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Distribution of values of symmetric power L-Functions at the edge
of the critical strip

Xuanxuan Xiao

Institut Elie Cartan de Lorraine, Université de Lorraine, 54506 Vandoeuvre les Nancy, France

Abstract

We study some problems on the distribution of values of symmetric power L-functions
at s = 1 in both aspects of level and weight: bounds of these values, extreme values,
Montgomery-Vaughan’s conjecture and distribution functions. Our results generalize and/or
improve related results of Royer-Wu [22], Cogdell-Michel [2], Lau-Wu [13, 14] and Liu-Royer-
Wu [15].

Keywords: L-functions, modular forms, extreme values.

1. Introduction

The values of L-functions at the edge of the critical strip contain interesting arithmetic
information. In the case of Riemann (-function, it is well known that the prime number
theorem is equivalent to the non-vanishing of {(1 +1ir) for 7 € R. The study on distribution
of values of Dirichlet L-functions associated with real primitive characters y4 at s = 1 has
a long and rich history. We refer the reader to Granville and Soundararajan’s excellent
paper [5] for a detail historical description. In particular they [5, Theorem 1] proved a deep
conjecture of Montgomery and Vaughan concerning the distribution of values of L(1, xq)
(see [19, Conjecture 1]) with the help of Graham-Ringrose’s bounds for short character sums
with highly composite moduli [4].

In this paper we are interested in the distribution of values of the symmetric power L-
functions at s = 1 in the level-weight aspect. Let us begin by presenting some standard
notations in this field. Let k be a positive even integer and N be a positive square free
integer. Denote by J; (V) the set of normalized newforms of level N and of weight k. We

have
k—1

12
where (V) is the Euler function and the implied constant is absolute. Denote by H the
upper half complex plane and write the Fourier expansion of f € H;(N) at the cusp oo as

[HE(N)| = P(N) + O((kN)*?), (1.1)

Fz) = 30 Ag(mpnl=Drzemins (2 e ),
n=1
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where A¢(n) is the n-th normalized Fourier coefficient of f satisfying the Hecke relation

A = > Af( ) (1.2)

dMnn
(d,N)=

for all integers m,n > 1. According to Deligne, for f € H;(N) and any prime number p
there are e(p) = %1, a(p) and By(p) such that

lar(p)| = ay(p)Br(p) =1 ifpt N (1.3)
ap(p) =r(p)//p: By(p) =0 ifp| N '
and
A (") = a(p)” +ap(p)" ' Bs(p) + -+ Br(p)” (v =0). (1.4)

The m-th symmetric power L-function attached to f € 3;(N) is defined as
-1
L(s,sym™f) =[] T] (1= es®)™ 78V p™*) (1.5)
p 0<y<m

for 0 > 1, where and in the sequel we define implicitly real numbers ¢ and 7 by the relation
s = 0 +ir. According to [2, Section 3.2.1], the gamma factors of L(s,sym™f) are

H Ie(s+ (v+35)(k—1)) if m=2n+1,
osv<n
Loo(s,sym™f) =< (1.6)
T (s+0yn) [] Te(s+v(k—1)) if m=2n,
1<v<n

where T'g(s) := 77*/?T(s/2), Tc(s) := 2(2m)~*T(s) and S, = 1 if 2 4 n and 0 if not. For
1 < m < 4, the complete symmetric power L-function

A(s,sym™f) := N™/2L(s,sym™ f)L(s,sym™f)
is entire and satisfies the functional equation
Als, sym™ f) = £qunsA(L = 5, 5ym™f) (s €C),
where egyymp = 1.

1.1. Bounds of L(1,sym™f) and its extreme values

The distribution of values of symmetric L-functions at s = 1 has received attention of
many authors during the last twenty years [7, 16, 20, 21, 6, 22, 2, 13, 14, 15]. Diverse methods
or techniques have been developed and great progress is achieved.

When f € H;(N) and m = 1,2, Hoffstein and Lockhart [7] proved that

(log(kN))™' < L(1,sym™f) < log(kN), (1.7)
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where the implied constants are absolute.
Luo [16] considered the case of Maass forms. Let {f;(z)} be an orthonormal Hecke basis
of L3I\ H) and  + ¢? (; > 0) be the Laplacian eigenvalue of f;(z). He proved that

1
lim —————— Y L(1,sym?f;)" ' = M" 1.8
T—>oo|{]2tj<T}|t; ( i) ym? (1.8)

for all integers r > 1, where M, 2 is a positive constant depending on 7 and verifying
log M7, » < rlogyr. (log; denotes the j-fold iterated logarithm. See (4.8) below for an
explicit expression for M S’”ymz.) As an immediate consequence of (1.8), he stated the following
corollary:
1
lim ————— 1=F(t 1.9
I
L(1,sym?f;)<t;

at each point of continuity of a distribution function F'(t).

In [20], Royer considered the holomorphic case. Denote by P~(n) the least prime factor
of n with the convention P~ (1) = oo. He established the analogue of (1.8) for holomorphic
forms :

: 1 2 p\NEr +r
]\;I_Igo W Z L(l, Sym f) = Msym2 (110)
P—(N)>N¢ FEH(N)

for all integers r > 1 and any € > 0, and showed that
log M .2 = 3rlogyr + O(r)  (r — +00).

Some interesting combinatorial interpretations on Mg ym and M . (m = 1,2) can be found
in [21] and [6], respectively. Further the authors of these papers showed, with the help of

these combinatorial interpretations, that

log M 1w = 2rlogy r + 2(y — 2log ¢(2))r + O(r/logr), (1.11)
log M1 > =rlogyr+ (v — 2log((2))r + O(r/logr), (1.12)
log M m = (m + 1)rlogyr + (m + 1)yr +O(r/logr) (m=1,2), (1.13)

for r — oo, where 7y is the Euler constant. From (1.10), (1.12) and (1.13) with m = 2, we
immediately deduce that the set

{L(l,syme),L(l,S.mef)*1 € J’CZ(N)}

is not bounded when N — oo with P~(N) > N°.

In order to give a quantitative version of this statement, Royer and Wu [22] analyzed
dependencies in parameters N and r carefully. This analysis requires a radical change of
techniques used in [20]. Let

272

(k_ 1)90(N)L(1,sym2f) (1.14)

(,Uf =



be the harmonic weight which appears in Petersson trace formula. They sharpened (1.10)
as follows : Let k be a fized even integer. Then there is an absolute constant ¢ such that

1
log, N

> wrL(1,sym® £)F=ME {14+ O( )} 4+ O (N7 Beerv/losBN)ker®y (1 15)

FEHG(N)

uniformly for all » € Nand N € N with P~ (V) > log N, where the implied constant depends
only on k. From this it is easy to deduce that there is fi € 3 (V) such that

L(Lsym?f ) < (logy )7L, L(1,sym?f,) i (log, N)? (1.16)
for all N € N with P=(N) > log N. Further they also showed that
(logy N) ™" < L(1,sym*f) <, (logy N)° (1.17)

for all N € N with P=(N) > log N and f € H; (V) provided the Generalized Riemann
Hypothesis (GRH) for L(s,sym?f) holds. Therefore (1.16) is optimal with regard to the
order of magnitude. They also showed that the set

{L(1,sym*f), L(1,sym*f)~" : f € HG(N;)}

is bounded when j — oo, where p; is the j-th prime and N; = p; - - - p;. Therefore a condition
of type P~(N) > log N is indispensable.

In [2], Cogdell and Michel introduced a more conceptual approach. By providing a
natural probabilistic interpretation, they interpreted the complex moments for symmetric
power L-functions by the expected value of an Euler product defined on the probability space

z 2 (M i(m—27)0 —1\2 -
Msymm:l;[;/o g(l—e( 2000y, ") sin® 0d6. (1.18)

This new method has two advantages: On the one hand, they can calculate the complex
moments of L(1,sym™ f) for all integers m > 1 (unconditionally for 1 < m < 4 and under
their hypothesis sym™(N) for m > 5 : For all f € H;(N), L(s,sym™ f) is automorphic.); on
the other hand, with the help of the formula (1.18), they can rather easily evaluate Mg
for all real » — oo (avoiding complicated combinatorial analyze in [21, 6]). Thanks to this
new method, Codgell and Michel can generalize and improve Royer-Wu'’s (1.17) and (1.16)

as follows: Let N be a prime and f € H%(N). Under GRH for L(s,sym™ f), one has
{1+ 0(1)}(2B;, logy N) 47 < L(1,sym™ ) < {1+ o(1)}(2B;; logy N)** (1.19)

for N — oo, where AX and BZ are positive constants defined as in (4.5) below. We have

At =m+1, B! =¢" (m € N),
A =m+1, B =¢'¢(2)7! 2 ,

n=m pmEC@ 2w 120
Ay =1, By =By,
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and B, is an absolute constant given in [13, Theorem 3]. On the other hand, they showed
that there are fE € H3(N) such that

L(s,sym™ f£) Z {1+ o(1)}(B log, N)=4% (1.21)

for all primes N — oc.

Lau and Wu obtained the analogues of (1.19) and (1.21) in the weight aspect (see [13,
Theorem 2 and 3]). In order to prove these results, they showed that for f,g € Hj(1) the
archimedean local factor of the Rankin-Selberg L-function L(s,sym™f x sym™g) is

Loo(s,sym™f x sym™g) = T'p(s)%m D¢ (s)m/A+%m H Ie(s+v(k — 1))mﬂ/+1 (1.22)

1<vs<m

and established a density theorem on the zeros of L(s,sym™ f) in the weight aspect (see [13,
Proposition 2.1 and Theorem 1]).

In this paper, we shall study the distribution of L(1,sym™ f) in both aspects of level and
weight by refining the methods of [22, 2, 13]. The statements of our results are restricted
to the symmetric first, second, third and fourth power because those are the ones currently
known to be automorphic and cuspidal (for square free level N and trivial nebentypus, where
no CM forms or forms of weight 1 exist), but the method will apply to higher powers when
automorphy and cuspidality become known. Since we consider the level aspect and the
weight aspect at the same time, the situation will be more complicated. In order to describe
precisely the relation between the extreme values of L(1,sym™ f) in the level-weight aspect
and arithmetic properties of N, for each positive constant = > 0 and even integer k > 2 we
define the set of levels :

Ny(E):={N eN: p(N)>’=1 and P~(N) > Elog(kN)log,(kN)}, (1.23)

where p(n) is the Mobius function.
Our first result is as follows.

Theorem 1. Let = be a positive constant and m = 1,2, 3, 4.
(i) For f € H;(N), under Generalized Riemann Hypothesis (GRH) for L(s,sym™f), we
have

{1+ 0(1)} (2B, log, (kN)) ™" < L(1,sym™ f) < {1+ o(1)} (2B} logy (kN))™"  (1.24)

for kN — oo with 2 | k and N € Ni(2).
(ii) There exist f= € H;(N) such that

L(1L, sym™ ££) Z {1+ o(1)}(BE log, (k)= (1.25)

for kN — oo with 2 | k and N € Ni(Z).
Here AX and BE are defined as in (1.20) (see also (4.5) below) and the implied constants
depend on = only.



Remark 1. (i) Taking £ = 2 in Theorem 1, we obtain a generalization of Codgell-Michel’s
(1.19) and (1.21), since Ny(Z) contains all primes for some suitable positive constant =.
(ii) Taking N = 1 in Theorem 1, we can get Lau-Wu’s corresponding results (see [13,
Theorem 2 and 3]), since 1 € Ni(Z) for all even integers k > 2 and any positive constant =.
(iii) As in [13, Theorem 3(i)], we can prove that the bounds

(loga(EN)) ™ < L(1,sym™f) < (logy(kN))** (1.26)
holds unconditionally for almost all f € H;(N) and 1 < m < 4.

1.2. Montgomery-Vaughan’s first conjecture

Montgomery-Vaughan three conjectures describe very precisely the behaviour of distri-
bution functions of L(1, x4) around their extreme values [19]. In this subsection, we consider
the analogue of Montgomery-Vaughan’s first conjecture for L(1,sym™ f). For a fixed integer
m, consider the distribution function

1
Ffy(tsym™) = ———— L.
o |3G(N)) f%(m (1.27)

+
L(1,sym™ f)Z (B t)=Am

In view of Theorem 1, the analogue of Montgomery-Vaughan’s first conjecture for automor-
phic symmetric power L-functions can be stated as follows: For any fized constant = > 0,
there are positive constants co > ¢y > c¢o > 0 depending on = such that

o~ c2(log(kN)/ logy(kN) < F,;tN(logZ(k:N),symm) < e—c1(log(kN))/logy (kN) (1.28)

for kN > ¢y with 2 | k and N € Ni(Z).
This problem was first studied by Lau and Wu [14]. They proved the upper bound part
of (1.28) when N =1 and 1 < m < 4:

F,fl (logy k, sym™) < e~c1logk)/log2 k (1.29)

for all even integers k > c¢q. It is quite remarkable that, despite the difficulties in handling
modular forms as efficiently as Dirichlet characters, this result is almost as good as those of
Granville and Soundararajan [5] in this other case (moreover, they use a different method
at crucial points, where tools such as the Graham-Ringrose bounds for short character sums
with highly composite moduli are unavailable). The main tool is their large sieve inequality
(see [14, Theorem 1] or Lemma 6.1 below), which also is quite likely to have other uses in
this field. About the lower bound part of Montgomery-Vaughan’s conjecture (1.28), Liu,
Royer and Wu [15] obtained a slightly weaker result for m = 1 and N = 1: There are three
absolute constants c3, ¢4 and ¢5 such that for k > c5

log k
+
Fk,l(log2 k— glog3 k —log, k — c3, syml) > exp< —Cy (log, 7)"/2 Tog, k) (1.30)

We shall generalize and/or improve (1.29) and (1.30) as follows.
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Theorem 2. Let = be a positive constant and m = 1,2, 3,4.
(i) For any € > 0, there are positive constants cg and c¢; depending on £ and = such that

log (kN
Fiy (logy(kN) + ¢, sym™) < exp( —co(|o] + 1)—1552((kjv))>

for kN > c; with 2 | k and N € Ni(Z) and loge < ¢ < 9log,(kN).
(ii) There are positive constants cg, co and cig depending on = such that

o log(kN) )
log;(kN) logs(kN)

Fy (logy (k) — logy (kN) — logy (kN) — ¢, sym™Jexp (—

for kN > ci9 with 2 | k and N € Ni(Z).

Remark 2. (i) Taking ¢ = 0 in Theorem 2(i), we get the upper bound part of Montgomery-
Vaughan’s first conjecture (1.28) in the level-weight aspect.

(ii) Theorem 2(ii) can be regarded as a weak version of the lower bound part of Montgomery-
Vaughan’s first conjecture (1.28).

(iii) Since 1 € Ni(Z) for all even integers k > 2 and all positive constants Z, it is easy
to see that Theorem 2(i) and (ii) generalize and improve (1.29) of Lau-Wu and/or (1.30) of
Liu-Royer-Wu, respectively.

1.3. Weighted distribution functions
Motivated by the works of Granville-Soundararajan [5] and of Cogdell-Michel [2] and

in view of the Petersson trace formula, Liu, Royer and Wu [15] introduced the weighted
distribution functions :
> wy, (1.31)

1
Z wr FETGE(N)
FETGN)  L(Lsym™ )Z(BE o)A

f,fN(t,symm) =

where wy is defined as in (1.14). By using the saddle-point method, they evaluated (1.31) for
N =m = 1: There are three positive constants ,Qfli and C such that we have, for £ — oo,

FE(t,sym") = {1+ o(1)} exp < . et_jli {1 + 0(%) }) (1.32)

uniformly for ¢t < log, k — glog3 k —log, k — C, where the implied constant is absolute.
As they noted, their method should work in the symmetric power case but with additional
technical issues. In [12], Lamzouri studied a large class of random Euler products and gave
a quite general result [12, Theorem 1]. As a corollary, he obtained the evaluation of (1.31)
with sign 4+ and k = 2 in the prime level aspect:

Fity (t,sym™) = {1+ o(1)} exp ( e {1 + o(\%) }) (1.33)

t

uniformly for all prime numbers N and ¢ < logy, N — logg N — 2log, N. We note that the
domain of validity of ¢ is slightly larger than that of (1.32) but the error term is slightly
weaker than that of (1.32).

By refining Lamzouri’s method [12], we can prove the following result.

7



Theorem 3. Let = be a positive constant and m = 1,2,3,4. Then there is a positive constant
c11 depending on = such that we have

Ty (tsym™) = {1+ o(1)} exp ( - et_:{% {1 +0 (%) })

uniformly for kN — oo with 2 | k and N € Ni(Z) and
t <logy(kN) —logs(kN) —log,(kN) — c11,

where o/ are constants depending only on m defined as in Lemma 7.2 below. Here the
implied constants depend on = only.

Remark 3. (i) Clearly Theorem 3 generalizes and improves (1.32) of Liu-Royer-Wu and
(1.33) of Lamzouri.

(ii) Theorem 3 also completes (1.33) of Lamzouri by proving similar result in the case of
sign —.

According to (1.7), it is not difficult to see that
a@fN(t, sym™)/log(kN) < F,ij(t, sym™) < Z -y (t, sym™)log(kN) (1.34)

for all even integers k > 2, square free integers N > 1 and real numbers ¢ > 0, where
the implied constants are absolute. From Theorem 3, we immediately deduce the following
corollary.

Corollary 1. Let = be a positive constant and m = 1,2,3,4. There exist four positive
constants cq1, C12, C13, C14 depending on = only such that

e—e12108(kN)/Q0g} (kN Ioga (V) - o (), ™) o =13 ToB(N)/ log3 () ogs (V)
for kN > ci4 with2 | k and N € Ni(Z), where Tj, n := logy(kN) —logs(kN) —log (kN ) —ci;.

1.4. Density theorem on symmetric power L-functions in the level-weight aspect

In the methods of [22, 2, 13], theorem of density plays a key role. A rather general density
theorem on automorphic L-functions in the level aspect was established by Kowalski and
Michel [10, Theorem 2] and used in [22, 2]. A similar density result in the weight aspect was
obtained by Lau and Wu [13, Theorem 1]. In order to prove our Theorem 1, it is necessary
to establish a density theorem on symmetric power L-functions in the level-weight aspect.
Denote N(«,T,sym™f) the number of zeros p = [ + iy of L(s,sym™f) with 8 > « and
0<y<T.

Our density theorem is as follows.

Theorem 4. Let a > 3, ¢ >0, 1 <m <4, r >0, E,,, = (m+1)(m+7)+8 and
B, =@m+r)(m+1)+m+12. Then we have
Z N(O./, T, Symmf) e T1+1/7"kjEm,r(l—a)/(?’—QOé)""f?NE;n,r(1—06)/(3—204)4‘5’
FEIH(N)

uniformly for 2 | k, square free N and T > 2, where the implied constant depends only on «,
g andr.



The density theorem shows that on average over the family 3} (NN) there are very few
forms with zeros in the critical strip with real part near the line Res = 1. This theorem is
useful only when « is very close to 1 and the T-aspect is essentially irrelevant. For n € (0, %),

define
I (N;m,m) = {f € Hy(N) : L(s,sym™f) # 0, s € 8},

" (1.35)
j—ck<Na777 ): k( )\:H:l—:<N7777 )7
where
S:={s:1—-n<o<1l|r|<100(EN)"}U{s:0 > 1}.
By using Theorem 4 with » = 1, we have
Hy (Nspm) < > N(1=n,100(kN)", sym™ f)
feX, (Nmm) (1.36)
> N(L—n,100(kN)", sym™ f) <, (kN)%",
fEHE(N)
For n < 65, we have
|3 (N5, m)| ~ [FGN)]. (1.37)

As J;F (N;n,m) has almost the same size as Hj(N), we replace H;(N) by F;F(N;n,m) in
the applications and the density theorem can partially play the role of Generalized Riemann
Hypothesis.

2. Some lemmas

In this section, we shall establish some unconditional and conditional bounds of symmet-
ric power L-function L(s,sym™f) in the critical strip, which will be useful later.

2.1. Automorphic L-functions and convexity bounds

The m-th symmetric power L-function attached to f € Hj(N) defined as in (1.5) has
the Dirichlet series for o > 1,

L(s,sym™ Z Agymm £(n)n "%,

where Agymm (1) is multiplicative and admits
Degmns (D) < (1) (03 1), 2.1)

Here da(n) = d(n) and dp11(n) == 3 4, dn(0).

The symmetric L-function has the degree d = m+ 1, the conductor Cond(sym™ f) =
and extends to an entire function on C by the functional equation given in the next section
without any poles.

m



For m € N and f,g € H;(N), the Rankin-Selberg L-function of sym™ f and sym™g is
defined by

L(s,sym™ f x sym™g) = [T T] (1 —as@)™ " Bs(0) as(p)"78,0)p~*) ", (2.2)

p 0<z,5<m

with Dirichlet series expansion

[e.9]
E —S
)\syanfXSym'mg (n)n .
n=1

It extends to a meromorphic function on C which has no pole except possibly at s = 1 if
and only if when f = g. What’s more, we have

Asymmfxsymmg (p) = )\symmf (p) Asymmg (p) y

for unramified p { N. The conductor of Rankin-Selberg L-function of sym™f and sym™g
denoted by Cond(sym™ f x sym™g) satisfies (see [1])

Cond(sym™ f x sym™g) < (Cond(sym™ f)Cond(sym™g))" " _ N2Zm(mt1)

Let Lo(s,sym™ f x sym™g) be the archimedean local factor given as in (1.22). The complete
symmetric power Rankin-Selberg L-function

A(s,sym™f x sym™g)

:= Cond(sym™ f x sym™q)*2Loo (s, sym™f x sym™g)L(s, sym™f x sym™g)
satisfies the functional equation

A(s,sym™ f x sym™g) = eqymm fxsymmgA(L — s,sym™ f x sym™g) (s € C)

with Esym™ fxsym™g — +1.
We denote the special Rankin-Selberg L-function

L(s,sym™f x sym™g) Z)\Symmf Asymmg(n)n =% (2.3)

n=1
We have the convexity bounds for these automorphic L-functions.

Lemma 2.1. Let 1 <m <4, 2|k, N be square free and f,g € Hi(N). For 0 <o <1 and
any € > 0, we have

Nm(lfa)/2+z-:(k, + ‘T|>([m/2]+1)(17cr)+s ’Lf ) *, m
L(s,sym™f) < (2.4)
Nm(lfo)/ZJrE(l + ’T‘)(lfa)/Q(k, + ‘T|>[m/2](1fo)+s z'f2 ’ m
and
L(s,symmf > Symmg) < Nm(m+1)(1 o)+e (1 + ’T‘)(erl) (1—0) (k + ‘T’)m (m+1)(1—0)/2+e (25)
L(s,symmf > Symmg) < Nm(m+1)(l o)+e (1 + ’T‘)(m-i-l) (1—0) (k’ + ‘T’)m (m+1)(1—0)/2+e (26)

where the implied constants depend on € only.
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By (1.5), we write the Dirichlet series of logarithmic derivative as

L 2\ Agymm £(n
sy =3 Ao 27
for o > 1, where
ar(p)™ logp ifn=p”and p| N,
Asymm () = ¢ lag(p)™ +ag(p)™ 2" + - +ag(p) ™ logp if n=p"andpfN, (28)
0 otherwise.

It is apparent that |Agymm(n)| < (m+1)logn for n > 1.

2.2. Bounds for symmetric power L-functions

The following proposition about bounds for symmetric power L-functions will be needed
later.

Lemma 2.2. For 1 <m <4, 2|k, square free N and f € H(N), we have
L(s,sym™f) < log" " (N (k + |s| +2))
uniformly for Res > 1 —1/log(N(k + |s| + 2)).

Proof. 1t suffices to consider 2 > Res > 1—1/log(N(k+ |s| +2)). According to the Perron
formula, and by standard contour shifts and (2.4) of Lemma 2.1, we have for any ¢ > 0,

. 1
> Ay (1) npy _ L L(u+ s, sym™ f)Y"T'(u) du

o1 ns 2mi (2)
1

= L(s,sym™f) + — / L(u+s,sym™f)I'(u)Y" du
2mi %—?Res)

= L(s,sym™f) + O(Nm/4+5(|s\ + k)(m+1)/4+€y1/27§}%es).

Taking Y = N™/+(|s| + k)(m+1D/2+1 and using (2.1) we get the result by the bound of zeta
function near the line Re s = 1. O

For f € 3} (N;n,m), where n € (0, %), we get the logarithm log L(s,sym™ f) from the
integral of logarithmic derivative (2.7) since it is holomorphic and has no zero in the region

8 defined in (1.35). That is

o0

mpy_ N Asymrmy(0)
Immediately we get the simple bound for log L(s, sym™ f),
|log L(s,sym™ f)| < (m + 1)¢(0) < (0 — 1)1 (0 >1). (2.10)

11



Let us write 0p = 1 —n. With the convexity bound and the Borel-Carathedory theorem, we
also have for o > gy and |7| < 100(kN)",

log L(s,sym™ f) < est:N), (2.11)

o—o0g
The following lemma gives an upper bound of log L(s,sym™ f) under GRH.

Lemma 2.3. Let 1 < m < 4, 2 | k, N be square free and f € H;(N). Under GRH for
L(s,sym™f), we have for any e > 0 and any o > %,

log L(s,sym™ f) <e.q [log(N(k + |s| 4 3))]21-o)+e

uniformly fora <o <1 and 7 € R.

Proof. We denote F(s) :=log L(s,sym™ f). Under GRH for L(s,sym™f), F(s) is holomor-
phic for Re s > % With the convexity bound of (2.4), we have

Re log L(s,sym™ f) < C'log(N(k + || + 3)) (0> 3).

Applying the Borel-Caratheodory theorem, we choose ' = 2+ir, R’ = %— %(5 and r’ = %—(5 ,
where 0 < § < 1 will be chosen later. Then we have

27,,/ R/ + /r,
|SI_2§|D:(7~’ |F(S)| < R — ‘Szilf‘li(R, Re F(S) + R — ¢!
(6/6 —4)C'log N(k + |1| +3) + (6/6 — 3)C

<
< O og(N(k + |7| + 3)).

[F(s)]

Soforé—f—%é?ﬁesé%—é, we have
|F(s)] < Co log(N(k + |7| +3)). (2.12)

Denote M(r) := max |F(s)|. Applying the Hadamard three circle theorem with the center

|s—so|="r
8020'1—.—17'(1<O'1<N<k+|7'|+3)) andrlzgl—l—é,7’220'1—0',7”320'1—%—(5,We
have

M(ry) < M(r1)' "M (rg)* with a = (2200 = 2(1 — 0) + O(0 + 1/0y).

Thanks to (2.12), we have M (r3) < Co ' log(N(k + |7] 4+ 3)) and M (r1) < C6~'. Therefore
we obtain

|log L(s, sym™ f)| < (C5~1)' ™" (€6 log(N(k + || +3)))".
At last we choose 01 = 5 = log, N (k + |7| + 3), then we get our result. O
We get a better bound than (2.11) without GRH when f € H}(N;n,m).

12



Lemma 2.4. Let n € (0, %) fized, oo =1 —n, 1 < m <4, 2|k and N be square free. We
have for f € 3 (N;n,m),

o0

log L(s,sym™ f) = Z —Asymmf(n)
n=1

T4 R 2.13
nslogn ¢ + ( )
uniformly for 3 < T < (kEN)", 09 < 0 < 3/2 and |7| < T, where

R <, T~ (log(kN)) /(0 — 09)*. (2.14)

Furthermore for any 0 < ¢ < i and % < a < 1, under GRH for L(s,sym™f) where

f € 3 (N), the formula (2.13) holds uniformly for a < o < % and T > 1, with
R oo T (log(kN))2(-)Fe,

Proof. We have

o0

AS m7"/ 1 2+im
Z y—f(n)e’"/T = — / [(z — s)log L(z,sym™ f)T%° dz.
~ n logn 271 Jo_i0o

Shifting the line of integral to the path C consisting of the straight lines joining
kK —ioco, K —21T, oy —2T, o,+21T, k+2T, K+ioco,

where k =1+ 1/logT and o1 = (0 + 0¢)/2, we have
>\ Ay 1
Z y—f(n)e’"/T = log L(s,sym™f) + — /F(z — s)log L(z,sym™ f)T*7°dz.
n*logn 27 Je
By (2.10) and (2.11), the last integral is

7719 Jog (kN
. og(kN)

< / D(0y — 0 + i) dy
g =00 ly|<3T
log(EN ®
+ —og( ) / T”"\F(az—0+1(T—T))‘dx+T1_U+8/ ID(k — o +1y)|dy.
0—00 Joy ly|=T

Then we can get (2.13) and (2.14) with the Stirling formula. Under GRH, we use the same
method and shift the line of integration to Rez = o/ = a—¢’ > 5 where ¢/ = Fmin(e, a— 3).
Then the last integral will be
1 o/ +ico
R = 5 I'(z — s)log L(z,sym™ )T ° dz
i

a’/—ioco

+oo
€T [0 0 il (log Nk -+ 1yl + )2y

o0

<<5706 T—(J—a) (10g(kN))2(1_a)+28,

according to Lemma 2.3. Then we complete the proof of the lemma. O]
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Lemma 2.5. Let n € (0
f € H(N;n,m), we have

,3) fiwed, 1 < m < 4, 2 | k and N be square free. For any

(log(kN))**/ —
alog,(kN)

uniformly foro >1—a >1— —77 and || < (log(kN))*/™.

Proof. We take T = (log(kN))*" in Lemma 2.4, then the error term will be O(1). For the
summation, it is

log L(s,sym™f) <, + logs(10kN),

< Zp_"e_p/T +O(1).
p
Divide the summation into two parts,

Zp e P/T<Zp +Zp e P/T
p<T p>T

For the first sum, it is

< Z 1 (log(kN))*e/m — 1

1 10kN).
pl—o 7 alog,(kN) + 1085 (10kN)

Here we have used the fact that for 1/2 <o <1 and y > 3

—0

1
— < = 41 :
Z 1—0 logyjL &2Y

p<y

For the second sum, we have

> e p/T<</ t/Td(Zp“’)

p>T p<t

Tlio. _ 1 1 o0 tl*O’ _ 1

——— +log, T + = T~ e Tlog,t |dt

< (1—0)10gT+ ©82 +T/T (e (1—0)10gt+e OBz
(log(kN))'e/1 - 1
1 10kN).
1 alog, () T 108a(10KN)
Then we get our result. [

With the bound above, we can write the logarithm of symmetric L-functions as the
following Dirichlet series.
Lemma 2.6. Let n € ( =), 1 < 4,2 | k and N be a square free number. Let
z = exp{+/log(kN)/7(m +4)}. Then we h(we

log L(1, sym™ :Z Z log (1 — ay(p)™ ¥ p~ ')~ !
p<z 0<y<m
PIN
+ log (1—ay(p)™p™") " +O(log™/*(kN)),

p<T
p|N

(2.15)

for f € 3 (N;n,m). The implied constant depends on n and m.
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Proof. Let T = (log(kN))*". In view of (2.9), we have according to Perron formula

A . 1 1/log z+iT s 1 T 1
Z Lf(n):_/ logL(s—i—l,symmf)%ds—i—O(M-l-—)-

o, nlogn 271 )1/ 10g a—iT T x

Move the integration to o = —in, and estimate log L(s,sym™ f) by Lemma 2.5 (with o =
17), then we obtain

> Aomrs(n) _ log L(1,sym™ f) + O <10g(kNTx) + tos (k) logT>

pomes 08T T i/t (2.16)
=log L(1,sym™f) + O((log(kN))*‘l/”H).
On the other hand, (2.8) allows us to deduce
sym f sym™ f
2<n< p<z v<logz/logp
_ O‘f( ay(p)
=Y Y Py Y Y%
p<z v<log z/logp p<z v<logz/logp 0<j<m
pIN ptN
-1
mn 1
_ Z{log (1 )" ) +0 <—3/‘;gp ) }
= P x3/?logx
pIN
m—25\ ~1 lo
1 ay(p) o losr \ 1
305 Qe (1) o (G
p<z 0<y<m
PIN
Whence we obtain our result from (2.16) thanks to the prime number theorem. ]

3. Proof of Theorem 4

As in [13, Theorem 1], we shall follow the method of Montgomery [18]. First of all, we
shall make a factorization of the symmetric power L-function. In the following, we fix a real
parameter z > 1 (to be chosen explicitly later). We denote P(z) =[], _. p.

Lemma 3.1. Let f € H;(N),m € N and z > (m + 1)%. For o > 1, we have a factorization

L(s,sym™f)~! = Gy(s)L’ (s, sym™f)

with
L’(s,sym™f) = Z Asymm f(n)p(n)n=?,

(n,P(z))=1

where Gy(s) is holomorphic and has neither zeros nor poles in o > % and Gy(s) <, 1
uniformly for o > % +e.
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Proof. The proof is the same as Lemma 5.1 in [13] and Lemma 9 in [10]. O

The second lemma is a large sieve inequality on the Hecke eigenvalues in the level-weight
aspects. Similar results in level aspect and in weight aspect have been obtained by Duke
and Kowalski [3] and by Lau and Wu [13], respectively. Since the proof is rather similar, the
only difference is to replace the convexity bound for L(s,sym™ f x sym™g) in level aspect or
in weight aspect by our convexity bound in level-weight aspect. Thus we omit it.

Lemma 3.2. Let 1 <m <4, L > 1 and {as}i<r be a sequence of complex numbers. Then
for any € > 0, we have

S | s (O] < GNY (L 4+ (BN L) S o

fEHL(N) €<L (<L

where Dy, = m(m + 1)/4 4+ 1 and the implied constant depends only on .

Now we are ready to count the number of zeros of symmetric L-function. First of all, by
[8, Theorem 5.38], we have

N(3.3,8ym™f) = N(3,j — 1,sym™ f) < log(kNyj).
So Theorem 4 follows immediately if 7" > (kN)" for given r > 0. We assume
3< T < (kN

Cut o <o <1land 0 < 7 < T into boxes of width 210g2(kN). There are at most
O(log?(kN)) zeros in each box a < 0 < 1 and Y < 7 < Y + 2log?(kN). Let ngmm; be the
number of boxes which contain at least one zero p of L(s,sym™f). Then

N(a,T,sym™f) < ngymm ¢ log® (kN). (3.1)
So we only need to prove that

Z Ngymm f <<7',z—: TkEm,T(lfa)/(3f2a)+sNE;n’T(lfa)/(372a)+€.
fEH(N)

Consider o > 3 + 2¢. Let ,y € [1, (kN)2* (4] and we define

M, (s,sym™f) = Z Asymm £ () pp(n)n=?,
n<x
(n,P(2))=1

where Gf(s) and P(z) are given in Lemma 3.1.

Let p= 8 +iy with > a (> 1 +¢) and 0 < v < T be a zero of L(s,sym™f) and
k=1/log(kN), ky =1—= 4k (>0), k=5 — f+¢(<0). Then

i./ (1= Lip+ w,sym™ f)My(p + w, sym™ f)) T(w)y” du
(k1)

27

ey —

1
t o= | Llptw,sym™ f)Mo(p + w,sym™ )T (w)y” dw.
(k1)
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The zero of L(s,sym™f) cancels the pole of I'(w) at w = 0. So we can shift the line of the
integration of the second integral to the line Re w = k3. Then we have

1
e~y — D (1= L(p+ w,sym™f))M,(p + w,sym™, f)['(w)y" dw
1 (k1)

1
+ L [ Lot w, sy )M (p + w,sym™ )T (w)y du
21 (k2)

For Re w = ky = § — B + ¢, the convexity bound (2.4), (2.1) and Lemma 3.1 imply

L(p+w,sym™f) < N™4e(k 4+ T + |Smw]|)m+2/4+e,
M, (p+w,sym™f) <. z'/**=.

Thus, the contribution from |Smw| > log?(kN) to the second integral of (3) is

< gl/FHey /2 / N™4 (| + T + |Smw]) ™ 2/4 D (w)|| dw|
|Sm w|>log?(kN)

<. $1/2+2y1/2—o¢Nm/4+5(k + T)(m+2)/4+ae—log2(k:N) <. (k,N)—l
with T < (kN)".
According to (2.1), we have L(s,sym™f) < ((s)™! for Res > 1. So for Rew = k; =
1 — B + k, it follows that

L — L(p+w,sym™ f)M,(p + w,sym™ f)

sym™ f (T 5
= L(p+w,sym™ f)Gs(p +w) Z puln n;’+wf()<<(kN).
n>x

(n,P(2))=1

Then contribution of |Sm w| > log?(kN) to the first integral of (3) is
<. (k,N)eyl—a-i-ne— log?(kN) <. (k,N>—1

Then using the fact that 1 < C(a +b) = 1 < 2C?*(a® +b) (where a > 0, b > 0 and C > 1),
we obtain

1 <. (k,N)ayQ(l—a)

log®(kN)
X / 1 — L(1+ & +i(y +v), sym™ )Mo (1 + s 4+ i(y + v), sym™f)[* dv
—log?(kN)

log”(kN)
+y'ee / 2(1V) (3 + & +i(y +v),sym™ )My (5 + & +i(y + v), sym™ f)] dv.
—log“ (kN

We separate the boxes into two groups, the odd-indexed and the even-indexed, then any two
zeros from different boxes in the same group have a distance of at least 2log?(kN). Summing
the integral over the zeros of these two groups separately, we obtain

Moy p < (KN 00 4+ 912700, (3.2)
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where
2T
I = / 1= L(1 + &+ fv,sym™ F) My (1 + K + v, sym™ f)* do,
0
27
[2 = / |L<% +e&+ iU, Symmf)Mx(% +e+ iv7symmf>| dv.
0
For T' < (kN)", we have

2T
I <<€/ Nm/4+€(k?—|—U>(m+1)/4+6$1/2+6 dw <. Tx1/2+6kr(m+1)/4+rsN(mr+m+r)/4+rs‘ (33)
0

For I, we have

1-L(1 + k +iv,sym™ f) M, (1 + k + iv, sym™ f)

p(1) Asymm p (1) dmy1(n) (3.4)
<<5 Z nlts+iv + (kN)e Z nlts
r<n<X n>X
(n,}<3(z)):1 ”
where X = e?t1og”(kN)

The second sum of (3.4) is < (kN)™!
With Lemma 3.2, the first sum in (3.4) is
2
Z Z :U’ 1?’:1?5(”) < (]CN)E(L + (k,NQ)Dle/2+E)L7172n.
FEHE(N)' L<n<2L "

(n,P(2))=1
Separating the range < n < X into dyadic intervals, we get by the Cauchy-Schwarz’s

inequality
Z Z M symmf( )
n1+n+1v

FEHF(N)' z<n<X
P (nP(2)=1

2
< (kNQ)Dm+€x_1/2+€ +1.

Thus we have

p() Ay () |
pyE—T dv+T

:E<n<X 3.5
(n,P(2))= (3:5)

< (kN?)T ((kN?)Pmp=t/2e 4 1) .
Collecting (3.2), (3.3) and (3.5), we obtain

D gy Kpe T2 (kN)?
JEHL(N)

> 11<<kN/ >

FEFE(N FEFE(N)

> [y2(1—a) (1 + (l{N2)DmZE_1/2) + y1/2—a$1/2k,r(m+1)/4+1N(mr+m+r)/4+1] )
Taking x = (kN?)?Pm and y = kFmr/(26-20) N B /(253-20)) e get

Z Ngymm § Ko TEEmr(1=0)/(=20)% N B, (1=0)/(3=20),
fFEHE(N)

It implies Theorem 4 by (3.1).
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4. Complex moments of L(1,sym™ f)

The aim of this section is to compute the complex moments of L(1,sym™ f) in the level-
weight aspect.

4.1. Notations and statement of the result

First we introduce some notations which are a bit heavy but carry interpretations in
representation theory. The details can be found in [2]. For 6 €e R, m € N, |z| < 1 and z € C,
we denote

9(0) := diag[e", e 7],

Symm[g(e)] — dlag[ im0 1(m72)97 o 7efim9] : (41)
D(z,sym™[g(0)]) := det (I — - sym””‘[g(@)])_1 = H (1- ei(m’2j)9x)_1.
0<j<m
And for z € C, m € N and v > 0, define \2"[g(0)] by
D(x,sym™[g(0)])" = Y X lg(@)]z",  (ja] <1).
v=0
Then we have
1,1 _ m _ sin[(m + 1)0]
An [900)] = tr(sym™[9(0)]) = — =, (4.2)
log D(z,sym™[g(0)]) = tr(sym™[g(0)])x + O(z*) (|2 <1).
According to (1.3), for p{ N, we can denote as(p) = €% ) where ;(p) € [0, 7]. Then
m\ __ Sin[<m + 1)0f(p)] _ m __ 11
o) = L sy, 0)) = N 0,0 (43
According to (1.5), we have
L(s,sym™f)* = ] (1 = eF (p)p~ /) H D(p~*,sym™[g(05(p))])",
pIN
and it admits a Dirichlet series
L(s,sym™f)? Z)‘Symmf (0 >1).
n>1
S0 AZ,um (1) is multiplicative and we have
y A l90()] i pt N,
Aymm f (P7) = RS (4.4)
d.(p")Ar (™) ifp| N,

where d,(n) is a multiplicative function defined by » >, d.(n)n* = ((s)* for Res > 1.
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We also define

A% = max +tr(sym™[g(0)]) = £tr(sym™[g(63)]),

m 0€[0,n]
. _ ” . 45
B = exp {mo + (45) Y (£log DG sym”[o(05,)) — 4z} 4P
p
Here @y is defined by Y _, p~' = logy t + @o + O(log™ ' t) and 65, , € [0, 7] defined by
D(p™, sym™[g(6;,,)]) = max D(p™", sym™[g(6)])
) o N (4.6)
D(p~t,sym™[g(,,,,)]) = Jain D(p~", sym™[g(6)])

are computed in [13].
For n € N, we write n = nyn®™) with p | ny = p | N and (ny,n"™)) = 1. We define

O z .
M m(N) = Z Nn1+m/2 H / ,symm[g(Q)D sin® 4 d#, (4.7)
n=1
where Oy (n) is defined by

R LRI § IR

n=1 pIN

We also put
Mz = MZ o ( H / p~t sym™[g(6)])” sin? 0 do. (4.8)

About the complex moments of L(1,sym™f), we have the following result, which will
play a key role in the proof of Theorems 1 and 3.

Proposition 4.1. Let n € (0 ,65) be fited, 1 < m <4, 2|k and N be square free. Then
there are two positive constants 6 = §(n) and ¢ = 0(77) such that

3 W L(Lsym™ )7 = M (N) + O, (e70 TN/ 1k
FEIE (Nin,m)

uniformly for |z| < clog(kN)/log,(10kN)log,(10kN).

4.2. Preliminary lemmas

Lemma 4.1. Let 2 | k and N be square free, m € N and z € C. For f € H;(N), pt N and
integer v > 0, we have

sy (D7) = Hom As (07, (4.9)

o' <mv
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where )
Hamr = . /O A2V [g(0)] sin[(v/ + 1)6] sin 0 6.
Furthermore, we have
,Lbfr’jy, = 26(m, ) 0<
1] < dmn))z (P7) (0 <
D il < e (07),

o</ <mv

< m),
]/,

< my),

(4.10)

where §(a,b) is 1 for a ="b and 0 otherwise.

Proof. The proof is the same as [13, Lemma 6.1] and (4.10) follows from [23, Proposition

9. O
Lemma 4.2. Let 2 | k and N be square free, m,n € N and z € C. We have
Z WA (1) = Niym (1) + Oy (k;_5/6N_1+€nm/4 10g(2n)rfn(n)) , (4.11)
JEH(N)
where N ,m(n) is the multiplicative function defined by

Adymm
sym dz(py)lj(pmu)/ /pml, pr‘N

Here O(n) = 1 if n is a square, and O(n) = 0 otherwise, and r2,(n) is the multiplicative
function defined by

) ::{uf{z,”o ifptN,

T 4.12
" dpy(p")/p™"* ifp| N. 412)

Proof. Write n = ¢/*---q,"p}" - - - p where ¢; | N for 1 <i < hand p; t N for 1 < j <r.

T

We have according to (4.4) and (4.9)
Z Wf)\symmf( ) - Z Z (H . )
FELN) V=0

x Z WA (@™ g ).
FEN(N)

S () = {d(m+1)|z|(p”) ifpt N,

If we write ¢ - - - q""" = g?q, according to (1.3) and using the trace formula Corollary 2.10
in [9], we get the main term A7 .(n), and the error term is

mvy muvy v v ! !
ey \ Aoy (nn) (Pt - - p) VAT (N) log(2gpy” - - pi N)
b Z VZ (H ) gk®/5q' 2 p(N)
d r mllj -
<<N—1+8k—5/6nm/4 10g(2n) 1/2 H Z | ; |
Jj=1 I/ =
which implies (4.11) immediately by (4.10). 0
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We define

— Agymm ()

z sym™ f —n/x

wsymmf(:c) = Z yTe / .

n=1
Lemma 4.3. Let 2 | k, N be square free, m € N, x > 3 and z € C. For any ¢ > 0, we have
- Agymm( ) —n/m —5/6 n\T—14¢€,.m/4 Zm
Z wfwsymmf (x) = Z — e + O, (KON~ (2, 4 1) log 2] ),
FEHE(N n=1

where z, = (m+1)|z| + 1.

Proof. By the definition of w? (x) and (4.11), we have

Syanf
o0 e—n/x
Z wfwsymmf ) Z Z wf)‘symmf( )
fEHL(N n=1 fe:}{*( )
o0 )\Z m o
_ Z sym 7n/a: + O(/{Z75/6N71+6 Z nm/471 log(2n)e*"/xrfn(n)) .

n=1

According to (4.12), we have 77 (n) < d(m+1))-/(n). And one has the property of d;(n),

3 dln) (Z %)K < (log 3X)".

n<X n<X

Thus the sum in the error term is

= / log(2t)t™/*e~t/% d < Z rfn(n)n_l) < 2™ (2 + 1) log 2]
1 n<t
This completes the proof. O

The proof of the following lemma can be found in [13].

Lemma 4.4. Let m € N, z € C and define z,, := (m+1)|z|+3. Then there exits a constant
c=c(m) > 0 such that

Ay (1) 2,0l _q
Poymm i ml 1 (1—0)log 2,
S e exp 1 ¢z, ngznz+‘(1——o?10gz

(n,N)=1
for any o € (3,1]. Further we have
)\g mm( ) 2 i — m z .
Z YT — H;/ D(p~",sym™[g(9)])" sin* 6 df.
(n,N)=1 pN 70
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Lemma 4.5. Let m € N, 0 € [0,1/3), x > 3 and z € C. There exists a constant ¢ = c¢(m)
such that

— Ay (1) B 2 o/ g
Z yTe 7 = MZm(N) + O(:C 7 exp {cz;n (log2 2+ W) })

n=1
The implied constant depends on m only.

(N)

Proof. According to the definition of A2 _..(n), write n = nyn'Y), where ny | N*° and

Sym’"L
(™), N) = 1, then we have
sym 7n/z . sym sym
D Eer= ) R ) Gy e

n
n=1 ny=1 N (n(V) N)=1

,nNnU\’)/x

-~ d=(n)On (n™) 3 Mg () )
et Z— = - ‘e nNn J)'

/21 @)
n=1 (nV) N)=1
We write
Ny (n™)) ) Ny (n))
Sym —nyn'™N) /z sym
Z — W e " = Z — + O(R; + Ry),
(n() N)=1 (n(V) N)=1
where
’)\gymm (n(N))l ‘)\gymm (n(N))’ —n n(N)/gg
R1 = Z T’ RQ = Z T‘e N — 1.
(nV) NY=1 (ntV) N)=1
M >z /ny nM<a/ny
For any o € [0, 1), we have
1 if n >z,
n/x)’ >
(n/z) {]e”/x—lf if n <z

So by Lemma 4.4, we have

Ao (nY) (NN
R1+R2<< Z ’ sym ( )l <TLN’I’L )

n®) x
(n(V) N)=1

. ) (o/1-0) _ 4
< (n—N> exp {cz%(logg 2+ zm—> },
x olog 2!,

and

XN m(n it n)On(n™ T 1 . 9
Z symn( )e_n/z:ZdZ(n)mD/QJr(l )[H%/O D(p 7Symm[g(9)]) sin“ 6 df

= = PN (4.13)
a7 / el
+0 (—) exp 3 ¢z, | log, 2, + —————
x olog 2!,
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According to the definition of d,(n), we have

[e.9]

dz(n)DN(nm) - d‘z|(n) c|z]
Z nm/2+1-o < Z nm/2+1-o <Ler.
n=1 n=1

We complete the proof by inserting it back to (4.13). ]

Lemma 4.6. Let n € (0, %) fized, 1 <m <4, 2|k, N be square free and f € H}(N;n,m).
Then we have

L(la Symmf)z — W (l’) + O<<x—1/10g2(kN) + xc|z\e— log2(k:N))ec\z|10g3(10kN)>

sym™ f
uniformly for x > 3 and z € C, where the constant ¢ = ¢(n) and the implied constant depends
on n only.

Proof. We begin our proof with the equation
1

wz (.T) = 2_71'1

sym™ f

/ L(s+ 1,sym™f)*I'(s)x* ds.
(1

Move the integral to the path € consisting of the straight lines joining
k1 —ioco, Ky —1T, —ko—1T, —ko+1iT, K1 +1iT, K1+ i00,

where r; = 1/logz, kg = 1/logy(kN) and T = log?(kN). Then we have
Wepmm () = L(1,sym™ f)* + % /e L(s+1,sym™f)*I'(s)x*ds.
By (2.10) and Lemma 2.5 we get
1 L(s+1,sym™ f)*T'(s)z* ds <, 112 cl #1085 (10kN) / IT(—ko + iy)| dy+

2mi Je ly<T
K1

+ ec\z|log3(10kN) /

—Ko

IT(a +iT)| dav + eclltoe= / I[(ky +iy)| dy
lyl=T

_ _ 2 :
< <a: 1/1ogy(kN) | ezl o~ log (kN)) ecl#I10g(10kN)

by Stirling formula. O

4.8. Proof of Proposition 4.1

By Lemma 4.6, we have

Yo wL(Lsym™f) = Y wpwl (@) + Op(Ry), (4.14)

fext (Nmm) eI (Nmm)
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where
R, = Z wf($_1/10g2(kN) + CCc|z|e—10g2(lcN))ec|z\10g3(10kN)‘

FEFHE(Nmm)

Then with the trace formula [9, Corollary 2.10], we have

Rl < (‘rfl/logz(kN) + xc\z|eflog2(kN))ec|z\logS(IOkN).

For € > 0 which is a constant given later and f € H}(N) we have

1

z = L 1 m ey s 1 (m+1)|z| €
Wi £ () 5 /(E) (s +1,sym™ f)*T'(s)x* ds < ((1 + ¢) x

Then considering the summation through 3, (N;7, m) and with the bound
(log(kN))~' < L(1,sym®f) < log(kN),

we get
Z wfwszymmf(x) <<77 C(l + 5)(m+1)|z|x5(kN)657771'
FEX, (Nn,m)

Together with (4.14), we have
Z wrLl(1,sym™ f)* = Z W mm () + Oy (Ra),

FEH (Nmm) FEME(N)

where
Ry = Ry + ((1 4 ) mFbRezlge ( \y6n—1,

With Lemmas 4.3 and 4.5, we get

S WL sym™ f)F = MZn(N) + Oy(Rs),

feIE(Nm,m)

where
Ro=27° exp CZ/ log Z/ + & +k_5/6N_1+5$m/4 [(Z + 1) logl»]Zm
s mn 2 m ologz! "
+ (x—l/logQ(kN) + xc|z|e—10g2(kN))ec|z|10g3(10kN) + C(l + €>(m+1)‘Z|I6<kN)65n_l.
1
Taking ¢ = —, « = (kN)Iom and 0 = m, we get positive constants ¢y and o

depending on 7 such that
Rg < e—élog(k:N)/logQ(kN),

uniformly for |z| < ¢ylog(kN)/log,(10kN)log,(10kN).
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5. Proof of Theorem 1
5.1. Proof of Theorem 1(i)

In Lemma 2.4, by taking s = 1 and T = log*"(kN), we can get

> A m (n) _ _
log L(1 mpy = o Zymn A o n/T log~ L (EN)).
og L(1,sym™ f) ; wlogn © + Oy(log™ (kN))

According to Lebesgue’s dominated convergence theorem, we have

EE e e

p v=22

for kN — oo with 2 | k and N € Ng(E). So we get

— Ay ( o mmf(P7)
; sryzlogn "= Z; ;y logp -
B

Since P~(N) > log(kN)logy(kN) — oo as kN — oo, we have

33 Ao (07) Ay 0°) o/t _ 1) (1N = o0),

il logp

Therefore we obtain

e m—2j)v

S w0 S5 5 DT
n=1

pIN v=21 0<j<m

—ZZlg( f);2j> 1+o(1)

ptN 0<j<m

=S 1og D (e Tp ! sym™[g(6;(p))]) + of1),

according to (4.1) with 6 € [0, 7] and a(p) = €% ®). By (4.2) and (4.5), we have

‘ > 1OgD(e‘p/Tp‘17symm[g(ef(p))])‘ <Y et < (logT) ™t =0,

p>T p>T
(p,N)=1
and
D —p/T,,—1 m 9 1— —p/T
Z log( (; j? 7S}:nm [99( f(p))]))‘<<z e <<<10gT)71_>0'
= (T sym[g(05(p)) <
p,N)=1



So we get
log L(1,sym™f) = log D(p~",sym™[g(0¢(p))]) + o(1). (5.1)

p<T
(p,N)=1

From (5.1) and with the notation (4.6), we have

> log D(p!,sym™[g(6;5 ,)]) + o(1) = log L(1, sym™ f)

p<T
(p,N):l (5 2)
> Y logD(p~',sym™[g(6,,,)]) + o(1).
p<T
(p,N)=1
For one hand, from (4.2) and (4.5), we get
D(p~', sym™[g(0, A, — tr(sym™[g(0;, ,)]) _
D(p~t,sym™[g(607, ,)]) p
A, F tr(sym™[g(0,,,)])
= — L=+ 0(p?).
p
For the other hand, A}, F tr(sym™[g(6;; ,)]) > 0, we have
(A%, F tr(sym™[g (67, ,)]))p~" < p~?
Together with
log D(p~",sym™[g(0;,,,)]) — tr(sym™[g(0;,, ,))p~" < p~°
by (4.2) again, we obtain
+log D(p~",sym™[g(0;,,,)]) — Anp™ < p~? (5.3)
Therefore
> (klog D(p~',sym™[g(65,)]) — Anp ") < (Tlog T)™!
p>T
(p,N)=1
Then we see
> logD(p ', sym™[g(65,)]) S £ (£log D(p~',sym™[g(07;,)]) — Amp ™)
p<T P
(p,N)=1 (5.4)
:I:ZA D +O( Z p 2+ (TlogT)~ +Zp )
p<T p=P~—(N) p‘<]\7;
p

Since N € Ng(Z2) and by (4.5), we have
Z log D (p_l,symm[g(ei’p)]) § + A7 log (B log T) + o(1).

p<T
(p,N)=1

Put it back to (5.2), then we get (1.26). If GRH holds, we choose s = 1, = 3 and
T = (log(kN))**2% and with the same method we can get (1.24).

27



5.2. Proof of Theorem 1(ii)

We use Proposition 4.1 to prove Theorem 1(ii). Thanks to this proposition, for sufficiently
large kN with 2 | k and N € Ni(2) and r < clog(kN)/log,(10kN) logs(10kN), we have

1
Y wrL(sym™ ) = S M (N).

2
fext (Nmm)
Since
Z Z wf -1 —|—O k- 5/6N71+€)’
feﬂf:(Nm,m feI (N

there exist f= € 3, (N;n, m) such that
L(l Symmf:t):l:r 1M:|:7" (N)

sym™
Lemma 5.1. For N € N(Z2) and r < clog(kN)/log,(10kN) logs(10kN), we have
+r
Mgm(N) = ]\4ymm exp{O(r/log’r)}. (5.5)
Proof. According to the definition of Mg,fnm(N ) as (4.7), we have
r IjN r o -
M (N) = Mz, 3 2 )drn) nHm /2 ( / D(p~", sym™[g(0))) sm29d9) |
n>1

By the definitions of On(+) and d,(+), we get
Oy (n™)dr(n) O™\ r
Z nlt+m/2 - H 1- pm/2+1 =exp O Z pm/2+1 )
n>1 pIN pIN
Thanks to Lemma 4.1, we can obtain [L;’SO =1, “:7711,0 =0 and

/D , Sym [(0)])Tsin20d0:2@:1+0<zw>.

v>0 p v=2 P
With the fact that for p > |r|

dms 1) (P 1\ o 1 ’
> (+1>||<p>:<1__> —(”M)<%’

Vo2 s p p
we get
M:I:r (N) M:i:r O L + T_2
sym™ sym™ exp Z pm/2+1 p2 ’
pIN
Then the O term follows. m
According to [23], we have
+r _A* + + N
log M 1m = A rlog(Br; log(ALr)) + O <10g7’>’ (5.6)

where AZ and Bz are positive constants defined as in (4.5) above.
By taking r = clog(kN)/log,(10kN) logs(10kN), we get (1.25).
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6. Large sieve inequality and Proof of Theorem 2

6.1. Large sieve tnequality and application

The following large sieve inequality is due to Lau and Wu [14, Theorem 1], which will
play a key role in our proof of Theorem 2.

Lemma 6.1. Let v > 1 be a fized integer. We have

|5 MO o (BEUEY gy (1020

e | Parea Plog P log P
PIN

uniformly for
j=>1, 2|k, N (square free), 2< P <@ <2P.

Here the implied constant depends on v only.

Proof. Take b, =1 for all p in Theorem 1 in [14]. O
Lemma 6.2. Let v € N, 2 | k and N be a square free integer.
(i) Define
Ar(p”) 10(v + 1)
Wra) ={rewm;:| ¥ > 6
poto P (log(kN))(log P)
PIN
Then we have
(P, Q)] <, (kN)HE),
for
log"’(EN) < P < Q < 2P < exp{+/log(kN)}. (6.2)

The implied constant depends on v at most.
(ii) Let 0 < e < 1 be an arbitrary constant. Define

Ar(P”)
2 =

P<p<Q

ptN

> (M>I/Q } (6.3)

2 . R * .
P02 = {1 € 3 (): o2 (k) P

Then we have

. log(kN) 2z
[Bo(P, Qs 2)| e kN exp {_CO(S’ V) log,(kN) log (610g(/<?N)) } ’

for some positive constant co(e,v) and for
elog(kN) < 2 < P < Q < 2P < log'(kN). (6.4)

The implied constant depends on € and v.
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Proof. In Lemma 6.1, we choose j = [12051(11“01; 5] and j = [mglﬁi—%

(i) respectively. According to the definition of PBL(P, Q), we have

log(kN))log P\ % e(p¥) %
(log( ))g> Yy ()

10(v + 1) Paro P
PIN

] in the proof of (i) and

PUPQ)| < (

JEH(N)

Then according to the large sieve inequality in Lemma 6.1 and (6.2), we obtain

log(kN)log P\ % 96(v + 1)25\’ 10Q/10 2j
wieal« (M) oo (Sner) w0 (5 )
j(log P)log®(kN)\’ Q7
<<kN<( P ) +W>

< (kN)1—1/250V'

Similarly, we have

Plog2(kN)\’ 96 127\ 7 100v/10\ %
PP, Qs 2)| < (%) [kcp(N) (%) —|—(kN)10/11( Iip )

< (kN) ((jlogi(k]w)j + (kj%z;j/u>
<o {0 o (rogems) |

for log P > 1logy(kN) and z > logj(kN). O

6.2. Proof of Theorem 2(i)

In order to prove Theorem 2(i), we need a variant of Lemma 2.6.

Lemma 6.3. Let 1 <m <4, 2|k and N be a square free integer. Let 0 < e < 1. Then for
elog(kN) < z < loglo(kN) there exists a constant co = co(€), such that

L(l,symmf)zg(l > Eogm( —m%)l{lJrO(m)}
pIN

p|N

for all but O, ((kN)!~collogl2z/(clogkN)))/logs(*N)) neqy forms f € Hi(N). The implied constant
is absolute.

Proof. Let

1) y1 = log™ (kN), yo = elog(kN).



Cut the summations in (2.15) into three parts: p < zor z <p <y or y; < p < x. In view
of (1.4), the contribution of the last part, we denote by

L= Y Y 1og(1—%m_2j>_l+ > 1og(1—@)1

y1<p<z 0<j<m Y1SPST
N p|N
Ar(p™ Ar(p™ _ _
= > M S M o) <yt 07
Y1<Pp<T p Y1<p<T p
PIN p|N

For I31, use the dyadic method, then we can write

Iyn= ) S MM

log(x/y1) 261y <p<2fyy
ptN

Ise log 2

Define
PO, = HG (Nigm) U JBL 2y, 2)  for 0 ),
ya

where PBL(P, Q) is defined as in (6.1). Then Lemma 6.2 implies that

B0l < (RN)7 3 198, (2 g0, 2%0)| < (RN)P7 4 (RN)' /0™ /log (kN).
¢

So for 1 € (0, 175),
|;B?n| < (kN>171/(250m)+5'

Then if f € H;(N) \BY,, according to the definition of B! (P, Q), we have

h< Y 3 @]

1<e<% 2‘*1y;}f<]€<22y1
< ) 10(m + 1) log, (k)
(log(kN)) log (2 1y ) log(kN)
1<[<M

log 2

We can estimate I3, directly by

Ip= > M@™Mp < Y p ¥ <log (kN),
Y1SPST Y1SPST
p|N p|N
according to (1.3). So we get

log, (KN
Iy < i), (6.5)

We denote by I, the contribution of z < p < y;. As before, we can write

L=Y #+ S M) o) =ty kLt O(Y).

Z<P<Y1

Z<Pp<Y1
N p|N
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For I5;, use the dyadic method, then we can write

Iy = Z Z N(p™pt.

log(y1/2) 2e_lz<p<2£z

1e< log 2 N

Define
PBL(z) =P U U‘Bfn(%_lz, 22 2) for (< %
¢
where P32 (P, Q; z) is defined as in (6.3). Then Lemma 6.2 implies that
PL ()] <o (k)Y 4 Log (KN VBN exp{ —cofe, m) (2020 log(— 25 ))

log, (kN) elog(kN
&, (kN i-e lIog(2z/elog(kN)) / oga (k)

where ¢; = ¢;(g,m) is a positive constant depends on € and m. Then if f € H;(N)\ ‘Bl (2),
according to the definition of P2(P, Q; z), we have

vz .
log,(kN) - V2012 logy(kN)’

B MY 1 1
= 3 T S iy

In <

Then we have I, < log, ' (kN). Together with (6.5), we obtain

log L(L,sym™f) = >~ Y lg( as(p)™” 2]) B

p<z 0<j<<m p

pIN
)‘f(P)m> - ( 1 )
+ » log <1 - +0| —————= |,
pé p log, (k)
pIN
for f € 3 (N)\ B (2). It implies the required result immediately. O

Now we are ready to prove Theorem 2(i). According to Lemma 6.3, there are constants
co = ¢o(€), ko = ko(e) and Ny = Ny(e), such that for k > ko, N > Ny and elog(kN) < z <
log"’(kN), we can find a subset B, y(z) C FH(N), with

log(EN
P (e) < kN exp {‘CO o8 (elogfkm) o 0F) } |

such that for all f € 3 (V) \ *B; n(2), the formula of Lemma 6.3 holds.
For these f € 3(;(N) \ Bj n(2), when N € Ni(Z), we have

L(l,symmf)<{1+o(%>} 11 (1_#>‘1 1 <1_%)—(m+1)

p<z,p|N p<z, ptN

o) 1+ (7)o

< (B (logz + C ))
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where w(N) < log(2N)/log,(3N) is the number of prime factors of V.
Similarly, we have

L, sym™f) = {1+ 0(logs kM) } T T < ﬂ)_l

p<z 0<j<m p
pIN
1 1 —1 m — A77‘L A';Z
> {1+ O(m)}exp{ I p; (—log D(p~", sym [9(6,,,)]) — 7) - p; 7}

> (B,,(logz + Cp))
Then we can complete the proof of Theorem 2(i) by taking z = exp{log,(kN) + ¢ — Cy}.

6.3. Proof of Theorem 2(ii)

This is an immediate consequence of lower bound part of Corollary 1.

7. Proof of Theorem 3

In this section, we will refine the argument of Lamzouri [12] and apply a little more tricks
from [15] to proof Theorem 3. We only consider the case of sign —, and the other case can
be treated in the same way. First of all, we need to improve the estimate of (5.6) by giving
more precise error term. Then the following lemma is an analogue of [12, Lemma 1.1].

Lemma 7.1. Let

log <2/ exp (_tr(sym [g(&)])w> sin” 9d9) st <1,
T Jo m+1

log (g/ exp (_tr(sym [9(6)])117) sin29d0) _ An r six>l
T Jo m+1 m+1

= (@) = {O(ﬁ) (< 1),

Then we have

O(logz + 1) (x = 1).
Proof. The proof is almost the same with [12, Lemma 1.1] in view of the following equation
tr(sym™[g(0)]) = — Ay, + cn(0 — 0,,,)* + O((0 = 0,,,)°)
for some positive constant ¢, and 0., , is defined by (4.6). O
The next lemma is an improvement of (5.6), which is needed in the proof of Theorem 3.

Lemma 7.2. Let m be a positive integer and MZ" .. be defined as in (4.8). Then we have

sym™

log ME" . = AXrlog(BElo (Ai,,,))JFA—?ZT ﬂi_prﬂjLO 1
g sym™ T g m g m IOg(AT:ET) m lOg(AT:ET) (lOg T)2
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for r — oo, where AL and BE are positive constants defined as in (4.5) above and <} and
B are given by (7.1) and (7.2) and

1 1 1
o/ ::9m+log<m; ), %’m:%m—ﬁlog2<mj4—t )

m m

Here, 9,., ., are defined by (7.5).

Proof. For +r, a little variant in the proof of [12, Proposition 1.2] gives

gt =1+ /01 h{j’z(t) dt + /loo %dt, (7.1)
B = /1 (1) logtdt + /00 Mlogtdt, (7.2)
0 t? 1 12
where .
ht(t) :=log <% /W exp < Zcos —2j )) sjn20d(9).
0 ]:0

For —r, we recall that
—r 2 " — m - -
M = H;/o D(p ! sym [g(H)]) sin® 0 df =: Hé”p )
p p

For p < /(m + 1)r, we write for |0 — 6, | <4,
D(p~*,sym™[g(0)]) = D(p~",sym™[g(0,,)])
+3D"(p~" sym™[g(6;, ,)1)(0 — 0, ,)* + O((0 = 07,,)°),
where 0 is a small parameter chosen later. Then
&, "D(p~" sym™[g(0,,,)])"
L2 /Qw+ D(p~, sym™[g(6)))
Tom O p—0 D(p, »)
_'_

o e DG sym”lg(6,)) PN
-/ {1 D0 Tymrlg, ) | o) O ‘)W”} pdo.

Since D (p~*,sym™[g(6)]) > (1 +p 1" and

2
1
35z s D" sym™[g(0)]) < > — log D(p™", sym™[g(6,, ,)]) = 0,

we can write
1 52 5 - 2 O p+6 .
&, "D(p~,sym™[g(0,,,)])" > {HO(EM )} %/em,,,_g sin® 0 d.
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Since

2 9';7,,;)"1‘6
log (—/ sin29d9)‘ < —logd + 1,
T Jon, p—6

we chose 6 < p/r¢ for some sufficiently large constant ¢ > 0, then we get
log &, " = —rlog D(p~",sym™[g(f,, ,)]) + On(logr). (7.3)

For p > y/(m + 1)r, we have

- cos(m — 2j r/2
D(p_l,symm[g(H)])_r _ H (1 2 ( 275)0 N l)

P p p?
— exp {_Ttr(sympm[g(é’)]) Lo, <]%) }

In view of (5.3) and together with (7.3), we have

log Ms;:nm = —r Z log D(pil, Symm [g<977n,p)])

p<(m+1)r
Y h((m o 1r/p) + O (') =2 Sy + S5+ On(r'1?).
p>y/ (m+1)r

First we evaluate S;. In view of (5.3) and (4.5), we can write

Si=r Z (—log D(p~",sym™[g(6;, )]) — Ap~") +r Z A-pt

(7.4)

p<(mit)r p<(mt1)r
B B B A rlog((m+1)/A)
= log(B- log(A m m
A log( 5 log( ) + P2 OB
_ Aur(log(A,/(m +1)))? Y
2(log(A;;1))? (logr)® )

Following the method of Lamzouri (see [12, 1.5-1.9]) with a little more effort to precise the
coefficient of the term 1/(logr)?, we can obtain

Ar _ T 1
52 = log(A;r) {@m — log(A;,7) i O<<10g 7">2> } 7

where o b o b
Dy = 1+/ () g = / () |0 du. (7.5)

0 u 0 u
Inserting into (7.4), we can complete the proof for —r. n

Remark 4. We write /= — 1 only for the convenience of later use.
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Now we are ready to prove Theorem 3.
For 1 < m < 4, we define

Sin(t) = > wy, Frw(t) = > wy.

FEIG(N) . fextt (Nm,m)
m +
L(1sym™ f)Z(Biht)*4m L(1,sym™ )= (B t)FAm

In view of (1.14) and (1.36), we have

Fin () =Fen () + O((kN) ). (7.6)
We only consider the case with sign —. First we write
Ar / Fonttr e = Ay / Amr=1 Z wy dt
’ ‘ FEIE (Nsmm)

L(1sym™ f)<(Bpt)~Am

= (B,,) ™" Y wL(Lsym™f)”

FEIGE(Nn,m)

Together with Proposition 4.1, uniformly for |r| < clog(kN)/log,(10kN)logs(10kN), we get

( )+O(efc’log(kN)/logQ(kN)).

sym™

A-r / Son @At = (B,,) " M,
0
Thanks to (5.5) and Lemma 7.2, on can deduce that

Ar / Fonttmrtde
0

= (log(A,r))"" exp (bgf(lﬁ {%Z 1+ log?ﬁ +0 (@) }) .

Let w be a small positive parameter to be chosen later, 7 = log(A, r)+.<Z and R = re®.
Then by using (7.7) with R in place of r, we have

(7.7)

s,;j;(t)tf‘m*ldt (7 4 @)Amr—B / S ()t mR-1qe

T4+
_ B, 1
= Tew <1og<AmR> {"y g, O (<1ogr>2> }> ’

where
_ -~ _ ,Q{_ AnR
T = (74 @) "B (log(A; R))" " = (log(A,,r) + o, + @)t (1 —m >
T+w
(1= )

- A-r
— (1 A~ At m — W\
(ox(Am) ™ exp { 08 (et = omaty) = U

N 2w, — 2w, — w? L0 1
2log(A;,r) (logr)? '
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On the other hand, we also have

AR A, re” _Are” 1 w L0 w?
log(A-R) log(A-r)+w log(A-r) log(A;,r) (logr)? ) |
Inserting these in the preceding inequality and taking @ = C/log(A, r) for some constant
C large enough, we find that

o0

Ar I (3 i
T+ '

_ A-r %, 1
< — AT __m N —e¥ -
< (log ()™ exp {log(Amr) [”m FET gy 7O (<1ogr>2) ] }

which and (7.7) imply that (for large constant C')

Ay / §ontA A < A / For (O dt exp (—L) 7.8
s 5 ). 0

Similarly, we can get

A;r/ . Fos ()t 1dt < A;nr/ Tttt dtexp (——T ) 7.9
0 k,N( ) 0 k,N( ) (1Og7“)3 ( )

Thus, one can deduce from (7.7)-(7.9)

T+w
Aoy / Fonttnrtde
= (7.10)

_ A~ r 1
_ — N\An,T m -
= (log A,,r) exp (—log(Ag%T) {,@/m 1+0 (logr) }) .

Since §, v (t) is non-increasing, we have

T+
Sin(T+ @) exp {O(wr/7)} < A;Lr/ Fon @ttt
On the other hand, we have
T+w _ _
Ar_nr/ S;}@(t)tAm’”_ldt < ST — @) exp {O(wr/7)}.

Considering these two inequalities together with (7.10), one obtains

T— oy

S,;X,(T +w) < exp ( — {1+ O(w)}) < 8’,;;\}(7' — ). (7.11)

T

for kN — oo with 2 | k and N € Ni(Z) and 7 < logy(kN) — logg(kN) — log,(kN) — Leu,

where ¢1y := 2( — log(cA,,) — 4, ) is a positive constant.
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For any ¢ < logy(kN) — logs(kN) — log,(kN) — ¢11, we apply (7.11) with 7 =t — @ and
Ty = t + w to write

et—w—yin_l et—(oi,;
Sl = S + @) < exp (= S (14 0(@) ) =exp (- (14 0.
et-er—Jz%; t—

t+w

(1+0@) ) —ep (- S (14 0@)).

Sult) = Sl =) > e -
Together with (7.6) and the following equality

Y wp=1+40(k PN,
FEIL(N)

the estimate for .#, (¢, sym™) follows.
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