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Derivative self-interactions for a massive vector field
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In this work we revisit the construction of theories for a massive vector field with derivative self-
interactions such that only the 3 desired polarizations corresponding to a Proca field propagate. We
start from the decoupling limit by constructing healthy interactions containing second derivatives
of the Stueckelberg field with itself and also with the transverse modes. The resulting interactions
can then be straightforwardly generalized beyond the decoupling limit. We then proceed to a
systematic construction of the interactions by using the Levi-Civita tensors. Both approaches lead
to a finite family of allowed derivative self-interactions for the Proca field. This construction allows
us to show that some higher order terms recently introduced as new interactions trivialize in 4
dimensions by virtue of the Cayley-Hamilton theorem. Moreover, we discuss how the resulting
derivative interactions can be written in a compact determinantal form, which can also be regarded
as a generalization of the Born-Infeld lagrangian for electromagnetism. Finally, we generalize our
results for a curved background and give the necessary non-minimal couplings guaranteeing that no
additional polarizations propagate even in the presence of gravity.

PACS numbers:

I. INTRODUCTION

The discovery of the cosmic acceleration of the universe
triggered a plethora of attempts to unveil the physical
mechanism behind it. The simplest explanation comes
about in the form of a cosmological constant, but its re-
quired small value, although not inconsistent, seriously
challenges our theoretical understanding. A natural ap-
proach to these somewhat related problems, namely the
cosmological constant and the cosmic acceleration, is re-
sorting to infrared (IR) modifications of gravity. Since a
gravitational theory based on a massless spin 2 particle
needs to coincide with General Relativity (GR) at low
energies, modifications of gravity on large distances in-
evitably leads to the introduction of additional degrees
of freedom (dof). In numerous cases, IR modifications of
gravity eventually boils down to one additional scalar
mode. In the simplest scenarios, it corresponds to a
canonical scalar field with a given potential and some
couplings to matter. However, in more interesting frame-
works, like e.g. the DGP model [1], the additional scalar
field gives rise to a novel class of theories characterized
by the presence of second order derivative interactions of
the scalar field, while the field equations remain of second
order, avoiding that way the rise of Ostrogradski insta-
bilities. The properties of this scalar field were then gen-
eralized in [2] resulting in the class of Galileon theories.
These theories are remarkable on their own right because
of a number of features, namely: their field equations are
explicitly second order even though second derivatives
of the fields appear in the action, there is only a finite
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number of them and are invariant (up to a total deriva-
tive) under a constant shift of the field and its gradient,
with important consequences for their naturalness under
quantum corrections [3]. Interestingly, they have been
shown to arise in a natural manner in IR modifications of
gravity and played an important role in the construction
of a consistent theory of massive gravity [4, 5]. Moreover,
although they modify gravity on large scales, there is a
higher scale where new effects come in which is known
as Vainshtein radius [6]. This is in fact a crucial prop-
erty for the viability of these theories since the scalar
field is screened below this scale1. The generalization
of these theories to include curvature effects led to the
(re-)discovery of Horndeski actions as the most general
actions for a scalar-tensor theory with second order equa-
tions of motion [9]. There exists also an interesting link
between massive gravity and these interactions [10]. The
Horndeski interactions are however not the most general
theories propagating the 2 dof’s of the graviton plus 1
additional dof in a scalar tensor theory [11].

The construction of Galileon and/or Horndeski actions
roots in the same structure found in the Lovelock invari-
ants built by using the symmetry properties of the Levi-
Civita tensor and the Bianchi identities. This is actually
the reason why the Galileons are typically found in modi-
fications of gravity in higher dimensional setups including
Gauss-Bonnet or higher order Lovelock terms [12]. This
line of reasoning was used in [13] to build Galileon-like
lagrangians for arbitrary p-forms. There it was argued
that Galilean interactions are not possible for massless

1 It is worth mentioning that for certain sub-classes of theories,
the existence of a Vainshtein screening is not sufficient to avoid
conflict with local gravity tests [7, 8].
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spin 1 fields in 4 dimensions. A more exhaustive classifi-
cation of Galilean interactions for arbitrary p-forms and
in arbitrary dimension has been recently performed in
[14], where it was confirmed the non-existence of mass-
less vector Galileons in 4 dimensions. This no-go theo-
rem does not extend however to the case of massive spin
1 fields where it is possible to build non-gauge invariant
derivative self-interactions of the vector field while keep-
ing the desired 3 propagating degrees of freedom. The
key property of these theories is that the Stueckelberg
field has the class of Galileon/Horndeski interactions so
it only propagates one dof. Interestingly, this type of
vector-tensor theories also arise naturally in some mod-
ifications of gravity with Gauss-Bonnet terms in Weyl
geometries [15, 16]. A classification of derivative vector
self-interactions keeping 3 propagating degrees of free-
dom was carried out in [17]. A sub-class of these with
a coupling of the vector field to the Einstein tensor had
been considered in [18] as a potential mechanism to gen-
erate cosmic magnetic fields. The case where the longitu-
dinal model has Galilean self-interactions was considered
in [19] and its covariantised version in [17, 19, 20]. Re-
cently, it has been claimed in [21] that new derivative
self-interactions different from those already found in lit-
erature exist and opened the possibility for an infinite
series of such terms. This would mean that the massive
vector field case is crucially different from its scalar coun-
terpart where Galilean (or, more generally, Horndeski)
terms form a finite set of lagrangians. In this note, we
revisit this result and argue that the vector field case does
resemble the scalar case and a finite series of terms (in a
sense that will be made more explicit below) are allowed.
The paper is organized as follows. In the next section

we start from the decoupling limit and construct general
interactions for the Stueckelberg field containing up to
its second derivatives. From this we will then construct
theories beyond the decoupling limit. In Section III we
will proceed to a systematic construction of the interac-
tions for the massive vector field directly in the unitary
gauge by making use of the Levi-Civita tensor. Along
with this construction we will show that the higher or-
der derivative self-interactions introduced in [21] vanish
in 4 dimensions due to a non-trivial cancelation provided
by the Cayley-Hamilton theorem. We will then show
how the interactions can be nicely rewritten in a deter-
minantal form, which allows to interpret the derivative
self-interactions as a generalization of Born-Infeld elec-
tromagnetism. Finally, we consider the case of a curved
spacetime and give the counter-terms that are needed to
avoid additional propagating polarizations when gravity
is turned on.

II. DECOUPLING LIMIT OF GENERALIZED

PROCA

Historically, the decoupling limit has proven to be ad-
vantageous in order to construct healthy theories. Its

power lies in its ability to isolate a given degree of free-
dom and capture its relevant interactions. For instance,
in the case of interacting gauge fields, this limit allows to
decouple the longitudinal modes together with their self-
interactions and study the processes in which they are
involved without caring about the remaining transverse
modes. The very same idea helped with the construc-
tion of a non-linear covariant theory of massive gravity
without introducing the Boulware-Deser ghost [22]. In a
bottom-up approach, the decoupling limit allowed to iso-
late the problematic interactions of the helicity-0 mode
of the graviton and construct them in a healthy way [4].
Once the decoupling limit was under control, it was pos-
sible to extend it to a fully non-linear theory. In this
section we shall follow an analogous course of action for
the case of a Proca field with derivative self-interactions.
Similarly to the massive gravity case, the non-gauge

invariant derivative self-interactions of the vector field
might introduce an additional ghostly degree of freedom.
In order to be more precise, let us resort to the Stueckel-
berg trick in order to restore the explicitly broken gauge
invariance of a Proca field with mass M2 so that we re-
place Aµ → Aµ + ∂µπ/M with π the Stueckelberg field,
which will play the role of the longitudinal mode of the
massive vector field. If we (carefully) take the limit when
the mass goes to zero we can completely decouple π and
study that sector separately. In the simplest case of a
purely massive vector field with U(1) couplings to matter,
this limit simply leads to usual electromagnetism with
the longitudinal mode being a completely decoupled free
massless scalar field. Things are different when consider-
ing more general potentials or non-abelian gauge fields,
which lead to non-linear sigma models.
It is the Stueckelberg field which we need to keep un-

der control and make sure that it only propagates the
one dof associated to the longitudinal polarization. Since
this field does not contribute to the gauge invariant field
strength tensor Fµν = ∂µAν − ∂νAµ, terms built out
of Fµν will not introduce the undesired mode. Sim-
ilarly, since purely potential terms of the form V (A2)
will only introduce first derivatives of the Stueckelberg,
they will not add a forth polarization either. However,
when considering non-gauge invariant derivative terms
like (∂µA

µ)2, the Stueckelberg field will generally ac-
quire higher order derivatives and, thus, an additional
mode suffering from the Ostrogradski instability will be
present. This pathology can however be bypassed by
properly constructing such terms. To that end, we will
require the following conditions:

• The pure Stuckelberg field sector belongs to the
Galileon/Horndeski class of lagrangians. Due to
the origin of π, only the subclass with shift sym-
metry can be present.

• The couplings of second derivatives of π to the
transverse modes must also lead to second order
field equations.

The first condition will be relevant for the leading or-
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der in the decoupling limit with interactions purely con-
structed out of the Stueckelberg field. The second con-
dition will be important for the terms with non-trivial
couplings between the transverse modes and the Stueck-
elberg field. More explicitly, we will consider lagrangians
depending on the vector field Aµ and its first derivatives
∂µAν . Since we want to explicitly separate the deriva-
tive interactions with non-trivial contributions for π, we
will express the lagrangian as L = L(Aµ, Fµν , Sµν) with
Sµν = ∂µAν +∂νAµ. Moreover, we will introduce a given
scaling for each object so that the corrections with re-
spect to the pure Proca action admit an expansion of the
form

L ∼
∑

m,n,p

cm,n,p

(

A

ΛM

)m (

F

Λ2
F

)n (
S

Λ2
S

)p

, (1)

where cm,n,p are some coefficients and ΛM , ΛF and ΛS

are some scales suppressing the dependence on each ob-
ject. In the decoupling limit where the mass M2 is ap-
propriately sent to zero the vector field will be dominated
by its longitudinal polarization or, in other words, Aµ es-
sentially becomes ∂µπ/M . This further implies that Sµν

will become ∂µ∂νπ/M in that limit. Finally, since Fµν

is gauge invariant, the Stueckelberg field will not con-
tribute to it. Thus, in this limit, the lagrangian will take
the schematic form

Ldec ∼
∑

m,n,p

cm,n,p

(

∂π

MΛM

)m (

F

Λ2
F

)n (
∂∂π

MΛ2
S

)p

.

(2)
Now we can focus at each order in the second derivatives
of π in order to build the healthy interactions that will
prevent the propagation of an additional mode for the
Stueckelberg field. Moreover, at each order the required
properties and tensor structure will allow us to perform
the resumations in m and n. By looking at the structure
in 2 we realize that the problem reduces to finding healthy
second derivative interactions for π with itself and with
a gauge field. The self-interactions have already been
extensively analysed in the literature and are given by
the well-known Galileon/Horndeski types of terms. The
couplings to gauge fields is more delicate, but they have
also been considered in the literature2 (see e.g. [17, 25]).
We shall now proceed to the construction of the interac-
tions order by order in the second derivatives of π. Let
us start by the lowest order with p = 1, i.e, linear in ∂∂π.
At leading order the healthy interactions are given by

L ∼
(

c2,0,1(∂π)
2ηµν + c0,2,1F̃

µαF̃ ν
α

) ∂µ∂νπ

MΛ2
S

, (3)

where F̃µν ≡ 1
2ǫ

µναβFαβ is the dual of the strength ten-
sor. The first term is just the usual cubic Galileon while

2 A related topic is the case when Galileon fields have some
gauge symmetry, in which case consistent couplings between the
Galileon fields and gauge fields also arise [23].

the second term arises as the generalization of Galileon
interactions for mixed 0- and 1-forms. Notice that a pos-
sible term proportional to ∂µπ∂νπ is equivalent to the
cubic Galileon via integration by parts. Now we can
straightforwardly proceed to a partial resummation in
m and n. The final term will take the form Mµν∂µ∂νπ
where Mµν is some symmetric rank-2 tensor built out
of the metric ηµν , ∂µπ and Fµν . In general, this type
of terms in the action guarantees the absence of higher
than second time derivatives field equations if M00 does
not contain time derivatives others than π̇. This is pre-
cisely what occurs in (3) since F̃ 0αF̃ 0

α ∝ B2, with B the
magnetic part of Fµν . Since the magnetic part is purely
potential (it does not contain time derivatives of A), the
structure in (3) guarantees no higher than second deriva-
tive field equations. It turns out that this is the only cou-
pling of this form that satisfies this requirement. Thus,
we can resum by simply promoting the coefficients cm,n,1

into arbitrary functions of X ≡ ∂µπ∂
µπ. Moreover, the

metric tensor can also be promoted into a disformal met-
ric of the form ηµν + g(x)∂µπ∂νπ without spoiling the
healthy properties of the decoupling limit. Thus, we end
up with

L ∼
[

c1(X)ηµν + g1(X)∂µπ∂νπ

+ c2(X)
(

ηαβ + g2(X)∂απ∂βπ
)

F̃µ
αF̃

ν
β

]∂µ∂νπ

MΛ2
S

. (4)

Notice that the second order nature of the field equations
for the transverse modes is guaranteed by the Bianchi
identities making F̃αβ divergence-free. Also, as com-
mented above, the second term in the first line is equiva-
lent to the first term up to integration by parts. However,
when going beyond the decoupling limit, this term will
result in non-trivial interactions for the vector field, so it
is convenient to keep it explicitly.
Now let us turn to the terms quadratic in ∂∂π corre-

sponding to p = 2. In this case, the possible interactions
are

L ∼c2,0,2(∂π)
2 (✷π)

2 − (∂µ∂νπ)
2

M2Λ4
S

c0,2,2F̃
µνF̃αβ ∂µ∂απ∂ν∂βπ

M2Λ4
S

, (5)

where again we recognize the typical quartic Galileon in-
teractions in the first line, while in the second line we
have the mixing with the gauge field. Again, we can
check that second time derivatives of π only couple to
the magnetic part of the gauge field, and this allows to
avoid higher order equations of motion for π. On the
other hand, since F̃µν is divergence-free, the gauge field
equations will also remain of second order. Analogously
to the previous case, the tensorial structure that we have
in (5) will persist in a partial resummation on m and n
so we can promote the coefficients to arbitrary functions
of X , along with the aforementioned disformally trans-
formed metric.
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The next order corresponds to p = 3 and the la-
grangian reduces to the quintic Galileon interaction for
π. At this order it is not possible to construct healthy
mixed interactions with the gauge field and the same ap-
plies for higher p > 3 orders. Thus, from that order on
no new interactions are possible (notice that the Galileon
terms also stop at this order) and the series stops at p = 3
3. From the resulting lagrangians in the decoupling limit
it is now straightforward to construct the full theory by
simply replacing ∂µπ → Aµ and ∂µ∂νπ → Sµν .
After arguing how to generate the lagrangians for the

generalized Proca theories from the decoupling limit we
will now turn to the general case and proceed to the
construction of the different terms in a systematic way
directly beyond the decoupling limit.

III. SYSTEMATIC CONSTRUCTION

In this Section we will resort to the useful antisym-
metric properties of the Levi-Civita tensor in order to
build the derivative self-interactions for the generalized
Proca action. This will allow us to recover the interac-
tions obtained in the previous section directly for the full
action without resorting to the decoupling limit. As we
argued above within the decoupling limit, we expect the
derivative self-interactions to form a finite series and the
construction of this section will also point towards the
same conclusion. As in the previous Section, we shall
proceed order by order, in derivatives of Aµ this time.
Starting with the interactions linear in ∂A we can have

L3 = −f3(A
2)

6
ǫµνρσǫανρσ∂µAα =

f3
2
[S] , (7)

where [· · · ] stands for the trace of the matrix4. This term
leads to a cubic Galileon interaction for the longitudinal
polarization in the decoupling limit. At this stage there
is only one way of contracting the indices with the an-
tisymmetric tensor since ǫµνρσǫανρσ∂αAµ would give rise
exactly to the same interaction (∂ · A). However, for
the sake of generality, we should emphasize that the hid-
den metrics in (7) used to contract the indices of the
Levi-Civita tensors among themselves can always be re-
placed by a disformally transformed metric analogously
to the case discussed for the decoupling limit, i.e., we
can always replace ηµν → ηµν + g(A2)AµAν . This will

3 Let us mention that this is true in 4 dimensions, but other in-
teractions are possible in higher dimensions d > 4. Besides the
usual Galileon interactions, the mixing with the gauge field can
be generalized to

F̃µ1···µn F̃ ν1···νn∂µ1
∂ν1π · · · ∂µi

∂νiπηµi+1νi+1
· · · ηµnνn (6)

with n = d− 2.
4 This trace will be taken with respect to ηµν . However, as we com-
mented in the decoupling limit case, we could also take the trace
with respect to a disformally related metric ηµν + f(A2)AµAν .

equivalently generate for instance interactions of the form
f3A

µAν(∂µAν) at this order. This interaction is set on
equal footing as the previous one and, in fact, it is equiv-
alent to it since f3A

µAν∂µAν = 1
2f3∂µA

2Aµ = ∂µF3A
µ

with F ′
3 = f3.

As next we shall consider terms quadratic in deriva-
tives of the vector field, i.e., containing (∂A)2. For these
terms we can build two different ways of contracting the
Levi-Civita indices, namely

L4 = −f4(A
2)

2
ǫµνρσǫαβρσ(∂µAα∂νAβ + c2∂µAν∂αAβ)

=
f4
4

(

[S]2 − [S2] + (1 + 2c2)[F
2]
)

. (8)

The term proportional to c2 just renormalizes the stan-
dard kinetic term as it corresponds to c2F

2
µν and hence

does not contain the dependence on the longitudinal
mode. Of course we could have chosen yet another
function in front of the c2 term instead of f4 but we
are discarding this contribution anyway since we will
include a kinetic term for the vector field separately.
Note again, that if we had contracted the indices of the
Levi-Civita tensors with the vector field Aµ instead of
the metric, we would have generated terms of the form
f4A

µAν(∂νAµ(∂ ·A)− ∂νAρ∂
ρAµ), which is again at the

same footing as the L4 interaction we constructed above.
The quintic interactions can be constructed in a similar
way. There will be again two different ways of contract-
ing the indices

L5 = −f5(A
2)ǫµνρσǫαβδσ∂µAα∂νAβ∂ρAδ

− d2f5(A
2)ǫµνρσǫαβδσ∂µAν∂ρAα∂βAδ

=
f5
8

(

[S]3 − 3[S][S2] + 2[S3]

−2(3 + 2d2)F̃
µαF̃ ν

αSµν

)

. (9)

Again, we could have chosen a different function in front
of the d2 term instead of f5 but we have chosen it to
be the same for now just for compactness of the expres-
sion. If we had imposed the condition that the scalar
part of the vector field should only have terms that do
not correspond to any trivial total derivative interactions,
then the series would stop here [17]. In fact if we relax
this condition, we can construct yet another order of in-
teractions. These sixth order interactions have also two
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different ways of contracting the indices5

L6 =− f6(A
2)ǫµνρσǫαβδκ∂µAα∂νAβ∂ρAδ∂σAκ

− e2f6(A
2)ǫµνρσǫαβδκ∂µAν∂αAβ∂ρAδ∂σAκ

=
f6
16

(

(3 + 2e2)([F
2]2 − 2[F 4])

− 4(3 + e2)F̃
µν F̃αβSµαSνβ + [S]4

− 6[S]2[S2] + 3[S2]2 + 8[S][S3]− 6[S4]
)

(10)

The terms purely depending on F will not contribute
to the longitudinal mode and we will group them into
L2. Note that we have not included the contraction
ǫµνρσǫαβδκ∂µAν∂αAβ∂ρAσ∂δAκ either, since this will
also give purely gauge invariant quantities. The sixth
order interactions are in agreement with [21], just writ-
ten in a slightly different way. The total Lagrangian for
the vector field is

Lgen.Proca = −1

4
F 2
µν +

5
∑

n=2

αnLn , (11)

where the self-interactions of the vector field are

L2 = f2(Aµ, Fµν , F̃µν)

L3 = f3(A
2) ∂ · A

L4 = f4(A
2)

[

(∂ ·A)2 − ∂ρAσ∂
σAρ

]

L5 = f5(A
2)

[

(∂ ·A)3 − 3(∂ · A)∂ρAσ∂
σAρ

+2∂ρAσ∂
γAρ∂σAγ ] + f̃5(A

2)F̃αµF̃ β
µ∂αAβ

L6 = f6(A
2)F̃αβF̃µν∂αAµ∂βAν . (12)

Note that the series stops here and there are not any
higher order terms beyond the sixth order interactions.
An interesting question is whether one can take functions
of these invariants and build new terms in the similar
spirit as f(R)-theories. Any combinations of these in-
variants however are expected to propagate at least one
more degree of freedom.

Within the framework of the systematic construction
of the generalized Proca interactions in terms of the Levi-
Civita tensors (also supporting our findings in the decou-
pling limit), we observe that the series stops after the
sixth order of interactions. In other words, there are no
indices left in the two Levi-Civita tensors in order to con-
struct a possible L7 term in 4 dimensions. In [21] it was
argued that the following higher order term at seventh

5 The terms purely depending on S are just a total derivative and
do not contribute to the equation of motion. This is consistent
with the fact that the scalar Galileons at that order have purely
total derivative interactions and the series of the scalar Galileons
hence stops at L5.

order exist

LPerm,1
7 = (∂ ·A)3F 2

µν + 6(∂ ·A)2∂µAν∂ρAµFνρ

+ 3(∂ · A)((∂νAρ∂
ρAν)2 − (∂νAρ∂

νAρ)2)

+ 3(∂ · A)∂µAν(F
ν
ρF

ρ
σF

σ
µ − 4∂νAρ∂

ρAσF
σ
µ )

+ 4∂µAν(∂
µAν∂ρAσ∂γAρ∂

γAσ − ∂νAµ∂ρAσ∂γAρ∂σA
γ)

+ 2∂µAν∂
µAν∂ρAσ∂γAρF

γσ − 6∂µAνF
ν
ρF

ρ
σF

σ
γF

γ
µ

+ 12∂µAν∂
νAρ∂

ρAσ∂
σAγF

γ
µ , (13)

and similarly

LPerm,2
7 =

1

4
(∂ ·A)((FµνF

µν)2 − 4∂µAνF
ν
ρF

ρ
σF

σ
µ)

+(FµνF
µν)∂σAρ∂γAσFργ + 2∂µAνF

ν
ρF

ρ
σF

σ
γF

γ
µ .

(14)

It was argued that these two seventh order derivative in-
teractions give rise to interactions which propagate three
degrees of freedom and hence extend the vector Galileons
beyond the previous order. Based on this they conjec-
tured that the vector Galileons have infinite series of
such interactions. These terms were found by imposing
the vanishing of the determinant of the Hessian matrix
Hµν = ∂2L/∂Ȧµ∂Ȧν so that it is guaranteed the ex-
istence of one primary constraint that will remove the
undesired polarization for the vector field. In particular,
they looked for lagrangians satisfying H0µ = 0 aiming
at obtaining a constraint for the temporal component.
Solving for this condition the above interactions were ob-
tained. However, once those terms are obtained their full
constraints structure should be carefully checked in or-
der to guarantee that the constraint is actually second
class. Were it be first class it would generate a gauge
symmetry that would remove an additional polarization.
Similarly, it could happen that the obtained interactions
could reduce to total derivatives or even trivialize. We
have explicitly checked these requirements for the higher
order terms (13) and (14) that were proposed in [21] and
found that they correspond to trivial interactions in the
sense that they vanish exactly. However, the vanishing
of these terms is due to non-trivial relations. To show it
we will take (14) and express everything in terms of Fµν

and Sµν after which we obtain LPerm,2
7 = Mµ

νSµ
ν with

M = F 4 − 1

2
[F 2]F 2 +

1

8

(

[F 2]2 − 2[F 4]
)

1 (15)

where we have used matrix notation and 1 stands for
the identity matrix. We can recognize that M vanishes
in 4 dimensions by virtue of the Cayley-Hamilton theo-
rem applied on Fµ

ν and, consequently, the interaction is
trivial in 4 dimensions, but it can be present in higher
dimensions. We have checked this explicitly for both (13)
and (14) and found that they are healthy interactions in
5 dimensions, but they trivialize in 4 dimensions. Thus,
the seventh order terms only give rise to new interac-
tions in dimensions higher than 4. It is worth reminding
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here that in higher dimensions we expect new interac-
tions very much like in the scalar Galileons case (see also
footnote 3 for the construction of higher order interac-
tions in the vector Galileon case in higher dimensions).
Our statement can be easily shown by noticing that the

interaction LPerm,2
7 can be written as

LPerm,2
7 = −1

2
ǫµνρστ ǫαβδκω∂µAν∂αAβ∂ρAσ∂δAκ∂τAω .

(16)

Since we need the Levi-Civita symbol with 5 indices, this
term identically vanishes in 4 dimensions. This is nothing
but an alternative way of writing the Cayley-Hamilton
theorem. In fact, we can express the ǫ’s in terms of metric

tensors to re-obtain (15). The same applies to LPerm,1
7

since that term can be expressed as

LPerm,1
7 =− 3LPerm,2

7 (17)

− 2ǫµνρστ ǫαβδκω∂µAν∂αAβ∂ρAδ∂σAκ∂τAω .

Again, we need at least 5 dimensions for this term not
to vanish. For completeness, we can also give here the
purely Galileon interaction which is only non-trivial in
dimensions higher than 4:

LGal
7 = ǫµνρστ ǫαβδκω∂µAα∂νAβ∂ρAδ∂σAκ∂τAω . (18)

We can mention that, in fact, all the above terms will
generate interactions of the form given in (6) for higher
dimensions, showing that they naturally follow from both
our analysis in the decoupling limit and our systematic
construction.
We shall end this Section by noticing that the struc-

ture of the interactions based on the antisymmetry of
the Levi-Civita tensor allows a nice determinantal for-
mulation of the generalized Proca interactions. The ex-
istence of such a formulation is not surprising and it is in
the same spirit as the interactions in massive gravity and
scalar Galileon interactions, which can also be compactly
written in terms of a determinantal interaction. In our
case, the generating determinant can be expressed as

f(A2) det(δµν + Cµ
ν) (19)

with the fundamental matrix

Cµ
ν = aFµ

ν + bSµ
ν + cAµAν (20)

with a, b and c some parameters of dimension −2. We
have also included the arbitrary function f(A2) for com-
pleteness. Notice that this is the more general matrix
that can be built with the vector field and up to its
first derivatives at the lowest order. Moreover, we can
easily make contact with the decoupling limit by assum-
ing that the constants a, b and c scale as Λ−2

F , Λ−2
S and

Λ−2
M respectively. A special case is the one with a = −b

and c = 0, since in that case the determinant reduces to
det(δµν + 2b∂νA

µ), which can be identified with the Ja-
cobian of a coordinate transformation xµ → xµ + 2bAµ.

If we take f(A2) = A2, this is precisely what one ob-
tains from the pure Proca mass term after applying a
generalised Galileon transformation [26].
From the above determinant, the derivative self-

interactions for the vector field can be easily implemented
via the relation

det(δµν + Cµ
ν) =

4
∑

n=0

en(Cµ
ν) (21)

with en the elementary symmetric polynomials of the
fundamental matrix Cµ

ν whose expressions are given be-
low. The zeroth order symmetric elementary polynomial
is trivial e0 = 1 whereas the first order yields simply

e1 = −1

6
ǫµναβǫ

ρναβCµ
ρ = [C] = b[S] + cA2 . (22)

The first term is nothing else but L3 and the second
term just a potential interaction as a part of L2. The
first interesting vector Galileon interaction is encoded in
the second order symmetric elementary polynomial

e2 = −1

4
ǫµναβǫ

ρσαβCµ
ρCν

σ =
1

2

(

[C]2 − [C2]
)

=
1

2

(

a2[F 2] + b2([S]2 − [S2])

+ 2bc(A2ηµν −AµAν)Sµν

)

. (23)

The terms of the first line of this equation correspond to
the vector interactions that we constructed explicitly in
L4 and the first two terms in the second line are simply
of the type L3 when we contracted the indices of the
Levi-Civita tensors with the vector fields instead of the
metrics. Similarly, we can construct the cubic symmetric
elementary polynomial

e3 = −1

6
ǫµναβǫ

ρσδβCµ
ρCν

σCα
δ

=
a2c

2
Fα

µFβµ(A
2ηαβ − 2AαAβ)

+
1

2
a2b([F 2][S]− 2FαβFα

µSβµ)

+
1

2
cb2Sα

µSβµ(2A
αAβ −A2ηαβ)

+
1

2
cb2[S]Sαβ(A

2ηαβ − 2AαAβ)

+
b3

6
([S]3 − 3[S][S2] + 2[S3]) , (24)

which yields the expected cubic vector interactions from
above. In particular, the second line is equivalent to
− 1

2a
2bF̃µαF̃ ν

αSµν . It is also interesting to notice that
the determinantal form also produces the aforementioned
couplings through a disformal metric determined by the
vector field. Last but not least, the quartic elementary
polynomial

e4 = − 1

24
ǫµναβǫ

ρσδγCµ
ρCν

σCα
δCβ

γ (25)
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gives the remaining quartic order interactions, which we
omit here. Note that the series stop at that order since
we are in four dimensions, hence e5 = 0.

The determinantal formulation of the vector field in-
teractions also allows to establish an interesting relation
with the Born-Infeld action for electromagnetism [27]. In
the original Born-Infeld theory, the Maxwell lagrangian
is replaced by

√

− det(ηµν + λ−2Fµν) with λ some scale.
We now notice that our determinant (19) can be alter-
natively written as6

det(δµν + Cµ
ν) =

√

det(δµν +Dµ
ν) (26)

with Dµ
ν = 2Cµ

ν + Cµ
αCα

ν . It is in this sense that our
interactions can be regarded as a generalization of Born-
Infeld theories to the case of Proca fields. We should
emphasize that the pure Born-Infeld lagrangian is very
special and we expect many of its properties to be lost
in our case, but it would nevertheless be interesting to
explore the potential relations.

IV. CURVED SPACE-TIMES

In the previous Sections we have explicitly built in
a systematic way a finite family of derivative self-
interactions for a massive vector field in flat spacetime.
We turn now to the case of curved spacetimes and gen-
eralise our results in the presence of gravity. As usual,
we could follow a minimal coupling principle and simply
replace the partial derivatives in the previous section by
covariant derivatives. However, as it is well-known from
the case of scalar Galileons, we need to be careful and pay
attention not to add new propagating dof’s when gravity
is turned on. The underlying reason is that our derivative
self-interactions lead to dangerous non-minimal couplings
that could excite the temporal polarization of the vector
field. Fortunately, it is also known that we can add ex-
plicit couplings to the curvature serving as counter-terms
to keep the correct number of propagating modes. In the
present case we can be guided by the Horndeski inter-
actions, since we know that the Stueckelberg field sec-
tor must belong to said family of lagrangians. Since we
also have the explicit couplings of the Stueckelberg to the
transverse modes, we will have additional terms. With
this reasoning in mind, it is not too difficult to obtain
the generalisation of the derivative self-interactions (12)
to a curved space-time, which can be written as

Lcurved
gen.Proca = −1

4

√
−gF 2

µν +
√
−g

5
∑

n=2

βnLn (27)

6 Here we encounter the usual problems of the square root of a
matrix. To have it well-defined, we assume that δµν + Dµ

ν is
positive definite.

where this time the interactions Ln become

L2 = G2(Aµ, Fµν , F̃µν)

L3 = G3(Y )∇µA
µ

L4 = G4(Y )R+G4,Y

[

(∇µA
µ)2 −∇ρAσ∇σAρ

]

L5 = G5(Y )Gµν∇µAν − 1

6
G5,Y

[

(∇ · A)3

+ 2∇ρAσ∇γAρ∇σAγ − 3(∇ · A)∇ρAσ∇σAρ
]

− G̃5(Y )F̃αµF̃ β
µ∇αAβ

L6 = G6(Y )Lµναβ∇µAν∇αAβ

+
G6,Y

2
F̃αβF̃µν∇αAµ∇βAν (28)

with ∇ denoting the covariant derivative, Y = − 1
2A

2 and

Lµναβ the double dual Riemann tensor defined as

Lµναβ =
1

4
ǫµνρσǫαβγδRρσγδ. (29)

A few comments are in order here. As one can see,
the requirement of having 3 polarizations for the vec-
tor field demands the presence of non-minimal couplings
in L4,5,6. We should however stress that the coupling

G̃5(Y )F̃αµF̃ β
µ∇αAβ belonging to L5 does not require

any non-minimal counter-term. The reason is the same as
for L3, i.e., that the coupling to the connection is linear.
In fact, both terms could be written together as hµν∇µAν

with the effective metric hµν ≡ G3g
µν − G̃5F̃

µαF̃ ν
α. Fi-

nally, it is worth emphasizing that in the function G2

we can also include non-minimal couplings of the form
GµνAµAν , since it does not contain any dynamics for
the temporal component of the vector field. In fact, this
term can be rewritten via integration by parts as the
usual Maxwell term plus a term belonging to L4 with
G4 = A2.
In order to make apparent the interactions of the

Stueckelberg field, we will rewrite the above interactions
in terms of Fµν and Sµν as

L2 = Ĝ2(Y, F, F̃ ) (30)

L3 =
1

2
G3(Y )[S]

L4 = G4(Y )R +G4,Y
[S]2 − [S2]

4

L5 =
G5(Y )

2
GµνSµν − G5,Y

6

[S]3 − 3[S][S2] + 2[S3]

8

+ G̃5(Y )F̃µαF̃ ν
αSµν

L6 = G6(Y )LµναβFµνFαβ +
G6,Y

2
F̃αβF̃µνSαµSβν

where all the additional terms depending only on Fµν

have been included in L2.In order to see that these la-
grangians do not propagate additional polarizations for
the vector field is useful to keep in mind the relation

2∇[αSβ]γ =[∇α,∇β ]Aγ + [∇α,∇γ ]Aβ − [∇β ,∇γ ]Aα

+∇γFαβ . (31)
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The first line will give couplings to the curvature, while
the second term only affects the propagation of the trans-
verse modes. Thus, derivatives of S in the field equations
can appear as long as they do it in the above antisym-
metric form.
Now it is clear that we recover the Horndeski terms

when we replace Sµν → 2∇µ∇νπ. However, we see that

additional terms survive coupling π to F̃µν . In fact, this
coupling induces additional non-minimal couplings in L6.
It is interesting that the counter-term in L6 is nicely
related to the vector-tensor interaction worked out by
Horndeski in [28]. This was actually expected since it is
known that the only non-minimal coupling for a gauge
field is precisely of that form. In fact, Horndeski vector-
tensor interaction corresponds to G6,Y = 0. This par-
ticular case has already been studied [29] and the con-
sequences of having G6,Y 6= 0 would be interesting to
explore.

V. DISCUSSION

This work was devoted to the detail study of the gener-
alized Proca action with derivative self-interactions keep-
ing 3 polarizations. Starting from the decoupling limit
we analyzed which interactions maintain our requirement
of absence of Ostrogradski instabilities and motivated
how the interactions beyond the decoupling limit can
be recovered. We also constructed the allowed interac-
tion terms systematically using the Levi-Civita tensors
order by order. Moreover, we showed how the interac-
tions can be generated in a compact way from a deter-
minant. Finally, we generalised our findings to curved
space-time. A very crucial property of the standard
scalar Galileon interactions is the non-renormalization
theorem, which renders them technically natural. The
key ingredient for this property is the construction out
of the antisymmetric Levi-Civita tensors. In the general-
ized Proca interactions this property will be maintained
only for a sub-class, namely for the purely Galileon vec-
tor interactions. Thus, the different contractions of the
antisymmetric tensors with ∂A will be essential for the
presence of the non-renormalization theorem for some

of the interactions. To concretize this, let us without
loss of generality consider the vector interactions con-
tracted as AµAνǫµ

αργǫ βσ
ν γ∂αAβ∂ρAσ and consider an

arbitrary Feynman diagram where the two vector fields
without the derivatives run on the external legs with mo-
mentum p and q whereas the two with derivatives run
in the loop with momentum k and p + q − k. This
vertex will give a contribution to the transition ampli-

tude as ε
(λ1)µ
p ε

(λ2)ν
q ǫµ

αργǫ βσ
ν γkα(p+q−k)ρε

(λ3)
k,β ε

(λ4)
p+q−k,σ,

where ε
(λ)
k,µ is the polarization vector for a vector field

with polarization λ and momentum k. The only con-
tributions that survive are those with either p or q
due to the antisymmetric structure of the vertex, which
means that this will include a correction with one more
derivative in the external particle and, thus, this inter-
action is not renormalized. This interaction with this
explicit contractions correspond to the purely Galileon
vector interactions that we constructed in the previ-
ous sections. Thus, the Galileon vector interactions
are radiatively stable. On the other hand the other
sub-class of vector interactions with the contractions as
AµAνǫµ

αργǫ βσ
ν γ∂αAρ∂βAσ will yield quantum correc-

tions of the same structure as the classical interactions
since the contribution to the transition amplitude in this

case is ε
(λ1)µ
p ε

(λ2)ν
q ǫµ

αργǫ βσ
ν γkα(p+q−k)βε

(λ3)
k,ρ ε

(λ4)
p+q−k,σ.

This type of vector interactions are unfortunately not sta-
ble under radiative corrections and hence not technically
natural. See also [30] for relevant discussions on that.
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