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Abstract

We generalize an equation introduced by Benamou and Brenier in and char-

acterizing Wasserstein Wj-geodesics for p > 1, from the continuous setting of probability
distributions on a Riemannian manifold to the discrete setting of probability distributions on
a general graph.
Given an initial and a final distributions (fo(z))zcq, (fi(2))zeq, we prove the existence of a
curve (fi(k))iejo,1],kez satisfying this Benamou-Brenier equation. We also show that such a
curve can be described as a mixture of binomial distributions with respect to a coupling that
is solution of a certain optimization problem.

1 Introduction

Given some p > 1, we consider the space P,(X) of probability distributions over a metric space
(X, d) having a finite p-th moment. On this space we define the Wasserstein distance W), by

Wy (1o, p1)? = inf / d(xo, x1)Pdr (20, 21), (1)
XxX

meIl(po,m1)

where the set II(ug, 1) is the set of couplings of up and uq, i.e. the set of probability distributions
mon X X X having pup and pu; as marginals.

An comprehensive study of the minimization problem ({J), called Monge-Kantorovitch problem,
can be found in Villani’s textbooks [Vil03] and [Vil08]. Let us recall what is important for our
purposes: under very general assumptions, it is possible to prove the existence of a minimizer
7 € II(po, p1) for problem (dJ), called optimal coupling, and that W), is indeed a metric on Pp(X).
Moreover, if we suppose that (X, d) is a geodesic space, i.e. if the distance d(x,x1) is exactly the
length of the shortest curve joining zo to x1, then the metric space (P,(X), W,) is also a geodesic
space. In particular, each couple pg, 1 € P2(X) can be joined curve (u)ie[o,1) of minimal length
for Wy, called Ws-Wasserstein geodesic.

In their seminal papers [StuO6al, [StuO6b] and [LV09], Sturm and independently Lott and
Villani studied the links between the geometry of a measured geodesic space (X,d,v) and the

behaviour of the entropy functional along the Ws-Wasserstein geodesics on Pa(X). For instance,
(X,d,v) is said to satisfy the curvature condition CD(K, co) for some K € R if for each couple of
probability distributions pq, 1 € Po(X) there exists a Wa-geodesic (ui¢)¢ejo,1) such that

(1 —t)

vt € [0,1], Hy(ue) < (1—t)H,(po) + tH, (1) — K Wa (o, 111)?, (2)

where the relative entropy functional H,(-) is defined by

Holpv) = [ pla) log(pla))dv(o) 3)
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if 4 = pv for some density p, and by H, (1) := oo otherwise.

If the measured geodesic space (X, d,v) is a compact Riemannian manifold with its usual dis-
tance an normalized volume measure, the curvature condition C D (K, 00) is shown to be equivalent
to the bound Ric > K on the Ricci curvature tensor. Another important property is the stability
of the condition CD(K, o0) under measured Gromov-Hausdorff convergence.

Moreover, if CD(K,o0) is satisfied for some K > 0, one can prove functional inequalities on
(X,d,v) such as the logarithmic Sobolev inequality, which asserts that

V- fl2

(fdv) < —
f”—QK

(4)
for any Lipschitz probability density f and where |V~ f] is to be seen as a particular form of the
norm of a gradient. As a corollary, it can be shown that under the condition CD(K, co0) for K > 0
a Poincaré inequality holds: for any Lipschitz funtion h: X — R such that [ « hdv =0, we have

1
20, < vV hl2dy.
/th”—ﬂf/x' Al dy ®

Since the pioneering works of Sturm and Lott-Villani, the theory of measured geodesic spaces
satisfying CD(K, 00) has been thoroughly studied in a large number of papers, among which the
most impressive are the works by Ambrosio, Gigli and Savaré (see for instance [AGS12]) and by
Erbar, Kuwada and Sturm ([EKS13]).

Several obstacles prevent us from a direct generalization of Sturm-Lott-Villani theory to the
framework of discrete metric spaces. Indeed, if (X,d) is a graph with its usual distance, equa-
tion () still defines a metric on the space Pp,(X), but if p > 1 then the length of non-trivial curves
in (P(X),W,) is +oo, which means that it is not a geodesic space. In particular, Wasserstein
Ws-geodesics do not exist in general.

Several solutions have been proposed to overcome this difficulty, and there are now many
different definitions of Ricci curvature bounds on discrete spaces. The most notable of them are
the coarse Ricci curvature, defined by Ollivier in [OII09], and the Erbar-Maas curvature, defined
in [EM12]. The latter is based on the study of the gradient flow of the entropy and present some
similarities with our own approach.

In this paper, we place ourselves in the framework of a connected and locally finite graph G,
endowed with its usual graph distance and the counting measure as the reference measure. In this
framework, a probability distribution will be denoted by its density, i.e. by a function f: G — R
suwh that ) . f(z) = 1. Given two probability distributions fo and f; on G, we investigate the
question of the generalization of the notion of W)-geodesic joining fy to fi in a setting where such
a curve does not exist. Our goal is to provide a way to chose, among the set of all W;-geodesics
joining fy to fi, a curve which shares some properties satisfied by W)-geodesics for p > 1. Such
curves will be called W 4 geodesics on the graph G.

This article is to be seen as the first of a two-paper research work. A following article will
investigate the convexity properties of the entropy functional along those particular W; geodesics,
in the view of obtaining a discrete version of equation (2] strong enough to imply discrete versions
of log-Sobolev or Poincaré inequalities. This ultimate goal has to be kept in mind even in this
present paper because it will motivate the definition of a W ;-geodesic between fy and f;: along
such a curve, some technical tools will allow us to give bounds on the second derivative of the
entropy.

Our starting point is the article [BB99], by Benamou and Brenier. In this paper, the authors
reformulate the Monge-Kantorovitch problem in terms of velocity fields and prove the following;:



Theorem 1.1. Let g, p1 be two probability distributions on a Riemannian manifold (M,g) and
p>1. Then

Wyl )" = inf [ [ o)) (6)

the infimum being taken over the families of probability distributions (u:) := (fidvol) joining ug
to p1 and all velocity fields (vi(x)) satisfying

0
aft(;p) = =V - (fi(x)v(z)),

where V- is the divergence operator on M. Moreover the minimizing curve (jit)iefo1] s the Wp-
geodesic joining (o to 1.

This theorem has been extended to the framework of separable Hilbert spaces by Ambrosio,
Gigli and Savré in [AGS].

The strategy used by Erbar and Maas in [EM12] is based on a generalization of the minimization
problem (@) in the framework of discrete Markov chains. Our approach will consist in defining a
discrete version of a characterization of its solutions. More precisely, as pointed in [BB99|, the
formal optimality condition for the optimization problem (@l can be written:

0
&vt(z) = —u(x)V - v (). (7)
Another point of view on the formal optimality condition (7)) is provided by writing the velocity
field (v¢(x)) as the gradient of a family of convex functions v; := grad ®;. As explained for instance
in [OV00], it can be proven that such a function ® satisfies the Hamilton-Jacobi equation

) 1
=0+ V|2 = 0. (8)

It suffices to consider the gradient of equation (8] to recover equation ().

The links between the convexity of the entropy H (t) of yi; and the Ricci curvature tensor on the
manifold M are seen on the following heuristic formula, established by Otto and Villani in [0V00]:

H"(t) = /IV ) [Tr((D?®;)” D?®,;) + Ric(grad ®;, grad ®;)]dp;. (9)

In particular, the non-negativity of the tensor Ric easily implies that H" (t) > 0.

The formal optimality condition (@) on velocity fields makes sense only when v is regular
enough. The question of the regularity of optimal couplings is a difficult topic, see for in-
stance [AGS]. However, what is important for our purposes is that (@) can be used to construct
Wa-geodesics: if (fi(x)) is a smooth family of probability densities satisfying the transport equa-
tion (L)) for a smooth velocity field (v:(x)) satisfying the condition (), then the curve (fi(x)) is
a Wa-geodesic.

In the simpler framework of the real line R with usual distance and Lebesgue reference measure,
it is possible to give an equivalent statement of this result without introducing explicitly the
velocity field.:

Proposition 1.2. Let (fi(x)) be a family of smooth probability densitites on R. We define the

families of functions

x

gi(z) = — %ft(z)dz , he(z) == —/_Z %gt(z)dz. (10)

We suppose that gi(z) > 0 and that the following one-dimensional Benamou-Brenier condition

holds:
fe(@)he(x) = go()*. (11)
Then (fi(x)) is a Wy-geodesic for any p > 1.



To prove Proposition [[L2] it suffices to realize that equation (1)) easily implies equation ().

Apart from regularity issues, which will not play an important role in a discrete framework,
the main restriction made in the statement of Proposition is the non-degeneracy condition
g+(z) > 0. Tt is quite easy to prove that such a condition implies that fj is stochastically dominated
by f1. In the setting of graphs, we will introduce the notion of Wi-orientation (see Paragraph [2.2])
in order to force the function g; to stay positive.

The main purpose of this article is to study curves in the space of probability distributions on
a graph which satisfy a discrete version of the Benamou-Brenier condition (ITJ).

e The goal of Section [2is to provide a generalization of equations (I0) and (IT) to this discrete
setting. We will first show that these equations can be recovered in a particular form in the
case of contraction of measures. Given a couple of probability distributions fy, f1 defined on
G, we then endow G with an orientation which will allow us to give a general definition of
Wi +-geodesics on G. The terminology “W; ;-geodesic” will be explained by considering a
discrete version of problem (G) when p > 1 is close to 1.

e In Section [ we are looking for necessary conditions satisfied by Wi 4-geodesics on G. In
particular, we prove in Theorem [3.1§ that if fo and f; are finitely supported, then any Wi -
geodesic (f;) can be written as a mixture of binomial distributions supported on geodesics

of G.

e In Section ] we prove the existence of Wj i -geodesics (f;) with prescribed initial and final
distributions fy and f;. The construction of such curves suggests us strong links with the
“Entropic Interpolations” studied in a recent series of papers by Léonard.

2 The discrete Benamou-Brenier condition

In this paper, we consider a locally finite and connected graph G. A path v on G of length n = L(~)
is a collection of vertices (0),...,v(n) € G such that v(i) ~ y(i+1) for every i = 0,...n—1, where
the relation 2 ~ y means that (zy) is in the edge set of the graph G. To any path v : {0,...n} = G
are associated its endpoints eg(7y) := v(0) and e (y) := y(n).

We will use the usual graph distance on G: d(z,y) is the length of the shortest path joining x
to y. The set of geodesics joining = to y, denoted by I'; 4, is the set of paths v joining = to y such
that L(y) = d(x,y). The set of all geodesics on G is denoted by I'(G).

A coupling 7 € II( fo, f1) is said to be a Wj-optimal coupling for some p > 1 if it is a minimizer
for the functional

Iy:m— Z d(z,y)Pr(z,y). (12)

z,yeGXG
We denote by IL,(fo, f1) the set of W,-optimal couplings.

Remark 2.1. The equality I (am; + (1 — a)me) = ali(m) + (1 — «)I1(m2) proves that the set
IT; (fo, f1) is a convex subset of II( fo, f1)-
2.1 Contraction of measures and the Benamou-Brenier equation

Among early attempts to generalize particular Wasserstein geodesics to the discrete case, one
important example is given by the thinning operation:

Definition 2.2. Let f be a probability distribution finitely supported on Z,. The thinning of f is
the family (T:f) of probability distributions defined by

() = b () £0) = 3 ()1 = 1=+ (13)

1>0 1>0



where by convention (1) =0 if 1 <0 orif k ¢ {0,...1}.

The operation f — T;f is often seen as a discrete version of the operation

f@) = fue) = 3£ (5). (14)

and is for instance used to state a weak law of small numbers (see [HIJK10]) about the limit in
distribution of T}/, (f*™) when n — oo.

We know that, given a smooth probability density f on R, the family (f;) defined by equa-
tion (I4) is a W),-geodesic for any p > 1. According to Sturm-Lott-Villani theory, the metric space
(R, ] - |) satisfies the condition C'D(0, c0), so the entropy H(t) of f; with respect to the Lebesgue
measure is a convex function of £. On the other hand, a theorem by Johnson and Yu (see [Y.J09])
asserts that the entropy of the thinning T} f is also a convex function of t. The proof of this
theorem given in [Hill4] relies on the following:

Proposition 2.3. Let (fi) := (Tif) be the thinning family associated to a probability distribution
f = f1 supported on Z. We define the families of functions (g¢) and (ht) by

Gk ==Y LDy k) == 2 ) (15)
1<k 1<k
The triple (ft, g¢, ht) then satisfies the discrete Benamou-Brenier equation:
Vk€Z, fi(k)h(k —1)=g:(k)ge(k —1). (16)
Moreover, gi(k) > 0, and if g:(k) = 0 then either fi(k+1) =0 or hy(k) = 0.

Remark 2.4. Denoting by Vi (resp. Va) the left derivative operator (resp. the left second
derivative operator) defined by Viu(k) = u(k) —u(k — 1) (resp. Vau(k) = u(k) — 2u(k — 1) +
u(k —2)), we thus have

o fi(k)

98 _ g gk
5 Vige(k) ,

0% f (k)
ot?
The proof of the convexity of the entropy along thinning families relies so importantly on
Proposition that this proof can be used verbatim to prove a stronger statement:

= Vahi(k).

Proposition 2.5. Let (f;) be a family of finitely supported probability distributions on Z. We
suppose that the families of functions (g;) and (hy), defined by equation ([I3), satisfy the discrete
Benamou-Brenier equation ([I0) and the non-negativity condition g:(k) > 0. Then the entropy
H(t) of ft is a convex function of t.

Because the similarities with equation (1), it seems legitimate to consider a family of measures
satisfying equation (I6]) and the non-negativity condition g,(k) > 0 as a pseudo W)-geodesic, for
p > 1, along which the entropy functional is convex, which is reminiscent of Sturm-Lott-Villani
theory.

The notion of thinning has been extended in [Hill4] to the setting of general graphs in the
following way: we consider a probability distribution f; defined on G and another probability
measure fo which is a Dirac mass at a given point o € G. In this case, an interpolating curve (f),
called contraction of f1 on o, is defined as a mixture of binomial distributions by

1 .
ft = Z ﬁ Z bln%t, (17)
2€G "7 9% yeD(o,2)

where the binomial distribution on + is related to the classical binomial distribution by

Vp €{0,...L(7)} , bin, :(v(p)) := bing4).«(p) (18)



and where |I',, .| denotes the cardinality of the set I, . of geodesics joining o to z.

A couple of initial and final distributions 6, = fy and f; being given, we define a partial order
on the set of vertices of G by writing 21 < x5 if the vertex z; belongs to a geodesic v € I', 5,. If
x1 ~ 9 and x1 < 9, we say that (z122) is an oriented edge and we write x5 € F(x1), 1 € E(x2)
or r1 — I9.

To the oriented graph (G, —) are associated two other oriented graphs:

Definition 2.6. The oriented edge graph (E(G),—) is the graph of oriented couples x1 — x2 € G,
oriented itself by the relation (x1x2) — (zex3). In particular, for any (z1x2) € (E(G),—) we have

8((961:132)) = {(,Tol'l) X € 5(,@1)} , .7:((.%'1.%'2)) = {(.T2$3) 1 T3 € ]:(.Tg)}

Similarly, we define the graph of oriented triples (T(G),—) := (E(E(G)),—), having as vertices
the triples (x120m3) with 1 — x2 — x3 and edges between each couple (xox122) and (x1x213).

Remark 2.7. The graph G being now oriented, the notations E(G) and T'(G) stand for (E(G), —)
and (T(G),—), which is a slight abuse of notation. For instance, (xy) € E(G) imply that x — y.
This remark will still be valid once introduced the W1 -orientation on G.

Orienting the graph G allows us to define a divergence operator:

Definition 2.8. The divergence of a function g : E(G) — R is the function Vg : G — R defined
by
Vo1 € G, Vg(z1) := Z glx122) — Z g(xox1).

zo€F (z1) zo€€(x1)
Similarly, the divergence of a function h : T(G) — R is the function Vh : E(G) — R defined by

Vh(zizg) := Z h(zixows) — Z h(zozi22).

(zax3)EF (T122) (zox1)EE(T122)

We use this orientation to express the function f; as a product of two functions satisfying
interesting differential equations:

Proposition 2.9. There exists a couple (Py), (Q+) of families of non-negative functions on G such
that:

1. We have fi(x) = Py(x)Q¢(x).
2. The functions P and Q satisfy the equations

SR = Y P gl = Y Q) (19

zo€€(x1) zo€F (x1)

This proposition is proven in [Hill4]. We can now use Definition 2.8 and to state a gener-
alized version of Proposition

Proposition 2.10. We define the families of functions (g¢) : E(G) = R and (ht) : T(G) — R by
ge(z122) 1= Py(21)Qu(22) , hu(om122) 1= Pi(20)Q:(22). (20)
1. The functions f, g and h satisfy the differential equations

o) = ~Vaule) s pae) = ~Vhe(aes). 1)

2. For every oriented triple (xox122) € T(G) we have
hi(oz122) fr(@1) = ge(zow1) ge(2122). (22)

Remark 2.11. As in the thinning case, Proposition [210, and in particular equation 22)) are
used to study the convezity of the entropy functional along contraction families on graphs.



2.2 The W;-orientation

It is not possible to use directly Proposition ZI0 to propose a general Benamou-Brenier condition
because such a definition relies on an orientation of the graph G which has been constructed
by using the fact that fy is Dirac. As a first necessary step in the construction of general Wi -
geodesics, we thus need to find a nice orientation on G, depending on the initial and final measures

fo and fi.

The term “nice orientation” is vague, but the study of the thinning and of the contraction
families suggests that, in order to have interesting consequences on the convexity of the entropy,
we should at least require that g;(z122) > 0 for every x1 — x2 € E(G). As we will see at the end
of this paragraph, this requirement can be interpreted in the framework of optimal transportation
theory.

We first recall some properties of supports of Wi-optimal couplings:

Definition 2.12. Given a couple fy, f1 of finitely supported measures, we associate the set

C(fo, f1) ={(z,y) € G x G : Ir €1 (fo, f1),7(x,y) > 0}. (23)

Equivalently, C(fo, f1) is the smallest subset of G x G containing the supports of all the W1 -optimal
couplings between fo and f.

Proposition 2.13. There exists m € I1(fo, f1) such that Supp(n) = C(fo, f1).

Proof. For every (x,y) € C(fo, f1), there exists a coupling 7, ,y € II1(fo, f1) with 7, y(z,y) > 0.
As fy and f; are finitely supported, we can consider the barycenter

1

S ) (24)
- Z (z,9)>

IC(fo, f1)] (2,9)€C(fo, f1)
which by convexity is in IIy (fo, f1) and which is clearly fully supported in C(fo, f1)- i

A tool often used when studying the support of optimal couplings is the cyclic monotonicity
property:

Lemma 2.14. If (zo,y0), .- (p,yp) are in C(fo, f1) then

P p—1
i=0 i=0

Proof. We consider a coupling = € II; (fo, f1) as constructed in Proposition 2.I3]and a number 0 <
a < inf;(7(z;,v;)). We introduce the function h on G x G defined by h(zo,yp) == a, h(z,y) :=a if
(2,y) = (Ti41,y:) for some i € {0,...p—1}, h(z,y) := —aif (z,y) = (2;,y;) for some i € {0,...p},
and h(z,y) := 0 elsewhere. Then 7 + h is a coupling in II(fo, f1) and

p—1 p
Li(m+h) —Li(r) =a <d(~’00,yp) +Y d@ipy) - Y d(ws, yz‘)) ) (26)
i=0 i=0
but m € Iy (fo, f1) implies I; (7 + h) > I;(7), which shows equation (23]). O

Lemma 2.14] is used to define unambiguously an orientation on some edges of G:

Theorem 2.15. Let v v be two geodesics in G such that (eq(vV),e1 (™)) € C(fo, f1) for
i =1,2. Then for any (ki, ko) with k; < L(y") — 1 we cannot have both identities vV (k) =
VP (kz2 +1) and vV (k1 +1) =73 (ko).



Proof. Suppose that both identities v (k) = v (ky + 1) and v (ky + 1) = @ (k) hold. By
considering the path eq(y™M), - -y (), v (ky + 2), - - e1(7?)), we see that

d(eo(v"),e1(7?)) < by + L(y®) — ko — 1.

Similarly we have
dleo(v?),e1(v M) < kg + L(y V) — by — 1.

Since L(y®) = d(eg(yM), e1(y(M)) for i = 1,2, we have

d(eo(v"), e (™)) + d(eo(v), e1(v)) = d(eo(vV), e1 (v1?)) + d(eo(v?), e1(v))) + 2, (27)
which by Lemma 214 is a contradiction. o
Definition 2.16. Let fy, f1 be two finitely supported probability distributions on G.

e The Wi-orientation with respect to fo, f1 is defined orienting the edge (x,y) € E(G) by
x — y if there exists a geodesic v on G such that

1. (eo(v),€1(7)) € Cfo, f1)-
2. v(k) ==z, v(k+1) =y for some k € {0,...L(y) — 1}.

e An oriented path on the oriented graph (G,—) is an application v : {0,... L} — G such that
V(i) = A(i+1) fori=0,...L—1.

o We define a partial order relation on the vertices of G by writing x < y if there exists an
oriented path joining x to y.

An important property of the Wi-orientation is the following:
Theorem 2.17. Every oriented path on (G, —) is a geodesic.

Proof. Let v be an oriented path on (G, —) of length n. To show that v is a geodesic, it suffices
to prove that d(y(0),v(n)) > n. By definition of the Wi-orientation, for each ¢ € {0,...n — 1}
there exists a geodesic () of length L; > 1 and k; € {0,...L; — 1} such that

o (eo(vD),er(v)) € C(fo, f1),
° 'y(i)(ki +1)=~@E+1).

By Lemma T4 setting x; := eo(y®) and y; := e1(y?), we have

n—1 n—2
Z d(zi,yi) < d(xo,Yn—1) + Z d(@it1, Yi)- (28)
=0 =0

But, 7 being a geodesic of G, we have d(z;,y;) = d(eo(y?),e1(y?)) = L;. Furthermore, for
i €40,...n—2} we have
d@iv1,y:) < d(@ivr,y(i+1) +d(y(i+ 1), 5:)
= A"V 0), 7 (kigr)) + Ay (ki + 1),/ (L))
= kit1+Li—k — 1

We also have the estimation

IN

d(wo,7(0)) + d(7(0),7(n)) + d(v(n), yn—1)
= d(v(0),7 (ko)) + d(~(0),7(n))

+d('7(n 1)(Ln 1)s '7(n 1)(kn 1+1))
= ko+ Ln-1—kn-1—1+d(7(0),7(n)).

d(.fCo, ynfl)



We finally have

n—1 n—2
Z Lz S ko + Ln,1 — kn,1 — 1 4+ d('y(()),'y(n)) 4+ Z ki+1 + Lz — kl — 1, (29)
i=0 i=0

which gives 0 < d(v(0),v(n)) —n and proves the theorem. O

The following shows that the Wj-orientation is in some sense stable by restriction:

Proposition 2.18. Let (f;)icjo,1) be a Wi-geodesic on G. For 0 < s <t <1, let (z,y) in E(G)
such that x — y for the Wi -orientation with respect to fs, ft. Then x — y for the Wi-orientation
with respect to fo, f1.

Proof. Tt suffices to show that, if 7 € II;(fs, ft) and 7(b,c) > 0 then b < ¢ for the partial order

coming from the Wj-orientation w.r.t. fo, fi.

The proof of this fact is inspired by the ’gluing lemma’ stated and explained in [LV09]: let
7 e I (fo, fs), 7 € I (fs, i) and 73 € Ty (f;, f1). We consider the ’gluing’ 7 of these three
couplings, defined by:

= (@, )@ (b, )n®) (¢, d)
ma.d) = b,czec fs(b) file) ,

where the quotient is zero when fs(b) = 0 or fi(c) = 0. It is easily shown that = € II(fo, f1).
Moreover,

Wilfo ) < 3 dla,dy(a,d)

a,deG

< ) (da,b) +d(b,e) + d(c, d)m(a, d)
a,b,c,deG

_ 7 (a, b)7 @ (b, )73 (¢, d)

= aﬁbgec(d(a, b) + d(b,c) + d(c,d)) IXOIAG

= Z d(a, b)) (a,b) + Z d(b, e)m@ (b, ¢) + Z d(c, d)m® (¢, d)
a,beG b,ceG c,deG

= Wifo, fs) + Wifs, fr) + Wi(fe, f1)

= Wi(fo, f1)-

This shows the Wi-optimality of m and the equality
d(a,d)w(a,d) = (d(a,b) + d(b, c) + d(c, d))7(a, d).

Theorem 217 shows that whenever w(a,d) > 0, we have a < b < ¢ < d. On the other hand, if

72 (b, ¢) > 0 then there exists a € Supp(fo) and d € Supp(f1) with 7V (a,b) > 0 and 73 (¢, d) >

0, so m(a,b) =0 and so b < c. O
We now prove:

Theorem 2.19. Let (f;) be a smooth Wi-geodesic on G. We endow this graph with the W1-
orientation with respect to fo, f1. There exists a family (g¢) : E(G) — R such that

e Vx € G, %ft(ac) = —Vg:(x).
e V(xy) € E(G) , g:(zy) > 0.
Moreover, there exists a family hy : T(G) — R such that

Y(zy) € E(G) , %gt(xy) = —Vhi(xy).



We first prove a general result implying the existence of a family (g:) such that % fe(x) =
—Vgt ((E)

Lemma 2.20. Let (G,—) be an oriented graph and v : G — R finitely supported such that
Y wequ(x) = 0. Then there exists g : (E(G),—) — R with Vg = u.

Proof. We consider two scalar products, on the spaces of functions defined respectively on G and
E(G), defined by

<u,v >gi= Z u(x)v(z) , <a,b>p:= Z a(xy)b(zy).

zeG =Y

The adjoint of the divergence operator V is —0, where J is the linear operator 0 defined by
(Ou)(zy) := u(y) — u(zx), in the sense that

<Va,u>g=—<a,0u>g (30)

for any couple wu,a of functions respectively defined on G and E(G). The kernel of 9 is the
one-dimensional space generated by the constant function v = 1. The condition ) _,u(x) = 0
is thus equivalent to < u,v >g= 0 or u € (ker(9))+¢. We thus want to prove the inclusion
(ker(9))1¢ C im(V). As the linear spaces we are considering are finite-dimensional, this inclusion
is equivalent to (im(V))*¢ C ker(d). Let u € (im(V))*¢. Then for any b : (E(G),—) — R we
have < Vb, u >g= 0, so < b, du >g= 0, which proves that u € ker(9). O

As we have ) %ft(x) = 0, Lemma 2.20)] gives the existence of a family (g;) with %ft(z) =
—Vg:(z). However, this result does not provide an explicit construction of g and in general nothing
can be said about its sign.

Proof of Theorem [2Z.19. Let G’ be a spanning tree of G, i.e. a tree having the same vertices
as (G, but with possibly fewer edges. We endow G’ with the restriction of the orientation on
G. According to Lemma 220 there exists a family of functions (g¢) : E(G’) — R4 satisfying
%ft(x) = —Vgi(z). As G’ is a tree, we know that removing an edge (zoyo) from the graph G’
will cut it into two disjoint subgraphs G} := G (zoyo) and GY := G4 (zoyo) such that zo € G} and
Yo € GY. Let u(y,y,) be the indicator function of G}. This function satisfies (Ou(zy,))(2y) = —1
if (xy) = (zoyo) and (Ou(z,y,))(2y) = 0 otherwise, which implies:

ge@oy) = — > gi(xy)(Ot(ayy,))(zy)

(zy)eE(G”
= —< gt,a’U(zoyo) >p=< Vgt,u(zoyo) >a

0 0
= —< Eftau(zoyo) >=— Z &ft(z)'

z€GY

We want to prove that g:(xzoyo) > 0. Actually we will prove that the function ¢ — 2zeG; fi(z) is
strictly decreasing, so we have g:(2oyo) > 0. For 0 < s <t <1, let w € II1(fs, f:). We have:

S eE= Y www. A= Y ey

2€G] z<yeG : zeG} z€GY z<yeqG : yeG|

By Proposition 218, we know that if 7(z,y) > 0 then x < y. In particular, we cannot have x € G}
and y € G|. Equivalently, if # <y, w(z,y) > 0 and y € G; then x € G;. Consequently, we have

Yo h) =Y i) =- > m(w,y) <0. (31)

2€GY 2€G] z<yeG : z€G},yeq)

Furthermore, as (zoyo) is an oriented edge, we know by the definition of Wi-orientation that there
exists (z,y) € C(fo, f1) such that < 2y < yo < y. In particular, z € G}, y € G and 7 (x,y) > 0.
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This proves that the inequality (BI]) is actually strict, which shows the positivity of the family
of functions (g;) on E(G’). The first point of Theorem 219 is proven by extending g, to E(G),
setting g+(zy) := 0 if (xy) ¢ E(G).

The existence of a family of functions (h;) such that % gt = —Vhy is proven by Lemma 2.20
We only need to check that Z(Iy)eE(G) %gt(:ny) = 0. We are actually going to prove the stronger

statement:
Z gt(zy) = Wi(fo, f1).
(zy)€E(G)

To prove this fact, we consider the function u := Z(IUyU)GE(G/) U(zoyo)- Lhe function u satisfies
(Ou)(xy) = 1 for every & — y € E(G’). We then have:

/0 ga(oy)ds / 2y)(0u)(z, y)ds

(Iy)eE(G) (wy)EE(G)
/ > (Vgo)(x
zeG
= [ X gestenter
ze€G 85
> Huly) =D fola)ulx)
yeG zeG

Let m € II1(fo, f:). We know by Proposition 2.I8 that if w(z,y) > 0 then 2 < y. On the other
hand, if < y then there exists a path z = v — -+ = v, = y and we have u(y) — u(z) =

(u(yn) — u(yn-1)) + -+ (u(y1) — u(y)) =n = d(x,y), so we have

/ S guay)ds = 3 7 y)d(,y) = Wi(fo, fi) = Wi (for f1).

(zy)€E(G) z<y

Differentiating with respect to ¢ shows that the sum Z(zy)eE(G) g+(zy) is constant and equal to
Wi (fo, f1)- To finish the proof of the theorem, we extend (h:) to T(G) by defining h:(zoz122) := 0
if (5601'1:62) ¢ T(G/) ]

Actually, Theorem [2.19] can be strengthened in the following way:

Proposition 2.21. In Theorem[219, we can replace the assertion V(xy) € E(G) , gi(zy) > 0 by
Y(zy) € E(G) , gi(zy) > 0.

Proof. The proof of Theorem 2.19 allowed us to construct, given a spanning tree G’ C G, a family
of functions (¢&") such that g& (zy) > 0 when (zy) € E(G’) and g€ (zy) = 0 when (zy) ¢ E(G').
But for each edge (zoyo) € E(G) there exists a spanning tree G’ C G with (xoyo) € E(G'). We
define a family (g;) : E(G) — R as the barycenter

V(zy) € E(G) , gi(xy) |T| > gf (),
G'eT

where T is the (finite) set of spanning trees for G. Then g; > 0 and satisfies the conditions of
Theorem 219 We finally construct a suitable family (h;) by defining h; := 7% > GrelT] h§", where

(hE") is constructed from (g€") as in the proof of Theorem 210 O

2.3 Definition of W ,-geodesics

Having now constructed an orientation of G associated to each couple of finitely supported prob-
ability distributions fo, f1 € P(G), we propose a definition of Wi y-geodesic inspired by Proposi-
tion [2.10

11



Definition 2.22. Let G be a graph, W1i-oriented with respect to a couple of finitely supported
probability distributions fo, f1. A family (fi) is said to be a Wi 4-geodesic if:

1. The curve (fi) is a Wi-geodesic.
2. There exists two families (g¢) and (hy) defined respectively on E(G) and T(G) such that

0 0
&ft =—Vg , 579t = —Vh.

3. For every (zy) € E(G) we have g¢(xy) > 0.
4. The triple (fi, g+, ht) satisfies the Benamou-Brenier equation
V(zoz122) € T(G) , fe(1)he(zoz122) = ge(20w1)ge (T122). (32)

Remark 2.23. In the sequel,the assertion “let (f;) be a Wi 1 -geodesic” means “let ((fi), (gt), (ht))
be a triple of families of functions satisfying the conditions of Definition [2.29”. This is an abuse
because nothing is a priori known about the uniqueness of the families (g¢) and (hi) associated to
a Wi, 4-geodesic.

Remark 2.24. We can check that any contraction of measure on a graph is also a W 1 -geodesic:
if fo =9, is a Dirac measure, then the set 111 (fo, f1) has only one element, and it easy to prove
that the Wi-orientation with respect to fo, f1 coincide with the orientation used for contraction
of measures. Proposition [2.10 shows that the other points of Definition are satisfied by
contraction families.

It is possible to state ([B2) in terms of two different velocity fields:

Proposition 2.25. Let (ft)ie(0,1) be a Wi 1 -geodesic on G. We define the velocity fields vy 1 and
v_¢ by
L gt(xoifl) L gt(xoifl)
vy (zomy) = =2, v_(woxy) 1= ot (33)

fi(x0) fi(z1)
and the velocity functions Vi and V_ ; by

Vi(zy) = Z vi (i) , Vo i(z1) = Z v_ (zoxy). (34)
zo€F (21) zo€E(x1)
The following differential equations then hold:
0

&v+,t(z0$1) = vt t(zoz1) [V t(21) — Vi i(@0)] s (35)
%v,ﬁt(zozl) = —v_(mox1) [V_e(x1) — V_ ¢(x0)] - (36)

Proof. We use the definitions of g; and h; and then apply the Benamou-Brenier equation ([B2) to
write:

2UJr,t(iEOSCl) = gel@oz1) Z ge(xo1) — Z gt(x_10)

2
ot ft(mo) Z1E€F (z0) z_1€E(z0)
1 gt(xo1)ge(T122) gt(r_120)g:(T071)
1= > + >
flwo) | & fe(z1) B (0) fi(o)
— vy (z0m1) Z g(xoZ1) Z ge(r122)
517 (20) fe(xo) wa€F(z1) fi(z1)

= via(zoz1) [Vie(zo) = Vie(z1)]

The second formula is proven by similar methods. o
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We now give some heuristic arguments explaining the terminology 'W; y-geodesic’. Let us
consider the minimization problem described by equation (@) of Theorem [T}, when the paramater
p=1+e¢isclose to 1. We use the expansion a'*¢ = aexp(elog(a)) = a+ e alog(a) + O(g?), valid
for a > 0, to write

/M/O1 o0 () [Pdpe () dt = /M/O1 |vt($)|dut(x)dt+€/M /01 Jor ()| Tog(Jve (2) ) dp ()t + O(£2).

The integral [, fol |vt(z)|due (x)dt is exactly equation (@) for p = 1. We thus know, by Theorem [I]]
that the minimizers of this integral over the set of families (f;) of probability measures with fo, f1
prescribed and %ft(x) + V- (ve(x) fe(x)) = 0 are exaclty the Wi-geodesics joining fo to fi. This
suggests the following:

Definition 2.26. We say that a curve (ft) of probability measures on a Riemannian manifold M
is a W1 4-geodesic on M if it is solution to the minimization problem

it [ [ o) os(un(o) ),

where the infimum is taken over the set of all Wi-geodesics between fo and fi and where the
velocity field (vy) is defined by the continuity equation

ot
The formal optimality condition on (v;) obtained by applying Euler-Lagrange equations is the
same as for W)-geodesics:

0]

ot

The next proposition shows that W; -geodesics on a graph can be related to a minimization
problem similar to the continuous one described in Definition

ve(x) = —vp(x) Vo ().

Proposition 2.27. Let G be a W1 -orientated with respect to fo, f1 finitely supported. We consider
the problem

1
T (f,9) =it [ 3 vs(an) log(os (o) (o), (37)

0 Cl)‘)y
where the infimum is taken over the set of Wi-geodesics (f:) between fo and fi such that the
velocity vy (zy) is defined by equation B3) from a positive family (g;) with %ft(x) = —Vag(z).

We suppose that there exists a Wi y-geodesic (fi) joining fo to fi. Then (f) is a critical
point for T, in the following sense: if (ut) is a family of functions defined on E(G) satisfying the
boundary conditions ug(zy) = ui(zy) = 0, then

v (f+nVu,g—n%) =Z.(f.9) + O(n*). (38)

Remark.Recall that, given a Wi-geodesic (f), the continuity equation % fi(x) = =Vagi(x)
may be solved by a family (g;) which is not necessarily always positive. We restrict ourselves to
the families of positive (g;), which always exist by Proposition[Z2]] in order to write |vy ¢(xy)| =

vt (zY).

Proof of Proposition [2.27. When 7 is small, we have the expansion

0
v (f +nVu,g — na—?) —Zy(f9)

13



=0 [ 3 o) (1 + ool + (V)i + O
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On the other hand, we use the boundary conditions ug = u; = 0 to write:

/ S D) (14 log(voem) b = / 3 e ) o (14 log(v.o(29))) di

Il Il I
\
\ M \
(] s N
q 0 5
$ s g
ﬁ

5 S

\—/ @F
S
= ’é\
& s
Y 59

which proves that Z (f +nVu, g — 77%) =Zi(f,9) +O(n*). O

Remark. Similarly, it can be proven that a W ;-geodesic is also critical for the functional

infZ_(f,g) := inf / S v () log(u o (ey) fo(a). (39)

T—Y

3 W 1-geodesics as mixtures of binomial distributions

W1,4-geodesics have been constructed as generalizations of contraction families, which have been
defined as mixture of binomial distributions. In this section, we fix a Wi t-geodesic (f;) on G,
joining two finitely supported probability distributions fy, f1 € P(G). It will always be assumed
that the graph G is Wj-oriented with respect to fy, f1 and that every path is an oriented path,
thus a geodesic, by Theorem 217

The main purpose of this section is to prove Theorem BI& (f;) can also be expressed as
a mixture of binomial measures, with respect to a coupling 7 € II(fo, f1) solution to a certain
minimization problem. The key ingredients to the proof of this theorem are the study of the
behaviour of (f;) along particular geodesics of G, called extremal and semi-extremal geodesics,
and the construction of two sub-Markov kernels K, K* on G associated to (f;).

3.1 Extremal geodesics

Recall that we write z2 € F(z1) and 21 € E(x2) if 21 < z2 and d(z1,22) = 1 or equivalently if
(x122) is an oriented edge of G. If 7 is a geodesic of G, it will be sometimes convenient to use the
notation 7; := (i).

Definition 3.1. Let v be a geodesic on G.

o If L(y) =n > 2, we associate to vy the positive function

L gt('YO'Yl) s gt(%—wn)
y(t) = fen) - film—1)

o If L(y) =1, we define Cy(t) := g¢(yom1)-
o If L(y) =0, we define Cy(t) := fi(0).

14



Proposition 3.2. The function C,(t) satisfy
0
0= Y Canl— Y Crunll) (a1)
z0€E(Y0) z2€F (7n)
where xo U~y (resp. vn Uxa) is the geodesic xo,7Y0, ... Yn (T€SP- Y0, - - - Vn, T2).

Proof. If L(y) = 0, equation (I) is equivalent to %ft('yo) = —(Vgi)(zo), which is true by the
definition of (g¢). If L(y) > 1, we notice that

Cy(t) = fi(vo)vg,e(vov1) - - vt (Vn—1Vn)- (42)
Proposition gives:
n—1
1 0 1 0 1 0
—C,(t = — + —_— i Yi
C,(t) ot 1) ft(v0) Ot fi) = Uy ¢ (Viyigr) Ot +t(0%41)
n—1
= (=Vii(v) +Vot(0)) = ) [Vie(vigr) — Vi e(3i)]
i=0
= —Vii(m) + V- ()
= - Z Vgt (Inw2) + Z v ¢(707).
z2E€F (Yn) z0€E(Y0)
Multiplying by C.(t) and applying equation ([@2)) leads to the result. O

Equation (1)) takes a simpler form in the case where the set E(eg(7y)) (or F(e1(7)), or both)
is empty. This motivates the following:

Definition 3.3. We define the particular subsets of vertices of G:
e The set of initial vertices A C G contains every x1 € G such that £(x1) is empty.
e The set of final vertices B C G contains every 1 € G such that F(x1) is empty.
We also define the particular subsets of geodesics f G:
e The set ET' of extremal geodesics contains every v € I'(G) with eo(y) € A, e1(v) € B.
o The set SET'y 5 contains every v € T'(G) with eg(y) € A, e1(y) = x.
o The set SET'1 , contains every v € I'(G) with eo(y) = z, e1(y) € B.
If eg(y) € A or e1(y) € B, the geodesic ~ is said to be semi-extremal.

Remark 3.4. The sets A and B are both non empty. If we suppose for instance that B is empty,
then we can construct an infinite sequence (Ty)n>0 in G such that xpy1 € F(xy). But, fo and fi
being finitely supported and G being locally finite, the set of oriented edges of G is finite so xp, = x4
for a couple of indices ¢ > p. This means that there exists a non-trivial oriented path v joining x,
to dtself, which is a contradiction because v is a geodesic of G by Proposition 217}

An immediate corollary of Proposition is the following;:
Proposition 3.5. Let v be a geodesic of G.
o Ify € EL, then Cy(t) = C, is a constant function of t.
o Ify € SET , then C,(t) is polynomial in t and deg(C,(t)) < sup{L(¥) : ¥ € SET2,}.
o Ify € SETy , then C,(t) is polynomial in t and deg(C,(t)) < sup{L(¥) : % € SET1 5}
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Proof. If v € ET, then the sets E(eg(y)) and F(e1(y)) are empty, which by Proposition B2l shows
that C, is a constant function of t. We prove the second point by induction on m = m(y) :=
sup{L(¥) : 4 € SET's 5}, which only depends on the endpoint e;(y) = = . If m = 0 then v € ET’
and this case has been considered in the first point. We now fix a geodesic v € SEI'; ;, such that
m(vy) > 1. We apply Proposition B2l and use the fact that eg(y) € A to write:

0

&Cv(t) == Z Coyua, (1) (43)
zo€F ()

It is easily shown that, for z € F(z), m(y U {z}) = m(y) — 1, which proves by induction on m

that C(t) is polynomial in ¢ of degree less than m(vy). O

3.2  Sub-Markov kernels associated to a I -geodesic

The fact that the function C, is constant and positive on extremal geodesics allows us to introduce
a useful function on ordered subsets of G:

Definition 3.6. Given an ordered p-uple z1 < 29 < ...z, of vertices of G, we define

m(z1,...2p) 1= Z Cy, (44)

where E(z1,...2p) C ET is defined by:

vyEE(z,...5) =Tk <---<kp, v(ki) = 2. (45)
If v is a geodesic of G, we denote by m(vy) the number m(eo(y(0)),---e1(y)).
Proposition 3.7. For any family of vertices xog < -+ < z,,, we have

m(zo, 1) - M(Tym—1,Tm,)
m(z1) - m(Tpm—1)

m(xo,...Tm) =

Proof. Let v € E(xo,- - 2m) and ¥ € E(x;) for i = 1,...m — 1. To these geodesics we associate
the geodesics 49 ... 5(m=1) guch that, for i = 1,...m — 1, ¥ is constructed by concatenating
the begining of (), a mid-part of v and the end of 4(**1) in the following way:

5@ 60(7(“) STy T — ..61(7(i+1)). (46)

The geodesic 7(°) is constructed by concatenating the begining of v and the end of v(!) and 3(™~1)
is contructed by concatenating the begining of (=1 and the end of . It is clear that v() e
E(xi,zi41). Moreover, the application (v,7®, .- 4(m=1) s (30 ... 3(m=1)) i5 easily proven
to be a bijection between E(zg,...%m) X E(x1) X -+ E(2ym-1) and E(zg,x1) X -+  E(Zm-1, Tm).
Writing that both sets have same cardinality gives the result. o

Definition 3.8. The sub-Markov kernels K and K* associated to a W1 y-geodesic (fi) on G are
defined by

m(z1,z0)
Vo, € G ,Vxg €& , K(x1, = — 47
T zo € E(71) (z1,0) (@) (47)
Vrg € G ,Vx1 € .7:(300) , K*(aco,xl) = % (48)
0

We also define K f(z1) := >, K(z1,70)f(w0) and K* f(xo) := >, K*(zo,z1)f(1).
Proposition 3.9. The kernels K and K* satisfy the following:

° IfZEl ¢ A then 21065(11) K(-TI;$O) =1.
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If xo ¢ B then 3, ¢ 7(yo) K™ (w0, 21) = 1.

The operators K and K* are adjoint for the scalar product < f,g >:= 3~ f(x)g(z)m(x).

o The iterated kernel K™ is supported on the set of couples (x,,x0) such that xg € E™(xy,),
i.e. such that xo < x, and d(x,,x0) = n. For such a couple we have

m(an, o)

K"(;L'n,l'o) = m(mn)

Similarly, for x, € F"(xo), i.e. for x, < xg such that d(x,,x0) = n we have

m(l'o, zn)

(K*)Y"(zo, %) = m(zo)

o The operators K and K* are nilpotent.

Proof. The first point comes from the fact that, if zo ¢ B, there exists a bijection between the
set E(xzp) and the disjoint union UIIG}-(IU) E(zg,21). The second point is proven similarly. The
third point is proven by noticing that both scalar products < Kf,g > and < f, K*g > are equal

to
> mlao, 1) f(wo)g(1).

To—T1

To prove the fourth point, we write the general formula for the iterated kernel for some n > 2:

Vao,zn € G, K™"(xy,x0) := Z K(xp,zpn_1) - K(z1,70).

Tn—1,...T1

The product K (zy,, Zn-1) - K(21,x0) is non-zero if and only if zg — - -+ = xy, L.e. if (zo,...,25)
is a geodesic. This proves that K" (x,,z¢) > 0 implies that ¢ € £™(x,). Moreover we have:

n _ m(x’fhryn*l) . m(’}/l,ﬂCo) _ m(l'n,xo)
Koz = 3, =05 mon)  mlen)

Y€l g, ap

by Proposition [3.71 The fifth point is proven similarly. The nilpotency of K and K* comes from
the fact that (G, —) has a finite diameter: if n > Diam(G) then K™ = 0 and (K*)" = 0. O

Remark 3.10. The first point of Proposition shows that K can easily be transformed into
a Markov kernel: it suffices to add a vertex w (often called “cemetery”) to G and oriented edges
w — x for every x € A. The sub-Markov kernel K is extended into a Markov kernel on G Uw by
defining K(w,w) =1 and K(w,z) = 1 for every x € A. The kernel K* can be treated similarly,
by considering the oriented edges (x,w) for x € B.

3.3 Polynomial structure of W, ;-geodesics

In this paragraph we use properties of the functions C.,(¢) and of the sub-Markovian kernels K, K*
to give expression of (f;) as a mixture of binomial distributions on geodesics of G.

A direct calculation proves the following fundamental result:

Proposition 3.11. Let x € G be a vertex and v,7 be two geodesics on G with v € SEI'y 5 and
¥ € SEI's . Then
C,(1)C5(t)

C’YU:Y

fi(z) = ; (49)

where v U7 is the concatenation of v and 7.
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Remark 3.12. A first consequence of Propositions and [311) is the fact that, for any x € G,
fe(x) is a polynomial function of t such that deg(fi(x)) < Diam(G).

We also use Proposition BIT] to show the following;:
Proposition 3.13. For x € G, we consider two semi-extremal curves v, ~3) e SEI'1 .. The

tient x4 t depend on t and is equal to ") Furth h
quo 1en C,Y(Z) (t) 0es No epen on ana 1S equa/ [0} m(’y@)) . urthemore, we nave

Cyon =200 ) (50)

m(z) YESET; . (G)
Proof. Let 4 be in SET's ,(G). Then Proposition (B11]) shows that
Coo(t) _ C(yWU7)

Con(t)  C(HPUA)

We use the fact that this quotient does not depend on ¥ to write

Co(t)  Pseser,. ) COMUT  m(W)

C, (t) Z&GSEF“(G) CHY@uy)  m(H®)

The second point is proven by writing

Z C,(t) _ Z m(y) _ m(z) (51)

i (1) MYy-
'yGSEFl,I(G)C'Y()(t) vesErl,I(G)m(7 ) m(yW)

We now introduce two families of functions which play the same role as in the case of contraction
of measures:

Definition 3.14. We define the functions Py(z) and Q¢(x) by

Pa)= s Y GHP) Q= Y Gl @)
~(2)€SET, ~W) ESET
Proposition 3.15. The functions fi, g and hy are related to Py, Q¢ and m by
1. fi(wo) = m(x0) P (20)Qt (o),
2. gi(wox1) = m(wox1)Pi(x0)Qe(71),

3. he(zoz1z2) = m(zoz122) P (20) Q1 (22).

Proof. To prove the first point, we notice that the concatenation map v,y s ~(D U~2) is a
bijection between the sets SET'y 5, X SEl's 5, and E(x¢). We then use Proposition B.I1] to write:

> Coor(t)Coa(t) = > Cyfilwo)
(Y1), y(D)ESET 4, X SET3 4 YEE(z0)
= filzo)m(zo).

To prove the second point, given of vertices xg — x1 we consider the bijection between the sets
SET; ., X SETy ,, and E(x, 1) given by the concatenation v, () — (1) U~ 2), Moreover, if
A1) e SEIl'1 4, and 7(2) € SET's , have length L; > 2 and Ly > 2 we have:

1 1 1 2 2 2
g(ysPAMy --- 9(721)_1960) g(z17?) - -9(722)_17§2))

FOM) - ra ) ) Pl

C,Y(l) (t)C’Y(Z) (ﬁ) =
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Summing over all vV, ~(2) gives

ft(zo)ft(xl).

Pt(ml) gt(xoifl)

———Q:(x0) = m(xg, 1)

m(x1)

1
m(xo)
Replacing fi(zo) and fi(z1) by their expressions in terms of P;, Q; proves the second point. The
third point is simply proven by using the Benamou-Brenier equation:

gt(zoxl)gt(zlfw) m(zo,zl)m(ifl,zz)

h = = P,
t(szl-rQ) ft(xl) m(ml) t(xO)Qt(xQ)
= m(zo, 21, 22) P (20)Q1(22).
O
Proposition 3.16. The functions P; and Q: satisfy the differential equations
0 i) = KP() . 2Que) = ~K* Q) (53)
ot TR e

Proof: When applied to semi-extremal geodesics, Proposition 3.2 takes a simpler form. More
precisely, if (2 € SET, ,,,, we have

%cg@)(t): Y G (54)

€T_q 65(10)

On the other hand, by Proposition B.13] we have:

m(xr_, (2)
Z Ct (ZC_l U ’7(2)) = Z w Z C,?(2) (f)

Y ESETy 4, V2ESET2 4 m(z,l) YD ESETy .,
m(r_1,%o)
= —_— P — .
m(x_1) W(z-1)

Summing this last equation over x_; € £(z) gives the result. The differential equation for Q(x¢)
is proven similarly. [

Proposition 3.17. There exist two functions a,b: G — R such that

td(m z)

e

(1 —t)%=w)

d(z,y)! (55)

Proof. For © € G, let a(z) := Py(x) be the constant term of the polynomial ¢ — P;(x). Using
Proposition and Proposition 3.9, we have

Pi(z) = [exp(tK)Po](z) = [exp(tK)al(z)
!
-3 (Kla)(2)
t' m(z, 2)
- LI
;zegzl(z) I m(z)
1 td(z,z)
= ) gm(x,z)a(x)d(xvz)!.

The proof of the second point is quite similar: define Q;(z) := Q1_:(z) and b(y) := Qo(y) = Q1(y).

As we have BQ’(Z) = (K*Q;)(2), we use again Proposition B3 to conlude. O

19



We are now ready to write the W1 y-geodesic (f;) as a mixture of binomial distributions:

Theorem 3.18. For any couple of vertices x < y € G we define the binomial probability distri-
bution on bin, ), on G, associated to the application m, supported on the set of vertices z € G
such that x < z <y, by

m@zy)  d@ Y i g i)
miz,y) d2)dz ) (1—t)d@), (56)

The Wi 1 -geodesic (ft)ie(o,1) 95 a mizture of such binomial distributions:

bin(z7y)7t(z) =

T a(a)b(o) bine ) (57)

<y

Proof. The theorem follows from the calculation:

fi(z) = m(2)Pi(2)Q(2)
1 td(m,z) (1 _ t)d(z,y)

= e >, m(%z)a(ﬂﬁ)mm(«zay)b(y) i)

I s

zy:2<z<y

2 <z<y

and from the fact that % = m(z, z,y) (by Proposition [3.7]). O

4 Existence of W, -geodesics

In the previous section, we showed that any W; ;-geodesic (f:) can be expressed a mixture of
binomial distributions with respect to a certain coupling between fy and f;. We now turn to
the question of the existence of a Wi y-geodesic (f:) joining two fixed probability distributions
fo, fi. Through this section, we fix such a couple and endow the underlying graph G with the
Wi -orientation associated to fy, f1.

Definition 4.1. Let m : E(G) — R% be satisfying Vm(x) = 0 for every x ¢ A,B. Let p > 0 be
an integer. We extend m as a function on ordered (p+ 1) — uples in G by defining:

o Ifp=0,m(z) =3, cru) mzy)

o Ifp>2and~y:{0,...p} = G is a geodesic, then

m(y) :=m(yo,...vp) == pHO m(;:(’;z;l) (58)

o Ifp>2andxy <--- < xp then

m(zo,...Tp) = H H Z m(y).

J i=1 7€l e, 2,4

Remark 4.2. The assumption Vm(x) =0 for x ¢ A, B allows us to write

> mzy)=m(z)= Y my, ).

yeF (z) y' €€(x)
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Remark 4.3. An equivalent way to define the extension of m is to define m(y) on extremal
geodesics using equation (B8) and to extend it to general (p + 1)-uples as in Definition [34, the
quantity m(y) playing the role of C..

Theorem 4.4. A Wi-geodesic (fi) is a W1 1-geodesic if and only if there exists:

o A function m : E(G) — R satisfying Vm(x) = 0 for x ¢ A, B, extended to ordered families
of G.

o A couple of non-negative functions a,b: G — R4,
such that equations [BO) and [BT) hold.

Proof. The “only if” part of Theorem [.4is exactly Theorem[B.I8 Indeed, the restriction to E(G)
of the function m constructed from a W 1 -geodesic (f:) satisfies Vim = 0 outside of AU B, and
using Definition ] to extend this restriction to ordered families allows us to recover the original
m. Moreover, the functions a and b introduced in Proposition B.IT are non-negative: a(x) is the
constant term of the polynomial P;(x), which is non-negative for every t € [0,1], and the same
goes for b(z).

Conversely, let (f;) be a curve satisfying the assumptions of Theorem 4l We define the
polynomial functions

1 rd(z,2) td(zy)

P(2) = s 3 mz, Dala) gr—» Qo) = % > miz, QU rnr

<z y>z

Direct calculations show that fi(z) = m(z)P:(2)Q1-+(z). Moreover, using the definition of m(z, z)
and m(z,y), one can prove easily that P, and Q; satisfy the differential equations

gpt(z): Z MBW th(z): Z MQt(Zl)-

ot ctx) m(zo) ot e m(z1)
This allows us to write %ft(z) = —Vg:(z) where we define

gt(zox1) := m(xo, 21) Pi(x0)Q1—t(x1).

Similarly, defining h:(zoz122) := m(xo, 21,2 ) Pi(20)Q1-+(22) we have %gt(xoxl) = —Vhi(zoz1).
The positivity of P; and Q;_; implies the positivity of g:(xoz1). Moreover, the formula

m(z1)m(zo, x1, 2) = m(zo, x1)m(z1, x2)

implies
ft(l'l>ht ($0£E1£E2) =gt (xozl)gt (CE1$2>,

which shows that (f;) is a Wy y-geodesic. O

The task of finding a Wy t-geodesic joining fy to fi is simplified by Theorem A4l because it
turns it into the static problem of finding a coupling 7 between fy and f; such that 7(z,y) :=
Zl(f;’)%a(x)b(y)ligy for a couple of functions a(z), b(y) defined on G and for a function m con-

structed in Definition 11

This method can be used to prove the existence of Wi y-geodesics with prescribed initial and
final distributions:

Theorem 4.5. Let fo, f1 € P(G) be finitely supported. Then there exists a Wi 4 -geodesic between
Jo and f1.
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Proof. Let m : E(G) — R be any positive function with Vm(xz) = 0 for every z ¢ A, B, and

extended to ordered families of G. We set ¢(z,y) := Zl(gfyy)), By Theorem [£.4] it suffices to prove

the existence of a coupling 7 € II; (fo, f1) such that n(z,y) = c(z, y)a(x)b(y)ls<y for a couple of
positive a,b: G — R.

We will adopt the following point of view on the set II; (fo, f1):

Let D := {(z,y) € G x G | * < y}. In the space RP with the usual sclar product, we consider
the particular families of vectors (jo,z)sec and (j1,4)yec defined by

V(@,y) €D, Jouo(®,Y) = lamzy 5 J1,50 (%, Y) = Lymy,.

If for every (z,y) € D we have xy # x then we set jo 5, = 0.

If 7 € RP, we have

7T 'jO,Io = Z ﬂ-(any) y T '.jl,yo = Z W(SC,yo).
y=>xo z<yo

In particular, we have

i (fo, 1) :==RY N < ﬂ {7 jow = fo(%)}) N ﬂ {m 7 jiy = filyo)}

0 €EG yo€G

In other words, IT;(fo, f1) is seen as the intersection of the “quadrant” RE with an affine
subspace of R? directed by the vector subspace V1, where V is the vector space generated by the
families (jo,»)zec and (j1,4)yea-

Depending on the dimension of I (fo, f1) as a subset of an affine subspace of RP, we will
consider two cases:

1. The dimension of II (fy, f1) is zero. In this case, the vector space V is RP. In particular,

the vector | € RP, with components I(x,y) = % for every couple z < y € D, can be

written under the form

l(z,y) = Z A(x)jo,x + Z B(y)j1y

zeG yeG

for a unique couple of functions A, B defined on G. Considering the exponential of each side
proves that m can be written under the form n(z,y) = c(x,y)a(z)b(y)ly<y with a(z) =
exp(A(z)) and b(y) := exp(B(y)).

2. The dimension of II;(fo, f1) is positive. In this case we will use the fact that the interior
IT; (fo, f1) is non-empty and equal to the set of fully supported Wi-optimal couplings:

Hl(anfl)o = {7'(' € Hl(f07f1) : V(Z’,y) € Dvﬂ(xvy) > 0}

The boundary of IIy (fo, f1) is thus described by:

oIy (fo, f1) = {m € Il (fo, f1) @ 3(x,y) € D,n(x,y) = 0}.

We consider the mapping J : RE — R defined by

J(rm) = Z 7(z,y)log (ﬂ(x,y)) —m(x,y), (59)

(o g)eD c(z,y)
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where the variables are denoted by m(x,y), for © < y. The function J is clearly continuous on RE

D
and smooth on (Ri) . Moreover, we have:

aJ
—— =log (W(x’ y)) . (60)
Om(z,y) c(z,y)
The Hessian of J is thus a diagonal matrix with positive coeflicients (m)( Jep so J is strictly
’ z,y)eD

convex on (R*JF)D.

The set IT; (fo, f1) being compact, the infimum of J on IT; (fo, f1) is attained for some coupling
7. As J is striclty convex and I (fy, f1) is a convex subset of RP| we know that 7 is unique and
that we have either 7 € 9II1(fo, f1) or @ € II1(fo, f1)° and in this second case 7 is a critical point
for the restriction to II1 (fo, f1) of the application J.

Let us prove that @ € II;(fo, f1)°: we consider a segment 7y := (1 — ¢)mg + tm1, where 7y €
O (fo, f1) and w1 € Iy (fo, f1)°. Each my is in I11 (fo, f1), by convexity. The function J(t) := J(m)
is continuous on [0, 1], smooth on ]0,1[ and we have:

J(t)= Y (m(zy) —mlz,y))log (wt(x,y)d(””’y)!)

(o g)eD m(z,y)

As my € O, there exists (x0,y0) € D such that mo(zo,yo) = 0 and we have

d(xo, yo)!) —

i _ 1
lim (1 (20, 30) — 7o(0, 0)) log (m<xo,yo>m($0,yo>

so we have lim;_,¢ J'(t) = —oo. The infimum of J on II; (fo, f1) is thus not attained on 014 (fo, f1)-

We have proven the existence of a unique critical point 7 € TI(fy, f1)° for the restriction to
Iy (fo, f1) of J. As II1(fo, f1) is a subset of an affine space directed by a vector subspace V+, we
know that

grad-. J € V.

In other terms,

grad, (J) =Y A(@)jox+ > B®)iry (61)

z€G yeG

for a couple of functions A4,B : G — R. Due to the particular form taken by jo. and ji 4,
Equation (61 can be rewritten in a simple way:

V(z,y) € D, grad, (J)(z,y) = A(z) + B(y).

But equation (60) gives an explixcit formula for grad, (J)(z,y), which allows us to write, for
(z,y) € D:

E
o)
&
N

= exp (grad,, (J)(z,y))
= exp(A(z) + B(y)) = a(z)b(y),

where a(z) := exp(A(z)) and b(y) := exp(B(y)). Theorem A4 gives the a Wi L-geodesic (fi)
between fy and f; constructed from the function m and the coupling 7 O

Remark 4.6. The particular form taken by Wi 4 -geodesics (see Equation [&1)) and the minimisa-
tion problems associated by the functionals (B9) and 1), are reminiscent of the theory of Entropic
Interpolations, constructed in a recent series of articles by Léonard. A survey of the main results
of this theory is found in [Leol]]]. A construction of entropic interpolations and a discussion of the
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cases where they can be described as miztures of binomials is found in [Leol3bl]. Another paper,
see [Leol3d|], addresses the question of the convexity of entropy along such interpolations.

A major difference between these two kinds of interpolations lies in their construction: in order
to define an entropic interpolation on a graph G, one requires an underlying Markov chain to which
is canonically associated a positive measure R on the set of couples of vertices x,y € G. On the
other hand, the definition of a W1 4 -interpolation does not require an underlying Markov chain. It
only relies on the “metric-measure” properties of the graph G, endowed with its counting measure.
However, to each W 4 -geodesic is associated a function m on the ordered subsets of G, which is
used to construct sub-Markov kernels.

A complete understanding of the links between entropic interpolations and Wi 1 -geodesics, and
more especially between the measure R°' of entropic interpolations and the function m of Wi 4 -
geodesics, s still under investigation.
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