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MAXIMIZERS FOR THE STEIN-TOMAS INEQUALITY
RUPERT L. FRANK, ELLIOTT H. LIEB, AND JULIEN SABIN

ABSTRACT. We give a necessary and sufficient condition for the precompactness of
all optimizing sequences for the Stein—Tomas inequality. In particular, if a well-
known conjecture about the optimal constant in the Strichartz inequality is true, we
obtain the existence of an optimizer in the Stein—Tomas inequality. Our result is
valid in any dimension.

1. MAIN RESULT

A fundamental result in harmonic analysis is the Stein-Tomas theorem [30, [36],
which states that if f € L*(S¥~1), N > 2, then the inverse Fourier transform f of
f dw, with dw the surface measure on SV, that is,

3 1 1Tw
F@) = oy [ e @)

belongs to L4(RY) with
qg:=2(N+1)/(N—-1) (1.1)

and its LY(R™) norm is bounded by a constant times the L*(SV~!) norm of f. More-
over, it is well known that the exponent ¢ is optimal (smallest possible) for this to
hold for any f € L2(SV71).

In this paper we are interested in the optimal Stein—Tomas constant,

Fl9 da
Ry = sup 7IRN /1 ,
ozrerzsh-1y  |IfI4

where || - || denotes the norm in L2(SV~!). The value of Ry and optimizing functions
are only known in dimension N = 3 due to a remarkable work of Foschi [15]; see
[11] for partial progress in N = 2. Our main concern here is whether the supremum
defining Ry is attained and, more generally, the description of maximizing sequences
for Ry. These questions were recently considered in fundamental papers by Christ
and Shao, where the existence of a maximizer for N = 3 [12] and N = 2 [29] was
shown, as well as a precompactness result for maximizing sequences for N = 3 [13].
What makes dimensions N = 2 and 3 special is that the exponent ¢ in (IT]) is an even
integer, so that one can multiply out | f |2. Our results will be valid in any dimension.
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2 RUPERT L. FRANK, ELLIOTT H. LIEB, AND JULIEN SABIN

Christ and Shao discovered that for the problem of existence of an maximizer for
Rx akey role is played by the Strichartz inequality [32]. The optimal constant in this
inequality is
ffo]Rd |6itA/2’l/J(ZL')|2+4/d dx dt

[ >+47

Sy = (2m)~HV/ gup
0ApeL?(R9)
(Here || - || denotes the norm in L?(R%).) Note that 2 +4/d = q when d = N — 1.
The overall factor (27)~(@*2/4 and the factor 1/2 in front of the Laplacian are not
important, but simplify some formulas below.

We say that a sequence (f,) C L*(SV™!) is precompact in L?(S¥~1) up to modula-
tions if there is a subsequence (f,,) and a sequence (az) C RY such that e~ f,
converges in L2(SV~1).

The following is our main result.

Theorem 1.1. Let N > 2. If
NELNGS
VI D(53)

then mazimizing sequences for Ry, normalized in L*(SV~1), are precompact in L*(SV 1)
up to modulations and, in particular, there is a maximizer for Ry.

R

Sn-1, (1.2)

Clearly, the optimization problem for Ry is invariant under modulations, so pre-
compactness up to modulations is the best one can expect. Our theorem says that
assumption ([.2)) is sufficient for this. In fact, it is easy to see that (L2)) is also nec-
essary for the precompactness modulo modulations of all maximizing sequences. We
will comment on this in Remark 2.5 where we will also see that (L2)) holds with >
instead of >.

As we will argue below, in dimensions N = 2 and N = 3, the strict inequality (L2))
holds and so we recover the Christ—-Shao results on the existence of optimizers [12} 29]
and precompactness in N = 3 [I3] and we obtain, for the first time, precompactness
of maximizing sequences for N = 2.

We believe, but cannot prove, that the strict inequality (L.2) holds in any dimension.
To verify it, it seems natural to first compute Sy_; and then to use a perturbation
argument to establish (L2)). In fact, by a remarkable work of Foschi [14] (see also
[21], B]), the value of Sy_; is known for N = 2 and N = 3. We cite the following
conjecture from [14]; see also [21].

Conjecture 1.2. Let d > 3. Then the supremum defining Sy is attained for ip(x) =
—x2/2 d
e , € R

Assuming that this conjecture is true we can generalize an argument from [12] 29]
and obtain existence of a maximizer for the R,y; problem.

Proposition 1.3. Let N > 4. If Conjecture[l.2 holds for d = N — 1, then (L2) holds
and therefore the conclusions of Theorem [11l hold.
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In connection with Conjecture we would like to mention that the existence
and precompactness problem for the optimization corresponding to S; was solved by
Kunze [23] in d = 1 and by Shao [28] in d > 1. As we will explain next, this problem
is considerably easier than that for Ry since on the paraboloid {(£,w) € R x R :
|€]? = w}, no points have parallel normal vectors (which is also a consequence of the
fact that the paraboloid can be written globally as a graph and has non-vanishing
curvature). In fact, our proof technique allows one to simplify the proofs in [23] 2§].

Let us discuss some of the challenges in proving Theorem [Tl As in most optimiza-
tion problems the key difficulty here is to find a weak limit of an optimizing sequence
which is non-zero. There is an obvious way how a maximizing sequence can go weakly
to zero, namely by modulations. However, potentially there is another way, namely
by concentration and, in fact, the largest part of our proof is concerned with showing
that concentration does not occur. If a sequence would concentrate at a point, we
could approximate the sphere close to this concentration point by a paraboloid and
we are in the setting of the Strichartz inequality. (Note that the Strichartz inequal-
ity is invariant under dilations.) Therefore, if a maximizing sequence concentrates
at a point, one could naively expect that the largest possible ‘energy’ it can have is
Sy_1. What makes this problem interesting is that a maximizing sequence can do
better than concentrating at a single point! Namely, it can concentrate at a pair of

antipodal points. What we will show is that the largest possible ‘energy’ in this case
/2 T( atl
5 %r(%

; Sy_1 with a factor

2PT(4)
VT L(42)

From this and our assumption ([L2]) we will deduce that maximizing sequences cannot
concentrate at two antipodal points and therefore will be precompact.

The fact that a strict ‘energy’ inequality leads to precompactness of minimizing
sequences is frequently used in the calculus of variations, for instance, in the linear
Schrodinger operator theory. In a non-linear context it seems to appear for the first
time in the Brézis—Nirenberg problem [9, Lem. 1.2]. (Existence of minimizers, but
not precompactness of minimizing sequences, under a strict ‘energy’ inequality was
shown earlier in the Yamabe problem [3].) We emphasize that both in the Yamabe

and in the Brézis—Nirenberg problem one has to deal with the loss of compactness due
to concentration around a point.

However, the fact that concentration at two points is better than concentration at
a single point is a non-local phenomenon and is a novel feature of the optimization
problem Ry. As far as we know, it does not appear in optimization problems related
to Sobolev spaces (for instance, the Yamabe problem or the Brézis—Nirenberg prob-
lem mentioned before — not even in non-local versions of these problems) or in the
optimization problem related to the Strichartz inequality. In order to deal with this
non-local effect we have to modify existing strategies in the calculus of variations and
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we hope that our techniques will be useful in problems with a similar flavor. In par-
ticular, our method should allow to solve the case of a general manifold with positive
Gauss curvature. In this case the role of antipodal points is played by pairs of points
with opposite normal vectors. For earlier results in the case of general curves (N = 2),
but with pairs of points with opposite normal vectors excluded, we refer to [27].

The mechanism of antipodal concentration was discovered by Christ and Shao in
[12]. In their analysis, however, the fact that ¢ is even plays a major role. First, it
allows them to restrict their attention to non-negative functions, which eliminates the
loss of compactness due to modulations. More importantly, however, it also allows
them to restrict their attention to antipodally symmetric functions. In this way the
concentration at antipodal points is built into their proof automatically and, for in-
stance, it is trivial in their case that the concentration happens with the same profile
at both points, whereas this is a non-trivial step in our proof.

In order to prove Theorem [[T] we use the method of the missing mass (MMM)
which was invented in [24] and [9, Lem. 1.2]; see also [8, [I8] for early and [16, [17] for
more recent applications of this method. The basic idea is to decompose a maximizing
sequence into a main piece, which converges in a strong sense, and a remainder piece,
which vanishes in a suitable sense. The goal of the decomposition is that each of the
quantities involved in the maximization problem splits into a contribution of the main
piece and the remainder piece, without any interaction between them. The crucial
point is to not ignore the remainder piece (i.e., the missing mass), but to treat it as
a potential optimizer. Because of the non-linear nature of the optimization problem,
one can then conclude that the missing mass is either everything (which is impossible,
since the main piece does not vanish) or nothing, which means that the maximizing
sequence converges, in fact, strongly.

The MMM can deal both with exact symmetries (as in [8]) and with almost symme-
tries (as in [9]). One novelty of our work is that we need to apply the method twice,
once to deal with the exact modulation symmetry (Proposition 2.2]) and once to deal
with the almost dilation symmetry (Proposition 2.4)).

The method relies on two main ingredients which have to be verified in each problem.
First, one needs to identify a main piece which does not vanish in the limit. This
usually comes from a compactness theorem. In our case we prove a refinement of the
Stein-Tomas inequality (Proposition [.1) which relies on a deep bilinear restriction
theorem of Tao [33]. Our strategy here is reminiscent of Tao’s proof of what he
calls the ‘inverse Strichartz theorem’ [34]. We feel that this approach is more direct
than earlier approaches using X, spaces, which were used in connection with refined
Strichartz inequalities (and were also an ingredient in [23] 28]). Refinements of the
Stein—Tomas inequality in terms of these spaces also play an important role in the
works of Christ-Shao [12] and Shao [29).

The second ingredient in the MMM is the decoupling of the main and the remainder
piece. While for a Hilbertian norm involved in the maximization problem this follows
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simply from weak convergence, one usually uses almost everywhere convergence and
the Brézis-Lieb lemma [24] [7] for an L? norm. Indeed, we are able to verify almost
everywhere convergence in our setting by proving an analogue of the local smoothing
property of the Schrodinger equation (Lemma [.4]). However, we need a generaliza-
tion of the Brézis—Lieb lemma (Lemma [B.1]) since in our second application of MMM
the main piece will not be convergent. Nevertheless, we will be able to separate its
contribution from that of the remainder piece. The fact that the main piece is not con-
vergent is ultimately a consequence of the non-local interaction between concentration
points.

The outline of this paper is as follows. In Section2lwe present the overall strategy of
our argument in more detail and explain how the MMM works. Section Bl contains the
new generalization of the Brézis-Lieb lemma, Section [ the results on almost every-
where convergence and Section [f (and Appendix[A]) the compactness result mentioned
before. In Section [l we complete the computation of the compactness level by showing
that, if concentration at antipodal points happens, then it is energetically favorable
to have the same concentration profile on both points. Finally, Section [7 is devoted
to the proof of Proposition

Acknowledgement. R.L.F. and J.S. would like to thank D. Oliveira e Silva and C.
Thiele for the summer school ‘Sharp inequalities in harmonic analysis’ in August 2015
which stimulated our interest in this project. Partially support by U.S. National Sci-
ence Foundation DMS-1363432 (R.L.F.) and PHY-1265118 (E.H.L.) is acknowledged.

2. OUTLINE OF THE PROOF. METHOD OF THE MISSING MASS

In this section we explain the main steps in the proof of Theorem [L.1] In Proposi-

tion [2.2] we will show that the conclusions of Theorem [I.1] hold if 2\‘1//—2 ; @ SN 1 on

the right side of (L2) is replace by a certain quantity R%, which is abstractly defined
through certain sequences in L2(SV~1!) that converge weakly to zero. In a second step
in Proposition 2.4 we will show that

N =3N1, (2.1)
where Sy_; is a quantity defined in terms of pairs of functions in L2(RN~!) and is a
generalization of the Strichartz constant Sy_;. Finally, in Section [6l we will show that
9a/2 (2L
Si = —% Sa
VT D(%57)

which will complete the proof of Theorem [LT]

(2.2)

We now present these steps in more detail.
Definition 2.1. Let (f,) C L*(SV!). We write
fn —mod 0
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if for every sequence (a,) C RY one has
e f =0 in LAH(SMTY).

(Here and in the following, we slightly abuse notation and write e~ f for the
function w +— e~ f(w).)
Define

Ry = sup{nmsup / Fultde s 1l =1, o Amdo}.
]RN

Proposition 2.2. [f
Ry > R*N ,
then mazimizing sequences for Ry, normalized in L*(SV~1), are precompact in L*(SV 1)

up to modulations and, in particular, there is a maximizer for Ry.

Proof. Let (f,) C L*(S¥~1) be a maximizing sequence with || f,|| = 1. Since
lim/ |ful?de = Ry > Ry,
RN

we infer that f,, /A meq 0. That is, there is an h € L2(SV¥~1) and a sequence (a,) C RY
such that limsup,, . | [ he™™“ f, dw| > 0. After passing to a subsequence we may
assume that inf, ‘ [ he~tane £, dw‘ > 0. By weak compactness, after passing to another
subsequence, we may assume that e~ f, — g in L*(SV~1). Then [ he™"*f, dw —
[ hg dw and this is non-zero, so we conclude that g # 0.

Let us denote r, := e~ f, — g Then r, — 0 in L>(S¥~!) and therefore

m = lim |, exists and satisfies 1 = ||g[|* +m..
n—o0

Moreover, since e € L?*(SV~1), weak convergence implies that 7, — 0 pointwise
and therefore, by the Brézis-Lieb lemma [24] [7],

po= lim [|7,[|7  exists and satisfies Ry = [|g[|? 4 .
n—oo

Since |7, |2 < R |lrall?, we have p < Rym?? and therefore
Ry = 9114+ < 11+ Ram®? = [|g]l + Ry (1 [lgl1*)** < |3l +Rn — R gl

where we used the elementary inequality (1 —¢)%? < 1 —t%/2 for t € [0,1]. Thus, we
have shown that 0 < [|g(|2 — Rx||g]|? which means that g is a maximizer (recall that
g # 0) and that equality must hold everywhere. Since the elementary inequality is
strict unless ¢t € {0,1}, we conclude that ||g||> = 1. Thus, m = 0, which means that
e~ianw £ converges to g strongly in L2(SV~!). This completes the proof. O

This proposition reduces the proof of our main theorem to showing that
. _ 2T
N —  — D) N-1,
VT T(%2)
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which we will verify in two steps. Let

Sy = (2m)~(@HD/d

2+4/d de dt

y hm)\—mo ffRX]Rd }€itA/2'¢1+(l') + ei)\xNe—itA/2w— (l’)‘
Ot S L (1 + 1927
It is easy to see that the limit A — oo exists. We discuss this in some more detail
before Lemma [6.1]

Our next goal is to prove equality (2.I]). Intuitively, this equality says that for the
computation of R} we only need to consider sequences which concentrate on a pair
of antipodal points. Approximating the sphere near the concentration points by a pa-
raboloid, we arrive at Sy_;. (The factor of (27)~(4+2/4 comes from the normalization
of the Fourier transform.)

In order to make this intuition precise we have to quantify the notion of concen-
tration. We will introduce a family of maps Brs with R € O(N) and 6 > 0 which
identifies pairs of functions on L?(RY~!) with a function on L*(SV~!). The orthogo-
nal matrix R € O(N) will determine the equator along which we cut the function in
L*(SM~1) into two pieces. The parameter § > 0 corresponds to a scaling in L*(RN™1).

We begin with the case R = Id, in which the equator along which we cut is the
standard equator. For o, ¢~ € L2RN~1) and § > 0 we define a function Bs(p*, ¢~) €
12 (SN—I) by

. ¢ 1 \N/4 s—(N—1)/2
By(o* - PN o (¢
By(e*, o) [ —= — ) = (14 @)V D2 (g )

VI+E J1+8
for € € RV=1. (It is inessential that Bs(o™, ™) is not defined on the set {w € S¥~1:
wy = 0} of measure zero.) A simple change of variables shows that
1Bs(*, 0TI = lle™II* + Il |1 (2.4)

The map B; will be Bgs with R = Id. Now for any R € O(N), o, p~ € L*(RN™1),
and § > 0 we define a function Brs(¢™,¢7) € L*(SV71) by

Brs(e™, 97 )(w) = Bs(¢", ") (R w). (2.5)
Since Bs; concentrates as § — 0 around the north pole (0,...,0,1) and the south pole
(0,...,0,—1), Brs concentrates around R(0,...,0,1) and R(0,...,0,—1) as 6 — 0.
Definition 2.3. Let (f,) C L*(SV!). We write

f’I’L 4COIIC O

if for all sequences (a,) C B, (R,) C O(N) and (3,) € (0,050 with supd, < o one
has
Bils (€7 f) = (0,0)  in LARNY) x LARN).
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(Recall that, with our slight abuse of notation, e~** f denotes the function w
e~ f(w).)

Let us briefly comment on this definition. At first sight it might look unnecessary to
include a sequence of orthogonal maps (R,,) in this definition since the space O(N) is
compact and hence, up to a subsequence, (R,,) will converge to a fixed orthogonal map.
However, if §,, — 0, the sphere gets ‘blown-up’ and the maps (R,,) might move a point
on the sphere on a distance 1/6,, when looking around the concentration point at the
scale 1/0,,. As a consequence, the (R,) play the role of the v-translations (modulation
symmetry) in the symmetries of the Strichartz inequality (see the appendix of [34]).
The importance of keeping these rotations will become clear in the proof of Lemma
Let us also remark that the analogue of our (a,) are (t,, z,)-translations in the
Strichartz case.

Our definition of the convergence f,, —conc 0 is specific to the sphere: we used that
any rotation stabilizes the sphere. If one tries to adapt our approach to a general
compact manifold with positive Gauss curvature one probably needs to work with
local versions of the B operators.

We introduce two auxiliary functions ¢y, (3 on [0, 00) by

1 2 1

)= —— K== (1- ——).
W= oW k‘Q( 1+k:2)
For ¢ € L2(RN~1) we define with z = (2/,zy) € RN"! x R
]_ -~ : / _1g2 dg
._ i(&x'C1(0€)— 582N C2(SI€])
(Ts0) (@) 1= Gy [, 9@ QORI ett) o (26)

The operators 75 arise naturally in this context since for any pair of functions ¢, 1~ €
L*(RN1) and any § > 0, setting

f=Bs(t¢7),
we find
6~V (@[5, /%) = (2m) 72 (P (Tog) () + e (Ty7) (@), —aw) )
(2.7)
This follows by a simple change of variables.
We are now able to carry out the second step in the proof of Theorem [T which is a
variation of the argument used to prove Proposition combined with a compactness

theorem for the f,, —cone 0 convergence (Corollary [£.3]) and two convergence theorems
for the operators 75 (Propositions [4.1] and [A.3)).

Proposition 2.4. Ry = SN_l

Proof. We begin with the proof of <. Let (f,) C L?*(S¥!) be a sequence with
[fall = 1, fo —moa 0 and || f][7 — Rj. We may assume that Ry > 0, for otherwise
there is nothing to prove, and therefore f,, 4 0 in LI(RY). According to Corollary (.3l
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and weak compactness, after passing to a subsequence, we may assume that there are
sequences (a,) C RN, (R,) C O(N) and (8,) C (0,00) with sup §,, < oo and functions
Y+~ € L2(RV1) with

[ + [l ]2 # 0 (2.8)
such that By ;5 (e7" v f,) — (¥, ) in L2(RY-1) x L2(RY1Y). Since fu —mod 0,
we have d,, — 0. Because of rotation and modulation invariance of the problem, we

may assume that R, = Id and a,, = 0 for all n and we write B;, instead of Bg, s,.
We define

Pp 1= Bc&(%ﬂ\?) and Tp = fn_Bén(qﬁqu:)
We shall show that

m:= lim ||r,||*  exists and satisfies 1 = || F||* + [|[&~||* +m (2.9)
n—o0
and
p:=lim |70 |? dz exists and satisfies Ry = P + u, (2.10)
n—o0 RN
where
P := lim |70 |? dz
n—oo RN
and

7Tn(.7}) — (271')_1/2 (eimN/éfl (6imNA/21D+) (l’/) + e—imN/cS?L (6_ixNA/2¢_) (I/)> .

(The fact that the limit definining P exists is again a consequence of the arguments
before Lemma In fact, we do not really need here the existence of the limit, but
could simply work with the limsup in the definitions of both p and P.)

Before proving (2.9) and (2.10]), let us show that they imply the proposition. Since
0, — 0 we have Bgn(@ﬁ, @Z:) —mod 0, and since f, —moq4 0 by assumption, we have
Tn —moa 0. Thus,

p < Riymi/?, (2.11)

(In fact, if m = 0, this follows from the Stein-Tomas inequality and, if 0 < m <
1, it follows by using the definition of R}, for the sequence r,/||r,||.) Combining
(29), [ZI0) and (ZTIT) and recalling the elementary inequality used in the proof of
Proposition we obtain

N=P4u< PrRym =P+ Ry (1—[[oF]? — o |2)"?
< P+Ry (1= (19717 + e I)™?),
that is,
Ry (1071% + o) < P.
Because of (2.8) this is the claimed upper bound on RY.
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It remains to prove (2.9) and (2.I0). For the proof of (2.9) we recall the unitarity
relation (2.4) for Bs,. Thus, the weak convergence Bj 'r,, — 0 implies

L=l = 1Bl = | 87 + 85| = @50+ 1852w + o)

Using once again ||B; 'r,[|* = ||, ||?, we obtain (2.9).
For the proof of (2.I0) we denote (@Z)n, ) == B;.' f and decompose, using (2.7),

57 VD2 (0! [8, e 82) = () + pala) + 00 (@),
where we have set

pu(@) i= (2m) 72 (/R ot (of ) + R (o, —a))

with
pr () = Ts, (U —¢7) (x)
and
on(z) == (2m) 72 ( BN (o ) + e TN g (2 —:L"N))
with

Ur:Lt(x) = (73”¢i) (.7}) . (eimNA/2¢i) (x/)

It follows from Proposition .3 that, after passing to a subsequence if necessary, p= — 0
almost everywhere and from Proposition 1] that o — 0 in L?. Moreover,

[ma(2)] < (2m) 772 ([ (e 320T) (@)] + [ (e 2y7) (2')]) € LLURY).

Therefore, the generalized Brézis—Lieb Lemma [B.1] implies
L1502 oo e = [ @it + [ ot + o).
RN RN RN

By scaling, the left side equals || fn||g and, since

,On(:L”) = 5;(N_1)/2fn(x//5n’ xN/éi) )

the second term on the right side equals [|7,[|Z. Taking the limit as n — co and using
the fact that the limit definining P exists we obtain (2.I1]). This completes the proof
of the inequality < in the proposition.

The proof of the inequality > is similar, but simpler. Indeed, pick any pair of
functions (¢¥,¢7) € L2(RY~1)2 such that || 7]|*> + |[1»7||> = 1 and any sequence (4,)
of positive numbers converging to zero. Then, the sequence f,, := B;, (QZ?F, QZ:) satisfies
| fall = 1 and f,, —moa 0. As a consequence,

limsup/ |l de < Ry
RN

n—oo
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On the other hand, by the same method as in the proof of the inequality <, we have

lim inf / | ful? da
RN

n—o0

> (27T)—q/2 lim ‘(eixNA/2w+> (SL’/) + 6—22'90]\;/6% (e—imNA/2w—> (SL’/) q dSL’,

n—o0 RN

showing that SN_I <Ry ]

To complete the proof of Theorem [[T]it suffices to show equality (2.2)). This is the
content of Corollary [6.2]

Remark 2.5. Similar arguments to those used before show that

202 (1)
Ry > FW%Q) Sn-1, (2.12)

which is the non-strict version of (IL2). In fact, we clearly have Ry > RY, so that
(212) follows from Proposition 24 and (22). Moreover, by definition there is a se-
quence (f,,) C L2(SV™') with || f,]| = 1 and ||fn||g — Ry which is not precompact in
L2(SN=1). Thus, the strict inequality (L2) is necessary for the precompactness of all
maximizing sequences.

3. A GENERALIZATION OF THE BREZIS-LIEB LEMMA

The following abstract lemma decouples the main piece from a remainder piece that
converges to zero almost everywhere.

Lemma 3.1. Let (X,dz) be a measure space and p > 0. Let (a,) be a bounded
sequence in LP(X) such that

Qp = Tp+ Pp + Oy
where, for some Il € LP(X),
|| <II for alln
and where
pn — 0 almost everywhere and o, — 0 in LP(X).

Then
/|Oén|pdil?:/ |7Tn|pd93+/ |pn|? dz + o(1) as n — 0o.
X X X

Note that, if 7, is independent of n and o,, = 0, this is the result from [24] which
was generalized in [7]. Our lemma follows by similar arguments as in [7].

Proof. As a preliminary step we show that the asymptotics are independent of o,. By
the triangle inequality we have for p > 1,

Haan — || +pn||p < lonllp
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and for 0 <p <1

[l = 1 + palls| < lloullz.
We conclude that
/ |, |P dx = / |70 + pnlP dz + o(1) .
b X
(For p > 1 we also use the fact that sup,, ||a,||, and sup,, |7, + pn||, are finite; see the
proof below.) Thus, the lemma will follow if we can prove that

/ |70 + pul” = |mnl” = pul’[dz = 0(1)  asn — 0. (3.1)
X

Let € > 0 and put
Ry = (1w + pul? — [1al? = 1pal?| — £ Ipul?), -
Then
/ 0+ pul? — [al? = |ul?| de < / pl? da:+/ R, dr,
X X X

and asymptotics ([B1) will follow if we can prove that

lim sup/ |pn|? dx < oo (3.2)
n—oo JX
and
/ R, dx = o(1) as n — 00. (3.3)
b

For the proof of (3.:2)) we simply bound
[onl” < Cp (|an]” + [ma]” + o0 [?) < G (Jon |’ + 1P + |o])
with C, =371 if p > 1 and C, = 1 if p < 1. Thus, by assumption,

limsup/ |pn|P dx < Cplimsup/ (|on P +11P) dx < o0,
X X

n—o0 n—oo
which gives (3.2]).
We will prove (8:3) by dominated convergence. Clearly, there is a C., such that for
all a,b € C,
lla+ 6" = [bI"| < e b” + Cplal” .
Thus,
0+ pnl” = [7nl” = [nl”] < lTn + pul” = [pnl”| + [70l” < € lpal” + (Cep+1) |7l

and so
R, <(C.p+ 1) |m|" < (C.p+ 1IIP.
By assumption, the right side is integrable.
To complete the proof we show that R,, — 0 almost everywhere. Note that p, — 0
almost everywhere and that |m,| < II. The set {p, — 0} N {Il < oo} has full
measure and on this set we have R,, — 0 almost everywhere. This simply follows from
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the fact that for sequences (a,), (b,) C C with supla,| < oo and b, — 0, we have
la, + b,|P — |a,|P — 0 for any p > 0. This proves the lemma. O

4. SOME A-PRIORI ESTIMATES AND CONVERGENCE RESULTS

In this section we discuss the convergence properties of the operators 75 from (2.0)) as
0 — 0. These properties were used in the proof of Proposition 2.4l As we have already

seen in Section 2, the operators 75 appear naturally in our problem for functions on

SN¥=! which concentrate near the north pole with the parameter § denoting the scale

on which the functions live.

4.1. L7 convergence. We recall that we always assume ¢ = 2(N +1)/(N — 1). The
purpose of this subsection is to prove the following convergence result.

Proposition 4.1. Let v € L*(RN™1). Then, as 6 — 0,
(T59) () — (32) (a') in LYRY).
We begin with an a-priori bound for Ty.

Lemma 4.2. 75 is a bounded operator from L*(RN71) to LYRY) and ||Ts| 1214 is
independent of o > 0.

Proof of Lemma[{.3 We claim that for all ) € L*(R¥"!) and for all z € RY,
(Tsw) (@) = (2m) /26N (Vs F L BUs F ) () - (4.1)

where Vs and Us are isometric isomorphisms in LI(RY) and L*(RY), respectively, F
denotes the Fourier transform and B is a unitary operator from L>(RV=1) to L2(SY 1)
(SX¥~! denoting the northern hemisphere). Thus,

||7:5||L2—>Lq = (2W)1/2||‘F_1||L2(Sf’1)_>Lq(RN)a

which is finite by the Stein—Tomas theorem. The operators Vs-1 and Uy are simply
defined by

(VsF) (x) = 0~ WP 6, an /0%), (Usp) (€) = 6~ D20(€/0) .
The operator B is defined by

13 1
(By) :
VI+E 1+
The fact that B is a unitary operator from L?(RV~1) to L2(SY™') follows by a simple

change of variables. The claimed identity (4.]) follows by the same change of variables.
O

) = (1+ [€)M (). (4.2)

We now use this lemma to prove the proposition.
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Proof of Proposition[4.1 Because of Lemma it suffices to prove the proposition
for ¢ € L*RN!) with ¢ € C®(RM~1). For such ¢ we shall show that for all
(2',zy) € RY,

lim (T5) (2/, 2) = (€2/20) (), (4.3)

(Tsw) (@', an)| + [ (e74520) (2)| < Cla =12 (4.4)

for some constant C' > 0 independent of ¢ (but dependent of ). The limit (4.3)
follows immediately from Lebesgue’s dominated convergence theorem, since we have
the correct limit under the integral and ¢ € L'(RN=1). Assume for the moment the
decay estimate (£4]) and let us show that this implies the claimed L? convergence. We
have for some C’ and all 6 > 0

[ (T @ o) @) e < G

This can be made arbitrarily small, uniformly in § > 0, by choosing R > 0 large.
Thus, it suffices to prove that for any fixed R > 0

X5 (@) (Tst) (2) = X, () (V20) (2) in LIRY),

where Br denotes the ball of radius R > 0. This follows immediately by dominated
convergence from the pointwise convergence (4.3]) together with the uniform bound

(Toth) (2)] < (2)~(V-D72 / 1D(6)] de < 0o

RN-1
Thus, it thus remains to prove the decay estimate (4.4]), which follows from station-
ary phase estimates as in Stein [31] p.349]. Let us recall how it is done when there is
no dependence on ¢. The integral

(eixNA/2¢) (z') = 1

i E—ixNE2 )27
G L B(e) de

can be written as an oscillatory integral

[ e ae
RN-1

with a large parameter A = |z|, a smooth phase function ®(w,&) = W' - & — wn&?/2,
where w = (w,wy) € SV, and an amplitude a = $/(27)N-1 € C®(RY¥-1). We
distinguish two cases: when w is close to the poles, then the phase has critical points
but we have a uniform lower bound on the determinant of the Hessian, so we may
use stationary phase. Away from the poles, there is no critical point and we have a
uniform lower bound on |V®|, so that we may use integration by parts.

First, when |wy| > b for some 0 < b < 1 to be determined later (that is, when w is
close to the poles), then the phase is stationary at the points where

ng)(w,g) =w — (A)Ng = 0,
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that is for £ = w'/wy. Furthermore, we have Dg@(w, ¢) = wy, meaning that
| det DF®(w, &)| = Jwn [V > 0V

All the &-derivatives of a and ® are uniformly bounded in w in this region, so that
we may use the uniform stationary phase estimates of Alazard, Burq, and Zuily [I] to
infer that

/ 6i)\<I>(w,§)a(§) dg < Ca b)\—(N—l)/2
RN-1 B '

for all w such that |wy| > b. In the region |wy| < b, we have |w'| > (1 — b?)"/? and
hence

Veb(w,6)| > VI— B2 — bR,
where R > 0 is such that supp a C B(0, R). Hence, if b is sufficiently small such that
V1 —="02/b > R, then the phase has no critical point and we have by integration by
parts

/ P8 q(e) de| < Cpla)A™
RN-1

for any n € N, where C,(a) is uniform in w such that |wy| < b, since we have a
uniform lower bound on |V¢®| in this region and uniform upper bounds on higher
&-derivatives of ®.

We have to do the same thing when ¢ > 0, and all the bounds that were uniform in
w should now be uniform in (w,d). In this case, the new phase function has the form

2
B(5,,6) = '+ £G016]) — w5 GLOIE])

and the amplitude has the form
0(e)
a( 76) = (1 +52£2)N/4 :
The functions & — (1(d[€]) and € — ((0|¢]), and a are C™ and satisfy (1(0) = 1 =

(2(0). All the &-derivatives of ® and a are uniformly bounded in (J,w), on the support
of a. First, consider the case |wy| > b. We have

Dg@(é,w,ﬁ) = wnG(0[¢]) + O(9),

where the O(9) is uniform in (w, £) € S¥~! xsupp(a). Hence, there exists 5y = do(R) >

0 such that
p\ V-1
| det D?@(é,w,gﬂ > (5) ,
for all |wy| > b, 0 < 6 < dy, & € supp(a). Using again the result of Alazard-Burqg-
Zuily (notice here that we do not need to describe where the critical points are, a
lower bound on the determinant of the Hessian is enough to apply their result - we

could have done the same in the § = 0 case actually), we obtain again that

/ 672A<I>(6,w,§)a(5’ 6) dé-' S Ca,b)\_(N_l)/2
RN-1
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for all w such that |wy| > b and all 0 < § < §y. In the region |wy| < b, we use the
fact that

Ved(d,w,8) = WG (0[¢]) — wné((d]E]) + O(9)
and hence

V(5. ,6)| > SVT— 1 ~ SR

forall 0 <6 < 61(b, R), |wn| < b, £ € supp(a). For b = b(R) small enough, this lower
bound is positive. Using again integration by parts with this uniform lower bound on
|V®|, we deduce

/ ei)«b(w,ﬁ)a(&’ §)d§| < Cp(a)A™
RN-1

for any n € N, where C),(a) is uniform in (w,d) such that |wy| < band 0 < 6 < 4.
This finishes the proof of (£4) and the proof of Proposition A1l O

4.2. Almost everywhere convergence. While in the previous subsection we dealt
with L9 convergence of Ts 1) when §,, — 0, we will now deal with almost everywhere
convergence of Ts 1, when §, — 0 and ¢, — 0 in L?(R¥~1). The purpose of this
subsection is to prove the following convergence result.

Proposition 4.3. Let ¢, — 0 in L*(RV™') and §,, — 0 in (0,00). Then Ts, 1, — 0

in Li, (RY) and, in particular, there is a subsequence such that Ts, tn, — 0 almost

everywhere on RY .

The key ingredient in the proof of this proposition is the following analogue of the
local smoothing property of the Schrodinger equation.

Lemma 4.4. Let a € S(RN™Y) be radial. Then there is a constant C, such that for
ally € LA(RN™Y) and all § > 0

, _A /a4 |?
‘AN“I)%(—&A+1) ¥

Let us show that this lemma implies the proposition.

Proof of Proposition[[.3 Let K C RY be compact and let a € S(RV™') be radial
with inf,cx a(z’) > 0 (for instance a Gaussian). Moreover, let A > 0 and denote by
P, multiplication by the characteristic function of By, the ball of radius A, in Fourier
space. We decompose, with P{- =1 — Py,

XK%nwn = XK%nPA¢n + XK%nPiqbn .
According to Lemma [£.4] we have
B 1/4 2 1/4
T A oA +1 pi
—02A +1 —A

-1
< (inf a@f)) CH2 (82 + M%) sup 6]

dr < Col[¥|.

~1
s, 2] < (inf o) Il

zeK
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The right side can be made arbitrarily small by choosing A large, uniformly for large
n. Therefore it suffices to prove that yx7Ts, Pat, tends to zero for each fixed A. We
will deduce this using dominated convergence. In fact, we have for each fixed x € R,

i ()i (€7D LGN (1 4 g22) V11 sy (e)ei(Ex ')

strongly in LF(RY~"). (This can also be proved with the help of dominated conver-
gence.) Thus, @n — 0 implies that for any fixed z € RY,

T Pavn(@) = (XBAe‘i(ﬁ-r’cl(6\5\)—%52m<z(6\5\>)(1 +62§2)‘N/4,$n> 0.

Moreover, we have
175, Patbn ()| < "XBAe—z'(ex'cl(6\5\)—%52ch2<6\5\>)(1 + 522y~ NA| ||,

< [Bal"Zsup [ -

Thus, dominated convergence implies X 75, Pat, — 0 in L2(RY), which proves the
first part of the proposition.

The second part follows by a standard diagonalization argument using a sequence of
balls with diverging radii and the fact that an L! convergent sequence has an almost
everywhere convergent subsequence. O

It remains to give the

Proof of Lemma .4 Expanding the square, the left side of the term in the lemma
reads

<)

e U o
0w [ O G Gl — €I )

2 2 ‘5'|1/2 ~
8 (S l0l) — GO ) (g O(€) de e

By the Schur test for boundedness, the lemma will follow if we can bound

sup/ €12 1e)?
¢ Jrvor (14 8262)(N+D/4(1 4 §2¢72)

A1) — €6 (31€ ) x

2 6/2
<o (S - Saeen) de

independently of §. In order to perform the & integral we write ¢’ = kw with w € SV—2
and k > 0. The functions ®5(k) = k2(2(6k)/2 = 672 (1 — 1/v/1 4 02k?) is a strictly
increasing function, so we can change variables k = ®5(k). We use the fact that

dk Lats))

/0(’o F(k) 6(Ds(|¢)) —Ps(k)) dk: = /0 7 F(<I>gl(f<o))5(<I>5(|£|)—K)‘q)g(q)gl(ﬁ))‘ = @3]
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with ®5(k) = k(1 4 62k%)73/2. So Schur’s test amounts to estimating

€172

D e [, (€~ ) 0D o

When N = 2, this is equal to
Sup ([a(0)| + [a(28¢: (S[E)1)

which is bounded since @ is bounded.

In the remainder of the proof we assume N > 3. Since a is assumed to be radial, by
rotation invariance we may choose £ = |£](0,...,0,1) and then the integral over the
sphere becomes

SV /Oﬂ [a(25sin(0/2)1€[¢1(31€])) | (sin )~ db.

We distinguish between two regions: when 2sin(6/2)[£[(1(d]£]) > 1, then we estimate
la(€)] < ¢, |&'|7™ for any n € N and obtain

/ (2sin(6/2)€1G,61€)) (s 6)~ do
2sin(0/2)[€]¢C1(5]€)) =1

_ (sin )N =3
< ca(20€]G (61 / (sin0) " o
(ERleatoleD) sin(0/2)> (2l¢|cy slely 1 (sn(6/2))"
Fix n > N — 4. Then for large ||, the integral blows up as
: N-3
/ B0 g on / V=3 dg
sin(6/2)> /el (slely— (s1n(6/2)) 0> (I€lca (5le)) 1
277/
- = —(N—2—n)
3 E1G1ED) :
Thus, we find that
/ a(2sin(0/2) 1€ (S1€])] (sin )V 2 do <, (1€1¢i(51€])) 2.
25in(0/2)[€]1 (5]€))>1

In the region 2sin(6/2)[€|¢1(6|€]) < 1, we estimate |a| < ¢ and obtain

/ 2sin(6/2)€1G,(61€)) (s 6)~ dp
2sin(0/2)[€]¢C1(5]€)<1

<o / 10152 do < (1€|cu(d1€])) N2,
0<(l€l¢1 (o)1)t

Inserting this bound into the supremum in Schur’s test, we obtain
1 1

" eI GO

This proves the lemma. O]
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5. COMPACTNESS

In this section we prove a refinement of the Stein—Tomas inequality and deduce
a compactness theorem modulo modulations and concentrations. We recall that the
convergence f, —conc Was introduced in terms of the operators Brs with R € O(N)
and § > 0 which identify pairs of functions on L?(R¥~!) with functions on L?(SV™1).
The parameter R € O(N) determines the equator along which we cut the function in
L*(SM~1) into two pieces. The parameter § > 0 corresponds to a scaling in L*(RN™1).
The precise definition of these operators is given in (). The refined Stein—-Tomas
inequality is stated in Subsection 5.1 where we also use it to deduce the compactness
theorem, and is proved in Subsection (see also Appendix [Al).

5.1. Refinement of the Stein—Tomas inequality. Our refined Stein—Tomas in-
equality depends on a parameter ¢ € (0,1) that will be chosen small enough and that
will not always be reflected in the notation. Given this parameter we consider for any
6 € SV~! the cap

C(0) := {weSN_I: 9~w>m}’

and we also pick an orthogonal matrix Ry € O(N) mapping the north pole to 6:
Rp(0,...,0,1)=4.

To formulate our refinement of the Stein—Tomas inequality we need an analogue of
dyadic cubes on the sphere. Let D denotes the set of all dyadic cubes in RY~!, that
is, the union over j € Z of all cubes of side length 2/ with corners on (2/Z)N=!. For
6 c SNt and Q € D we let

Lo(Q) = Re(L(Q)),
where L stands for “lift” and
LQ)={wesSV": W eqQ, wy>0}
Notice that
Ly Q) ={weS"!': Pu(w)eQ, w-0>0},

where Pp. : RY — RY is the orthogonal projection on #+. By compactness of the
sphere, there is a finite A € N and points 6, € S¥~!, a =1,..., A, such that

A
L Cba) =8V
a=1
Correspondingly, we choose non-negative continuous functions y,, « = 1,..., A, with

A
ZXaZl and supp Xo C C(,) foralla=1,... A.
a=1
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Proposition 5.1. There are ¢ € (0,1), C > 0 and o € (0,1) such that for any
feLA(sh ),

l1—0o
) I G

Note that this proposition implies the standard Stein-Tomas inequality: indeed, for
any o € {1,..., A} and @ € D we have

Q2| (tea@xal) || o, < @D IO [ 1ra0)X0 S | 1o

< (2m)M1QI™? |1y, @Xall pagn—1) 1l z2gn1)
< Oy I/l p2@n—1y

so the right side of (5.1]) is bounded by a constant times || f|].

Other refinements of the Stein-Tomas inequality can be found in [26] Thm. 4.2] in
the case N = 3 or in [27, Prop. 2|, [29, Prop. 4.1] in the case N = 2. These refinements
involve X,-norms on f, but it is not obvious how to deduce our compactness result
(Corollary [5.3)) from these X, estimates. The key feature of our refinement is the L
norm of the Fourier transform on the right side of (5.0J), leads almost immediately to
Corollary 5.3l This is reminiscent of the route taken in [34], 22] in connection with the
Strichartz inequality, where also L*> bounds on the Fourier transform are used instead
of the original X,-spaces approach of [0, 25 [10], 4].

We also point out a certain similarity with the description of lack of compactness
in homogeneous Sobolev spaces [19]. In this case analogous bounds in terms of L
norms of the Fourier transform are due to [20] (see also [22, Prop. 4.8]) and have been
used to establish compactness results [19] (see also [22, Prop. 4.9]).

We defer the proof of Proposition [5.1] to Subsection and use it now to deduce
our compactness theorem. The relation between our convergence notion f, —conec 0
and the norm appearing in Proposition [5.1]is clarified in the following lemma.

% _ Vv
| Fllzocey < € (sup sup [Q1 77 | (L1, @xa )
S

«

L (RN)

Lemma 5.2. The following holds provided ¢ > 0 is sufficiently small. If (f,) is a
bounded sequence in L*(SN 1) with f,, —cone 0, then

= 0. (5.2)

_ Vv
lim sup sup |Q|~/? H(]lLea(Q)Xocfn> Loo(RN)

1
n—oo QED

Proof. We argue by contradiction: assume that there exists ¢’ > 0, a € {1,..., A},
sequences (z1) C RY, (Qx) C D and a subsequence (f,,) such that for all k

Qx|

We show that the left side converges to zero, obtaining the desired contradiction. In
the sequel, we forget about the subsequence and write (f,), instead of (f,, )r. We
may also assume that 6, = (0,...,0,1) up to replacing f,, by f, o Ry, which does
not change the assumption f,, —conc 0. We thus write L(Q) and x instead of Ly, (Q)
and y,. We may assume that the sets L(Q,,) intersect {w C S¥7!: wy > V1 — &2}

(L@ Xakne) ()| > €' (5.3)
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(which contains the support of x), for otherwise the left side of (5.3]) vanishes, and
therefore the cubes @, all intersect {& C RV~!: [£| < €}. Let @, be the smallest
dyadic cube with L,o.0x =1r@ux Since

Z ‘Qn‘_l/z (]lL(Qn)an)v (xn)

)

|Qnl 2 '(]lL(Qn)an>v ()

it suffices to prove the convergence to zero with @, in place of Q,. From now on we
will write again @, instead of Q,. Let k, € Z¥~! and 6,, € 2% such that

Qn = 5nkn + [07 5n>N_1 )

and note that |@Q,,| = §¥~!. The above redefinition of Q,, guarantees that the sequence
(6,k,) C RY=1 belongs to a compact set (of diameter O(g)) and that the sequence
(0,) C (0,00) is bounded (by O(e)). Thus, after passing to a subsequence if necessary,
we may assume that (d,k,) and (d,) converge.

For any 6 € C(0,...,0,1), we define a rotation Oy € O(N) that sends (0, ...,0,1) to
6 in the following fashion: if # = (0,...,0,1), we take Oy = Id, and if  # (0,...,0,1),
we take Oy = Id on the orthogonal complement of H = span((0,...,0,1),0) and on

H we take
_ /
06 _ WJY ‘w ‘
W' wy

in the orthonormal basis ((0,...,0,1),w'/|w'|) of H (with the notation w = ' +
wn(0,...,0,1), w € R¥=1 x {0}). This definition ensures that 6 — Oy is continuous
on C(0,...,0,1). Next, we define

On = (Onkn, /1 — 82|k,|?) € Shv-1
and
(5. 0n) = Bo (€ f)

By choosing € > 0 small enough (depending only on N) we can guarantee that 6,,-w > 0
for all n and all w € SV~ with wy > v/1 — £2. We conclude that

(L)’ (20) = (2m) N2 / e £ (w)y(w) Lo, (&) dw

SN-1

a7 [ (e ds

with

6.+ Os, (5,£,0 On 4 O, (0n€, 0
ha(§) = (1 +6i|£|2>‘N/4x< ;% )) La. <P< ;% ))>

and with the projection P : RY — RY~! defined by P(n/,nn) :=17/.
Since ¢;7 — 0in L2(RY~1) by assumption, our claim (5.3) will follow if we can prove
that (h,) converges strongly in L*(RY~1). To do so, we prove that (h,) converges
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almost everywhere and that 0 < h,, < 1p for a centered ball B with (finite) radius
independent of n.

We begin with the almost everywhere convergence. Since (6,) and (d,) converge
and y and € — Oy are continuous, the sequence

3 0, + Oa, (6,£,0)
14 521¢12 N/4
(1+ 3ef) x( R )

converges for all £. If the limit of (4,,) is positive, then the cube @,, converges towards
a fixed cube, and thus the sequence

“ V1+ [P

converges almost everywhere in £. If lim,, §,, = 0, then we use the fact that

P( Ve ) © G

if and only if
1

P(0y,(£,0)) € (1 B \/TW

) k40, 1)1, (5.4)

Since

1
lim (1-—— |k, =0,
n—)oo( /1+5?L|§|2>
we also have almost everywhere convergence in the case lim,, d,, = 0.
Let us now show that 0 < h, < 1p for a centered ball B with (finite) radius
independent of n. Since Oy — Id as § — (0,...,0,1) and [6,, — (0,...,0,1)| = O(e)
uniformly in n, we choose € > 0 small enough such that for all ¢ € R¥~! and all n,

1
PO, (6,0)| 2 5lél.

Now assume that ¢ € supp h,,. Then (5.4) and the fact that 1—(1+2)~2 < min{1, x}
for all > 0 implies that

1
V1+031E
= min{d; ' [§] 7", 0ul€[} Okl €] + O(1) < dulknllé] + O(1),
Recalling that d,|k,| < Ce and choosing ¢ < 1/(2C), we conclude that |£| = O(1)

uniformly in n, which is what we want to prove. This concludes the proof of Lemma
OJ

16l < POy, (€,0)] < (1 - ) il + O(1) < min{L, ¢} [kl + O(1)

Combining Proposition (.11 with Lemma we obtain immediately the following
compactness result.
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Corollary 5.3. Let (f,) C L*(SN=Y) with ||f,|| = 1 satisfy fn —cone 0. Then fr — 0
in LI(RY).

5.2. Proof of Proposition 5.1l Our goal in this subsection is to prove the refined
Stein-Tomas inequality (5.1]). We will deduce this inequality from a refinement of a
‘perturbed Strichartz inequality’, which we state next. We use the notation

TE)=1-V1-F for0<E<I.

and define 1g by ’lZJ\Q = XQQZ for () € D, the collection of all dyadic cubes. Moreover,
it is more natural to write d instead of N — 1, so that ¢ =2+ 4/d.

Proposition 5.4. There are ¢ € (0,1), C > 0 and o € (0,1) such that for any
¢ € LA(R?) with supp ¢ C {|¢] < e},

1—0
le" TS| <C(SUP|Q| V2em TR g | e ) 19125 - (5.5)

This should be viewed as a perturbed Strichartz inequality since T'(£2) ~ £2/2 as
¢ — 0. The analogue of Proposition 5.4 with 7'(—A) replaced by —A/2 is essentially
due to [34] and appears in a slightly stronger form in [22]. (In this case the restriction
on the support of 1Z is not necessary.) Proposition [5.4] follows in the same way, but
for the sake of completeness we provide the details in the appendix. As in [34], 22] the
crucial ingredient is Tao’s bilinear restriction estimate [33].

With the refinement of the perturbed Strichartz inequality, Proposition [5.4] at hand
it is easy to give the

Proof of Proposition[5.1. We fix £ > 0 as given by Proposition 5.4l Let f € L*(SV1)
have support in the cap {w : wy > /1 — &2} and define a function ¢ € L2(RN~1) by

e [EVT=E)
Ji—e

so that

f(!li’) — (271’)_1/26ixN (e—ixNT(—A)¢) (l’,)
Since supp ¢ C {|¢| > £} we can apply Proposition 54 and obtain

1—0
sy < ()2 (sup Q11T Sl ) 171z

We bound

19172 < \/—Hf||2

and note that

(Lp)f)" (2) = (2m) 712l (e TEByg) (af)
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Thus we conclude that
1l—0
1l < C (gg |@|—1/2||<11L<Q>f>vnmm>) T

By rotation invariance of the sphere we obtain for f € L2(S¥~1) with supp f C C(6,)
the same inequality with L(Q) replaced by Ly, (Q).
Thus, for an arbitrary function f € L*(S¥~1) we obtain

A
Z HLQ(RN)

A

> (xaf)”

a=1
A

<y [ sup QI Ly, @ Xaf) ey
QeD

1 F1l oy =

La(RN)

el

a=1

a=1
A /2
< <SUP ZUI;) QI (L @ Xa ) | oo ) A1_0/2 (Z HXaf||2L2(SN1)>
@ = a=1

Al_gﬂ“f“%%swl)-

-0 A
< (sup o Q12 (1, @) |Lw<m) S e ey

<C (sup sup Q12| (L, @y Xe) |1 ey
a QeD

This is the claimed inequality. 0

6. EQUAL PROFILES

Our goal in this section is to prove (2.2), that is, we want to express the solution
of the minimization problem S, in terms of the solution of the minimization problem
S4. This will follow from a general inequality that we describe next.

For f,g € LYRY) (in this section ¢ can be any number > 2) let

P,(f,9) = A11_>m | f(z) + e”z”g(:c)}q dx .
[e.e] ]RN

It is easy to see that this limit exists and is given by

Py(f,9) = 2#//” +e’g(z)|" df dx.

A simple proof of this fact can be found, for instance, in [2, Lem. 5.2]. Note that for
fixed z € RY, the function
q/2

0 | (@) + (@) = (If @) + lg(@)* + 2 Re e F()g(x))

is continuous and has maximum (|f(z)|+ |g(z)|)?. This maximum belongs to L*(RY)
as function of x. Therefore, Allaire’s result applies in the above setting.
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Lemma 6.1. If ¢ > 2, then

202 P (241)

VA L(4)

The importance of the constant on the right side is that we get equality if |f| = |g|.
In fact, the proof below shows that if ¢ > 2, then the inequality is strict unless |f| = |¢]|
almost everywhere.

,(f,9) < (LF1I2 + Nlg12) ™ .

Proof. Let us write the above formula for ®,(f,¢g) as

3,(5.9) = [ (@ + lo@)P)" pllat)) do

with -
2f(z)g(z)
|f()]?+ [g(x)[*

a(x) =
and, for ¢t € [0, 1],

1
== 1—|—tcos9 2 49 .
™ Jo

We claim that ¢ is increasing in [0, 1]. In fact,

1
'(t) = %—/ (1+tcosh) T2 cos 6 df
T Jo

2m

For ¢ > 2, the integrand on the right side is pointwise non-negative, which proves the
monotonicity.
Since |a(z)| < 1, we deduce that

B(f.9) < ¢(1) [ ()P +lo@))" do
and therefore, by the triangle inequality in L9/,
Do(f, 9 < @1+ 19,0 < 00X (1B, + ol )

— oV (171 + 12)

Thus, to complete the proof of the lemma it remains to compute the value of (1).

1 w/2
= Q_/ ((1 + tcosé’)(q_2)/2 — (1 —tcos 9)(‘1_2)/2) cos6db .
0

Using the integral representation of the beta function, we find

1 o2 2 a/2 9(q+2)/2 /2
o(l) = — (1 + cos0)?* df = cosq(9/2) do = cos? 0 db
0

™ Jo 0 ™

™
212 1 g1, 202D ()
2

™ 5’2)\fr()

This completes the proof. O
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L
2}2?; Sa with ¢ = 2+ 4/d.

Proof. Let ¥*,¢~ € L?*(R%). By the lemma (with N = d + 1) and the Strichartz
inequality,

Corollary 6.2. S, =

lim // }eitA/21/}+(x) + 6i>\wN6_itA/21/}_(;U)‘q dr dt
RxR4

A—00
24/2 F(Ll) . . ~ /2
< e (€0l + e )"
2
94/2 F(M) /o
< S 2 (2m) S, (P + [l ]17)

T VAI(5R)
This proves the inequality < in the corollary. The opposite inequality follows by
choosing 1)+ = ¥~ to be almost maximizers for Sy and recalling that equality holds
in Lemma if f=7. O

7. PERTURBATIVE ANALYSIS

In this section we prove Proposition which verifies the main assumption of
Theorem [T provided Conjecture [[L.2 holds. Let

Yo(r) = e/
and |
(d+2)/d [Jaga |62 206 (@) [2H4/4 da dt

[+ ’

so that Conjecture is equivalent to the identity Sy = SY. In view of this identity,
Proposition is an immediate consequence of Proposition [7.1] below.

As explained in Remark 2.5 the non-strict analogue of inequality (L2) is obtained
by glueing two Gaussians on the sphere that concentrate on two antipodal points. We
now compute the next order of the ‘energy’ of this trial function. Thus, for any € > 0,

S = (2n)”

consider the trial function
_lzen _lten N—_1
few) == x(wny)e” 7 + x(—wn)e <2 Yw e S7 77,

where xy € C°(R) is such that x = 1 in a neighborhood of 1 and x = 0 in a neigh-
borhood of (—o0,0]. As e — 0, the functions (f.) concentrate on the north and south
pole and the limiting profiles are, indeed, Gaussians.

Proposition 7.1. We have

Jan | fel? da 2121 (452)
log 22—~ =] S
AT A\ F(q“) ‘

In particular, for all sufficiently small € > 0,
f]RN |f€|qu > 20/2T (%)
1 felle VT T (42)

) + 252 + 0. 0(€?) . (7.1)

59
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An ingredient in the proof of this proposition is the following result about the
simpler trial function

() == y(wn)e = Vwe SN, (7.2)

which concentrates only at the north pole. Similar results appear in [12], 29] for
N =23.

Lemma 7.2. We have

g:|?dx 1

Before proving the lemma, let us use it to give the
Proof of Proposition[7.1. With g. from (7.2)) we shall show that
Jox |Jel?dz 292 T (45) [ou 1e|" do

log

4
ARG 2 I T S 4
This, together with Lemma [7.2], implies the proposition.
Clearly, we have
£ = 2921 gc | (7.5)
We also note the rough bound
[gell” > e (7.6)

(We will prove something much more precise in the proof of Lemma [[21) Moreover,

let
pe(x) == #/ e”"’?—eﬂ(l—\/1—62\n|2)(1+z'm1v)X( 1 —&nl?) dn
(2m)N/2 Jga 1—e2p?

(7.7)
and note that

e~f(¢' /e, xn/e?) = 2Re <€mN/€2g0€(I)> and e 4.( Je,xn/e2) = €N/ o ().
We claim that

/]RN ’Re (6imN/€2g05(x)) e = % /]Rd /_: IRe (e“p.(2)) }q dodr+ O(eh).  (7.8)

Since, as in (6.1), for any a € C,

1 2m ] 1 T
|Re (ewa) ‘q o = — | cos0|?dl |a|® =

1 ()
V(42

2

27 Jo

~—

we infer from (7.8) that after scaling

; 2¢ T(45)
e = T2 [ e+ O(0).
/RN VD (42) Jew
This, together with (Z.H) and (7.6]), implies (7.4)).
Let us prove (7.8)). We introduce the function

a(z,0) = |Re (ewgoe(:c))}q V(z,0) € RY x [—7, 7.
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Differentiating in #, we find that there is a C' > 0 such that for all z € RY and all
e >0,

la(z, g + 105a(z, )z < Clee()]". (7.9)
As a consequence, we may expand a as an absolutely convergent Fourier series

ch )™ Y(z,0) € RN x [—7, ]

ne”L

cn(x) = /7r a(x,f)e”™ 9 :

_ﬂ 27

with

By integration by parts and (7.9), we find the bound

en(a)] < Tl

By standard stationary phase arguments one can show that ¢. is bounded in L7(RY)
uniformly for small € > 0 and we obtain

/ ‘Re (eixN/azgpa(x)) qu:/ a(x, vy /e?) dx:Z/ MmN/ e (1) d .
RY RY nez 7 RY

Hence, in order to prove ([Z.8) we will prove

> / N/ e () dae = O . (7.10)
n#0 RN

Integrating by parts, we have

4
; 2 € ; 2
/ emeNIEe (v) de = —— eMINIEO2 c,(x) da,
RN

n RN

and thus it is sufficient to bound [|0%  c,||r1 uniformly in n and e. This bound again
follows from stationary phase arguments, which imply that ¢., 0., ¢, and 9? P are
bounded in LY(RY), uniformly for small ¢ > 0. In this way we obtain (ZI0) and

therefore (Z.8) and (4. O

Finally, we prove Lemma We will make repeated use of the Gaussian integrals

9 d/2 .
/Rd i n=3hnl* g = (?ﬁ) e~z l7” (7.11)

. . d /12 2 d/2 ,
/Rd et g 2 iy = l? - |3;2| } (g) el (7.12)
/12 /14 d/2
/ 5 4 i — {d(d+2) _2d+2)| ] ] (2_7T> P (713)
R4

52 53 54 S

as well as the identities

dry / drn T
= d — = _, 7.14
/Rl+x§v m a r (1+2%)2 2 (7.14)
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Proof of Lemma[7.2. With ¢, from (7)) we note that

f]RN ‘ge|qu — log f]RN “Ps|qd$ ‘
Ak le=4/2g. ||

We begin by studying ||e=%2¢.||?. Expanding

1 1
e (1= V1 =emP) = 5lnl* + ge’nl* + O(e*nl%) (7.15)

W(e?) := log

and

1 —e2?|nf? 1

WLZEWD) gy e+ Ol (7.10)
V1—enl? 2

(with the same expansion when Y is replaced by x?), we obtain

2
5_d/ \ge(w)Pdw:/ 22y XV — )"
: N L=y

2 2 |1 1
= [t ane [ S - il o+ O,
Rd Rd 2 4

Using the formulas for Gaussian integrals (Z.11)), (Z.12) and (Z.I3) we find that

d(2 — d)
16

] ge(w))P dw = 7% + 74262 4 O(h) | (7.17)
Sd

Note that the leading term coincides with

/Rd (o) de = / e dr =7 (7.18)

Next, we discuss the asymptotics of ||¢.||,. Using expansions (7.15) and (7.16) and
routine stationary phase arguments we obtain

1

_ ix! 1 i
QOe(LU) = W /Rd et® - 2‘77| +izN) dn—|— OLq(RN)(l)
1

1 2
B (2m)1/2 (1 +z’xN) e T orm(l).

The last identity used again (Z.IT)). Thus,

/‘2

1 _ _ql=
q dq/4 2(1422))
tiy [ Vo0 = s [ 45074

27r1‘1/2 //R (@ 0a) @) dgdt, (7.19)

where the last identity used the Gaussian integral (Z.I1)). Note that (ZI7), (Z.I8) and
((CI9) imply that

lim ¥(e?) = log ST,
e2—0

which gives us the leading term in the lemma.
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We claim that e* — [oy [p-(2)|9 dz is differentiable at € = 0 and that

1 27\ /2 mqd 1 d?
2 q 2.0 = —m— — RS - — . .
O (/RN e d:c) 20 (2m)a/? ( q ) 2(d +2) {2 16} (7.20)

We will discuss this below in some detail. Once this claim is shown, it is easy to
complete the proof of the lemma. In fact, we note that
852 (f]RN |(pa|qd$> |62:0 qaa2 (||5_d/2ga||2> |52:0

. g , 7.21
SRICRIES im0 fo 0|7 d 2 limee g [|e2gc|? 2

and we recall from (Z.I7) that

-2 (||5_d/2ga||2> |€2:0 o d(2 - d)

— 7.22
oo PP 16 (722)

By the first identity in (7.14]) and the Gaussian integral (Z.11), we compute from (7.19))

1 o\ ¥2
I iy = — (T , 2
250 Jon [pe[* d (272 ( q) m (7.23)

which, combined with (7.20)), gives

O (Jon locl’d) leo _q_d_[1 _d*] _1 (7.24)
lime g fon [@el9dz— 2d+2 |2 16] : ,

Inserting (7.22) and (7.24) into (T.21]) leads to

which is the result stated in the lemma.
Thus, it remains to justify the claim (Z.20)). Using stationary phase arguments one
can show that, for any o > 0,

lp(2)| < Co(1 4 |z|)~¥* 7 forallz e RN >0
and
IRe(Fz020-(2))| < Cp(1+ |z|)7™%  forallz e RN, > 0.

(The crucial point here is the real part which leads to a cancellation. Without the
real part one can only obtain a similar bound with an additional factor of |z x|, which
is not good enough to prove differentiability.) These bounds imply by dominated
convergence that e? — [oy [¢-(2)|? dx is differentiable at any €* > 0 and that

0. ( / |soa|qu) =0 [ ol Re 0 o (7.25)
RN RN
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Recalling (7.7)), (7.15) and (7.16) we expand pointwise

1 iz’ -n—L|n|? ix

82

o1 , 1 1
i’ =22 (1+izn) | 112 _ |4 : 2
(2m)N/2 /Rde : {2|77| 8|77| (1 +Z93N)] dn + o(e”)
1 1 oW
frd e 2(1+izN)
2m)12 \1+izy
g2 d(2 - d) d)z'|? E4R 1\ __w
+ — + : - . . e 20+eN)
2m)12 [8(1+ixy)  4(1+ixn)?  8(1+4ixy)3 | \1+izy
+ o(e?) .
Here we used the Gaussian integral formulas (C.I1]), (.12]) and (TI3]). We obtain

1 1 a/2 w2 |?
. 6_ 2(1+izy)
(2m)V/2 \ 1+ ixy

d(2 —d) da'> 2!

d /4 qla’ 2
AR TS
(2m)a/2 \ 1+ 2%
d2—d)  da'P(L—a3) |o/[*(1—32%)
S+ 2%) | A(l+a%)? (1 + a3 )?

Finally, we integrate this identity over € R? and recall (T.25). We change variables
7' = (1+ 2%)Y?y, compute Gaussian integrals and use (TI4) to obtain

q __ 4 2 =2 — 2y
0.2 (/]RN | o] dx) le2—0 = )" //]RXRNl deydy (1+xy) e 29 x

d2-d) dyf(d—2%) |yl'(0 - 3a})
8 { g ' 1 N 8 }

q 27 vz 2 \—2
:7(2@‘1/2 (?) /Rde(le:cN) X

d2—d) d*(1—2%) d(d+2)(1-32%)
) { s " 19 8¢* }

_ 1 (" _md 1 &
C(2m)e2 \ ¢ 2(d+2) [2 16

This proves (T.20). O

+

|0 "7* Re (P20:2¢0:) |-2=0 =

xRe{

APPENDIX A. REFINEMENT OF A PERTURBED STRICHARTZ INEQUALITY

In this appendix we show that the method from [34] 22] can be used to prove the
refinement of the perturbed Strichartz inequality in Proposition 5.4l We actually
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prove it in the setting of elliptic-type phases as defined in [35], thus we do not restrict
ourselves to the case of the sphere with the function 7'. Instead, let ® a smooth real
function defined on a neighborhood of the origin in R?, satisfying Hess ®(0) = Id. We
consider the general phase £ — ®(&) instead of £ — T(|€)*) = 1 — /1 — [£]2. We also
recall that we denote the dimension by d > 1 and that

g=2+4/d.

As we mentioned before, the main ingredient is a deep bilinear restriction estimate
due to Tao. To state this result we introduce the notation

Q~Q
for two dyadic cubes @, Q" € D to mean that they have the same side length and are

not adjacent (i.e., their closures do not intersect), but their parents are adjacent. In
the sequel, we use the shortcut notation for any 1 € L2(R?) and any (t,z) € R x R?,

Wo(t,x) == (7" V) (w),
where we recall that % = ]lle.

Theorem A.1. Let % <p< ‘%2. There are € > 0 and C > 0 such that for all

¥ € LA(RY) with supp ) C {|¢| < e} and for all Q ~ Q' we have
iz
[ty <l Ivollzlvols (A1)

This theorem follows by a rather standard parabolic rescaling argument from Tao’s
sharp bilinear estimates on the paraboloid [33] and from earlier bilinear estimates due
to Tao—Vargas—Vega [35]. We present this derivation for the sake of completeness.

We also remark that the assumption p > %3 is sharp, but that for our purpose the

d+1
inequality with any p satisfying p < == would be sufficient.

Proof. Let Q = 5k+0,0)% and Q' = 6k’ +10,0)¢ with § € 22, k. k' € Z%, 0 < |k— K| =
O(1) and 0k = O(e), 0k' = O(e), § = O(e). The parabolic rescaling leads to
52U (182, 1/5) = (21) Y2 / eI )y () de,

R4

572G o0 ()62, x/8) = (27) 42 / d el ETHOE ROy o, (€) dE,
R
where

uQ(€) = 62 (3(k + €))L, 19a(6),
ug (&) = 0*((k + €))Ly _pyo1)a(€)-
As a consequence, we may write

q— d+2
WoWorlly =0 # [TugTue |y,

where
Ty(t.) = [ cnemeny(e) de,
Qo
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Qo is some big cube independent of ) and Q' containing both [0, 1)¢ and k' —k+[0, 1),
and
B5(€) = 672 [D(3(k +&)) — D(OK) — SVD(SE) - €] .

By a Taylor formula and the fact that 0k = O(¢), § = O(e), all the smooth norms of
®; ), are bounded uniformly in (4, k) on Q. Furthermore,

Hess &5, — Id = O(e),

also uniformly in (9, k) on Qy. We are thus in the setting the bilinear estimates of Tao
[33] (see the third remark at the end of the article), for elliptic-type compact surfaces
as defined in [35, Sec. 2]. We deduce that if € > 0 is small enough, there exists C' > 0
independent of (), " and ¢ such that

d—a+2
1Pl <CO v fluglra@a llue i@
Undoing all the change of variables that we performed, we find that
||UQ||L2(Rd)||UQ'||L2(Rd) = ||¢Q||L§||¢Q’||Lg,
which implies the desired estimate. O

The next ingredient in the proof of Proposition (.1l is the following improvement
over the triangle inequality.

Lemma A.2. For e > 0 small enough, there is a C > 0 such that for all 1 € L*(R?)

with supp ¥ C {|¢] < e},
-

> WUy

Q~Q’
with ¢* := min{q/2, (¢/2)'}.

Proof of LemmalA.2 We apply the result of Tao—Vargas—Vega [35], or more precisely
the version of [22, Lem. A.9 & Proof of Prop. 4.24]. The space-time Fourier transform
Fiqz of WoWq satisfies

supp Fro[VoWq] C{(n+n',2(n) + ('), n€Q, ' € Q'}.

We include this last set into a similar parallelepided as in Killip-Visan [Proof of Prop.
4.24], which is then enough to obtain orthogonality. Taylor expansions leads to the
formula

<C Y Iwovel, (4.2)
L2 Q~Q’ ’

n+n )
d(n) + @(1) = 20 ( 5 ) + a(n,n)n—n'%,

q><’7+’7’) :@(M) Ve (M) i+ —e(Q+ Q)

2 2 2
+b(n+7,c@Q+Q)NIn+1 —c(@Q+ Q)
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where ¢(Q + Q') denotes the center of the cube @ + @', for two functions a and b
satisfying

3/8 < aln.n') < 1/8. 3/16 < b(n+1,e(Q + Q) < 1/16,
assuming that € > 0 is small enough. We deduce that
supp Fi..[¥oVeo] C R(Q+ Q),

where

@ < w—20 (%C(Q//)) - Vo (%C(Q”)) . (77 _ C(Q//))

<
64 — (diam Q")? -

} |

DN | —

R(Q") = {(n,W), neq’,

Again by a Taylor formula, we have

Z|C(Q")—n|2 <@ (%C(Q")) —® (%n) ~Vo (%c(@”)) -%(c(@”)—n) < %|C(Q”)—?7|2-

We deduce that for any (n,w) € R(Q"), we have

869 3 1 1
(6—4 + 5) (diam Q")* < w — §<I> (577) < (diam Q")%.
This means that if two pairs of close cubes @ ~ @', Q ~ @' are such that R(Q + Q')
and R(Q + Q') intersect, they must have a similar diameter. The same holds for the
dilates (1 + a)R(Q + Q') for some small «, by the same argument. If the diameters
are in a finite number, the cubes are also in a finite number since their centers verify

(@) = Q)] < [e(Q") = n| +1¢(Q") — | < diam Q".
We are thus in the same situation as in Killip-Visan [Proof of Prop. 4.24], and Lemma
A2 follows. O

As a final ingredient in the proof of Proposition [5.1] we cite a bound of sums of local
norms over dyadic cubes in terms a global norm. For a simple proof we refer to [34]
Proof of Thm. A.1]; see also [4, Thm. 1.3] and [22] Proof of Prop. 4.24].

Lemma A.3. Letd > 1 and 1 < u <wv. Then there is a constant Cy ., such that for
all f € L*(RY),

1/v
(Z\Q|_”/“ Hf||Zl(Q)> < Capwll fllwea) -

QeD

After these preliminaries we are in position to give the

Proof of Proposition[5.4. We follow rather closely Tao’s arguments [34, Proof of Thm.
A.1]; see also Killip-Visan [22, proof of Prop. 4.24]. We observe that for any ¢, £’ € R?
there is a pair of cubes Q,Q" € D with Q ~ @ such that £ € Q and ¢ € Q.
Consequently, if we let

U(t,z) = (e_itq)(_iv)ib) (x),
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we find
V=) Ul
Q~Q’
Therefore Lemma [A.2] yields

1/q*
2 * *
IZs, = %0 = || D Yalo| <OV (Z ||w@f||;g/2>
’ Q~Q’ L2 Q~Q' “
1/q*
< CY sup [ WoUol|T0 [ D] 1WoWer|ar (A3)
Q~Q’ Lt,x O~0 t,x

HL?f in two

different ways. They both rely on the bilinear estimate from Theorem [A.1l Since

1Yollrz < 9]z,

the bilinear estimate (AZI) implies that for all £ < p < X and all Q ~ @/,

for every r < ¢*. We will later choose r > 1. We now estimate ||VoWUq

2p 2p

[¥Q¥arlee < (1R oWl ) * (11 [ wotql,, )
> —-1/2 1-% 1—1/2 1-% v
< (1021wl ) (1172 el ) Il
This bound implies
)

q

2 201~ ip
sup [ WU,z < O, (sup Q2 ||\11Q~||Ltw) Il (A4
Q~Q' t,z Q"eD »T x

On the other hand, one can also interpolate the bilinear estimate (A.I]) with the
trivial estimate

10QUqllry, < (2m) ™ol Vel

to obtain

2,7 >
WQUq | a2 < O QI 5 [Wallzg eIl

for some 1 < s < 2 (whose value is not important here). This implies that

T _2,7 - r 2, r
> Ie¥allye <€ Y [IQ1 el el <> (1012 1dall,

Q~Q/ Q~Q’ Q~Q/

=Y QI dal3,] (A.5)

In the last equality we used the fact that the number of Q' € D satisfying Q" ~ @
is finite and independent of @. Finally, according to Lemma [A.3] (with f = |@E|s,
pw=2/sand v =2r/s;note 1 < u < v since s < 2 and r > 1), the right side of ([A.5])
is bounded by a constant times ||| 7 = ||19||73. Combining this with (A.3) and (A.4)
completes the proof of Proposition |5€E O
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