N

N

Development of teachers’ mathematical and didactic
competencies by means of problem posing
Uldarico Malaspina, Albert Mallart, Vicen¢ Font

» To cite this version:

Uldarico Malaspina, Albert Mallart, Vicen¢ Font. Development of teachers’ mathematical and didactic
competencies by means of problem posing. CERME 9 - Ninth Congress of the European Society for
Research in Mathematics Education, Charles University in Prague, Faculty of Education; ERME, Feb
2015, Prague, Czech Republic. pp.2861-2866. hal-01289630

HAL Id: hal-01289630
https://hal.science/hal-01289630
Submitted on 17 Mar 2016

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01289630
https://hal.archives-ouvertes.fr

Development of teachers’ mathematical
and didactic competencies by

means of problem posing

Uldarico Malaspina’, Albert Mallart? and Viceng Font?

1 Pontificia Universidad Catdlica del Peru in Lima, Faculty of Science, Lima Per(, umalasp@pucp.pe
2 Universitat de Barcelona in Barcelona, Faculty of Education, Barcelona, Spain

This paper presents a didactic experience with problem
posing carried out with in-service secondary teachers.
We propose a strategy specifically designed to modify a
given problem and enrichits mathematical and didactic
potential. The starting pointis ateacher’s class episode,
which includes a previously designed problem as well
asthereactions of the teacher’s students when solvingit.
We ask the participating teachers to pose ‘pre-problems’
and ‘post-problems’, working individually at first and
thenin groups. The experience shows that problem pos-
ing contributes to the development of teachers’ didactic
and mathematical competencies.

Keywords: Problem posing, problem solving, teacher

competencies, teacher training.

INTRODUCTION

In 1989 the National Council of Teachers of
Mathematics (NCTM) recommended providing op-
portunities for students to think mathematically and
develop knowledge by creating problems: “Students
in grade 9-12 should also have some experience rec-
ognizing and formulating their own problems, an
activity that is at the heart of doing mathematics” (p.
138). In addition to this, the NCTM recommended
offering opportunities to formulate problems from
a given situation as well as opportunities to create
new problems by modifying the conditions of a given
problem (NCTM, 1991, p. 95). In this sense, teachers
must obviously develop their problem posing skills
in order to work in this way with their students; they
should not be limited to using the problems found in
books or online (Ellerton, 2013; Singer & Voica, 2013;
Malaspina, 2013b; Bonotto, 2013). The cited authors
also emphasize the importance of the relationship
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between problem solving and problem posing. In
Bonotto’s words (2013): “There is a certain degree of
agreement in recommending problem-posing and
problem-solving activities to promote creative think-
ing in the students and assess it.” (p. 40).

Some research on problem posing and its relation to

the problem solving process has led to new research

on the benefits of incorporating problem posing in

teacher training programs (Ellerton, 2013; Ticha &

Hospesova, 2013; Malaspina, Gaita, Flores, & Font,
2012; Malaspina, 2013b). We agree with Ellerton (2013)

when she says: “For too long, successful problem solv-
ing has been lauded as the goal; the time has come for

problem posing to be given a prominent but natural

place in mathematics curricula and classrooms” (pp.
100-101) and our research shares this idea. We have

designed activities with the purpose of motivating
pre-service teachers and current teachers to create

math problems and reflect on their didactic aspects.
The problems were posed starting from a given prob-
lem or from a given situation. In this paper, we de-
scribe some cases of the first type.

FRAMEWORK

Mathematics teacher's competencies
Attheinternational level we have observed atendency
for convergence among university curricula design.
Some countries have opted for a curriculum model
organized by professional competencies that differ-
entiates general (or transversal) competencies from
specific ones.

Many of the tasks proposed in order to develop and

evaluate students’ mathematical competencies are
problem-based. A teacher must not only be good at
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solving problems, but also needs to know how to
choose, modify and create them with a didactic pur-
pose. A teacher also needs to be able to critically eval-
uate the quality of the mathematical activity required
to solve the problem proposed and, if necessary, to
be able to modify the problem in order to facilitate a
richer mathematical activity.

Teachers should already have mathematical com-
petence to solve problems, but if they want to select,
modify or create them with a didactic purpose, they
need to be competent in didactic analysis of the math-
ematic activity (Rubio, 2012). The first competence
is common in many of the professions developed by
mathematicians. The second one is, however, more
specific to the mathematics teacher.

According to Giménez, Font and Vanegas (2013) and
Rubio (2013), we understand the competence of didac-
ticanalysis as the ability to design, apply and evaluate
learning sequences by means of didactic analysis tech-
niques and quality criteria. In teacher training, this
competence has to be developed by proposing tasks
to the future and current teachers that require them
to carry out didactic analysis. One of these tasks con-
sists of creating problems and thinking about them
didactically.

Problem posing

Stoyanova and Ellerton (1996) summarize the mean-
ing of creating mathematical problems from different
points of view:

Problem posing has been viewed as the genera-
tion of anew problem or reformulation of a given
problem (Duncer, 1945); as the formulation of a
sequence of mathematical problems from a given
situation (Shukkwan, 1993); or as a resultant ac-
tivity when a problem is inviting the generation
of other problems (Mamona Downs, 1993). Dillon
(1982) conceptualized ,,problem finding as a pro-
cessresulting in a problem to solve.” Silver (1993,
1995) referred to problem posing as involving the
creation of a new problem from a situation or
experience, or the reformulation of given prob-
lems. (p. 518)

As Silver, we consider that posing mathematical prob-
lems is a process through which one produces a new
problem from a given one (problem’s variation) or a

new problem from a situation (problem’s elaboration),
whether it is real or imagined.

In order to develop this perspective of problem posing,
it is necessary to identify the four key elements of
a problem: Information, Requirement, Context and

Mathematical Environment (Malaspina, 2013c). The

Information consists of the quantitative or relational

data that are given in the problem. The Requirement

is what is asked to be found, examined or concluded;

it can be quantitative or qualitative, and it can include

graphics and demonstrations. With respect to Context,
a “contextualized problem” usually relates to any real

situation, to everyday life; but we consider that the

Context can also be strictly formal or mathematical.
In this sense, we affirm that the Context can be intra

mathematical or extra mathematical. In the first case,
as its name implies, the problem is more linked to an

abstract situation and, in the second case, the prob-
lem is more linked to a real situation. Finally, the

Mathematical Environment refers to the mathemat-
ical concepts needed to solve the problem.

Therefore, we understand the problem’s variation as
aprocess that builds anew problem by modifying one
or more of the four key problem elements.

OBJECTIVES AND METHODOLOGY
We have two objectives:

— Toshow that an appropriate strategy helps stim-
ulate the ability to create mathematical problems
by modifying a given problem and considering
its mathematical and didactic aspects.

— To show that problem posing is a means of con-
tributing to the development of teachers’ didactic
and mathematical competences.

Regarding the methodology, since the research relates
to creativity, we have chosen a qualitative methodol-
ogy that includes a strategy, observations and case
studies.

The first step was choosing a topic and designing some
easy and motivating problems as starting points to
pose new problems.

At the beginning, the problem posing experiences

were performed with pre-service primary school
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teachers as part of the mathematics course in the
Faculty of Education of the Pontificia Universidad
Catodlica del Pert. These did not have a context of a
specially designed strategy. The positive experiences
ofboth the individual and group works were the basis
for designing problem posing workshops, which are
summarized below.

A PROBLEM POSING STRATEGY

We give a short presentation on problem posing,
including some examples of problems created in
previous workshops, in which we emphasize the im-
portance of creating problems that favour learning
and mathematical thinking. We present a previous-
ly elaborated problem to the workshop participants
considering the context of a concrete class episode of
Teacher P. In this episode, some of the students’ reac-
tions when solving the problem are described briefly.
We ask participants to: i) solve the given problem; ii)
pose problems by modifying the given problem to
make the solution easier and to help clarify students’
reactions (these problems are called ‘pre-problems’);
iii) pose problems by modifying the given problem so
astochallenge Teacher P’s students beyond correctly
solving the given problem (these problems are called
post-problems’). The problem posing must be carried
out individually at first and then in groups with the
help of the instructor of the workshop. Moreover, the
problems created by a group are also solved by oth-
er groups. There is also a socialization phase with
all the participants. In this phase, the participants
share the rationale behind the individually or collab-
oratively created problems. In addition, the problem
solved by a group (which is not the author group of
the problem) is exposed and commented critically.
The purpose of this is that the discussion with the
authors of the problem as well as the participants’ and
instructor’s comments help to enhance the capacity
of posing problems with mathematical and didactic
potentialities.

‘

This is the strategy we have followed in several work-
shops, especially with current secondary teachers. It
should be mentioned that the experiences we show
and examine in this article are about percentages.

CASES OBSERVED

After explaining and exemplifying some ways for
varying a given problem, we applied the described

strategy in a workshop with 15 current secondary
school teachers. We proposed the following class ep-
isode and we asked the teachers to do the tasks (i)-(iii)
related to the episode problem. Both, the interaction of
the teachers with the instructor and the socialization
phase, were very important for obtaining informa-
tion about the rationale behind the created problems.

The episode
In a class of mathematics, teacher Sanchez asks his
students to solve the following problem:

The first week of July, a store called ALFA sold all prod-
ucts at full price; the second week, the store discount-
ed allitems 20%; and the third week, the store applied
an additional discount of 15% that was announced as
the “GREAT DISCOUNT OF 20%+15% ON ALL THE
PRODUCTS".

You have to decide whether or not during the third
week of July ALFA sold its products at prices 35% less
than during the first week of July.

After a few minutes:
—  Most of the pupils say “Yes, they did.”

— Juanand Carlasay “No, because in the third week
the discount was less than 35%.”

— Maria says that in the third week the discount
was 68%.

Some pre-problems posed by

teachers in the workshop

Pre-problem 1 (Individual work)

Rosa bought a $100 blouse that was discounted 20%
because of end of season sale and with an additional
discount of 10% for having the store credit card. What
was the total percentage discount that Rosa received?

The author’s idea when she posed the problem was to
setaprice with percentages that are easy to calculate
in order to help students focus their attention on the
total discount.

Pre-problem 2 (Individual work)

In a clearance sale, a shop applies a 50% discount on
all its textiles during a week, and the following week it
applies an additional discount of 50%. What is the total
percentage discount applied during the second week?
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The author of this problem was interested in showing
the students that the total discount is not a simple sum
of percentages. In order to achieve this objective, the
author had chosen discounts of 50% because a total
discount of 100% is not intuitive.

Pre-problem 3 (Group work)
(The author of Pre-problem 1 joined this group)

Rosa bought a $100 blouse that was discounted 20%
because of end of season sale and with an additional
discount of 10% for having the store credit card.

a) How much did Rosa pay for the blouse?

b) What percentage of the blouse s original price
did Rosa pay for the blouse?

c) Whatisthe blouse’s total percentage discount?

The author group thought this problem would help
students distinguish between the amount paid and the
discount. This seemed to be the confusion of student
Maria in the episode. Apparently she had done the
calculations well, but she did not distinguish between
the amount paid (68% of the initial price) and the total
discount (100%-68% = 32%). Some of the participants
commented that considering $100 as the initial price
should be used as a counterexample for illustrating
the wrong answers, and they said to be careful be-
cause it could reinforce a simplified and not deeply
reasoned way of generalizing a particular case.

Some post-problems posed by

teachers in the workshop

At the beginning of creating post-problems, the par-
ticipating teachers created problems that were very
similar to the given problem, some with other prices

and, in other cases, considering three successive dis-
counts; essentially, they were the same problems as

the original, but with quantitative modifications in

the information. However, little by little they carried

out more creative modifications when they formulat-
ed post-problems:

Post-problem 1 (Group work)

Pedro and Juan each bought a shirt. Pedrobought a shirt
with a discount of 20% plus an additional discount of
20%. Juan bought one with a discount of 30% plus an
additional discount of 10%. Who received a greater dis-
count?

The author group thought this problem would rein-
force the fact that the total discount is not a simple
sum. When it was solved by other group and social-
ized, the participating teachers appreciated that there
were no specific initial prices for the shirts.

One of the teachers said that he created a similar
post-problem considering percentage wage incre-
ments: for worker A, 5% in 2011 and 4% in 2012; and
for worker B, 6% in 2011 and 3% in 2012. The problem
was to determine which of the workers received a
better percentage increment in the two years; or did
they receive the same percentage increment? In his
group, this problem was considered easier than the
episode problem and, for that reason, it was not used
as a group post-problem.

Post-problem 2 (Group work)

Thereis a storewhere you can pay 30 days later, but there
is a 10% surcharge. And if you want to pay after 31 days
but before 35 days, there is an additional 5% surcharge.
If Julio bought something on August 20th and paid on
September 23rd, what total percentage surcharge did
he pay?

The author group thought it was interesting to pose
situations about cumulative percentage, considering
surcharges and not onlydiscounts. As in Post-problem
1,initial amounts are not specified in this problem and
its solution requires a better understanding of the
percentage concept. In the socialization it was com-
mented that this problem was easier than the problem
of the percentage wage increments.

Post-problem 3 (Group work)

Celia bought a dress for S 125.46. If the dress was 15%
off with an additional discount of 18%, what was the
original price of the dress?

The author group said its intention was to motivate
students touse algebra to solve percentage problems.
Indeed, the group that solved the problem used the
equation:

(0,82)(0,85)x =125.46

One of the comments during the discussion was that
all problems maintained an extra mathematical con-
text. However, we also need to create problems with
an intra- mathematical context. Generalization allows
us towork in this context. The following problem was
created with this idea.
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Post-problem 4 (Group work)

If the shop called BETA has an end of season discount of
p%, plus an additional discount of q%, what is the total
percentage discount in relation to the original price?

The problem allowed us to illustrate the total discount
using a composition of linear functions that express
the sale price of a product whose original price is x
and has a discount of r%. That means, functions of the
form f(x) = (1 - 350)-

COMMENTS

The studied cases show that the proposed strategy
contributes to the development of the competency
of problem posing and to thinking about problems
didactically (e.g., Pre-problem 2, the comments about
Pre-problem 3 and Post-problem 1).

In most cases, the primary modification of the initial
problemis about its information and its requirement.
Post-problem 4 did not arise spontaneously. However,
the alterations are not only quantitative (e.g., different
percentages), but also qualitative (e.g., the problem
deals not only with discounts, but also with increases),
relational (e.g., the information is given in a way that
it makes it easier to reflect on possible wrong answers,
as in Pre-problem 2) and, in some cases, a piece of in-
formationis added or arequirement is extended (e.g.,
Pre-problem 3)

The percentage theme favours the creation of prob-
lems in an extra mathematical context and we high-
light the great diversity of imagined situations in
problem posing workshops. The problems exposed
in this paper are only a part of those imagined by the
participants in this workshop and there are many
others created in other workshops. The processes
of reflecting on these diverse new problems - indi-
vidually, in a small group and with all the workshop
participants - contribute to the teachers’ advancesin
knowledge of the mathematical object, in the obser-
vation of their reality and in elaborating tasks to go
deeper into the subject to solve the problem created.
We underscore the importance of working individual-
ly at first and the richness of working in groups later.
All work is strongly enriched with socialization, in
which arguments, opinions and comments that reflect
involvement in creating problems arise.

Problem posing has to be designed to promote stu-
dents’ learning or to develop their mathematical
thinking. We have studied (Malaspina & Vallejo, 2014)
that problem-posing workshops related to one con-
crete theme allow participants to go deeper into the
subject matter and to make mathematical connections.
In the present research, Post-problem 4 shows the
connection between percentages and linear functions,
which was unknown for most of the participating
teachers.

Examining the quality of the created problems is not
the intention of this article, but we can appreciate that
problems created by groups have a higher mathemati-
cal and didactic potential - above all if they have been
created from episodes in classes. Certainly, the better
the teachers’ mathematics background and teaching
experience, the higher the quality of the problems
they create.

FINAL CONSIDERATIONS

We have developed problem posing activities with pre
service teachers and current ones. We have consid-
ered individual work and group work in dealing with
a given problem during an episode, which happens
under certain characteristics. The analysis of these
activities - in particular the cases considered in this
paper, with current secondary teachers - show that
they contribute to the development of didactic and
mathematical competencies. Problem posing provides
opportunities in which the two competencies have the
possibility tointeract ina creative way. The results are
didactically valuable suggestions for their students
as well as advances in teacher training.

It is important to break the “enculturation process

of accepting problems that others create as those

which need to be solved” (Ellerton, 2013, p. 87). We

will contribute to this breaking by giving pre-service

and in-service teachers good opportunities and ori-
entations for creating problems. When teachers have

experiences with didactic analysis and mathematical

connections through processes of creating new prob-
lems, they improve their mathematical and didactic

competencies, and they could induce their pupils to

create their own problems.

This articleis part of awider area of research in which

problem posing is also considered from a given situa-
tion. The corresponding activities have been consid-
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ered in a next phase. We have interesting didactic ex-
periences, some of which are explained in Malaspina
and colleagues (2012) and Malaspina (2013a).

The problem posing strategy exposed and comment-
ed in this paper could be a good methodological tool
for teacher training. Certainly, from a research point
of view, it would be interesting to test it in relation
to different mathematics topics at various teaching
levels and in different countries.

As apart of the challenges posed by this research on
creating math problems in mathematics education
contexts, we invite readers to consider the following
questions:

How do we measure the influence of the problem pos-
ing competency development for teachers on their
performance in class with students?

How do we verify or reject the conjecture that assum-
ing the challenge of creating math problems on a given
topic activates new learning processes that favour
intra mathematical connections with other fields of
knowledge and reality?
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