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DEVIATION INEQUALITIES FOR BANACH SPACE VALUED MARTINGALES
DIFFERENCES SEQUENCES AND RANDOM FIELDS

DAVIDE GIRAUDO

ABSTRACT. We establish deviation inequalities for the maxima of partial sums of a martingale
differences sequence, and of an orthomartingale differences random field. These inequalities can
be used to give rates for linear regression and the law of large numbers.

1. INTRODUCTION AND MAIN RESULTS

Deviation inequalities play an important role in the study of properties of partial sums of ran-
dom variables. A particular attention has been given to martingales. In Burkholder’s paper [Bur73],
distribution function inequalities for maximum of martingales are established, and moment inequal-
ities are derived from them. Sharp results has been obtained for martingales with bounded incre-
ments [Hoe63, Azu67]. When the increments of the considered martingale are unbounded but square
integrable, it is possible to control the tail function of the martingale by that of the increments and
of the sum of conditional variances, like in [Bur73, Hae84,d1Pn99, FGL12, FGL15]. When the tail of
increments have a polynomial decay, it seems that Nagaev’s inequality [Nag03] gives the most satis-
factory results. It states the following: for any positive g, there exists a constant C'(g) such that if
(Sn)7121 is a martingale defined on a probability space (2, F,P) and X; := S; — S;—1, then

1
P{|Sn| >z} < C(q)/ IF’{ max | X;| > xu} u’ ' du
0

1<i<n

1 n
+C(q)/ P (D E[XP | Fia] | > 2upu®du. (11)
0 i=1

The constant C(q) is of order e*’. The result (without the absolute valued in the left hand side
of (1.1)) holds for supermartingales. There are three possibilities of improvement of the version of
Nagaev’s result for martingales:

e the result can only be used for square integrable martingales. One can wonder whether a
similar inequality as (1.1) holds when X; € L? where 1 < p < 2.
e In [Nag03], the real valued case is considered, and the proof suggests that the extension to
the Banach valued case is challenging.
e Finally, the improvement of the constant C(q) is also of interest.
Let us explain the idea of proof of an extension of (1.1) (see Theorem 1.3) in the real valued case,
with square integrability. Define

f(z) :=P{|Sn| > x} and (1.2)
g(z) =P {1122}2 | X5| > ac} +P ZE [X? | .7-"1-,1] >z, (1.3)
i=1

Date: January 11, 2018.
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convergence.
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We prove in Lemma 3.1 that for any positive z.
f(22) < 6% (1= 8) f(w) + g (62) (1.4)

This is done by using a martingale transform of the original martingale, the former having small
conditional variances. Using monotonicity of the function g, (1.4) can be converted into an integral
inequality.

The paper is organized as follows: in Subsection 1.1, we state a deviation inequality for any Ba-
nach space valued martingale differences sequence, then for stochastically dominated or identically
distributed sequences. In Subsection 1.2, we review orthomartingales, and state a deviation inequality
for orthomartingale differences random fields. Section 2 is devoted to applications to linear regression
and Baum-Katz estimates martingale differences sequence and orthomartingale differences random
fields. All these results are proven in Section 3.

1.1. Martingale differences sequences.

1.1.1. General case.

Definition 1.1. Let (Q, F,P) be a probability space and let (B, ||||B) be a separable Banach space.
For any p > 1, we denote by L'y the space of B-valued random variables such that | X |7, = E[||X||"]
B

is finite. Let (Fi),;,
B-valued random wvariables (Xl-)@1 is a martingale differences sequence with respect to the filtration
(Fi)isy if
(1) for any i
(2) for any i

be an non-decreasing sequence of sub-o-algebras of F. We say that a sequence of

1, X; is Fi-measurable and belongs to Lk;
2, E[X; | Fi—1] = Xi—1 almost surely.

VWV

Definition 1.2. Following [Pis75], we say that a Banach space (B, |-||) is r-smooth (1 < r < 2) if
there exists an equivalent norm ||-||" such that

1
sup — sup {[|z + ty [ + ||z — ty| = 2+ [l = [lyll" =1} < oo.
t>0

From [Ass75], we know that if B is r-smooth and separable, then there exists a constant D such

that for any sequence of B-valued martingale differences (Xi)i>17

T

E[D x| | <> ENX]T. (1.5)
i=1 i=1

Since an r-smooth Banach space is also r’-smooth for any 1 < 7’ < r, there exists a constant C,/ 5
such that such that for any sequence of B-valued martingale differences (X;) is1 and any integer n,

’
r

E | X <CupY E {HX@H"] (1.6)
i=1 i=1
Our first main result is an inequality in the spirit of Theorem 1 in [Nag03].

Theorem 1.3. Let (B, ||-||) be a separable r-smooth Banach space where 1 < r < 2. For each
1 <7 <r, g >0 and for any B-valued martingale differences sequence (Xh]:i)igp the following
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inequality holds for each n > 1 and x > 0:

24 o 1 Sl 1 ! _
PJ max [|Si]| >z p < q27" P! max | X[ >27 """ C ,lér zu pul du
1<i<n 29 — 1 o 1<i<n L

1/r’
24 o 1 n v 1 o v _
tog g2 /0 P (ZlIE[|Xi|’ |]-'i1}> > 27 e b ut T du, (1)
iz

where S; = Z:;l Xi and C,s g is a constant satisfying (1.6) for any n and any martingale differences
sequence.

Remark 1.4. On one hand, Nagaev’s result [Nag03] applies to real valued supermartingales, while our
result is restricted to martingales. On the other hand, when applied to the latter class of random
variable, our result gives a generalization in two directions. First, we consider Banach space valued
random variables. Second, even when restricted to real-valued random variables, our result can be
used to treat martingales whose increments do not necessarily have a finite moment of order 2.

In the independent setting, the terms E [||Xi||r/ | .7-},1} are constant hence we can state the fol-

lowing Corollary of Theorem 1.3.

Corollary 1.5. Let (B,|-||) be a separable r-smooth Banach space where 1 < r < 2. For each
1 <r" <r, qg>0 and for any independent centered sequence (X;),,, the following inequality holds
for eachn > 1 and = > 0:

24 o ! e r_ ’ _
P< max [|Si]| >z p < q27" P{ max || Xi| > 27 Y ¢ wu b ut T du
1<i<n 29 — 1 o v, B

1<i<n

" q/r
_ / 2q o 2,0 _ ! ’
+ O e e e (E E [ D . (18)
i=1

where S; = E?:l Xi and C,s g is a constant satisfying (1.6) for any n and any martingale differences

Sequence.

1.1.2. Stochastically dominated sequences. For a random variable Y with values in the Banach space
(B, ]I-ll), we denote by Qy the generalized inverse of the function ¢ — P {||Y]| > t}, that is,

Qv (u) :=inf{t >0 | P{||Y]| >t} <u}, wuelo01]. (1.9)

Definition 1.6. Let (Xi),, be a sequence of random variables with values in a Banach space (B, ||-||)
and let X : Q@ — R be a real valued random variable. We say that (X;),5, < X if for allu € [0,1], and
any i > 1, Qx, (u) < Qx (u).

In the case where the random variables X;, 1 < i < n are stochastically dominated and E [HXZ ||T, | .7-"1-,1}

bounded by identically distributed random variables, the result of Theorem 1.3 admits the following
simplification.

Theorem 1.7. Let (B, ||-]|) be an r-smooth separable Banach space. For each 1 < v < r and each
q > ', for any martingale differences sequence (Xi, Fi),s, with values in B such that there exists real

valued random variables X and Vi, i > 1 for which (Xi),5, < X, E [HXZ.HT-’ |}‘i,1} < Vi a.s. and
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(Vi)@>1 is identically distributed, then the following inequality hold for any n > 1 and x > 0:

’ 2q a2t 1 1 ’ _ N ’ _
]P’{max ||Si||>mn1/r}< 2 Tn/ ]P’{X>2 1=a/r' oLy munl/r}uq tdu
<n
0

q ,
1<i< 20 — 1 B

29 g2 [* —2—q/r! ~=1/7 ! a=r’
+2q—1q—r’ ]P’{V1>2 a TC’T/’B " w}min{w771}dw. (1.10)
0

If the sequence (|| Xi||),», is identically distributed, then for any n > 1 and z > 0:

1/r 20+l go= [ -1 -1
P< max ||Si]| >azn/" » < P{||X1|| > zu} min {uq su” }du, (1.11)
0

~
1<i<n 29 —1q—1'

where S; = E;Zl X;.

1.2. Orthomartingale differences random fields. The results of the previous section can be ex-

tended in some sense to random fields, that is, processes indexed by N¢ or Z¢ where d > 1 be an

integer. In order to state them, we have to give a precise definition of martingales in this setting.
We use the following notations:

(1) fori= (iq)g:1 and j = (jq)Z:1 we write i < j if and only if iq < jq for all ¢ € {1,...,d};

(2) if k and 1 € Z% the coordinatewise minimum is defined by min {k,1} = (min {k;, li})‘le.

(3) The addition is defined coordinatewise.

(4) Ifn= (nq)Z:1 is an element of N¢, then |n| denotes HZ:1 Ng.

(5) For j € {1,...,d}, e; denotes the element of Z* whose j-th coordinate is 1 and all the others

are zero. Moreover, 1 is the element of Z? whose all coordinates are 1.

Definition 1.8. The family (Fi);cza of sub-o-algebras of F is a filtration if Fi C Fj whenever i X j.

Definition 1.9. Let (Fi);cza be a filtration. If for each i,j € Z% and each integrable random variable
Y,
EEY | A FH]=EEY | 5] | A =E[Y | Funijy] amost surely, (1.12)

the filtration (Fi);cza is said to be commuting.

Definition 1.10. The collection of random variables {Mn, ne Zd} is said to be an orthomartingale

random field with respect to the commuting filtration (F;) if for each n € N, My, is Fn-measurable,

iezd
integrable and for each i,j € 72 such that i < js

E[M; | Fi] = M. (1.13)

Definition 1.11. The collection of random variables (Xi);,,
random field with respect to the commuting filtration (Fi);cza if the random field (Sn),cza defined by

4 18 said to be an orthomartingale diffrences

8o i § Zasiza X =L, (1.14)
0 otherwise,
is an orthomartingale random field with respect to the filtration (Fi);cza-
In all this subsection, we shall make the following assumption on the random field (Xi); 4, namely:
foralln=1,1¢ Zd, Z Xil|| and Z Xi11|| have the same distribution. (1.15)
1<i<n 1<i<n

Orthomartingale random fields have good properties with respect to marginal filtrations ]-'éd) =
o (}'k, ke <j, ke Zd), g € {1,...,d}. Furthermore, when a coordinate is fixed, we still have an or-
thomartingale random field with respect to a commuting filtration (see [Kho02], p.37, Theorem 3.5.1).
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Lemma 1.12. Let (Xi);cza be an orthomartingale difference random field with respect to the commut-
ing filtration (Fi);cga, with values in a separable Banach space (X, ||-[). Then the following properties
hold.

(P.1) For anyn = (n1,...,nq—1) € N7! the sequence (S(nyj))
the filtration (]—';d))

_is a martingale with respect to
Jj=0
j=0

(P.2) For anyn = (n1,...,nq_1) € N*71 the sequence (maxie[l,n] HS(i,j)H) is a mon-negative

Jj=0
submartingale with respect to the filtration (F](d)) .

720
(P.3) For any j € N, the random field (S(“J))nm is an orthomartingale with respect to the com-

muting filtration (F{);cga-1, where Fo is the o-algebra generated by | J,c, Fieq-

We now state the analogue of Theorem 1.7 for strictly stationary orthomartingale differences random
fields.

Theorem 1.13. Let (B, ||:||) be an r-smooth separable Banach space. For each 1 <1 <r, q¢ > r'
and positive integer d, there exist a constant C depending only on ', q, d and B such that for any
strictly stationary orthomartingale differences random field (Xi, Fi),cza with values in B, the following

inequality holds for any n € N* and x > 0:

—+oo
IP’{ max ||Si|| > = |n|"/" } < C’/ P{||X1|| > zu} min {uqfl,ur 71} (1 + [logu|)* " du. (1.16)
1<i<n 0

Remark 1.14. One can integrate the previously obtained inequalities to get moment inequalities. For
example, it is possible to recover a multidimensional Burkholder-like inequality in the stationary case,
like in [Faz05]. Like in the one dimensional case, it is also possible to establish inequalities in weak L
spaces like in [JS88], Remark 6.

2. APPLICATIONS

2.1. Linear regression. We consider the stochastic linear regression model given by
Xk:0¢k +ep, 1 <k <n, (2.1)

where
® (Xk),<x<, are the observations,
o (¢r), <k<n are the regression variables and
® (er)1<p<, the driven noises.
We shall make the following assumptions:
(A.1) the sequence (¢k), ¢, is independent;
(A.2) the o-algebra generated by ¢r, 1 < k < n is independent of the o-algebra generated by e,
1<k<n
(A.3) Foreach k € {2,...,n},Elex |0 (e, 1 <i<k—1)]=0and E[e1] =0.
Let 0, be the least square estimator defined by

0 = 722:1 il .

i 8
Theorem 2.1. Suppose that the assumptions (A.1), (A.2) and (A.3) hold. Suppose that there exists
constant C1 and Ca such that for any i € {1,...,n},

(2.2)

E[l&il’] < C1 and E [Ef lo(ej,1 <j<i— 1)] < Cs a.s. (2.3)
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Then for any p > 2, ¢ > p and any z > 0,

n
242 _ 24—2 2 _
Z¢$ Sz v<O 5T qu2p+pq/2x Py o 1q2q+q /2, ch/% (2.4)
i=1

P{ |6, — 0|

Let us compare Theorem 2.1 with the results in [FGL17]. When z is large, Theorem 2.1 and
Theorems 3.3 and 3.4 in [FGL17] give an upper bound of order z77.
(1) In Theorem 3.3 of [FGL17], it is assumed that sup, [|[E[|e:|” | o {ex, 1 < k <i—1}]|| < 400,
which is more restrictive than the assumption in Theorem 2.1.
(2) In Theorem 3.4 of [FGL17], sup, HE [|si|2 |o{er, 1<k <i— 1}}

exists a positive § and Cy such that for all 4 > 1, E [|ei|p+6] < (4, which is more restrictive

< 4o0 and that there

I

than our result, since only boundedness of the sequence of moments of order p is required.

2.2. Baum-Katz estimates for martingale differences sequences and orthomartingale dif-
ferences random fields.

2.2.1. Martingale differences sequences. For p > 1, we denote by LP°° (respectively L5°°) the set of
random variables X such that sup,. , PP {|| X|| > t} < 400 (respectively lim;, 1 o tPP {|| X|| > t} = 0).
We also write L? log? L (with ¢ > 0) the set of random variables X such that E [||X|\p (logJr ||X|Dq}
is finite, where log, () := max {0, log ||z|/}.

Theorem 2.2. Let B be an r-smooth Banach space for 1 < r < 2. Let (Xi)@>1 be a martingale

differences sequence with values in B. Assume that one of the following conditions is satisfied:
(C.1) there exists a real valued random variable X in L" such that (Xi)@>1 < X and there ezists
an identically distributed sequence (V;),s, such that for all i, E[||X;[|" | Fi—1] < Vi a.s. and
Vi € LlogL.
(C.2) The sequence (|| Xil|);5, is identically distributed and X, € L" logL.
Then for each oo € (1/r,1] and each positive x, the series Z:: n"* 2P {maxi<i<n || Si|| > n®z} con-
verges.

Let us compare this result with a previous one. In [DMO07], convergence of the series

—+oo

anzP{ max ||Si|| > na:c}
« 1<i<n

n—=

have been established for sequences satisfying (Xi);5; < X and X € L” for 1 < p < r and
1 < a < p. Our result deal with a more restrictive class of martingale differences but covers the case
p=r.

When a moment of order greater than two is finite, we can formulate precise results in terms of
integrability of the increments and of the conditional variance term.

Theorem 2.3. Letp > 2, 1/2 < a < 1 and let B be a separable 2-smooth Banach space. There exists
a constant C (p, B) such that the following holds: for each B-valued martingale differences sequence
(Xi, Fi) such that (X;) < X and such that there exists an identically distributed sequence (V;);, for
which B [X? | Fiox] < Vi

(1) if X € LP/*T1%° qnd V; € LP/%°° then for each z > 0,

supnp(a1/2)P{ max IS: > na:c}

n>1 1<is

< C(p,B) (suptp/2+1]P){||X1| >t} P27 fsup /PP {V; >t} :cp) ;o (2.5)
>0 >0
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(2) if X1 € ]Lg/zﬂ’oo and Vi € LP/>°° then for each x > 0,

lim np(a1/2)P{ max [|S;| > nax} =0; (2.6)
n—-+oo 1<is<n
(8) if X1 € LP/?* and Vi € LP/2, then
“+ o0
p(a—1/2)-1 ) a -p P p/2
Son P{mx 1411 > n x} <C.Be (IxlL+ 1) . (2.7)

n=1

We can formulate an analogous result for "norm-identically" distributed sequences.

Theorem 2.4. Letp > 2, 1/2 < a < 1 and let B be a separable 2-smooth Banach space. There exists
a constant C (p, B) such that the following holds: for each B-valued martingale differences sequence
(X, Fi) such that (||Xil]);s, is identically distributed,

(1) if X1 € LP*° then for each xz > 0,

RIS

supn(H/IP {f?az il > n:c} <CpB)sw BN > 1Y (28)
n t>0

n>1

(2) if X1 € LY then for each z > 0,

lim np(a1/2)P{ max ||S;| > nax} =0; (2.9)
n—-+oo 1<is<n
(8) if X1 € L? then
+oo
an<a1/2>lp{ max || S;]| > n%} <C(p,B)a || X7 (2.10)
1<ig<n

n=1

For condition (C.2) to be satisfied, we require X; € L?logLL rather than in L?. One may wonder
whether that stronger condition is really needed. Its "necessity" for stationary martingale differences
sequences is proved below. It also show that the result of Theorems 2.3 and 2.4 do not hold for p = 2.

Recall that (X, 3,P,0) is a dynamical system if (X, X, P) is a probability space and ¢: X — X is
a measurable map such that P (07114) =P(A) forall A€ X. If f: @ — R is measurable, then the
sequence (f o 0i)i>1

We start with the following lemma.

is strictly stationary.

Lemma 2.5. Let v > 1. There exist a dynamical system (X,%,P,0) and a non-negative measurable
function f >0 on X such that, for every 0 < e <1, fx f (logJr (f)) 24P < 00 and

2" —1
22"(”1)1[”{2 fob' >2’”} = fo0. (2.11)
n>0 i=0

Proposition 2.6. Let o« > 1/2. There exists a stationary (and ergodic) sequence of martingale
differences (Xi);5, such that for every 0 < e < 1, E [X% (log+ |X1|)171 < oo and the series

Zn>1 2n(2a71)P { Z?:l X

In [HL14], Baum-Katz type estimates have been formulated for martingales differences arrays,

> 2""} diverges.

extending the results in [Als90]. It has been extended to the Banach space valued setting in [Haol3].
However, it seems that our results cannot be compared with those of [HL14] because these ones require

a control in of the LP-norm of n~1 ?:1 E[|X:|" | Fiza]
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Remark 2.7. A similar statement holds when nP“~Y2=1P fmax,;c, ||Si|| > n®z} is replaced by
2n(Pe=1/2)P fmax cicon ||Si]| > 2"z} in item (3) of Theorems 2.2 and 2.4 In view of Theorem 3.7
in [LVO1] when a = 1, the weight 27P/2 is optimal for stationary ergodic martingale differences
sequences in the following sense: if (Rn)n21 is a sequence of real numbers with goes to infinity and
p > 2, then there exists a stationary martingale differences sequence (Xi)i>o such that X; belongs to

L? but the sequence (2"p/2RnP {maxicicon |S;| > 2”}) does not converge to 0.

n>1

2.2.2. Orthomartingale differences random fields. Let (Xi);cza be an i.i.d. real-valued random field.
Theorem 4.1 in [Gut78] gives the equivalence between the following two assertions for o > 1/2 and
p =2 max{1/a,1}:

(1) X1 belongs to L? log?~* L;

(2) for each positive ¢,

> |n|pa2P{1H<1:a<x [15:]| > 5|n|a} < +o0. (2.12)

neNd

Deviation inequalities has been used in [KL11,Lagl6] for the question of complete convergence of
orthomartingale differences random fields.

Similar results as in Subsubsection 2.2.1 can be proved for some orthomartingale differences random
fields.

Theorem 2.8. Let B be a separable r-smooth Banach space. For each B-valued orthomartingale
differences random field (Xi);cza satisfying (1.15) and such that X1 € L” log? L, for each positive €
and each o € (1/7,1],

> |n|m2]p{1gla3 11S4]| > s|n|a} < +o0. (2.13)

neNd

Remark 2.9. One could also formulate the corresponding result where r is replaced in (2.13) by
1 < p < r. But this could be established in a more general context than ours, namely, that of
stochastically dominated orthomartingale differences random fields, by using truncation arguments
like in [DMO7].

Theorem 2.10. Let B be a separable 2-smooth Banach space and p > 2. For each B-valued or-
thomartingale differences random field (Xi);cza satisfying (1.15) and such that X1 € LP log=1 L, for
each positive € and each o € (1/2,1],

E |n|Ple=t/2-1p {fﬂ?ﬂx [ISill > ¢ |n|a} < +o0. (2.14)
<ixn
neNd

Remark 2.11. One hand the results in [Lagl6], we do not require boundedness of the conditional
moments. On the other hand, their result do not require that (|Xil|);c,q is identically distributed
hence the results are not directly comparable.

3. PROOFS

3.1. Proofs of Theorems 1.3 and 1.7.

Proof of Theorem 1.3. We first start by a distribution function inequality, which was first established
in the real valued case and v’ = 2 in [Bur73] (see also [Pis75], p. 24 for a proof).
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Lemma 3.1. Let (B,||:]|) be an r-smooth Banach space for some 1 < r < 2 and let 1 < r’ < r.
Then for any 6 € (0,1) and any B-valued martingale differences sequence (X;);, with respect to the
filtration (Fi),s,, the following inequality holds for any n > 1 and x > 0:

5 \"
p{ max [|S:]| > Qx} <Cu oy (—) ]p{ max ||S:]| > x}
1<i<n ’ 1-96 1<i<n

n 1/7!
—|—P{112?<>;|Xi|>5x}+ﬁ” <2E[|Xi| |f“}> Ser %, (3.1)

where Cyr g is defined by (1.6) and Sn = E?:l X;.

Proof. We assume that n > 2 since for n = 1, the result is obvious. We define A1 = By = C; = () and
for 2 <i<n,

A = { max ||Sull € (1:721:)} , (3.2)

1<u<io

B; = { max || Xu| < 5:0}7 (3.3)

1<u<i—1
Cii= {ZE (1607 Fuca] < (M)“}- (3.4)
u=1

Y :=14,1,1¢; Xi, 1<i<n. (3.5)

We then introduce

We show that the following inclusion holds:

n 1/r’
i il < i " i <
{112%}2 I1S:|| > 2:0} N {lrgiaél 1 X ]| 61:} N (ZlIE [HX " |F 1}) dx

C {
Indeed, let w be an element of the left hand side of (3.6). Then for any 7 € {2,...,n}, w belongs
to B; N Ci. Consequently, Y " Vi(w) = > " 14, Xi(w). Let I :={i€{2,...,n}:we Ai}. Let
M; := maxicug; ||Si||- Note that [|S1 (w)|| = [| X1 (w)]] < dx < z, since 0 < § < 1 hence M; < z and

M, > 2z. Since for any i € {1,...,n — 1} we have || X; (w)|| < dz, it follows that 0 < M1 — M; < dz.
Consequently, I is of the form {i,i0 <4 < jo} for some integers io > 2 and jo < n. Therefore,

n Jo Jo
Sl - [35 s [$5x
i=1 i=ig i=1
Now, (3.6) holds in view of the inequalities szil X; (w)H > 2z,

and || X, (w)]] < dz.
Taking the probabilities on both sides in (3.6), one gets

n 1/r’
P { max [|S;|| > 2:0} N { max || X;| < 61:} N <Z]E {HXiHT'/ | EJ) <oz
1<i<n I<i<n —

!

n

> v

i=1

> (1—5):,;}. (3.6)

ig—1

> Xi(w)

Zio*l X; (w)H < 7 (since w € I,;)

i=1

P

= 1 X (@)1- 3.7)

/
n T

d v

i=1

<P >((1=82) y<(1-8z)" E (3.8)

i=1
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Observe that A;, B; and C; belong to F;_1, hence (Yi)i>1 is a martingale differences sequence. The
combination of (3.8) with (1.6) yields

n 1/r’
P { max [|S;|| > 2:0} N { max || X;| < 61:} N <Z]E {HXiHT'/ | EJ) <oz
1<i<n 1<i<n
i=1

<=9 Crs Y E[IVI7]. 39)

Since for i > 2,

B[V =B [E [I017] 1 i =B [1a 116 E 107 Fima ] (3.10)
we derive that
E [||m-||“] <E {1 {121%1 1S:] > x} 16,E {HXiHT/ | f“H . (3.11)
Observe that .
3 1cE [HXiH’"/ |]-'i,1} < (62)" . (3.12)
1=2

Indeed, if Z; are non-negative random variables, Z; := 21:1 Z, and FB; = {ZL < t}7 we have

n

i Ziw, =Y (Zi—Zi_1) 15
1=2 =2

n—1

n
= Z Z;lEj - Z Z;’IEjﬂ
j=2 j=1

n—1
= Z,lllEn + ZZJ, (lEj — 1Ej+1) — ZilE27
j=2

since Fj;1 C Ej, the second term is smaller than Z;:zl t (lEj — 1Ej+1) = tlg, — tlg, and conse-

quently,

> Zg, < (Z, —t)1g, +tle, — Zilg, <t. (3.13)
i=2
Combining (3.9), (3.11) and (3.12), we get (3.1). This ends the proof of Lemma 3.1. O
Let us define the functions
frx—P {lrgiél ISs ]| > ac} and (3.14)

n 1/r’
g:xHP{lrgi);|Xi|>x}+]P’ (ZlIE[HXA |J—1~1}> >z, (3.15)

We established in Lemma 3.1 that for any z > 0 and any § € (0, 1),

£ @) < s (725) 7@ +9(60). (3.16)

’

Let ¢ > 0 be fixed and n := C.v g (%5)7“ . Let t > 0 be fixed, an, := f(2"t), by := 1" "a, and
cn = g (2"t0). Then

bsr =0 " tans1 <07 (an +en) =bn +07 " len. (3.17)
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Consequently,
N-1 N-1
by =bo+ ¥ buri—ba<aot+ ¥ n " e, (3.18)
n=0 n=0
which gives
N-1
an < aonN + Z ann*lcm (3.19)
n=0
and with the change of index j = N — n, we derive that for any positive ¢ and any integer N,
N
FEYE) <FOnY +) g (62V ) (3.20)
=1

Now, we choose § := 2717‘1/7,0;,15,, which is smaller than 1, as C, g is bigger than 1. Applying

(3.20) with & = 2Vt and letting N going to infinity (accounting f (27N:c) <land 0<n<1), we get

—+oo
f(z) < Z g (527337) . (3.21)
j=1
Since the function g is non-increasing, we have
g—i+1 27+t 21 _ 1
/ g (uzd)u’ *du>g (273:05) / wldu=g (273505) ——27 (3.22)
2—3 2—7J q
hence
+oo 2—J+1
f(z) < 59 q_ 1 an712jq/ g (uzd) u?™ ' du. (3.23)
i=1 2
Notice that
n< Cpp2 277 U0 <270, (3.24)
hence .
f(z) < 2qq_ 17771/ g (uzd) u?™ ' du. (3.25)
0
Since ,
1—6\" " /
= (T) Corlp < (3) Colp <277, (3.26)
we get (1.7). This ends the proof of Theorem 1.3. O

Proof of Theorem 1.7. We shall need the following lemma.

Lemma 3.2. Assume that X and Y are two non-negative random variables such that for each positive
x, we have
2P{X >z} <E[Y1{X >z}]. (3.27)

Then for each t, the following inequality holds:
P{X > 2t} < /+OO]IJ’{Y > st}ds. (3.28)
1
Proof of Lemma 3.2. Rewriting the expectation as
EY1{X >2t}] = /+OOIF’{Y1 {X 22t} >u}du <tP{X > 2t} + /+OOIF’{Y > u} du, (3.29)
we derive by the assump:ion the bound t

—+oo
AUP{X > 2t} <P{X > 2t} +/ P{Y > u}du. (3.30)
t
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We conclude using the substitution ts := u. g

We apply Theorem 1.3. The first term of (1.7) is controlled in the following way, using the fact
that if U has uniform distribution on [0, 1], then Q) x,; (U) has the same distribution as || X;||:

! 1/r’ -1 - ! 1/r’ —1
/O P{llgiaé;”XiH > zun'/ }uq du < ;/O IP’{HX}-H > zun'/ }uq du (3.31)

n 1 ,

= Z/ A {t € [0,1], Qx, () > zun’" }uqfldu
i=1 70
n 1 ,

< Z/ A {t €[0,1],Qx(t) > Bu qzun'’" }uqﬂdu
i=1 70

1
= n/ P {X > :cunl/r/} u? ' du, (3.32)
0

where A denotes the Lebesgue measure.
In order to control the second term of (1.7), we first bound » " | E {HXZ-HT/ | .7-"1-,1} by > Vi

and we notice that for any convex function ¢: R — R,

dae

By Theorem 6 in [Rue81], there exists a probability space (Q', A", P’) and random variables Z,, and
Z' such that V,, has the same distribution as % le:l Vi, Z' has the same distribution as V4 and such
that Z, = E[Z' | Z}).

Therefore, inequality (3.29) holds with X := Z,, and Y = Z’, hence by Lemma 3.2 the estimate

n 400
P{l ZE [||X1||T | .7-'2-,1} >2u" z" } < / P {Vl >uz” 5} ds (3.34)
[ 1

is valid for any n. We can deduce from inequalities (1.7) and (3.34) that (1.10) is satisfied after having

<3RBT =EB(). (3.33)

used the elementary identity

1 “+ o0 , 1 “+ o0 q—T’
/ / h (ur v) dvu?'du = - / h (w) min{ B 1} dw (3.35)
o J1 a—=7 Jo

with h () := P {Vl > xr't/z}.
In order to prove (1.11), we bound the two terms of the right hand side of (1.7) independently of

n. Let us start by the first term, which can be written as

nl/'r'/
n=4/" / ]P’{ max || X;| > 21q/r,Cr,1ér,xv} v dw. (3.36)
o 1<i<n g
If v < 1, we use the bound pl=/r" a1 < vl !t (since ¢ > r'). If 1 < v < nl/T'/7 then nt=/7 y1-1 <

v 1. We thus have

1
/ ]P’{ max || X;]| > 271" C;,lg nt/" :cu} u?du
0

1<i<n

+oo ’ ’
< / P {||X1H > /T C’;ll/; :cv} min {fuqfl,vr 71} dv. (3.37)
0
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Let us treat the second term. For any convex function ¢: R — R,

E laﬁ (% ZE (B f“m < %ZE [ (&[0 1 7))
< %ZE [B[s (1x07") 1 7 ]| = B o (130077) |-

Using again Theorem 6 in [Rue81], we derive that
1 n 1/r’
/ P <ZE [||X¢||Tl | .7:1'1}) > 2717Q/T,C;1gr,xu uw?'du
0 i=1
+oo
/ / ||X1|| > 271/ T,lg }uqﬂdu. (3.38)

Combining (3.37) and (3.38), we get (1.11). This ends the proof of Theorem 1.7. O

3.2. Proof of Theorem 1.13. Let us prove (1.16). Let B be a separable r-smooth Banach space
and let 7’ € (1,2], ¢ > r’ be fixed.

Lemma 3.3. Let (fa) 5, be a sequence of functions from (0,+00) to ifself such that:
(1) for any martingale differences sequence (Xi),, with values in B such that (|| Xs|),, is iden-
tically distributed and E [HXlﬂrl} < +00, any n = 1 and any positive x,
+oo
P{lrgixl ISl > n*/" :c} g/o P{[|X:1]| > zv} f1 (v) do, (3.39)

where S, = Zz;l Xi;
(2) for any d = 2 and any positive w,

+o0o +oco
w) > / / fa—1 (u) fr (u') L,l {uu' < w} dudu’. (3.40)
o o uu

Then for any integer d > 1, any orthomartingale differences random field (Xi);cza satisfying (1.15),
E [HX1||T/] < 400, any n = 1 and any positive x,

+oo
P{lmax [|Si]| > 2d-1 z|n |1/T } < / P{||X1| > zv} fa (v)dv, (3.41)
n 0

i

where S; is defined by (1.14).

For p >0 and k € N, let

1
apk = / P (1 + |log t])* dt. (3.42)
0
Lemma 3.4. Let (cd)d>1 be the sequence of real numbers such that
201 g2
&= o p— and (3.43)
ca=ca1(l+agrao+2 " ag ra ). (3.44)

Then the sequence of functions (fa),, defined by
fa: u— cqmin {uq717 ur/fl} 1+ ogu)®™, u>0 (3.45)

satisfies the conditions of Lemma 3.3.
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Inequality (1.16) is a direct consequence of Lemmas 3.3 and 3.4.

Proof of Lemma 3.3. The proof is done by induction on d. The case d = 1 is contained in the

assumptions. Assume that inequality (3.41) holds for some d > 1 for any orthomartingale differences
random field (X;);c,q satisfying (1.15), E {||X1||T,} < 400, any n > 1 and any positive .

Let (Xi)].l czd+1 be an orthomartingale differences random field with respect to the commutatitve
filtration (Fi);cza41 satisfying (1.15). Using property (P.2) in Lemma 1.12 and Lemma 3.2 applied to

X = max [|Si]] and Y = max | SLWHH7 (3.46)
1<ip<ng 1<ip <ng
1<k<d+1 1<k<d
we get
’ +Oo ’
P{ max ||Si] > 2% |n|"" } < P{ max HSi na H > 2 " v ) du. (3.47)
1<i<n ) 1<ip <N a1
1<k<d

We now apply the induction hypothesis to 3\(/1 = E:i? Xik, .7?1 = ]:i»nd+1 and T := mn;frrl to get

+oo  p+oo Td+1
]P’{ max | Si|| > 2% [n|'/" } < / / P Z X1kl > xné/fl vu p fa—1 (u)dudv.  (3.48)
15i<n | o e

After having appylied the one dimensional case, we derive that
P{ max [|Si| > 2% |n|1/rl < / ]P’{HX1|| > xvuu'} fa—1 (u) fr (u') 1 {v > 1} dvdudu’.
1sisn (0,4-00)3

and the substitution w := vuu’ for fixed v and u’ combined with (3.40) end the proof of Lemma 3.3. O

Proof of Lemma 3./. Item 1 follows from Theorem 1.7 after a substitution in the integral of the right
hand side of (1.11).
Let us show item 2. Let d > 2 be fixed. Observe that

+oo 1
/ fi (u/) —ll{uuléw}du':cl/
0 u 0

w/u w/u ,
< ¢1 min {/ vq72dv,/ " 2dv}
0 0

w/u

. -1 /-1
~ min {vq o }dv
v

hence
+oo +oo 1
/ / fa—1 (uw) fu (u') uu’l {uu' < w} dudu’
0 0

< T,Ci 1 /0+°° fa—1 (u) min { (%)CF1 , (%)rll} du. (3.49)

Let g: u = fa—1 (w)u™?! min{(%)‘k1 , (H)T,fl} and I (w) := fOJroog(u) du. Assume that w < 1.

u

Spliting the integral into three parts (from 0 to w, from w to 1 and from 1 to infinity), we get

w 4 w 1 1 u w q—1
I(w)= cd,l/ w1+ logu)* 2wt (Z) du—i—cd,l/ u’ (14 [logu)* 2 u™" (5> du
0 w

+oo q—1
+cd,1/ w7 (1 Jlogul)? 2wt (%) du =: ca1 (I (w) + I (w) + I5 (w)) . (3.50)
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Let us bound these integrals. We have
I (w) = W /“’ ut =t (1 + [logu|)* 2 du
0
and the substitution x = u/w gives
I (w) = w?* /1 P (14 [logz| + [logw|)* > dz < w? "2 ay_ 4 o (14 [logw|)* 2. (3.51)
0

Observe that for u € (w, 1),

uw?™ (1 + [logu)* 2wt (%)qi1 = w1+ |logu))* 2 ut w1+ Jlogw) P uTt (3.52)

hence
L (w) <w? (1 + [logw|)* . (3.53)

Finally,
N A d—2 -1

Is (w) = w? /1 ] (1+[logu])* * = ag—pr,a—ow? (3.54)

hence
I (w) < camrw?™ (1 + [logw)*™ (1+ g a-2 + 29 ag_ v a-2) - (3.55)

Now, if w > 1, a similar result by spliting the integral into three parts (from 0 to lw, from 1 to w and
from 1 to infinity) yields for w > 1:

I(w) < ca_w” (1 + [logw|)*™* (1 +ag—ra—2+ 2d71aq,w)d,2) . (3.56)
This concludes the proof of Lemma 3.4. d

3.3. Proof of the results of Section 2.

Proof of Theorem 2.1. A computation gives that

_ Z?:l bici

0, — 0 = == . (3.57)
> i1 %3
We define 5
i€i
S == o (3.58)
j=1 o
Fimolewl <u<ib,1<j<n), i>1,Fo=0(p;1<j<n), (3.59)
and G; := 0 (eu,1 < u <4) for i > 1 and Go = {0, Q}. In this way, for i > 2,
E[& | Fia] = %E[Ei | Fiea]. (3.60)
j=1 ¢j
Since o (¢5,1 < j < n) is independent of o (g4, 1 < u < 7), equality
Elei | Fici] =El[ei | 0 (eu, 1 < u < 19)] (3.61)

holds and the right hand side was assumed to be equal to zero. Moreover, by independence, E [¢1 | Fo] =
0 hence (&;, Fi),», is a martingale differences sequence. Since (6, — 0) 21;1 92 = Zz;l &i, an ap-
plication of Theorem 1.3 with B = R and r’ = 2 yields

D 2> ap <At A (3.62)
=1

where

q—2 1
A = 2 q/ IF’{ max |&| > 21q/2:cu} u?™'du, (3.63)
- 0

1<i<n
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1/2
2(17 —1—q/2 q—1
Ay = 5—q / <Z]E €| Fia ) > 2 zu p ul” du. (3.64)

We bound A; using Markov’s inequality:

2072 N [1 i _
A1 < 2q_qu/ P{|£i|>2 1 q/qu}uq 1w (3.65)
i=1 70
2q72 q i 2
< —— ) E[j&[r) 2t 2P (3.66)
4 _1qg—
2 lg—p —

Using independence and the convexity inequality 2?21 [¢i|? < (2?21 qﬁ?)p/z valid for p > 2, we get
that E[|&|P] < Cy hence
2172

A < 2p+pq/2 -P 3.67
! 20 " 1q— (3.67)
Now, in order to bound A2, we notice that
2
E[& | Fia] = % g [7 | Fia] (3.68)

251 9]
2

and since ¢j is independent of (¢;,1 < j < n), we derive that

I 2 o ;
E[& | Fir] = =nt—E [l 1G] < Coi—5- (3.69)
=1 ¢j j=1 qu
Consequently,
n 1/2
<ZE €] EJ) <V, (3.70)
i=1
and )
o
Az < %g%**%*ch”. (3.71)

Theorem 2.1 follows from the combination of (3.62), (3.67) and (3.71).
O

Proof of Theorem 2.2. We use inequality (1.11) with ' = r and ¢ = 2r to get that for some constants
C and c¢ depending only on r and B,

1
P{ max ||S7,|| > nal/’fnl/’fx} < C’n/ P{X > cna:cu} u2r71du
1<i<n )

+oo
+ C/ P {Vll/r > cnail/rscu} min {uzr*l, uril} du. (3.72)
0

Observe that

an 'P{X > enzu} = an 1ZP{X € (k®zu, (k + 1)% zu]}
n=1 -
= Z Z n"*'P{X € (k"zu, (k + 1) zu]}
-
< kap{x € (k“azu, (k +1)* zu]}
k=1
< (zu) "E[X7]
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hence

+oo 1 1
C’an%n/ P{X > cn®zu}u® 'du < Ccfrmfr/ u"du. (3.73)
0 0

n=1
Since for any non-negative random variable Y, Z::; n 2P {Y > nafl/”"} < EY1{Y > 1}], we

have

+oo
ana%]l’) {Vll/r > cnail/rm’u} < (cuz) " E [Vll {V11/T > CIUH ) (3.74)
n=1

which implies

+oo “+o00
Z nm726’/ P {Vll/r > cnail/racu} min {u2r717 u! } du
n=1 0
+oo
< C’(cm)fr/ E [Vll {Vll/r > cacuH min {uril,ufl} du. (3.75)
0

Now for any non-negative real number y, let h(y) := foy min {u“l, ufl} du. If y < 1, then h(y) =
y"/r and if y > 1, then

1 Y
h(y) = / o du +/ uwtdu = % + logy. (3.76)
0 1

Since
400 Vl/’r'
/ E [Vll {Vll/r > c:cuH min {ur717u71} du=E [Vlh ( L )
0 cx

we get the convergence of the series Z:; n"* 2P {max;<i<n ||Si|| > n®x}.

1 1 N
<-E[Vi]+-E [Vilog" (V1)],

Proof of Theorem 2.3. We use inequality (1.10) with 7 := 22" (=YDl — 9 and ¢ = 2p. We get

1
np(a1/2)]P’{ max [|S;]| > nam} < CpPleTt/aH / P{X > czun®}u** 'du

1<i<n 0
—+oo
+ CpPle—1/2) / P {Vl > p2y?n?e? } min {u2p717 u} du. (3.77)
0

(1) Assume that X; belongs to LP/2+1:2° and V4 € L?/?°° . One bounds the first term of the right
hand side of (3.77) by
1

Ol VD qup 2P (X > ) (cxun®)~ /2D 2P 1y,
t>0 0

1
= n(%fl)(afl)Csuptp/Hl]P’ {X >t} (cax)” @/ / w?PP2du (3.78)
>0 0

and use (g — 1) (a — 1) < 0. One bounds the second term of the right hand side of (3.77) by

+oo
CnPe=1/2) sup tP/2p {Vi > t}/ (c:c2u2n2a71) P2 i {u2p717 u} du
t>0 0

+oo
= C (cz) Psup t**P{V; > t}/ min {upil,ulfp} du, (3.79)
t>0 0

and since p > 2, the latter integral is finite.
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(2) Assume that X; € Lg/2+1’°° and Vi € LP/2>°, Plugging the bounds

P{X > czun®} < (czun®)"?*>7" sup **T'P{X >t} and (3.80)
t>cxu2™
P {V1 > cw2u2n2a71} < (cm2u2n2a71)7p/2 sup PP {V > t}. (3.81)

t>cx2u2n2a—1

into (3.77), we get

1
np(a1/2)]P’{ max [|Si]| > nax} < C(cm)fp/%l/ sup  tP/PTIP{X > t}u/? 2 du
I 0

1< t>cxun®
—p/2 +oo
+C (c:c2) b / sup  t**P{Vi > t} max {up717u17p} du, (3.82)
0 t>cx2u2n®

and the right hand side goes to zero by monotone convergence.
(3) Assume that X € LP/2*! and V; € LP/2. In view of (3.77), we have

400 +oo 1
an(a1/2)P{ max [|S; (m)|| > nax} < Can(a71/2)+1/ P{X > crun®}u** 'du
1<i<n 0
n=1 n=1
o0 400
+C’an(a71/2) / ]P’{Vl > cx2u2na71/2}min {uzp*l,u} du. (3.83)
0

n=1

Since for any non-negative random variable Y and any ¢ > 2, Z:z ni'P{Y > n} <E[YY],
we get the conclusion of item 3 of Theorem 2.3.

d
The proof of Theorem 2.4 is completely analogous hence omitted.
Proof of Lemma 2.5. We use the skyscrapers construction of Kakutani as in [BK65].
Let (£5) 1 be a non-increasing sequence of non-negative real numbers such that Zn>1 ¢, = 1. For

every integer n > 1, set X,, := [0, £,] x {n} ([0, £»] equipped with the Lebesgue measure). Define then
X := Up>1X,. Let 7 be an ergodic transformation of [0, £o]. Define an ergodic transformation 6 on
X by 6(z,n) = (z,n+1) if (z,n+ 1) € X and by 6(z,n) = (7(z),0) otherwise.

Let n > 0. For every 2" < k < 2" — 1, let £ =
Zn>1 L, =1.

For every n > 0 and every (z,k) € X, with 2" <k < 2" — 1, set f(z) = D(k+1—2")""%.

Let 0 < e < 1. We have

K .
D (12 (12’ where k is such that

2n+171

/ flog () “dP<CDY 2" M (m+1)717° 3" (k+1-2")72< DY (n+1)7" <00,
X n>0 k=27 n>0
n—1 —
Taking D, large enough, we see that for every n > 2, Zi:zn:; D (k +1-— 2"72)'Y b omy, Hence,
for that choice of D, we infer that f + ...+ f o062 ~' > 2" on the set uii}1[0,£k+2n,1,l] x {k}.
Hence,

2n71
_ n_ _ 1
E o 1)P{f+.”+fot92 1>2"”}>§ gn(r=1) E lipon-11 2 € mmg =00,
n>0 n>0 k=1 n>0

which finishes the proof. d
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Proof of Pmpasitz’on 2.6. Let v = 2a. Let X be the probability space constructed in the proof of
Lemma 2.5. Let £2; be probability space rich enough to support a sequence (En)n>1 of i.i.d. N(0,1)
random vanables Let © := X x ; with the product measure. Let f be the function satisfying the
conclusion of Lemma 2.5. For every n > 1, set X,, := 5nf1/2 0 0™. Notice that (fsn)7121 is independent
from (f 0 0"),., so that (X n)p>1 IS a stationary sequence of martingale differences (and ergodic). Set

for every n > 1, s, := (Z?:l fo 9i)1/2. We have, using independence,

n(a—1) na _ n(2a—1) * —z2/2
D2 P{ZX, > 2 } m22 u«:[/w/ézne da,}

n=0 n>0
e (2a—1) 2 g2ne ) 2 2/
= (e s )
n=0
1
2 2
2 s efac /2 dx 27L(2(¥71)]P) 82n > 22na = +00.
G ([ o) e e o)

O

a—1/r

Proof of Theorem 2.8. We apply Theorem1.13 with v’ =7, ¢ = 2r and = := ¢ |n| in order to get

]P’{ max ||Si|| > e |n|a}
1<i<n

—+oo
gc/ P{[[X1] > e[n[*""u} min {u* " u" 7} (14 [logul)* " du.  (3.84)
0

Multiplying by |n|m*27 summing over n € N? and noticing that for any fixed N, the number of
elements k € N such that Ef:l ki = N is cq (Nd*1 + 1) for some constant ¢4 depending only on d,

we get

> |n|m2]P’{ max ||Si| > e |n|a}
1<ixn

neNd

/ Z glra— 1)21 N I]P’{HX1| >E2(a l/r)z }mln{UZT 17 r— 1} 1+|10gu|)d 1 du

keNd

+oo +o0
/// Z2N(ro¢ l)Nd 1P{||X1|| > 62(04 l/r)NU} min {u2'r 17 r— 1} 1 + |10gu|)d 1du
and using the fact that for any real valued random variable Y,

—+ o0
D NI NI Ly 5 2T YINY K B (YT (log (V)T L{Y 2 1}, (3.85)
N=1

we are reduced to prove finiteness of

E [/0 <%) <log (%)) min {uzr*l,urfl} (14 [logu|)* " du| . (3.86)

Xl r d—1
Y = / (%) <log (%)) min {u2T717 uril} (1 + |log u))* ! du. (3.87)
0

11Xl

Let
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Assume that || X1|| < e. Then

all r d—1
Y:/ <_|‘:i}”) <log <—|‘if€1|)> w7 (14 [logul)** du (3.88)
0

and the substitution v = u/ || X1]|| shows that

IIx

Y < OJXal* (1 —log (| X)) (3.89)

Now if we assume that || X1]| > ¢, then

1 r d—1
e [ () i () 1
0
1 X Il r d—1
+/ (”fj) <10g <—”f;”>) uT71(1+|logu|)d71du (3.90)
1

and the first term of the right-hand-side can be controlled by C || X1||” (1 + |log || X1]|])*~*, while for the
second, the substitution ¢ := logu and an integration by parts yield Y < C || X" (1 + [log || X1 ||)%.
We thus got the estimate

Y <O X" (1 + [log | Xa I[)* (3.91)
where C depends only on ¢, d and r. Since X3 belongs to " log? L, we proved (2.13) and the proof of
Theorem 2.10 is finished. g

|a71/2

Proof of Theorem 2.10. We apply Theorem1.13 with ' = 2, ¢ = 2p and z := €|n in order to

get

]P’{ max ||Si|| > e |n|a}
1<i<n

+oo
gc/ P {||X1]| > en|*""?u} min {u* " u} (1+ logu)* " du. (3.92)
0

Multiplying by |n|p(a71/2)71, summing over n € N and noticing that for any fixed N, the number of
elements k € N? such that Zle ki = N is cq (Nd*1 + 1) for some constant c¢; depending only on d,
we get

) lnl’““”“P{ max || > e|n|a}
1<ixn

neNd

gc’/ D olrtem/as DY, IIP’{|X | > 2 VD30, }mm{uzpl,u} (1 + [logu|)* " du
0

keNd
oo +
ll * = Np(a—1/2) nrd—1 (a—1/p)N 2p— 1 d—1
g 2 N IP’{||X1|| > e2 u}mln{u }(1+|logu|) du

and using the fact that for any real valued random variable Y,

+oo
D NPT NGIp Ly S 9T INY < R i (YT (log (V)T (Y > 1}, (3.93)

N=1

we are reduced to prove finiteness of

IIx 1\| d—1
E l/ (HXl”) (log (ﬁ)> min {u2p717u} 1+ |10gu|)d71 duf . (3.94)
o UE ue
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Let

1 X Il
€

» -1
Y= / (M) (10g <ﬁ>> min {u* ", u} (1 + [log u)* ! du. (3.95)

0 ue ue
If | X1|| /e <1, then

X1l I\ X d—1
v () o (B20))
0

<O X (1 + log | X[~ (3.96)

If | X1|| /e > 1, then

1 P d—1
() (82
0
X1l P d-1
+/ <ﬁ> <1og (M)) u(1+ |logu|)* " du. (3.97)
L ue ue

The first term can be bounded by C'|| X1]|” (1 + |log || X1|||)% " and for the second one, the substitution
t := log u shows that a similar upper bound can be given. This ends the proof of Theorem 2.10. [
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