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In this article, we provide a detailed account of a construction sketched by Kashiwara in an unpublished manuscript

concerning generalized HKR isomorphisms for smooth analytic cycles whose conormal exact sequence splits. It enables

us, among other applications, to solve a problem raised recently by Arinkin and Caldararu about uniqueness of such

HKR isomorphisms in the case of the diagonal injection. Using this construction, we also associate with any smooth

analytic cycle endowed with an infinitesimal retraction a cycle class which is an obstruction for the cycle to be the
vanishing locus of a transverse section of a holomorphic vector bundle.
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1 Introduction

The existence of the Hochschild-Kostant-Rosenberg (HKR) isomorphism is a fundamental result both in algebraic
geometry and in homological algebra. Let us recall the statement:

Theorem 1.1 ([9]). Let A be a finitely generated regular commutative algebra over a field k of characteristic
zero. Then for any nonnegative integer 4, the Hochschild homology group HH,(A) is isomorphic to the module
Qi Jk of Kéahler differentials of degree i of A. O

The HKR isomorphism has been generalized in the context of algebraic geometry in [17] and [18]: for any

smooth quasi-projective variety over a field of characteristic zero, the derived tensor product O X(%OXXXO ¢ is
isomorphic in the derived category of sheaves of O y-modules to the direct sum of its cohomology objects, which
is @, Q%[i]. The same result also holds for smooth (or even singular) complex manifolds as shown in [3] and
[16], but the proof is much more involved.

We are interested here in a generalization of the analytic HKR isomorphism consisting in replacing the
diagonal injection by an arbitrary closed embedding. If (X,Y") is a pair of complex manifolds such that X is

L
a closed complex submanifold of Y, the derived tensor product 0X®OY Oy is not isomorphic in general to the

L
direct sum of its cohomology objects. This fact is the main issue of [1], where it is proved that (’)X®OY Oy is
isomorphic to P, AN P /Y[i] if and only if the normal bundle of X in Y extends to a locally-free sheaf on the

first formal neighbourhood X of X in Y. More precisely, if A is such an extension, the authors construct a specific

L .
generalized HKR isomorphism, generally depending on N, between OX®OY Oy and @, A'N /Y[i]. Therefore,

it appears clearly that it is necessary to quantize’ an analytic cycle in order to associate with this cycle a
well-defined HKR isomorphism. Quantizing the normal bundle allows one to define HKR isomorphisms for the
most general cycles (while dealing with smooth cycles), but the counterpart of this generality is that the space
of the possible quantizations of a cycle cannot be easily handled. For instance, the following problem is raised
in [1]: in the case of the diagonal injection, are the HKR isomorphisms associated with the quantizations given
by the two canonical projections the same? More generally, the comparison of HKR isomorphisms associated
with different quantizations of an analytic cycle is still an open problem.

In this article, our aim is to present a different construction of HKR isomorphisms associated with pairs
(X,Y) of complex manifolds satisfying a more restrictive condition than the aforementioned one: the normal
(or conormal) exact sequence associated with the cycle X has to be holomorphically split, which means in
an equivalent way that the injection of X into X admits a holomorphic retraction. For any such retraction o,
the locally-free sheaf o * IV /y is a quantization of Ny y 8s defined above. As far as the diagonal injection is

concerned, this process is carried out in [10] (which is reproduced in [11, chap. 5]); the general case is sketched
n [10]. Considering its importance, we provide a detailed account of the construction.

In this setting, analytic cycles are quantized by retractions of their first formal injection (that is the injection
into their first formal neighbourhood) so that the set of possible quantizations of an analytic cycle is an affine
space whose underlying vector space is Hom( Q% , N e /Y). With such a quantization o is associated a complex

P, of coherent sheaves on X which is quasi-isomorphic to O « and reduces to the first part of the Atiyah exact
sequence when X is a divisor in Y (this is why we call P, the Atiyah-Kashiwara complex associated with o). The
sheaves defining P are torsion sheaves, so that they are definitely not flat over O,,. However, a remarkable fact

L
is that P, can be used to compute the derived tensor product O x®o, Oy and therefore to get a specific HKR

L ,
isomorphism I',, between O x®o, Oy and @@, A'N3 /Y[i]. It turns out that I, is exactly the HKR isomorphism
constructed in [1] associated with the quantization o "Ny y of Ny .

Our first result provides sufficient conditions in order that two different retractions of the first formal
injection of an analytic cycle define the same HKR isomorphism:

Theorem 1.2. Let (X,Y) be a pair of complex manifolds such that X is a closed submanifold of ¥ and let 7
be the injection of X into its first neighbourhood X in Y.

TQuantization has to be understood in a very loose sense here: by quantizing, we mean adding some geometric data.



(1) Assume that N, carries a global holomorphic connection. Then for any retractions o and ¢ of J, P, is
naturally isomorphic to P_,

(2) Let o and o’ be two retractions of j such that the element ¢’ — o in Hom,, (%, Ny /y) is an isomorphism.
X
Then P, is naturally isomorphic to P,,.

In both cases, the composition
D, AiN)}‘/Y[i] =P, ®o, Ox ——==P, ®o, Ox —= 0, AiN;g/Y[i]

is the identity morphism, so that I', =T'_.. O

In the case of the diagonal injection, the quantizations pr; and pr, satisfy the second condition of the
theorem, which gives a positive answer to the problem mentioned above.

Another important outcome of this construction is what we call the dual HKR isomorphism. To explain
this notion, we consider the complex R’Homoy (O, O0x) corresponding to Hochschild cohomology in the case
of the diagonal injection. This complex is well-defined up to a unique isomorphism in the bounded derived
category DP(0y.) of sheaves of Oy-modules, but not in D?(O). Indeed, the canonical isomorphism in D?(Oy,)
between R[Homp (*,0x)](Ox) and R[Homo, (Ox, *)] (Ox) is not induced in general by an isomorphism
in the category Db(OX)“L. The purpose of the dual construction is to construct a specific isomorphism (the
dual HKR isomorphism) between R[Homo, (Oy, *)] (Oy) and P, AiNX/Y[—i] in DP(O). This is achieved
by replacing Oy by the dual complex Home (P,,Ox), which is also a bounded complex of coherent sheaves

on the first formal neighborhood X .

The dual HKR isomorphism is a powerful tool, which has been used initially in [10] for the diagonal
injection to give a functorial definition of Euler classes of coherent sheaves; it has led to a simple proof of the
Grothendieck-Riemann-Roch theorem in Hodge cohomology for arbitrary proper morphisms between complex
manifolds [8]. We provide here another application: for any quantized analytic cycle (X, o) in a complex manifold
Y, we construct a cohomology class g, (X) in @, H'(X, AiN;(‘/Y) called the quantized cycle class of (X, o). We
prove that this class provides an obstruction for X to be defined as the vanishing locus of a transverse section
of a holomorphic vector bundle on Y:

Theorem 1.3. Let (X, 0) be a quantized analytic cycle of codimension ¢ in Y and assume that there exists a
couple (E,s) such that

(1) E is a holomorphic vector bundle of rank ¢ on Y .
(2) s is a holomorphic section of E vanishing exactly on X, and s is transverse to the zero section.
(3) The locally-free O<-modules E ®, O and ¢*N are isomorphic.

X Oy VX X/Y

Then ¢, (X) = 1. O

For the diagonal injection, it follows from the results of [13], [14], [8] and [15] that ¢, (Ax) is the Todd
class of X. Up to the author’s knowledge, the quantized cycle class g, (X) has not yet appeared in the literature,
and it would be interesting to compute it in purely geometric terms.

To conclude this introduction, let us discuss the link of this construction with the generalized Duflo
isomorphism. The aim of this isomorphism is to understand precisely how the HKR isomorphism between
the algebras Exty, (O, Ox) and H* (X, A* TX) fails to be multiplicative. After the seminal work [12], the
following result (conjectured in [6]) has been proved:

Theorem 1.4 ([4]). For any complex manifold X, if I" denotes the standard HKR isomorphism between
Exto,,  (Ox,O0x) and H*(X, A* TX), then (¢d(X))~Y/2,T is a ring isomorphism. O

For general cycles, the algebra Extéy (Ox,0x) is no longer graded commutative, and its structure is the
object of current active research (see the program initiated in [5]). The quantized cycle class g, (X), which
generalizes the Todd class for arbitrary quantized analytic cycles, is likely to play a part in the understanding
of this algebra.

L
fThe same thing exactly happens with the complex Ox®y, Ox.
Y
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Let us describe more precisely the outline of this article. After a preliminary section (§2), it is divided into
three main parts: the local construction of HKR isomorphisms is carried out in §3, these results are globalized
in §4 and provide an application in §5 where we construct and study the quantized cycle class. We now turn to
the specific organization of each part.

In §2.1, we recall some elementary constructions in exterior algebra such as contraction morphisms and
Koszul complexes, mainly to fix sign conventions. In §2.2, an abstract construction on dg-algebras is performed,
the aim of which is to provide a general setting for Atiyah-Kashiwara complexes.

At the beginning of §3, we define specific notation for the derived functors of the functor Hom and for
the tensor product, since they cannot be derived as bifunctors in our setting. In §3.1 are defined the Atiyah-
Kashiwara complex (Definition 3.1) together with the dual Atiyah-Kashiwara complex (Definition 3.3); and in
Propositions 3.2 and 3.4 we establish the corresponding local HKR isomorphisms. The proofs we give here are
bound to extend naturally to a global setting. In Proposition 3.5, we compare in a weak sense the HKR and
dual HKR, isomorphisms. The argument of this proof will be used anew in the proof of Theorem 5.2 (which is
Theorem 1.3 in this introduction). In §3.2, the construction performed in §3.1 is compared to the construction of
[1] in the local case, and both are shown to be compatible in Proposition 3.9. In §3.3, Proposition 3.10 provides
conditions to construct naturally automorphisms of Atiyah-Kashiwara complexes, and is the local version of
Theorem 1.2.

The next part (§4) deals with the complex analytic case. In the first section (§4.1), the results of §3.1
and §3.3 are stated in a global setting, Propositions 4.3, 4.5 and Theorem 4.6 (which is Theorem 1.2 in this
introduction) extending Propositions 3.2, 3.4 and 3.10 respectively. In §4.2, we explain how to twist Atiyah-
Kashiwara complexes by extension classes. In Proposition 4.9, we prove that two Atiyah-Kashiwara complexes
associated with different retractions become isomorphic after twisting by extension classes depending on the
Atiyah class of the conormal bundle N g /v In Theorem 4.11 we recall (in slightly more general terms) the
principal result of [1] and we prove in Theorem 4.13 that, when the cycle admits an infinitesimal retraction,
the HKR isomorphisms of [1] associated with arbitrary quantizations of the normal bundle are again twisted
HKR isomorphisms in our sense. In the case of the canonical quantization associated with a retraction, we
obtain the compatibility of HKR isomorphisms (this globalizes Proposition 3.9). The aim of §4.3 is to study and
carefully compare twisted HKR, isomorphisms (and so to compare HKR isomorphisms associated with different
retractions, thanks to Proposition 4.9). We give some results in particular cases, namely when the twist are
obtained by tensorization with holomorphic line bundles on X (Theorem 4.14), and then for general extension
classes when only the last but one term of each Atiyah-Kashiwara complex is twisted (Theorem 4.16). As a
corollary, we deduce in Theorem 4.17 the general comparison theorem between HKR isomorphisms associated
with different retractions for cycles of codimension two. We are led to propose a conjecture for the general case
(Conjecture 4.18).

The last part (§5) deals with the quantized cycle class. In §5.1, using the dual HKR isomorphism, we define
this cycle class and compute it in specific cases. In Theorem 5.2 (which is Theorem 1.3 in this introduction),
we prove that the quantized cycle class is one when the cycle X is the zero locus of a transverse section of a
holomorphic vector bundle on Y satisfying a compatibility condition with the retraction o. In Theorem 5.4, we
obtain that the class ¢y, (Ax) is the Todd class of X; this is equivalent to the main result of [8]. Finally, we
deal with the divisor case in Theorem 5.5. Preliminary constructions for §5.3 are carried out in §5.2: if j denotes
the injection of the cycle X into Y, we study the right and left adjoints j* and j' of the direct image functor
Jjx operating on the corresponding derived categories. In §5.3, following [11, chap. 5] for the diagonal injection,

L
we establish in Theorem 5.12 that the natural isomorphism between j*j, O ®o W)y and j'j,0y obtained

using the local cycle class of X in Y is given via the HKR isomorphisms by contraction with the quantized cycle
class ¢, (X).

2 Preliminary constructions

2.1 Duality and cup-product

Let ¢ be a positive integer, let A be a commutative k-algebra over a field k of characteristic zero, and let E be
a free A-module of rank c. In this section, all tensor and exterior products are taken over A.

. o +
Definition 2.1. For any nonnegative integers p and ¢, we denote by W, , : AN E—~APE @AE the transpose
p'q!

(p+aq)! -

of the cup-product map from A’E* ® A’E* to APT?E* multiplied by



It is possible to give another natural definition of W, , as follows: for any nonnegative integer n, let &,

denote the symmetric group with n letters, and let £ : 6,, —={—1, 1} be the signature morphism. We define

the symmetrization and antisymmetrization maps a,, : ®nE —A"E ands,:A"FE %—@nE by the formulae

below:
a,( v ®...0v,) =v,A... Ay,
1
s, (v AL AL, = o Z €(0) Vp(1) ® -+ - ® Uy (1)
" oe6

n

A straightforward computation shows that
Wp,q(vl/\.../\varq = p+q 'Z 0_(1 ./\'Ua_(p)) ® (Uo.(p+1)/\.../\vg(p+q)) (2)

where o runs through all (p-¢) shuffles, which implies that W), ; = (a, ® a4) 0 §p44.
Definition 2.2. For any nonnegative integers m, p, k and any ¢ in Hom(A?E,A*E), we define t',(#) in
Hom(AP*" E, A¥T™E) by the composition

d®id

W m
trn(¢) : APTME —"" > APE® AME AE @ AmE s AF+TE,

O

The translation operator ¢, (¢) : Hom(A” E, A*E) —>Hom(AP"™E, A*¥*™E) satisfies the following impor-
tant property:

Lemma 2.3. For any nonnegative integers m, p, k such that & > p and for any a in Akpr, we have

t(an ) =an. O
Proof. By (2), for any ey,...,€e,,,, in E, we have
plm!
L an ) (e Ao Aey ) = Z ) aneny A Ao Aoy N A Coipim)

(p+m)!
=alNegN...Ne,y
u

Any vector v in AE defines two endomorphisms ¢, and r, of AF given by ¢,(z) = v Az and r,(z) = z A v.
The map 'r, (resp. '4, ) is by definition the left (resp. right) contraction by wv; it is an endomorphism of AE*
denoted by ¢+ vi¢ (resp. ¢ — ¢ v). The left (resp. right) contraction morphism endows AE* with the

structure of a left (resp. right) A E-module. There are several sign conventions in the literature for contraction
morphisms. We took the same sign convention as in [2, III §6].

There are two duality isomorphisms D and D" from AE ® det E* to AE* given by
Di(v®@&)=vié and D(v®E) =Elw (3)
Remark that D (resp. D") is an isomorphism of left (resp. right) A E-modules.

We end this section with Koszul complexes. Let M be an A-module and let ¢ be an A-linear form on M.

The Koszul complex L = L(M, ¢) is the exterior algebra A 4 M endowed with the differential § of degree —1
given for any positive integer p by

P
8, (mq A Z DM A AM g Ay A A My,
i=1
If 24,...,z, are elements in A, we recover the classical Koszul complex associated with the z;’s by taking

M = A* and ¢(ay,...q,) = Zle x,a,.
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Assume now that M is free of finite rank ¢, and consider M as the dual of M *. In this case, J is exactly the

right contraction by ¢ acting on A , M. Using the standard sign convention for Hom complexes (see for instance
[11] Remark 1.8.11 and [7] Remark 1.1.11), the differential § * of L* is given for any nonnegative integer p by

oy = (-1 A =—(.A0)

p

Thus, the right duality morphism D¢: AM * ® det M —>AM induces an isomorphism
(L*,0%) ~(L,—06) ® 4 det M *[—¢]. (4)

2.2 Extensions and dg-algebras

Let (A, d) be a unital associative dg-algebra over a field k of characterictic zero which is homologically graded (so
that d has degree —1) and concentrated in nonnegative degrees. We denote by |a| the degree of an homogeneous
element @ in A. Remark that A is acyclic if and only if the unit element of A admits an anti-derivative f. Indeed,
such an element obviously always exists if A is acyclic. Conversely, for any such element 3, we have for any
a in A the formula d(8a) + Sda = a so that the multiplication by § yields an homotopy between the identity
morphism of A and the zero morphism, thus showing that A4 is acyclic.

Definition 2.4. Assume that A is acyclic and let 8 be an anti-derivative of the unit element of 4. We denote
by B the graded vector space @, -, A, where each A, sits in degree k — 1.

(1) For any homogeneous elements a and o’ in B, we put
axa =a.da + (—1)‘a‘+1da d +(-1)"da. B . da'.

(2) We endow B with a differential d of degree —1 given for any positive integer k by cfl\k =kdgis.
[

Proposition 2.5. Assume that 4 is acyclic. For any anti-derivative 8 of the unit element of A, (B, «d ) is
a unital dg-algebra with unit element 3. Besides, the natural degree zero map w: B — Ag is a morphism of
dg-algebras, and By is isomorphic to the trivial k-extension of 4y by the kernel of . O

Proof. This is proved by direct computation. Let us prove for instance that d satisfies Leibniz rule, and leave
to the reader the associativity of *. We take two homogeneous elements b and b’ in B of respective degrees k
and k’. Then

Qs (05 ) = (k+ k) dypp gy (b5 ) = (k+ k') db. b’
— ke (dy 1 bx ) + (1) K (b dy ) = dibx b + (=1)" b d b
|

We now describe our main example of application of this construction. Let A be a commutative unital
algebra over a field k of characteristic zero, let I be an A-module, and let B be the trivial k-extension of A by
I. This means that B =1 & A, endowed with the algebra structure defined by

(i,a).(i',a") = (ia' + ai’, aa’).
We take for A the exterior algebra A, B endowed with the Koszul differential given by the A-linear form
pry : B—=A. Thus, for any positive integer k,
k
di(by Ao Ab) = (1) 7 pro(bi) by Ao Aby Abgyy A Aby.

i=1

TThis fact has been pointed out to us by the referee.



This dg-algebra is graded-commutative. Besides, via the isomorphism

k k-1 N k
ATen T = AlB (5)
(i, 7) = 1 +1pAJ,

k k—1
the differential dj, : A LB —A , B Is obtained as the composition

k k-1 k—1
AB—A, I—A\ B

Thus A is acyclic. We choose for § the unit element of B. Via the isomorphism (5), the product * has the
following explicit form:

k1 k I+1 ! k41 k1
x: (A, ToAD) e, (A, TOANT) — A, T@A T (6)
(i1, J1)®(iq, Jo) '—>(§1/\12+(*1)k11/\i2a11/\22)~

k
In particular, the B-module structure on A ., B is given by the formula

(iaa)*<£17il):(aé1+iA117a21)' (7)

3 Atiyah complexes for algebras

In this section we assume that A is a unital commutative algebra over a field & of characteristic zero, and we
adopt the notation of §2.2, except that from now on we use the cohomological grading for complexes, which
means that all differentials are of degree +1.

We also introduce extra notation for derived functors. Let R be a commutative k-algebra, let M be an
A-module, and assume that A is a quotient of R. We consider the following four functors, from Mod(R) to
Mod(A) for the three first ones and from Mod(R) " to Mod(A) for the last one:

S — M®pS, S — S®gM, S — Homg(M,S), S — Hompg(S, M)

The associated derived functors are denoted by

L,r L,¢ .
S —> M®pS, S —S®zM, S — RHomp(M,S), S — RHom%(S, M)
Of course, these functors can be defined for any M in D™ (A) for the three first ones and for any M in Dt (A)
for the last one.
There is a slightly subtle point behind these definitions: for any elements M, N in D™ (A), there is a

L,r L, ¢
canonical isomorphism between M & , N and M ® p N in D™ (R), but this isomorphism is not a priori induced
by an isomorphism in D™ (A). The same thing happens with the isomorphism between RHom’, (M, N) and
RHom% (M, N) in DY (R).

3.1 HKR isomorphisms for regular ideals

Let I be a free A-module of finite rank c¢. The construction performed in §2.2 allows us to make the following
definition:

Definition 3.1. The Atiyah-Kashiwara (AK) complex associated with I is the complex of B-modules

cd,. c c—1)d, d
+1 AAB (c—1) o 2 B 0

P: 0——A"'B

where B is in degree 0. O
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There is a quasi-isomorphism P —> A in Mod(B). As a complex of A-modules, P splits as the direct sum
of A and of a null-homotopic complex.

Let us now take a commutative k-algebra C with unit as well as a regular ideal J in C' of length c. If
(41,---,7.) is a regular sequence defining J, then J/J? is a free C//J-module of rank c, a basis being given by
the classes of the elements ji, ..., j.. Then, if we put A = C/J and I = J/J?, we see that C//J? is a k-extension
of A by I via the Atiyah exact sequence

0—J/J?—C/J? —C/J—=0. (8)
We consider J/J? as a k-algebra, the multiplication being identically zero. Then (8) is an exact sequence of
k-algebras. If this exact sequence splits in the category of k-algebras, the algebra C'/J? is isomorphic in a non-

canonical way to the trivial k-extension of A by I, so that we can identify C'/.J? with B = I @ A after the choice
of a splitting. In the sequel, a splitting of (8) will always mean a splitting in the category of k-algebras.

Proposition 3.2 (HKR isomorphism, local case). Let C' be a commutative unital k-algebra and let J be a
regular ideal of C such that the associated Atiyah sequence (8) splits. If we choose an isomorphism between

C/J? and B, the quasi-isomorphism P —> A in Mod (C) induces isomorphisms
L,r ~ L,r -~ c i
AWA<=—AR P —=A®: P~ DA, i
i=0

RHom (A, A) —~> RHom (P, A) <~ Hom (P, A) ~ ® A T[]

in the bounded derived category DP(A), where I* = Hom, (I, A). O
Proof. For any element = in C, we denote by z the class of z in B. We also denote by (e, ...,e.) the canonical
basis of k°. If (j;,...,4.) is a regular sequence defining the ideal J, the Koszul complex L = (C ®, Ak®,0)
associated with (jq,...,J.) is a free resolution of A over C. For any nonnegative integer p, we define a map

Y_p:L_,—=P_, by the formula

Ypx@e, A he )=z x(IgAjy, Ao AGy).

where the product * is defined in § 2.2. The map v_,, is obviously C-linear, and if p is positive,

and
p
’yf(pfl) O 671)(:1} X ell AL A € ) = V,(p,1)<2( 1)271lei ® ell A A € —1 A eli+1 A A elp)
p i=1
- Z(—l)HE* (G Ap NGy Ao N ANy A AT
=1
p p— p— p— p—
= Z(—l)” YT (G, NG N N AN N AT
=1

Thus v : L—=P is a morphism of complexes. Hence we get two commutative diagrams

L,r
AR P——AR-P RHomY (P, A) <—— Hom (P, A)
L. / . /
id®y idey  and RHom (A, A) ~ |- oy

X L,r \>

A®oL—>A®-L RHomY (L, A) <~— Hom (L, A)
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The vertical right arrow in the first diagram is the map from A ®, Ak® to A i obtained by mapping each
vector ey, to j., hence is an isomorphism. The dual of this map over A is precisely (up to sign) the vertical right
arrow in the second diagram, so that it is an isomorphism too. This finishes the proof. n

We now recall Kashiwara’s construction of the dual HKR, isomorphism. For any free A-module I of finite
rank, we denote by 6, its top exterior power.

Definition 3.3. If I is a free A-module of rank ¢ and P is the associated AK complex, the dual AK complex
Q is the complex of B-modules defined by @ = Hom 4 (P, 6,[c]) with a specific sign convention: the differential
of @ is the differential of Hom 4 (P[—c], 6;), that is (—1)° times the usual differential of Hom 4 (P, 6,[c]). O

To describe @, notice that for every integer p between 0 and ¢ — 1, there is an isomorphism of B-modules

AZ_pB o~ HomA(AZH_1

L B.Op) (u,v) == {(i,j) == jAu+(-1)Pinv} (9)

Therefore the dual AK complex is isomorphic to

c c—1 2
Q:0 AL B A B——> oo AL B B A 0

where A is in degree zero, and the differential is —(p + 1) d,_,, on each AZ_pB.

p

We have a natural quasi-isomorphism 6;[c] —> @ given by the map d,_ . Besides, as a complex of A-

modules, @ splits as the direct sum of 6;[c] and of a null-homotopic complex. The isomorphism (9) induces
another one, namely:

AT = Home(AYT B, 6)), (10)

There is a natural product ¥ : P ® 5 Q—@Q which is defined by the same formula as the product *:

c—k+1

+1 g
A

—~ c—k
P AT B, AT B AT B (11)
(i1,§1)® (g o) (i1 Ajo+(=1)'j i ANig, j1AJa)

A straightforward computation shows that ¥ is indeed a morphism of complexes.

Proposition 3.4 (Dual HKR isomorphism, local case). Under the hypotheses of Proposition 3.2, the quasi-

isomorphism ,[c] —~> @ induces isomorphisms in DP(A):

~

RHom( (4, Q) == Home (4,Q) ~ @ A" I[i].

=0

RHom (A, 6,[c])

O

Proof. Since P is a complex of free A-modules, the natural map from Hom 4 (P, 0,[c]) to RHom 4 (P, 6;[c]) is an
isomorphism. Let us consider the following commutative diagram in D®(C):

?1

RHom{ (A, 0, [¢]) — > RHom (P, 0, [¢]) <————————— Homc (P, 0, [c])

~ ~
~

L,r ~ L,r 2
RHoma (A ® ¢A,0;[c]) — > RHoma(A ® oP,0;[c]) <—— Hom 4 (A®P,0;[c])

~ ~ ~

RHomg (A, RHom 4 (A, 6,[c])) — RHomg. (A, RHom 4 (P, 6;[c])) <—— Hom (A, Hom4 (P, 0;[c]))

~ ~ ~

~ o.
RHomg (A, 0;[c]) RHomg (A, Q) 2 Home¢ (A, Q)

By Proposition 3.2, ¢; and ¢, are isomorphisms. This implies that ¢ is also an isomorphism. n



The Hochschild-Kostant-Rosenberg isomorphism for quantized analytic cycles 11

We provide now another proof of Proposition 3.4, which gives a more precise result:

Proposition 3.5. Under the hypotheses of Proposition 3.2, let ¢ be the morphism in D(C) obtained by the
composition

@ A, T]i] ~ Home. (4, Q) —= RHomg (A4, 0, [c]) <=— Home(P, 0, @ Wi
=1

where the last isomorphism is (10). Then, as a morphism in DP(k), ¢ acts by multiplication by the sign

(c—i)(c—i—1) ;
(-1) 2 on each factor A;I[i]. O

Proof. Let L be the Koszul complex associated with (j;,...,j.) and let v: L—=P be the quasi-isomorphism
constructed in the proof of Proposition 3.2. We must describe the composition

Hom (A4, Q) —— Homg (L, Q) <—— Home (L, 0,[c]) <;-— Home (P, 0;c])

Let M denote the free B-module I ®, B and let 7: M—=DB be the B-linear form defined by the
composition I ®, B—>=1®, A=1—= B. If we identify M with B¢ via the basis (j;,...,j.), the linear

form 7 is simply the composition B¢ % B. Thus, using the notation of §2.1, L ®, B is isomorphic to

the complex L(M, 7). We denote this latter complex by (Z, 0). Using (4) we get the chain of isomorphisms:

Homg (L, Q) ~ Homp (L, Q) ~ Q@5 L* ~ Q @y (L, —08) @ 4 0;[—c] ~ 0} [—d @, (L, —0) ®5 Q.

Let (N,s’,s”) denote the double complex (E,—(S) ®p Q and let s be the total differential. To avoid
cumbersome notation, we use homological grading for N.

Then, for 0 < p,q < ¢, we have (for the definition of W

> See § 2.1):

p q p q
- N, =N Moy AN B=A Te,\ B

1 p W, ®id -1 -1
s N TN BN Te, N T N T e, T, AT
p—1
A

id®A

q p—1 q
——— > A, I@ AN, ]—— N\, To,A,B

- sy, =id@[—(c—q+1)d,]

Besides, an easy verification yields that for 0 <1 < ¢,

— The morphism «; : A;I[i] — Hom (P, 0;[c]) — Hom(L, Q) ~ 8/ [—c] ® 4, N is given by the inclu-

sion
i —1)¢ i i c % c
AAI%AAI:HI*Q@A(AAI®AAAI)—>9;®A(AAI®AAAB):9;®Ni7C
—  The morphism g, : A;I[i] — Hom (4, Q) — Hom (L, Q) ~ 6/ [—c] ® 4 N is given by the inclusion
i —1)° i c i c i
N TSN T, (N To A ) —— 07 0, (A Boy A\ ) =0 &N,
Let R be the subcomplex of N defined by R, , = A I®, Ai] CN,,

Lemma 3.6. For c <n < 2¢, kers, = R,,. O
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Proof. For any z in kers,,, let z, , (with n — ¢ < p,q < cand p+ ¢ = n) denote the graded components of x.
Then we have

S/c/, nfc(xc, nfc) =0

i—1
- S;n—z(xvn—z) +(=1)" 32/—1,n—i+1(xi—1,n—i+1) =0
B S{nfc, c(xnfc, c) =0.

Notice that for p,q >0, R, , C ker sg,yq. Furthermore, if g is positive, R, , = ker s;f,q. Thus, if n>c¢, @, ,_.
belongs to R and it follows that x; ; ,,_;.; belongs to R, ;, ;. ; for n—c+1<i<c If n=gc

c,n—c

— / N — S 5 "
N.o=R. o and s, o =s.=0. Thus z_ belongs to R., and s

(& c—

1,1(®._1 1) = 0. Hence z._; ; belongs
to R._; ; and we argue as in the case n > c. ]

For any integers p and ¢ such that 0 <p,g<candp+q=>c let 7, ,: R, ,—R be defined by

D, q pP+q—c,c
the composition

P a ; Wrtgc,e—g®1d  pig—c c—q q id ® A ptg—c c
ﬂ’p,q:AAI®AAAI AA I®AAA I®AAAI AA I®AAAI
Then, for any integer n such that ¢ < n < 2¢, we define a projector m,, : R, —=R,,_. . by the formula

(p+1) (p+2) _ (n—ct1)(n—c+2)
2 2

where ¢, , = (-1

Lemma 3.7. For n < c¢ < 2n, kerm,, =ims,, ;. O

Proof. We begin by proving the inclusion ims,, ,; C ker7,,. The module im s, ; is spanned by elements of the
form s, (@) + (=1)'s] 1, ;(2), withn+1—-c<i<cand zin N; ., ;. If y denotes the projection of x

i i,n

on A\ T@, A ', we have by (2) the identity
(ld N ) (anc, c—n+i—1 ® ld) (ld P2 ) (Wifl, 1 ® ld) (y) = (ld & /\) (anc, c—n-—+1i ® ld) (y)

This implies that
1 1
7 Ti—1,n+1—i (S;,n+1—i(x)) = c—n+ti T n—i (5;, n+1—i(x))'

Hence we get

1—1

/
n— C) ﬂ-z—l,n+1—1,(sz,n+1—z(x))

ol e o(@) + ()l g ()] = e s (
e (L) Fn G (o)

" ; )
:wx (ién i_1<11> +(_1)iem(c_n+i)< ! >> =0.
c—n+1 ' n—c ’ n—c¢

Since we know that « is a quasi-isomorphism in degree —(n — ¢), by Lemma 3.6 we have the equality

n—c
R, .. ®ims,, =kers, = R,. It follows that the kernel of the projector 7, is exactly the image of s, ;.
A quick computation shows that the map 7. ,_.: R.,_.—=R, _. . is the multiplication by the constant
(—1)n(n76) / (,,5,)- Thus TolR = (_1)n(n7c)6n’c x id. It follows from the Lemma 3.7 that

im[ay,_. — (=1)""" Ve, B, o] COF @ims, ;.

This finishes the proof of Proposition 3.5. u
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3.2 The construction of Arinkin and Caldararu

Let M be the free B-module B®, I and let 7 be the B-linear form on M obtained via the composition
B, —A®,1=1—B.

Definition 3.8. The Arinkin-Calddararu complex (K,v) associated with the pair (I, A) is the tensor algebra
K=& ®;M [i] endowed with a differential v given for any positive integer p by the formula

i>0

1
pr(m1®...®mp):ﬁT(ml)m2®...®mP.

Remark that (K, v) is a free resolution of A over B. Indeed, for any nonnegative integer p,

p+1

RM=Q TR 1 (12)

~1
and the map p!v__ is simply the composition ®£M — ®ZI — ®g M. The B-module structure on

P
®g M is given via the isomorphism (12) by
(a+d).(i,j)=(ai+i®j,aj) (13)

Besides, there is a canonical sequence of B-modules
P P p—1
0—Q, [ —QQ;M—&, I—0. (14)

Let a be the antisymmetrization map from ) 41 to A, I defined by (1). Then there exists a natural morphism

p p+1

(p : QgM—=A, B
given by (_,(i,j) = (a,.1(7),a,(j))- Thanks to (7) and (13), ¢_,, is B-linear. Besides, if P is the AK complex
associated with I, then ( : K——= P is a morphism of complexes which is a quasi-isomorphism and commutes to

the quasi-morphisms K —> A and P —> A. This construction allows us to prove Arinkin-Caldararu’s HKR
theorem in the local case:

Proposition 3.9 ([1]). Under the hypotheses of Proposition 3.2, the map obtained as the composition
L,r L,r 4 e:50 % C i
AR A<~——AQ K ——A®; K=, I[i] ——— DA, I[i]
i>0 =0

is an isomorphism in DP(A). O

Proof. We prove that this morphism is exactly the HKR isomorphism appearing in Proposition 3.2. This is
done by considering the commutative diagram:

L,r i
A®oK——A®, K D &, 1l

/ =0
L,r L Ly ¢
cA d®c¢ id®c ¢ D a;
i=0
\ L,r

A®
A®,P

¢

~

A®y P

R

g%AAI[i]
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3.3 Additional properties of local Atiyah complexes

Let QA/k be the module of Kéhler differentials of A over k, and put Qj‘/k = Ai‘ QA/k. An A-connection V on [
is a k-linear morphism V : [ — QA/k ® 4 I satisfying Leibniz’s rule V(ai) = aVi+ da ® i for any a in A and
any ¢ in I.

Recall that the automorphism group of B in the category of k-extensions of A by I is the set Der, (A, I) of
k-derivations of A with values in I, which is isomorphic to Hom 4 (€ , e I). For such a derivation x, we denote

by u,, the associated automorphism of B given by the formula u, (i,a) = (i + x(a),a).
Proposition 3.10. Let x be an element of Derj, (A, I) and let X be the associated morphism in Hom (24 4., ).
Then:
(1) Every A-connection on [ induces a u,-linear automorphism of the AK-complex P (resp. of the dual AK
complex Q) commuting with the quasi-isomorphism P —> A (resp. 6;[c] —= Q).
(2 If x:Q, /k—>I is an isomorphism, there exists a canonical u,-linear automorphism of P (resp. Q)
commuting with the quasi-isomorphism P —> A (resp. 0;[c] —= Q).

In both cases, the naturals automorphism of P (resp. @) that are obtained induce the identity morphism on
P ®pg A (resp. on Homg (A4, Q)). O

Proof. (1) For any positive integer p, an A-connection V on I induces an A-connection A’ V on AZ I. Let

R A’ I—>Ap+1

p iy 1 be defined as the composition

A id 1
AT, @, T X% T AT AT,

. . . p+1 p+1 . . N s .
Using the isomorphism (5), we define p_,: A, B—=A, B by ¢_,(i,j)= (i +R,(j), j). Then, using

A
(7), we obtain that for any (i,a) in B,

(p—p[(iva) * (Ev l)] = <Lp(a§ +iA i’ai)

If we take for ¢, : B—B the automorphism u
automorphism of P.

» Which is of course u,-linear, the ¢_,’s define the required

(2) For any positive integer p, the map X induces an isomorphism AP X : Qz/k% AZ I. Then we define

p+1

Xo0,0 (A" %)=, where 0,: 04 —= QP! s the exterior differential. For

p p+1
R,:N,I—=A, I by R,=A AJk AJk

P

ain Aand j in AZI, we have

Then we argue exactly as in (i). u
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This proposition implies as a corollary that the two local HKR isomorphisms of Proposition 3.2 and
Proposition 3.4 are in fact independent of the splitting of the Atiyah sequence (8), since two different splittings
yield isomorphic extensions.

4 Atiyah complexes for complex manifolds

In this section, we fix two connected analytic manifolds X and Y such that X is a proper closed complex
submanifold of Y. We introduce some notation which will be used extensively in the sequel: ¢ is the codimension
of X inY,j: X—=Y is the canonical inclusion, X = (X, 0 /J%) is the first formal neighbourhood of X in Y,

j:X—>X is the associated inclusion and B is the trivial C x-extension of Oy by Ng v Remark that by the
adjunction formula, det N /Y[—c] is isomorphic to the relative dualizing complex w Iy Although w, Y is an
object of DP(X), we will always consider it as the object det N X /Y[fc] in the category of complexes of sheaves
of Oy-modules. The Atiyah sequence associated with the pair (X,Y") is the exact sequence

0—=Ng)y —=05y—=0x —0 (15)

in Mod(O), which is a sheafified version of (8).

Definition 4.1. A quantized analytic cycle in a complex manifold Y is a couple (X, o) such that X is a closed
complex submanifold of Y and ¢ is a holomorphic retraction of j. O

If (X,0) is a quantized analytic cycle, then the Atiyah sequence (15) is automatically split as an exact
sequence of sheaves of Cx-algebras.

4.1 Analytic HKR isomorphisms

The constructions of §2 can be sheafified in an obvious manner. Thus, for every positive integer p, Az(; B is
X

naturally a sheaf of B-modules on X. We get in this way two AK complexes P and Q which are complexes of
B-modules. If o : X —> X is the retraction of j obtained from a splitting of (15), then o induces an isomorphism

Yo : Ox—>B of sheaves of C y-algebras.

Definition 4.2. For any positive integer p, we put Ai O)f( = (AZ) B) in Mod(O)?), and we define the AK
X
complexes P, and Q, by P, =¢;P and Q, = ¢7Q. They are both complexes of O -modules. O

The results of §3.3 can be extended in our setting.

Proposition 4.3 (HKR isomorphism, global case). Let (X, o) be a quantized analytic cycle of codimension ¢ in a

complex manifold Y. Then for any locally free sheaves £ and £’ on X, the quasi-isomorphism P, ®o, g ==&
in Mod (O5) induces isomorphisms in DP(Oy):

L,r ~ L,r ~ C i
T, : 5®Oyé’68®oy(7?o ®o &) —=E®p, (P, ®o, EY~PE®E ® AN,y [7]
=0

~

Ty : RHomg (€, €') > RHom, (P, @ &, ') Homo, (P, ©p &, &)

c
~

Hom(€, €') © A'Ny,y [~

=0

Proof. We refer the reader to the proof of Proposition 3.2. u

Remark 4.4. For any locally-free sheaves £ and £ on X, there are canonical isomorphisms
L,r , L L,r , ¢ ’ L £
E®o,&=ERp (Ox ®p &) and RHomoy(5,€ )= & ®OXRH0mOy(5, Ox).

in Db((’)X), which are compatible with the HKR, isomorphisms of Proposition 4.3. O



16

As in the local case, we also have a dual HKR isomorphism. To state the result, we consider for any
holomorphic vector bundle £ on X the isomorphism

Home (£,Q, ®o wx)y Do E)~DHom(E, ) @ A'Ny )y [~i] (16)
i=0
given by the left duality map D’ introduced in §2.1 (for this we consider the normal bundle as the dual of the
conormal bundle, so that (16) is an isomorphism of left modules over the graded exterior algebra of N /Y).
Proposition 4.5 (Dual HKR isomorphism, global case). Let (X, o) be a quantized analytic cycle of codimension
¢ in a complex manifold Y. Then for any locally free sheaves £ and & on X, the quasi-isomorphism
50 R, w ®n &' induces an isomorphism
o 204 ¥X/Y <0y

~

T, : RHomy, (€.&)

RHomy, (€, Q, ®o, Wx/y ®o, 20

~

Home_ (€, Qp ®o, Wx/y Po, EN~ P Hom(E, E) ® AZNX/Y [—1]
i=0

in DP(Oy), the last isomorphism being given by (16). O
Proof. We refer the reader to the proof of Proposition 3.4. ]

The set of retractions of j is an affine space over Derc, (Ox, N /Y)7 the latter being isomorphic to
Hom,  (Q%, N3 /y)- The main difference with the local situation is that the HKR isomorphism can depend

a priori on ¢. This problem will be discussed in §4.3. At this stage, we only give the following result, which is
the global analog of Proposition 3.10:

Theorem 4.6. Let (X,Y) be a pair of complex manifolds such that X is a closed submanifold of Y of
codimension c.

1) Assume that N, carries a global holomorphic connection. Then for any retractions ¢ and o’ of j, P
X/Y o

(resp. Q) is naturally isomorphic to P_, (resp. Q,,) and this isomorphism commutes with the quasi-

isomorphism P, R Oy (resp. w;e;;; R Q,)-

(2) Let o and o’ be two retractions of j such that the element ¢’ — o in Homg (Q%, N3 /Y) is an isomorphism.
Then P, (resp. Q) is naturally isomorphic to P_, (resp. Q) and this isomorphism commutes with the

quasi-isomorphism P, —> O (resp. w?é/_; = 9,).
In both cases, the compositions of the isomorphisms

D ol 2P, ®o, Ox —=P, @0, Ox ~ P Oxli]
i=0 i=0

@) QZX [Z] = Homoy (OX’ Qo’) — Homoy (OXa Qo'/) = @) QzX [l]

yield the identity morphism. In particular:
L, =T, if & =0, Ly =T%5 if £=0y, Ty =Ty if & =wiy

O

Proof. We refer the reader to the proof of Proposition 3.10. [ ]

Corollary 4.7. Assume that Y = X x X, and let o; and o, be the retractions of j induced by the first and
second projections. For any complex number ¢, we put o, = (2 — t)oy + (t — 1)oy. Then for any s and ¢ in C,

L,r
the HKR isomorphisms I'; and ', -computing Ox @ , Ox are equal. O
Proof. The map o) — 0, in Dere (O, Ng, y, x) is given by

(01 —a3)(f) = {(x,y) —= f(z) — f(y)} modulo «7220

It induces an isomorphism between QY and N o /XXX Now, for any complex numbers s and ¢ such that s # ¢,
o, — 0, =(s—1t)(oy —0y) sothat I'; =T, by Theorem 4.6 (2). u
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4.2 The twisted case

+1 +1
For any nonnegative integer p, the sheaf Ai (’);( is isomorphic (as a sheaf of Oy-modules) to AN < vy ©

1
APN;Q/Y via the isomorphism (5). Besides, any section s of the sheaf Homeg, (APN;/Y,Aer N;/Y) induces a
1
section of Autp_ (Ai7+ O5) given by
X

(i,7)— (i +s(j), 7)

so that we have a canonical embedding of Hom (APN;(‘/Y7 APHN;/Y) in Auto; (AZHO}).

Recall that for any vector bundles £ and F on X and every nonnegative integer 4, there is a canonical
isomorphism between Exty (£, F) and H'(X, Home (€, F)).

ore . . . +1
Definition 4.8. For any nonnegative integer p and any A in Ext}gx (APN)“;/Y,AP N;/Y)), we denote

by Ai )\(9;{ any twisted sheaf associated with the image of the class A in the Cech cohomology group
p+1

(X, Auty (A 0)). 0

This definition makes sense because all such twisted sheaves are isomorphic, although these isomorphisms

are not canonical. The sheaves AZ , O are sheaves of O -modules which are locally isomorphic to Ai 05
They fit into exact sequences
1
0—=A""N; )y —= AL Op —= A'Ng, —0. (17)

If we fix for each integer p between 0 and ¢ — 1 a class A, in Extéx (APN;/Y, Ap+ N)”(‘/Y)7 the exact sequences
(17) allow us to define twisted AK complexes P, \

5 Ne—1

and Q, , , , that are well-defined modulo

isomorphism. Then the results of Proposition 4.3 also hold in the twisted case.

Proposition 4.9. Let o be a retraction of j, x be in DerCX(OX,N;/Y) and Y be the associated section of
the sheaf 'Homox QLN o /Y). For any nonnegative integer p, let A, denote the image of the Atiyah class of

p+1 1

~ i 1 . .
APN;/Y by X Aid in Ext%gx (APN;/Y, A N;/Y). Then Aij_x O and Aii\p O are isomorphic as sheaves of
O -modules. O

Proof. Let (Ua)a cJ be an open covering of X such that Ng /Y admits a holomorphic connection V, on each

. p+1 . . p+1 .
U, . For every a in J, AG+X Oz is isomorphic on U, to A~ O via

Yo i (1, 4) (1 = (XAid) (A" V, (), 5)-

APV

Thus, for any a, 8 in J, if M, ; = A"V, 8| Unp?

‘X‘Uaﬂ o

50 Pa (i,7)= (i +(XAid) (Mas(4)), 5)-

Since M, is a l-cocycle representing the Atiyah class of the holomorphic vector bundle APN;/Y in

Bxty (A'Ny

Xy QL ® ApN;g/Y)7 we get the result. ]

We now recall Arinkin—Caldararu’s construction of general analytic HKR isomorphisms and make the link
with twisted AK complexes and twisted HKR isomorphisms. Recall that for any locally-free sheaf £ on X, if £
admits a locally-free extension &£ on X, there is an exact sequence

0—>N§/Y®OX5—>§—>8—>O (18)
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of sheaves of (’))f( -modules. Thus, for any nonnegative integer n, if _,, is a locally free extension of ®nN pe Y

on X, we have an exact sequence
n+1 i, T, n
0—= Q" Nijy —K_, > @ "Ny )y —=0. (19)

Definition 4.10. If (IC_n) are locally free sheaves on X extending (®nN;(‘/Y) the twisted Arinkin-

n>0 n>0’

Caldararu complex (K, v) is the complex @ K_,, endowed with the differential v given for each positive integer
n>0

_ 1
nbyv_, = 74, 107, O

Since the sequences (19) are exact, (K, v) is a free resolution of Oy over Ox- The main result about (K,v)
is:

Theorem 4.11 ([1]). Let (X,Y") be a couple of connected complex manifolds such that X is a closed complex
submanifold of ¥ of codimension c. Then

L,r
(1) The complex Oy ® o, Ox is formal in DP(Oy) if and only if N,y can be extended to a locally-free sheaf

onX.

(2) If (]C—n)nzo is a sequence of locally-free sheaves on X extending (®HN;/Y)REO, then the map

I Pe

L - L i L Yo )
I 1 Ox®p Ox =——0x®p K——0x®p K = 6>90® Ny il — @OA N3y lil

is an isomorphism in DP(Oy).

Remark 4.12.
(1) 1t tEe Atiyah sequence (15) splits, then any retraction o of j allows us to produce an extension of Ny Iy
on X, namely O'*N;/Y.

(2) This theorem appears in [1] only when Ky = O and K_,, = ®27 K, for n > 1 (which corresponds to the

untwisted case), but the proof remains unchanged under these slightly more general hypotheses.

O

Assume now that (15) splits, and let o be a retraction of j. Then, if (IC?n) is a sequence of locally-

n>0

free sheaves on X extending (®nN e /Y)n>0’ each exact sequence (19) defines (via o) an extension class p,, in
1 n n+1
EXtoX (® N)?’/Y’@ N;‘/Y)'

Theorem 4.13. Let (X, o) be a quantized analytic cycle of codimension ¢ in a complex manifold Y, let (/Cfn)n> 0

be a sequence of locally-free sheaves on X extending (®nN e /Y)n> o and let (Nn)nzo be the associated extension

classes in (Ext éx (®HN§/ya ®n+1N)§/Y))nZO'

+1
For every integer n between 0 and ¢ — 1, let A, be any element in Ext %,)X (AnN;/wAn N;/Y) such

. . +1 . . . .
that p, and A\, map to the same extension class in Ext i’)x (®nN < v AN e /Y) via the antisymmetrization

morphisms.

Then F}C =L, x,....a,_,- In particular, ifKy =05 and K_,, = ®n oc*N

s Agseens 0x X/Y forn > 1, then F}C =T

O

o
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Proof. We start with the case Ky = O and K_,, = ®7(; 0 "N,y forn > 1, so that all the classes yi, vanish.

Then for every nonnegative integer n, there exists a natural morphism ¢, : K_,,—(P,)_,, given by the
composition

Gt o0 Ny ——= Ao _0"Nyi)y =05 00 N'Ni )y ——A7 O

where the last arrow is induced by the map © — ¢*(1) A x. Then (: K—=P,_ is a morphism of complexes,
which is a global version of the morphism ( constructed in § 3.2, and we can argue exactly as in Proposition 3.9.

In the twisted case, our hypothesis implies that there is a morphism ¢ : K—P, Agve Au_ ) which is locally

isomorphic to the previous one. Details are left to the reader. n

4.3 Comparison of HKR isomorphisms

Let (X,0) be a quantized analytic cycle in a complex manifold Y, and fix two sequences of coho-
mology classes /\:()\ plo<p<e—1 and p = (p,)o<p<.—1 such that for each p, A, and p, belong to

1
Exto (A NX/Y,A NX/Y) If P, » and Po, . are the twisted AK complexes associated with A and pu, the
isomorphism ¢, y : P, , —>=Ox <——P, , in DP(Oy ) induces an automorphism A, (u, A) of the formal

object ;_, AlN;/Y [i] in D(Oy), as shown in the following diagram:

] N L
@ NN Nyl = Ox®p Pyy<——0x%0 P,
L
Ao(ﬂvk)l’v NJid ®o, #ux
, N L
@A X/Y[] = OX ®Oy ,Po,ﬁ OX ®OYIP0',E

If we put Ay (A) = Ag(0,), then Ay (u,A) = Ay () ™' o Ay (A). Recall that

J * * - * *
Homp o [@A N3y li] @A N3yl } P Exth! (NN ANy,
7=0 0<j<i<c

Therefore, an endomorphism of @ A'N %,y il in the derived category DP(Oy) can be represented by a lower

triangular (¢ + 1) x (¢ + 1) matrix (M”) such that for i > j, the entry M, ; is a cohomology class in

0<i, j<c

Extgﬂ (A N;;/Y,A NX/Y)

The computation of the coefficients A, (1, A);, ; seems to be a delicate problem. We solve it only in particular
cases. Let us introduce some preliminary material.

For any integers ¢ and j such that 0 < j <i <c¢ and any cohomology class v in H ™I (X A N;/Y)
considered as an element of Home(oX)(0X7 Ai—jN;/Y[i — j]), we define a morphism [; ;(v) from A N;/Y[ il

to A’ NX/Y[‘] in D?(O) by the composition

”%’@xid i-j . .. 4L A i
A UNG yli=l®o ANX/Y[] ANg vl

-
[m(v): A NX/Y[ ]
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In this way, we obtain a morphism

AN

i—j =0 AT i—j A7 *
L, H T (XA NX/Y)%ExtO;(AOXN %)

(W) X/Y>

If * denotes the Yoneda product, for any integers ¢, j, k such that 0 < k < j <7 < ¢ and any cohomology
. i—7 - j—k
classes v and w in H'™7 (X, A jN;(‘/Y) and ijk(X, A N;/Y) respectively, we have

[i,j(v) * []7k(w) — (71)(1_1)(3_]@ [i7k(v U U))

We introduce some notation concerning Cech cohomology. Let 4l = (Uqy) ey be alocally finite open covering
of X. For any bounded complex of sheaves (F,d) on X, we denote by (C(F), 4, d) the associated Cech bicomplex,
which is quasi-isomorphic to (F, d). Besides, we denote by A the wedge product on the exterior algebra AN Xy
at the level of Cech cochains. It is given by the well-known formula:

)HGP‘HZ(A]C‘HN* )

A CP (AN ) X CT(AN Ty

X/Y

A arg, o =T,y N

p+q 1 Xpig

Let v be a cohomology class in H ™I (X , AN o /Y). Since X is paracompact, we can choose the covering
4 sufficiently fine in order that v be representable by a Cech cocycle (v,),,  Jimiti-

Define ¢, ; (v) : G(AjN;/Y[j]) —>€(AiN§/Y[i]) by the formula q; ;(v)(n) = (—1)(i7j)deg(n) v A1, where
deg(n) denotes the degree of the Cech cochain 1. Then q;, j(n) is a morphism of complexes and the diagram

[i,j(v)

NNg ] ——= AN

~ ~

j X q;, ;(0) % .
G(AQN)?/Y[JD - G(A N;/Y[Z])

commutes in DP(Oy).

Theorem 4.14. Let (X,0) be a quantized analytic cycle of codimension ¢ in a complex manifold Y. Fix two

sequences (u,,) g<p<.—1 and (v,) g<,<.; of cohomology classes in H' (X, N;E/Y) .

For any integer p between 0 and ¢—1, let A\, and p, be defined in Ext}QX (APN)’;/Y,APHN;(‘/Y) by
Ap = Lo, p(uy) and gy, = 1,y ().

Then for any integers i and j such that 0 <j <i <c¢, we can write A, (u,); ; =i, (G, ), where the
classes (; ; are defined inductively by

Gi=1 for 0<i<eg,
Cit1,0 = (1) (uo — v:) U G0 for 0<i<c—1,
Lo, g .
Ci+1)j:i+1[3<i,jfl+(_1) J(uj_vi)UCi,j] for 1<j<i<c-—1.
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Proof. We choose a locally finite covering i = (U,,), ¢ ; of X such that for each integer n between 0 and ¢ — 1,
the classes c,, and d,, are representable by Cech cocycles (Up 0 o pes and (0, 5), 5cin Cl(X, Nyy)
For any « in J, we fix isomorphisms

n+1 ~ n+1 n+1 ~ n+1

(pm a - Aa, A, O}lU AU OE\UQ and wn, a - AU7 1, O}\U Aa O}lU

o @

o

—1
n,

such that for any a, 8in J, ¢, 50 o, L, and Y, 5 © ¥ o are given via the isomorphism (5) by

@n,ﬁowrz}a(évi):(E‘+un,a,,ﬁ/\ivi) and wn,ﬁow;}a(é?j):(é+nn,a,ﬁ/\Z’i)'

For any integers ¢, j such that 0 < j < i < ¢, we define inductively cocycles (771-7 i, o)a e gimi+1 by the formulae
m,=1 for 0<i<ec, Niv10=(—1)"(ug—0;)Amy o for 0<i<c—1,

1 o o
771+1,j:m[]77¢,j_1+(*1) T(uj o) Amy ] for 1<j<i<e—1.

Let d be the total differential of the Cech bicomplex C(P,,,,)- For any integer k,

c+k
B L 1k ) _ .
P, = P ¢ (A, Og) ifk>-n and €P,,),=0 ifk<-n
l=max(0, k)
~ ~ I+1—k
Besides, d = 6 + (—1)'d,_, on each C! (A:# (9;(). For any nonnegative integers n and k such that n +1 <k
K
and any o, ..., o, in J, we define two morphisms of sheaves
n+1 n+l+1 n+1 n+k+1
an,l,g : Ao’ O§|U 4>AU O}\U and T—n,)\,g : A(7 A O}|U 4>AU7Hn+L }an

a e » M o

by the formulae
. l . . -1
S—n,l,g(£7l): ((_1) nn-&-l,n,g/\zﬁnn+l,n,g/\l) and T—n,l,g:d)nnkl,aoOS—n,l,gO@n,ao'

By (7), S and T_,, ., are O-linear. Since the covering & is locally finite, the morphisms

—n,l,« «

(T

. +1 . .
*”7l72)0§l§n—c, we g1 define a morphism T_,, A:, A, 0}96(7)0,&)_”' A tedious but straightforward

computation shows that the (7_,) define an element of Homo,(Pm x» C(P,, u))’ so that we get the fol-
N oA 22

0<n<c
. . . . b .
lowing commutative diagram in D°(O):

Pos =7 C(Pop) =P

This proves that the quasi-isomorphism Curt P, \—>P is obtained by composing the two isomorphisms

o, B
of the first line. Now we have another commutative diagram, namely

~

L,r
id T
@ [ L,r

L
Ox ®o, Po.x

D KNy ] —— €(@ ANy ) ~—— D AN 1]
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Thus A, (p, A) is obtained by composing the two isomorphisms of the last line. The first one is explicitly given
by
NNgy —=CT(NNg ), di—n, ;A

Hence A, (g, A)i,j is equal to [; ; (¢; ;) where ¢; ; is the cohomology class of 7; ;. This finishes the proof. ~®
Remark 4.15. The twist of the AK complex by classes in H* (X yN% /Y) admits the following geometric
interpretation: the existence of a retraction ¢ of j implies that the natural sequence

0—H'(X,N;

%/y) — Pie(X) — Pic(X) —=0 (20)

is exact. This allows us to identify H* (X, N;(/Y) with isomorphism classes of holomorphic line bundles

on X whose restriction on X is trivial. Then for any integer p between 0 and ¢—1 and any class a in
H! (X, N)*(/Y)7 if £ is a line bundle on O associated with o and if A, = [p11,,(c), it follows from (7) that

+1 p+1
AT 0=~ AT O0=®, L*. O
oAy X o X OX

We compute A, (u,A) in another particular case:

Theorem 4.16. Let (X,0) be a quantized analytic cycle of codimension ¢ in a complex manifold Y. For any
integer p between 0 and ¢ — 1, let A, and p, be extension classes in Extéx (APN;(/Y,APHN;/Y) such that
A, = i, for p # ¢ — 1. Then

Ag(pA); =1 for 0<i<c
N 1
Aa(ﬂ7é)c, c—1= E()‘cfl - :U’c—l)

All other coefficients A, (i, A); ; vanish.

2%

O

Proof. We argue exactly as in the proof of Theorem 4.14. For any integer n between 0 and c¢—1,
we represent the extension classes A, and pu, by Cech cocycles (un’a’ﬁ)(a ByeJ and (Un,a,ﬁ)(a ByeJ in

el(X, Home (APN;/WAPHN;/Y)) so that

(pn,Bo¢;,1a(£’i):(é+un,a,ﬁ(l‘)’i) and wn,ﬁowrzla(évi):(z+nn,o¢,ﬁ(i)>i)'

Then we define the morphisms S as follows:

—n,l,a

an,(),a,_—)(z?i):(é7i) for0§n§c

o 1 . .
- Sf(rfl),l,ao,al(zv l) = E(uc—l,ao,al(l) - Uc—l,ao,al(l))

— All other S_n,)\7a vanish.
The morphisms S—m Lo define a morphism of complexes from P, » to C(Pm M), and we conclude as in the proof
of Theorem 4.14. B B B u

As a corollary, we obtain:
Theorem 4.17. Let (X, o) be a quantized analytic cycle of codimension two in a complex manifold Y, x be an

element of Derp, (Oy, N;(‘/Y), X be the associated element in Hom,, (2%, N)’g/y) and at(N;/Y) be the Atiyah

class of N;(‘/Y in Ext%gx (N;?/Y,Qk ® N)?/Y)'

1, . . * .
If O(x) denotes the class 5()( Aid)(at(Ngy)) in Ext%gx (N;/YvAgNX/Y)7 the automorphism I',, o T;"
of Oy @ N;;/Y[l] & AQN;/Y[Q} is given by the 3 x 3 matrix

1 0 0
0 1 0
0 0(x) 1

In particular, T, o' =id in Autpe e ) (Ox ® Ny /v [1] & AQN;/Y[Q]).
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Proof. The first part of the theorem follows directly from Theorem 4.16 and Proposition 4.9. The second part
follows from the first one. Indeed, 26(y) is obtained as the composition

at(N;((/y) " X® id % % A *

Nx/y
The class at(N ¢ /Y) is obtained as the extension class of the exact sequence of 1-jets of N¢ v
0—=Q% ® Ny )y —=J'(Ng)y) —= Ngyy —=0.

This exact sequence splits over Cy, so that at(N)’g/Y) =0 in Ext ‘1Cx (N)"(‘/Y,Qk ® N)’;/Y). Thus 6(x) =0 in

Exte (N3,y, A°Ny/y)- [

We end this section by giving a conjectural expression for the matrix A (u, A). For this purpose we introduce
the derived analog of the translation operator defined in §2.1.

For any nonnegative integers m, p and k such that k> p and any ¢ in Ext’é;p(ApN;/Y,AkN;/Y)

k
considered as an element of HOme(OX)(ApN;/Y[pL A Ng y[k]), we define a morphism 7 (¢) in
pt+m " k+m .
Homy,, (A" Ngylp+ml, A Ng )y [k +m]) by the composition
L
Pom] Rp _ id
p+m . p,m P N L mo b'e k . L mo A k+m .
A N3 ylp+m] —= A NX/Y[P+m]®OXA N <y _— ANX/Y[k+m]®oXA N,y —> A N3,y ktm]

The derived version of Lemma 2.3 tells us that for any class v in Hk_p (X, N;(‘/Y),

tly,Lp[[k,p(U)} = [k+m7p+m(v>-
This justifies the following conjecture:
Conjecture 4.18. Let (X, 0) be a quantized analytic cycle of codimension ¢ in a complex manifold Y. For any

1
integer p between 0 and ¢ — 1, let A, and u,, be extension classes in Ext}gx (APN;/Y, Ap+ N)’E/Y).

For any integers i and j such that 0 <j <i<e¢, we put A; j =A,(u,A); ;. If x denotes the Yoneda

product, then the coefficients A; ; are determined inductively by the following relations:

—Am:id for 0<i<c¢
— AH—LO = (—I)Z ([i+1,’i()\0) — MZ) * Ai,O for 0 S ) S c—1

]- . 1—19 i . .
_Ai+1,j:m[ﬂtz‘1,j71(Ai,j—1)+(_1) j(tj+1,j>‘j_ui)*Ai,j] for 1<j<i<c-—1

5 The cycle class of a quantized analytic cycle

5.1 Construction and basic properties of the cycle class

For any complex manifolds X and Y such that X is a closed complex submanifold of Y of codimension c,
RHomg (Ox,0y) is canonically isomorphic to Jswy y in DP(0Oy). This implies that R?—Lomg)y (Ox,0y) is
concentrated in degree ¢, so that there exists an isomorphism

RHtomg (Ox,Oy) ~wx )y (21)
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in DP(Oy) such that the composition
Jswyy = j«RHomo (Ox,Oy) —N>R’Homoy((’)X,(’)Y) > jawy )y

is the multiplication by ( 71)% (the choice of this sign will become clear in the proof of Theorem 5.2 below).

For any integer ¢ between 0 and ¢, we have an isomorphism
Home(OX)(WX/Y’ AiNX/Y[_Z-]) ~H(X, Ac_iN;E/Y) (22)

obtained as follows: for any cohomology class « in Hc_i(X JACTIN P /Y) considered as a morphism from O to

AcfiN;g/Y[c —i] in DP(Oy ), we associate the morphism

a®id ¢ i .
ANy )y [=i].

Wx/y AN yle—il®uwy )y

Definition 5.1. Let (X, o) be a quantized analytic cycle of codimension ¢ in a complex manifold Y. Using the
isomorphism (21), the morphism

Wxy = RHom(Tay (Ox,0y) — RHoméy((’)X, Ox) % @)AiNX/Y[_i]

o

defines via (22) a class in @ HY (X, AiN;;/Y)7 which is the quantized cycle class q,(X) of (X, o). O
i=0
We now compute the quantized cycle class in specific situations.

Theorem 5.2. Let (X, 0) be a quantized analytic cycle of codimension ¢ in Y and assume that there exists a
couple (E, s) such that:

(1) E is a holomorphic vector bundle of rank ¢ on Y.
(2) s is a holomorphic section of E vanishing exactly on X and s is transverse to the zero section.
(3) The locally-free O<-modules F ®, O and 0*N are isomorphic.

X 0, ¥x X/Y

Then ¢, (X) = 1. O

Proof. Let s* be the dual of s; it is a cosection of E*. Since s is transverse to the zero section, the Koszul
complex (£,0) = L(E*, s*) is a free resolution of O over O, . Using (4), the isomorphism RHome (Ox,0y) ~
Jxwy y i DP(0y) is given by the chain

RMomgp (Oy,Oy) <——L* = (L,—0) ®p_det B[] ——= Ox @¢_ det E[—c] = jiwy .

If 7 denotes the canonical cosection of o * N ¢ Iy and h is the isomorphism between F ®o, (’);( and 0 "N Iy given
in condition (3), then s*o 'h is a cosection of o *N Y vanishing on X. Hence there exists an endomorphism F
of the conormal bundle N g /vy such that s*o!h is obtained as the composition

F

0*Ny

X/Y > Ny

X/Y N;/Y 05

X

This means that s*o'h = 700 *(F). Using again that s is transverse to the zero section, we get that F is an
isomorphism. Therefore, if we replace h by o *[*F~!] o h, we have s*o'h = .

We can now construct a global quasi-isomorphism ~: £L—>=7P_ (which is the global analog of the quasi-

isomorphism ~ constructed in the proof of Proposition 3.2) as follows: for 0 <p <¢, 7_, is given by the
composition

* * ~ * p+l1
(o2 NX/Y) ~ APNX/Y ®Ox O;( HA(’)X O)*(

p
Oy

p

* p *
Ay E*——= Ay (B* @, (9;():/\0;(

X
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where the last arrow is 2 ® (i,a) — (i Az, az). Let A: wX/Y—>EB A’ X/Y[ i] be the morphism in D®(Oy)

defining the quantized cycle class ¢, (X) (c.f. Definition 5.1) and let ¢ be the automorphism of @ Jal\ X/Y[ ]

c(ct1)
2

in DP(Oy,) such that (—1) 1 is given by the composition

@]* Ny =il <5 j-RHomg_(Ox, Ox) = j.RHom{,_(Oy,Ox) @j* Nyjyl=il-

Then j,A can be expressed as the chain

Jiwyy = (£,=0) ®¢_ det E[—c] —— @OJ*(NNX/Y[ 1] ®o, wx/v)

2

HZEBOJ* X/Y[ Z]T@J* X/Y[ il.

Define two morphisms A and ¢ in DP(Oy) and D*(O,) by the diagrams

A

Ox @ A'N /y [2]

. NlDe
L
C

AGy id '
wyy @o, det E*[c] _EPONNX/Y[_Z] ®p,, det E*[c]

Y

and

S a . ¥ S a .

_EPOJ*A’N;/Y[Z] ~ @)j*A’Ngg/Y[z}

~ | D* LN
L
w@oy id c
@J* 'Ny/y =il @0, det E*[c] G}OJ*A 'Ny )yl @0, det E*[c]

Then:

— For 0 < i <c, the i-th component of A in Homp o ((’) A? NX/Y[ i]) is q,(X),-

— The morphism j*ﬁ is the composition of the chain of morphisms
c
Ox <—(£,-0) — @)]*AZN;/y[.] *> @ G AN X/y[ il.

Using the quasi-isomorphism v : £L—>P,, we get that j*ﬁ is equal to the composition

~

7 z ; {E N i\ * ;
Ox <—(P,,—d) H@]*A X/y[}T)@J*ANx/y[’]~

We now make the two following observations:
— As a complex of Cy-modules, P, splits as the direct sum of Oy and a null-homotopic complex.
— The global version of Proposition 3.5 shows that 1;’ as a morphism in the derived category DP(Cy), acts

(c—i)(c—i—1) o c(et1)
s tc(c—i)+—F5—
by (— 2 (e=)+75

Thus, as a morphism in D(C,,), j+A is simply the injection Oy — & ]*AZN;;/Y[ i]. Hence we get ¢, (X), =1
i=0

on each factor j, A" NX/Y[ i.

and ¢, (X), =0for1 <i<ec. [ |
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As an immediate consequence, we obtain:

Corollary 5.3. For any quantized cycle (X, 0), ¢,(X), = 1. O

Proof. The class ¢,(X), is a holomorphic function on X, so that it can be computed locally. Hence we can
assume that X is open in C" and Y = X x U where U is open in C¢. If E is the trivial rank ¢ bundle on
Y and s is the section (2,41, ..,2,4.), then Theorem 5.2 yields ¢p (X) = 1. Since Ny is trivial, q,(X) is
independent of o by Proposition 4.6 (1). This gives the result. u

We now turn to the case of the diagonal injection. For any complex manifold X, we identify the conormal
bundle of Ay in X x X with Q% as follows: for any germ of holomorphic function f on X, the local section
pry(f) — prs(f) of the conormal sheaf of the diagonal corresponds to the local section df of the cotangent bundle
of X.

Theorem 5.4. For any complex manifold X, ¢, (Ay) is the Todd class of X. O

Proof. If Q is the dual Atiyah-Kashiwara complex associated with (A 4, pr;), the main result of [8] is that for
a specific isomorphism between O, and R’HoméxXx (Oy,wy ¥Oy), the composition

Ox ¥ RHomgy  (Ox,wx BOx) —=RHomg  (Ox,wy) ~Home  (Ox, Q) ~ E_BOQlX[z]

is the Todd class of X. It follows that ¢ (Ayx) = ¢ td(X) where ¢ is a nowhere zero holomorphic function on
X. By Corollary 5.3, ¢ = 1. [ ]

To conclude this section, we compute the quantized cycle class in the case of divisors. For any cohomology
class § in H}(X, N;/Y), we denote by L the associated line bundle on X. Then, for any £ in Pic(X) such that

J*L ~ Oy, there exists a unique cohomology class ¢ in H' (X, N;/Y) such that £ is isomorphic to L (cf Remark
4.15).

Theorem 5.5. Let (X,0) be a quantized analytic cycle of codimension one in a complex manifold Y, and
let § be the cohomology class in H'(X, N)’Q/Y) such that j Oy (X) ®p_0 "Ny y is isomorphic to L;. Then
X

q,(X)=1+0. O

Proof. Let NV (resp. N) denote the holomorphic line bundle o*Ny ;- (resp. 770y (X)) on X. Then we have
two natural exact sequences

O}—i>./\/'i>NX/Y—>O and O}L;N’LNX/Y%O.

If A: Ny )y [-1]—=0Ox ® Ny ,y[-1] is the morphism in DP(Oy) defining ¢, (X), then A is obtained as the

composition of quasi-isomorphisms

Oy : N : Oy
i (7i/®id,77T) %
-’ 1 ’
Nx/y N (id®1i,0) [V ®N]@NX/YWNX/Y
(—7'®m,0)
2
Ny

- L _ L
Let A" =j,A®, N'[1] :j*(A ®OXN;/Y[1]). If s, s, t, t' are the maps occurring in the two natural
sequences *

0—=Niy =0 >0y —=0  and  0—=N3,, “=L ;>0y —0,
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then A’ is the composition

X/Y X/Y
SL (_tlv_t/)t ‘%
Ox<—="0% (t,0) Ox ©0x (0, 1d) X

Thus, as a morphism in D(Cy,), A’ is the composition

Ox

(—id,o)OX ®O0x

(0,id) Ox

27

Therefore, via the isomorphism Home(OX)((’)X7OX SNy []) ~ HY(X,04) ® HY(X, N y), we have A" =

1+ 6. This yields the result.

5.2 The six operations for a closed immersion

Let X, Y be complex manifolds such that X is a closed complex submanifold of Y, and j be the corresponding
closed immersion. We denote by j* (resp. j') the derived pullback (resp. exceptional inverse image) induced by

the closed immersion j. More explicitly,

Jr Di(Oy)%Di(Ox)
j! : D+(Oy)*>D+(0X)

These two functors satisfy the adjunction formulae

L,r
j*]:: OX ®Oy]:

j'F = RHomy (Ox, F).

Home(Oy)(}', J+G) ~ Home(ox)(j*}",g)
Home(Oy)(j*ngr) = Home(OX)(gaj!Jr)

as well as the projection formula

3. F ®o, G) = F Qo 5.9

for any F and G in D(Oy.) and DP(Oy) respectively. For any element F in D(Oy), there is a natural

isomorphism

L

in DP(O ) obtained by the chain
X

L L L
Jx(175.0x @0 F) = j.Ox Qo JjF = j.F o, j.Ox = j.j " j.F

using the projection formula twice.

Remark 5.6. It is important to notice that for general pairs (X,Y) of complex analytic cycles, the objects

L
j*j.F and j*5,0« ®0X}' are not always isomorphic in DP(O,). This can be seen as follows: assuming that F

is locally free, it is proved in [1, §2.6] that if j*j, F is formal in D?(Oy) then F can be lifted to a locally-free

_ — L

sheaf on X. Therefore, if Ng /y can be lifted to a locally-free sheaf on X but F cannot, then j*j, O ®OX]-' is
formal and j*j,F is not. Of course, if j admits an infinitesimal retraction o, both objects are isomorphic but
the isomorphism cannot in general be chosen independent of o.

O



28

Let DP

coh

any elements F and G in D

be the bounded derived category of complexes of analytic sheaves with coherent cohomology. For

b ,(Oy ), the natural morphism

L, ¢ L
F® OyR’Homéy(OX, G) —— R?—loméy(@x,f(@@yg).

L
is an isomorphism (the coherent assumption is nessesary, for instance to insure that the complexes F ®Oyg and

L L
R”Hom(gy(OX,g) are bounded). This means that we have an isomorphism j*(.) ®0le( ) — 4. ®o, )
of bifunctors from DP_, (Oy.) x D2, (Oy.) to Db, (Oy).

5.3 Kashiwara’s isomorphism

Let HH, (X) be the generalized derived Hochschild complez. It is defined by

HHy (X) =3j"j.0x. (23)

Then HH, (X) is a ring object in D?(O ), the multiplication being given by the chain of morphisms

sk - L ke ~ .k . L . -k . . O

7%5.0x ®o 5 5.0x —=j*(1.0x @0, J.0x) —= 5" (j.0x ®0_ j.Ox) = j*j.Ox.
The object @ A*N /Y[i] is also a ring object in DP(Oy), with multiplication given by cup-product.

i=0
Proposition 5.7. Let (X, o) be a quantized analytic cycle of codimension ¢ in a complex manifold Y. Then

Ly & HHy (X) ——= @ ANy [
1=

is a ring isomorphism. O
Proof. We consider the following commutative diagram

~

HY(j*)(P,) ®o H(5)(P,) H(j*)(P, @0, P,) H(j*)(P,)

P e P ~ (P, G P,) ———= j*P
J o OX] o J o OY o J

| N | .

L

where : P, @y P,—>P, has been constructed in §2.2. By (6), the composition of the two arrows of the first
line is the cup-product map via the isomorphism H°(j*)(P,) ~ @ NN sy [i]. This finishes the proof. u
=0

Remark 5.8. This proposition holds in a more general setting, namely when N g Y extends to X and I, is

replaced by I'y- (where K is the corresponding untwisted Arinkin-Caldararu complex). We refer the reader to
[1] for more details. O

The object jlj*(’)X can also be naturally equipped with an action of HH,-(X). This is done using the chain
of morphisms

L ~ . . ]l‘ . . . . ~ . .
j*]*OX ®OX]!j*OX - ]'(j*OX ®OY ]*OX) - ]'(]*OX ®OY]*OX) - ]'j*OX (24)
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Proposition 5.9. For any quantized analytic cycle (X,0) of codimension ¢ in a complex manifold Y, the
isomorphism

(T F,) ¢ (HHy (X), §17.0x) = (@ NN i, © ANy [-1)
preserves the module structure, where @90 AN sy [i] acts on @90 AN sy [=i] by left contraction. O

Proof. Let us consider the following commutative diagram, in which we use implicitly the isomorphism
J*Py —= H°(j*)(P,):

1 L id®/>i: l
J"P, ®Ox HO(G ) (Q, ®oX‘*’X/Y) —H3G') (P, ®oy[Qa ®oX‘*’X/Y]) —H'G)(Q, ®0XWX/y)

I | |

- L | ~ | L -
J"Ps®0, J (2, ®oX‘*’x/y) > j (P, ®oy [Q. ®ox“’x/y]) >j(Q, ®ox‘*’x/y)

A - )

L
i73.0x ®o, 1'5.0x

L
7'(5.0x ®o J.Ox) §'7.0x

where % is defined by (11). Now we have isomorphisms

Py 2 EPAN il and  H(G)(Q, R0, wxy) 2 EP ANy [-il,
1=0 1=0

the second one being given by (16). Thanks to (11), a direct computation shows that the composition of the
arrows in the first horizontal row of the diagram is via the above isomorphisms the left contraction morphism.
This yields the result. n

Definition 5.10. For any pair (X,Y") of complex manifolds such that X is a closed complex submanifold of Y, the

L
Kashiwara isomorphism ® is a specific isomorphism in the derived category D (O ) between j*j, Oy ®o, Wx/y

and j'j,Oy given by the chain of morphisms

L L ~ . L .
D: J*]*OX ®(9X"JX/Y 2]*J*OX ®0X]!Oy EE— J!(]*OX ®OYOY) =~ ]!J*Ox~

O
Proposition 5.11. The isomorphism ® is an isomorphism of left H#H, (X)-modules. O
Proof. This follows directly from the commutative diagram
J75.0x B §"5.0x B0 _i'Oy > " (1.0x Go_.0x) G0 'Oy ——>j"j,0x G 'Oy
L
id ®OX®J/N lN D~
L ! ~ 1 L 1
J73.0x ®oxj'j*ox J(1.0x ®OY J«Ox) J3.O0x
|
L c
We fix an isomorphism between j 5,0« ®o Wyy and G}OA’NX/Y[fﬂ as follows:
7=
. . ]1‘ ~ < y . ~ < y .
J73.0x ®o _wx/y 5 DAN; il ®o wyy o 4 OAZNX/Y[*Z]' (25)
1=

r, ® id =0

Then the main result of this section is:
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Theorem 5.12. Let (X, o) be a quantized analytic cycle of codimension ¢ in a complex manifold Y, and let M

< .
be the automorphism of € A' N /Y[fi] occurring in the diagram
i=0

L
]*J*OX ®(9XWX/Y J!J*OX

Ni N : iN

@OAZNX/y[—ﬂ v; @OAZNX/y[—i]

where the left vertical isomorphism is defined by (25). Then for any integers ¢, j such that 0 <i < j < ¢, the
component M, ; of M is given by

L
q,(X);_; ®0X id

, . e 1. oL 4 . 2 i .
A]NX/Y[_]] = A Nx/y[] — i ®(9XA]NX/Y[_J]4)A Nx/y[_l]~
In particular, ® is completely determined by the quantized cycle class ¢, (X). O

Proof. Let A:wy , — @ AiNX/Y[—i] be the morphism in DP(Oy ) defining the quantized cycle class. For
i=0

any integers ¢ and j such that 0 <i < j < ¢, Propositions 5.7, 5.9 and 5.11 imply that M, ; is given by the
composition

L
d®o Ao jii

) ) N iy L
N Ny y[=i]=< o ATING yle—il®o wy)y

Cc—J AT * L c—j+i . - - i -
AN yle—jl®o A J+NX/Y[j—Z—C] A'Ny y[—i]

which is exactly

j ) ~ c—j « . L (id/\qﬂ(x)j—i)%ox id
ANy ,y[=] ~05 ATINZ v le =] Qo Wx/y
r—1i * . L ~ i .
ATING yle—i]©p wy )y TA Ny y =il
This yields the result. n
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