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GRADED BRAUER GROUPS OF A GROUPOID WITH INVOLUTION

EL-KAÏOUM M. MOUTUOU

ABSTRACT. We define a group̂BrR(G) containing, in a sense, the graded complex and orthog-
onal Brauer groups of a locally compact groupoidG equipped with an involution. When the

involution is trivial, we show that the new group naturally provides a generalisation of Donovan-

Karoubi’s graded orthogonal Brauer groupGBrO. More generally, it is shown to be a direct
summand of the well-known graded complex Brauer goup. In addition, we prove that̂BrR(G)

identifies with a direct sum of a Real cohomology group and theabelian group̂ExtR(G, S1) of

Real gradedS1-central extensions. A cohomological picture is then given.

INTRODUCTION

The idea of working withZ2-graded realC∗-algebras [18] as if they were complex ones first
emerged in Kasparov’s founding paper [16] of bivariantK-theory. The trick merely consists of
”complexifying” a given graded realC∗-algebra; that is, considering the complexC∗-algebra
AC := A⊗R C together with the inducedZ2-grading. The latter admits the obvious conjugate-
linear involutiona ⊗R λ 7−→ a ⊗R λ̄. Conversely, anyZ2-graded complexC∗-algebraB ad-
mitting a conjugate linear involutionσ is necessarily the complexification of a graded realC∗-
algebraBR, which identifies with the fixed points ofσ. It follows that ”complexification” defines
an equivalence from the category ofZ2-graded realC∗-algebras to the category ofZ2-graded
complexC∗-algebras endowed with conjugate-linear involutions (also calledReal involutions
or Real structures in the literature [16]). The inverse functor is ”realification”; that is, taking
the fixed point set of the involution. In fact, working with the complexified algebra instead of
the original real one is useful especially when it comes to discuss functional calculus. However,
that equivalence of categories no longer holds when theC∗-algebras are acted upon by topolog-
ical groupoids endowed with Real structures [20]. By an action of a Real groupoid(G, τ) on a
Z2-gradedC∗-algebraA equipped with a Real involutionσ we mean an actionα = (αg)g∈G of
G by ∗-automorphisms onA [17] such that for allg ∈ G,a ∈ As(g),ατ(g)(σ(a)) = σ(αg(a)),
andαg : As(g) −→ Ar(g) is an isomorphism ofZ2-gradedC∗-algebras. The reason of such a
failure is that an action ofG onAR does not extends to an action of(G, τ) onA satisfying the
condition mentioned above, unless the involutionτ : G −→ G is trivial.

In the present paper, we are dealing with stable continuous-traceZ2-gradedC∗-algebras
A [22, 26] endowed with Real involution and acted upon by a Real groupoid (G, τ). Forget-
ting the involutions, it is known that [17, 29] giving suchC∗-algebras is equivalent to giv-
ing Z2-graded Dixmier-Douady bundlesA overG; that is, aZ2-graded elementaryC∗-bundle
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A −→ G(0) satisfying Fell’s condition, together with a family ofZ2-graded∗-isomorphisms
αg : As(g) −→ Ar(g) such thatαgh = αgαh whenever the product makes sense andα−1

g =

αg−1. The graded Brauer groupB̂r(G) [29] of G is defined from Morita equivalence classes
of such bundles, or equivalently from stable continuous-traceZ2-gradedC∗-algebras equipped
with aG–action. IfG is a transformation groupoidX⋊ G, whereG is a locally compact group
acting onX, thenB̂r(G) = B̂rG(X) is nothing but the equivariant analogue of Parker’s [22], and
the graded analogue of Crocker-Kumjian-Raeburn-Williams[6]. It is shown in [29] that if G is
locally compact second-countable and Hausdorff, then

B̂r(G) ∼= Ȟ0(G•,Z2)× Ȟ
1(G•,Z2)× Ȟ

2(G•, S
1).

Note thatB̂r generalises Donovan-Karoubi’sGBrU [8] and Parker’sGBr∞. Roughly speak-
ing, a graded Dixmier-Douady bundleA ∈ B̂r(G) is of parity 0 (resp. of parity1) if it has
typical fiberK(Ĥ) (resp. K(H) ⊕ K(H)), whereĤ (resp. H) is a graded complex sep-
arable Hilbert space (resp. is a complex separable Hilbert space) [10, 29]. Noticing that
K(H) ⊕ K(H) ∼= K(H)⊗̂Cl1, the isomorphism above implies that if the base space ofG is
connected, then̂Br(G) is aZ2-graded group.

Instead of simply generalising Donovan-Karoubi’s graded orthogonal Brauer groupGBrO to
groupoids, we are going further. More precisely, we introduce a new group̂BrR, which enables
us to study graded complex and real Dixmier-Douady bundles simultaneously. We start with a
locally compact Hausdorff second-countable Real groupoid(G, τ) with a Haar system [20, §2],
and defineB̂rR(G) as the set of Morita equivalence classes ofReal graded Dixmier-Douady
bundlesover (G, τ); i.e., graded Dixmier-Douady bundlesA that come equipped with Real
structures satisfying some relevant relations. We shall note that we introduced in [19] a group
B̂rR∗(G) which actually is but the subgroup of̂BrR(G) consisting of Real graded Dixmier-
Douady bundles (that we calledB-fields in loc. cit.) that locally look like a graded elementary
complexC∗-algebraK̂ endowed with a Real involution. We have shown that such bundles
are, up to Morita equivalence, of eight types. Thus, for a Real groupoid(G, τ) with connected
base space,̂BrR∗(G) is aZ8-graded group. Roughly speaking,̂BrR∗(G) is the subgroup of el-
ements of constant types in̂BrR(G). In the present paper, we explore both geometric (in terms
of groupoid extensions) and cohomological interpretations of B̂rR(G). We show that when the
Real structure ofG is trivial, B̂rR(G) is a generalisation of Donovan-Karoubi’s graded orthog-
onal Brauer group. For fixed point free involutions, we show that B̂rR is a direct summand of
B̂r. Our interest in the cohomological classification of Realgraded Dixmier-Douady bundles is
motivated by the study of twistedKR-theory we present in [21].

General plan. In Appendix A, we classify all Real structures on graded elementary complex
C∗-algebras. In Section 1, we give general notions of Real graded Banach bundles on a Real
space. In Section 2, we define Real graded Dixmier-Douady bundles over a locally compact



GRADED BRAUER GROUPS OF A GROUPOID WITH INVOLUTION 3

second-countable Hausdorff Real groupoid. Then we define the groupB̂rR(G) for locally com-
pact second-countable Hausdorff Real groupoidG and present few properties. In Section 3,
we investigate connections between̂BrR and the already known Brauer groups of topological
groupoids and spaces, mainly with complex and real Brauer groups. In Section 4, we introduce
a groupInvK̂ that is crucial in the cohomological picture of̂BrR(G). In Section 5, we define
the notion of generalised classifying morphisms for Real graded Dixmier-Douady bundles, and
then exhibit their construction in Section 6. In Section 7, we prove the first intermediate iso-
morphism theorem establishing an isomorphism between the subgroupB̂rR0(G) generated by
elements of ”type 0” and the group of isomorphism classes of ”stable” generalised classifying
morphisms. Section 8 is devoted to the case of a locally compact Real group;i.e., when the
unit space of the groupoid is the one point set. In Section 9, we prove the main isomorphism
theorems of the paper. Finally, in Section 10, we discuss thecase of ”ungraded” Real Dixmier-
Douady bundles, from which we obtain the Real analogue of [17].

Preliminaries and conventions. Recall [1] that a Real space is a pair(X, τ) consisting of
a (topological) spaceX and a homeomorphismτ : X −→ X, called (Real) involutionsuch
that τ2 = 1. A Real mapf : (X, τ) −→ (Y,σ) between Real spaces consists of a mapf :

X −→ Y such thatσ(f(x)) = f(τ(x)) for all x ∈ X. More generally, aReal groupoidis
a groupoid G

//
// X endowed with a groupoid isomorphismτ : G −→ G such thatτ2 =

1. Real morphismsbetween Real groupoids are defined in the obvious way. The category
of all Real groupoids and Real morphisms is denotedRGs. There is also the notion of Real
generalised morphisms between Real groupoids defined in [20], which is an equivariant version
of the ordinary notion of generalised morphism ( [12, 30]. The category whose objects are
Real groupoids and whose morphisms are Real generalised morphisms is denoted byRG. We
refer to [20] for details about all the materials used in this paper: Realgroupoids and their
cohomology theory, Real generalised morphisms and Real graded central extensions.

Given a Real space(X, τ) (resp. a Real groupoid(G, τ)), we will often omit the involution and
simply writeX (resp.G). The image of an element by the involution will often be represented
by a ”bar” over it;i.e., for g ∈ G, we writeḡ := τ(g). By a Real point of a Real groupoid we
will mean a one that is invariant under the involution. TheReal partof G is the subset of all its
Real points.

Finally, throughout the paper, by a Real groupoid we will mean a locally compact second-
countable Hausdorff Real groupoid with Real Haar system (see loc.cit.), unless otherwise stated.

1. REAL FIELDS OF GRADEDBANACH BUNDLES

In this section we give the basics of Real fields of graded Banach spaces, Banach algebras,
Hilbert spaces, and ofC∗–algebras over Real spaces. We shall first recall from Appendix A that
a Real gradedC∗-algebra(abbreviated asRgC∗–algebra) is aZ2-graded complexC∗-algebra
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A = A0 ⊕A1 endowed with a conjugate-linear∗-automorphismσ : A −→ A such thatσ2 = 1

andσ(Ai) = Ai, i = 0, 1. Rg Banach spaces, Banach algebras or Hilbert spaces are defined
similarly. The involutionσ is called aReal structure, and will often be omitted and represented,
as in the case of groupoids, by a ”bar”; that is, fora ∈ A we will write ā := σ(a).

Definition 1.1 (Compare [9]). Let (X, τ) be a locally compact Hausdorff Real space. Acon-
tinuous (resp. u.s.c., for upper semi-continuous) Real field of graded Banach spacesA over
(X, τ) consists of a family(Ax)x∈X of graded Banach spaces together with a topology on
Ã =

∐
x∈XAx and an involutionσ : Ã −→ Ã such that :

(i) the topology onAx induced from that oñA is the norm-topology;
(ii) the projectionp : Ã −→ X is Real, continuous, and open;

(iii) the mapa 7−→ ‖a‖ is continuous (resp. u.s.c) from̃A toR+, and‖σ(a)‖ = ‖a‖, ∀a ∈

A.
(iv) the map(a,b) 7−→ a+ b is continuous fromÃ×X Ã to Ã;
(v) the scalar multiplication(λ,a) 7−→ λa is continuous fromC× Ã to Ã;
(vi) the induced bijectionσx : Ax −→ Aτ(x) is an anti-linear isomorphism of graded Ba-

nach spaces for everyx ∈ X, i.e. the diagram

C×Ax
//

��

Ax

��

C×Aτ(x)
// Aτ(x)

(1)

commutes, where the horizontal arrows are the action ofC on the fibres and the vertical
ones are the Real involutions (C being endowed with the complex conjugation), and
σ ◦ ǫx = ǫτ(x) ◦ σx.

(vii) if {ai} is a net inÃ such that‖ai‖ → 0 andp(ai) → x ∈ X, thenai → 0x, where0x is
the zero element inAx.

We also say that(A,σ) is aReal graded Banach bundle (resp. u.s.c. bundle) over(X, τ).

Definition 1.2. A Rg Hilbert bundle (resp. u.s.c. bundle)over(X, τ) is a Real graded Banach
bundle (resp. u.s.c. bundle)(A,σ) over(X, τ) each fibreAx o which is a graded Hilbert space
such that the fibre-wise scalar product satisfies

〈σx(ξ),σx(η)〉 = 〈ξ, η〉

for all ξ, η ∈ Ax.

Definition 1.3. A RgC∗-bundle(resp. u.s.c.C∗-bundle) over(X, τ) is a Rg Banach bundle
(resp. u.s.c. bundle)(A,σ) such that each fibre is a gradedC∗-algebra and the following
properties hold

(a) the map(a,b) 7−→ ab is continuous fromÃ×X Ã to Ã;
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(b) σ(ab) = σ(a)σ(b) for all (a,b) ∈ Ã×X Ã;
(c) for x ∈ X, σx(a∗) = σx(a)

∗ for all a ∈ Ax.

Homomorphism of Rg u.s.c. Banach bundles and of u.s.c.C∗-bundles are defined in an
obvious way.

Example 1.4(Trivial bundles). If (A,−) is any Rg Banach algebra (resp.C∗-algebra), then the
first projectionpr1 : (X×A, τ× −) −→ (X, τ) defines a Rg Banach bundle (resp.C∗-bundle)
with fibreA. A Real graded Banach bundle (resp.C∗-bundle) of this form is calledtrivial .
Definition 1.5. A u.s.c. field of graded Banach spacesÃ −→ X (without Real structure) is
said to belocally trivial if for everyx ∈ X, there exists a neighborhoodU ∋ x such thatÃ|U is
isomorphic (under a graded isomorphism) to a trivial fieldU×A, whereA is a graded Banach
space.

Similarly, we talk about locally trivial field of graded Hilbert spaces, graded Banach algebras,
and gradedC∗-algebras.

Unless otherwise stated, all of the graded Banach bundles and C∗-bundles we are dealing
with are assumed to be locally trivial.

We shall however point out that the above notion of local triviality is not sufficient when Real
structures are involved. Specifically, suppose(X, τ) is a Real space and(A,σ) −→ (X, τ) is a
u.s.c. Real field of graded Banach spaces which is locally trivial in the sense of Definition1.5.
Then it is not true that there exists a Rg Banach spaceA such that the Real spaceA locally
behaves likeA in the sense that there would exist for allx ∈ X an open invariant neighborhood
(also calledReal neighborhood) U of x (i.e. τ(U) = U) and a Real homeomorphismh :

p−1(U) −→ U × A; or equivalently, that there would exist a Real open cover{Ui}i∈I of X
(i.e. I has an involutioni 7−→ ī such thatτ(Ui) = Uī, ∀i ∈ I; see [20]) and a trivialisation
hi : p

−1(Ui) −→ Ui ×A such that the following diagram commutes

p−1(Ui)
hi

//

τ|Ui

��

Ui ×A

τ×bar

��

p−1(Uī)
hī

// Uī ×A

(2)

We then give the following

Definition 1.6. A Rg Banach bundle (resp.C∗-bundle, Hilbert bundle, etc.)A −→ X is
LTCR (locally trivial in the category of Real spaces) if there exists a Rg Banach space (resp.
C∗-algebra, Hilbert space, etc.)A and a Real local trivialisation(Ui,hi)i∈I such that the dia-
gram (2) commutes.

Here is an example of a not LTCR Real gradedC∗-bundle.
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Example 1.7. Let A be a simple separable stably finite unitalC∗-algebra that is not the com-
plexification of any realC∗-algebra [23, Corollary 4.1]. Define a continuous Real field of
(trivially) gradedC∗-algebrasÃ over the Real spaceS0,1 = {+1,−1} by setting

A−1 := A, and A+1 := A,

whereA is the complex conjugate ofA, together with the Real structureσ : Ã −→ Ã given by
the conjugate linear∗-isomorphism♭ : A −→ A (the identity map). ThenA is not LTCR since
A ≇ A.

Definition 1.8 (Pull-backs). If (A,σ) is a RgC∗-bundle over(X, τ) andϕ : (Y, ρ) −→

(X, τ) is a continuous Real map, then thepull-back of(A,σ) alongϕ is the RgC∗-bundle
(ϕ∗A,ϕ∗σ) −→ (Y, ρ), whereϕ∗A := Y×ϕ,Y,pA, andϕ∗σ(y,a) := (ρ(x),σ(a)), ∀(y,a) ∈

ϕ∗A. Each fibre(ϕ∗A)y can be identified withAϕ(y) and then inherits the grading of the latter.

It can easily be checked that if(A,σ) −→ (X, τ) is LTCR, then so is the pull-back(ϕ∗A,ϕ∗σ)

over(Y, ρ).
From now on, all our Rg bundles are supposed to be LTCR, unlessotherwise stated.

Remark 1.9. For any Rg Banach (resp.C∗-) bundle(A,σ) −→ (X, τ), C0(X,A) is a Rg Ba-
nach (resp.C∗-) algebra with respect to the obvious pointwise operationsand norm‖s‖ :=

supx∈X ‖s(x)‖; the grading and the Real structure are given byǫ(s)(x) := ǫx(s(x)) and
σ(s)(x) := στ(x)(s(τ(x))). It is straightforward thatσx ◦ στ(x) = IdAτ(x)

, στ(x) ◦ σx = IdAx
.

In particular, for a Real pointx ∈ X, Ax is a Rg Banach (resp.C∗-) algebra.

Note that ifp : (A,σ) −→ (X, τ) is a RgC∗-bundle, thenC0(X) acts by multiplication on
C0(X,A). Moreover, this action is Real and graded in the sense that itis compatible with the
Real structure and the grading. Indeed, forf ∈ C0(X) ands ∈ C0(X,A), we setσ(f · s)(x) :=
f(τ(x))σ(s(τ(x))) = τ(f)(x) · σ(s)(x). Thus,(A,σ), whereA = C0(X,A), is a RgC0(X)-
module [16].

If (A,σ) is a Rg Banach bundle over(X, τ), then a continuous functions : X −→ A such
thatp ◦ s = IdX is called asectionof A. Observe that ifs is a section ofA, then for anyx ∈ X,
s(τ(x)) andσ(s(x)) are in the same fibreAτ(x). We say thats is Real ifs(τ(x)) = σ(s(x)).
The set of all sectionss for whichx 7−→ ‖s(x)‖ is in C0(X) is denoted byC0(X,A).

Definition 1.10. A Rg Banach bundlep : A −→ X hasenough sectionsif given anyx ∈ X and
anya ∈ Ax, there is a continuous sections ∈ C0(X,A) such thats(x) = a.

The following result ensures that all Rg Banach bundles considered in the paper have enough
sections (see [9, Appendix C] for a detailed proof).
Theorem 1.11(Douady–dal Soglio-Hérault). Any Banach bundle over a paracompact or lo-
cally compact space has enough sections.
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Corollary 1.12. Suppose(X, τ) is a locally compact Hausdorff Real space. Then, ifp :

(A,σ) −→ (X, τ) is a Rg Banach bundle, Real sections always exist.

Proof. Let x ∈ X,a ∈ Ax; then by Theorem1.11there existss ∈ C0(X,A) such thats(x) = a.
Since for everyx ∈ X, s(x) andστ(x)(s(τ(x))) belong to the Banach algebraAx, the map
s̃ := 1

2
(s+ σ(s)) is a well-defined section inC0(X,A) which verifiesσ(s̃) = s̃. �

Definition 1.13 (Elementary RgC∗-bundle). A Rg C∗-bundle(A,σ) −→ (X, τ) is calledele-
mentaryif each fibreAx is isomorphic to a graded elementaryC∗-algebra.

Definition 1.14. We say that a Rg elementaryC∗-bundlep : (A,σ) −→ (X, τ) satisfiesFell’s
conditionif (and only if) C0(X,A) is continuous-trace.

If (A,σ) −→ (X, τ) is a Rg elementaryC∗-bundle, the spectrum ofA is naturally identified
with the Real space(X, τ) (see [18,25,26]).

In the sequel, we will writeA for C0(X,A) and ifϕ : (Y, ρ) −→ (X, τ) is a continuous Real
map, we will writeϕ∗A for C0(Y,ϕ

∗A).
Definition 1.15. Suppose thatpA : (A,σA) −→ (X, τ) andpB : (A,σB) −→ (X, τ) are Rg
C∗-bundles. Then a Rg Banach bundleq : (E,σA) −→ (X, τ) is called aRgA–B-imprimitivity
bimoduleif each fibreEx is a gradedAx–Bx–imprimitivity bimodule such that

(a) the natural maps(A×X E,σA × σE) −→ (E,σE), (a, ξ) −→ a · ξ and(E×X B,σE ×

σA) −→ (E,σE), (b, ξ) 7−→ b · ξ are Real and continuous;
(b) (σA)x(Ax

〈ξ, η〉) = Aτ(x)
〈(σE)x(ξ), (σE)x(η)〉 and(σB)x(〈ξ, η〉Bx

) = 〈(σB)x(ξ), (σE)x(η)〉Bτ(x)
.

If such a RgA–B-imprimitivity bimodule exists, we say that(A,σA) and(B,σB) areMorita
equivalent.

Let (A,σA) and(B,σB) be elementary RgC∗-bundles over(X, τ). Then, as in the ungraded
complex case [17, p.18], there is a unique elementary RgC∗-bundleA⊗̂B overX × X with
fibre Ax⊗̂By over (x,y) and such that(x,y) 7−→ f(x)⊗̂g(y) is a section for allf ∈ A =

C0(X,A) andg ∈ B = C0(X,B). The Real structure is given by(σA)x⊗̂(σB)y over (x,y).
By this construction, the elementary RgC∗-bundle(A⊗̂B,σA⊗̂σB) satisfies Fell’s condition
if (A,σA) and(B,σB) do so, as does its restriction(A⊗̂XB,σA⊗̂XσB) to the diagonal∆ =

{(x, x) ∈ X× X}.

Definition 1.16. Let (A,σA) and (B,σB) be Rg elementaryC∗-bundles over(X, τ). Then,
their tensor productis defined to be the Rg elementaryC∗-bundle(A⊗̂XB,σA⊗̂XσB) over the
Real space(X, τ) which is identified with the diagonal(∆, τ) of (X× X, τ× τ).

For the rest of the paper, all Real structures will be omitted, except where there likely to be
confusion. We will then simply writeA for the Rg Banach bundle(A,σ), andG for the Real
groupoid(G, τ).
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2. THE GRADED BRAUER GROUP OF AREAL GROUPOID

The graded Brauer group of a locally compact groupoidG was defined in [29] as the set
of Morita equivalence classes of graded complex Dixmier-Douady bundles overG, generalis-
ing [17]. Our purpose in this section is to define a new Brauer group which is relevant to the
category of (locally compact second-countable Hausdorff)Real groupoids.

Definition 2.1. Let G
//
// X be a Real groupoid with involutionτ. Let p : A −→ X be a

(LTCR) Rg u.s.c. Banach bundle. A RealG-action by isomorphismsα on A is a collection
(αg)g∈G of graded isomorphisms (resp.∗-isomorphisms)αg : As(g) −→ Ar(g) such that

(a) g · a := αg(a) makes(A,σ) into a (left) RealG-space with respect top;
(b) the induced anti-linear graded isomorphismsτx : Ax −→ Ax̄ verify τr(g) ◦ αg =

αḡ ◦ τs(g) : As(g)

∼=
−→ Ar(g), for everyg ∈ G;

(c) αgg ′ = αg ◦ αg ′ for all (g, g ′) ∈ G(2).

We say that(A,α) is a Rg u.s.c. BanachG–bundle. If the fieldÃ =
∐

X Ax −→ X is
continuous, then(A,α) is called aRg BanachG-bundle.

One also defines Rg u.s.c.C∗–G-bundles, and Rg u.s.c. Hilbert bundles. In the case ofC∗–
G-bundles, the isomorphismsαg are required to be∗-isomorphisms, while in the case of Hilbert
G-bundles, they are required to be isometries.

Definition 2.2. A morphism of Rg BanachG-bundles (resp.C∗–G-bundles)(A,α) −→ (B,β)

is a morphismΦ : A −→ B of Rg Banach bundles (resp.C∗-bundles) which isG-equivariant;
i.e.,Φr(g) ◦ αg = βg ◦Φs(g) for all g ∈ G.

Notice that if(A,α) is Rg BanachG-bundle, thenαx = IdAx
for all x ∈ X. Indeed, for every

x ∈ X, αx : Ax −→ Ax is a graded automorphism, andαx = αx·x = αx ◦ αx. In particular, if
we putx = gg−1 ∈ X for g ∈ G, we obtainαgg−1 = αg ◦ αg−1 = Id and thenαg−1 = α−1

g for
everyg ∈ G.

Definition 2.3. A Rg D-D (Dixmier-Douady) bundleover (G, τ) is a RgC∗–G-bundle(A,α)

such thatA −→ X is a Rg elementaryC∗-bundle that satisfies Fell’s condition. We denote by
B̂rR(G) the collection all Rg D-D bundles overG.

Supposeα is a RgG-action by isomorphisms on the RgC∗–G-bundleA. Consider the Rg
C∗-algebraA = C0(X;A). Thenα induces a RgC0(G)–linear isomorphismα : s∗A −→ r∗A

defined byα(f)(g) := αg(f(g)) for f ∈ s∗A andg ∈ G.
Example 2.4. LetX×C be endowed with the Real structure(x, t) := (τ(x), t̄), and theG-action
by automorphismsg · (s(g), t) := (r(g), t). Then with respect to the projectionX× C −→ X,
X× C is a Rg D-D bundle overG //

// X .

Example 2.5. Let µ = {µx}x∈X be a Real Haar system onG //
// X . Let the graded Hilbert

spaceĤ = l2(N) ⊕ l2(N) be equipped with a fixed Real structure of typeJR,0 (see Appendix
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A). For x ∈ X, we putĤp,x := L2(Gx)⊗̂Ĥ, together with the scalar product〈〈· , ·〉〉(x) given by

〈〈ξ , η〉〉(x) :=

∫

Gx

〈ξ(g), η(g)〉Cdµ
x
G(g), for ξ, η ∈ L2(Gx; Ĥ) ∼= L2(Gx)⊗̂Ĥ. (3)

Let ĤG :=
∐

x∈X Ĥx be equipped with the actiong · (s(g),ϕ⊗̂ξ) := (r(g), (ϕ◦g−1)⊗̂ξ) ∈

Ĥr(g). Define the Real structure on̂HG by (x,ϕ⊗̂ξ) 7−→ (τ(x), τ(ϕ)⊗̂JR,0(ξ)). Then one

shows that there exists a unique topology onĤG such that the canonical projection̂HG −→ G(0)

defines a locally trivial Rg HilbertG-bundle.
Now, letK̂x := K(Ĥx) be equipped with the operator norm topology, and put

K̂G :=
∐

x∈X

K̂x

together with the Real structure given by(x, T) := (x̄, T̄), where T̄ ∈ K̂x̄ is defined by
T̄(ϕ⊗̂ξ) := T(τ(ϕ)⊗̂AdJR,0(ξ)) for all ϕ⊗̂ξ ∈ Ĥx̄. Next, define the RealG-actionθ on
K̂G by

θg(s(g), T) := (r(g), gTg−1).

We then have a Rg D-D bundle(K̂G, θ) overG given by the canonical projection

K̂G −→ X, (x, T) 7−→ x.

Remark 2.6. The construction of the Rg D-D bundlêKG in Example2.5 may be used in a
straightforward way to obtain a Rg D-D bundleK(Ĥ ) out of any Rg Hilbert bundleG-bundle
Ĥ .

Let G
//
// X and Γ //

// Y be Real groupoids and let

Z

r

��

s
// X

Y

be a generalised Real homomorphism [20]. Let p : A −→ X is a Rg (u.s.c.) Banach bundle.
Thens∗A = Z×s,X,p A is a principal (right)G-space with respect to the operation:

(z,a) · g := (zg,α−1
g (a))

for r(g) = z. It is obviously a Real space with respect to the involution(z,a) := (z̄, ā). Next,
defineAZ to be the quotient spaces∗A/G together with the induced Real structure

[z,a] := [(z,a)],

where we use the notation[z,a] for the orbit of(z,a) in AZ. Consider the continuous surjective
mapr ◦ pr1 : s∗A −→ Y, (z,a) 7−→ r(z), where, as usual,pr1 denotes the first projection.
Sincer(zg) = r(z) for (z, g) ∈ Z×s,X,rG (see for instance [20, Definition 1.17]), we get a well
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defined continuous surjectionpZ : AZ −→ Y given bypZ([z,a]) := r(z). Furthermore, sincer
is Real, one has

pZ([z,a]) = pZ([z̄, ā]) = r(z̄) = r(z) = pZ([z,a]).

Thus,pZ : AZ −→ Y is a continuous Real surjection. Moreover, it is not hard to check that
pZ : AZ −→ Γ (0) is open and the mapa 7−→ [z,a] defines a graded isomorphism fromAs(z)

ontoAZ
r(z) (see [17, p.14]).

Proposition 2.7. . Let G //
// X and Γ //

// Y be Real groupoids. Suppose thatZ : Γ −→ G

is a generalised Real homomorphism and that(A,α) is a Rg BanachG-bundle. Then, with the
constructions above,pZ : AZ −→ Y is a Rg Banach bundle. Furthermore,

αZ
γ[z,a] := [γ · z,a], for r(z) = s(γ), (4)

defines a Real leftΓ -action onAZ making(AZ,αZ) into a Rg BanachΓ -bundle called the
pull-backof (A,α) alongZ.

In particular, if (A,α) ∈ B̂rR(G), then(AZ,αZ) ∈ B̂rR(Γ).

The proof of this proposition is almost the same as that of [17, Proposition 2.15], so we omit
it.

Corollary 2.8. Let G
//
// X and Γ //

// Y be Real groupoids. Suppose thatZ : G −→ Γ

is a Real Morita equivalence. Then the mapΦZ : B̂rR(G) −→ B̂rR(Γ) given by

ΦZ(A,α) := (AZ,αZ) (5)

is a bijection.

The following construction is slightly modified from [17, p.20].
Definition 2.9. Let (A,α) be a Rg (u.s.c.) BanachG-bundle. Define theconjugate bundle
(A, ᾱ) of (A,α) as follows. LetA be the topological Real spaceA and let♭ : A −→ A be the
identity map. Thenp : A −→ X defined byp̄(♭(a)) = ♭(p(a)) is a Rg (u.s.c.) Banach bundle

with fibreAx identified with the conjugate graded Banach algebra ofAx (the grading isA
i

x =

Ai
x, i = 0, 1). Furthermore, endowed with the RealG-action by automorphisms̄αg(♭(a)) :=

♭(αg(a)) for g ∈ G,a ∈ As(g), A −→ X becomes a Rg (u.s.c.) BanachG-bundle. If(A,α) ∈

B̂rR(G), then(A, ᾱ) ∈ B̂rR(G).

Definition 2.10. Let G
//
// X be a Real groupoid. Two elements(A,α) and (B,β) in

B̂rR(G) areMorita equivalentif there is a RgA–B-imprimitivity bimoduleE −→ X which
admits a RealG-actionV by isomorphisms such that

As(g)
〈Vg(ξ),Vg(η)〉 = αg(As(g)

〈ξ, η〉); and
〈Vg(ξ),Vg(η)〉Bs(g)

= βg(〈ξ, η〉Bs(g)
)

(6)

for all g ∈ G, andξ, η ∈ Es(g). In this case we write(A,α) ∼(E,V) (B,β).
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Example 2.11.Suppose thatΦ : (A,α) −→ (B,β) is an isomorphism of Rg D-D bundles over

G
//
// X . Then(A,α) ∼(B,β) (B,β).

Lemma 2.12. Morita equivalence of Rg DD-bundles overG //
// X is an equivalence rela-

tion in B̂rR(G).

Proof. The proof can almost be copied from that of Lemma 3.2 in [17]. �

We are now ready to define the Real graded Brauer group.

Definition 2.13. Let G
//
// X be a Real groupoid.The Real graded Brauer group ofG

B̂rR(G) is defined as the set of Morita equivalence classes of Rg D-D bundles overG. The class
of (A,α) in B̂rR(G) is denoted by[A,α].

Example 2.14.Let G be the one point set{∗} together with the trivial involution. Then, every
Rg DD-bundle over{∗} is trivial; i.e. it is given by a Rg elementaryC∗-algebraK̂p. We thus
recover the Real graded Brauer group of the point̂BrR(∗) ∼= Z8 described in AppendixA.5.

Let (A,α) and (B,β) be Rg DD-bundles. We have defined, in the previous section, the
tensor productA⊗̂XB which is a RgC∗-bundle overX. We want to equip this bundle with a
RealG-actionα⊗̂β such that(A⊗̂XB,α⊗̂β) ∈ B̂rR(G). We defineα⊗̂β as follows. For all
g ∈ G, we putαg⊗̂βg : As(g)⊗̂Bs(g) −→ Ar(g)⊗̂Br(g), a⊗̂b 7−→ αg(a)⊗̂βg(b). Note that
from the definition of a RealG-action on a RgC∗-bundle,αg⊗̂βg is a graded∗-isomorphism
that clearly verifies conditions (b) and (c) of Definition2.1. Therefore, the same arguments used
in [17, pp.18-19] can be used here to show thatα⊗̂β is continuous; thus, its restrictionα⊗̂β on
the closed subsetA⊗̂XB of A⊗̂B defines a RealG-action. Furthermore, this operation is easily
seen to be Morita equivalence preserving.

Proposition 2.15. Let G
//
// X be a Real groupoid. Then̂BrR(G) is an abelian group with

respect to the operations

[A,α] + [B,β] := [A⊗̂XB,α⊗̂β]. (7)

The identity of̂BrR(G) is given by the class0 := [X×C, τ×bar] of the Rg D-D bundle defined
in Example2.4. The inverse of[A,α] is [A, ᾱ].

Proof. See Proposition 3.6 and Theorem 3.7 in [17]. �

For the sake of simplicity we will often use the following notations.
Notations 2.16. We will abusively writeA for the class[A,α] in B̂rR(G); we will also leave
out the actions when we are working in the group̂BrR(G): for instance we will writeA + B

instead of[A,α] + [B,β].
Lemma 2.17. Let (A,α) ∈ B̂rR(G) and let(K̂G, θ) be the Rg D-D bundle defined in Exam-
ple2.5. ThenA+ K̂G = A in B̂rR(G).
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Proof. Recall that the RealG-actionθ is given byAdΘ, whereΘ is the RealG-action on the
Rg HilbertG-bundleĤG −→ X (see Example2.5); i.e. θg(T) = ΘgTΘ

−1
g . The Rg Banach

G-bundle(A⊗̂XÂ,α⊗̂Θ) provides a Morita equivalence

(A⊗̂XK̂G,α⊗̂θ) ∼ (A,α)

in B̂rR(G) with respect to the point-wise actions and inner-product given by:

(a⊙̂T) · (b⊗̂ξ) := (−1)∂T ·∂bab⊙̂Tξ, and

Ax⊗̂K̂x
〈b⊙̂ξ,d⊙̂η〉 := (−1)∂ξ∂dbd∗⊙̂Tξ,η;

(b⊙̂ξ) · c := bc⊙̂ξ, and

〈b⊙̂ξ,d⊙̂η〉Ax
:= 〈〈ξ , η̄〉〉(x) · b∗d,

for x ∈ X, a⊙̂T ∈ Ax⊗̂K̂x,b⊙̂ξ,d⊙̂η ∈ Ax⊗̂Ĥx, andc ∈ Ax. �

Lemma 2.18. Let G
//
// X be a Real groupoid and(A,α) ∈ B̂rR(G). ThenA = 0 in

B̂rR(G) if and only if there exists a Rg HilbertG-bundle(Ĥ ,U) such that(A,α) ∼= (K(Ĥ ),AdU)

in B̂rR(G).

Proof. If (E,V) is a Morita equivalence between(A,α) and the trivial bundleX×C, then each
fibreEx is a graded Hilbert space; and sinceEx is a full graded HilbertAx-module and sinceE is
a Rg Morita equivalence, there is an isomorphism of gradedC∗-algebrasϕx : Ax −→ K(Ex)

such thatϕx(Ax
〈ξ, η〉) = Tξ,η, for all ξ, η ∈ Ex, andϕx̄(a) = ϕx(ā) for all a ∈ Ax.

Moreover, in view of relations (6), we have

ϕr(g)(αg(As(g)
〈ξ, η〉)) = ϕr(g)(Ar(g)

〈Vg(ξ),Vg(η)〉) = TVgξ,Vgη = AdVg
(Tξ,η),

for everyγ ∈ G andξ, η ∈ As(g). It follows that the family(ϕx)x∈X is an isomorphism of Real
graded D-D bundlesϕ : (A,α) −→ (K(E),AdV).

Conversely, using the same operations as in the proof of Lemma 2.17, the Rg HilbertG-
bundle(Ĥ ,U) defines a Morita equivalence of Rg D-D bundles between(K(Ĥ ),AdU) and
the trivial oneX× C −→ X. �

From this lemma we deduce the following characterisation ofMorita equivalent Rg D-D
bundles.
Corollary 2.19. Let (A,α) and(B,β) ∈ B̂rR(G). ThenA = B in B̂rR(G) if and only if there

exists a Rg HilbertG-bundle(Ĥ ,U) such that(A⊗̂XB,α⊗̂β̄) ∼= (K(Ĥ ),AdU) in B̂rR(G).

3. COMPLEX AND ORTHOGONAL BRAUER GROUPS

The aim of this section is to compare the group̂BrR(G) of a Real groupoidG //
// X we

defined in the previous section with the well-known graded complex and Brauer group̂Br(G)
of the groupoidG (see [8, 10, 22, 29]), as well as with a generalisation of Donovan-Karoubi’s
graded orthogonal Brauer group̂BrO(X) [8] mentioned in the introduction.
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Recall again that thegraded complex Brauer group̂Br(G) is defined as the set of Morita
equivalence classes ofgraded complex D-D bundles1 over the groupoidG. Moreover, there is
an interpretation of̂Br(G) in terms ofČech cohomology classes. More precisely, there is an
isomorphism

B̂r(G) ∼= Ȟ0(G•,Z2)⊕
(
Ȟ1(G•,Z2)⋉ Ȟ

2(G•, S
1)
)
. (8)

For topological spaces, this group was denoted byGBr∞(X) in Parker’s paper [22] and classifies
countinuous-trace separableC∗-algebras with spectrumX.

In order to definetwistedK-theory, Donovan and Karoubi defined in their founding paper [8]
two groupsGBrU(X) andGBrO(X) respectively calledthe graded unitary Brauer groupand
the graded orthogonal Brauer groupof the spaceX. The former is just the finite-dimensional
version ofGBr∞(X), while the latter is the set of equivalence classes ofgraded real simple
algebra bundles. They proved that

GBrOX ∼= Ȟ0(X,Z8)⊕
(
Ȟ1(X,Z2)⋉ Ȟ

2(X,Z2)
)
. (9)

We will define an infinite-dimensional analogue ofGBrO(X) for groupoids, and show later an
isomorphism analogous to (9).

We first give the following few results.
Proposition 3.1. Suppose thatG //

// X is a Real groupoid which can be written as the

disjoint union of two groupoidsG1
//
// X1 and G2

//
// X2 such thatτ(g1) ∈ G2, τ(g2) ∈

G1, ∀g1 ∈ G1, g2 ∈ G2. Then

B̂rR(G) ∼= B̂r(G1) ∼= B̂r(G2).

Proof. Observe first thatτ induces an isomorphismG1
∼= G2, so thatB̂r(G1) ∼= B̂r(G2).

Let (A,α) ∈ B̂rR(G). ThenA = A1 ⊕ A2, whereA1 −→ X1 andA2 −→ X2 are graded
complex elementaryC∗-bundles. It is clear that the gradedG-actionα onA induces aGi-action
αi onAi, i = 1, 2, making(Ai,αi) into a graded complex D-D bundle overGi. However, since
the projectionp : A → X1 ⊔ X2 intertwines the Real structure ofA and that ofX, we have
ā1 ∈ A2 andā2 ∈ A1 for all a1 ∈ A1,a2 ∈ A2. Indeed, over allx ∈ X1, the involution induces
the conjugate linear isomorphism

τx : Ax = (A1)x −→ Ax̄ = (A2)x̄.

It turns out that the Real structure ofA induces an isomorphism of graded complex D-D bundles

τ : (A2,α2)
∼=

−→ (A1,α1)

over the groupoidG2. In fact(A, ᾱ) is isomorphic to the Rg D-D bundle(A ′,α ′) = (τ∗A, τ∗α);
i.e. (A ′,α ′) is such that

1Elements ofB̂r(G) are defined in the same way as that of̂BrR(G) except that no Real structures are involved
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




A ′
x = (A2)x̄, if x ∈ X1;

A ′
x = (A1)x̄, if x ∈ X2;

α ′
g1

= αḡ1
: (A2)s(ḡ1) −→ (A2)r(ḡ1), g1 ∈ G1;

α ′
g2

= αḡ2
: (A1)s(ḡ2) −→ (A1)r(ḡ2), g2 ∈ G2.

(10)

In fact, the same is true for every Rg Banach bundle overG. Now define the map

Φ12 : B̂rR(G) −→ B̂r(G1)

[A,α] 7−→ [A1,α1],

Φ12 is well-defined since if(A,α) ∼(E,V) (B,β) in B̂rR(G), then the restriction(E1,V1)

of (E,V) overG1 induces a Morita equivalence of graded complex D-D bundles(A1,α1) ∼

(B1,β1) overG1. Moreover from the identifications (10) we see thatΦ12(−[A,α]) = −Φ([A,α]).
Furthermore, we have clearly(A⊗̂XB)i = Ai⊗̂Xi

Bi for i = 1, 2, and that the involution in-

duces an isomorphism of graded complex D-D bundlesA2⊗̂X2
B2

∼=
−→ A1⊗̂X1

B1 = A1⊗̂X2
B1

over G2
//
// X2 , which showsΦ12 is a group homomorphism.

Conversely, if(A1,α1) is a graded complex D-D bundle overG1, we define the Real graded
D-D bundle(A,α) overG by settingA := A1 ⊕ τ∗|X2

A1, andα := α1 ⊕ τ∗|G2
α1; then we define

Φ ′
12 : B̂r(G1) −→ B̂rR(G)

[A1,α1] 7−→ [A1 ⊕ τ
∗
|X2

A1,α1 ⊕ τ
∗
|G2
α1].

It is straightforward thatΦ12 andΦ ′
12 are inverse of each other. �

Corollary 3.2. Let G
//
// X be a groupoid. Let the product groupoidG× S

0,1 //
// X× S

0,1

be equipped with the Real structure(g,±1) 7−→ (g,∓1). Then

B̂rR(G× S
0,1) ∼= B̂r(G).

Proof. Apply Proposition3.1to G = (G× {+1}) ⊔ (G× {−1}). �

Example 3.3. The groupoid S
0,1 //

// S
0,1 identifies with{pt} × {±1}. Thus from Corol-

lary 3.2we get

B̂rR(S0,1) ∼= B̂r({pt}) ∼= Z2.

Definition 3.4. Let G
//
// X be a groupoid. Agraded real2 D-D bundle(A,α) over G

consists of a locally trivialC∗-bundlep : A −→ X, a family of isomorphisms of gradedR-C∗-
algebrasαg : As(g) −→ Ar(g), such that

(a) the operationg · a := αg(a) makesA into aG-space with respect to the projectionp;
(b) αgh = αg ◦ αh, ∀(g,h) ∈ G(2);

2Here ”real” with a lower-case ”r” is to emphasise that the fibres ofA areR-C∗-algebras.
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(c) thecomplexification(AC,αC) of (A,α) defines an element of the collection̂Br(G) of
graded complex D-D bundles overG, whereAC := A ⊗R C −→ X is the bundle with
fibre (AC)x := Ax ⊗R C, and forg ∈ G, (αC)g := α⊗ IdC.

Definition 3.5. Let G
//
// X be a groupoid. Thegraded orthogonal Brauer group̂BrO(G)

of G is defined to be the set or Morita equivalence classes of graded real D-D bundles overG,
where two such bundles(A,α) and(B,β) are said to be Morita equivalent if and only if their
complexifications(AC,αC) and(BC,βC) are Morita equivalent in̂Br(G).

We will use the same notations in̂Br(G) andB̂rO(G) as in Notations2.16.
Theorem 3.6. Let G

//
// X be a Real groupoid.

(1) If the Real structureτ is fixed point free, then we have an isomorphism

B̂r(G)⊗ Z[1/2] ∼= (B̂rR(G)⊕ B̂r(G/τ))⊗ Z[1/2], (11)

whereG/τ is the groupoid G/τ
//
// X/τ obtained from G

//
// X by identifying

every pointg ∈ G with its image byτ.
(2) It τ is trivial, then every elementA ∈ B̂rR(G) is a2-torsion; i.e.

2A = 0.

Furthermore,B̂rR(G) ∼= B̂rO(G). In particular, B̂rO(G) is an abelian group under the obvious
operations, the zero element being given by the trivial bundle X × R −→ X with theG-action
g · (s(g), t) := (r(g), t).

We shall mention that property 2 was already proved by D. Saltman in the special case of
Azumaya algebras with involution (see [27, Theorem 4.4 (a)]). Our result extends his work to
infinite-dimensional Real bundles of algebras.

To prove Theorem3.6we need the
Lemma 3.7. Let (G, τ) be a Real groupoid. Then the assignment(A,α) 7−→ (τ∗A, τ∗α)

defines a group involution

τ̂ : B̂r(G) −→ B̂r(G)
A 7−→ −τ∗A

such that the Real part̂Br(G)τ is isomorphic toB̂rR(G) after tensoring withQ; more precisely,

B̂r(G)τ ⊗ Z[
1

2
] ∼= B̂rR(G)⊗ Z[

1

2
].

Proof. That τ̂ is a group homomorphism follows from the functorial property of the abelian
groupB̂r(G) with respect toG shown in [17]. Now let

ΦC : B̂rR(G) −→ B̂r(G),A 7−→ A
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be the map consisting of ”forgetting the Real structures”, and let

ΦR : B̂r(G) −→ B̂rR(G)
A 7−→ A+ τ̂(A)

ThatΦC is a well-defined group homomorphism is clear.
To prove thatΦR is well defined, we shall first verify that(A⊗̂Xτ∗A,α⊗̂τ∗α) ∈ B̂rR(G) for

all (A,α) ∈ B̂r(G). Let σ = (σx)x be the family of conjugate-linear isomorphisms of graded
complexC∗-algebrasσx : Ax⊗̂Ax̄ −→ Ax̄⊗̂Ax given on homogeneous tensors by

σx(a⊙̂♭(b)) := (−1)∂a·∂b(b⊙̂♭(a)). (12)

Thenσ is a Real structure on the bundleA⊗̂Xτ∗A −→ X, and it is a matter of simple verifi-
cations to see that conditions (a)-(c) in Definition2.1are satisfied when(A⊗̂Xτ∗A,α⊗̂τ∗α) is
equipped with the involutionσ.

Suppose further that(A,α) ∼(E,V) (B,β) in B̂r(G). By using the same reasoning we used
above for graded complex D-D bundles, one verifies that the graded complex BanachG-bundle
(E⊗̂Xτ∗E,V⊗̂τ∗V) admits a Real structureσE making it into a Rg BanachG-bundle. Further-
more, this bundle implements a Morita equivalence(A⊗̂Xτ∗A,α⊗̂τ∗α) ∼ (B⊗̂Xτ∗B,β⊗̂τ∗β)

in B̂r(G). Moreover, since by definition

Ax⊗̂Ax̄
〈ξ⊙̂♭(η), ξ ′⊙̂♭(η ′)〉 = Ax

〈ξ, ξ ′〉⊙̂Ax̄
〈♭(η), ♭(η ′)〉, and 〈ξ⊙̂♭(η), ξ ′⊙̂♭(η ′)〉Bx⊗̂Bx̄

for everyx ∈ X, ξ, ξ ′, η, η ′ ∈ Ex, we see that the inner productsA⊗̂Xτ∗A〈·, ·〉 and〈·, ·〉B⊗̂Xτ∗B

of E⊗̂Xτ∗E intertwine the Real structures; hence we have a Morita equivalence

(A⊗̂Xτ∗A,α⊗̂τ∗α) ∼(E⊗̂Xτ∗E,V⊗̂τ∗V) (B⊗̂Xτ∗B,β⊗̂τ∗β)

in B̂rR(G), so thatΦR is well defined.
ΦR is a group homomorphism sincêBr(G) is an abelian group and sincêτ is linear; i.e. for

everyA,B ∈ B̂r(G),

(A+ τ̂(A)) + (B+ τ̂(B)) = (A+ B) + τ̂(A+B).

Let us verify that up to inverting2, Φ ′
R andΦC are inverse of each other, whereΦ ′

R is the

restriction ofΦR on the fixed pointŝBr(G)R of τ̂. First observe that if(A,α) ∈ B̂rR(G), then
the Real structure ofA induces an isomorphism(A,α) ∼= (τ∗A, τ∗α) in B̂r(G). Thus, for
A ∈ B̂rR(G), we get(ΦR ◦ ΦC)(A) = 2A. Suppose now thatA ∈ B̂r(G)R. Then(ΦC ◦

Φ ′
R)(A) = ΦC(2A) = 2A, which completes the proof. �

Remark 3.8. It is straightforward, by using Lemma3.7, that one has a similar characterisation
for graded complex D-D bundles as that of Corollary2.19.

Proof of Theorem3.6. 1. It suffices to show that the imaginary partIB̂r(G) with respect to
the involutionτ̂ : B̂r(G) −→ B̂r(G) of Lemma3.7 (i.e., the set of allA ∈ B̂r(G) such that
τ̂(A) = −A) is isomorphic toB̂r(G/τ) (after inverting2), and then we will apply [20, Lemma
1.4].
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Assume(A,α) ∈ B̂rR(G) is such that̂τ(A) = −A. Then thanks to Corollary2.19, there
exists a Rg HilbertG-bundle(Ĥ ,U) and an isomorphism of Rg D-D bundles

(τ∗A⊗̂XK(Ĥ ), τ∗α⊗̂AdU)
∼=

−→ (A⊗̂XK(Ĥ ), ᾱ⊗̂AdU). (13)

We then obtain a Rg D-D bundle(A/τ,ατ) over G/τ
//
// X/τ by setting

A/τ := A⊗̂XK(Ĥ )⊗̂XK(τ∗Ĥ ), and ατ := α⊗̂AdU⊗̂Adτ∗U), (14)

with projectionpτ : A/τ −→ X/τ given by

pτ(a⊙̂T⊙̂T
′) = p(a), for a⊙̂T⊙̂T ′ ∈ Ax⊗̂K(Ĥx)⊗̂K(Ĥx̄).

Next define the map

Ψτ : IB̂rR(G) −→ B̂r(G/τ)
A 7−→ A/τ.

This definition does not depend on the choice of(Ĥ ,U), for if (Ĥ ′,U ′) is another Rg Hilbert
G-bundle such that(τ∗A⊗̂XK(Ĥ ′), τ∗α⊗̂AdU ′) ∼= (A⊗̂XK(Ĥ ′),α⊗̂AdU ′), then putting

A ′/τ := A⊗̂XK(Ĥ ′)⊗̂XK(τ∗Ĥ ′),

we get

A/τ⊗̂X/τ
A ′/τ ∼= A⊗̂XA⊗̂X⊗̂K(Ĥ ⊗̂Xτ

∗Ĥ ⊗̂XĤ ′⊗̂Xτ∗Ĥ ′)

∼= K(Ĥ ⊗̂XĤ ⊗̂Xτ
∗Ĥ ⊗̂XĤ ′⊗̂Xτ∗Ĥ ′).

Moreover,K(Ĥ ⊗̂XĤ ⊗̂Xτ
∗Ĥ ⊗̂XĤ ′⊗̂Xτ∗Ĥ ′ defines a graded HilbertG/τ-bundle. Hence,

by Corollary2.19and Remark3.8 we see thatA/τ = A ′/τ in B̂r(G/τ). Ψτ is a group homo-
morphism by commutativity of the graded tensor product.

Conversely, denote byπτ : G −→ G/τ the canonical projection. Then the pull-back of a
graded complex D-D bundle(A,α) ∈ B̂r(G/τ) is a graded complex D-D bundle(A ′,α ′) :=

(π∗
τA,π∗

τα) ∈ B̂r(G) which clearly verifies(τ∗A ′, τ∗α ′) ∼= (A ′,α ′) in B̂r(G) (this is because
for all x ∈ X we haveA ′

x = A ′
x̄); so τ̂(A ′) = −A ′ andA ′ ∈ IB̂r(G). Thus the pull-back map

π∗
τ induces a group homomorphism

π∗
τ : B̂r(G/τ) −→ IB̂r(G)

A 7−→ A ′ := π∗
τA.

Now, for all A ∈ B̂r(G/τ) we have(π∗
τA)/τ = A sinceτ∗π∗

τA = π∗
τA and so that a

graded HilbertG-bundleĤ such that relation (13) holds for the graded complex D-D bun-
dle(π∗

τA,π∗
τα) is the trivial oneX×C −→ X. This shows thatΨτ ◦π

∗
τ = Id. Also, one clearly

hasπ∗
τ ◦ Ψτ = Id, which gives the isomorphismIB̂r(G) ∼= B̂r(G/τ). From Lemma3.7, we

obtain the desired isomorphism (11).
2. We always haveA + A = 0 in B̂rR(G) for all (A,α) ∈ B̂rR(G). Moreover, we have

already seen in the end of the proof of Lemma3.7 that the Real structure ofA induces an
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isomorphism of Rg D-D bundles(A,α) ∼= (τ∗A, τ∗α). In particular, ifτ : G −→ G is trivial,
we have(A,α) ∼= (A, ᾱ); henceA = −A in B̂rR(G).

Furthermore,τ being trivial, each fibre ofA is in fact a Rg elementaryC∗-algebra, and then
the complexification of a graded real elementaryC∗-algebra.(A,α) is then the complexification
of a graded real D-D bundle overG. Conversely, every complexification(AC,αC) of a graded
real D-D bundle(A,α) overG is a Rg D-D bundle whose Real structure is carried out byC; i.e.
a⊗R λ := a⊗R λ̄ for a⊗Rλ ∈ Ax⊗RC. This process is easily seen to provide an isomorphism
B̂rR(G) ∼= B̂rO(G). �

Observe that any Rg D-D bundle(A,α) can also be considered as a graded real D-D bun-
dle (Areal,αreal) by forgetting the complex structure of the fibres. Moreover,the conjugate
bundle of realC∗-algebras(Areal,αreal) identifies to itself. Hence, if the involutionτ of G is
fixed point free, we haveτ∗Areal = τ∗Areal

∼= Areal, which means that(Areal,αreal) is a
bundle of graded real elementaryC∗-algebras over the quotient groupoidG/τ

//
// X/τ . We

therefore have the

Proposition 3.9. SupposeG //
// X is endowed with a fixed point free involutionτ. Then

there is a group homomorphism

Ψreal : B̂rR(G) −→ B̂rO(G/τ)

obtained by ”forgetting the complex structures” of Rg graded D-D bundles overG.

Remark 3.10. Beware thatΨreal is not injective; indeedΨreal(A) = Ψreal(A) for all A ∈

B̂rR(G), while in generalA 6= A in B̂rR(G).

4. ELEMENTARY INVOLUTIVE TRIPLES AND TYPES OFRG D-D BUNDLES

In this section we define thetypeof a Rg D-D bundle over a Real groupoid. We start by
introducing few notions.

Definition 4.1. An elementary involutive triple(K̂, K̂−, t) consists of a graded elementaryC∗-
algebraK̂, a gradedC∗-algebraK̂− isomorphic to the conjugateC∗-algebra ofK̂, and a conju-
gate linear isomorphismt : K̂ −→ K̂− of gradedC∗-algebra. Such triple will be represented
by the mapt. Denote bŷK the collection of all elementary involutive triples.

A morphism fromt to t
′ is the data of homomorphisms of gradedC∗-algebrasϕ : K̂ −→ K̂ ′,

andϕ− : K̂− −→ K̂ ′− such that the following diagram commutes

K̂

t
��

ϕ
// K̂ ′

t
′

��

K̂− ϕ−

// K̂ ′−

(15)



GRADED BRAUER GROUPS OF A GROUPOID WITH INVOLUTION 19

Finally, we define the sum in̂K by:

t+ t
′ := (K̂⊗̂K̂ ′, K̂−⊗̂K̂ ′−, t⊗̂t

′).

Example 4.2.The Real structure ”bar” of K̂0 induces an isomorphism of̂K0 into its conjugate
algebra. We then have an elementary involutive triplet0 = (K̂0, K̂0,bar).

Definition and Lemma 4.3.Two elementst, t ′ ∈ K̂ are said to bestably isomorphicif and only
if t + t0 is isomorphic tot ′ + t0; in this case, we writet ∼=s t

′. The set of stable isomorphism
classes of elements ofK̂ forms an abelian groupInvK̂ under the sum defined above. The inverse
of t in InvK̂ is the stable isomorphisms class of

−t := (K̂−, K̂, t−1).

The class oft in InvK̂ will also be denoted byt.

Proof. It is straightforward thatt+ t
′ = t

′ + t in InvK̂. Moreover, we have

t− t = (K̂⊗̂K̂−, K̂−⊗̂K̂, t⊗̂t
−1) ∼= (K̂⊗̂K̂−, K̂⊗̂K̂−, t ′),

via the isomorphism(Id
K̂⊗̂K̂−,ϕ ′), whereϕ ′ : K̂−⊗̂K̂ −→ K̂⊗̂K̂− is the canonical isomor-

phismϕ ′(T⊗̂T ′) := (−1)∂T∂T
′

T ′⊗̂T , andt ′ := ϕ ′ ◦ (t⊗̂t
−1). Thus,t− t ∼=s t0. �

We can recover the group̂BrR(∗) from InvK̂. More precisely, supposet = −t, and

(ϕ,ϕ ′) : (K̂⊗̂K̂0, K̂
−⊗̂K̂0, t⊗̂bar) −→ (K̂−⊗̂K̂0, K̂⊗̂K̂0, t

−1⊗̂bar)

is an isomorphism. Then,ϕ ′ ◦ (t⊗̂bar) = (t−1⊗̂bar) ◦ ϕ is a Real structure on the graded
elementaryC∗-algebraK̂⊗̂K(Ĥ). Moreover, if(ϕ0,ϕ

′
0) is another isomorphism, it is easy to

check thatϕ ′ ◦ (t⊗̂bar) andϕ ′
0 ◦ (t⊗̂bar) are conjugate, hence define the same element of

B̂rR(∗). Conversely, any Real graded elementaryC∗-algebra is obviously a2-torsion ofInvK̂.
We then have proved the following

Lemma 4.4. The groupB̂rR(∗) is isomorphic to the subgroup ofInvK̂ of elements of order2.

Now let us return to the study of Rg D-D bundles over Real groupoids.
Proposition 4.5. Let (A,α) ∈ B̂rR(G). Then each fiberAx gives rise to an elementtAx ∈

InvK̂, and the familytA := (tAx )x∈X defines a cohomology class iňHR0(G•, InvK̂). This process
defines a group homomorphism

t : B̂rR(G) −→ ȞR0(G•, InvK̂),

which is surjective.

Proof. Denote byσ the Real structure ofA. Over allx ∈ X, there is a conjugate linear iso-
morphism of gradedC∗-algebrasσx : Ax −→ Ax̄. Then the graded elementary (complex)
C∗-algebrasAx andAx̄ are of the same parity. Let(U,ϕ) be a local trivialisation of the graded
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elementary complexC∗-bundleA such thatU = (Ui) is a Real open cover ofX. Then the iso-
morphismsϕi : Ui × K̂i −→ A|Ui

induces a family of graded isomorphismsϕx : K̂x −→ Ax.
Thentx := (K̂x, K̂x̄, tx), wheretx := ϕx̄ ◦ τx ◦ϕx, is an element ofInvK̂, and the assignment
X ∋ x 7−→ tx ∈ InvK̂ is a locally constantG-invariant Real function. Indeed, theG-invariance
(i.e. tr(g) = ts(g) in InvK̂ for all g ∈ G) comes from the commutative diagram

K̂s(g)

ϕs(g)
//

ts(g)

��

As(g)

αg
//

σs(g)

��

Ar(g)

ϕ−1
r(g)

//

σr(g)

��

K̂r(g)

tr(g)

��

K̂s(ḡ)

ϕs(ḡ)
// As(ḡ)

αḡ
// Aḡ

ϕr(ḡ)
// K̂r(ḡ)

Moreover, sinceσ is a continuous function,tA : X ∋ x 7−→ tx ∈ InvK̂ is locally constant.
HencetA ∈ ȞR0(G•, InvK̂).

ThattĀ = −t
A andtA+B = t

A+t
B is clear from the definition of the sum and the inverse in

InvK̂, and from the definition of the conjugate bundle and the tensor product of Rg D-D bundles.
Observe that from the construction ofK̂G, tK̂G = t0 = 0 sinceK̂G

∼=
∐

x∈XK(L2(Gx)) ⊗ K̂0

with involution given byK̂x ∋ ϕ ⊗ T 7−→ τ(ϕ) ⊗ AdJ0,R(T) ∈ K̂x̄. Thus, ifA = B in

B̂rR(G), we have (thanks to Lemma2.17and Lemma2.19) A+ B̄+ K̂G = K(ĤG⊗̂XĤ ) = 0;
hencetA−B = t

A − t
B = 0, which shows thatt : B̂rR(G) −→ ȞR0(G•, InvK̂) is a group

homomorphism. It is surjective since for allt ∈ ȞR0(G•, InvK̂),

K̂G,t :=
∐

x∈X

K̂x⊗̂K̂tx
, (16)

equipped with the obvious involution andG-action, defines a Rg D-D bundle overG. �

Definition 4.6. For (A,α) ∈ B̂rR(G), the elementtA of Proposition4.5 is calledthe type of
(A,α). The homomorphismt : B̂rR(G) −→ ȞR0(G•, InvK̂) is calledthe type map.

Definition 4.7. A Rg D-D bundle(A,α) is said to beof typei mod 8 if t
A is the constant

functiontA = i ∈ Z8 ⊂ InvK̂. By B̂rRi(G) we denote the set of Morita equivalence classes of
Rg D-D bundles of typei mod 8 over G

//
// X . Next, we define

B̂rR∗(G) :=

7⊕

i=0

B̂rRi(G).

Example 4.8. Let Ĥ be, as usual, equipped with the Real structureJ,R. ThenK̂0 −→ · is a Rg

D-D bundle of type0 over P̂U(Ĥ)
//
// · , where the Real̂PU(Ĥ)-action is given byAd; i.e.

[u] · T := Adu(T), for [u] ∈ P̂U(Ĥ) ∼= Aut(0)(K̂0), T ∈ K̂0.

We have the following easy result which shows that the study of B̂rR(G) reduces to that of
Rg D-D bundles of type0.
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Proposition 4.9. Let G
//
// X be a Real groupoid. Then̂BrR0(G) is a subgroup of̂BrR(G).

Furthermore, the group sequences

0 −→ B̂rR0(G)
ι0−→ B̂rR(G)

t
−→ ȞR0(G•, InvK̂) −→ 0 (17)

0 −→ B̂rR0(G)
ι0−→ B̂rR∗(G)

t
−→ ȞR0(G•,Z8) −→ 0, (18)

whereι0 is the inclusion homomorphism, are split-exact. Therefore, we have two isomorphisms
of abelian groups

B̂rR(G) ∼= ȞR0(G•, InvK̂)⊕ B̂rR0(G), and B̂rR∗(G) ∼= ȞR0(G•,Z8)⊕ B̂rR0(G).

Proof. We only prove the first sequence, from which we deduce the second one. It is clear
thatt ◦ ι0 = 0 andι0 is an injective homomorphism. We also proved in Proposition4.5 thatt
was surjective. To show the sequence splits, we only have to verify that the correspondence
t 7−→ K̂G,t, whereK̂G,t −→ X is the Rg D-D bundle given by (16) defines a group ho-
momorphismȞR0(G•, InvK̂) −→ B̂rR(G). This is immediate from construction: we have
K̂G,t+t ′

∼= K̂G,t⊗̂XK̂G,t ′, and a routine verification shows that any isomorphismt+ t0
∼= t

′ + t0

induces an isomorphism of Rg D-D bundlesK̂G,t+t0
∼= K̂G,t ′+t0

so thatK̂G,t = K̂G,t ′ in B̂rR(G)

if t ∼s t
′. Also from the definition of−t, we haveK̂G,−t = K̂G,t = −K̂G,t. Finally it is obvious

thatK̂G,t is of typet. �

5. GENERALISED CLASSIFYING MORPHISMS

Let Ĥ be the usual Rg Hilbert space with the involution induced by the degree0 Real struc-
ture J0,R on Ĥ (see Appendix A). Let the algebraL(Ĥ) of bounded linear operators on̂H be
endowed with the obvious grading and the Real structureT̄(h) := T(h̄), T ∈ L(Ĥ),h ∈ Ĥ.
Denote byÛ(Ĥ) the group of all homogeneous unitaries inL(Ĥ) (i.e. unitaries of degree0 or
1) [22] equipped with the Real structure inherited from that ofL(Ĥ). Next, we define the Real
groupP̂U(Ĥ) to be the quotient̂U(Ĥ)/S1, whereS1 is given the the Real structure defined by
complex conjugation (it is obvious that the action ofS1 on Û(Ĥ) is compatible with the involu-
tions).

In this section we are restricting attention to the class of the Rg D-D bundle(K̂0,Ad) of type

0 over the Real groupoidP̂U(Ĥ)
//
// · , whereP̂U(Ĥ) is equipped with the compact-open

topology and

Definition 5.1. Let (A,α) ∈ B̂rR(G) of type0. A generalised classifying morphismfor (A,α)

is a generalised Real homomorphismP : G −→ P̂U(Ĥ) such that(A,α) ∼= (K̂P
0 ,Ad

P) as Rg
D-D bundles.
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Remark 5.2. Note thatK̂P
0 = P ×

P̂U(Ĥ)
K̂0 := P × K̂0/∼, where the equivalence relation is

(ϕ, T) ∼ (ϕ · [u], [u−1] · T) for [u] ∈ P̂U(Ĥ). The RealG-action by automorphisms is given by
the Real (left)G-action onP.

Before going on the study of generalised classifying morphisms, we shall say something
about generalised Real homomorphismsG −→ P̂U(Ĥ). First of all, recall from [20, Remark
2.50] that although the Real group̂PU(Ĥ) is not abelian, it still is possible to define Real
P̂U(Ĥ)-valuedČech1-cocycles over any Real groupoidG, hence to form the seťHR1(G•, P̂U(Ĥ)),
and we have a set-theoretic bijection betweenȞR1(G•, P̂U(Ĥ)) andHomRG(G, P̂U(Ĥ)).

What’s more, when identified withHomRGΩ
(G, P̂U(Ĥ)), the setHomRG(G, P̂U(Ĥ)) admits

the structure of abelian monoid defined as follows. Fix an isomorphism

Ĥ⊗̂Ĥ
∼=

−→ Ĥ

of Rg Hilbert spaces. Then the map

P̂U(Ĥ)× P̂U(Ĥ) ∋ ([u1], [u2]) 7−→ [u1⊗̂u1] ∈ P̂U(Ĥ⊗̂Ĥ) ∼= P̂U(Ĥ)

is a Real a homeomorphism, where the unitaryu1⊗̂u2 is given onĤ⊗̂Ĥ by

(u1⊗̂u2)(ξ1⊗̂ξ2) := (−1)∂u2·∂u1u1(ξ1)⊗̂u2(ξ2).

Givenp1,p2 ∈ HomRGΩ
(G, P̂U(Ĥ)), we may, without loss of generality, assume that they are

represented on the same open Real coverU of X; i.e. p1,p2 : G[U] −→ P̂U(Ĥ) are strict Real
morphisms. Henceforth, the map

p1⊗̂p2 : G[U] −→ P̂U(Ĥ)

γ 7−→ p1(γ)⊗̂p2(γ)
(19)

becomes a well defined strict Real homomorphism. Therefore we have:

Definition and Lemma 5.3. For [P1], [P2] ∈ HomRG(G, P̂U(Ĥ)). We define the sum

[P1] + [P2] := [P1 ⊗ P2],

whereP1⊗P2 is the generalised homomorphism fromG //
// X to P̂U(Ĥ)

//
// · obtained

by composing the corresponding morphismp1⊗̂p2 ∈ HomRGΩ
(G, P̂U(Ĥ)) with the gener-

alised Real morphism induced by a canonical Morita equivalenceG ∼ G[U]. ThenHomRG(G, P̂U(Ĥ))

is an abelian monoid with respect to this operation.

Remark 5.4. The same reasoning applies to the Real groupU0(Ĥ): the operation of tensor
product of cocycles makes the setHomRG(G, U

0(Ĥ)) ∼= ȞR1(G•, U
0(Ĥ)) into an abelian

monoid. Similarly the corresponding operation inHomRG(G, U
0(Ĥ)) is denoted additively.

We list few properties for generalised classifying morphisms.
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Proposition 5.5. If P1 andP2 are generalised classifying morphisms for(A1,α1) and(A2,α2),
respectively, thenP1 ⊗ P2 is a generalised classifying morphism for the Rg tensor product
(A1⊗̂XA2,α1⊗̂α2).

Proof. Up to considering the pull-back ofAi, i = 1, 2 along the canonical Real inclusion
G[U] →֒ G, we can suppose that the(Ai,αi) are Rg D-D bundles over the Real cover groupoid
G[U], whereU is an open Real cover on which the morphismspi ∈ HomRGΩ

(G, P̂U(Ĥ))

corresponding toPi are represented. The isomorphisms(Ai,αi) ∼= (K̂Pi
0 ,AdPi) mean that

the pull-back(p∗iK̂0,p
∗
iAd) is isomorphic to(Ai,αi), i = 1, 2. We thus have reduced the

proposition to showing that

(A1⊗̂YA2,α1⊗̂α2) ∼= ((p1⊗̂p2)
∗K̂0, (p1⊗̂p2)

∗Ad),

whereY =
∐

i∈IUi. But this is clear by using the functorial property of̂BrR(·) in the cate-
goryRGs of Real groupoids and strict Real homomorphisms and the isomorphism of Rg D-D
bundles(K̂0⊗̂·K̂0,Ad⊗̂Ad) ∼= (K̂0,Ad) overP̂U(Ĥ). �

Proposition 5.6. SupposeZ : Γ −→ G is a generalised Real homomorphism. Let(A,α) ∈

B̂rR(G) be of type0. If P is a generalised classifying morphism for(A,α), thenP ◦ Z is a

generalised classifying morphism for(AZ,αZ) ∈ B̂rR(Γ).

Proof. This is a consequence of the cofunctorial property of̂BrR(·) in the categoryRG: i.e.
A ∼= K̂P

0 impliesAZ ∼= (K̂P
0 )

Z ∼= K̂P◦Z
0 . �

Proposition 5.7. Let(A1,α1), (A2,α2) be isomorphic Rg D-D bundles of type0 over G
//
// X .

If P1 andP2 are generalised classifying morphisms for(A1,α1) and(A2,α2), respectively, there
exists aG–P̂U(Ĥ)-equivariant Real isomorphismP1 ∼= P2.

Proof. Let fi : Ai −→ Pi ×P̂U(Ĥ)
K̂0, i = 1, 2, andφ : A1 −→ A2 be isomorphisms of Rg

D-D bundles. Thenh := f2 ◦ φ ◦ f−1
1 : P1 ×P̂U(Ĥ)

K̂0 −→ P2 ×P̂U(Ĥ)
K̂0 is an isomorphism

of Rg D-D bundles overG. P1 −→ X andP2 −→ X beingP̂U(Ĥ)-principal bundles, it follows
from the theory of principal bundles (see for instance Husemöller [13, §4.6]) that there exists an
isomorphism ofP̂U(Ĥ)-principal bundlesf : P1 −→ P2 overX such thath([ϕ, T ]) = [f(ϕ), T ]

for all [ϕ, T ] ∈ P1 ×
P̂U(Ĥ)

K̂0. Moreover,f must be Real sinceh is. Also, sinceh is G-
equivariant, we haveh([g · ϕ, T ]) = g · h([ϕ, T ]) = g · [f(ϕ), T ] = [g · f(ϕ), T ], so that
[f(g ·ϕ), T ] = [g · f(ϕ), T ], ∀[ϕ, T ] ∈ P1 ×P̂U(Ĥ)

K̂0. f is thus an isomorphism of generalised

Real homomorphismsP1 ∼= P2 : G −→ P̂U(Ĥ). �

From Proposition5.7we deduce the following
Corollary 5.8. If there exists a generalised classifying morphism for(A,α) ∈ B̂rR(G), then
it is unique up to isomorphisms of generalised Real homomorphisms.

The existence of generalised classifying morphisms is the content of the next section.
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6. CONSTRUCTION OFP

It is known [29] that graded complex D-D bundles are, in some sense, classified by the

groupoid P̂U(Ĥ)
//
// · ; i.e. giving a graded complex D-D bundleA overG is equivalent to

giving a generalised morphismP ∈ HomG(G, P̂U(Ĥ)), whereG is the category of topological
groupoids and isomorphism classes of generalised morphisms. In view of the isomorphism
established in Lemma3.7, it is natural to expect a similar correspondence in the category of
Real spaces. We show that theG-equivariantP̂U(Ĥ)-principal bundle associated to a Rg D-D
bundle admits a natural involution turning it into an element in HomRG(G, P̂U(Ĥ)), where the

Real groupoidP̂U(Ĥ)
//
// · is given the compact-open topology (which is equivalent to the

∗-strong operator topology) and the usual involutionAdJ0,R.

A Rg D-D bundle(A,α) ∈ B̂rR(G) being of type0 means that the fibresAx are isomor-
phic to the graded complex elementaryC∗-algebraK̂ev = K(Ĥ), and there is a Real local
trivialisation(Uj,ϕj)j∈J with commutative diagrams

A|Uj

τUj

��

hj
// Uj × K̂0

τ×bar

��

A|Uj̄

hj̄
// Uj̄ × K̂0

(20)

and a Real family of continuous functionaij : Uij −→ Aut(0)(K̂0) = P̂U(Ĥ), over every
non-empty intersectionUij = Ui ∩Uj, such that the homeomorphism

hi ◦ h
−1
j : Uij × K̂0 −→ Uij × K̂0

sends(x, T) to (x,aij(x)T). Observe that(aij) ∈ ZR
1(U, P̂U(Ĥ)). We then obtain the ”Real”

analogue of the well knownDixmier-Douady class(see [7], [25]). Furthermore, we get a Real
P̂U(Ĥ)-valuedČech1-cocyleµ overG as follows. From the Real open coverU = (Uj)j∈J

of X, form the Real open coverU1 = (U1
(j0,j1)

) of G by settingU1
(j0,j1)

= {g ∈ G | r(g) ∈

Uj0 , s(g) ∈ Uj1} ( [20, §2]). Using the isomorphism of RgC∗-bundless∗A −→ r∗A overG
induced by the RealG-actionα and the commutative diagram (20), there is a Real family of
continuous functionsµ(j0,j1) : U

1
(j0,j1)

−→ Aut(0)(K̂0) = P̂U(Ĥ) such that

µ(j0,j1)(g) = hj0|r(g) ◦ αg ◦ h−1
j1|s(g)

, ∀g ∈ U1
(j0,j1)

, (21)

wherehj0|r(g) : Ar(g) −→ {r(g)}× K̂0, andhj1|s(g) : {s(g)}× K̂0 −→ As(g) are the restrictions

of the isomorphismshj0 : r∗A|U1
(j0,j1)

−→ Uj0 × K̂0 andh−1
j1

: Uj1 × K̂0 −→ s∗A|U1
(j0,j1)

.

It is easy to verify thatµA = (µ(j0,j1)) is a Real1-coboundary. We are going to show that

the generalised Real homomorphism corresponding to the class ofµA in ȞR1(G•, P̂U(Ĥ)) is
actually a classifying generalised morphism for(A,α).
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We first need some further constructions. Forx ∈ X, letPx := Isom(0)(K̂0,Ax). Put

P :=
∐

x∈X

Px. (22)

Forg ∈ G andp = (s(g),ϕ) ∈ Ps(g), theG-actionα of A provides the elementg · p ∈ Pr(g)
given by

g · p := (r(g),αg ◦ϕ). (23)

We wish to define a topology onP such that not only the canonical projectionP ∋ (x,ϕ) 7−→

x ∈ X is continuous but also the formula (23) defines a continuous action ofG on P with
respect to the projection just given. To do so, we first consider the pull-backss∗P −→ G and
r∗P −→ G of P −→ X along the range and source maps. Then we look at the fibered-product
s∗P ×G r

∗P −→ G.
Lemma 6.1. TheG-actionα of A induces a (set-theoretical) embedding

s∗P ×G r
∗P →֒ G× P̂U(Ĥ).

Proof. If ((g,ϕ), (g,ψ)) ∈ s∗P ×G r
∗P, thenψ−1 ◦ αg ◦ ϕ ∈ Aut(0)(K̂0) = P̂U(Ĥ). It is

straightforward to see that the correspondence

s∗P ×G r
∗P −→ G× P̂U(Ĥ)

((g,ϕ), (g,ψ)) 7−→ (g,ψ−1 ◦ αg ◦ϕ)

is a well-defined injection map. �

Definition 6.2. Let (A,α) ∈ B̂rR(G) of type 0, and letP be given by (22). Let the space
s∗P ×G r

∗P be given the topology induced from the product topology ofG × P̂U(Ĥ) via the
embedding of Lemma6.1. Then we endowP with the topology induced from the embedding

P →֒ s∗P ×G r
∗P

(x,ϕ) 7−→ ((x,ϕ), (x,ϕ))

In this way,P is looked at as a subspace ofG× P̂U(Ĥ).

From this definition, it is obvious that the projectionP −→ X is an open continuous map with
respect to which the formula (23) defines a continuousG-action onP. Moreover,P is a Real
G-space with respect to the involutionP ∋ (x,ϕ) 7−→ (x̄, ϕ̄), where forϕ ∈ Isom(0)(K̂0,Ax),
the isomorphism̄ϕ is defined byϕ̄(T) := ϕ(T̄) for all T ∈ K̂0.

Proposition 6.3. Let u ∈ Û(Ĥ) and [u] its class in the group̂PU(Ĥ). For ϕ ∈ Px we put
ϕ · [u] := ϕ ◦ Adu ∈ Px. Then the mapP ∋ (x,ϕ) 7−→ (x,ϕ · [u]) ∈ P defines a principal
RealP̂U(Ĥ)-action onP compatible with theG-action with respect to the projectionP −→ X.
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In other words, we have a generalised Real homomorphism

P //

��

·

X

fromG to P̂U(Ĥ).

Proof. The continuity of the map̂PU(Ĥ) × P ∋ ([u], (x,ϕ)) 7−→ (x,ϕ · [u]) ∈ P is a direct
consequence of the construction of the topology ofP. It respects the Real structures since for
all T ∈ K̂0,

ϕ · [u](T) = ϕ(uT̄u−1) = ϕ ◦Adu(R̄) = ϕ̄ ◦Adū(T),= (ϕ · [ū])(T).

It remains only to check that thêPU(Ĥ)-action is principal (cf. [20, §1.2], [30]), which is
straightforward since the mapP × P̂U(Ĥ) −→ P ×X P given by

((x,ϕ), [u]) 7−→ ((x,ϕ), (x,ϕ · [u])),

has inverse given by((x,ϕ), (x,ψ)) 7−→ ((x,ϕ),ϕ−1 ◦ψ). �

Proposition 6.4. The class of[P] ∈ HomRG(G, P̂U(Ĥ)) in ȞR1(G•, P̂U(Ĥ)) is µA, the latter
being given by(21).

Proof. The Real local trivialisation(Uj,hj) of (20) gives rise to a Real family of local sections
sj : Uj −→ P such thatsj(x) = h−1

j|x
∈ Isom(0)(K̂0,Ax). Forg ∈ U1

(j0,j1)
, we haveg ·h−1

j1|s(g)
=

αg ◦ h−1
j1|s(g)

, henceg · sj1(s(g)) = sj0(r(g)) · µ(j0,j1), which proves the result. �

Proposition 6.5. Every Rg D-D bundle(A,α) of type0 over G
//
// X admits a generalised

classifying morphismP(A). Furthermore, the assignment

[P] 7−→ A([P]) := P ×
P̂U(Ĥ)

K̂0

induces a well defined surjective homomorphism of abelian monoids

A : HomRG(G•, P̂U(Ĥ)) −→ B̂rR0(G). (24)

Proof. Let P : G −→ P̂U(Ĥ) be the generalised Real homomorphism defined by (22). Then
the family of fibre-wise maps

P ×
P̂U(Ĥ)

K̂0 ∋ ((x,ϕ), T) 7−→ ϕ(T) ∈ Ax

is an isomorphism of Rg D-D bundles overG. Therefore,P : G −→ P̂U(Ĥ) is a generalised
classifying morphism for(A,α). The uniqueness ofP is guaranteed by Corollary5.8.

The mapA is well defined since an isomorphism of generalised Real homomorphismsP ∼= P ′

obviously induces an isomorphism between the associated RgD-D bundles. It is a homo-
morphism of abelian monoids, for if[P], [P ′] ∈ HomRG(G, P̂U(Ĥ)) then, thanks to Proposi-
tion 5.5 and the uniqueness of the generalised classifying morphism, P ⊗ P ′ is a generalised
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classifying morphism forA([P])⊗̂XA([P ′]) and forA([P] + [P ′]) at the same time; so that
A([P⊗ P ′]) ∼= K̂P⊗P ′

0
∼= A([P])⊗̂XA([P ′]), which impliesA([P] + [P ′]) = A([P]) +A([P ′]) in

B̂rR0(G). The surjectivity ofA is a consequence of the existence of the generalised classifying
morphism we just proved. �

Remark 6.6. LetX be a locally compact Hausdorff space. Recall that Atiyah andSegal defined
in [3, pp.11-12] the monoidProj±(X) to be the set of infinite dimensional projective graded
complex Hilbert space bundles onX subjected to the operation of graded tensor products, and
showed that as a set,Proj±(X) ∼= Ȟ1(X,Z2)× Ȟ

2(X,Z). If X is endowed with a Real structure
τ, thenHomRG(X, P̂U(Ĥ)) is nothing but the Real analogue ofProj±(X). We thus may expect
to have a similar result as in the complex case; this will be discussed in the next sections.

7. INTERMEDIATE ISOMORPHISM THEOREM

Consider once again the abelian monoidsHomRG(G, Û
0
(Ĥ)) andHomRG(G, P̂U(Ĥ)). There

is a canonical monomorphism

pr : HomRG(G, U
0(Ĥ)) −→ HomRG(G, P̂U(Ĥ))

induced by the canonical Real projectionÛ
0
(Ĥ) −→ P̂U(Ĥ); i.e., if U : G −→ U0(Ĥ) is a

generalised Real homomorphism, then we obtain a generalised Real homomorphism

pr ◦U := U×U0(Ĥ) P̂U(Ĥ) : G −→ P̂U(Ĥ).

Definition 7.1. An element[P] ∈ HomRG(G, P̂U(Ĥ)) is calledtrivial if [P] = [pr ◦ U] for
someU : G −→ U0(Ĥ).

Define an equivalence relation inHomRG(G, P̂U(Ĥ)) by saying thatP1,P2 : G −→ P̂U(Ĥ)

arestably isomorphicif there exists a trivial generalised Real homomorphismQ such that

[P1] + [Q] = [P2] + [Q].

In that case we write[P1] ∼st [P2]. We define

HomRG(G, P̂U(Ĥ))st := HomRG(G, P̂U(Ĥ))/∼st
.

The class of[P] with respect to ”∼st” is denoted by[P]st
Lemma 7.2. [P] is trivial if and only ifP is the generalised classifying morphism of a Rg D-D
bundle of the form(K(Ĥ ),AdU) where(Ĥ ,u) is a Rg HilbertG-bundle.

Proof. AssumeP ∼= pr ◦ U is trivial. Let [ω] ∈ ȞR1(X, Û
0
(Ĥ)) be the class of the Real

U0(Ĥ)-principal bundleU −→ X, and let[c] ∈ ȞR1(G•, U
0(Ĥ)) be the class ofU as Real

U0(Ĥ)-principalG-bundle. Suppose, without loss of generality, thatU = (Uj)j∈J is a Real
open cover ofX on whichω is represented, and such thatc is represented on the Real open
coverU1 = (U1

(j0,j1)
)j0,j1∈J. Then we get a Rg HilbertG-bundle(Ĥ ,u) by setting:

Ĥ :=
∐

j∈J

Uj × Ĥ/∼ (25)
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whereUi × Ĥ ∋ (x, ξ) ∼ (x,ωij(x)ξ) ∈ Ui × Ĥ; if [x, ξ]j denotes the class inĤ of
(x, ξ) ∈ Uj × Ĥ, we define the Real structure[x, ξ]j 7−→ [x̄, ξ̄]j̄ (where as usual the ”bar” in̂H
is the Real structureJ0,R), and the projectionπ : Ĥ −→ X by π([x, ξ]j) = x; the RealG-action
U is

Ug([s(g), ξ]j1) := [r(g), c(j0,j1)(g)ξ]j0. (26)

By construction, we see thatpr ◦ U = U ×
U0(Ĥ) K̂0 is a generalised classifying morphism

for (K(Ĥ ),AdU) and that the classµK(Ĥ ) (recall (21)) in ȞR1(G, P̂U(Ĥ)) is Adc, where
(Adc)(j0,j1) := Adc(j0,j1)

.

Conversely, a Rg HilbertG-bundle(Ĥ ,U) gives rise to a class[ω] ∈ ȞR1(G•, U
0(Ĥ)),

hence to a generalised Real homomorphismU : G −→ U0(Ĥ). It follows from Proposition6.4
thatpr◦U : G −→ P̂U(Ĥ) is a generalised classifying morphism for(K(Ĥ ),AdU); therefore
P ∼= pr ◦U by Corollary5.8. �

Lemma 7.3. HomRG(G, P̂U(Ĥ))st is an abelian group with respect to the sum; the inverse
of [P]st is [P∗]st whereP∗ is the generalised classifying morphism for the conjugate bundle of
A([P]).

Proof. We only need to verify the existence of the inverse.P ⊗ P∗ is a generalised classifying
morphism for the Rg D-D bundleA([P])⊗̂XA([P]). From Corollary2.19, P ⊗ P∗ is then a
generalised classifying morphism for(K(Ĥ ),AdU) where(Ĥ ,U) is a Rg HilbertG-bundle.
Therefore,[P ⊗ P∗] is trivial, by Lemma7.2. �

The main result of this section is the following
Theorem 7.4. Let G

//
// X be a Real groupoid. Then̂BrR0(G) ∼= HomRG(G, P̂U(Ĥ))st.

The proof is based on the following lemma (compare with [29, p.3]).

Lemma 7.5. The sequence of abelian monoids

0 −→ HomRG(G, U
0(Ĥ))

pr
−→ HomRG(G, P̂U(Ĥ))

A
−→ B̂rR0(G) −→ 0 (27)

is exact.

Proof. We have already seen thatpr was a monomorphism of abelian monoids, andA was an
epimorphism of abelian monoids. It then remains to show thatkerA = Im(pr).

Im(pr) ⊂ kerA: indeed, from Lemma7.2and Corollary5.8, for all [U] ∈ HomRG(G, U
0(Ĥ)),

the Rg D-D bundleA([pr◦U]) is of the form(K(Ĥ ),AdU), henceA([pr◦U]) = 0 in B̂rR0(G)

by Corollary2.19.
kerA ⊂ Im(pr): if A([P]) = 0 thenP is the generalised classifying morphism for some

(K(Ĥ ),AdU). So, by Lemma7.2, [P] is trivial; in other words,[P] = [pr ◦U] ∈ Im(pr). �
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Proof of Theorem7.4. First of all, observe that there is a canonical isomorphism of abelian
monoids

HomRG(G, P̂U(Ĥ))

Im(pr)
∼= HomRG(G, P̂U(Ĥ))st,

the quotient monoid is then an abelian group. Moreover, fromthe exact sequence (27) we
deduce an isomorphism of abelian monoids

P : B̂rR0(G)
∼=

−→ HomRG(G, P̂U(Ĥ))st,

such thatP(A) is the class inHomRG(G, P̂U(Ĥ))st of the generalised classifying morphism
P of (A,α). Furthermore, by definition of the inverse inHomRG(G, P̂U(Ĥ))st, we see that this
isomorphism respects the inversion; it therefore is an isomorphism of abelian groups, which
completes the proof. �

8. EXAMPLE : CASE OF A REAL GROUP

Here we apply the observations of the previous sections to compute the Rg Brauer group of
a locally compact Real groupG //

// · .

If G = G
//
// · is a Real group, then for any Real groupS, HomRG(G, S) identifies with

the setHom(G, S)R of continuous Real group homomorphisms fromG to S. In particular

HomRG(G, P̂U(Ĥ))st ∼=
Hom(G, P̂U(Ĥ))R

Hom(G, U0(Ĥ))R
.

For instance, ifG is equipped with the trivial Real structure, then

HomRG(G, P̂U(Ĥ))st ∼=
Hom(G, P̂U(ĤR))

Hom(G, U0(ĤR))
.

Moreover, a Rg D-D bundle overG //
// · is obviously of constant type since it is given

by a Real bundle over the point together with a Real action ofG; soB̂rR(G) = B̂rR∗(G). It is
convenient to writêBrRG(∗) instead ofB̂rR(G) since it is exactly the Rg Brauer group of the
point with the trivial RealG-action. Similarly, we writêBrOG(∗) andB̂rG(∗).

Now, applying Proposition4.9and Theorem7.4toG, we get

Proposition 8.1. LetG be a locally compact Real group. Then

B̂rRG(∗) ∼= Z8 ⊕
Hom(G, P̂U(Ĥ))R

Hom(G, U0(Ĥ))R
, B̂rOG(∗) ∼= Z8 ⊕

Hom(G, P̂U(ĤR))

Hom(G, U0(ĤR))
.
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9. THE MAIN ISOMORPHISMS

The purpose of this section is to prove the following theorem.
Theorem 9.1. Let G

//
// X be a Real groupoid. Then

B̂rR(G) ∼= ȞR0(G•, InvK̂)⊕
(
ȞR1(G•,Z2)⋉ ȞR

2(G•, S
1)
)
;

B̂rR∗(G) ∼= ȞR0(G•,Z8)⊕
(
ȞR1(G•,Z2)⋉ ȞR

2(G•, S
1)
)
.

We first deduce a generalization of Donovan-Karoubi’s isomorphism (9):

Corollary 9.2. Let G
//
// X be a groupoid. Then

B̂rO(G) ∼= Ȟ0(G•,Z8)⊕
(
Ȟ1(G•,Z2)⋉ Ȟ

2(G•,Z2)
)
.

Proof. This follows from Theorem3.6 2), Theorem9.1, and the fact that whenG is given the
trivial involution, ȞRn(G•, S1) ∼= Ȟn(G•,Z2), thanks to [20, Proposition 2.43]. �

The proof of Theorem9.1is divided into several steps that mainly consist of constructing an
isomorphismHomRG(G, P̂U(Ĥ))st ∼= ÊxtR(G, S1).

Let us consider the following ”generic” RgS1-central extensionE
K̂0

of the Real groupoid

P̂U(Ĥ)
//
// ·

S1 // Û(Ĥ)
pr

// P̂U(Ĥ)

∂

��

Z2

(28)

where∂([u]) is the degree of the homogeneous unitaryu.
Let G

//
// X be a Real groupoid and letP : G −→ P̂U(Ĥ) be a generalised Real ho-

momorphism. Then we get a RgS1-central extensionP∗E
K̂0

of G by pulling backE
K̂0

via P
(see [20, §1]).

Lemma 9.3. The assignmentP 7−→ P∗E
K̂0

induces a well defined homomorphism of Abelian
monoids

T : HomRG(G, P̂U(Ĥ)) −→ ÊxtR(G, S1)

[P] 7−→ [P∗E
K̂0

]

Proof. AssumeP ∼= P ′ are isomorphic generalised Real homomorphisms fromG to P̂U(Ĥ).
As usual, we may assume thatP andP ′ are represented inHomRGΩ

(G, P̂U(Ĥ)) (see [20, §1])
on the same Real open coverU of X by two Real strict homomorphismsf : G[U] −→ P̂U(Ĥ)

andf ′ : G[U] −→ P̂U(Ĥ), respectively. The pull-backsP∗E
K̂0

and(P ′)∗E
K̂0

are then Morita
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equivalent to

S1 // Û(Ĥ)×
pr,P̂U(Ĥ),f

G[U] // G[U]

∂◦f

��

Z2

and

S1 // Û(Ĥ)×
pr,P̂U(Ĥ),f ′ G[U] // G[U]

∂◦f ′

��

Z2

respectively, where in both cases, the projection is the canonical one onto the second factor.
SinceP ∼= P ′, there is an isomorphism of Real groupoidsφ : G[U] −→ G[U] such thatf ′ = f◦φ.
Therefore, the map

Û(Ĥ)×
pr,P̂U(Ĥ),f

G[U] −→ Û(Ĥ)×
pr,P̂U(Ĥ),f ′ G[U]

defined by(u,γ) 7−→ (u,φ(γ)) induces an isomorphism of RgS1-central extensionP∗E
K̂0

∼=

(P ′)∗E
K̂0

. HenceT is well defined.

Let us check thatT is a homomorphism. Let[P1], [P2] ∈ HomRG(G, P̂U(Ĥ)) and letp1,p2 :
G[U] −→ P̂U(Ĥ) be Real strict homomorphisms representing[P1] and[P2], respectively in the
categoryRGΩ. Then the map
(
Û(Ĥ)×

pr,P̂U(Ĥ),p1
G[U]

)
×G[U]

(
Û(Ĥ)×

pr,P̂U(Ĥ),p2
G[U])

)
→ Û(Ĥ⊗̂Ĥ)×

pr,P̂U(Ĥ⊗̂Ĥ),p1⊗̂p2
G[U])

defined by

((u1,γ), (u2,γ)) 7−→ (u1⊗̂u2,γ),

is easily checked to define an isomorphism of RgS1-central extensions

(P∗1EK̂0
)⊗̂(P∗2EK̂0

) ∼= (P1 ⊗ P2)
∗E

K̂0
.

Thus,T ([P1] + [P2]) = T ([P1]) + T ([P2]), and we are done. �

Lemma 9.4. If [P] is trivial, thenT ([P]) = 0 in ÊxtR(G, S1). Therefore,T induces a homo-
morphism of abelian groups

HomRG(G, P̂U(Ĥ))st −→ ÊxtR(G, S1),

also denoted byT .

Proof. SinceT ([P]) depends only on the isomorphism class ofP, it suffices to supposeP =

pr ◦ U for some generalised Real homomorphismU : G −→ U0(Ĥ). Let u : G[U] → U0(Ĥ)
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be a Real strict homomorphism representingU in the categoryRGΩ. Then the Real groupoid
morphismp : G[U] −→ P̂U(Ĥ) given byp(γ) = [uγ] representsP. It follows that the map

G[U] −→ Û(Ĥ)×
pr,P̂U(Ĥ),p

G[U]

γ 7−→ (uγ,γ)

is a well defined section of the projection of(p∗P̂U(Ĥ),G[U], ∂ ◦ p); the latter is then a strictly
trivial Rg S1-twist [20]. Therefore,P∗E

K̂0
is a trivial RgS1-central extension ofG. �

At this point, we are following closely [30, §2.6] to construct a homomorphismP ′ in the
other direction; and then we will show thatT andP ′ are inverses of each other.

LetE = (Γ̃ , Γ , δ,Z) be a RgS1-central extension ofG //
// X .

Definition 9.5. ( [30, Definition 2.37]). A functionξ ∈ Cc(Γ̃) is saidS1-equivariant ifξ(λγ̃) =
λ−1ξ(γ̃) for anyλ ∈ S1 and anỹγ ∈ Γ̃ .

Let µ = {µy}y∈Y be a Real Haar system of the Real groupoidΓ̃ //
// Y . For y ∈ Y,

consider the graded Hilbert spaceL2
y := L2(Γ̃y)S

1

consisting ofS1-equivariant functions oñΓy

which areL2 with respect toµy. Note that theZ2-grading ofL2
y is the one induced byδ; i.e.,

for ξ ∈ Cc(Γ̃
y)S

1

, defineδξ by

(δξ)(γ̃) := (−1)δ(γ)ξ(γ̃), (29)

whereγ ∈ Γ is such thatπ(γ̃) = γ. Let

HΓ̃ ,y = L2
y ⊗H, and H̃Γ̃ ,y: =

∐

y

HΓ̃ ,y, (30)

where, as usualH = l2(N) is the generic separable infinite dimensional Hilbert space, endowed
with the Real structureJR given by the complex conjugation with respect to the canonical basis.
Then the countably generated continuous field of infinite dimensional graded Hilbert spaces
H̃Γ̃ −→ Y, is a locally trivial graded Hilbert bundle, and hence trivial thanks to [7, Théorème
5]. By identifyingHΓ̃ ,y with the space

L2(Γ̃y;H)S
1

:= {ξ ∈ Cc(Γ̃
y;H) | ξ(λγ̃) = λ−1ξ(γ̃), ∀λ ∈ S1, γ̃ ∈ Γ̃y},

we define the Real structure oñHΓ̃ by

HΓ̃ ,y ∋ ξ 7−→ ξ̄ ∈ HΓ̃ ,ȳ, (31)

whereξ̄(γ̃) := ξ(γ̃) for all γ̃ ∈ Γ̃ ȳ. Together with this involution,H̃Γ̃ is clearly a Rg Hilbert
bundle overY.

For y ∈ Y, let ÛΓ̃ ,y = U0(Ĥ,HΓ̃ ,y)
⋃
U1(Ĥ,HΓ̃ ,y) be the space of homogeneous unitary

operators fromĤ to HΓ̃ ,y. Put

ÛΓ̃ =
∐

y∈Y

UΓ̃ ,y.
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The fieldÛΓ̃ is endowed with the topology induced from̃H : a sectionY ∋ y 7−→ uy ∈ ÛΓ̃ ,y

is continuous if and only if for everyξ ∈ Ĥ, the mapy 7−→ uyξ is a continuous section of
H̃Γ̃ −→ Y. The bundleÛΓ̃ −→ Y is, in an obvious way, a Real̂U(Ĥ)-principal bundle, with

the Real structureÛΓ̃ ,y ∋ u 7−→ ū ∈ ÛΓ̃ ,ȳ, where forξ ∈ Ĥ, ū(ξ) := u(ξ̄) ∈ HΓ̃ ,ȳ. Notice

that scalar multiplication with elements of the fibreŝUΓ̃ ,y induces a RealS1-action onÛΓ̃ . It
follows that its quotient

PÛΓ̃ := ÛΓ̃/S
1 (32)

is a RealP̂U(Ĥ)-principal bundle overY. We write [(x,u)] for the class of(x,u) ∈ ÛΓ̃ ,y in

the quotientPÛΓ̃ .
One defines a Real leftΓ -action onPÛΓ̃ −→ Y in the following way: letγ ∈ Γ and

[(s(γ),u)] ∈ PÛΓ̃ , thenγ · [(s(g),u)] is the class[(r(γ),γ · u)] of the element(r(γ),γ · u) ∈
ÛΓ̃ ,r(γ)

, where for eachξ ∈ Ĥ, the function(γ · u)ξ ∈ L2(Γ̃ r(γ); Ĥ)S
1

is given by

(γ · u)ξ : Γ̃ r(γ) ∋ h 7−→ (uξ)(γ̃−1h),

whereγ̃ ∈ Γ̃γ is any lift of γ with respect to the projectioñΓ −→ Γ . It is easy to verify that
with respect to this well defined Real action,PÛΓ̃ is a RealP̂U(Ĥ)-principal bundle over the

Real groupoid Γ //
// Y , in other words, it is a generalised Real homomorphism fromΓ to

P̂U(Ĥ)
//
// · .

Now the compositeG
Z−1

−→ Γ
PÛ

Γ̃−→ P̂U(Ĥ) provides us with the generalised Real homomor-
phism

PE := PÛΓ̃ ◦ Z
−1 : G −→ P̂U(Ĥ). (33)

Remark 9.6. Observe that the RealΓ -action onPÛΓ̃ is induced by the Real̃Γ -action onÛΓ̃

defined byγ̃ · (s(γ̃),u) := (r(γ̃), γ̃ · u), where forξ ∈ Ĥ, ((γ̃ · u)ξ)(h) := (uξ)(γ̃−1h) for

all h ∈ Γ̃ r(γ̃). In fact,ÛΓ̃ is a Real̂U(Ĥ)-principal bundle over the Real groupoid̃Γ //
// Y .

Lemma 9.7. LetEi = (Γ̃i, Γi, δi,Zi), i = 1, 2 be Morita equivalent RgS1-central extensions of

G
//
// X , with equivalence implemented by anS1-equivarient Morita equivalenceZ : Γ̃1 −→

Γ̃2. Denote byZ ′ = Z/S1 : Γ1 −→ Γ2 the induced Morita equivalence. ThenPÛΓ̃2
◦ Z ′ and

PÛΓ̃1
are isomorphic.

Proof. This is a consequence of [30, Lemma 2.39]. �

Lemma 9.8. AssumeE1 andE2 are Morita equivalent RgS1-central extensions ofG. Then
[PE1] = [PE2].

Proof. A Morita equivalenceΓ ∼Z G induces an isomorphism of abelian monoids

Z∗ : homRG(Γ , P̂U(Ĥ)) −→ HomRG(G, P̂U(Ĥ))



34 EL-KAÏOUM M. MOUTUOU

given byZ∗[P] := [P ◦ Z−1] ( [30, Proposition 2.35]).
Now if Z is a Morita equivalence fromE1 andE2, then under the notations of Lemma9.7, the
commutative diagram of generalised Real homomorphisms

Γ1
Z ′

//

Z1 ��
❃❃

❃❃
❃❃

❃
Γ2

Z2����
��
��
�

G

induces a commutative diagram of abelian monoids

HomRG(Γ1, P̂U(Ĥ))
Z ′

∗
//

Z1∗ ))❚❚
❚❚❚

❚❚❚
❚❚❚

❚❚❚
❚

HomRG(Γ2, P̂U(Ĥ))

Z2∗uu❥❥❥
❥❥❥

❥❥❥
❥❥❥

❥❥❥

HomRG(G, P̂U(Ĥ))

Consequently,PÛΓ̃2
◦(Z ′)−1◦Z−1

2
∼= PÛΓ̃1

◦Z−1
1 = PE1. But from Lemma9.7, PÛΓ̃1

◦(Z ′)−1 ∼=

PÛΓ̃2
. Therefore,PE2

∼= PE1. �

Lemma 9.9. The assignmentE 7−→ PE induces group homomorphism

P
′ : ÊxtR(G, S1) 7−→ HomRG(G, P̂U(Ĥ))st, [E] 7−→ [PE]st.

MoreoverT ◦ P ′ = Id.

Proof. The second statement follows from [30, Proposition 2.38].
For the first statement, we shall first check that[PE] is trivial if E is. But, thanks to the

previous lemma, it suffices to show thatPE0 comes from a generalised Real homomorphism
U : G −→ U0(Ĥ), whereE0 is the trivial extension(G × S1,G, 0). This is obvious since
L2(Gx × S1)S

1 ∼= L2(Gx), which implies in particular that there is a canonical Real graded
G-action on the Real (trivially) graded Hilbert bundleHG×S1 .

Let [E1], [E2] ∈ ÊxtR(G, S1). For the sake of simplicity, we shall assumeE1 andE2 are
represented by RgS1-twists(Γ̃1, Γ , δ1) and(Γ̃2, Γ , δ2) over the same Real groupoidΓ //

// Y

Morita equivalent toG. Let µi be a Real Haar system ofΓ̃i, i = 1, 2. ThenΓ̃1⊗̂Γ̃2 is equipped
with the Real Haar systemµ1 ×S1 µ2, andΓ is equipped with the image of the latter (here
µ1 ×S1 µ2 is meant to say the product measure is invariant under the diagonal action byS1).
For y ∈ Y, we denote byCc(Γ̃

y
1 ;H)S

1

⊗̂Cc(Γy)Cc(Γ̃2;H)S
1

the completion, with respect to the
inductive limit topology inCc(Γ̃

y
1 ⊗̂Γ̃

y
2 )

S1, of theCc(Γ
y)-linear span of

{

ξ1⊙̂ξ2 | ξ1 ∈ Cc(Γ̃
y
1 )

S1 , ξ2 ∈ Cc(Γ̃
y
2 )

S1
}

,

whereξ1⊙̂ξ2 ∈ Cc(Γ̃
y
1 ⊗̂Γ̃2)

S1 is defined by[(γ̃1, γ̃2)] 7−→ ξ1(γ̃1)ξ2(γ̃2), and whereCc(Γ
y)

acts onCc(Γ̃
y
i )

S
1

by the formulas:(ξ1 · φ)(γ̃1) = ξ1(γ̃1)φ(π1(γ̃1)), and (φ · ξ2)(γ̃2) =

φ(π2(γ̃2))ξ2(γ̃2) for ξ1 ∈ Cc(Γ̃
y
1 )

S1,φ ∈ Cc(Γ
y), ξ2 ∈ Cc(Γ̃

y
2 ) andγ̃i ∈ Γ̃

y
i , i = 1, 2. Then,
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passing to theL2-norms, the graded Hilbert spacesL2(Γ̃y1 ⊗̂Γ̃
y
2 )

S1 andL2(Γ̃y1 )
S1⊗̂L2(Γy)L

2(Γ̃y2 )
S1

are isomorphic.
Define a generalised Real homomorphismU (Γ) : Γ −→ U0(Ĥ) by the Real field

U (Γ) :=
∐

y∈Y

U0(Ĥ, L2(Γy)⊗H),

where the RealΓ -action is induced by the RealΓ -action on the Rg HilbertΓ -bundleH̃ (Γ) =
∐

y∈Y L
2(Γy)⊗H −→ Y defined byγ · (s(γ), ξ) := (r(γ),γ · ξ), with (γ · ξ)(h) := ξ(γ−1h)

for all h ∈ Γ r(γ) (note that the grading ofH̃ (Γ) is carried byL2(Γy) and is given by(δ1 ⊗
δ2)ξ(γ) := (−1)δ1(γ)+δ2(γ)ξ(γ)). Then, remarking thatpr ◦ U (Γ) = U (Γ)/S1, we define an
isomorphism of Real̂PU(Ĥ)-principal bundles overΓ //

// Y

PÛΓ̃1
⊗ PÛΓ̃2

⊗ (pr ◦ U (Γ))
∼=

−→ PÛΓ̃1⊗̂Γ̃2

[(y,u1)]⊗ [(y,u2)]⊗ [(y, v)] 7−→ [(y, v · (u1⊙̂u2))]
(34)

as follows: givenξ ∈ Ĥ, we writeui(ξ) =
∑

jφ
j
i⊗η

j
i, i = 1, 2, whereφj

i ∈ L
2(Γ̃yi )

S
1

, ηji ∈ H,
and similarly,v(ξ) =

∑
jψ

j ⊗ ζj ∈ L2(Γy)⊗H; then the unitaryv · (u1⊙̂u2) is defined by

(v · (u1⊙̂u2))(ξ) :=
∑

j

(
ψj · φj

1⊙̂φ
j
2

)
⊗ ηj1 ⊗ η

j
2 ⊗ ζ

j

∈ L2(Γ̃y1 ⊗ Γ̃y2 )
S
1

⊗H⊗H ⊗H ∼= L2(Γ̃
y
1 ⊗ Γ̃y2 )

S
1

⊗H.
(35)

Thus [PÛΓ̃1⊗̂Γ̃2
] ∼st [PÛΓ̃1

⊗ PÛΓ̃2
] in HomRG(Γ , P̂U(Ĥ)). Therefore, by functoriality, we

have[P(E1⊗̂E1)] ∼st [(PE2) ⊗ (PE2)], which means thatP ′([E1] + [E2]) = P ′([E1]) +

P ′([E2]). �

Lemma 9.10. We haveP ′ ◦ T = Id; consequently, we have a group isomorphism

HomRG(G, P̂U(Ĥ))st ∼= ÊxtR(G, S1).

Proof. In view of Lemma9.9, we only have to verify thatP ′◦T = Id. Let [P] ∈ HomRG(G, P̂U(Ĥ))

be represented by a pair[(U,p)] ∈ HomRGΩ
(G, P̂U(Ĥ)). Recall (cf. [20, Proposition 1.33])

that P ∼= P ′ ◦ Z−1
ιU

, whereιU : G[U] →֒ G is the canonical Real inclusion andP ′ is (iso-
morphic to) the generalised Real homomorphism induced fromthe strict Real homomorphism
p : G[U] −→ P̂U(Ĥ). Notice thatP ′ =

∐
jUj × P̂U(Ĥ) together with the RealG[U]-action

gj0j1 ·(s(g)j1, [u]) := (r(g)j0, [u]). On the other hand, there is canonical RealG[U]-action on the
Rg Hilbert bundleH̃p∗Û(Ĥ), hencePÛp∗Û(Ĥ) = P̂U(Ĥ, H̃p∗Û(Ĥ))

∼=
∐

jUj × P̂U(Ĥ) = P ′.

It follows thatPÛp∗Û(Ĥ) ◦ Z
−1
ιU

∼= P ′ ◦ Z−1
ιU

= P, and henceP ′(T ([P])) = [P]. �

Proof of Theorem9.1. By [20, Theorem 2.60], there is an isomorphism

dd : ÊxtR(G, S1)
∼=

−→ ȞR1(G•,Z2)⋉ ȞR
2(G•, S

1),
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where the operation in the semi-direct product is(δ,ω)+(δ ′,ω ′) := (δ+δ ′, (δ⌣ δ ′) ·ω·ω ′).
Therefore, by Theorem7.4and Lemma9.10: we have an isomorphism

dd ◦ T ◦ P : B̂rR0(G) −→ ȞR1(G•,Z2)⋉ Ȟ
2(G•, S

1).

The result then follows from4.9. �

10. ORIENTED RG D-D BUNDLES

ForA ∈ B̂rR(G), its image inȞR0(G•, InvK̂) ⊕
(
ȞR1(G•,Z2)⋉ ȞR2(G•, S1)

)
is calledthe

D-D class ofA and is denoted byDD(A).

Definition 10.1. A Rg D-D bundle(A,α) is calledoriented if its D-D class is of the form

(0, 0, c); (A,α) is then of type0. By B̂rR
+
(G) we denote the subset of̂BrR(G) consisting of

oriented Rg D-D bundles.

Given a Rg D-D bundle(A,α) of type0, the RgS1-central extension obtained by the com-
posite

B̂rR0(G)
P
−→ HomRG(G, P̂U(Ĥ))

T
−→ ÊxtR(G, S1)

is calledthe associated Rg extensionand is denoted byEA.

It should be noted that the associated Rg extensionEA of an oriented Rg D-D bundle is
evenin the sense that the gradingδ of EA is the zero function. Of course Morita equivalence

and tensor product of Rg D-D bundles preserve orientation. ThusB̂rR
+
(G) is a subgroup of

B̂rR0(G). Indeed, using similar arguments as in [15, §3.4], we obtain the ”Real analogue” of
Kumjian-Muhly-Renault-Williams [17].

Theorem 10.2.Let G
//
// X be a Real groupoid. Then

B̂rR
+
(G) ∼= HomRG(G, P̂U

0

(Ĥ))st ∼= ȞR2(G•, S
1).

Remark 10.3.We shall note that the above result generalises J. Rosenbergclassification ofreal
continuous-traceC∗-algebrasgiven in [26]. Indeed, let(X, τ) be a compact Real space. Then

B̂rR
+
(X) ∼= ȞR2(X, S1) ∼= ȞR3(X,Z0,1). Thus, ifA ∈ B̂rR

+
(X) with Dixmier-Douady class

DD(A) = α ∈ ȞR3(X,Z0,1), we haveτ∗α = −α, which coincides with [26, Proposition 3.1].

APPENDIX A. RG C∗-ALGEBRAS

Recall thata complexificationof a real Banach space(E, ‖.‖) is a complex Banach space
(EC, ‖.‖c) such thatEC = E+ iE as a complex linear space, the norm‖.‖c restricts to‖.‖ onE,
and‖η + iξ‖ = ‖η − iξ‖ for all η, ξ ∈ E (i.e.,EC = E⊗R C). Moreover, for any real Banach
spaceE , there is a unique (up to equivalence) complexification of it. We refer the reader to [18]
for a general theory of real Banach spaces and real Banach (∗-)algebras and to [28, chap.1] for
an extensive exposition of realC∗-algebra.
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In this way, associated to any real Banach (∗-)algebraA, there is a complex Banach (∗-)algebra
AC = A⊗R C. In particular, ifA is a realC∗-algebra, thenAC admits a structure of a complex
C∗-algebra. It is however natural to ask the following question
Question A.1. LetB be a complexC∗-algebra. Does there exist a closed realC∗-subalgebra
Br ofB such thatB ∼= Br ⊗R C?

Although it was mentioned in [18] that this question was remained open, the answer is in
fact ”no”. Indeed, as we will see later, the existence ofBr is equivalent to the existence of
a conjugate-linear involution onB, which is also equivalent toB being isomorphic to its con-
jugate algebra via a2-periodic isomorphism). But such an involution induces an involutory
anti-automorphismϕ : B −→ B (i.e. ϕ verifiesϕ(ab) = ϕ(b)ϕ(a), ∀a,b ∈ B andϕ2 = 1).
On the other hand, A. Connes [5] and T. Giordano [11] have constructed examples of von
Neumann algebras that are not anti-isomorphic to themselves. Very recently, other explicit ex-
amples ofC∗-algebras not isomorphic to their conjugate algebras have been constructed by N.C.
Phillips [23] and N.C. Phillips and M.G. Viola [24]).

We shall however point out that being anti-isomorphic to itself is not sufficient for aC∗-
algebraB to admit a conjugate-linear involution, as it was proved by V. Jones in [14].

A.1. Generalities. In this subsection we are concerned with those (C∗-)algebras for which
QuestionA.1 has a positive answer.

Definition A.2. A Real (Z2)-gradedC∗-algebra consists of aC∗-algebraA together with

(i) an involutive∗-homomorphismα : A −→ A with α2 = 1; α is called thegrading;
(ii) an involutive∗-automorphismσA : A −→ A which is antilinear, such thatσ2A = 1, and

σA ◦ α = α ◦ σA. σA is called theReal structureof A.

We will say thatA is a RgC∗-algebra, for short.

We will often write (A,σA) for such a RgC∗-algebra and we decomposeA into the direct
sumA = A0 ⊕A1 whereA0 = Ker( 1−α

2
) andA1 = Ker( 1+α

2
).

An elementa ∈ A is called homogeneous of degreei, for i = 0, 1 mod 2 , if a ∈ Ai. a is
said to beinvariant if it is of degree0 andσA(a) = a. We write|a| for the degree of an element
a ∈ A. Moreover, it is easy to see thatA0 is aC∗-subalgebra ofA whileA1 is not.

Example A.3. LetA = A0 ⊕A1 be a graded realC∗-algebra. Then its complexificationAC is
also graded. Indeed, we haveAC = A0

C
⊕A1

C
. Now thebar operation− : AC −→ AC given by

a+ ib := a− ib defines a Real structure onAC. For instance, any realC∗-algebraA gives rise
to a RgC∗-algebra by takingA1 = 0.

Example A.4. Given a realC∗-algebraA, the direct sumA ⊕ A admits a canonical grading
given by(a,b) 7−→ (b,a); then(A⊕A)0 = {(a,a) | a ∈ A} and(A⊕A)1 = {(a,−a) | a ∈

A}. This induces a grading on the complexC∗-algebraAC ⊕AC which becomes a Real graded
C∗-algebra. This grading is calledthe standard odd grading. In particular, the complex Clifford
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algebraCl1 = C⊕C is a RgC∗-algebra with its canonical Real structure given by the complex
conjugation (see [28], for instance).

Definition A.5. Let (A,σA) and(B,σB) be RgC∗-algebras. AReal graded homomorphism
betweenA andB is a homomorphism ofC∗-algebrasϕ : A −→ B that intertwines the Real
structures and the gradings.

In particular, we say that(A,σA) and (B,σB) are isomorphic as RgC∗-algebras, and we
write (A,σA) ∼= (B,σB), if there exists a Rg isomorphism between them.

If (A,σA) is a RgC∗-algebra, then the multiplier algebraM(A) has also a structure of
Real gradedC∗-algebra. Indeed, ifǫ is the grading onA and (T1, T2) ∈ M(A), we put
Adǫ(T1, T2) := (ǫT1ǫ, ǫT2ǫ) and it is easy to see that this defines a grading onM(A) with
M(A)(i) = {(T1, T2) ∈ M(A) | ǫTkǫ = (−1)iTk, k = 1, 2}; moreover the Real structure is
given by

σA(T1, T2) := (σAT1σA,σAT2σ2).

A subspaceB of A is Real gradedif it is invariant underσA and if it is the direct sum of the
intersectionsB ∩ Ai (or equivalently, if it is invariant under the grading ofA). For instance, it
is easy to check that the centre of any RgC∗-algebra is Rg.

Le I be a Real graded ideal in(A,σ). Let [a] denote the class ofa in A/I, then we can show
that the mapsσ([a]) := [σ(a)] andǫ([a]) := [ǫ(a)], are well defined fromA/I toA/I, giving
us a grading and a Real structure on the quotientC∗-algebraA/I.

Now let us give the following simple characterisation of RgC∗-algebras.
Lemma A.6. Let (A,σA) be a RgC∗-algebra. Then there exists a realZ2-gradedC∗-algebra
AR such that(A,σA) ∼= (AR ⊗R C,− ), where (−) is the bar operation.

Mainly speaking, a RgC∗-algebra is just a graded complexC∗-algebra which is the com-
plexification of a graded realC∗-algebra, together with the bar operation. This justifies the
terminology ”Real” used.

Proof. PutAR := {a ∈ A | σA(a) = a}. ThenAR is a graded realC∗-algebra. Moreover, it is
very easy to check that the mapA −→ AR + iAR, a 7−→ a+σA(a)

2
+ i(

a−σA(a)

2i
) extends to an

isomorphism of complexC∗-algebras intertwining the Real structures and the gradings. �

Remark A.7. Similarly, we will callRg Banach spaceany complex graded Banach space which
is the complexification of a Banach space overR.

Example A.8. Let (X, τ) be a (Hausdorff and locally compact) Real space. Thenτ induces
a Real structure, also denoted byτ, on theC∗-algebraC0(X) of complex valued functions on
X vanishing at infinity, given byτ(f)(x) = f(τ(x)), for f ∈ C0(X), x ∈ X. Therefore, from
LemmaA.6 we have(C0(X), τ) ∼= (C0(X, τ)⊗RC,− ) whereC0(X, τ) := {f ∈ C0(X) |f(τ(x)) =

f(x), ∀x ∈ X} is the realC∗-algebra of invariant elements of(C0(X), τ).
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We must also say something about the tensor product of two Real gradedC∗-algebras. This
paragraph is a direct adaptation of [22] to the Real case. Let(A,σ) be a Real gradedC∗-algebra.
A Real graded linear functionalonA is a linear functionalf : A −→ C such thatf|A1

= 0 and

f(σ(a)) = f(a) for all a ∈ A. A Real graded state onA is a positive linear functionals onA
such that‖s‖ = 1. Suppose that(A,σ) and(B,σ) are separable, Real gradedC∗-algebras, then
(A⊙̂B,σ⊙̂σ) denotes the algebraic Real graded tensor product ofA andB, where elements are
graded be|a⊙̂b| = |a|+ |b|, and the Real structure is given byσ⊙̂σ(a⊙̂b) := σ(a)⊙̂σ(b). The
product and involutions are defined by

(a⊙̂b)(a ′⊙̂b ′) := (−1)|b||a
′|(aa ′⊙̂bb ′),

(a⊙̂b)∗ := (−1)|a||b|(a∗⊙̂b∗).

Now if s andt are Real graded states onA andB respectively, let

(s⊙̂t)(c∗c) :=

n∑

i,j=1

s(a∗
iaj)t(b

∗
ibj),

for c =
∑n

i=1 ai⊙̂bi ∈ A⊙̂B. Thens⊙̂t is a Real graded state onA⊙̂B. We define aC∗-norm
onA⊙̂B by

‖c‖ := sup
s,t,d

(s⊙̂t)(d∗c∗cd)

(s⊙̂t)(d∗d)
,

where the supremum is taken over all Real graded statess onA, t onB, and over alld ∈ A⊙̂B

with (s⊙̂t)(d∗d) 6= 0. The completion ofA⊙̂B with respect to this norm is a gradedC∗-
algebra denoted byA⊗̂B; moreover,σ⊙̂σ extends to a Real involution onA⊗̂B which gives
a Real gradedC∗-algebra(A⊗̂B,σ⊗̂σ) called the(Real graded) tensor productof (A,σ) and
(B,σ).

A.2. Elementary graded complexC∗-algebras. A complex gradedC∗-algebraA is called
elementary of parity0 (resp.of parity1) if it isomorphic as a gradedC∗-algebra toK(Ĥ) (resp.
to K(H) ⊕ K(H)), whereĤ (resp. H) is a complex graded Hilbert space (resp. a complex
Hilbert space), andK(H)⊕K(H) is equipped with the standard odd grading.
Example A.9 (The complex CliffordC∗-algebras). The complex CliffordC∗-algebrasClp
can be defined as gradedC∗-algebras of compact operators in the following way. Ifp = 2m,
Clp is Cl2m := K(C2m−1

⊕ C2m−1

) equipped with the standard even grading Adǫ, where

ǫ =

(
0 1

1 0

)
; if p = 2m + 1 is odd, thenCl2m+1 := K(C2m) ⊕K(C2m) with the standard

odd grading. We then see that theCl2m’s are graded elementaryC∗-algebras of parity0, while
theCl2m+1’s are graded elementaryC∗-algebras of parity1. Moreover, these algebras verify
Clp⊗̂Clq ∼= Clp+q as gradedC∗-algebras (see for instance [4, §.14.5], [2]).
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For the sake of simplicity, we assume in what follows thatH is a complex separable infinite-
dimensional Hilbert space. Then, by choosing an isomorphismH ∼= H⊕H, we have a complex
graded Hilbert spacêH := H ⊕H = (H ⊕H)0 ⊕ (H ⊕H)1, where the grading is given by
(x,y) 7−→ (y, x). We thus obtain a complex graded elementaryC∗-algebraK̂ev := K(Ĥ)

of parity 0 (here ”ev” stands foreven) whose grading automorphism is the unitary

(
0 1

1 0

)
.

We also get a graded elementaryC∗-algebraK̂odd := K(H) ⊕ K(H) with the standard odd
grading. The next subsections are aimed at describing the Real structures of̂Kev andK̂odd.

A.3. Real structures onK̂ev.
Definition A.10. A Real structure(resp.quaternionic structure) onĤ is a homogeneous anti-
unitaryJ : Ĥ −→ Ĥ such thatJ2 = 1 (resp. such thatJ2 = −1).
Real structures on̂H will be denoted asJR, or asJi,R, i = 0, 1 if we need to emphasise the
degreei of JR. Similarly, quaternionic structures will be denoted asJH, or Ji,H, i = 0, 1.

Given a Real structureJR : Ĥ −→ Ĥ, its (+1)-eigenspacêHJR := {x ∈ Ĥ | JR(x) = x} (that
we will also denote bŷHR if there is no risk of confusion) is a real graded separable infinite-
dimensional Hilbert space such thatĤ ∼= ĤJR ⊗R C. Furthermore, there exists an orthonormal
basis{en}n∈N of Ĥ, unique up to conjugation with homogeneous elements in the orthogonal
groupO(ĤJR), such thatJR is given byJR(x) :=

∑
n x̄nen for all x =

∑
n xnen ∈ Ĥ. Writing

JR in this form, we get the following straightforward lemma.

Lemma A.11. Let JR be as above. DefineσR : K̂ev −→ K̂ev byσR(T) := JRTJR. ThenσR is a
Real structure on̂Kev such that(K̂ev)σR

∼= KR(ĤR) as real gradedC∗-algebras.

Now supposeJH : Ĥ −→ Ĥ is a quaternionic structure. Define the degree0 operator
I : Ĥ −→ Ĥ by Ix := ix. ThenI2 = −1, andIJ = −JI. Thus, we can define the operator
K := IJ : Ĥ −→ Ĥ which has the same degree asJ and which is such thatK2 = −1 = IJK.
It turns out that there exists a graded action of the quaternionsH on Ĥ given by (i, x) 7−→

ix, (j, x) 7−→ jx := Jx, and(k, x) 7−→ kx := Kx = IJx, where{1, i, j, k} is the usual basis of
the division ringH. Let ĤJH (or justHH if there is no risk of confusion) be the quaternionic
graded Hilbert space, where theH-valued inner product is given by〈x,y〉H := 〈x,y〉+ 〈x, Jy〉j

if 〈·, ·〉 denotes the complex scalar product ofĤ.

Lemma A.12. Let JH be as above. DefineσH : K̂ev −→ K̂ev byσH(T) := −JHTJH. ThenσH is
a Real structure on̂Kev such that(K̂ev)σH

is isomorphic, under a graded isomorphism, to the
graded realC∗-algebraKH(ĤH) of the compactH-linear operators on the graded quaternionic
Hilbert spaceĤH.

Proof. The only thing we need to show is the graded isomorphism. Suppose thatT ∈ (K̂ev)σH
.

Then,TJH = JHT , so thatT extends uniquely to a compactH-linear operator̃T : ĤH −→ ĤH

through the formulãT(jx) := JH(Tx) for x ∈ Ĥ. This provides a homomorphism of real
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gradedC∗-algebras(K̂ev)σH
−→ KH(ĤH), T 7−→ T̃ . Conversely, anỹT ∈ KH(ĤH) induces

a uniqueT ∈ L(Ĥ) such thatTx = T̃ x for all x ∈ Ĥ. ThenT ∈ K̂ev. Moreover, one has
(TJH)x = T(JHx) = T̃(jx) = jT̃x = (JHT)x; hence,TJH = JHT , and thenσH(T) = T . We then
get a homomorphism of real gradedC∗-algebrasKH(ĤH) −→ (K̂ev)σH

, T̃ 7−→ T . It is easy to
check that these two homomorphisms are inverse of each other. �

The following result classifies all the Real structures onK̂ev.
Proposition A.13. Suppose thatσ is a Real structure on̂Kev. Then,σ is either of the formσR,
or of the formσH.

Proof. Choose an orthonormal basis{en} of Ĥ, and forT ∈ K̂ev, defineT ∈ K̂ev by T(x) :=
T(x̄), where ifx =

∑
n xnen, we set̄x :=

∑
n x̄nen. ThenT = vTv, wherev : Ĥ −→ Ĥ is

the anti-unitary defined by the complex conjugation with respect to the basis{en}. Moreover,
v2 = 1. Now, defineσ̄ ∈ Aut(0)(K̂ev) by σ̄(T) := σ(T). Then, there exists a homogeneous
unitaryu ∈ Û(Ĥ) such that̄σ = Adu. Whence,σ(T) = σ̄(T) = uvTvu−1 = JTJ−1, where
J := uv. Observe thatJ is a homogeneous anti-unitary sincev is. Furthermore, for allT ∈ K̂ev,
we haveT = σ2(T) = J2T(J−1)2; thereforeJ2 = ±1. �

Definition A.14. We say that a Rg elementaryC∗-algebra(A,σ) of parity0 is (of type)[0; ε, η],
whereε = 0, 1, η = ±, if its Real structure is induced by an anti-unitaryJ of degreeε such that
J2 = η1.

Remark A.15. It follows from PropositionA.13 that there are four types of Rg elementary
C∗-algebras of parity0: [0; 0,+], [0; 0,−], [0; 1,+], and[0; 1,−].

Remark A.16. RegardingK(H) as of parity0 (with the trivial grading ofH), we get that every
Real structure onK(H) is the conjugation with an anti-unitaryJ : H −→ H such thatJ2 = ±1.
Thus, a Real gradedC∗-algebra of the formK(H) is either a[0; 0,+] or [0; 0,−].
Example A.17(Real structures onCl2). Consider the second Clifford algebraCl2 = K(C ⊕

C) = M2(C), equipped with the standard even grading. There is a canonical Real structure
JR of degree0 on the graded Hilbert spaceC ⊕ C given by the complex conjugation, and a
canonical quaternionic structure of degree0 J0,H = iJ0,R, which induce the same Real structure
cl0,2 on Cl2 such that(Cl2)σR

∼= (Cl2)cl0,2
∼= M2(R) ∼= Cl0,2. In other words,Cl2 is the

complexification of the second real Clifford algebraCl0,2 (see [2] for more details on the real
Clifford algebrasClp,q). However,Cl2 is also the complexification of the quaternionsH as
follows. Define the quaternionic structureJ1,H : C ⊕ C −→ C ⊕ C of degree1 by (x,y) 7−→

(ȳ,−x̄). The graded quaternionic Hilbert space obtained isH; the Real structure induced by
J1,H is denoted bycl2,0. Observe that(Cl2)cl2,0 = KH(H) = H ∼= Cl2,0. Moreover, this Real
structure is equivalent to the one induced by the anti-unitary J1,R(x,y) := (ȳ, x̄). These two
Real structures will play a central role in the classification of elementary RgC∗-algebras in
SubsectionA.5.
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A.4. Real structures onK̂odd. In this subsection we describe the Real structures onK̂odd.
We start by some observations which will be useful. Suppose we are given a trivially graded
C∗-algebraA. Then, any Real structureσ onA defines two different Real structuresσ⊕ σ and
σ⊕ (−σ) on the gradedC∗-algebraA⊕A (with the standard odd grading), respectively given
by (a,b) 7−→ (σ(a),σ(b)) and(a,b) 7−→ (σ(a),−σ(b)). Notice that the latter Real structure
is equivalent to(a,b) 7−→ (σ(b),σ(a)). Furthermore, if we denoteAR := Aσ, then on the one
hand, we get that(A ⊕ A)σ⊕σ is the graded realC∗-algebraAR ⊕ AR with the standard odd
grading, and on the other hand,(A⊕A)σ⊕(−σ) = AR⊕iAR is isomorphic to the graded graded
C∗-algebraAreal which is the underlyingR-algebra ofA. It is easy to see that the grading of
Areal is given byA0

real = AR andA1
real = iAR. Conversely, we have the following.

Proposition A.18. LetA be a complexC∗-algebra, and letA⊕A be equipped with the standard
odd grading(a,b) 7−→ (b,a). Supposeτ is a Real structure onA ⊕ A. Then,τ is either of
the form(a,b) 7−→ (σ(a),σ(b)) or (a,b) 7−→ (σ(b),σ(a)), whereσ : A −→ A is a Real
structure on the ungradedC∗-algebraA.

Proof. Sinceτ is of degree0, it can be written in the formτ =

(
τ+ 0

0 τ−

)
with respect to the

decompositionA⊕A = (A⊕A)0 ⊕ (A⊕A)1, whereτ+ : (A⊕A)0 −→ (A⊕A)0 is a Real
structure on theC∗-subalgebra(A ⊕ A)0 of A ⊕ A, andτ− : (A ⊕ A)1 −→ (A ⊕ A)1 is an
anti-linear isomorphism of vector space. For all(a,a) ∈ (A ⊕ A)0, τ+(a,a) ∈ (A ⊕ A)0, so
that it is in the form(σ(a),σ(a)). If (ai,ai) −→ (a,a) ∈ (A ⊕ A)0, then(σ(ai),σ(ai)) =

τ+(ai,ai) −→ τ+(a,a) = (σ(a),σ(a)), and thenσ(ai) −→ σ(a) in A. Furthermore,
it is straightforward thatσ(ab) = σ(a)σ(b), σ(λa) = λ̄σ(a) for all λ ∈ C,a ∈ A, and that
σ2 = 1, so thatσ is a Real structure onA. Now, for all(b,−b) ∈ (A⊕A)1, (b,−b) ·(b,−b) =
(b2,b2) ∈ (A⊕A)0; thus,

(τ−(b,−b))2 = τ(b2,b2) = τ+(b2,b2) = (σ(b)2,σ(b)2).

Hence, since this is true for allb ∈ A, we obtainτ−(b,−b) = (±σ(b),∓σ(b)). If τ−(b,−b) =
(σ(b),−σ(b)), thenτ is given byτ(a,b) = (σ(a),σ(b)), for all (a,b) ∈ a ⊕ a, and if
τ−(b,−b) = (−σ(b),σ(b)), then for all(a,b) ∈ A⊕A, τ(a,b) = (σ(b),σ(a)). �

Definition A.19. A Real structureτ onA ⊕ A is calledevenif it is of the form (a,b) 7−→

(σ(a),σ(b)), it is odd if it is of the form (a,b) 7−→ (σ(b),σ(a)), whereσ is a Real structure
on the ungradedC∗-algebraA.

Proposition A.20. Assumeτ : A⊕A −→ A⊕A is a Real structure. Then

(a) (A⊕A, τ) ∼= (A⊗̂Cl1,σ⊗̂cl0,1), if τ is even, and
(b) (A⊕A, τ) ∼= (A⊗̂Cl1,σ⊗̂cl1,0), if τ is odd.

Proof. As graded complexC∗-algebras,A⊕A ∼= A⊗̂Cl1 ∼= A⊗Cl1 (cf. [4, Corollary 14.5.3]).
If τ is even, then as graded realC∗-algebras,(A ⊕ A)R ∼= AR ⊕ AR

∼= (AR⊗̂Cl0,1) =
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(A⊗̂Cl1)σ⊗̂cl0,1
, whereAR := Aσ, and(A ⊕ A)R := (A ⊕ A)τ; this establishes (a). Ifτ

is odd, then(A ⊕ A)R ∼= Areal
∼= AR⊗̂C ∼= AR⊗̂Cl1,0 ∼= (A⊗̂Cl1)σ⊗̂cl1,0

, which establishes
(b). �

Corollary A.21. Supposeσ is a Real structure on̂Kodd. Then, there exists an anti-unitary
J : H −→ H with J2 = ±1, such that either(K̂odd,σ) ∼= (K(H)⊗̂Cl1,AdJ⊗̂cl0,1), or
(K̂odd,σ) ∼= (K(H)⊗̂Cl1,AdJ⊗̂cl1,0).

Definition A.22. We say that a Rg elementaryC∗-algebra(K̂odd,σ) of parity 1 is (of type)
[1; ε, η], if the Real structure is of parityε (i.e., ε is 0 if σ is even, and1 if σ is odd), and if the
anti-unitaryJ of CorollaryA.21 is such thatJ2 = η1, whereη = ±.

It then follows that there are four of such types:[1; 0,+], [1; 0,−], [1; 1,+], and[1; 1,−].

Example A.23. (Cl1, cl0,1) and(Cl1, cl1,0) are of types[1; 0,+] and[1; 1,+], respectively.

A.5. The classification table. We start this subsection with the following lemma.
Lemma A.24. Let Ĥ1 and Ĥ2 be two graded complex Hilbert spaces, and letJi, i = 1, 2

be an anti-unitary of degreeεi on Ĥi such thatJ2i = ±1. Denote bygi, i = 1, 2 the grading
automorphism ofK(Ĥi). Then, there is an isomorphism of Real graded (elementary)C∗-
algebras

(K(Ĥ1)⊗̂K(Ĥ2),AdJ1⊗̂AdJ2) ∼= (K(Ĥ1⊗̂Ĥ2),AdJ),

whereJ := J1g
ε2

1 ⊗̂J2g
ε2

2 .

Proof. The isomorphism of gradedC∗-algebrasK(Ĥ1)⊗̂K(Ĥ2) −→ K(Ĥ1⊗̂Ĥ2) is given on
homogeneous tensors by

(T1⊗̂T2)(x1⊗̂x2) = (−1)|T2|·|x1|T1(x1)⊗̂T2(x2).

Moreover, a simple calculation shows that this is actually aReal isomorphism, whenK(Ĥ1⊗̂Ĥ2)

is equipped with the Real structure AdJ; indeed,

AdJ(T1⊗̂T2) =
(
J1g

ε2

1 ⊗̂J2g
ε1

2

) (
T1⊗̂T2

) (
J1g

ε2

1 ⊗̂J2g
ε1

2

)∗

= (−1)ε1ε2+ε2|T1|
(
J1g

ε2

1 T1⊗̂J2g
ε1

2 T2
) (

(g∗1)
ε2J∗1⊗̂(g∗2)

ε1J∗2
)

= (−1)ε2|T1|+ε1|T2|
(
(J1g

ε2

1 T1(g
∗
1)

ε2J∗1)⊗̂(J2g
ε1

2 T2(g
∗
2)

ε1J∗2)
)

= AdJ1(T1)⊗̂AdJ2(T2).

�

A particular case of this lemma is the following.
Corollary A.25. Le J be an anti-unitary on the ungraded Hilbert spaceH such thatJ2 = η1,
where as usualη = ±. Letcl0,2 andcl2,0 be the Real structures ofCl2 defined in ExampleA.17.
Then,

• [0; 0, η] ∼= (K(H),AdJ)⊗̂(Cl2, cl0,2), whereJ : H −→ H is such thatJ2 = η1, and
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• [0; 1, η] ∼= (K(H),AdJ)⊗̂(Cl2, cl2,0), whereJ : H −→ H is such thatJ2 = −η1.

The next theorem can be viewed as a generalisation of C.T. Wall’s result [31, Theorem 3] to
the infinite dimensional case.
Theorem A.26. The type of the Real graded tensor product of two Real graded elementary
C∗-algebras(A,σA) and(B,σB) depends only on those of(A,σA) and(B,σB). Moreover, we
have the formulas

[0; ε1, η1]⊗̂[0; ε2, η2] = [0; ε1 + ε2, (−)ε1ε2η1η2] (36)

[0; ε1, η1]⊗̂[1; ε2, η2] = [1; ε1 + ε2, (−)ε1+ε1ε2η1η2] (37)

[1; ε1, η1]⊗̂[1; ε2, η2] = [0; 1+ ε1 + ε2, (−)ε1ε2η1η2] , (38)

where the sum of degrees is mod2.

Proof. The formula (36) is nothing more than LemmaA.24. Indeed, we have seen that the Real
structure onK(Ĥ1⊗̂Ĥ2) is defined by the anti-unitaryJ = J1g

ε2

1 ⊗̂J2g
ε1

2 . The degree ofJ is
thenε = ε1 + ε2, andJ2 = (−1)ε1ε2J21⊗̂J

2
2 = (−1)ε1ε2η1η21⊗̂1.

Also, combining CorollaryA.21, CorollaryA.25, we get (37), by considering the isomorphism
of RgC∗-algebras

(K(Ĥ1),Adj1)⊗̂(K(H2)⊗̂Cl1,AdJ2⊗̂τ1)
∼= (K(Ĥ1⊗̂H2)⊗̂Cl1,AdJ⊗̂τ1),

whereJ = J1⊗̂J2, andτ1 is eithercl0,1 or cl1,0.
Finally, the equality (38) follows from CorollaryA.25 and the following isomorphisms of Rg
C∗-algebras, which can be established by merely using the properties of the real Clifford alge-
bras [2]:

(Cl1, cl0,1)⊗̂(Cl1, cl0,1) ∼= (Cl2, cl0,2)

(Cl1, cl0,1)⊗̂(Cl1, cl1,0) ∼= (Cl2, cl0,2)

(Cl1, cl1,0)⊗̂(Cl1, cl1,0) ∼= (Cl2, cl2,0).

�

We summarize all the preceding discussions by the followingresult.

Definition and Proposition A.27. Denote byK̂0, the Rg elementaryC∗-algebra(K̂ev,AdJR),
whereJR is the anti-unitary of degree0 on Ĥ defined by(x,y) 7−→ (x̄, ȳ) (”−” is the complex
conjugation with respect to an arbitrary orthonormal basisof Ĥ). ThenK̂0 is of type[0; 0,+].

Say that two Rg elementaryC∗-algebrasA andB arestably isomorphicif A⊗̂K̂0
∼= B⊗̂K̂0,

as RgC∗-algebras.
Stable isomorphism classes of Rg elementaryC∗-algebras form an abelian group of order8

under Rg tensor products, denoted bŷBrR(∗), and calledthe Rg Brauer group of the point. The
zero element of̂BrR(∗) is the element̂K0.
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Furthermore, elements of̂BrR(∗) are, up to stable isomorphisms, classified by the following
8-periodic table

Parity0 Parity1

K̂0 := [0; 0,+] K̂1 := [1; 0,+]

K̂2 := [0; 1,+] K̂3 := [1; 1,−]

K̂4 := [0; 0,−] K̂5 := [1; 0,−]

K̂6 := [0; 1,−] K̂7 := [1; 1,+]

TABLE 1. Classification of Rg elementaryC∗-algebras

Remark A.28. Under the notations of Table1, we set for alln ∈ N∗:

K̂n := K̂1⊗̂ · · · ⊗̂K̂1︸ ︷︷ ︸
n−times

.

ThenK̂p⊗̂K̂q
∼= K̂p+q, and from TheoremA.26, K̂n

∼= K̂n+8 for all n ∈ N. Now, define
K̂−n as the inverse of̂Kn in B̂rR(∗). ThenK̂−n = K̂8−n

Example A.29. (Cf. [28]). One can determine the Real structures of the graded CliffordC∗-
algebrasCln (recall ExampleA.9), for n ∈ N∗, in the following way: decomposen into a
sump + q, and consider the Real spaceRp,q ⊗R C, with the obvious involution; this latter
induces a Real structureclp,q on the gradedC∗-algebraCln = Cl(Rp,q ⊗R C), such that the
Real part is isomorphic to the graded real Clifford algebraClp,q. For this reason, we denote the
thus obtained Real gradedC∗-algebra byClp,q. Indeed, for every decompositionn = p + q,
it is not hard to check thatClp,q is a Rg elementaryC∗-algebra of typeq − p mod 8 (see for
instance [8]).
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