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A PALEY-WIENER THEOREM ABOUT THE SPECTRAL PARAMETER, AND A
SUPPORT THEOREM FOR GENERAL TYPES OF DUNKL SPHERICAL
MEANS

SALEM BEN SAID

AssTrAcT. For s € R, denote by & the “projections” of a function f in D(RY) into the
eigenspaces of the Dunkl Laplacian A; corresponding to the eigenvalue —s®. The parameter
k comes from Dunkl’s theory of differential-difference operators. Wa shall characterize the
range of &7 on the space of functions f € D(RY) supported inside the closed ball B(O, R). As
a first application of this Paley-Wiener type theorem, we provide a spectral version of de Jeu’s
Paley-Wiener theorem for the Dunkl transform. The second application concerns a support
theorem for general types of Dunkl spherical means.

1. INTRODUCTION

Analysis of the Dunkl Laplacian operator A; on R commenced in the early 90’s, inspired
by numerous results in the Euclidean setting, as well as some extensions of this to flat sym-
metric spaces. Here the parameter k£ comes from Dunkl’s theory of differential-difference
operators [9]. In recent years, there have been increasing interests in the study of problems
involving the Dunkl Laplacian and have received a lot of attention, see [5], [6], [29], [11]
and references therein. The purpose of this paper is to study a family of eigenfunctions for
the Dunkl Laplacian derived through the use of the inversion formula for the Dunkl trans-
form. Our main result may be interpreted as a contribution to the spectral theory of the Dunkl
Laplacian. Here we understand the term “spectral theory” to mean any analysis related to
eigenfunctions of a given Laplacian operator, and how they can bring to light other objects.

In order to state the main result, we need to introduced some notation. Writing the inversion
formula for the Dunkl transform in polar coordinates, we obtain

f(x)=f0 fds,  fe DR,

where f;’ are “projections” of f into the eigenspaces of A; corresponding to the eigenvalue
—s*. We may also write the projection operators f > f; as Dunkl-convolution with a nor-
malized Bessel function of the first kind (see (3.7)). In this paper we discuss on D(R?) how
properties of f are related into properties of the eigenfunctions f;’. Essentially, we prove a
Paley-Wiener type theorem characterizing f; for f € D(R?) with supp(f) C B(O, R), involv-
ing analytic continuation to s € C and growth estimates of type

1/l < Cen(llxll) (1 + [s])Ne®rbiimst =y e R
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for all N € N, where Cy y is a positive continuous increasing function on R, (see Theorem
3.4). Several contributions have been dedicated to this subject, see for instance the papers
[24], [3] for the Euclidean Fourier transform, [4], [13], [14] for the Laplace-Beltrami operator
on Riemannian symmetric spaces of non-compact types and rank-one, [20] for the Heisenberg
group, and [18] for homogeneous trees.

The main result of this paper has a number of applications. The first one concerns the
“usual” Paley-Wiener theorem for the Dunkl transform proved in [16] by de Jeu, which char-
acterizes the image of the space Dx(R?) of compactly supported smooth functions with sup-
port in B(O, R) under the Dunkl transform. By means of our result, we prove a spectral
version of de Jeu’s Paley-Wiener theorem (see Theorem 3.5). .

The second application concerns a support theorem for the operator f — M,J;m defined on

DRY) by

M, (x,7) = f T (r) fE(x)ds,
0

with 1 <m < d, J, is the normalized Bessel function of the first kind, and the index A, is a
parameter which depends on k and m. In the case m = d, the operator f +— M']Z , reduces to the
so-called Dunkl spherical mean operator introduced first in [19] and further studied in [23].
When the integers d and m have the same parity, we show in Theorem 4.2 that M,j; (X, 7) can
be written as the x-Dunkl-convolution product of f with a radial distribution H;" with support
on the sphere of radius r centered at the origin. An expression for the distribution H!" is also
given. This statement enlighten on the compactly supported probability measure o"fc,, in [23,

Theorem 4.1] which represent the Dunkl spherical mean operator M ,{ , in the form

M (x,r) = f fdo*,.
R4

Moreover, always under the condition that d and m have the same parity, if f € Dg(R?)
then M,j; (X, 1) = 0 whenever r > R + ||x]|. As a second application of the main result of this
paper, we establish in Theorem 4.4 a support theorem for M,{ ., stating, under an additional

condition on f, that if M,J:m(x, r) = 0 for r > R + ||x|| then f = 0 outside the closed ball of
radius R.

2. BACKGROUND

For x,y € R? we let (x,y) denote the usual Euclidean inner product of R¢ and ||x|| :=
V(x, x) the Euclidean norm. Let S¢~! be the unit sphere in R?. We denote by do- the Lebesgue
surface measure on S¢!.

For a nonzero vector a € R? define the reflection r, by

ro(x) := x — 2({a, /el @, xeRe

A root system is a finite set % of nonzero vectors in R such that o, 8 € Z implies r,(8) € Z.
If, in addition, a,8 € Z and @ = ¢B for some scalar ¢ implies ¢ = +1, then Z is called
reduced. Henceforth we will assume that % is a reduced root system. Fix a set of positive

roots Z*, sothat Z = #* U (-%).
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The finite reflection group G generated by the root system % is the subgroup of the orthog-
onal group O(d) generated by the reflections {r, : a € Z*}.

For a given root system %, a multiplicity function k : #Z — R,;a — k, is a nonnegative
G-invariant function defined on Z.

Given a reduced root system % on RY and a multiplicity function k = (k,)qcz, We define
the weight function ¥ by

%) = [ | KawwPe, xeRe.

acRt

Then ¥, is a positively homogeneous G-invariant function of degree 2(k), where

k)= > ka. 2.1)
acRt
The main ingredient of the Dunkl theory is a family of commuting first-order differential-
difference operators, T;(k) (called the Dunkl operators [9]), defined by
()C) - (r a-x)
T/ = 0pf 0+ Y kLD oy e,

AT <Q, X>
where J; is the ordinary partial derivative with respect to &. The Dunkl operators are akin to
the partial derivatives and they can be used to define the Dunkl Laplacian A;, which plays the
role similar to that of the ordinary Laplacian,

d
V - a
Acf(x) = Z T (k)2 F(x) = Af(x) +2 Z kaM _ Z kaMHalP,
i=1

2
aeR* <a,’ .X) aeR* <a/’ x>

where {£1,...,&,} is an orthonormal basis of (R?, (-, -)). The above explicit expression of A,
has been proved in [10].

For arbitrary finite reflection group G, and for any nonnegative multiplicity function %,
there is a unique linear operator V; on the space of algebraic polynomials on R that inter-
twines between the Dunkl operators and the partial derivatives,

T:(k)Vi = Vide, YEER?, Vil =1.

It has been proved in [22, Theorem 1.2] that V} has a Laplace type representation which
allows to extend V, to larger function spaces. In fact, V; induces a homeomorphism of C(R¢)
and also that of C*(RY); see [16, Theorem 5.1] or [26].
For x,y € R4, define
E(x,y) 1= Vi(e")(). (22)

For fixed y, the function Ei(-,y) is the unique real-analytic solution of T¢(k) f(x) = (y, &) f(x)
with f(0) = 1 (see [8, 21]). Further, the (Dunkl) kernel E; has a unique holomorphic exten-
sion to C¢ x C? and satisfies the following properties:

Fact 2.1 (see, for instance, [15]).

1) Forall z,w € C? and A € C, we have Ex(z,w) = Ex(w, z) and Ex(Az,w) = Ex(z, Aw).
2) For all v € N, we have |0"Ei(x, 2)| < ||x|| e™IRe 3 I particular, |Ex(x, iy)l < 1 for all
X,y € R4,
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For f € L'(R?, 9(x)dx), the Dunkl transform is defined by

TS © = ¢! f FOE(x, —ié)0(x)dx, & € R, 2.3)
Rd
where ¢, is the constant
¢ 1= f e Mg, (x)dx. (2.4)
Rd

The closed form of ¢ is known for every reflection group G; see [12]. The Dunkl transform
was introduced in [7] where the L*-isometry (or the Plancherel theorem) was proved, while
the main results of the L'-theory were established in [15]. In particular, it has been proved
that if f and .%, f are in L'(R?, 9+(x)dx), then for almost every x € R¢,

fx) =c;' 5 FifOEWE, ix)0(é)de, € eRY. (2.5)

It is worth mentioning that the Dunkl transform is a homeomorphism of the Schwartz space
S(RY). Further, according to [11, Proposition 5.7.8], for f € L'(R?, 9(x)dx) such that f(x) =
Solllxll) with f : R, — C, we have
Fif(&) = H, folllEID, (2.6)
where
d-2

Ay = (k) + T, (27)

and .77, is the Hankel transform of index a on L'(R,, r***dr), given by

1 o0
H;8(s) = mj{)\ g jo(rs)r**dr. (2.8)

Here J, is the normalized Bessel function defined by

z )a i (=1)"@z/2)* 2.9)

3@ =T+ 1(3) T, where 1) =(5) Y ==

n=0
We refer the reader to (for instance) the book [2] for more details on Bessel functions and
their properties.
The next integral formula is needed for later use.

Fact 2.2 (see [1, (11.59)]). For a > —% andr,s > 0, we have
« 1
f T (rtH)] (st)tdt = =6(r — s).
0 r

Let y € RY be given. For f € S(RY), the generalized translation operator is defined by

() = ! f P OEix HE(iy )0&)dE, xR,
R
We collect some properties of the translation operator, which are important for our purpose:

Fact 2.3 (see [26]). The translation operator has the following properties:

1) Forall x,y € RY, 7,f(x) = 7. f ().
2) For fixed y € RY, 1, is a continuous linear mapping from C*(R?) into itself.
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3) If f is supported in {x € RY : ||x|| < R}, then 7, f is supportedin {x € RY ¢ |lxl] < R+|yll}.
4) If f,g € SR?) and y € R, then

fR [T (gD P(x)dx = fR S8 T (x)dx.

The generalized translation operator is used to define a convolution structure: For f, g €
SR,

fg() =c fR SOTEOT()y,

where g(x) := g(—x). We can also write the convolution x; as

frgx) = ¢! fR | Fif(©)F 8 Ex(ix, §)I(£)dE. (2.10)

We refer the reader to [25] for more details on the convolution product .
For n € N, let H}! be the space of k-harmonic polynomials of degree n on RY,

" = Ker Ay NP, (RY),

where Ay is the Dunkl Laplacian and #,(R¢) denotes the space of homogeneous polynomials
of degree n on RY. The restriction of elements in H} on the unit sphere S¢°! in R? are the
so-called spherical k-harmonics. We shall not distinguish between Y}' € H' and its restriction
to S9!, The space H;! has a reproducing kernel P}(-,-) in the sense that

fo) =4 fsdl JOP,)do(y),  VfeH, <1

Here d, is the constant

Pyp— — —Ck
d = fs:fl H(x)do(x) = T+ D) (2.11)

where ¢; and A; are as defined in (2.4) and (2.7), respectively. According to [30, Theorem
3.2], for x,y # 0, the kernel P} can be written as

Piy) = (b ;,fk wler(( 2ol 2.12)

where V; is the Dunkl intertwining operator, and C¢ is the Gegenbauer polynomial of degree
n,
(2a),

- 2Fi(=non 20,0+ 1/2; ! )

Cin) = -

for @ > 0, with , F'; is the hypergeometric function.

The following analogue of the Funk-Hecke formula for k-spherical harmonics will be used
later on; for the proof, the reader is referred to [31, Theorem 2.1]. Let & be a continuous
function on [~-1, 1]. Then for any Y} € H',

1

& S Vilh ((x, - D100 ()do(y) = A (WY(x), xe S, (2.13)
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where A, (h) is a constant defined by
T + 1 ! !
Anhy = LD _» f hOCHD(A = 2)v 2t
\/EF(/lk + 1/2) (2/1k)n -1

We summarize some basic properties of Gegenbauer polynomials in a way that we shall
use later.

Fact 2.4 (see [6, (1.2.10)], [32, (3.32.3)]). For A € C such that Re A > 0, the following two
integral formulas hold:

1
D f (1 - PYECLOCA D = ~
-1

A VET@+ HTCA+n)
+d A+ DICY ™
L 1 VT + DT+ 1), 7
1zt _ 2 /1—5 A _ 2 >
2) Le (=G0t = = e r A+ n < 1) (3) 120002

Let Dg(R)¢ denote the space of even compactly supported smooth functions with support
in [—R, R], where R > 0. The Paley-Wiener theorem for the Hankel transform .77, (see (2.8))
states that 7, maps Dr(R)¢ bijectively onto the space Hz(C)° of even entire functions g
satisfying, for all N € N,

8@ < Cx(1 + [z ™A, vz e,

for some positive constant Cy; see for instance [17, Theorem 3.1].

This result has been generalized by de Jeu [16] to the Dunkl transform. To state the Paley-
Wiener theorem for .%; we introduce the following notation: For R > 0 let Hz(C%) be the
space of entire functions F on C? with the property that for all N € N there exists a constant
Cy > 0 such that

IF(2)| < Cy(1 + [zl e, vz e .
We let Di(R?) denote the space of smooth compactly supported functions with support con-
tained in the closed ball B(O, R) c R? with radius R > 0 and the origin as center.

Fact 2.5 (see [16, Theorem 4.10]). The Dunkl transform .7 is a linear isomorphism between
DrRY) and Hg(C?), for all R > 0.

An immediate consequence of the above Paley-Wiener theorems can be stated as:

Lemma 2.6. Let Fy € C*(R). Then Fy(||€|]) = Zi f (&) for some radial function f in Dg(R?)
if and only if F extends to an entire function on C satisfying the estimate

IFo(z)l < Cy(1 + |z ™Nermed vz ecC
forall N € N.

Proof. The statement follows from the fact that .7, f(¢) = 72, fo(l|€l]) whenever f is a radial
function with f(x) = fo(l|x]|) (see (2.6)), together with the Paley-Wiener theorems stated
above for the Hankel and the Dunkl transforms. O

A compactly supported distribution 7 € & (R?) is called radial if for all orthogonal trans-
formations A € O(d) (that is, for all rotations on RY) we have (T, ¢) = (T, o A) for all
¢ € ERY). Using the distributional forms of the Paley-Wiener theorems for the Hankel and
the Dunkl transforms (see [28, Theorem 5.VII.1] and [27, Theorem 5.2], respectively) enable
one to state the following version of Lemma 2.6 on &' (R?).
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Lemma 2.7. Let Fy € C*(R)¢. Then F\ is the Dunkl transform of a radial distribution T €
&' (RY) with supp(T) € B(O, R) if and only if F,y extends to an entire function on C satisfying
the estimate

IFo@)l < Cx(1 + [2hVef ™, vz eC

for some N € N.

3. A PALEY-WIENER THEOREM ABOUT THE SPECTRAL PARAMETER

Recall from (2.3) that the Dunkl transform of f € D(RY) is defined by

Ff(©) = ;! fR FOOEx, =i€)9(x)dx. 3.1

Using polar coordinates, the Dunkl inversion formula (2.5) becomes

) c,;lf s Fif (sE(ix, sp)(ndo()ds
0 Sd—l

foo P f(x)yds, (3.2)
0

where
P f(x) = ¢t s T mE(ix, smyO(mdo (). (3.3)
Sd-

Notice that Ay 27 f(x) = —529; f(x), and we have obtained f as a superposition of such
eigenfunctions of the Dunkl Laplacian. The decomposition (3.2) is reminiscent of the spectral
theorem applied to A; although 22} f is not a projection operator.

From (3.3) we may derive a second formula for 7] f. Indeed, substituting (3.1) into (3.3)
we obtain

P @)

2t [ ([ OBy et smindertn

e s fR o fS B ~isy)Eisx, )y8(do(n) )0u(y)dy.  (3.4)

=1 (x,;5)

According to [23, page 2424], the inner integral is equal to

(9]

T +1) 2 . e
I(x,y: 8) = dy Z]) (STt 7)ot G e VPG, =isy),— (3.5)

where dj is the constant (2.11), P} (-, -) is the reproducing kernel (2.12), and j, is the normal-
ized Bessel function (2.9). By the addition formula for Bessel functions ([2, p. 215]), the
series expansion in (3.5) reduces to

1%,y 8) = V(g (s VIXIP + IR = 2¢x, )0,

where V is the Dunkl intertwining operator. If we let j; 1,(y) := 7, (sllyll), then, by [23, p.
2429], we have

Vk(]/lk(s \/||X||2 + ||)’||2 - 2<-x’ >))()’) = Tij,/lk(_-x) = T—xjs,/lk(y)-
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Consequently, the eigenfunction &7} f can be rewritten as

D) = dpes fR OGOy (3.6)

= 24T + D7 e Joa)O). (3.7)
Above we have used some of the properties of the generalized translation operator listed in

Fact 2.3.
Henceforth we will assume that 24, + 1 € N, where A, = (k) + % (see (2.7)).

Proposition 3.1. Assume that f € Dg(R?) and let P! f(x) defined either by (3.3) or (3.6),
with s € R and x € R?. Then the following hold:
(1) &} f(x) is a smooth function on R X RY.
2 NP f(x) = —s5? P! f(x), where the upper index x indicates the relevant variable.
(3) For x € R? be given, P f(x) extends to an entire function of s € C with the same
parity as 24, + 1.
(4) For every N € N there exists a constant Cyy > 0 such that

|25 f(0)] < Con(1 + [s]) N B Imsl -y g e € (3.8)
(5) For any k-spherical harmonic Y¢ of degree € and for every r > 0, the map
k

§ s g~ AF20ED) P f(rw)ylf(w)ﬂk(w)da(w)
Sd—l

is entire on C.

Proof. 1) In view of properties of the translation operator 7, and the normalized Bessel func-
tion j,, the first statement follows from the representation (3.6) of &} f(x).

2) The second property is immediate from (3.3), since A} Ex(x, isn) = —52E(x, isn).

3) Recall that 24; + 1 € N and that j, is even. Now, by (3.6), the map s — &/ f is certainly
extends to en entire function on C with the same parity as 24; + 1.

4) Since f € Dr(RY), it follows from the Paley-Wiener theorem for the Dunkl transform that
Zf extends to an entire function on C? satisfying the estimate

| f ] < Cen(1 + ||l MeR M
for all M € N; see Fact 2.5. Consequently, by (3.3) we obtain
|32/:f(x)| < C]/(’M(l + |S|)—M|S|2/lk+le(R+||x||) |Im 5|

for all M € N, where we used the estimate |E;(x, z)| < elMIRezl for all x € RY and z € C“.
This finishes the proof of the estimate (3.8).
5) Let Y{ be a k-spherical harmonic of degree ¢. By the Fubini theorem and (3.4) we have

P fro)Y (w)d(w)do(w)

gd-1

= st f FO)( f Li(rw, y; $)Y{(@)0(@)dor(w) ) ()dy,
R4 qd-1



where [ (rw, y; s) is as in (3.5),

(o)

L (rw,y; s) = di Z

n=0

I’l+/1k( I'(A+ 1)

2
2 n
A 2T +n+ 1)) b

S r8) e IV C2(( - ﬁ))](w).

We now apply the Funk-Hecke formula (2.13) to deduce that

fsdl Vk[Cﬁk« " ”;}—”»](w)Yf(w)ﬁk(w)do—(w) = dkA[(Cﬁk)Y]f(H;}_H)’

where, by Fact 2.4.1, we have

T+ 1) ¢! fl A _
AJ(CH) = CH()CH()(1 = )% 124t
GO = a1 e J, O e i =)
Ai
5
A+ L

Using the above identities, it follows that

" P! f(ro)Y()d(w)do(w)
1

_ 2k +1 2 t t
= g fR OIS IV e (rs) e (s

Y
I

)3 )y

24+1 24+1
s e (P€+/lk(rs)f (P€+/lk(St)f€(t)t ke dt’
0
. 1
where ¢¢1,(2) = sy & Jera(2) and

f@ = | fepYiapdmdoa).

qd-1
Above we have used the fact that d; = ¢;/{2%*I'(1; + 1)}; see (2.11). In conclusion,

s~ G2 D f(ro)Y () (w)do(w) = s~ @raa (rs) f 5 @pia, (s f( P dt.
0

gd-1

The desired result now follows from the fact that s~‘@, ., (s2) is an entire function of s €

C.

For the converse of the above proposition we need the following lemma. We could not find

this statement in the literature, and so we give its proof here.

Lemma 3.2. Consider the linear differential equation

2u'(2) + bz’ () + (c2? — d* + (1 = b)d)u(z) = 0, (3.9)

where b, c,d € C. The function

(9]

s n!F(n+d+ =

is a particular solution for (3.9).
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Proof. By using the Frobenius method we can seek the solution of equation (3.9) in the
following form u(z) = z%Y,50 a,z". From the differential equation we obtain a recurrence
relation for the coefficients:

nn+2d+b-1a, =-ca,,, n=>2.
Accordingly, a particular solution of (3.9) for all z € C is of the form

_ n.2n+d
uz) = ayd) ez

Il
S
=
QL
N
n
o
= =
~
~
ﬂ
—_
QU
+
ol
SN—
[
By
+
B

2

u(z) = Z o ) (E)zm, zeC.

e n!F(n +d+21)\2

where ay(d) # 0. If ao(d) = 27T (d + bl )_1 . we obtain

2
The radius of convergence of the series u(z) is infinity, an thus u(z) converges for all b, ¢, d, z €
C. O

In the converse of Proposition 3.1 some of the conditions are more tolerant.

Proposition 3.3. For s € R and x € R?, let f,(x) be a function satisfying the following
conditions:
(1) f,(x) is continuous on R x R,
(2) f,(x) is an eigenfunction of the Dunkl Laplacian with eigenvalue —s.
(3) The mapping s — fy(x) extends to an entire function on C with the same parity as

2/7.]c + 1.
(4) For every N € N there exists a positive continuous increasing function Cy y on R, such
that
£ < Cen(IXD(L + [s))Ne®HDIms -y e C. (3.10)
(5) For every r > 0 and every k-spherical harmonic Y,f of degree €, the mapping
s s ARED ()Y (@) w)do (w)
qd-1

is entire on C.
Then there exists f € Dr(R?) such that f(x) = Pl (x).

Proof. For m € N, define the following function

Fp(x) = (D" foo fi(x)s*"ds (3.11)
0

and set Fy = f. The estimate (3.10) shows that the integrals converge absolutely, and there-
fore, by the assumption (1), F,, is continuous on R¢ for all m € N. Further, one may check
that (A7 f, v) = (F,, y) forall y € DRY). Hence, the hypoelliplicity of A, (see [19]) yields
that f € C*(R?).
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We now turn to the proof of f(x) = 0 for all [|lx|| > R. Let {Y;; : 1 < j< dim(?-{,f)} be an
orthonormal basis of 7—(15 . By (3.11) with m = 0, we have

ff,j(r)=f fsej(ds, >0, (3.12)
0

where f; j(r) := (f(r-), Y ) and fs ¢ j(r) := {fs(r-), Y¢ ;)i are the spherical k-harmonic coeffi-
cients of f and f;, respectively. Here (-, -); stands for the inner product in L>(S¢~!, 9(17)do(17)).
To show that f(x) = O for all ||x]| > R, it is enough to prove that f; ;(r) = O for all » > R. The
fact that f; . j(r)Y, (17) are eigenfunctions of A; with eigenvalue —s* implies

2
{d_ L2u+ld +(S2 f(szak))}fw(r)_ (3.13)

dr? r dr

Above we have used the fact that in polar coordinates, the Dunkl Laplacian can be expressed
as

d? N 2+ 1 d 1
dr? r dr
where A, se1 is the analogue of the Laplace-Beltrami operator on the sphere S, which, in
particular, has k-spherical harmonics as eigenfunctions,

A Y{() = =€ + 20)Y{ (1)

We refer the reader to [29] for more details on A, se-1 and its properties.
By Lemma 3.2, the solution f; ;(r) of equation (3.13) is in the following form

Jera (1S), (3.14)

where ¢, ; is a function which depends only on s, and & ;(s) := s~@*2%*D¢, i(s). Because of
the condition (5) on f(x), the mapping s > & ;(s) extends to an entire function of s € C.
On the other hand, it is known that the normalized Bessel function j,(z) has infinitely many

positive zeros 0 < o < o? < LetO <rg < Qg +, and define

Ak: Adel’

fs t’](”') =Cy j(S) r ][_'_/lk(rs) =G ](S) I"[ 20+2+1

W(ro) ;= inf |7y (2]

z€C, |zl=ro
For s € C such that |s| > 0, the identity (3.14) and the assumption (4) on f;(x) imply, for
r=ro/lsl,
&0 (9) < CkN(| |)z(ro) rEIsTC (1 + [y NeReiD s (3.15)

for all N € N. In particular, if |s| > 1 we have
1€/ < Crprry (1 + [y~ e lims (3.16)

for all M € N (recall that C; y is an increasing function). For the compact domain 0 < [s| < 1,
the estimate (3.16) holds true with a different constant. Moreover, by (3.14) and the condition
(3) on fy(x), the map s — & ;(s) is even. Applying Lemma 2.6, there exists a radial function
Y € Dpery(R) such that &,,(s) = Ay =2 Yo(l€]) with [[€]] = s, where w(x) = wo(llx]]),
and .77, is the Hankel transform. Here we have used the fact that the Dunkl transform of
radial functions at ¢ is a Hankel transform at ||£]| (see (2.6)). Now letting ry — 0 shows
supp(y) C B(O,R) c R4,
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Using again (3.14) and the fact that & ;(s) = %’@ +%\po(s), the integral (3.12) becomes

Jej(r) rt f e j(8)Jern, (rs)s* Pt ds
0

¢ 20420+1
rf(; %’ikwmchz\|/0(s)J,ng(rs)s At ds

rt f A tWo(8) Jesa, (rs)s* 20 ds
0

2UHT (A + O rfyo(r).
That is
w(x) = 27T+ O7 I fAlxD, x € R,
which implies that f; ;(||x][) = O for [|x]| > R as desired.
It will follow that fi(x) = 7] f(x) with f(x) = Fo(x) = fooo fs(x)ds provided we prove that
if hy(x) satisfies the assumptions (1)—(5) of Proposition 3.3 such that fooo hy(x)ds = 0O then

hy(x) = 0 for all x € R? and s € R. To do so, it suffices to show that fooo hy.¢ (x)ds = 0 implies

hye(x) = 0 for all x € RY and s € R. However, this follows by mimicking the proof given
above and the injectivity of the Hankel transform on R, . O

We can now state the main result of this paper by putting the above propositions together.

Theorem 3.4. Let x € RY and s € R. There exists a smooth compactly supported function f
with support contained in B(O, R) such that &7} f(x) = f,(x) if and only if f,(x) satisfies the
conditions listed in Proposition 3.3.

The above theorem has several applications. The following statement illustrates one of
these, which we may think of it as a spectral-reformulation of the Paley-Wiener theorem for
the Dunkl transform (see Fact 2.5).

Theorem 3.5. Let ¢ be a smooth function on R x S?°'. Then @(s,n) = F1.f(sn) for some
f € Dr(RY) if and only if the following two conditions hold:

(1) Foreachn € ST, the map s — (s, n) has entire extension with the property that for
all N € N there exists a constant Cy > 0 such that

|9(s, I < Crn(1 + )~ NeR e,
(2) For an arbitrary k-spherical harmonic Y,f of degree {, the map

s 5 f O(s, DY Im)dor ()
Sd—l

has even entire extension.

Proof. Recall from (2.2) the Dunkl kernel E(x,y) = Vi(e!?)(x). Following [27], let 'V, be
the transpose of the Dunkl intertwining operator V; which satisfies on D(R9)

f f ) Vih(x)%h(x)dx = f Wi f(x) h(x)dx.
R4 R4

By [27, Theorem 4.1], supp(f) C B(O, R) if and only if supp(‘V,.f) C B(O,R).
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We now proceed towards the proof of the direct part. Assume that ¢(s,n) = % f(sn) for
some f € Dr(RY). Then

@(s,m) = F@Vil(e M) (x)(x)dx

Rd
= f g(p)e " dp,
R

where g,(p) = fm’y):p Vi f(y)dy. Since supp(f) C B(O, R), it follows that g, € Dg(R). This
together with the Paley-Wiener theorem for the Euclidean Fourier transform on R completes
the proof of the property (1).

Next we turn our attention to the property (2). For r > 0 and s € C, we have

fS DY )Ode ()

e s f Yfm)(  Fuf (sw)Ew, irsn)Bi(w)do(w) ) n)do ()

_1 2/1k+1f Fif(sw) fd E(irsw, 77)Y,f(n)l?k(n)do'(n))ﬂk(w)dO'(w).

d—

Using the Funk-Hecke formula (2.13) to deduce that

f " Ey(irsw, m) Y m(dom) = dil(e™ )Y} (w), (3.17)
-

where, by Fact 2.4.2,

. T +1 ¢! b
A,,(e’”') — ( Kkt ) f ezrstcgk(t)(l _ t2)/1k—1/2dt
VAT (A + 1/2) QA)e J -
I'(A,+1 .
Wt D ) eans(rs).

2T+ €+ 1)
This shows that
DY oo ()
-

_ 1 . £ 2+1 a 4
= st e st | B oY{@i@ido @)

That is

QO+ f N DY) (p)do(7)
i
_ 1
AT (A + £+ 1

Since the mapping s +— &7/ f has the same parity as 24; + 1, it follows that the map s
s~ fsd—l @(s, )Y (w)(w)do(w) is even. The analycity of the latter map is immediate from
Theorem 3.4.

)(ir)fjmk(rS)s_[ f @ (s, W)Y (W) (w)do(w).
gd-1
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For the converse part, define

fi(x) = ¢ s f @(s, DE(ix, s)P(mdo(n), s €R, x e RY
Sd—l

By the assumptions (1) and (2) on @(s, 17), the function f; satisfies the hypothesis of Theorem
3.4. Thus there exists f € Dg(R?) such that f,(x) = P! f(x). That is

o' [ ot = s on)Edix. snduapder = o
§d-1

which implies

c,zl f fl 1 {Cp(s, n - 9kf(sn)}Ek(ix, s () dor()s*+ds = 0.
0 Jse-
This finishes the proof of the converse part. a

4. A SUPPORT THEOREM FOR GENERAL TYPES OF DUNKL SPHERICAL MEANS

For an integer 1 < m < d, we define the operator f — M,{m on D(RY) by

M/ (x,r) = f T, (r$) P2 f(X)ds, xeRY r>0,
: L

where
m-—2

2 b
and j,,,, is the normalized Bessel function (2.9) of order A;,. Notice that 4, = (k) + d—gz
which is nothing but A, defined in (2.7).

Ak = (k) +

Lemma 4.1. In case m = d, the operator f +— M,{ , reduces to the so-called Dunkl spherical
mean operator,

1
M0 = fs Tl 0o m). (@)

The Dunkl spherical mean operator was first introduced in [19] and further studied in [23].
Proof. By the definition of M,J:m together with formula (3.6) of &7; f(x) and Fact 2.2, we have

M,J;d(x, r) dkc,gzﬁ Ju(rs) (SM’“rl jl;d Txf()’)JAk(S||y||)19k()’)d)’)d5

= dici” fR SO fo I rs) ]Gl S d s 9 (v)dly
= et (G [ e B ([ sueonsibisds)noy
R4 0

IIyII)—lk o(r — Iyl

= et 7(3) " [ nro(5) T o

= dici? 2T (A + 1) Ty Bmde ()
"

= die 2T + 1) | Tmf T mdo ().
gi-
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Now, the fact that d; = ¢;/{2%T'(A; + 1)} finishes the proof. O

For fixed r > 0, the map s = j,,(rs) is an even entire function satisfying the estimate
|4, (r$)l < ce”™sl. Therefore, by Lemma 2.7, j,,,.(r-) is the Dunkl transform of a radial
distribution H™ supported inside the closed ball in R? with radius r and the origin as center.
We have then

M,j; m(x, r)

f Jun(r) P f()ds

0

= < f B [ FefmECsn, i ndo () ds
0 d—1

= f Fef ()T (H, ) Er(&, i) (§)dE
R4
= (f e HD(); 4.2)

see (2.10). This formula allows to extend the operator f +— M,j; ,», to various larger function
spaces, including C(RY).
Let 6,(x) be the delta function supported on the sphere dB(0,r) = {x € R? : ||x]| = r}.

Theorem 4.2. Assume that the integers d and m have the same parity, i.e. d = m + 2¢ for
some nonnegative integer €. Then the distribution H" is given by

HY = 24T + D0 (1 20}

In particular, the distribution H" is supported on the sphere of radius r centered at the origin.
Proof. According to (3.17) (with £ = 0), the Dunkl transform of ¢§,(x) is
Fi(6)(E) = 274D + D)7 (rlIEDFA

where A; = (k) + % Here we have used the fact that d; = ¢;/{2%I'(A4; + 1)}. Recall that
Fr(HM) (&) = Jan (rlIEND, where Ay, = (k) + mT_2 and m = d — 2¢. We will denote .%,(6,)(&)
and Z (H") (&) by Z1(6,)(s) and Z(H!")(s), where [|£]| = s. Using the well known formula

(24) @Ta(@) = 2Tamn(2), we get

F(H")(s)

rs -1 m
P+ 1(5) T (r9)

d
Zlk”'lr(ﬂk’m + 1)(rs)—(2<k>+d—2€—2) (rs)(<k>+7—0_1)J<k>+%_£_1(rs)

10\
2”""”1"( A + 1)(rs)—(2<k)+d—2£—2) S—zf(_a_) {(},S)<k>+%—13<k>+%_1 (rs)}
ror

Ak
2%m T (Agm + 1)r—(2<k)+d—2€—2) (1 0 )g {r2(k)+d—2

J<k>+g—1(”s)}

24T (A + 1) ror
= QW[ + 1) QRFA20D) ( 19 )f{ﬁk(dr)(s)}.
ror r

The theorem follows from the injectivity of the Dunkl transform. O
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Remark 4.3. Recall from (4.1) the Dunkl spherical mean operator M,{ ;- In[23, Theorem 4.1]
it has been proved that there exists a unique compactly supported probability measure O'I;J
such that M,j; Jxr) = fRd f (y)dO";’,(y). By the convolution product (4.2), the above theorem,

with m = d, enlighten on the measure o,

Since f € DRY), then M,{ (X, 7) 1s a smooth function in x and r. One may also check that
for f € DRY) we have lim,_, M,J;m(x, r) = f(x), since j,,, (0) = 1. Moreover, in view of Fact

2.3.3 and that M/, (x,r) = (H" % f)(x), it follows that if f € Dg(R?) then M] (x,r) = 0
whenever r > R + ||x]| and m and d have the same parity. This fact does not hold if d and m
have different parity.

For the converse direction we have:

Theorem 4.4. Let 1 < m < d be an integer such that m and d have the same parity. Let
f e CRY N L' (RY, 9x(x)dx) such that, for every k-spherical harmonic Y ,f of degree € and for
every r > 0, the function

s s GRRED ) ) Y )9 ()dor(m) *3)
Sd—l

is entire on C. Then M'[,m(x, r) =0 for r > R + ||x|| implies supp(f) C B(O, R).

Proof. Let x € R, y € R, and put s := |[y|l. On R™, we will consider multiplicity functions
k™ so that (k") = (k), and we will denote the corresponding Dunkl transform on R™ by
Fym. Observe that Ay = (k™) + 22 = A;,,. The analogues of the constants defined by (2.4)
and (2.11) satisfy dym = Ck(m)/ 24T (Agm + 1)} = cpom /{2%T (A, + 1)}. For simplicity, we
shall write M,{ ;1()’) for M km(x |[yl]) in the proof below. By (3.17) and Fact 2.2, we have

Fon ML ()
=) f YD E g (=€, yY O )y
Rm

k(m)f f 1 MY, (x, $)Egon (=i, sp)0n o () s™ ' ds  (Agon = Am)
Snl
= dyn Cigm) f km(x, $) Jaun (SIEND s> d s
= djin C f f T ) 11, SIED P f () s> disdr
0 0

= 2T+ DIEF S [ P [ Ty D o1 r5)sds)r 8
0

= QUL+ DO f 70D sy

= 2% T + DIEIO™ 2 f ().

Since d and m have the same parity, we are permitted to write the above conclusion as
ﬁ’k(m) M]{::l (,u) = zﬂk,mr( /lk,m + 1)’u—(2<k>+m—1) y: f( X).
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Since the function y — M,{;m(x, Ilyll) is compactly supported in B(O, R + ||x||) for every

fixed x € RY, it follows that its Dunkl transform .%m M,{”é(;l) is an entire function on C with
the property that for all M € N there exists a positive Cy y such that

| ML < Copr(R + R (1 ()™M R Imi 4 e ¢

Making use of the fact that ?kw)M,i’;(,u) = 274 T (A + 1) @0m=D 28 £ (), we deduce
that the mapping ¢ — 27, f(x) is an entire function on C satisfying the estimate

(P} F0)] < Cw(R + XX (A 4 fuly™ e FDImAL -y e C

forall N € N.
In view of the hypothesis (4.3) we can now apply Theorem 3.4 to deduce that f € Dg(R?)
as desired. O

REFERENCES

[1] G. B. Arfken and H. J. Weber, Mathematical methods for physicists. Sixth edition, Elsevier Academic
Press, New York (2005). xii+1195 pp.

[2] G. Andrews, R. Askey and R. Roy, Special functions, Encyclopedia of Mathematics and its Applications,
71. Cambridge University Press, Cambridge, (1999), xvi+664 pp.

[3] W. O. Bray, A spectral Paley-Wiener theorem, Monatsh. Math. 116 (1993), 1-11.

[4] W. O. Bray, Generalized spectral projections on symmetric spaces of noncompact type: Paley-Wiener
theorems, J. Funct. Anal. 135 (1996), 206-232.

[5] F. Dai and Y. Xu, Analysis on h-harmonics and Dunkl transforms, Edited by Sergey Tikhonov. Advanced
Courses in Mathematics. CRM Barcelona. Birkhuser/Springer, Basel, (2015), viii+118 pp.

[6] F. Daiand Y. Xu, Approximation theory and harmonic analysis on spheres and balls, Springer Monographs
in Mathematics. Springer, New York (2013), xviii+440 pp.

[7]1 C.F. Dunkl, Hankel transforms associated to finite reflection groups, in ”Proceedings of the special session
on hypergeometric functions on domains of positivity, Jack polynomials and applications,” Tampa, 1991,
Contemp. Math. 138 (1992), 123-138.

[8] C. F. Dunkl, Integral kernels with reflection group invariance, Canad. J. Math. 43 (1991), 1213-1227.

[9] C.F. Dunkl, Differential-difference operators associated to reflection groups, Trans. Amer. Math. Soc. 311
(1989), 167-183.

[10] C.F. Dunkl, Reflection groups and orthogonal polynomials on the sphere, Math. Z. 197 (1988), 33—60.

[11] C. F. Dunkl and Y. Xu, Orthogonal polynomials of several variables, Second edition. Encyclopedia of
Mathematics and its Applications. Cambridge University Press, Cambridge, (2014), xviii+420 pp.

[12] P. Etingof, A uniform proof of the Macdonald-Mehta-Opdam identity for finite Coxeter groups, Math. Res.
Lett. 17 (2010), 275-282.

[13] A.D.Ionescu, On the Poisson transform on symmetric spaces of real rank one, J. Funct. Anal. 174 (2000),
513-523.

[14] 1. Jana, Image of the Schwartz space under spectral projection, Math. Z. 270 (2012), 589-611.

[15] M. E. E. de Jeu, The Dunkl transform, Invent. Math. 113 (1993), 147-162.

[16] M. F. E. de Jeu, Paley-Wiener theorems for the Dunkl transform, Trans. Amer. Math. Soc. 358 (2006),
4225-4250.

[17] T.H. Koornwinder, A new proof of a Paley-Wiener type theorem for the Jacobi transform, Ark. Mat. 13
(1975), 145-159.

[18] S. Koizumi, An analogue of the spectral projection for homogeneous trees, Hiroshima Math. J. 43 (2013),
207-221.

[19] H. Mejjaoli and K. Trimeche, On a mean value property associated with the Dunkl Laplacian operator
and applications, Integral Transform. Spec. Funct. 12 (2001), 279-302.



18 SALEM BEN SAID

[20] E. K. Narayanan and S. Thangavelu, A spectral Paley-Wiener theorem for the Heisenberg group and a
support theorem for the twisted spherical means on C", Ann. Inst. Fourier (Grenoble) 56 (2006), 459-473.

[21] E. M. Opdam, Dunkl operators, Bessel functions and the discriminant of a finite Coxeter group, Compo-
sitio Math. 85 (1993), 333-373.

[22] M. Résler, Positivity of Dunkl’s intertwining operator, Duke Math. J. 98 (1999), 445-463.

[23] M. Roésler, A positive radial product formula for the Dunkl kernel, Trans. Amer. Math. Soc. 355 (2003),
2413-2438.

[24] R. S. Strichartz, Harmonic analysis as spectral theory of Laplacians, J. Funct. Anal. 87 (1989), 51-148.

[25] S. Thangavelu and Y. Xu, Convolution operator and maximal function for the Dunkl transform, J. Anal.
Math. 97 (2005), 25-55.

[26] K. Trimeche, Paley-Wiener Theorems for the Dunkl transform and Dunkl translation operators, Integral
Transform. Spec. Funct. 13 (2002), 17-38.

[27] K. Trimeche, The Dunkl intertwining operator on spaces of functions and distributions and integral rep-
resentation of its dual, Integral Transform. Spec. Funct. 12 (2001), 349-374.

[28] K. Trimeche, Generalized harmonic analysis and wavelet packets, Gordon and Breach Science Publishers,
Amsterdam (2001), xii+306 pp.

[29] Y. Xu, Uncertainty principle on weighted spheres, balls and simplexes, J. Approx. Theory 192 (2015),
193-214.

[30] Y. Xu, Integration of the intertwining operator for h-harmonic polynomials associated to reflection groups,
Proc. Amer. Math. Soc. 125 (1997), 2963-2973.

[31] Y. Xu, Funk-Hecke formula for orthogonal polynomials on spheres and on balls, Bull. London Math. Soc.
32 (2000), 447-457.

[32] G. N. Watson, A treatise on the theory of Bessel functions, Cambridge Mathematical Library. Cambridge
University Press, Cambridge, (1995), viii+804 pp.

S. BEN Saip: UNIVERSITE DE LORRAINE, INSTITUT ELIE CARTAN, DEPARTEMENT DE M ATHEMATIQUES, B.P. 239, 54506
'VANDOEUVRE-LES-NANcY, CEDEX, FRANCE
E-mail address: Salem.BenSaid@univ-lorraine. fr



