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Abstract

Let S, = €1 4+ ... + &n, where ¢; are i.i.d. Bernoulli r.v.’s. Let 0 <
ra(n) < 2d be the least residue of n mod(2d), 74(n) = 2d — rq(n) and

B(n,d) = max(3, L)[emra(m?/2n 4 o=Ta(m)?/2n] e show that

n
_ 10g5/2n
2?;2n ‘P{dw"} - En, d)‘ N O( n3/2 )’

where E(n,d) verifies c18(n,d) < E(n,d) < c28(n,d) and c1,c2 are nu-
merical constants.

1 Main result

Let {e;, i > 1} denote a Bernoulli sequence defined on a joint probability space
(Q, A, P), with partial sums S,, =1 + ...+ &,. Consider the Theta function
; £ mn2¢2
O(d,m) = Zelmﬂ?_ 2

LeZ

The improvment of the following result, which is Theorem II in [2], is the main
purpose of this work.

Proposition 1 We have the following uniform estimate:

O(d,n) log®%n
P{d|S,} - =] =0 . 1
2w [Pdlsn} = =5 (=57 (1)
This estimate is sharp already when d < (Bn/logn)'/?, otherwise
Plas.) - ) < Cfleelin | 1—45) it d < nl/? )
Yd TS if n'/2<d<n.

And this is no longer efficient when d > /n. The purpose of this Note is to
remedy this by showing the existence of an extra corrective exponential factor
in that case. Introduce a notation. Let n > d > 2 be integers and denote by
rqa(n) the least residue of n modulo 2d: n = r mod(2d) and 0 < r < 2d. Let
also denote 74(n) = 2d — r4(n).
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Theorem 2 We have

5/2

S P{d|S,} — E(n,d)| = 0(%).
where E(n,d) satisfies
1 E(n,d) 3
22T T max (g, &) [ o] T VAT

This exponential factor is effective when min(r4(n), 74(n)) > /n. Its impor-
tance is easily seen through the following example.

Let 0 < ¢ <1 and let 1 < p1(n) < cpz(n) be non-decreasing. Suppose d is
such that 2d > /np2(n) with r4(n) large so that v/ne1(n) < rq(n) < ey/np2(n).
Then 74(n) > (1 — ¢)y/npa(n) and so
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Let 0 < A; < Ay. By taking ¢;(n) = v/2A4;logn, i = 1,2, we get

_ein) (1-¢)%¢2(n)

[e 2 +e 2

E(n,d) <

E(n,d) < Cmax (nil/%Al,nil/zf(lfc)QAz) <n 12

Thus we get a much better upper bound than in ([2)). The proof uses estimates
for Theta functions, which are provided in the next Section.

2 Theta Function Estimates

Let E(n,d) := w. By the Poisson summation formula

2 —1 . 2
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where z is any real and 0 < § < 1, we get with the choices * = 7n/(2d?),

§ =n/(2d)
E(n,d) = \/sz o2 h) L 3)

n
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Let a > 0,0 < pu <1 and write i := 1 — pu. We begin with elementary estimates
of

S(u,a) = Z emaluth)? — gman® 4 o—ap® 4 Z emaluth)® 4 Z e~a(htm)?®
hez h=1 h=1

Lemma 3 Define for 0 < pu <1 and a >0, p(u,a) Then

_ 1
- V2a+2ap :

(p(p,a) — l)e_a“z < Z emaluth)® < 20(u, a)e_‘”‘Q.
h=1



Proof. Consider Mill’s ratio R(z) = *"/2 L= e~¥/2 dt. Then ([I] section 2.26)

1 2 2 2
< < R(z) < < , x> 0.
1+x = Va2 +4+a2 (@) < 2 +8/m+x 1+z

First

/OO e~ a(uta)’ gy gman’ < Z emaluth)® < /OO e~ a(mte) g
0 he1 0
But

o0 — 2a
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Thus

2
(,u\/2—a) < m-
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1 Cau? °°7a(+)2 3
e W < e WWHTT) dy < ar
0
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Hence

(p(p,a) — e < 3" emabt® < 90 (1, a)e~ ",
h=1

as claimed. ]
Corollary 4 Put ¢(p,a) := (14 ¢(u, a))e*‘“ﬁ, Then for every 0 < p <1 and

a>0 S( )
1, a
2.
na) +o(Ea) =

Proof. At first by the previous Lemma

<

N =

A= e 1N et < omalt (1 4 90 (p, a)).

h=1
Next
A> 67““24—1 i emalmth)® > e*““2+1(s0(u a)—l)eialﬁ = l(l—Hﬁ(N a))eialﬁ-
- 2 Pt - 2 ’ 2 ’
Thereby 1/2 < m < 2. Operating similarly with A = e*“‘f—l—zzozl e—a(ath)?
leads to ) g
1 o) o
2 7 Y a) + (i, a)
|
Notice that ¢(0,a) = 1/v/2a and
Yo+ Ly <s0 a):1+2§:e—ah2<4(1+i). (4)
2 v2a' T ’ — - V2a

We now need an extra Lemma.



Lemma 5 Letn =2dK +r with 1 <r <2d. Then

L8 o ) LR
2d’ \/n - n 2d’ \/n '

—max(

Proof. We have

We consider three cases.
C 2d < Then - 2 < 1 and so Ve 5 < (L, 20%) <
ase a. < /n. en -— < £ < 1, and so Yze = < (g5, %) <

N
%e 5_ which implies

Case b. 2d > /n and r < /n. Here we have e~ 3 < 9(& 2‘12) < 2,

which implies
-2 o 2d? -
) %:e 2n§¢(2d)n)§262 2max( ) %
2d’ /n NG NG NG 2d’ \/n

’7‘2 . .
Case c. 2d > y/n and r > \/n. The exponential factor e”2» may this time

7‘2 . . .
play a role (if 7 > \/n), and we have e %@ < ¢(55, %) < 3¢~ % which implies

max (

-2 2 -2
2 e ¢(;_d,%)<3e—£—n 3

e I — < i e .
max(w \F) T ST Sy g )
Summarizing cases a) to c¢), we have that
11, o, 2 11,
—max(2d \/_) _% < % < 2max(ﬁ,%)e_%
|
3 Proof
A first case is simple.
Case I. 2d|n. We have E(n,d) = 1/ 25(0, QZ ). But by (@)
1 vn, 1 N 2d2 NG N
— 1, — —(14+—-—) < —) <41+ —=) < 1,—).
2max(,2d) 2(+2d) S(0, )_ (+2d)_8max(,2d)
Hence 1 11 16 11
—— max (==, =) < E(n,d) < —m=max (o=, —=). 5
\/ﬂmax(%l \/ﬁ)* (n,d) \/ﬂmax(%l \/7_1) (5)



Case II. Now if 2d /n, write n = 2dK + p with 0 < p < 2d. In our setting

2 2 .
a = %, = {35} = 33 and by @), E(n,d) = \/2/mnS({55 ,%). Applying
Lemma B with 7 = p gives

o)

As to (i, Qni), we have i = % = 2—@ and 0 < p < 2d. Applying Lemma
Bl with r» = p gives

1 1 1 2 (L, ) 1 1., _2
- —)e n’ <9 e 5. 7
3 (5 7R R s 2max (g e @)
Consequently, by Corollary @
1 E(n,d) 8
< e : (8)
2v2m max(z—ld,\/iﬁ) [67§ —l—e’%] V2m
When p = 0, it follows from estimate (&) that
max (2—2,%) 1+e,§ max(ﬁ,ﬁ) 16max(2—1d,ﬁ)
[ < ——<End) < —rp="""
V2T 2 V2T . V2T
B 32max(ﬁ,\/%—l)[1+e—§n]
o V2T 2
Finally in either case
1 E(n,d) 32
< e : (9)
2V2m max(z—ld,\/ir—l) [e‘é —l—e‘é] V21
|
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