)gen of multivariate orthonormal polynomials, we
finally consider for every N the DPP associated with the associated kernel (2.3), that we
refer to as the multivariate OP Ensemble associated with a reference measure . When
d =1, it reduces to the classical OP Ensemble.



2.1.3 The graded lexicographic order and the bijection b

We consider the bijection b associated with the graded (with respect to the sup norm)
alphabetic order on N?. We start with the usual lexicographic order on N¢, defined by
saying that (ou,...,oq) <iex (B1,...,0q) if there exists j € {1,...,d} such that o; = §;
for every i < j and a; < ;. Now we define the graded lexicographic order as follows.
We say that (ai1,...,aq) < (B1,...,0q) if either max{ay,...,aq} < max{fi,...,Bq4} or
max{ai,...,aq} = max{f,...,Bq4} and (a1,...,0q) <iex (B1,-..,04). Moreover, from
now on we specify the bijection b to be the unique bijection N — N¢ increasing for this
order. Otherly put, set b(0) = (0,...,0) and b(n) = min N%\ {b(0),...,b(n — 1)} by
induction, where the minimum refers to the graded lexicographic order. An important
feature of this ordering on which our proofs rely is that, for every M > 1, the set of the
first M? indices {b(0),...,b6(M% — 1)} matches the discrete hypercube

CM:{neNd:ognl,...,ndgM—l}. (2.5)

The indices between b(M? —1) and b(M9*+! —1) then fill the layer Cys41\ Cas by following
the usual lexicographic order.

We are now in position to state our first result on multivariate OP Ensembles, which
is the cornerstone for the Monte Carlo methods we introduce later in Section 2.3.

2.2 A central limit theorem for multivariate OP Ensembles

Several central limit theorems (CLTs) have been obtained for determinantal point pro-
cesses and related models in random matrix theory, but only when the random config-
urations lie in a one- or two-dimensional domain. See for instance [Johansson, 1997,
1998, Diaconis and Evans, 2001, Soshnikov, 2002, Pastur, 2006, Rider and Virag, 2007,
Popescu, 2009, Kriecherbauer and Shcherbina, 2010, Ameur et al., 2011, 2015, Berman,
2012, Shcherbina, 2013, Breuer and Duits, 2013, 2014, Johansson and Lambert, 2015, Lam-
bert, 2015a,b] for a non-exhaustive list. Although DPPs on higher-dimensional supports
have attracted attention in complex geometry [Berman, 2009a,b, 2013, 2014], in statistics
[Lavancier et al., 2014, 2015, Mgller et al., 2015], and in physics [Torquato et al., 2008,
Scardicchio et al., 2009], it seems no CLT has been established yet when d > 3.

Our first result for multivariate OP Ensembles is a CLT for ¢! test functions when the
reference measure p is a product of d Nevai-class probability measures on I. The exact
definition of the Nevai class is postponed until Definition 4.1, but we now give a simple
sufficient condition. As a consequence of Denisov-Rakhmanov’s theorem (see Theorem
4.2), if a measure on I has for Lebesgue decomposition u(dz) = w(z)dr + ps (where
s is orthogonal to the Lebesgue measure) with w(z) > 0 almost everywhere, then p is
Nevai-class. Denote by (T )gen the normalized Chebyshev polynomials, defined on I by

To =1, Ty (cos ) = V2 cos(kb), k> 1.

Theorem 2.1. Let i be a reference measure supported inside I, and assume p = p; ®
-+ ® pg where each pj is Nevai class (see Definition 4.1). If x1,...,xn stands for the
associated multivariate OP Ensemble, then for every f € €1(I%,R), we have

N N
—— ( > - izlﬂxi)]) o yio,o)

8



where

 — R
UJ%:§ S (et k) f (R, k) (2.6)

and

Fka,. o ka) = | flay,..ma) [ T, () (2.7)

Id - /1 — 2
j=1 /1 a:]

When d = 1, Theorem 2.1 was obtained by Breuer and Duits [2013], see also [Lambert,
2015b] for an alternative proof, but the higher-dimensional case d > 2 is novel. We shall
restrict to d > 2 for the proof of the theorem, which is deferred to Section 5. Let us now
make a few remarks concerning the statement of Theorem 2.1.

Remark 2.2. The limiting variance O']% does not depend on the reference measure pu.

Remark 2.3. By making the change of variables z; = cos f;, we obtain

A 5|4 k0 d
flky, ... kg) = M)—d /[ y f(cosby,...,cosby) H COS(k‘jej)dej,
0,7

s !
j=1

which is, up to a multiplicative factor, a usual Fourier coefficient.

Next, we obtain that the limiting variance in Theorem 2.1 is dominated by a Dirichlet
energy.

Proposition 2.4. For any f € €'(I%,R), we have the inequality

1 d 2 4 dx;
a§<2a§/ld <\/1—x38af(a:1,...,a:d)) HW (2.8)

It will appear from the proof we provide in Section 4.3 that this inequality is sharp,
since equality holds whenever f is a linear combination of monomials x}" "-$gd with
a; € {0,1}; see (4.26).

Remark 2.5. After the change of variables x; = cos #;, we see the right hand side of (2.8)
reads

d
2 2
2ﬂdz/oﬂ]d f(cosby,...,cos64)* sin Haj[[lde. (2.9)
Setting for convenience f(@l, ...,0) = f(cosby,...,cos6y), one can interpret (2.9) as a

Dirichlet energy since it equals

1
5 [, IvFOIas

where || - || stands for the usual Euclidean norm of R

We now turn to Monte Carlo methods based on Theorem 2.1.



2.3 Monte Carlo methods based on determinantal point processes

Consider a reference measure p with support inside I¢, having well-defined multivariate
orthonormal polynomials (say, (A) > 0 for some open set A C I?). Let Ky(z,y) be the
Nth Christoffel-Darboux kernel for the associated multivariate OP Ensemble, namely

N-1
)= > er@)er(y), (2.10)
k=0

where (¢k)ken is the sequence of multivariate orthonormal polynomials associated with g
and the graded lexicographic order, see Section 2.1.3. Our quadrature rule is as follows:
take for nodes x1, ...,xy the random points coming from the multivariate OP Ensemble,
namely with joint density (2.4), and for weights w; = 1/Kn(x;,%;). Thus, for any u-
integrable function f, our estimator of [ f(z)u(dz) reads

N
f(xi)
; R %) (2.11)

One can readily see by taking £ =1 in (2.1)-(2.3) that the estimator (2.11) is unbiased,

N
f(xi)
E[;KN %) ] /f (2.12)

Remark 2.6. For d = 1, comparing (2.11) to (1.4)—(1.5) yields that our method matches
Gaussian quadrature except for the nodes, since we replace the zeros of the univariate
orthogonal polynomial ¢ by random points drawn from an OP Ensemble. In fact, this
replacement is not aberrant since zeros of orthogonal polynomials and particles of asso-
ciated OP Ensembles get arbitrarily close with high probability as N — oo, see [Hardy,
2015] for further information and generalizations. Notice however that our quadrature
rule makes sense in any dimension.

Our next result is a CLT for (2.11), thus giving a precise rate of decay for the error
made in the approximation, provided we make regularity assumptions on g and on the
class € of test functions f. More precisely, recalling the notation I¢ = [~1+¢,1 —¢]?, we
consider

= {fe‘gl(ld,R) : Supp(f) Clg for Some5>0}. (2.13)

As for the reference measure, we shall assume p is a product measure with a density which
is €' and positive on the open set (—1,1)%. We also need an extra technical assumption,
Assumption 1, that we introduce and comment in Section 4.4. Set for convenience

d

=1 T4/ 1 — xj
Theorem 2.7. Let p(dx) = w(z)dx with w(x) = wi(zy) - wq(xg) be a product refer-
ence measure supported inside 1%, Assume its density w is €' and positive on the open

ze I’ (2.14)

10



set (—1,1)¢, and satisfies Assumption 1. If x1,...,xy stands for the multivariate OP
Ensemble associated with p, then for every f € €,

(29 ) w0

where, see (2.7),

o0

-1 3 <k1+.-.+kd><f”)(kl,...,kdﬁ. (2.15)

k1,...,kq=0

In particular, we have for the mean square error of the estimator,

lim N!*tVd R / -02 . 2.1
Ngnoo Z KN (xi,Xi) fe “ ( 6)

We will discuss the assumptions of Theorem 2.7 in Section 4.4, but let us already
state that the condition that p is a product measure is not imposed by the method,
as it is the case for Gaussian quadrature. However, our particular proof relies on this
factorization. Also, anticipating the discussion on Assumption 1, we prove the following
result in Section 4.4.

Proposition 2.8. Given any parameters ay, 81,...,aq, 84 > —1, the reference measure
d
H 1— )% (1 4 x;)% 17 (x;)dz;, (2.17)

satisfies the assumptions of Theorem 2.7.

Hereafter, we call measures of the form (2.17) Jacobi measures. From a practical point
of view, Theorem 2.7 requires knowledge on the measure y, in particular all its moments
should be known, since we need the corresponding orthonormal polynomials. This is the
case for most applications of Gaussian quadrature, where the reference measure is such
that orthonormal polynomials are computable, like Jacobi measures (2.17) for instance.

To bypass these restrictions on u, we provide an importance sampling result.

Theorem 2.9. Let p(dz) = w(x)dz be a reference measure on I¢ with a €' density
w on the open set (—1,1). Consider a measure q(x)dx satisfying the assumptions of
Theorem 2.7, let Kn(z,y) be the Nth Christoffel-Darboux kernel associated with q(x)dz,
and X1, ...,xXyN the associated multivariate OP Ensemble. Then, for every f € €, we have

wix) | _ z T
ZKN (xi, %i) q(x;) ] _/f( Ju(dz), (2.18)

and moreover,

N
N1+1/d ( Z flxi)  w(xg) B /f(a:),u(d:c)) %N(O,Qz,w)’ (2.19)

KN XlaX’L (X’L)
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where chw is the same as (2.15). In particular, we have for the mean square error of the
estimator,

2
. f Xz W(Xi)
ngnooNHl/d E ( > Rl ) al) / f(x);z(dx)) =05, . (2.20)

Indeed, Theorem 2.9 follows from Theorem 2.7 by taking fw/q for test function with
f € € and q(x)dz for reference measure.

Remark 2.10. From a classical importance sampling perspective, it is surprising that the
limiting variance in (2.19) does not depend on the proposal density q.

Remark 2.11. Proposition 2.4 also yields that

1 & fw 2 4 dx;
2
Qfw < 2770?21 /Id (\/ 1 — 22 0 (c«%) (ﬂflw-',l‘d)) | | 11:1:? (2.21)

7j=1 s

or equivalently, see Remark 2.5,

1
02 < / H 9.92
fw = gnd+l 074 UJeq ] ( )

2.4 Sampling a multivariate OP Ensemble

For Monte Carlo with DPPs to be a practical tool, we need to be able to sample realizations
of the random variables x1,...,xx with joint density (2.4). Hough et al. [2006] give a
generic algorithm for sampling DPPs, which we use here; see also [Scardicchio et al., 2009]
and [Lavancier et al., 2014] for more details.

The algorithm is based on the fact that the chain rule for the joint distribution (2.4)
is available as

1

N N N 1 )
N1 det |:KN(£L'1, {L‘g)] et E p(dx;) = Z];[1 mHPgi_lKN(xi, -)HLQ(#)M(da}i). (2.23)

In (2.23), Py is the orthogonal projection onto a subspace H of L?(u),
Hy = Span(eg, ..., oN-1),
and H;_1 is the orthocomplement in Hy of
Span (Kn(xg,-), 1< <i—1)

for every ¢ > 1. In particular, all the terms in the product of the RHS of (2.23) are
probability measures [Hough et al., 2006, Proposition 19]. Notice that the factorization
(2.23) is the equivalent of the “base times height” formula that computes the squared
volume of the parallelotope generated by the vectors (¢o(z;), ..., on—1(x;)) for 1 <i < N.

12



Using the normal equations, we can also rewrite each term in the product (2.23)

2 K(z1,x if i =1,
HPHi—lKN(iUi;')’ = (z1,21) Tor—1 (2.24)
L2 (n) KN(l'i,I‘i) _klzi—1($i> Kl;i—lklii—l(‘ri) else,
where
ki;io1() = (Kn(x1,), ..o Ky (i1, )"
and

K| = [K : } .

11 N (zk, z0) R
Remark 2.12. Equation (2.24) will be familiar to users of Gaussian processes (GPs;
Rasmussen and Williams 2006): the unnormalized conditional densities (2.24) are the
incremental posterior variances in a GP model with the same kernel.

Sampling from the joint distribution in (2.23) is achieved by sequentially sampling of
each term in the product, using rejection sampling [Robert and Casella, 2004, Section 2.3].
This requires proposal densities (¢;)1<i<ny and tight bounds on the density ratios

2
HPH2'—1KN($a )‘

qi(z)

W 1<i<N, (2.25)

when p(dx) = w(z)dx. Theorem 4.8 suggests choosing
d
6i(z) = q(x) = Wiy (@) = [ ——=—=
j=1

To bound (2.25), it is enough to bound KN(x,:E)w(az)/wS]d(x) since Ky is a positive
definite kernel. Obtaining tight bounds is problem-dependent. For Jacobi measures, such
bounds can be found for instance in [Gautschi, 2009].

Overall, the cost of the sampling algorithm described in this section is the Achille’s
heel of Monte Carlo with DPPs for now. Without taking into account the evaluation of
orthogonal polynomials nor rejection sampling, the number of basic operations is as much
as for Gram-Schmidt orthogonalization of N vectors of dimension N, that is of order N3
[Golub and Van Loan, 2012, Section 5.2]. Improving this cost is out of the scope of this
paper, but we further comment on this issue in Section 7.

3 Experimental illustration

In this section, we illustrate Theorem 2.7 with a toy experiment!. In particular, we
investigate how fast the Gaussian limit appears.

We take the reference measure p(dz) to be the product Jacobi measure in (2.17) with
a; = 1 = —1/2, and o, f; drawn ii.d. uniformly on [—1/2,1/2] for 1 < j < d. As
proposed in Section 2.4, we use we, for density proposal in the rejection sampling steps,
and the bounds in [Gautschi, 2009]. Figure 1(a) depicts a weighted sample of the associated

!Pending publication, please email the authors to obtain Python code to reproduce the experiments.
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(a) 2D sample (b) test function

Figure 1: 1(a) A weighted sample of the DPP in Theorem 2.7 with Jacobi base measure,
see Section 3 for details. 1(b) The test function (3.1) when d = 2.

multivariate OP Ensemble when d = 2 and N = 150. Each disk is centered at a node x;
in the sample, and the area of the disk is proportional to the weight 1/Ky(x;,x;). The
marginal plots on each axis depict the marginal histograms of the weighted sample, with
a green curve indicating the density of the marginal Jacobi measures corresponding to
j = 1,2 in (2.17). Good agreement is observed for the marginals, as expected from the
unbiasedness in (2.12).

We define a simple “bump” test function that is € on I¢ = [~1,1]¢ and vanishes
outside I? = [~1 +¢,1 — g%,

d
f@) = 1) [T exp (—1_1_> , (31)

so as to satisfy the assumptions of Theorem 2.7. We set € = 0.05 and plot f for d =2 in
Figure 1(b).

For various N € [10,150] and each dimension d € {1, 2, 3,4}, we sample Nyepeat = 100
independent realizations of {xi,...,xy}. We plot the results for each dimension d in
Figure 2. On each quadrant and for each N, we plot the sample variance of

computed over the Niepeatr realizations. Blue and red dots indicate standard confidence
intervals, for indication only.

For a given dimension d, we want to infer the rate of decay of the variance, in order
to confirm the rate in the CLT of Theorem 2.7. We proceed as follows. We first select
the values of N for which the Niepear realizations give a p-value larger than 0.05 in a
Kolmogorov-Smirnov test of Gaussianity. This is meant to eliminate the small values of NV

14



Figure 2: Summary of the results.
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for which the Gaussian in the CLT (2.19) is a bad approximation for our samples. We do
not claim to perform any multiple testing, but rather use the p-value as a loose indicator
of Gaussianity. The bottom plot of each quadrant of Figure 2 shows the p-values as a
function of N. Note how Gaussianity is hinted even for small N in d = 1,2, while for
larger dimensions, it takes larger N to kick in. Then, we perform a standard Bayesian
linear regression on the selected log variances vs. log(V), with wide Gaussian priors for the
slope and intercept. For visualization, we plot on each quadrant the maximum a posteriori
(MAP) line in green and indicate its slope in the legend. We now summarize the obtained
posteriors by giving central 95%-credible intervals in Table 3, that is an interval such that
the posterior puts 2.5% of its mass to its left and another 2.5% to its right.

’ d ‘ credible interval C' ‘ theoretical slope sy, = —1 —1/d ‘ sth € C? ‘
1 [—2.12,—-1.93] -2 v
2| [-1.61,-1.38] ~15 v
3 [—1.55, —1.23] —1.33 v
4| [~1.74,-1.20] ~1.25 v

Table 1: Posterior credible intervals for the variance decay.

Table 3 shows very good agreement between experimental results and the CLT in
Theorem 2.7 for each dimension d. As shown by the MAP slope and the credible intervals
in Table 3, the CLT approximation is strikingly accurate for d = 1, 2, even for small N. For
d = 3,4, the credible intervals are relatively large, and the MAP values are quite off the
theoretical slopes. This larger uncertainty is due to less points satisfying our Gaussianity
requirement, in the bottom panels of Figures 2(c) and 2(d), and a more erratic behaviour
in the top panel of Figure 2(d). Unsurprisingly, convergence to a Gaussian distribution is
slower when the dimension increases.

4 Orthogonal polynomials and outlines for the proofs

In this section, we provide some general background on orthogonal polynomials and out-
lines for the proofs of the main theorems.

4.1 Orthogonal polynomials and the Nevai class

In the following, we use the equilibrium measure fq of I, defined by

Heg(A) = weg(@)de,  weglx) = W\/1%—;n2 11(2). (4.1)

The name comes from its characterization as the unique minimizer of the logarithmic
energy [[log|z —y|™'u(dz)u(dy) over Borel probability measures p on I [Saff and Totik,
1997]. It is also the image of the uniform measure on the unit circle through the map
e s x = cosf. The associated orthonormal polynomials are the normalized Chebyshev
polynomials of the first kind, defined on I by

Tk (cos ) =

{I/icos(kﬁ) ifk>1 00, (4.9)

ifk=0"
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They satisfy the three-term recurrence relation

.%’Tk(l‘) = OLZT].H_l(I) + bZTk(x) + az_lTk_l(x), keN, (43)
where
0 ifk=-1
ap=<1/vV2 ifk=0 and b; = 0. (4.4)
1/2 ifk>1

More generally, given a reference measure p on I with orthonormal polynomials (o),
we always have the three-term recurrence relation

(@) = arpr+1(2) + bepr(®) + ap—19p-1(2), k€N, (4.5)

where a_1 = 0 and a; > 0 and b € R for every k > 0. The existence of the recurrence
coefficients (ag)ren and (b)ren follows by decomposing the polynomial zpy into the or-
thonormal family (gpg)’zi& of L?(u) and observing that (zpy, 0¢) = ok, Tp) = 0 as soon
as £ < k — 1 by orthogonality.

Definition 4.1. A measure u supported on [ is Newvai-class if the recurrence coefficients
for the associated orthonormal polynomials satisfy

lim a; = 1/2, lim b, = 0.
k—o00 k—o0

Notice the respective limits of the aj’s and by’s for Nevai class measures are the recur-
rence coefficients (4.4) of the measure p.q, when k > 1.

The next theorem gives a sufficient condition for a measure to be Nevai class [Simon,
2011, Theorem 1.4.2].

Theorem 4.2. (Denisov-Rakhmanov) Let i be a reference measure on I with Lebesque
decomposition p(dx) = w(z)dr+ps. If w(x) > 0 almost everywhere, then u is Nevai-class.

Consider now the Christoffel-Darboux kernel
N—1
k=0

and notice 3 Ky (z, z)u(dz) is a probability measure. One of the interesting properties of
Nevai-class measures is that this probability measure has p, for weak limit as N — oo
[Stahl and Totik, 1992].

Theorem 4.3. Assume p supported on I is Nevai-class. Then, for every f € €°(I,R),
1
[ @y En o) o [ Fap(do.

Now, consider instead a reference measure p on I¢ with associated multivariate or-
thogonal polynomials (¢ )ken (see Section 2.1) and Christoffel-Darboux kernel Ky (x,y)
defined as in (4.6). Assume further that p = g3 ® -+ ® pg is a product of d measures
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pj on I, and denote by gp,(cj ) and KJ(\;)(x,y) the respective orthogonal polynomials and
Christoffel-Darboux kernel associated with ;. Then, we have

on(z) = o) (21) - 0} (24) (4.7)

where (k1,...,kq) = b(k). Moreover,

Kppa(z y = x]vy] (4'8)

||::]g

As a consequence, Theorem 4.3 easily yields the following.

Corollary 4.4. Let pp = pi1 @ - - - ® pqg with p; supported on I and Nevai-class. Then, for
every f € €°(I4,R),

[ 1@y Ky outn —— [ fengia (4.9)

Proof. By the Stone-Weierstrass theorem, it is enough to show (4.9) when f(x) = H;l:l fi(x;)
with f; € ¢°(I,R). Without loss of generality, one can further assume the functions fi
are non-negative. Let M = | N'/4] be the unique integer satisfying M% < N < (M + 1)4.
Since we have Kya(z,2) < Kn(2,2) < K(p41ya(2, 2) and, by (4.8),

M4 I
1L [ )5 58 o
j=1
M + 1)4 d ;
< [ s Kt outan) < T / @) g7 K e o)), (410
Corollary 4.4 follows from Theorem 4.3. ]

The next lemma is yet another aspect of Nevai-class measures that is relevant to our
proofs, and may be of independent interest.

Lemma 4.5. Assume p supported on I is Nevai-class. We have the weak convergence of
Qn(dz,dy) = (z — y)*Kn(z,y)° p(dz)u(dy) (4.11)

towards )
L(dz,dy) = 5(1 — ZY) fheg (AT) pleq (dy). (4.12)

Proof. First, the Christoffel-Darboux formula reads
2
(= y)*Kn(z.y)* = ai (en(@)on-1(y) — on-1(@)on(y))", (4.13)

and thus, by the orthonormality conditions, we see [[Qn(dz,dy) = 2a%\,. Since p is
Nevai-class, the former converges to 1/2 = [[ L(dz,dy). This allows us to use the usual
weak topology (i.e. the topology coming by duality with respect to the continuous func-
tions) for bounded Borel measures.

18



Step 1. We first prove the lemma when g = fieq, so that the ¢3’s are the Chebyshev
polynomials T}, see (4.2). By (4.13), the push-forward of (4.11) by the map (z,y) —
(cos @, cosn), where 0,1 € [0, 7], reads

%{ cos(NO) cos((N — 1)n) — cos((N — 1)0 cos(Nn)}szdn. (4.14)
This measure has for Fourier transform
> /0 ’ /O " O £ os(N) cos((N — 1)) — cos((V — 1)8) cos(Nn) } dédn
= % /07r /07T cos(fu + nu){ cos(N6) cos((N — 1)) — cos((N — 1)6) cos(Nn)}Qden.

By developing the square in the integrand and linearizing the products of cosines, we see
that the non-vanishing contribution as N — oo of the Fourier transform are the terms
which are independent on N. Indeed, the N-dependent terms come up with a factor 1/N
after integration. Thus, the Fourier transform equals, up to O(1/N), to

5 2/ / cos(Bu + nv) (1 — cos 6 cos n)dédn.
T

This yields the weak convergence of (4.14) towards (272)~!(1 — cos 6 cosn)dfdn, and the
lemma follows, in the case where u = p.q, by taking the image of the measures by the
inverse map (cos@,cosn) — (x,y).

Step 2. We now prove the lemma for a general Nevai-class measure p on I. Let us denote
by @’ the measure (4.11) in order to stress the dependence on p. Thanks to Step 1, it is
enough to prove that for every m,n € N, we have

s s [f v -o

in order to complete the proof of the lemma. Recalling (4.11), (4.13), and that ay — 1/2,
it is enough to show that for every m € N,

Jin | [ om(an) - [T @pglan)| =0 (4.15)

and

Jim | [ameonhon-r@n(dn) - [T Tn@g(dn)| =0 (@10

To do so, we first complete for convenience the sequences of recurrence coefficients (ay, )nen
and (by)nen introduced in (4.5) as bi-infinite sequences (ay)nez, (bn)nez, where we set
an = by, = 0 for every n < 0. It follows inductively from the three-term recurrence relation
(4.5) that for every k,¢,m € N,

JECCETTC RN S | IO (417)

7:(0,k)—=(m,L) e€Y
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where the sum ranges over all the paths v lying on the oriented graph with vertices Z?
and edges (i,5) — (i+1,j+1), (i,5) = (i +1,7) and (4,5) = (i + 1,5 — 1) for (i,5) € Z?,
starting from (0, k) and ending at (m, ¢). For every edge e of Z2, we introduced the weight
associated with the sequences (a,) = (an)nez, (bn) = (bn)nez defined by
aj ife=(i,j) = (i+1,7+1)
wW(€){(an), bn)} = 4 j ife=(i,j) = (i+1,7) (4.18)
aj—1 ife=(i,5) = (i +1,7-1),
see also [Hardy, 2015]. Now, observe that the set of all paths 7 satisfying v : (0, k) — (m, £)
only depends on k, ¢ through |k — /| and is empty as soon as |k — ¢| > m. Thus it is a
finite set, and moreover, by translation of the indices, for every k, ¢, m € N we have

/fﬂm@k(fﬂ)w(ﬂu(dfv) = Ljp—tj<m > T «©) @), it (4.19)
~:(0,k—€)—(m,0) e€y
In particular, see (4.3)—(4.4),
/ﬂﬁmTk(ﬁ?)Te(x)ueq(dx) = Lpctjem D [Te@@r, e (4.20)
~7:(0,k—£)— (m,0) e€Y

Finally, by combining (4.19) and (4.20), we obtain
[t - [ T i)
< ¥ )Hw(e famsor et — 11 @O, e, |- (421)

~7:(0,k—0)—(m,0) €Y ey

Together with the Nevai-class assumption for p, which states that a, — a; — 0 and
by, — b} — 0 as n — oo, it follows that (4.15) and (4.16) hold true by taking k = ¢ = N
or k=N and £ = N — 1, in (4.21). This completes the proof of Lemma 4.5.

4.2 Sketch of the proof of Theorem 2.1
4.2.1 Reduction to probability reference measures

First, in the statement of Theorem 2.1, we can assume the reference measure u is a
probability measure without loss of generality. This will simplify notation in the proof of
Theorem 2.1.

Indeed, for any positive measure p on I¢ with (multivariate) orthonormal polynomials
¢k and any a > 0, the orthonormal polynomials associated with ap are ¢ /+/a. Thus,
if we momentarily denote by Ky (u;x,y) the Nth Christoffel-Darboux kernel associated
with a measure u, we have Ky (au;z,y) = Ky(p;z,y)/a. As a consequence, for every
n > 1, the correlation measures

det | Kn(p; x;, x4 } H,u (dx;),

remain unchanged if we replace p by au for any a > 0. Hence, multivariate OP Ensembles
are invariant under p — .
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4.2.2 Soshnikov’s key theorem

As stated previously, Theorem 2.1 has already been proven when d = 1 by Breuer and
Duits [2013], as a consequence of a generalized strong Szegdé theorem they obtained. The
difficulty in proving Theorem 2.1 when d > 2 turns out to be of different nature than the
one-dimensional setting. Indeed, the next result due to Soshnikov essentially states that
the cumulants of order three and more of the linear statistic ) f(x;) decays to zero as
N — 00 as soon as its variance goes to infinity. The latter condition turns out to be true
if and only if d > 2. Thus, a CLT follows easily as soon as one can obtain asymptotic
estimates on the variance. However, if obtaining such variance estimates is relatively easy
when d = 1, the task becomes more involved in higher dimension.

More precisely, the general result [Soshnikov, 2002, Theorem 1] has the following con-
sequence.

Theorem 4.6. (Soshnikov) Let xi,...,xyn form a multivariate OP Ensemble with re-
spect to a given reference measure u on I1¢. Consider a sequence (fn) of uniformly bounded
and measurable real-valued functions on I satisfying, as N — 0o,

N
Var ZfN<XZ)] — 00, (4.22)
i=1
and, for some § > 0,
N N g
E > |[fvxi)|| =0 | Var ZfN(Xi)] : (4.23)
i=1 =1
Then, we have
N N
> fn(x) —E ZfN(Xi)]
i=1 i=1 law N(O, 1)
N N—oo
Var Z fN(xZ-)]
i=1

4.2.3 Variance asymptotics

In order to prove Theorem 2.1 it is enough to show the following asymptotics.

Proposition 4.7. Assume p and x1,...,XyN satisfy the hypothesis of Theorem 2.1. Then,
for every f € €1 (I4,R), we have

. 1
NI N

N
> f(Xi)] =07} (4.24)

Indeed, for any d > 2 and any f € €'(I%, R), Corollary 4.4 and Proposition 4.7 imply
(4.22) and (4.23) with fy = f and § = d/(d — 1). Thus, we can apply Theorem 4.6 to
obtain Theorem 2.1.
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Proposition 4.7 is the main technical result of this work. Consider the d-fold product
of the equilibrium measure (4.1), namely the probability measure on I? given by
d 1
pet(dr) = w@M(@)dz,  wi(z) =[] —— 1na(2). (4.25)

eq eq
j=1m4 /1 —x%

SN

In our proof of Proposition 4.7, we start by investigating the limit (4.24) when p = uﬁ%d,
since algebraic identities are available for this reference measure. Then, we use comparison
estimates to prove (4.24) in the general case.

4.3 A bound on the limiting variance

As stated in Proposition 2.4, one can bound the limiting variance aj% by a Dirichlet energy.
Besides providing some control on the amplitude of JJ%, we will need this inequality in the
proof of Proposition 4.7. We now give a proof for this proposition.

Proof of Proposition 2.4. Let us.(dz) = m~1v/1 — 221;(z)dz be the semi-circle measure.
The associated orthonormal polynomials are the so-called Chebyshev polynomials of the
second kind

Ui(cosf) = \@M

sin 0
For any 1 < j < d, define the measure

v (d) = preg(dar) -+ preq(daj—1) pise(dw) e (A1) - - preq(dza),
so that the RHS of (2.8) becomes
1§dj/ () v (da)
5 L\

j=1"1

For any k = (ky,...,kq) € N set Ty(x) = Ty, (z1) - - - T, (wa), where T}, are the Chebyshev
polynomials (4.2), and let

V(@) = Ty (21) - Ty, (2-1) Uiy (2) Ty 1y (@541) -+ Ty ()

Thus, (Tk)gene and (V,g )kend Tespectively form an orthonormal Hilbert basis of L? (ug%d)
and L%(17). Let f € €' (I%,R), so that f = > cna f(k)Ty, where f(k) is as in (2.7). Using
the identity T}, = kUj_1, it comes

0;f () = > kif(k)V{ ().

keNd

Then, Parseval’s identity in L?(17) yields

[, (0st@) vitan) = ¥ 2w

keNd
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Summing over 1 < j < d, the RHS of (2.8) equals

(0:@) () = 5 3 (R + - +EDFRY, (1.26)
keNd

from which Proposition 2.4 easily follows.

4.4 Assumptions of Theorem 2.7 and outline of the proof

We now discuss the assumptions and proof of Theorem 2.7.
Assume the reference measure p is a product of d measures on I, and also that y has
a density w. Then, Corollary 4.4 suggests that, as N — oo,

N . w(r)

-~ - 4.27
Kn(z,2)  wii(z) (4.27)
This heuristic would yield for the variance of the estimator (2.11),
N 2
UCONI N Lel) |
Var ; KN(Xi7 XZ) -~ anr ; f(Xj)wg%d(Xj) ~ N1+1/d (428)

where for the last approximation we used Proposition 4.7 with test function fw/wgei]d,
recalling €2, was defined in (2.15). This would essentially yield the CLT in Theorem 2.7
by applying Theorem 4.6 to fy(z) = N f(z)/Kn(x,z). To make the approximation (4.28)
rigorous, we will need extra regularity assumptions on u.

First, regarding the approximation (4.27), we have the following result.

Theorem 4.8. (Totik) Assume p(dxr) = w(z)dxr with w(z) = wi(x1) - - - wy(zq), and that
wj 18 continuous and positive on I. Then, for every e > 0, we have
N w(z)
Kn(z,2) N—ooo weq()

(4.29)

uniformly for x € I¢.

For a proof of Theorem 4.8 when d = 1, see [Simon, 2011, Section 3.11] and references
therein. The case d > 2 follows by the same arguments as in the proof of Corollary 4.4.

Remark 4.9. It is because of Theorem 4.8 that we restrict €*(I% R) to the class ¢
defined in (2.13) in the assumptions of Theorem 2.7. Unfortunately, there are examples of
reference measures p on I such that the convergence (4.29) is not uniform on the whole of
I. However, in order to extend € to € (1% R) in the statement of Theorem 2.7, it would
be enough to have SWPgerd IN/Kn(x,2) —w(z) /wid(z)] — 0 for some sequence e going
to zero as N — 0o, but we were not able to locate such a result in the literature.

Next, the first approximation in (4.28) requires a control on the rate of change of

N/Kn(z,z). To this end, we introduce an extra assumption on the reference measure p.
More precisely, let us denote

N/En(x,x) = N/KN(y, y)

o) = ol

, (4.30)
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and further consider the sequence of measures on I% x I¢

Qn(dz,dy) = |z — y|PKn (2, y)*u(dz) p(dy). (4.31)

1
N1-1/d
Our extra assumption on g is then the following.

Assumption 1. The measure i satisfies

lim lim sup lim sup // 195 (y)>C In(2,y)* Qn(dz,dy) =0. (4.32)
IExIZ, la—y||<o

C—=00 550 Nooo

In plain words, this means the squared rate of change 2y (z, y)? is uniformly integrable
with respect to the measures @y, at least on the restricted domain where ||z — y|| is small
enough and where z and y are not allowed to reach the boundary of I%.

Remark 4.10. When d = 1, Lemma 4.5 states that if p is Nevai-class then @) converges
weakly as N — oo towards

1—xy
212 T — 22./1
Because the density of L is smooth within I, x I, for every ¢ > 0, one may at least
heuristically understand that (4.32) reduces to the uniform integrability of 2y (x,y)? with

respect to the Lebesgue measure instead. In higher dimension, a similar guess can be
made, but we do not pursue this reasoning here.

L(dwz,dy) =

1I><[ z,y)dzdy.

We now discuss sufficient conditions for (4.32) to hold true.

Remark 4.11. Since, for any x > 0, we have

1

2 2+

Lon@y)>c IN(@,y)" < 1IN ()7,

we see that condition (4.32) holds true as soon as, for every ¢ > 0, there exists x,0 > 0

satisfying

N—oo

lim sup // ]@N(x,y)\ﬂ'{” Qn(dz,dy) < oo
IgxId, ||lz—y||<d

Namely, condition (4.32) is satisfied if the L?>**(Qy) norm of the rate of change of
N/Ky(x,z) is bounded, at least on the restricted domain where ||z — y|| is small enough
and z,y away from the boundary of I¢.

The following assumption is much stronger than Assumption 1, but it is easier to check
in practice.

Assumption 2. The measure i satisfies
(a) p(dz) = w(z)dr with w positive and continuous on (—1,1)%.

(b) For every e > 0, the sequence

1
— sup
N zeld

VEKn(z,z) H
1s bounded.
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Indeed, thanks to the rough upper bound

|Zn(2,y)] < sup [V(N/Kn(z,2))ll,  2y€lp,

zeld

we see that Assumption 1 holds true as soon as for every € > 0, supgeje [|V(N/Kn (2, 7)) ||
is bounded. Under Assumption 2(a), the latter follows from Assumption 2(b). Indeed,
Theorem 4.8 and Assumption 2(a) together yield that for every ¢ > 0, there exists ¢ > 0
independent of N such that %KN(I‘, x) > c for every z € I¢.

We conclude this section by proving that Jacobi measures (2.17) satisfy Assumption 2,
which proves our Proposition 2.8. We start with a general lemma.

Lemma 4.12. Assume the measures ji,...,uq on I satisfy Assumption 2. Then the
measure j1] @ --- @ g on I satisfies Assumption 2.

Proof. We decompose the set I'y = {b(0),...,b(N —1)} € N¢ in a convenient way. To do
so, set oj(k) = (k1,...,kj—1,kj4+1,...,kq) and say that k ~ £ if and only if (k) = 0;(£),
that is, they have same coordinates except maybe the jth one. We denote by [k] the
equivalence class under this relation. Set N;([k]) = max{{; : £ € [k]NT'y}. Using the
notation introduced in (4.7) and (4.8), it comes

B(N-1)
k=b(0) a#]
N;([K]) " 4
=2 > Jlele)® 3w () -2k, (@)
[k]eT N/~ o] kao g
= ()
= > I« dg;j {Kféjqk]m(fﬂjij) : (4.33)

[kleT N/~ a#]j

Let now € > 0. Since y; satisfies Assumption 2, there exists C' > 0 such that for all x € I,
and n € N,

Let M = [NY4|, so that Ty C Ca41, see (2.5). Thus, N;([k]) < M for all k € Ty. By
(4.33),

|0;Kn(z,z)] < C(M+1) Z H gpka (za)?
[k]leT N/~ o]

< C(M+1) Z ngk wa

[kleCrry1 a#)
= oM+ 1) [] K1 (@a, za).

a#j
Hence ) v + ]
05K ()] < CFE T 47K (),
a#]
and Theorem 4.8 concludes. O
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Lemma 4.13. Let o, 8 > —1, then the measure
(1—2)%1 4+ 2)’1;(2)dz
satisfies Assumption 2.

Proof. Let € > 0 be fixed. For convenience, Section 4.2.1 allows us to work with the
probability measure

1
WP (da) = @ (@)de, W@ (@) = ——(1—2)°(1 + )",
Ca,B
where the normalization constant reads

_2a+,8+1r(04+1) (B+1)
Mla+8+1)

caMB

and I" is the Euler Gamma function.
Denote by (goﬁf"ﬁ ))neN the associated orthonormal polynomials. They satisfy

(a.B)
Py T
(pgla,b’)(w) _ ( )7
h%a:ﬁ)

where the P,(La’ﬁ )% are the Jacobi polynomials (we refer to [Szegd, 1974] for definitions and
properties) and

h _ HP(a,B)HZ o 1 F(OK+5+1)F(04+TL+1)F(B+TL+1)
noo T BN T e+ f+2n+1) T(a+DT(B+D0(@+B+n+1)

and moreover

(@.B8)y _ 76 (a+1,8+1) e+ B8+1)(a+B+2)
(P2 = 57 Vnln a5 +1) @ “a’ﬁ‘\/ S

(4.34)
This yields
N-1
d . (@.8) (1) (P
R =92 ’
K o )()
k=1
N-1
=t 3 VR +a+ 1) o @t @), (4.35)
k=1
By [Kuijlaars et al., 2004], we have as k — oo, uniformly in z = cosf € I,
(p(a’ﬁ)(COSQ): 2 cos (k:+1(a+ﬁ+1))0—z(a+1) + O(1/k)
b w(@h) (x)mV/1 — 22 2 2 2 ’
(4.36)
As a consequence, we obtain in the same asymptotic regime,
SO (000 0y — 2 sin ( (k+ (a+8+1)0— “(a+ L)) +0(1/k).
ol w(@h) (z)my/1 — 22 2 2 2
(4.37)
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Now (4.36) implies that the P,E,a’ﬁ)(az)’s are bounded uniformly for z € I and k € N. Using
moreover that 2sin(u) cos(u) = sin(2u) and combining (4.35)—(4.37), we obtain for some
C1,Cy > 0 that

N-1
d 1
sup | —Kn(z,z)| < C; sup Z k sin (2k+a+5+ 1)0 —m(a+ =) )|+ Cs
€l dz zel: —1 2
where we recall the relation = cosf. Next, we write
N-1 ] N1 ) 1/2
Z k sin ((Qk +a+pB+1)0—n(a+ 2)) < Z Lei((2ktatBr1)o—m(ats))
k=1 k=1
and then
N-1 N—-1
Z Lei((2ktatB+1)0-m(at3)) _ i((at+B+1)0-m(at3)) Z Lee2ik0
k=1 k=1
N-1
_ iei((a+5+1)97w(a+%))i p2ik0
21 do
k=0
1, 1)y d e N=DOgin(N9)
— — pillatB+1)f—m(at+3)) = 4
2i° ’ d0( sin(6) ) - (438)
Since the absolute value of the right hand side of (4.38) is bounded by CN/sin?() for

some C' > 0 independent on N and 6, the lemma follows.
O

Lemmas 4.12 and 4.13 combined yield Proposition 2.8.

5 CLT for multivariate OP Ensembles: proof of Theorem 2.1

In this section we prove Proposition 4.7. As explained in Section 4.2, Theorem 2.1 follows
from this proposition.
5.1 A useful representation of the covariance

Lemma 5.1. Let x1,...,Xyx be random variables drawn from a multivariate OP Ensemble
with reference measure p. For any multivariate polynomials P, Q, we have

N N N-1 oo
Cov ZP(XZ),ZQ(Xz)] = Z Z <P80n7§0m><Q§0nyS0m>7
i=1 =1 n=0 m=N

where (-, -) refers to the scalar product of L*(p).

Proof. We start from the standard formula

N N

Cov | > P(x1), Y Q(xs)

i=1 j=1

- / P(2)Q(x) Ky (. )u(dz) - / / P(2)Q(y) Ky (2, y)2p(de)u(dy), (5.1)
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which follows from (2.1)—(2.2) with & = 1,2 and that Ky(x,y) is symmetric. One the one
hand, it follows from the definition of K that

N-1N-1

/ / P@)Qy) Kn (2, 9)2u(d2)u(dy) = 3 S (Pon 0nd(Qpm om). (5:2)

n=0 m=0

On the other hand, by using the decomposition (where the sum is finite since P is poly-
nomial)

Pon = Z<P90na30m>90m
m=0

together with the identity

N-1

[ P@@@ n (o) = 3 (Pon Qe

n=0

we obtain
N—-1 oo
| P@Q@) K, o) Z >~ (Péns ) @) (53)

Lemma 5.1 then follows by combining (5.1), (5.2) and (5.3). O

5.2 Covariance asymptotics: the Chebyshev case

We first investigate the case of the product measure ,ueq , where pi¢, defined in (4.1) is
the equilibrium measure of I. Recalling the definition (4.2), the multivariate Chebyshev
polynomials

Tk(xl,...,xd) :Tkl(xl)“'de(l’d), k= (k‘l,...k'd) ENd, (5.4)

satisfy the orthonormality conditions

/ To(@)Te(2)uS(da) = Ope, K, €€ N,

We shall see that the family (7% ),cne diagonalizes the covariance structure associated with
our point process.

Proposition 5.2. Let x7,...,x} be drawn according to the multivariate OP Ensem-
ble associated with ug‘i. Then, given any multi-indices k = (k1,...,kq) € N® and £ =
(¢1,...,4q) € N, we have

lim ~Ni-1/d Cov ZT’“(X;‘)?ZTE(X;) 2( 1+ +kq) if 7
e =1 i=1 0 ifk#2.

As a warm-up, let us first prove the proposition when d = 1.
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Proof of Proposition 5.2 when d = 1. Throughout this proof, (-,-) denotes the inner prod-
uct in Lg(ugzd). For every k,¢ € N, Lemma 5.1 provides

N N
D Te(x), ) Tu(x})
i=1 i=1

First, notice that if k or ¢ is zero, then the right-hand side of (5.5) vanishes because
(T, Ty = dpm, and hence we can assume both k, ¢ are non-zero. Next, (4.2) yields the
multiplication formula

N—-1 oo
Cov Z Z (Tu T, T (ToTn, T (5.5)

1 1 nk#0Ln£k
T. T, = ﬁ Ttk 1kn7é0 + (\&) T‘n_k|, k,n € N. (5.6)

Combined with the orthonormality relations, this yields for any n,m € N and k > 0

1 1 n#0Lln£k
<Tan7 Tm> = % ]-nJrk:m]-n;éO + 1| —= 1|n—k|:m' (57)

V2
Hence, if n,m € N moreover satisfy n < m and m > max(k, ), then we have
1
<TkT7’l7 Tm><T€Tn7 Tm> = §1n¢01n+k:m1€+n:m- (58)

By plugging (5.8) into (5.5), we obtain for every N > max(k, (),

N—-1 oo

N N
1
Cov ZTR(X:)7 ZTZ(XD = 5 Z Z Liin=—mlern=m
i=1 =1 n=1 m=N
_ ! k1
- 9 k=¢,
and the proposition follows when d = 1. O

We now provide a proof for the higher-dimensional case. We also use the multiplication
formula (5.6) in an essential way, although the setting is more involved. We recall that
we introduced the bijection b : N — N¢ associated with the graded lexicographic order in
Section 2.1.3.

Proof of Proposition 5.2 when d > 2. Fix multi-indices k = (ky,...,ks) € N and £ =
(¢1,...,49) € N4 and also set

S={j: k;j #0}, S ={j: t; #0}.

Thanks to Lemma 5.1, we can write

N N
Cov | > Tu(x}),> Te(x))| = > (TeTn, Tn)(TeTn, Trm), (5.9)
=1 =1 (n,m)eAy
where we introduced for convenience the set
AN:{(n,m) eNxNY:  m < B(N - 1), m>b(N)}. (5.10)
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Next, using (5.4), the orthonormality relations for the Chebyshev polynomials and (5.7),
we obtain

(T Th, Tm) = <Tk1Tn1,Tm1>L2(#Eq) e (deTnd,dehQ(HW) (5.11)
1 |P|+|{7E€S\P: nj#0,n;#k;}|
j¢s PcCS
X (H 1nj+kj=mj1”ﬁé0>( H 1|nrkj\=mj>’ (5.12)
jeEP jeES\P

where |A| stands for the cardinality of the set A.

First, notice that if S # S’ then the right hand side of (5.9) vanishes. Indeed, if S # S’,
then there exists a € {1,...,d} such that k, = 0 and ¢, # 0 (or the other way around,
but the argument is symmetric). It then follows from (5.12) that (TxTy,Ty) vanishes
except if n, = mg, and moreover that (T,T),,T,,) vanishes except if |n, £ o] = mq.
Since £ # 0, it holds (TxTy, Tom){(TeTh, Trm) = 0 for every (n,m) € N¢ x N?, and our
claim follows. Moreover, because (n,m) € Ay yields the existence of a € {1,...,d} such
that ny < mg, one can see from (5.11) that (TxT},, Tm,) vanishes for every (n,m) € Ay
if Kk = (0,...,0). We henceforth assume that S = S’ # @, for the covariance not to be
trivial.

By combining (5.9) with (5.12), we obtain

N N 1\ °lPeln)
Cov | Y Tu(x}),> Te(x})| = > > <ﬂ> ,
i=1 i=1 P,QCS (n,m)eAN[P,Q]

where we introduced the subsets

nj+kj=m;, n; #0, ifjepP

AN[P,Q]I{(""'")GAN nj+4&i=mj, n;#0, ifjeq’

Inj —kj| =my, ifjeS\P. L
|nj—£j’:mj', iijS\Q’ nj = mj, 1f]¢5 (5'13)

and set for convenience
o[P,Q)(n) = |P|+ Q|+ |{j € S\ P: n; #0, n; # kj}|
+{5€S\Q: nj £0,n; £} (5.14)

Notice from (5.13) if ko = £y # 0 and AN[P, Q] # @ then necessarily a € PN Q or
ac (S\P)N(S\Q). In particular, if k = € then Ax[P, Q] = @ unless P = (. Thus,

N N 1 o[P,P](n)
Cov | S Thx), Y ) | =15 3 Y <ﬂ)
=1 =1

PCS (n,m)eAn[P,P)

1\ o[PQIm)
+1k2e Z Z (\[) . (5.15)

P,QCS (n,m)eAN[P,Q)]
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Our goal is now to show that for every P,Q C S the following holds true. As N — oo, if
we assume k = £, then

L\7aes e 1-1/d 1-1/d
Z <ﬂ> = <2> (ij>N +o(N ), (5.16)
(n’m)EAN[Pvp] jeP

and, if instead k # €, then
|AN[P, Q]| = o(N'~1/4). (5.17)

Since an easy rearrangement argument together with the definition of S yield

> (Zh) =33 (Sk)

PcCS jepP pPcS jes
d
- ()2 = ()2
jcs j=1

Proposition 5.2 would then follow from (5.15)—(5.17).
We now turn to the proof of (5.16) and (5.17).

Truncated sets and consequences. Given distinct o,...,ap € {1,...,d}, we intro-
duce the truncated sets

AN[P7Q;0517"'704p]
= AN[P, Q] N {nq, < max(ka,,la,)} N -+ N{ng, < max(ka,,la,)}. (5.18)

By definition of b and Ay, if N = M9 then Ay;a = Cyy x (N4 \ Cps) where we recall
CM:{neNd:0<n1,...,nd<M—1}. (5.19)

Moreover, if for an arbitrary N we denote by M = |N'/?| the integer satisfying M9 <
N < (M+1)% then b(N) € Cys11 and thus, for any (n,m) € Ay, we haven € Cpr11. Asa
consequence, for every P,Q C S, we have the rough upper bound |Ay [P, Q; v, ..., ap]| =
O(M4=P). In particular,

}AN[P, Q;ai,... ,ap]’ = o(N'"Y4)  for every p > 2. (5.20)

In order to restrict ourselves to the easier setting where IV is a power of d, we will use
the following lemma. Its proof uses in a crucial way the graded lexicographic order we
chose to equip N¢ with, and it is deferred to the end of the present proof.

Lemma 5.3. Assume k = £. For every P C S, a« € S\ P and for every N >
max (k{, . .. ,kzg), we have

(a) |[AN[P, P]| < |An+1[P, P,

(b) |AN[P, P;a]| < |[An [P, P;a]l.

We now provide a proof for (5.16).
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The main contribution. Assume k = £. As a consequence of Lemma 5.3 (a), if we set
M = |N'/?| then we have for every N large enough

1 \[PPIm) 1 \o[PPIm) LD
= < — < — :
> () > . (3) > (&)
(n,m)€A  q[P,P] (n,m)eAN[P,P] (n,m)e (M+1)d[P P]
Thus, it is enough to prove that, as M — oo,
1 \°PPln) 1\ !SI ‘1 i
3 (\@) - <2> (Z k; )M o(M?Y), (5.21)
(n,m)€A  4[P,P] JjeEP

in order to establish (5.16). To do so, for any P C S and a € S\ P, we set

sl Pl = Aya[P, P)N {n; > k; for all j € S\ P}, (5.22)
At alP;a) = AyalP, Pyl N {n; > kj for all j € S\ (PU{a})}, (5.23)

and use the following lemma; its proof is deferred to the end of the actual proof.

Lemma 5.4. Assume k =£. For every P C S and o € S\ P, we have as M — oo

1P| = (Zk )Md Uy o(MeYy, (5.24)
jeEP
|A%a[Pra]| = o(M41). (5.25)

Next, as a consequence of the rough upper bound (5.20) and (5.25), we can write

|Apsa[P, P]| = |Appa[P, P) 0 {nq > ko for all « € S\ P}|
+ |Apsa[P, P) N {nq < kq for at least one v € S\ P}|
= [ALu[Pl[+ D AL ulPial] + oM
aeS\P
= |A%a[P]| + o(M47H). (5.26)

Since for any (n,m) € A} ,[P] we have o[P, P|(n) = 2|S|, see (5.14) and (5.22), the
estimate (5.21) follows from (5.26) and (5.24), and the proof of (5.16) is therefore complete.
We finally turn to the proof of (5.17).

The remaining contributions. Assume now that k # £. Since k and £ have the same
zero components, it follows that neither k, nor ¢, is zero. Thus, (5.13) yields that if
ko # o and AN [P, Q] # @, then either « € PN (S\ Q) or a € QN (S\ P) and moreover,
for any (n,m) € Ax[P, Q], we have

2N = ko — Lo, 2mg = ko + Vg

In particular A q[P, Q] = Aya][P, Q; ] Thus, by virtue of the rough upper bound (5.20),
we can assume in the proof of (5.17) that k and £ differ by exactly one coordinate, namely
there exists a € {1,...,d} such that k, # ¢, and k; = ¢; for every j # a. In this setting,
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AN[P, Q] # @ then yields P\ {a} = Q \ {a} and, if (n,m) € Ay[P,Q], then (nq,mq)
satisfies the equations

{na—l—ka:ma, o — N = Mg, neg # 0, ifae P

Ne + o = My, ko — Na = Ma, ng 7 0, ifae@

By weakening these constraints to

o — na| = ma, ng < Ly, fae P
<

|ka_no¢‘ = Mgy, Na
we obtain the upper bound

‘A%’a Q, Q; aH ifaeP

5.27
AEF [P, P;a]] ifaecq (5.27)

where AS{;’E) [P, Q; a] is defined as in (5.13),(5.18) but we emphasized the multi-indices k, £
which are involved. By setting M = | N'/?| +1, we obtain from Lemma 5.3 (b), the rough
upper bound (5.20) and (5.23),(5.25) that, as N — oo,
K,k
(AN P, Pl
Ay [P, Pl
= |A%B P, Pia]n {n; > k; for all j € S\ (PU{a})}| + o(N'"V9)

N

o( N11/dy, (5.28)
and similarly
¥4 _
[AY7[Q. Qs al| = o(N1 ), (5.20)
By combining (5.27)—(5.29), we have finally proved (5.17) and the proof of Proposition 5.2
is thus complete, up to the proof of Lemmas 5.3 and 5.4. O

We now provide proofs for the remaining lemmas.

Proof of Lemma 5.3. Let (n,m) € Ay[P, P]. Then (n,m) ¢ Ayi1[P, P| if and only if
m = b(N). Since b(N) € Car11 \ Car, where M = [ N'/4| and Cj; has been introduced in
(5.19), there exists j € {1,...,d} such that b(N); = M; let j, be the smallest j satisfying
this property. Notice also n € Cpr41 and m € N\ Cys. As soon as M > max(ki,. .., kq),
that we assume from now, the equality m = b(/N) can only happen if j, ¢ S\ P. Indeed,
if j, € S\ P, then m;, = |nj, — kj,| < max(n;, — 1,k;,) < M — 1. As a consequence,

|AN[P, P]| < |ANp [P, P)| ifj. €S\ P
Next, assume that j, € P or j, ¢ S. We claim that if we set

m; + k; if j € P,
iy =13 |mj—k;j| ifjeS\P (5.30)
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then (m,m) € Ay41[P, P] \ Ay[P, P]. This would show in particular that
|AN[P, P)| < |[AN41[P, P]|  if either j, € P or j, ¢ S,

and thus complete the proof of (a). That (m,m) € Ayyi[P, P]\ Ay[P, P] is by construc-
tion obvious provided one can show m > b(N + 1).
If j. € P, then we have
mj, =mj, +kj, =M+kj, >M

*

and thus m € N%\Cjys, 1. As a consequence, there exists m > (M +1)% such that m = b(m)
and, since N 4+ 1 < (M + 1)%, we have shown m > b(N + 1).

If j. ¢ S, we argue by contradiction and assume m < b(N) = m. We shall see
this is not compatible with the graded lexicographic order. Indeed, since by construction
m # m and n # m (because k # (0,...,0) by assumption), we actually have m < m
and n < m. Because j, ¢ S by assumption, we moreover have n;, = m;, = m;, = M
and thus n,m,m € Cp41 \ Cpr. As a consequence, n <jex m and m <jex M in the
lexicographic order. This means there exists v € {1,...,d} such that n; = m; for every
i <~ and n, < my, and equivalently ¢ ¢ S when i < v and v € P. Similarly, there exists
n € {1,...,d} such that m; = m; for every i < n and m, < m,, and thus i ¢ S when
i <nmandmne€ S\ P. But this is impossible and thus m > b(N + 1), which completes the
proof of (a).

Part (b) is proved by following the exact same line of arguments; in this setting one
should also check that if (n,m) € Ay[P, P; a] then m, < k, in order to show (m,m) (with
m defined in (5.30)) actually belongs to Ax41[P, P; o). Recalling a € S\ P by assumption
this is clear, indeed my = |nq — kq| together with n, < k,, yield mg = ko — o < ko O

Proof of Lemma 5.4. To prove (a), fix P C S and assume M > max(ky,...,kq). It follows
from the definitions (5.13),(5.22) that

nj—i—kj:mj, nj#o, ifjeP
*Md[P] = {(n,m) S AMd n; —kj = mj, n; > k‘j, if j € S\P} (531)
n; =myj, lfj%S

Recall that Aja = Cyy x (N?\ Cpr) where Cypy is defined in (5.19). Clearly, if we set
Cyu|[P) = {n € Cyr : there exists m € N9\ Cpr, (n,m) € A}M[P]} (5.32)

then (n,m) — n is a bijection from A} ,[P] to Cp[P].
We claim that if for any p € P we set
1<n;<M-1ifjeP
cg?[P]:{necM kj<nj <M-—1 iijS\P}, (5.33)
M—k,<np, <M-—1

then we have
culPl = | eyl (5.34)
peP

Indeed, let n € Cp[P]. By definition there exists m € N%\Cy such that (n,m) € A% ,[P).
This provides, see (5.31), that 1 <n; < M —1ifj € P,that k; <n; < M —1if j € S\ P,
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and the existence of p € {1,...,d} satisfying m, > M. Since n € Cp then n, < M —1
and thus p € P because otherwise m, < n,. Together with the equation n, + k, = m,

this finally yields that M — k, < n, < M — 1, namely n € C](\I/}) [P] for some p € P. As for

the reverse inclusion, if n € C](\Z‘) [P] for some « € P then set

n;+k; ifjePp,
mj; = nj—k‘j lfJES\P,
n; ifj &5,
and observe that m € N\ Cys since m,, > M and nj — k; > 0 for every j € S\ P. Thus,

since clearly (n,m) € A} ,[P], we have shown n € C[P] and (5.34) is proved.
Next, since for every distinct pi,...,pq € P the definition (5.33) yields

ICPIP A - NCPI[P]| = Ky, - -k, MPT + O(M97Y),

then (a) follows from (5.34) and the inclusion-exclusion principle.

We now turn to (b) and fix & € S\ P. Let C](\? be the d-dimensional discrete hypercube
of length M defined as in (5.19). We then set

AU — o@D o (1 eld )

and introduce

p nj—l—kj:mj, nj%(), ifjeP
i]kwdfl[P](d_l): {(n,m)GAgwdl)l nj—k:j:mj, nj>k:j, lijS\(PU{Oé})}
n; =m;, if j ¢ S\ {a}

The statement (a) of the lemma applied in dimension d — 1 then provides
|A% a1 [P)47D] = o(M471), (5.35)
Consider the map p : N* — N%~! defined by
p(nl, R ,nd) = (77,1, vy Na—1,Na+1,y - - - ,nd).

Let (n,m) € A} ,[P;al. Since m € N\ C](\Z) and mqy < ko < M, there exists j # «

such that m; > M. It follows that (p(n),p(m)) € C](\‘j[_l) x (N1 \Cj(\fl[_l)) and thus
(p(n),p(m)) € A} 4, [P] (@=1) " As a consequence, we have the upper bound

| A% a[Psa]| < Kal(p % p) (A%alP;a])| < kol A%yt [P)EY)]

and thus (b) follows from (5.35).

5.3 Covariance asymptotics: the general case

We now extend Proposition 5.2 to the general setting of measures satisfying the assump-
tions of Theorem 2.1. More precisely, we prove the following.
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Proposition 5.5. Let p = p1®- - -®pugq, where the j1;’s are Nevai-class probability measures
onl. Letxy,...,xN and XJ, ..., X}y be random variables drawn from the multivariate OP
Ensembles with respective reference measures p and ,ugd. Then, given any polynomial
functions P,Q on RY,

N N
ngnooﬁ Cov | 37 Pxi), Y- QGxi) | —Cov | 3P, 3 Q0)| [ =0. (5:30)

For the proof of the proposition, we use a few ingredients from the Step 2 of the proof
of Lemma 4.5 to which we refer the reader to.

Proof of Proposition 5.5. By linearity, it is enough to prove the proposition with P(x) =

- zy? and Q(z) = x’fl- -a;gd for any fixed a1, 81,...,aq,84 € N. Lemma 5.1 then
provides
N N N—-1 oo
Cov | D P(xi) Y Qi) | = D0 D (af 2§ on, om) 2 (2l - 23" ons om) 12
i=1 j=1 n=0 m=N
d

= Y TTEe), 090 2 @ 08), 090 1)
(5.37)
where we recall that
Ay ={(b(n),b(m)): n<N—-1, m> N} c N% x N,
In particular, by choosing u = u®d in (5.37), we obtain

d

N N
Cov Z P(X;‘k)a Z Q(X:) = Z H<xaj Tnj ) Tm]’>L2(,LLEq) <lﬂj Tnj ) ij>L2(,qu)'
i=1 j=1

(nym)eAy j=1
(5.38)
Thus, by combining (5.37) and (5.38), we see that, if we set for convenience

aj(pn] 790mj L2(p ])< BJ@%}?‘P%L%)L?(”J)

’:]&

J=1

(@ T, T, 22 1) (87 Ty Ty ) 1200 | (5:39)

|
==

Jj=

then proving the proposition amounts to showing that

1
(n,m)eAN
Next, for every j € {1,...,d}, the three-term recurrence relation reads
o) = a@ ol + 6P + 0P oD nz0, (5.41)
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(J)

where we set @’y = 0. Asin Step 2 of the proof of Lemma 4.5, we complete the sequences of

recurrence coefﬁments (aﬁf))neN and (bgl ))neN introduced into sequences (agj))nez, ( %))nez,

G) _ ) —

where we set ay;

(@ ‘P%J),SOS%DB(M])— Inj—m;|<a Z HW @ )09 (5.42)

+ +my
7:(0,m; —my;)—(c,0) €€Y o " B

0 for every n < 0. We thus obtain the representations

and

<$aTnj ) ij >L2(ueq) = 1|nj —mj|<a Z H w( n+m bn+mj)}’ (5.43)
~:(0,n;—m;)—(c,0) €€Y

Since the measures p; are Nevai-class by assumption, we have a(] ) —ay — 0and b,(lj ) —by, —

0 asn — oo for every j € {1,...,d}. Notice that for every n;, the right-hand side of (5.42)

is a polynomial function of a(] ) o b%) s ff) T bﬁf} 1o and does not depend on any

other recurrence coefficients. Thus, we obtain for every fixed a e N,

sup (xo‘gogl]]),gp(]))Lz( 0 (@ Tn;, Ting) 12 (peg) | ——— 0 (5.44)

m
j .
nj €N mj—00

Moreover, we see from (5.39), (5.42) and (5.43) that E(n,m) = 0 except when |n; —
m;| < min(ey, §;) for every j € {1,...,d}. We then split the set of contributing indices
into two subsets,

N = {(n,m) €Ay : Inj —my | < min(aj,ﬁj)} N {mj > N2 for every j },
A% = {(n,m) € Ay : |nj —my| < min(ozj,ﬁj)} N {mj < N2 for at least one j }
It then follows from (5.44) that

lim sup |E(n,m)| =0 (5.45)

N—o0 (n m)eA*
and that there exists C' > 0 independent on N satisfying

sup |E(n,m)|<  sup |E(n,m)|<C. (5.46)
(n,m)eAl, (n,m)cAy

Next, we write

1
N1-1/d Z E(n’m)

(n,m)cAN

1 1
~ Ni-1/d > E(n,m) + 73 >, Emm)

(n,m)eA}, (n,m)EAS’V
AN ] A% |
< sup |E(n,m)|+ —— sup |E(n,m)|. (5.47)
N1-1/d (n,m)EA}‘v{ | N1-1/d (n,m)eA(}\,| |

and claim that we have ‘ ‘

N
h]r\?sup i < %0 (5.48)
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and, moreover, .
lim ‘AN|
N—ooo N1-1/d
Together with (5.45)—(5.46), this would prove (5.40) and thus the proposition.
We finally prove (5.48) and (5.49) in order to complete the proof of the proposition.
Let us set xk; = max(a, ;) for convenience. Clearly,

7\!‘:‘ U {mENd: (n,m)EA*NH

= 0. (5.49)

neNd
< max {m eN?: (n,m) ¢ A}k\,}‘ X Hn e N?: (n,m) € A} for some m € Nd}‘.
" (5.50)
First, since |nj —m;| < k; for every j as soon as (n,m) € A}, we have the upper bound
d
max {m eN?: (n,m) e ANH H(Qm] +1). (5.51)

7j=1

Next, set M = [NV so that M4 < N < (M +1)% If (n,m) € A%, then it satisfies
n € Cy11 and m € N?\ Cps, where Cy; has been introduced in (5.19). Namely, it holds
that 0 < n; < M for every j and there exists jo such that m;, > M. Together with
Injo —mjo| < Kjy, this yields M — kj, < nj, < M and thus provides the upper bound

Hn e N?: (n,m) € A} for some m € Nd}’ (Ijnda;i(/i]o +1)(M +1)4 (5.52)

By combining (5.50)—(5.52), we have proved (5.48). The proof of (5.49) is similar. More

precisely, the only difference is that if (n,m) € Ag\?), then there exists j; such that m;, <

1
VN* < /M + 1. Notice that necessarily j; # jo. Using moreover that |n;, —m;j | < kj,,
we obtain the upper bound

Hn eNl: (n,m) ¢ A( ) for some m € Nd}‘ (mcéx Kjo + 1) (k) + VM +1)(M+1)%

Jo#]l

in place of (5.52), and (5.49) follows. O

5.4 Extension to %' functions and conclusion

We consider a reference measure p satisfying the assumptions of Theorem 2.1 and let
X1,...,Xy be the associated multivariate OP Ensemble. For any d-multivariate polyno-
mial P, we can write P =)} -na P(k)Ty,, where the latter sum is finite. As a consequence
of Propositions 5.2 and 5.5, we then obtain

ZP X;)

. . 1
kzZENd P(k)P(¢) A}gnoo N1/ Cov

N
Z Tk X’L Z Te(Xi)
i=1
1

=3 > (ki +ka)P(k)? = op. (5.53)
k:(kl,...,k‘d)ENd

NI NI N1 i’
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Therefore, we have proven Proposition 4.7 provided we restrict the test functions to poly-
nomials. We finally extend this result to €' test functions, and thus complete the proof
of this proposition, by means of a density argument.

First, a standard computation yields

N
f(xi) VK (z,y)?p(de) p(dy). (5.54)
; ] // N(z,y p(dy

This indeed follows from (2.1)—(2.2) with £ = 1,2, and that Ky(z,y) is a symmetric
reproducing kernel.
Now, for any f € €'(I% R), we set

1/ llLip = sup [V f(z)]], (5.55)
xeld

so that |f(z) — f(y)| < |fllLipllz — y|| for every = # y. If we consider the monomials
defined by
ej(fL'l, ooy xd) = Ty, (556)

then formula (5.54) yields

] / / )2K (i, ) u(da)p(dy)

HfHLlpZ // e5(x) — e5(y))2 K (a 9)*u(dz)u(dy)

xy

Var

= \|f||LipZVar

j=1
and, as a consequence of (5.53),
1 N d
lim sup =77 Var x| <ClUfIRp  C=D o2 (5.57)
i=1 j=1
Proposition 2.4 also provides the upper bound
o} < S I (5.58)

Next, Theorem 5 of Peet [2009] yields the existence of a sequence of multivariate polyno-
mials (P:)c>o such that ||P. — f||Lip < €, and hence

N

Z f Xl Z (Xz)

=1

52

< Ce?, and O']2c_P6 < —=.  (5.59)

lims
imsup ———— 5

Moo N1- 1/d

Since (X,Y) — Cov(X,Y) is a symmetric positive bilinear form, it satisfies the
Cauchy-Schwartz inequality, and thus the triangle inequality Var(X +Y)Y/2 < Var(X)"/2+
Var(Y)'/? holds true, which in turn yields the inequality

‘Var(X)l/Q - Var(Y)1/2’ < Var(X — V)2, (5.60)
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For the same reason, the limiting variance satisfies |0y — oy4| < 0y_4. As a consequence,
by taking X = ) f(x;) and Y = )  P.(x;) in (5.60), and using these two inequalities
together with (5.53) and (5.59), we obtain by letting N — oo and then € — 0 that

N
1
Jm s Zf Xz] = limp =z Var | 2 Pt
1=
- %
:O'f

and the proof of Proposition 4.7 is therefore complete.

6 Monte Carlo with DPPs: proof of Theorem 2.7

The aim of this section is to prove the following variance decay.

Proposition 6.1. Assume p(dr) = w(x)dr with w positive and €' on (—1,1)%. Assume
further that p satisfies Assumption 1. For every f € €, we have

N ONf(x;) N (@) f(x;) -
;KN(Xiin) _Z 2 (x,) =0.

i=1 Weq

1
N N

Before proving Proposition 6.1, we argue that it implies Theorem 2.7. Indeed, (5.60)
then implies that

N
N f(xi) B 1
ZZ; KN(Xqu)] = N1- 174 var

1
N N

N .
> ot g,

i=1 Weq

the last equality following from Theorem 2.1. Now Theorem 4.6 applies with fy(z) =
Nf(z)/Kn(z,x) to yield Theorem 2.7.

From now on, we fix f € €. It is thus a €' function and there exists € > 0 so that
Supp(f) € I2. If we set for convenience

N

N w(z
En(z) = Ky(z,z) Z wg}g(if zel

1=

then Theorem 4.8 yields || fEn||cc = supa |fEN|] — 0 as N — oo.
In order to prove Proposition 6.1, we start with the formula coming from (5.54),

N

> fx)EN(x; ] / (FEN(2) = FEN(W))" Kn (2, y)*u(dz) p(dy)

i=1

Var

and split the integral in several terms that we shall analyse separately.
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6.1 The off-diagonal contribution
Given any ¢ > 0, we first consider the contribution

1

2 //” 156 (FEN(@) = FEN(Y)) Kn(2,y)’n(d2)u(dy). (6.1)

By rough estimates, we obtain

OO <IfENI [f Kt udnnc
d
< S l7EN2 > [ @i = wPrnteu@ona)

N
S <x1>]7
=1

where the monomials e; were defined in (5.56). As a consequence, using Proposition 4.7
and that ||fEN|c — 0 as N — oo, we get

52 !!fEN!!2 ZVar

N—o0 Nl 1/d

lim //|x s (fEn(z) - fEN(Z/))zKN(m,y)Qu(dm)u(dy) =0 (6.2)

for every § > 0.

6.2 The diagonal contribution
By (6.2), it is sufficient to show

6—0 N—o0

lim sup lim sup ﬁ //|m s (fEn(z) — fEN(y))QKN(x, y)2pu(dz)p(dy) =0 (6.3)

in order to complete the proof of Proposition 6.1.
Set for convenience

9(x) — g(y)

, z,y € I (6.4)

so that, |Zy(z,y)| < ||g||lLip- For every 6 > 0 small enough, we have for any x,y satisfying
lz =yl <4,

= (Z¢(z,y)En(z) + Zpy (2,9) f (1))
29¢(2,y)*En(2)* 4+ 295, (2,y)* f(y)?
2

17 1Bspll 10, Bl + 2171 P (2,0 Ly (2,0)

@fEN (xvy)
<
<
Indeed, notice that if € I or y € IZ, then x,y € IEd/2 for every § > 0 small enough.

Since f is by assumption supported on I¢, we know that P¢Ey (,y) vanishes outside of

Ig/Q x I 5/2. This is the reason for the presence of 1 1, in the last inequality.
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With the notation @)y introduced in (4.31), we thus obtain

1
2N1-1/d //nm yll<s (FEn () = FEx(y))" Ky (z,y)*p(de)u(dy)

1
5 /| o ewrenianay
lz—yll<d
< 1Rl Ex I [ /” @l (6.5)
T—Y||s

IR / / » D (.2 Q (de, dy).

4. e—yll<s

Moreover, because w is €' on I d/2 by assumption, and because wg%d is also €' and positive

there, one similarly has, for every x,y € I /2
Dy (@,y)* < 298(2,9)? +29,,,00(2,9)" <29 (2,y)" + 2|lw/wi Lip, (6.6)

where Zy is defined in (4.30).
Next, we have for every C' > 0,

/ / I, 9)?Qu(de, dy)
14, %14, a—y|<6
<C? / / ~(dz,dy)
llz— y||<5
// Loy @y >c Zn(@,9)*Qn(dz, dy). (6.7)
I/ 5/2: lz—yll<é

We now make use of the following lemma, the proof of which is deferred to Section 6.3.

Lemma 6.2.

=0 N—oo

hm lim sup // ~n(dz,dy) = 0. (6.8)
llz— y||<5

As a consequence, (6.5), (6.6), and (6.7) together yield, for every C' > 0,

lim sup lim sup Wlfl/d //Iw Ji<s (fEN($) - fEN(y))QKN(l‘,y)QM(d:B),U(dy)

6—0 N—oo

N—oo

2Hf||2 hmsuphmsup// -@N($7y)21|@1\,(x,y)\>c Qn(dz,dy). (6.9)
2 X1, llz—ylI<o

Assumption 1 allows us to conclude the proof of Proposition 6.1, up to the proof of
Lemma 6.2.

6.3 Proof of Lemma 6.2
Proof. First,

//x y||<6 ~(dz,dy) < N1 N1-1/d Z//l% y]|<5 — ;) Ky (z,y)*u(dz)p(dy). (6.10)
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We fix j € {1,...,d} and use the notation of the proof of Lemma 4.12. It comes

En(z,y)= ) lfkqun+4(wjayﬁ [T #re (@a) o (ya).
[klel N/~ a#tj

Squaring, integrating and using the orthonormality relations,
J[ @R uouty)
|z;—y;|<6
= D> Lo—ow

[k].[)€D N /~
x/y «f%_%PMQMHW%%Vﬁhmﬂﬁm%Wﬂmﬂm@w)
Tj—Yj
- EE: ./3/ i = ¥i) l(x)akn+a(xjayj)Quj(dxj)uj(dyj). (6.11)
K|eT y /~ ) 7 18 =Y |<6

Recall M = LNl/dJ and Cpy C I'y C Cpr41. By definition of b we have, for every
1<m<M-=2,
{[k] € Tn/ ~: N;([k]) = m}| < dM*>.

Notice also that (4.13) yields
//(ij — )P KD (. y7) g (day g (dyy) = 247,

which is bounded for every m since a,, — 1/2 by assumption. Now

(6.11) = o+ Y //I:c y|<5 () — ) * Ky )([kml(g;j,yj) pj(day) s (dy;)

[k]ET 5/~ [k]€T N /~
N; (R <vVM N; (k) =vVM

< O(Md72+1/2)

At e [ GG ). 5.12)
SMS Zj—Yj

Moreover, Lemma 4.5 yields

max // )Kr(nzi-l(xjﬂyj)Quj(dxj):u’j(dyj)_> / L(z,y)dzdy
VM<m<M |z — Z/J|<‘S |z—y|<d

as M — oo. Combined with (6.10)—(6.12), we obtain

lim sup // ~n(dz,dy) < // (z,y)dzdy.
N—oo [|z— y||<5 |lx— y\<§

Finally, since L is integrable, the lemma follows by letting § — 0. O

The proof of Proposition 6.1 is therefore complete.
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7 Discussion and perspectives

As detailed in Remark 2.6, Monte Carlo with DPPs is a stochastic counterpart to Gaussian
quadrature, introduced in Section 1.1. Compared to the Monte Carlo methods introduced
in Section 1.2, and 1.3, Theorem 2.9 is an importance sampling procedure, with negatively
correlated importance samples. This negative correlation results in a variance reduction
that impacts the decay rate of the variance. Loosely speaking, this is reminiscent of the
interesting kernel density approach to importance sampling of Delyon and Portier [2016]
described in Section 1.2. Our rates are better for equivalent smoothness in d = 1, but
for d > 1, the comparison is less clear. Further investigation is thus needed to properly
compare our methods. In terms of sampling cost, parallelizable approaches such as [Delyon
and Portier, 2016] scale very well with N, while tackling the cost of sampling DPPs is a
priority for future research, see Section 2.4.

Monte Carlo with DPPs is also reminiscent of randomized quasi-Monte Carlo methods
such as scrambled nets, introduced in Section 1.3. The important difference is that ran-
domness and discrepancy are tied in our DPP proposal. The similarities with QMC are
an interesting lead for future research. In particular, fast constructions of nets in QMC
[Dick et al., 2013] could yield fast sampling algorithms for DPPs.

Although not traditionally known as QMC methods, Bayesian quadrature is also fa-
miliar with our contribution. O’Hagan [1991] remarked that if we put a Gaussian process
prior [Rasmussen and Williams, 2006] over the integrand, then the conditional of its inte-
gral given IV evaluations is a univariate Gaussian, with a closed-form mean and variance.
Sequentially minimizing this posterior variance by picking up nodes yields kernel herding
[Chen et al., 2010] or Bayesian quadrature [Huszar and Duvenaud, 2012]. The biggest
downside of such algorithms is the requirement for some key closed-form integrals [Bach
et al., 2012, Section 4.3], and the absence of a general proof that the convergence rate is
better than Monte Carlo [Bach et al., 2012, Briol et al., 2015]. As pointed out in Sec-
tion 2.4, sampling DPPs is related to sequentially maximizing the variance of a Gaussian
process. If a detailed connection is made with kernel herding, our results could potentially
lead to better understanding of the behaviour of kernel herding. Conversely, the efficient
Frank-Wolfe optimization procedures given for herding by Bach et al. [2012], Briol et al.
[2015] could influence fast sampling algorithms for DPPs.

Acknowledgments: AH would like to thank Bernhard Beckermann, Jeff Geronimo and
Kurt Johansson for useful and stimulating discussions. This work started while RB and
AH were respectively at University of Oxford and KTH Royal Institute of Technology,
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