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AGING IN METROPOLIS DYNAMICS OF THE REM: A PROOF

VERONIQUE GAYRARD

ABSTRACT. We consider Metropolis dynamics of the Random Energy Model (REM).
We prove that the classical two-time correlation function that allows one to establish aging
converges almost surely to the arcsine law distribution function, as predicted in the physics
literature, in the optimal domain of the time-scale and temperature parameters where this
result can be expected to hold. To do this we link the two-time correlation function to
a certain continuous-time clock process which, after proper rescaling, is proven to con-
verge to a stable subordinator almost surely in the random environment and in the fine
Ji-topology of Skorohod. This fine topology then enables us to deduce from the arcsine
law for stable subordinators the asymptotic behavior of the two-time correlation function
that characterizes aging.

1. INTRODUCTION

While there is as yet no established theory for the description of glasses, a consensus
exists that this amorphous state of matter is intrinsically dynamical in nature [18]. Measur-
ing suitable two-time correlation functions indeed reveals that glassy dynamics are history
dependent and dominated by ever slower transients: they are aging. The realization in
the late 80’s that mean-field spin glass dynamics could provide a mathematical formula-
tion for this phenomenon sparked renewed interest in models, such as Derrida’s REM and
p-spin SK models [[15]], [16], whose statics had, until then, been the main focus of atten-
tion. Despite this, Bouchaud’s phenomenological trap models first took the center stage
as they succeeded in predicting the power-law decay of two-time correlation functions ob-
served experimentally, even though they did so at the cost of an ad hoc construction and
drastically simplifying assumptions [9].

It was not until 2003 that a trap model dynamics was shown to result for the microscopic
Glauber dynamics of a (random) mean-field spin glass Hamiltonian, namely, the REM en-
dowed with the so-called Random Hopping dynamics and observed on time-scales near
equilibrium [3} 4} 5]]. Quite remarkably, the predicted functional form of two-time correla-
tion functions was recovered. Rapid progress followed over the ensuing decade, beginning
with [6]. The optimal domain of temperature and time-scales were this prediction applies
was obtained in Ref. [22] (almost surely in the random environment except for times scales
near equilibrium where the results hold in probability only) and these results were partially
extended to the p-spin SK models [2]], [12].

The choice of the Random Hopping dynamics, however, clearly favored the emergence
of trap models. Just as in trap model constructions, its trajectories are those of a simple
random walk on the underlying graph, and thus, do not depend on the random Hamilton-
ian. This is in sharp contrast with Metropolis dynamics, a choice heralded in the physic’s
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literature as the natural microscopic Glauber dynamics [26l], whose trajectories are bi-
ased against increasing the energy. This dependence on the random Hamiltonian makes
the analysis of the two-time correlation functions much harder. This problem was first
tackled in [24]] were a truncated REM is considered, and a natural two-time correlation
function is proved to behave as in the Random Hopping dynamics, in the same, optimal
range of time-scales and temperatures for which this result holds almost surely in the ran-
dom environment. In the present paper, we free ourselves of the simplifying truncation
assumption and prove that the same result holds true almost surely for the full REM. A
partial result was obtained in the recent paper [[14] where its is proved that a certain clock
process — a key object in the aging mechanism — converges to a stable subordinator in the
M, -topology of Skorohod, in probability with respect to the random environment and in
a limited domain of the time-scale and temperature parameters (see the discussion below
Theorem for details). As noted by the authors of ref. [14], this result and its method
of proof did not allow them to deduce aging, namely, convergence of two-time correlation
functions.

As explained in detail in the remainder of this introduction, our analysis of two-time
correlation functions relies on a scheme that consists in expressing Metropolis dynamics
of the REM as an exploration process time-changed by a clock process, and in studying
these two (interrelated) processes. Let us briefly discuss a different approach, initiated in
[8,21]] in the simpler context of trap models. In those references, a process defined as “the
mean holding time at the currently visited vertex”” and known today as the age process was
introduced in the hope that this process alone would suffice to establish the aging behavior
of any two-time correlation functions. However, even within this very simple framework
additional results, including explicit knowledge of the clock process, remained necessary
to analyse some classical two-time correlation functions (e.g., below). A thorough
discussion of the age process in the more complex setting of Metropolis dynamics of the
REM can be found in the last section of [14]. In order to make sense, the age process must
now be defined not as the mean holding time at the currently visited vertex, as in [8], but
rather as the mean exit time of the currently visited metastable set containing that vertex, or
as some asymptotically equivalent process. This is the idea underlying the generalization
of the age process proposed in (8.5) of [14]. However, the authors could not prove that
this process converges and mention the missing proof of statement (8.3) of [14] as being
one of their main obstacles. Statement (8.3) of [14] is in essence equivalent to Proposition
of the present paper and, thus, is solved here. The only remaining ingredient needed to
prove the desired convergence that we do not provide (nor does [[14]) is the exponentiality
of metastable exit times. Addressing this question, which can be done using, for example,
the techniques of [10, [11], goes beyond the scope of this paper.

1.1. Main result. Let us now specify the model. Denote by V,, = {—1,1}" the n-
dimensional discrete cube and by &, its edge set. The Hamiltonian (or energy) of the REM
is a collection of independent Gaussian random variables, (#,(x),z € V,,), satisfying

EH, () =0, EH:(x)=n. (1.1)

The sequence (H,(z),z € V,), n > 1, is defined on a common probability space denoted
by (©2, F,P). On V,, we consider the Markov jump process (X, (t),t > 0) with rates

1
An(,y) = ﬁefﬂ[Hn(y)an(w)]+7 if (z,y) € &, (1.2)
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and A\, (z,y) = 0 else, were a+ = max{a, 0}. This defines the single spin-flip continuous
time Metropolis dynamics of the REM at temperature 3~ > 0. Note that the rates are
reversible with respect to the measure that assigns to x € V,, the mass

Ta(2) = exp{—FHn(2)}. (1.3)

When studying aging the choice of the observation time-scale, c,,, is all-important. Given
0<e<land0 < f < o0, we let ¢, = ¢,(5,€) be the two-parameter sequence defined
by

27"P(1p(x) > ¢,) = 1. (1.4)

Gaussian tails estimates yield the explicit form
cn = exp {npB:(e) — (1/2a(e)) (log(82(e)n/2) + log 4w + o(1)) } (1.5)

where

Be(e) = V/e2log2, (1.6)
ale) = Be(e)/B. (1.7)

A classical choice of two-time correlation function is the probability C,(t, s) to find the
process in the same state at the two endpoints of the time interval [c,t, ¢, (t + s)],

Cu(ty s) = Pu, (Xn(eat) = Xulea(t +5))), 5 >0, (1.8)

Here P, denotes the law of X, conditional on F (i.e. for fixed realizations of the random
Hamiltonian) when the initial distribution, i, is the uniform measure on V.

Theorem 1.1. For all 0 < ¢ < 1 and all B > f.(¢), forallt > 0 and s > 0, P-almost
surely,

: t/(t+s)
li_)m P, (Xn(ent) = Xp(en(t+5))) = W/ w7 (1—u) =) du. (1.9)
n—oo 0

Remark. We in fact prove the more general statement that (1.9) holds along any n-dependent
sequences of the form 0 < ¢, < 1—¢'B+/n~tlogn+c’n~tlogn where 0 < ¢/, ¢’ < oo are
constants, that satisfy lim, ,., €, = €, 0 < ¢ < 1. Relaxation to stationarity is known to
occur, to leading order, on time-scales ¢,, of the form with €, = 1 [20]. At the other
extremity, a behavior known as extremal aging is expected to characterize the process on
times scales that are sub-exponential in the volume and defined through sequences ¢,, that
decay to 0 slowly enough [[13]], [7]. This will be the object of a follow up paper.

As in virtually all papers on aging, the proof of Theorem relies on a scheme that
seeks to isolate the causes of aging by writing the process of interest, X,,, as an explo-
ration process time-changed by (the inverse of) a clock process. Aging is then linked to
the arcsine law for stable subordinators through the convergence of the suitably rescaled
clock process to an a-stable subordinator, 0 < « < 1. This, provided that the two-time
correlation function at hand can be brought into a suitable function of the clock.

While this scheme offers the methodological underpinnings of the analysis of aging, two
distinct ways of implementing it, through discrete or continuous time objects, respectively,
have emerged from the literature (we refer to [24], [25], and [14] for in-depth bibliogra-
phies). The first arose from the study of models whose exploration process can be chosen
as the simple random walk on the underlying graph. As mentioned earlier, this includes
all Random Hopping dynamics and several trap models (e.g. on the complete graph or
on Z%). In physically more realistic dynamics the discrete scheme may quickly become
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intractable. As shown in Ref. [24] for Metropolis dynamics of a truncated REM, the as-
sociated exploration process is itself an aging process that presents the same complexity
as the original dynamics. A similar situation arises when considering asymmetric trap
models on Z. Initiated in that context, the continuous time scheme consists in choosing a
(now continuous time) exploration process that mimics the simple random walk.

Since the prescription of the exploration process completely determines the clock pro-
cess, it is essential to have effective tools to prove that clock processes converge to stable
subordinators. Such tools were provided in Ref. [23] and [[12] for discrete-time clock pro-
cesses in the general setting of reversible Markov jumps processes in random environment
on sequences of finite graphs and, more recently, for both discrete and continuous-time
clock processes of similar Markov jumps processes on infinite graphs [25]. These tools
have allowed to both improve all earlier results on the Random Hopping dynamics of
mean-field models [22], [12], [13], turning statements previously obtained in law into al-
most sure statements in the random environment, and to obtain the first aging results for
several two-time correlation functions of asymmetric trap model on Z? [25]].

In Section below we fill the gap left by continuous-time clock processes in the case
of sequences of finite graphs and, thus, extent the results of Ref. [12] to that setting. This
is perhaps no more than an exercise but these results (Theorem and Theorem [1.3)) are
the cornerstone of our approach and, hopefully, of other papers to come. We close this
introduction in Section [I.3] by stating a clock process convergence result for Metropolis
dynamics of the REM (Theorem [I.4) that is at the heart of the proof of Theorem [I.1]

1.2. Convergence of continuous-time clock processes. We now enlarge our focus to the
following abstract setting. Let G, (V,, &,) be a sequence of loop-free graphs with set of
vertices V,, and set of edges &,,. A random environment is a family of possibly dependent
positive random variables, (7,,(z), z € V,,). The sequence (7, (z),z € V,), n > 1, is de-
fined on a common probability space denoted by (€2, 7, P). On V,, we consider a Markov
jump process, (X,,(t),t > 0), with initial distribution s, and jump rates (A, (z, y))zyev,
satisfying \,,(y, z) = 0if (z,y) ¢ &, and

To() A (2, y) = T(y) Ay, ) if (z,y) € E, T F# y. (1.10)

Thus X, is reversible with respect to the (random measure) that assigns to x € V), the mass
T.(x). To X,, we associate an exploration process Y,. This is any Markov jump process,
(Y,(t),t > 0), with state space V,,, initial distribution s,,, and jump rates (A, (z, Y))zyev,
chosen such that X, and Y, have the same trajectories, that is to say,

Anl2,y) _ M@, y) V(z,y) € &, (1.11)

An() ()

where A~!(z) and A !(z) are, respectively, the mean holding times at z of ¥, and X,,:

(@)= >0 A(z,y), (1.12)

y:(z,y)EEn

> Nalzy). (1.13)

y:(z,y)EER

>
3
=

Il

Then X, and Y,, are related to each other through the time change
Xu(t) = Yo(S5 (), t>0, (1.14)



AGING IN METROPOLIS DYNAMICS OF THE REM: A PROOF 6

where §;L_ denotes the generalized right continuous inverse of §n, and gn, the so-called
continuous-time clock process, is given by

Su(t) = /0 A (Ya(s)ds, €30, (1.15)

Note that there is considerable freedom in the choice of the exploration process Y,,. We
come back to this issue at the end of this subsection and focus, for the time being, on the
analysis of the asymptotic behavior of the general clock process (I.15)).

For future reference, we denote by F¥ the o-algebra generated by the processes Y,.
We write P for the law of the process Y;, conditional on the o-algebra F, i.e. for fixed
realizations of the random environment. Likewise we call P the law of X, conditional on
F. If the initial distribution, u,,, has to be specified we write P, and P,,. Expectation
with respect to P, P, , and P, are denoted by E, £, , and £, , respectively.

Our main aim is to obtain simple and robust criteria for the convergence of the (suit-
ably rescaled) clock process (I.I5) to a stable subordinator. More precisely, we will ask
whether there exist sequences a,, and ¢, that make the rescaled clock process

Sult) = ;' Sulant), >0, (1.16)

converge weakly, as n 1 oo, as a sequence of random elements in Skorokhod’s space
D((0,00]), and strive to obtain P-almost sure results in the random environment since
such results (also referred to as quenched) contain the most useful information from the
point of view of physics.

As for discrete-time clock processes [23]], [12]], the driving force behind our approach
is a powerful method developed by Durrett and Resnick [[19] to prove functional limit the-
orems for sums of dependent variables. Clearly this method does not cover the case of our
continuous-time clock processes. The simple idea (already present in [23]) is to introduce
a suitable “blocking” that turns the rescaled clock process (I.16)) into a partial sum process
to which Durrett and Resnick method can now be applied. For this we introduce a new
scale, 0,,, and set

kn(t) = [ant/0,]. (1.17)
The blocked clock process, S (t), is defined through
kn (£)
Sht) =" Zn, (1.18)
i=1
where, for each 7 > 1,
Zni =t Y (A @) (@) (€2 (0n) — €20, — 1)), (1.19)
€V,
and where, foreach z € V),
t
Ca(t) = / Ly, (s)=2}ds (1.20)
0

is the local time at z. The next theorem gives sufficient conditions for S° to converge.
These conditions are expressed in terms of a small number of objects. For each ¢ > 0, let

e (1)1
' (y) = k(1) Z Liy,, (i6)=y} (1.21)
=1
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be the empirical measure on V,, constructed from the sequence (Y,,(i0),i € N). Fory € V,
and u > 0, denote by

Qu(y) = Py(Zn1 > u) (1.22)
the tail distribution of the aggregated jumps when X, (equivalently, Y,,) starts in y. Using
these quantities, define the functions

vit(u,00) = ka(t) Y (y)Qu(y), (1.23)
YEVn

o (u,00) = ka(t) > mt(y) [Qu(w)]*. (1.24)
YEVn

Observe that the sequence of measures 7! as well as the sequence of functions Q(y), y €
Vy, are random variables on the probability space (€2, F,P) of the random environment.
Thus, the functions }"* and o}** also are random variables on that space.

We now formulate four conditions for the sequence S to converge to a subordinator.
These conditions refer to a given sequence of initial distributions y,,, given sequences of
numbers a,,, ¢,, and 6,, as well as a given realization of the random environment.

Condition (A0Q). For all © > 0,
lim P, (Z,1 > u) =0. (1.25)

n—o0

Condition (A1). There exists a o-finite measure v on (0, co) satisfying [~ (zA1)v(dz) <
oo and such that for all continuity points x of the distribution function of v, for all ¢ > 0
and all v > 0,

P, (vt (u,00) = tr(u,00)| <€) =1—0(1), Ve>0. (1.26)
Condition (A2). For all w > O and all ¢ > 0,
P, (o' (u,00) <€) =1—0(1), Ve>0. (1.27)
Condition (A3). For all ¢t > 0,
lim lim sup & (¢) > B (m W))Ey(Zualyz,,<q) = 0. (1.28)
€ ntoo '
YEVn

Theorem 1.2. For all sequences of initial distributions |, and all sequences a,, c,, and
1 <0, < ay, for which Conditions (A0), (Al), (A2), and (A3) are verified, either P-almost
surely or in P-probability, the following holds w.r.t. the same convergence mode:

SP=; S, (1.29)

where S, is the Lévy subordinator with Lévy measure v and zero drift. Convergence holds
weakly on the space D([0,0)) equipped with the Skorokhod J,-topology.

Remark. Note that the theorem is stated for the blocked process S? rather than the orig-
inal process S, of (I.I6). This may falsely appear as an undesirable consequence of our
techniques. We stress that for applications to correlation functions, one needs statements
that are valid in the strong .J; topology whereas forming blocks is needed in order to make
sense of writing ./; convergence statements in the setting of continuous-time clocks.

As for the discrete-time clocks of Ref. [12], our next step consists in reducing Condi-
tions (A1) and (A2) of Theorem [[.2]to (i) a mixing condition for the chain Y,,, and (ii) a
law of large numbers for the random variables (),,. Again we formulate three conditions
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for a given sequence of initial distributions 1, given sequences a,,, ¢,, and 6,,, and a given
realization of the random environment.

Condition (B0). Denote by 7, the invariant measure of Y,,. There exists a sequence
k, € N and a positive decreasing sequence p,,, satisfying p,, | 0 as n 1 oo, such that, for
all pairs x,y € V,,and all £ > 0,

|Py (Yo(t + k) = y) — ma(y)| < pumn(y). (1.30)

Condition (B1). There exists a measure v as in Condition (A1) such that, for all t > 0
and all u > 0,

v, (u,00) = kn(t) Y 7 (y)Qu(y) — tv(u, 00), (1.31)
YEVn
Condition (B2). For all ¢ > 0 and all u > 0,
ot (1,00) = k(1) Y ma(y) [Qu(y))* — 0. (1.32)
YyEVn

Condition (B3). For all t > 0,
lim lim sup &, (t) Z T (Y) Ey(Znilyz, <) = 0. (1.33)

<0 ntoo yeV,

Theorem 1.3. Assume that for all sequences of initial distributions (i, and all sequences
Ay Cny Ko, and k,, < 0,, < a,, Conditions (A0), (B0), (Bl), (B2), and (B3) hold P-almost
surely, respectively in P-probability. Then, as in , Sb =, S, P-almost surely,
respectively in P-probability.

Theorem [I.3] is our key tool for proving convergence of blocked clock processes to
subordinators. It is of course essential for the success of our strategy that the convergence
criteria we obtained be tractable. Going back to (I.1T]) we thus now ask, in this light, how
best to choose the exploration process Y,,.

A tentative answer to this question is to mimic the exploration process of the Random
Hopping dynamics, which means choose Y,, such that its invariant measure, 7, is “close”
to the uniform measure and its mixing time, k,, is short compared to that of the pro-
cess X,,. The following class of jump rates, inspired from an ingenious choice made in
Ref. [[14]], is intended to favor the emergence of these properties. Given a fresh sequence
N > 0, set

(2, y) = max(nn, 7.(2)) An (T, y). (1.34)
One easily checks that (I.TT) is verified, that Y}, is reversible with respect to the measure
min (nn, Tn (:B))

ervn min (nn, To(x
and that the clock (I.15]) becomes

Sn(t):/o max (1, o (Yn(s))) ds. (1.36)

We will see in Section [3.1] that in Metropolis dynamics of REM the parameter 7, has a
capping effect on the mixing time of the exploration process, namely, «,, in (I.30) can be
made as small as needed by taking 7, large enough, while on the other hand 7,, can be
kept as close as desired to the uniform measure (obtained when choosing 7,, = 0 in (1.35))
by keeping 7,, small enough. This still gives us plenty of freedom to choose 7,,.

() = ) Lisop + Vol ' Liuzoy, € Vi, (1.35)
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Let us finally stress that the sole convergence statement (1.29)) does not suffice to deduce
aging, namely, the specific power law decay of the two-time correlation function of (I.9).
One still has to show that the correlation function can be reduced, asymptotically, to the
arcsine law for stable subordinators, and this typically requires extra information on the
behavior of the exploration process within the blocks of S° and in between given blocks.

1.3. Application to Metropolis dynamics of the REM. From that point onwards we
focus on Metropolis dynamics of the REM (see (I.1)-(1.2)) started in the uniform measure
on V,. Applying the abstract results of Section enables us to prove P-almost sure
convergence of the blocked clock process S?(t), defined in (1.18)), when the continuous-
time clock process §n(t), given by , is chosen as in ||

To sate this result we must specify several quantities: the parameter 7),, the time-scales,
a,, and c,, and the block length, 6, entering the definitions of S, (¢) and S?(¢). We begin
by defining a sequence, 7, that is ubiquitous throughout the rest of the paper: given 8 > 0
and a constant ¢, > 1 + log4, we let r’ = r,,(f3, ¢,) be the solution of

n“P(r,(z) >r:) = 1. (1.37)

In explicit form

s = exp { By/2enlogn (1 - Een (14 (1))} (1.38)

We now take 7, = (%)~ " in (1.34) which, combined with (1.2)), yields

o) = ) o)

. if (z,y) €&, (1.39)

and A, (z,y) = 0 else. The observation time-scale, c,, is chosen as in 1i It is naturally
the same as in the Random Hopping dynamics. On the contrary, the definition of the
auxiliary time-scale, a,,, contrasts sharply with the simple choice a,, = 2°" made in the
Random Hopping dynamics. We here must take

a, =2°"/b, (1.40)
where the sequence b,, is defined as follows. Recalling ((1.6) and (1.7)), define

log x

an(e)— oo T -1
Fpen() =29 7207 (1 - Jg2)™1 250, (1.41)

where a,(¢) = (nf8?)~log c,, that is, in view of (1.5)), a,(¢) = a(e)(1 — o(1)). Further
introduce the random set

T, ={z €V, | m(z) > ca(n?6,)7'}. (1.42)
Then, for ¢ as in (1.20), we set
b, = (enﬂn(Tn))_l Z Er [Fpen, (0(6,))] - (1.43)
x€Ty,

This somewhat daunting definition is discussed below. One of the strengths of the method,
however, is that it does not require a deep understanding of b, whose fine properties ulti-
mately do not matter.

It now only remains to choose the block length 6,,. (The notation x,, < y,, means that
the sequences z,, > 0 and y,, > 0 satisfy z,,/y,, — 0 as n — c0.)
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Theorem 1.4. Given 0 < ¢ < 1 let 6,, be any sequence such that
1—%.4(5) logr: <logh, < n (1.44)

and let ¢, and a,, be as in (I.4) and ([.40)-(1.43)), respectively. Then, for all 0 < ¢ < 1
and all > [.(¢), P-almost surely,

Sy = Vage) (1.45)
where V(. is a stable subordinator with zero drift and Lévy measure v defined through
v(u,00) =u"%E 4 >0, (1.46)

and where = j, denotes weak convergence in the space D([0,00)) of cadlag functions
equipped with the Skorokhod Ji-topology.

We again emphasize (see the remark below Theorem (1.2)) that the .J; convergence
statement of Theorem is a necessary ingredient of the proof of the convergence of
the correlation function. Of course, Theorem immediately implies that the original
(non blocked) clock process converges to the same limit in the M; topology of
Skorokhod, but this strictly weaker result does not allow to retrieve information on the
correlation function. Such a result was proved in Ref. [[14] (for the clock obtained by taking
nn, = 1 in (I.36)) albeit only in P-probability and in the restricted domain of parameters
f > B.(e) and 1/2 < e < 1. When 1/2 < ¢ < 1 the graph structure of the set 7,, reduces,
as shown in [24] (see lemma 2.1), to a collection a collection of isolated vertices, namely,
no element of 7;, has a neighbor in 7;,. This feature of the REM’s random landscape leads
to drastic simplifications. In particular, it has the remarkable implication that given 7,, the
law of the exploration process Y,, becomes independent of the random environment in 7,,
as can easily be seen from (1.39).

Let us now examine the sequence b,, introduced in (1.40) and defined in (I.43). We do
not have much intuition to offer for this complicated definition except that it emerges in
a straightforward way from the verification of Condition (B1) of Theorem One sees
that b,, is a priori random in the random environment and depends on a sequence, 6,,, that
can itself be chosen within the two widely different bounds of (I.44). The next proposition
provides deterministic upper and lower bounds on b,, that are not affected by the choice of
0., and are valid P-almost surely.

Proposition 1.5. Given 0 < ¢ < 1, let ¢, and 0,, be as in Theorem[1.4] Then, there exists
a subset Q' C Q with P(Q') = 1 such that on S, for all but a finite number of indices n

(e () HHon@ o) ™ < p, < ot ()1 (1.47)
where 0 < c_, c,. < oo are numerical constants. Thus lim,,_,., n~'log a,, = ¢ P-a.s..

Remark. The form of naturally prompts us to ask whether b,, converges as n diverges
and, if so, whether the limit remains random or not. We have not been able to answer
these questions. Indeed, the randomness of b,, enters mainly through the local times which
depend on the fine details of the random environment locally, in some vicinity of the set 7,,,
and are delicate to control. However, as already mentioned, a strong side of the method is
that no knowledge of the fine asymptotic properties of b,, is needed. Deterministic bounds
suffice.

Remark. The precision of Theorem |1.1|does depend on the precision of the bounds on b,
through the domain of validity of the parameters ¢ and 3 (bad bounds would have affected
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this domain) but not the nature of the aging result itself: b,, is an auxiliary time-scale
whose properties have no impact on aging.

Remark. The definition (I.40)-(T.43) of a, and that of the sequence Ry in (2.10) of
Ref. [14] bear a distinct resemblance. Our control of a,, through Proposition [I.5] which
is sharp up to error terms of order e****V1°6™ must be compared to the bounds on Ry of
Lemma 4.4 of [14] that differ by multiplicative error terms of order e, ¢ > 0.

Remark. One may wonder whether the lower bound of (I.44)) can be improved. The main
obstacle to doing so is the lower bound on mean hitting times of Lemma|[3.4] In particular,
trying to improve the bound on the spectral gap by choosing 7, larger, say as large
as 1 as in Ref. [[14]], can at best improve the constant 17%.4(5) in front of log r in EI)

The rest of the paper is organized as follows. Section [2]is concerned with the properties
of the REM’s landscape: several level sets that play an important role in our analysis
are introduced and their properties collected. Section [3] gathers all needed results on the
exploration process Y,,. The proof of Theorem [I.4] can then begin. Section 4 [5] and [6]
are devoted, respectively, to the verification of Condition (B1), (B2), and (B3) of Theorem
The proof of Proposition is given at the end of Subsection The proof of
Theorem [[.4] is completed in Section [7} Also in Section[7] the link between the blocked
clock process of and the two-time correlation function is made, and the proof
of Theorem|[I.T]is concluded. An appendix (Section[§]) contains the proof of the results of
Section

2. LEVEL SETS OF THE REM’S LANDSCAPE: THE TOP AND OTHER SETS

Given V' C V), we denote by G = G(V) the undirected graph which has vertex set V'

and edge set £(G(V)) C &, consisting of pairs of vertices {z, y} in V with dist(z, y) = 1,
where dist(z,2’) = 33" | |o; — «j| is the graph distance on V,. When dist(z,y) = 1
we simply write © ~ y. We now introduce several sets that play key roles in our analysis:

they are level sets of the form

Va(p) ={z €V, | Tu(z) > r0(p)} (2.1)
where, for different values of p > 0, the threshold level 7, (p) is the sequence defined by
2P"P (1, () > 1rn(p)) = 1. (2.2)

o The sets V* and V; (of local valleys and hills). Set set V" = V,,(p}) where

¢y logn
r = 2.3
for ¢, asin (1.37). V¥ can uniquely be decomposed into a collection of subsets
Vy=UZCh, CrinChy Vi#k, L*= Ly(p}), (2.4)

such that each graph G/(Cy; ) is connected but any two distinct graphs G(C}; ;) and G(Cy; ;)
are disconnected. With a little abuse of terminology we call the sets C7;; the connected
components of the graph G(V,*). From now on we write 1 = r,,(p},). Let

v,

Valps) ={z eV, |7, (z) > 5} (2.5)
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be the set obtained from V;,(p},) by substituting —H,,(x) for H,,(x) in (1.3)). Since H,(z)
is symmetrical V; has the same random graph properties as V,*. Note that the form of the
rates ll depend on the set V;, namely,

N le_ﬁmax(’}‘ln(y)vﬂn(z))’ if x §é 7*7
: . (2.6)

Aa(2,y) = LMol if g e VS,
Key properties of these rates are gathered at the end on this section.
As shown later in Lemma , the sets V* and V:l contain only “small” connected
components and their complement, V,, \ (VX U V;) forms a totally connected “giant”
component (see [20]). We may thus think of the connected components of V* and V; as
containing, respectively, the local “valleys” and hills” of the random energy landscape,
‘H.,., whereas in their complement, or “horizon level”, H,, has only small fluctuations.

o Immersions in V*. Given any subset A C V,* we call immersion of A in V,* and denote

by A* the set
N * if Cx NA#
A* = UlelA:L,l’ A:ul {® ml? ! Cnal @7 (27)

else.

Thus the sets Ay, are the valleys C7;; that contain at least one element of A. Clearly,
V:L NV* = (). Hence by lb immersed sets have the property that

Mo(2,y) <n7 't forall @ ~y suchthat © € A*,y ¢ A*ory € A* 2 ¢ A*. (2.8)

e The top, T, and the associated sets T, T and I. Given a sequence d,, | 0 as n T oo,
set e, = ¢ — 0,, and let the top be the set

T, = Vyu(en) (2.9)

obtained by taking p = ¢, in 2.1I). (4, will later be chosen so that the definitions
and coincide.) Clearly, 7;, contains the top of the order statistics of —H,, (that is,
the deepest valleys of the random landscape). Since p; < €, T,, C V., so that 7;, can be
immersed in V. According to (2.7) we write

Ty = UL Ty, (2.10)

To each x € T, corresponds a unique index 1 < I = I(z) < L* such thatz € Ty, .
Of course a given valley T);, may contain several vertices of 7;,. A set that is of special
importance in the sequel is the subset 7’7 of vertices of 7, that are alone in their valley,

Ty={zel,|T),NT,={z}}. (2.11)
Finally, define
IF={r eV, | () > rn(en), Vyuuo r) ™ < muly) < 73} C T2, (2.12)

n

The content of the next three lemmata is taken from [24]: the first one gives estimates
on the size of various sets, the second one expresses the function r,(p) defined through
(2.2) and the last one states needed bounds, in particular, on the maximal jump rate.

Lemma 2.1. There exists Q0* C Q with P (2*) = 1 such that on Q0*, for all but a finite
number of indices n,

1< |Gl < {pp[l = 2¢. (1 + Ologn/m))} 74, 1 <1< L™ (2.13)
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Furthermore,
V¥ = 2"~ (1 +o(n™)) and [V | = 2"n"% (1 + o(n™%)),  (2.14)
T, = 2"0==n) (1 + O(n27"en/2)), (2.15)
72| = 2n(=en)(1 4 O(n27"="/?)), (2.16)
T, \ 72| < n*2n(1=20)(1 4 0(1)), (2.17)
Iy = 2070 (1= 207 (1 + o(1)), (2.18)
T2\ I*| = 2n~eFon==n)(1 4 0(1)). (2.19)

Proof of Lemma Recall that ¢, > 2. Eq. (2.13) is (2.9) of Lemma 2.2 of Ref. [24].
The estimate I-b on |[V*| is (2.11) of Ref. [24] and the estimate on [V, | follows by

symmetry of H,. Eq. (2.13) and (@) are proved, respectively, as (2.11) of and (2.10)
of Ref. [24]. The proof of (2.17) is a simple adaptation of the proof of lemma 7.1 of

Ref. [24]. Clearly, (2.16) follows from (2.13) and (2.17), and (2.19) follows from @
and (2.18).

Lemma 2.2 (Lemma 2.3 of [24]]). For all p > 0, possibly depending on n, and such that
pn T ooasn T oo,

p) = exp {nfBB.(p) — (8/28:(p)) [log(B2(p)n/2) + logdr]| + o(B8/B(p))} . (2.20)

Lemma 2.3 (Lemma 2.4 of [24]). There exists a subset 2y C Q with ]P’(Qo) = 1 such that
on Qy, for all but a finite number of indices n the following holds:

e~ Amin{max(Hn(y),Hn(@)) | (z:y)€€n} < oBnvIog2(1+2logn/nlog2) = 4, (2.21)
e—ﬁmin{Hn(szEVn} < eﬂn\/2log2(1+210gn/n)‘ (222)

To close this section let us collect some elementary but key properties of the rates. First
note that by (2.6) and (1.12), denoting by 04 = {z € V, | dist(x, A) = 1} the outer
boundary of A C V,,, we have that for all z € OV,

Ao(@) = ) Xn(x,y)—i—((nr;)_ll{wevz}—l—m( T e >|6xﬂV*| (2.23)
ye(Viy)©

Hence, given V*, the mean holding time at x € (V,*)° does not depend on the variables
{ma(y),y € V.*} but only depends on the variables {7,,(y),y € (V.X)°}. Next, introduce
the set

M, ={z eV, |m(x)>7(y) forall y ~ z} (2.24)
of local minima of H,, and observe that by (2.6), for all z € M, NV and all y ~ z,
~ - —1 f
() = ntry) and Sy o) = 4 HVEVe o)
no, ify e V

Hence, given M, N V*, the generator of the process Y;, does not depend on the variables
{m(z),z € M,, N V.*}. (One in fact may show that on a set of full measure, for all large
enough n, it does not depend on the variables {7,,(z),z € M,}.) Since

TTCL) g {I S Vn | Tn<x> 2 rn(gn)yvywan(y> < rn(gn)} g MTL7 (226)

the generator of the process Y;, does not depend on the variables {7,,(z),z € T2 }.
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3. PROPERTIES OF THE EXPLORATION PROCESS Y,,

In this Section we establish the properties of the exploration process needed in the rest
of the paper. By (1.35) with 77, = (r*)~! and (2.5)), the invariant measure 7,, of Y,, can be
written as

(1) = (Lpgrty + (@)L ppersy) 250 T €V (3.1
where Zg, = [V \ Vo, + 3 cp mama(2).
Lemma 3.1. On Q% for all but a finite number of indices n, for all subset A C V,, such
that ANV =0
Ta(A) = [A27"(1 4 o(1)) (3.2)
whereas for arbitrary A, holds with equality replaced by “less than or equal”. In
both cases o(1) is independent of A.

Proof. Since {z € V,,} = {rim,(z) < 1} Vu \ V| < Zso < Vu \ V| + [V, < 2n.
Eq. (2.14) of Lemma [2.1] then yields 2"(1 — n=* (1 + o(n™*)) < Zs,, < 2". The claim
of the lemma directly follows. U

3.1. Spectral gap and mixing condition. Denote by Zn the Markov generator matrix of
Y, (that is, the matrix with off-diagonal entries A, (x, y) and diagonal entries —\,, (z)), and
by 0 =, 0 <VUp1 < -+ < Uy 0n_q the eigenvalues of —L,,.

Proposition 3.2. If ¢, > 1 + log4 then for all § > 0, there exists a subset )1 C ) with
P (Q4) = 1 such that, on 4, for all but a finite number of indices n,

1/0n1 < 30’ (140(1) = &, (3.3)

As a direct consequence on Proposition Condition (B0) of Theorem [I.3]is satisfied
P-almost surely with e.g.
K = [t (3.4)

Proposition 3.3. On €, for all but a finite number of indices n, for all pairs x,y € V),
and all t > 0,

[P (Ya(t + kn) = y) — ma(y)] < puman(y), (3.5)
where k,, is given by and p, < e ".

Proof of Proposition|[3.2] This is a simple adaptation of the proof of [20] (or [14], albeit
with other constants). U

Proof of Proposition[3.3] Using (3.1)), the bound Zz,, < 2" and (2.22)) of Lemma [2.3]to

bound sup,, 7, '(z) from above, the claim of Proposition [3.3|readily follows from the
bound (1.10) of Proposition 3 of Ref. [17]] and Proposition[3.2] choosing «,, asin (3.4). O

3.2. Hitting time for the stationary chain. Drawing heavily on Aldous and Brown’s
work [[1], this section collects results on hitting times for the process Y,, at stationarity. Let

H(A)=if{t >0|Y,(t) € A} (3.6)
be the hitting time of A C V,,. We begin with bounds on the mean value of H(A).
Lemma 3.4. On ()4, for all but a finite number of indices n, for all A C V),
(1 —nm,(A))? < E. H(A) < R,
r*nm,(A) (1 — 7, (A4) = 1 —m(A) — m.(A)

(3.7)
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The next lemma gives bounds on the density function h,, 4(t), ¢ > 0, of H(A) whenY,,
starts in its invariant measure, ,,.

Lemma 3.5. On §2y, for all but a finite number of indices n, for all A C V,, and all t > 0,

e (1 i) (1= i) <40 e ()

The bounds of Lemmaimply that i, 4(t) = 5 H( 1y When i, <t < Er H(A).
Complementing this, Lemma 3.6]is well suited to deahng with “small” values of ¢.

Lemma 3.6. On ), for all but a finite number of indices n, forall A C V,, and all t > 0,

renm,(A)
> (1— —pn T ) .
P..(H(A) >t) > (1 —nm,(A)) exp < tl = mrn(A)> (3.8)
In particular, for any A and any sequence t,, such that t,rnm,(A) — 0 asn — oo,
P, (H(A) <t,) < tprinm,(A) (1 + t,rinm,(A)) (3.9)

for all large enough n.
The next Corollary is stated for later convenience.

Corollary 3.7. Under the assumptions of Lemma|3.6|the following holds: For all 0 < € <
1, for any sequence t,, such that t,,r;n2="" — 0 asn — oo

Pr (H(T,\T7) < t) < turin®277" (1 + 0(1)), (3.10)
P, (H(T;) <t,) <t,rmn27""(1+ 0(1)). (3.11)
We now prove these results, beginning with Lemma

Proof of Lemma 3.6 Write A = BU B° where B = ANV, and B = A\ B. Let B* be
the immersion of B in V,* (see (2.7)). Since A C B*U B¢, H(A) > H(B* U B°), and
P, (H(A)>t) > P, (H(B*UB®) > t). (3.12)

To bound the right-hand side of (3.12), we use a well know lower bound on hitting times
for stationary reversible chains taken from Ref. [1]] (combine Theorem 3 and Lemma 2
therein) that states that for all C' C V,, and all ¢ > 0,

Py (H(C) > t) > (1 — m,(C)) exp (—t%) (3.13)

where, for for any two sets C' and C such that C N C = 0,

4 (C,C) = ZZW (3.14)

Let us thus evaluate with C' = B* U B¢. Clearly ¢,(B* U B¢, (B* U B%)°) <
¢.(B*, (B* U B°)°) + qn(BC, (B* U B°)). Clearly also, by , Mo(z,y) < n7lrk for
any © € B®and any y ~ x. Thus ¢,(B¢ (B* U B)°) < rim,(B°). Next, by (2.8),
qn(B*, (B* U B°)¢) < r¥m,(B*). Thus

qn(B* U B¢, (B* U B°)°) < rx[m.(B*) + m,(B°)]. (3.15)
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Denoting by C* mi(z) the (unique) component of B* (see 'E ) that contains x, we have
|B*| < | Ugen c* mim| < |Blmax,ep [C) (| where by (2.13), on Ch i) < n. By
this and (3.1) we get 7,,(B*) = Z | B*| <nZg,|B| = mrn(B). Therefore,

Tn(B*UB) < m,(B*)+7,(B°) < nmp(B)+7,(B¢) < nm,(BUB®) = nm,(A). (3.16)
Using in the right-and side of and plugging the result in finally yields
(3.8). O
Proof of Corollary[3.7 This follows from of Lemma 3.1} (2.16)), and (2.17). O
Proof of Lemma 3.5 Proceed as in Lemma 13 of Ref. [1]] and use Proposition [3.2] 0
Proof of Lemma The rightmost inequality is that of Lemma 2 of Ref. [1] combined

with Proposition Lemma 2 of Ref. [I] also states that for C' C V), and ¢,(C,C°)
defined as in (3.14)),

E., HC) _ 1—m,(C)

1—m,(C) = q.(C,C°) "
Given A C V), let B* and B¢ be defined as in the first line of the proof of Lemma[3.6] Since
H(A) > H(B*UB°), E, H(A) > E, H(B*U B°). Using with C = B* U B¢,
follows from and the bound on 7, (B* U B®) of (3.16). O

3.3. On hitting the top starting in the top. Let 7> and I} be as in (2.11)) and (2.12).

> (3.17)

Proposition 3.8. Given ¢ > 0 there exists a subset 2° C Q with P (2°) = 1 such that on
Q°, for all but a finite number of indices n, for all s > 0

Te| 7> P (H(T; \ @) < 5) < snPrim, (T7). (3.18)

ey
The next proposition is a variant of Proposition [3.8|that we state for later convenience.

Proposition 3.9. Under the assumptions and with the notation of Proposition[3.8] on Q°,
for all but a finite number of indices n, for all s > 0

TN Y P (H(IE) < ) < snrima(13)(1+ o(1)). (3.19)

x€T\I%
Proof of Proposition[3.8] A key ingredient of the proof is an explicit expression of the
density function h? ,(t),t > 0, of the hitting time H (A) when Y, startsinz € A° = V,\ A
that we take from [27] (see Section 6.2, p. 83). Consider the matrix P, = (pn(z,y))
defined by P =1+v, 1L Where I denotes the identity matrix, L the Markov generator

matrix of Y,, and v,, is defined in . By Lemma[2.3] on Q,

Ly, < oo (3.20)

0< maxz,y)e&, Xn(ma y) <n”

for all large enough 7, hence P, is a well defined the stochastic matrix (namely, its entries
obey 0 < pp(z,y) < 1and ZyEVn Pn(z,y) = 1). Denote by Q,, = (¢,(x,y)) the matrix
with entries ¢, (x,y) : A° x A° — R given by ¢,(z,y) = pn(z,y). This is the sub-matrix
of P, on A¢ x A°. Thus @, is sub-stochastic. Similarly, denote by R, = (r(x,y)) the
sub-matrix of ﬁn on A°¢ x A. Let 14 be the vector of 1’s on A and let §,, be the vector on
A€ taking value 1 at x and zero else. Then, for all z € A€,

- (vnl)*

hz,A(t) = Un k!

e (0, QERy1a), 120, (3.21)

k=0
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where (-, -) denotes the inner product in R4, Consequently, forall s > 0,

Pz(

Vn

e " (85, QER,14) dt. (3.22)

For later reference we also denote by (hﬁ " A( ))yea the vector whose components are, for
each y € A, the joint density that A is reached at time ¢, and that arrival to that set occurs

in state y, namely, h?  ,(t) is defined as in 1) substituting d,, for 1, therein; as a result

n,y,A

2,A<t> = ZyEA hn,y,A<t)
Returning to (3.18)), a first order Tchebychev inequality yields, for all € > 0

B[S ers P (H(T2\2) <) > e] < B[S, P (H(T\Thy) <5)]623)

where )7 = U;Z 1T*l is deﬁned in 1| and /() is as in (2.11). Calling WV, the expecta-
tion in the right-hand side of (3.23) we have, by 1i with A =T\ T

W= / dt ‘”ntwn,k(x) (3.24)

TEVy

where
Wn,k( ) E [E{IGTO}VTL <5$7Q Rn T\Tx l( )>] (325)
Note that the term k& = 0 is zero. For k£ > 1 the matrix term in (3.25) reads,

IL{acETO}Vn (517:@ R 1T*\T e )> = ]l{xETO} Z (k)< y) Z Vnrn(ya Z)
(T \T l(L>) ZGT \Tll((L)

(3.26)
where ¢\ )(x y) denotes the entries of Q*. By 1} forally € (T3 \ T,

Z Untn(y, 2) = Z Maly,2) <n 'rt Z ]l{z,vy}. (3.27)

2€T\TE 0 2€T\TE ) 2€T\TE )
*
vn]

Therefore, inserting (3.27)) in (3.26)), (3.23) yields

E []l{mGTO} Z q7(tk) (‘7:7 y) Z ﬂ{zwy}
YE(TA\TS )" 2€T\T )

where E[- | V*] denotes the conditional expectation given a realization of the set V*,

namely, setting C; ; = V,, \ V" and using (2.4) to write V,, = Up<i<1+C, ;, expectation

with respect to the measure

P(- N {Vici<r-Vaecr ,Tn(2) = 11} N {Vaecy Talz) <173})
P({Vi<i<rVaecr o) 2 13} 0 {Vaecr ;Tul(z) <73})

Observe now that, conditionally on V*, the entries of the matrix (),, are functions of the
variables {7,,(y),y € (T; \ T, )} only: for off-diagonal entries this is an immediate
consequence of (2.6)), and for dlagonal entries this claim follows from (1.12) and 2.6) if
x ¢ OV and from Ih and (2.6) if x € OV,*. To build on this property let us rewrlte
the sums in in such a way that the variables {7(),y € Ty \ Ty} no longer
appear in the summations sets but only in the summands. For this note that the sum over

ye (Iy\1r - . & n (3. 28 can be restricted to the sum over y € V¥ C (7, and use the
definitions (2.10 and of T and 1)) to write that forall z € T,

Wan(e) < E (3.28)

P(-|V;) =

(3.29)
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S @ @y) D Ly

(T \T7L l(‘L)) z€Ty \Tn J(x)
)DREDIED DDV DD B *
N o (3.30)
1E€EVn Tp—1EVn yEIV,F 2€0y 0<l1 <L* 0<lp_1 <L* 1<iAl(z)<L*
k—1

gu(@, 1) gu(oi1,y) [ ] 1 Mareos v @< HEeoy m@)zmEn)
i=1

where the starred sums are defined as

Z Z Lic; , naiz0y  and Z Z Litiayy Les nz0- (3.31)

0<Li<L* I 1<l£l(x)<L*  1=1

Notice that each of the starred sums over /; has only one term given by the index, ;,
of the set C’*l that contains x;. Similarly, the starred sum over [ has at most one term.
Since ]l{v et \{z}m( <Tn(€n)}ﬂ{32/ec* () 2ra(en)} = 0 for all ¢ # [(x), the starred sum

over [ in can be restricted to 1 <1 # lx),l # l,...,1 # Iy < L*. We
may now multlply - by 1{zerey and take the conditional expectation. The variables
{m(2"), 2" € C},} being independent of the variables {7,,(7), ¥’ € Up<rui<1+Cy ,}, they
can be integrated out first, yielding, for all y € OV *

5 > P [3occr,m(2) Zrn(sn)\vn*] (3.32)

2€8y 1<IAl(x), A, J# 1 <L*

< n max_|Cp, |2 Enenn (3.33)
1<i<L*
< n?o~En—pnn, (3.34)

where we used in (3.33]) that the starred sum over / contains at most one term while the
sum over z contains at most n terms. Eq. (3.34) then follows from (2.13)) and so, is valid
on * for all large enough n. This bound is uniform in y € OV,*. Therefore, using (3.34))

n (3.30) and re-summing, (3.28)) becomes

Wis(z) < “p2e-Enmridng E[n{mem > aP(a,y) V;} (3.35)
" yeavy
< Inp2o—(enrinp(y € T°) (3.36)

n

where we used in (3.36)) that since (Q,, is sub-stochastic, Zye@\/* q,(lk)(:):, y) < 1 for all .
Now, by (2.11)) and (2.2), P(x € T?) < P(7,,(x) > r,(ep,)) = 27", Thus

Wi (1) < rin272nnoemn — pextlpxg=2enn, (3.37)

The last equality is (2.3). Using this bound in (3.24) finally yields that on 2*, for all large
enough n,

W= / dtz k| —Vnts w(x) < netlprono=2en, (3.38)

€V
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It only remains to observe that by (2.16) and (3.2) of Lemma on O, m,(T°) =
27" (1 + o(1)) for all but a finite number of indices n. Hence

P T3 Coery o (HI\ Ti) < 5) 2 e < lantHrm, (T)(1 + o(1).

Choosing € = n*n®*r*m, (T7?), the claim of the proposition follows from Borel-Cantelli
Lemma. O
Proof of Proposition[3.9} This is a rerun of the proof of Proposition[3.§] O

3.4. Rough bounds on local times.
Lemma 3.10. Forall0 < a <1, allx €V, and all s > 0,
B, [2(s)]* = M (2) T (1 4 )1 — ¢1 exp(—cashn(2))] + 5% exp(—shn () (3.39)

where 0 < ¢1, ¢y < 00 are constants, and if moreover srinm,(x) — 0 asn — oo,
E, [0 ()] < ke + Lissp,y18°(s — my)rpnm, (2) (1 + o(1)). (3.40)

Proof of Lemma The lower bound follows from the trite observation that ¢%(s) is at
least as large as the minimum between the first jump of Y,, and s, that is,

T N-1
G(s) 2 A (@)erl 510, T SLiciot (ayer (3.41)
where e; is an exponential random variable of mean one. Thus
B (6] 2 B [N @l x| + 5B [ Lot (342)

Eq. (3.39) now readily follows. To get an upper bound write F, [(Z(s)]" < k% if s < kp,.
Otherwise write

E, [fﬁ(s)]a < E, [l{n + f:n ]]-{Yn(s)::):}ds] (3.43)
< (U o) By [t Jy " Vyigo)=apds| (3.44)
where the last line follows from Proposition |3.3|and the Markov property. Next,

E, [“n + 5 ﬂ{Yn(s>=x}d3} < Er, (FnLim(e)ss—ray T 8" L{a@)<s—na)
< kpy 4+ Py, (H(z) < s — Ky).

Eq. (3.40) now follows from (3.9) of Lemma 3.6 O

4. VERIFICATION OF CONDITION (B1)

(3.45)

In this section we prove a strong law of large number for the function v/, (u, 0o) defined

in (1.31)). Recall that for 7 defined in (1.37), we take 1, = (r)~! in (1.34), (1.35), and
(T:36). Then by (T.I8)-(T-19), (T.22), and (1.34),

V! (1, 00) = ky(t) Py, (/09 max ((c,rh) ", ¢y 1 (Ya(s))) ds > u> (4.1)

where 7, is the invariant measure (1.35)) of Y,,, 6,, is the block length of the blocked clock
process (1.18)), k,,(t) = |ant/0,], and, given 0 < € < 1, ¢, and a,, are defined in (1.4) and
(1.40)-(1.43), respectively. By Theorem|[I.3] 6,, and a,, must obey

[n*ri(1+0(1)] = Ky < 6, < an, (4.2)
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where the left-most equality is (3.4). Further recall from Section [2] that for p} as in (2.3),
P (4.3)

(Recall that 0 < z, < y, means that x,,/y, — 0 as n — 00.) From now on we take d,

such that 2" = (n20,)*, i.e.

1 2e

-~ nB\ log2

Thus, given 0 < ¢ < 1 and 8 > 0, all sequences except ¢,, are determined.

On

log (n*6,,) . (4.4)

Proposition 4.1. Given 0 < ¢ < 1 and > 0 let the sequences c,, and a,, be defined as in

and - , respectively, and let 6,, be such that

(ro)* < 00, (4.5)
n~'logh, < 1. (4.6)

Then, for all 0 < € < 1 and 8 > 0, P-almost surely,
lim v/} (u,00) = . Vi >0,u>0. 4.7

n—oQ

Remark. Eq. (4.6) implies that §,, < 1 and that §,, < ¢, for all € > 0. In view of (1.38)),
(3.3), (#.4) and (3.4), (4.6) also implies that

con K2R3 (rr)407 < 27 and conRz2RS ()00 <« 250" (4.8)
for all € > 0 and any choice of constants 0 < ¢; < o0.

Remark. In order to guarantee strict equivalence of the definitions (1.42)) and (2.9) of the
set T, when 4, is given by (4.4), we should replace the term ¢, (nf, )" in (1.42)) by

cpexp { —log(n6,) [1 + (1 + o(1))(2nB8.(g)) " log(n®6,)] } (4.9)

(use Lemma[2.2). We didn’t state this precise formula to keep the presentation simple.

The rest of the section is organized as follows. In Section we show that v/ (u, c0)
can be reduced to the quantity 5 (u, o) defined in (4.32). In Section[4.2] we prove upper
et lower bounds on a sequence, b), defined as b,, with 7, substituted for 7,,, and show that
b, and b; behave in the same way to leading order. In Sectionwe show that 12" (u, 00)
concentrates around its mean value when choosing a,, = 2" /bS,. The proof of Proposition

M.1]is finally completed in Section 4.2

4.1. Preparations. To begin with, we bring the function v/ (u, c0) given in (4.1)) into a
form amenable to treatment. Let 7;, be as in (2.9). For all 0 < ¢ < 1 and §,, as in (4.4),

QTL
0< / max (7)™ ¢ T (Ya(s))) Lo (oygryds geﬁ:(f;)sw (4.10)
0 n

as follows from (2.20). Hence visits of Y,, outside the set 7}, only yield a negligible con-
tribution to the event in (4.1), implying that

2

7 (u, 00) <V (u,00) < 7 (u —n~ ,oo) 4.11)

where

977,
! (u,00) = ky(t) Py, (/ ey (Yo () iy, (s)eyds > u) : (4.12)
0
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Our next step consists in reducing visits to T, in 7/, (u, 00) to visits to the subset 70 defined

in (2.11). Set
9n
! (u,00) = ky(t) Py, (/ ¢ 70 (Yo (8)) Ly, (s)eroyds > u) : (4.13)
0

Lemma 4.2. Assume that holds. Then on Q0*, for all but a finite number of indices n,
7! (1, 00) — 7! (1, 00)| < 2k, (£)0,r7n272" (1 4 o(1)). (4.14)

Proof of Lemma Decomposing the event appearing in the probability in (4.12)) accord-

ing to whether { H(T,, \ T2) < 0,} or {H(T,, \ T?) > 6,,}, (4.14) follows from (3.10) of
Corollary 3.7|applied with t,, = 6,,, which is licit by virtue of (4.6) (see also (4.8))). OJ

We next decompose according to the hitting time, H(7?), and hitting place, Y,,(H (TY)),
of the set 7°. The density of the joint distribution of H(T?) and Y,,(H(T?)) is a |T7|-
dimensional vector, (hy, ;)zere, Whose components are, for each - € T, the joint density
that 7’7 is reached at time v, and that arrival to that set occurs in state z,

P, (H(T,) < s, Y, (H(T,)) =2) = /08 B (V) dv. (4.15)

For this vector of densities we have
> /OO B2 (0)dv = 1, (4.16)
zeTs V0
and, denoting by h,, 7o the density of H(T};),
hoge = Y e 4.17)

zeTy

In the notation of Section (see the paragraph below (3.22)) hn. = >y, Tu(y)hy, 4 7o
where, for y € T3, h}) , 7o = J,. From this and the strong Markov property it follows that

On 0p—v
7 (u,00) = ky(t) Z / hop (V) Py </ 0 (Yo (8)) Ly, (syererds > u) dv.
xzeTy 0 0
— (4.18)
Denote by QZ’v(x) the probability appearing in lb Notice that Y,, starts in x € T},
and further decompose this probability according to whether {H(7° \ z) < 6,, — v} or

{H(T°\ z) > 6, — v}, that is, write Q.. (z) = Q"*(z) + Q""(x),

. 0 —v
Qrt(x) =P, (/ c;lrn(Yn(s))]l{yn(s)em}ds >u, H(T) \z) <0, — ’U) . (4.19)
0

0n—v
Qu'(z) = P, (/ ¢ o (Yo (8) Ly (syereyds > u, H(TS \ x) > 0, — v) , (4.20)
0
and split (4.18) accordingly. Clearly, for all v > 0

Qv (x) < Py (H(Ty \ x) < 0,). (4.21)
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This and the bound fo ne(v)dv < P (H(z) < 6,) (that follows from (4.15)), yield

On
Z/ na (V) Q0 (x)dv (4.22)
0

xelf
< k() Y Pr, (H(T3) < 60,, Y, (H(TY)) = x) Py (H(Ty \ x) < 6,)  (423)

z€eTyR
< (4.24)

where
L =ka(t) Y Pr(H 0,) P, (H(TS \ x) < 6,,). (4.25)
z€eTy?

Lemma 4.3. Assume that (4.6) holds. Then on Q¥*, for all but a finite number of indices n,
7 < k()0 (0,mn(T2)r%)? (14 0(1)). (4.26)

Proof of Lemma[.3| By 3.2). @) @.3) and (@.4), on Q*, for all large enough n,
O, (TO)r = ni+2e@pegiteEo=ns(1 4 (1)), wich decays to zero as n diverges by
(see also (4.8)). We may thus use of Lemma 3.6]to bound the term P, (H (z) <
0,,) in (4.23), and by this and we get that on Q*, for all large enough 7,

Ut < ke (8) 0, (T)ri (14 o(1) | T | ™ > peqe Pe (H(T \ ) < 6,,). (4.27)
The lemma now follows from Proposition [3.8] O

Consider now the contribution to (4.18)) coming from (4.20). By definition,

Q“”( ) =P, (¢, ' 7(2) 05 (6, — v) > u, H(Ty \ ) > 6, —v) . (4.28)
Thus
7 (1, 00) (429)
On
— b)Y / e ()08 () (4.30)
xzeTy]
On
= k,(t) Z / P (V) Py (' 7 () 62 (0,, — v) > u, H(TS \ z) > 6, — v) dv.(4.31)
€Ty 0
Setting
On
vot(u,00) = kyy( Z / _— (¢ ()5 (0, — v) > ) dv, (4.32)
xzeTy
we have
vot(u, 00) — wt (u, 00) < U (u,00) < vt (u, 00) (4.33)
where
On
w! (u,00) = Z / _— (e (@) (0, — v) > u, H(T; \ z) < 6,, —v) dv
zeTy]
Z/" va(0)Py (H(T?\ ) < 6, — v) dv < T, (4.34)
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Inserting our bounds in (4.18)), we finally get that for all © > 0

> (u, 00) — U} (u, 00)| < 7. (4.35)
Our aim now is to prove almost sure convergence of v2*(u, 00). To do so we will need

certain properties a sequence, b;, associated to the sequence b,,, that we now define.

s Yns

4.2. Properties of the sequences b, and b;. For Fjs ., () as in (1.41) define

b2 = (0,7, (T7)) Z/ 1.2 (V) Eu[F e n (126, — v))]dv. (4.36)

z€TyR

Thus b;, is nothing but b, (see (1.43)) with T}; substituted for 7;,. The next lemma collects
properties of the sequences b, and b; needed in the verification of both Condition (B1)
and (B2). Set Z,,(a,b) = (0, (1)) Y eqe T (a,b),

b
To(a,b) = / s () B [Figo (6 (01 — v))]d, 4.37)

and given 0 < ¢, < 0, split b2 into b = Z,,(0, k) + Ly (K, On — o) + Zn(0n, — Gy On)-
Lemma 4.4. Assume that (4.5) and (4.6) hold. Let (,, > 0 be a sequence satisfying

n"Hlog ol <€ 1, and Fp(rr) ren@tecanE@te) |0 g5 n 4 oo, (4.38)
Then, on 21 N Q° N Q7 for all but a finite number of indices n,
) <O e, @39)
0 < (b — b3) /b5, < m(rp)tronEte g Fantgmnen, (4.40)
and the right-hand sides of ({#.39) and ({.40) decay to zero as n diverges. Furthermore
g (e ) ~lan@teMY < po < (1 4 o(1) )tk ), (4.41)

Proof of Lemma We first prove a lower bound on Z,, (%, 6,, — (). For this write

en_Cn
jx(ﬁna Cn) Z Til = / hn,az(v)Eﬂc [F,B,s,n(gi(en - U))1{§n<€£(6’n—v)§€n}]dv-

Since Fj . () = (14 o(1))z*E+°W forall ¢, < x < 0,

en_gn
7;6,1 Z (1 _'_ 0(1)) / hn7x(’0)Ex [gi(en — U)]an(€)+0(1)(1 — ﬂ{g%(gn,v)<cn})dv (442)
=Jns — Tna
where we used the left-most inequality in (4.72)) to relax the constraint ¢%(6,, — v) < 6,,.
Let us bound 77’5 for « € I;. Note that by (2.12) and (2.6)

(r) 7t < Aalw) <7, Vrelr (4.43)
Thus, setting ¢/, = nr?, it follows from (3.39) of Lemma[3.10] that for all = € I7,

~ 0n—Cr,
jrf,?, > Cg(A;l(fL‘))an(E)“!‘O(l) / hn@(?})dv (4.44)

for some numerical constant 0 < c¢3 < co. Summing over z, wet get

Y Tis= Y Tig > cs(rg) @t 3 / dv (4.45)

xzeTy? zelk xel)
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where the last sum in the right-hand side of (#.43) is equal to
P (kn < H(I}) <6,—C H(IY) < HT:\I)). (4.46)
Decomposing this probability into
Pr=ps = Pa (k< H(IL) < 04—C,)=Pa, (5 < H(I3) < 0a—Cly H(IZ) > H(TI\LL)
we have, by Lemma [3.5]and (3.7), whenever 6,,r}nm, (1) — 0,
p1 > Fy (L) (1= 0, C) (1 + 0(1)) = &, 0 (1) (1 + (1)) (4.47)
where the last equality follows from (.5). To get an upper bound on p,, write
po <P (H(T;\IY) < kp) + P, (H(TS\I¥) < H(IY) < 6,) =ps+ps  (4.48)

By (3.9), p3s < rprinm,(To \ 17)(1 + o(1)), whereas proceeding as in (4.22))-(4.25)),

pi< > Po(H(z) < 0,)P (H(I}) < 0,) (4.49)
z€TO\I%
= 0 (0 )*mn (T \ 1) (1) (1 4 0(1)) (4.50)

where the last equality follows from (3.9) and (3.19). By 2.18), 2.19), and (3.2), on
* and for large enough n, m,(I}) = 27""(1 — n=*(1 + o(1))) and 7, (T \ I}) =
n=T127men (1 4 o(1)) (thus in particular, 7, (I*)/m,(T°) = 1 + o(1)). In view of this,
(.3), and (@.6), one checks that 6,,rnm, (1) — 0 (as requested above (4.47)) and that
p2 = o(p1). Thus p; — pa = p1(1 + o(1)) and by this, ), and (.43
O (T)) DY Tt = iy () ~Hon >+0<1>}(1 +0(1)). (4.51)
€Ty

Turning to 77, we have

9n—Cn
D T, < (L o(1))gemEFem Y - / v, (4.52)

zeTy zeTy
where the last sum is equal to Py, (k, < H(T?) < 6, — (,). Since by Lemma 3.5 and
(B.7), Py, (kn < H(T°) <O, —G) < (1+401))rrnb,m,(Ty), we get
O (T)) ™D Tty < (14 o(1))mrpgon©re®), (4.53)
zeTy?

At this point we may observe that the right-most condition in (#.38) is tailored to guarantee
that 3°, 7o T3 > D cro Joa- Hence, collecting our bounds,

1+0 x Qan & o
Toltins b = Gu) = Gy ) / Eol (0 — )]0 (4.54)
0n ” €T
> it (rr)lan(@Fe (4.55)

We now prove an upper bound on Z, (0, Iin). Using that Fj.,(z) < (1 + o(1))z*"®
forall 0 < z < 0, (3.40) of Lemma[3.10] (which by (#.6) and Lemma [3.1]is licit) gives

TE(0,k,) < (14 0(1))k2nE / B (V) dv. (4.56)
0
Summing over z € T and using (3.11) and (4.6) to bound the resulting probability,
Z.(0, kn) < (1 + o(1))nrsf; trlton), (4.57)

n
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One proves in the same way that
Z,(0,6,) < (1 + o(1))nrken@ [1 4 gLren@pkppenlo=n] | (4.58)

where by (4.6) the term in square brackets (that comes from (3.40) ) is equal to 1 + o(1).

Combining (4.57) and (4.55) proves (4.39). Since Z,(ky, 0, — ) < by, = Z,,(0,0,),
(@.53) and (@.58) yield, respectively, the lower and upper bounds of (#.41). It remains to

prove (#.40). By definition (see (I.43), (4.36), and the second remark below on the
definition of 7;,)

Tolbn — | T3lbs, = 2760, > B, [Faen(C5(6,))] (4.59)
€T \T?

Conditioning on the time of the first visit to x, and proceeding as in (4.57)-(.58)) to bound
the expectation starting in z, By, [Fs..,.((%(6, ))] (1 + o(1) Py, (H(z) < 6,)k0".
From this and (3.9), — T2 < (1 + )r n2”7tn (T, \ TO an(e), Now by

(2.15)-(2.17), |T, °|(1 + o(1)) and |T}, \T°| = |T¢ 2 nen + o(1)). Hence
by, — b < (1+ 0(1))n57‘* nﬁ"(6)2 nen . Combining this and (4.55 yrelds (4.40) ) The proof
of Lemma4.4]is now complete.

Proof of Proposition[I.5] This is a straightforward consequence of (.40), (4.41)), the as-

sumptions of (I.44), and (L.38). O

4.3. Concentration of v°>(u,00). Let us now focus on the term v2*(u, 00) of (4.32).
Recall the definitions of &, (¢) and b, from (1.17)) and (4.36)), respectively.

Proposition 4.5. Choose a, = 27" /b;, in k,(t) and assume that ({.6) holds. Let P° denote
the law of the collection {1,,(x),x € T,}} conditional on Ty,

P°(MNzere{mn(x) € -}) = P(Mzere{mn(x) € -} | T},). (4.60)
Then, for any sequence u,, > 0 such that 0 < v — u, < n ' and all uw > 0 and t > 0,

i (
where =, = (2°" /b0 )nrx2™" and

lim E°v2* (u,, 00) = tu®), (4.62)

n—oo

o (U, 00) — Evpt (uy, 00)| > n\/tEnEOVZ’t(un, oo)) <n?(1+4o0(1)) 4.61)

Proof of Proposition[4.5] We assume throughout that w € Q*. A key ingredient of the

proof is the observation (see ) that the generator L of Y, does not depend
on the variables {7,,(z),z € TO} Furthermore one easily checks that P° in is the
product measure

B (Phers () € ) = [[ T EamD Z0lE) g6

€Ty

Consequently, for fixed 77, the collection {X,,(z),z € T\ },

On
Xn(x) = /0 P (V) Py (€ 70 (@) €20, — v) > wy) do, (4.64)

viewed as a collection of r.v.’s on the sub-sigma field 7° = o({7,(z),z € T}), forms
a collection of independent random variables under P° (that of course still depend on the
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variables 7, (z) in (7)7)¢). The proof now hinges on a simple mean and variance argument.
We deal with the variance first. By (¢.32)) and (4.64),

Evgt (1, 00) = ki (£) Y E°X,,(2), (4.65)
€Ty
and by independence
E° (v (uy,, 00) — E°v (u,, 00))* < k2(t Z E°(X . (4.66)
z€eTyR
Note that since
On
Xn(z) < / by (v)dv < Pp (H(z) <6,) <68, n27"(1+ o(1)), (4.67)
0
(the last inequality is @) combined with (3.2))) then
(1) ) B (X () < #2765 )rin27 (1 + o(1))E° vy (u,, 00), (4.68)
zeTy

where we used that for a,, = 2°"/b5, 0, k,,(t) = 0,,[t(2"/02) /0, | = t(2°" /b5 )(1 + o(1)).
Inserting (4.68)) in (4.66)), a second order Tchebychev inequality then yields (4.61).
To estimate E°v°>* (u,,, 00) in (4.65]) we first use Fubini to write,

On
E°X,(z) = / (V) ELP° (¢ (@) €5 (0, — v) > ) d, (4.69)
0

Denoting by P* the law of the single variable 7,,(z),
P (e 7 (@) 05 (0 — 0) > U, T (1) >
Pe(7(x) > ralen))
P (e () (0, — v) > up)
Pr(7(x) > rulen))
where (#.71)) follows from the definition of ¢, (see (I.4)), the a priory bound
O, —v)<b0,—v<c,, 0<v<b,, (4.72)

and the fact that 4, in in chosen in such a way that 6,7, (g,)r; ' () < n % | 0 as
n 1 oo (see the last inequality in (4.10)). Using classical estimates on the asymptotics of
gaussian integrals, Lemma [2.2] and again the definition of ¢,,, simple calculations yield
that forall 0 < u < coand 0 < v < 6, is equal to

(14 0(1)) Py (522) PQP’&Q Zfli»

where F575,n( )1s defined in . Furthermore, by (1.4), 2°"P(7,,(x) > ¢,,) = 1 whereas

"n(En)) (4.70)

PO (o (2) 2 (0 — v) > u,) =

4.71)

(4.73)

by (2.2), 2.16), and 3.2), P ) > ra(en)) = ma(T2)(1 + o(1)). In view of this and
@.36) we get combmlng (]TTﬂ) m, (@.63), and using the a priori bound (#.72) that
10,0, (n)

E° vt (ty, 00) = (1 + o(1))k, (£)0, (b5 /2°™) (4.74)

L0,6,)(1)

where for w > 0

a b) Z / n x FB € n( n(@;—v) )} ]l{ageg(enfv)@}dl/- (475)

zeTy]
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To evaluate the ratio in set 0 < ¢, = e™"" | 0 and split the integral in I (0,00 (Un)
into L(0.,)(tn) = L0.¢)(Un)+1(c.0,) (Un). Note thatn=!|log ¢,| = n=1/1°, _1(log§ )2 =
n#/?, while for all u > 0, n"*logu, | 0, n"'(logu,)? | 0 as n 1 co. Using that Fj5_ ()
is increasing on the domain (0, (,, /uy,)

Lo (un) < Faen($2) P (H(Ty) < 6,,) (4.76)

where Fﬁ £ ”(Cn ) =€ (1)10gunF,3 € n(Cn)F/B € n( ) and F,B € n(Cn) < e—an(e)n9/10_n4/5/252.
By this, (3.9), the lower bound @4T) on &, and our assumptions on u,,,

IO n n o(1) logu an(e)+o
L() — eo(1)log "Faen(u, )F,Bsn(cn)nlin(r )1+ n(e)+o(l) _y 4.77)
L(0,6,)(1)
as n — oo. Next, since n logl | 0 as n 1 oo for all ¢, <[ < 6, we have, using (4.72),
[(Cn’en)(un> o(1) log ur, -1 1(0,¢) (un) —af(e)
as n — oo for all u > 0. Inserting (4.77) and (4.78)) in (4.74)), choosing a,, = 2" /b¢, and
passing to the limit n — oo finally gives (#.62). The proof of the lemma is done. O

4.4. Proof of Proposition 4.1, By (.6), (4.3)-@.4), and the bound «,, < 6,,, {#.40) im-

plies that on ©; N Q° N Q*, for large enough n, b, = b3 (1 + o(1)). The assumption that
a, = 2" /b, in (4.1) can thus be replaced by a,, = 2" /b2. Consider now (4.61) and note

that by @.41)), (3.4), (1.38), and (#.6) (see also (@.8)), forall 0 < ¢ < 1,
(257 /00 ) rim327™ < gy (1) ien(EHollip3gneg—n (4.79)
as n — oo. Thus, by Proposition 4.5 and Borel-Cantelli Lemma we get that for all u > 0

and all ¢ > 0,
lim 22 (u, 00) = tu®® P — almost surely. (4.80)

n—oo

In the same way we get that for all w > 0 and all ¢ > 0,

lim 2> (u, 00) = tu®® P — almost surely. (4.81)

n—oo

Next, by Lemma {.2] Lemma [4.3] and (.35)) we have that on Q2*, for all but a finite
number of indices n,

|74 (1, 00) — vt (u, 00)| (4.82)
< (b)) 200,27 L petAons (0 (T )’ )(1+0(1)  (4.83)
< Qtnc*+4(1+an(a))(,r,:;)an(a)—&—Q—&—o(l)Rn0721+2a(5)2—n€(1 + 0(1)) (4.84)

where the last inequality follows from @.41)), (2.16), (4.3)), and (@.4). Since x,, < 6,,, (4.6)

(see also (4.8)) implies that (4.84) decays to zero as n — oo. From this and (4.80) we get
that for all v > 0 and all ¢ > 0, lim,, o, 7/ (u, 00) = tu®®) P-almost surely. One proves in
the same way that for all u > 0 and all £ > 0, lim,, o 7 (u — 172, 00) = tu®) P-almost
surely. Therefore, by (4.11)), for all w > 0 and all ¢ > 0,

lim 2! (u,00) = tu®® P — almost surely. (4.85)

n—oo

Since v/} is increasing both in ¢ and u and since its limit continuous in those two variables,
(4.83) implies that P-almost surely,

lim v/} (u,00) = tu®® . Yu>0,t>0. (4.86)

n—oQ

The proof of Proposition d.1]is done.
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5. VERIFICATION OF CONDITION (B2)

By (I.18)-(1.19), (I.22), and (1.34)), Condition (B2) in (I.32)) states that
On
ot (u,00) = ky(t) Z Tn(Y) [Py (/0 max ((c,r) ", ¢ T (Ya(s))) ds > u)}

YEVn

2

decays to zero as n diverges. We prove in this section that this holds true P-almost surely.

Proposition 5.1. Under the assumptions of Proposition forall0 < e <1landf >0,
P-almost surely,

lim of (u,00) =0, Vt>0,u>0. 5.1

n—0o0

As in the proof of Proposition we first bring o, (u, 00) into a suitable form. Proceed-
ing as in (@.11)-@.12), we first write
5t (u,00) < ol (u,00) < &t (u—n"2, 00) (5.2)

where
2

Gt (u,00) = k(t) Y ma(y) [Py ( /0 " e 1 (Y(8)) Ly, (syemny ds > u)} . (53)

ISZY

and next reduce visits to 7,, in (5.3) to visits to visits to 777, just as in Lemma.2] Set

2

On
ot (u,00) = ky(t) Z Tn(Yy) {Py (/ o (Yo () Liv, (s)eTords > u) (5.4)
0

YEVn

Lemma 5.2. Assume that holds. Then on ), for all but a finite number of indices n,

|5t (u, 00) — &% (u, 00)| < 6k, ()0,n°r=272"" (1 + o(1)). (5.5)

Proof of lemma As in the Proof of Lemma we decompose the event appearing in
the probability in (5.3) according to whether { H(T,, \ 7)?) < 6,,} or not, that is, setting

1(y) (fO" (Yo (8) Liviasyeryds > u, H(T, \ T57) < 6,,), (5.6)

qz(y) = Py( 0" e T (Va(9) Ly wengds > u, HT,\TR) > 0,),  (5.7)

we write &7, (1, 00) = kn(t) 37, ¢y, Tn(y)[q1(y)+42(y)]*. In the same way write &7, (u, 00)

kn(t) 22, ey, ™ (¥)[01(y) + G2(y)]* where 1 (y) and ¢»(y) are defined as in . 5.6) and (5.7 .
respectively, substituting 7}, for 7;,. Note that

[£) + 20)> < 3wy + 23, 0< 21,29 < 1. (5.8)

Applying (5.8) to the terms [¢; (y)+¢2(y)]* and (¢ (y) +@2(y)]?, and observing that g3 = 73,
we get

67, (1, 00) = 77, (u, 00)| < Bka() Y maly)(as(y) + @1(y)) (5.9)
< 6kn(t)]g;ﬂnzH(Tn \T2) < 6,). (5.10)

The Lemma now follows from (3.10) of Corollary O
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We continue our parallel with the proof of Proposition {.1] and decompose (5.4) ac-
cording to the hitting time and hitting place of the set 7),. We slightly abuse the notation
of Section 3 (see the paragraph below ) and denote by hY , (instead of hY _,E To) the
joint density that 7 is reached at time ¢, and that arrival to that set occurs in state z,
given that the process starts in y. As already observed (see the paragraph below (.17)),

Pne = ey, Tn(y)h . Proceeding as in (4.18)-(4.20) we then get

5L (u,00) = k(1) S maly) [Ru(y)]’ (5.11)
where, using (@.19) and {.20), o
-y / ") (G (@) + 03 ) dv = Bi) + B, G2
By analogy with (#30) we also set
51, (,00) = ka(t) D maly) [Rr(0)]" (5.13)

The next lemma plays the role of Lemma[4.3]
Lemma 5.3. Assume that holds. Then Y, for all but a finite number of indices n,
0 < &t (u,00) — 6% (u, 00) < 3k ()0 (0,7, (T2)r) (1 + 0(1)). (5.14)

Proof of Lemma As in the proof of Lemma the proof of Lemma [5.3|relies on the
observation that since 0 < R%(y), R*(y) < 1lin 1; for all y € V,, then by l)

0 < 7}, (u, 00) =7, (u,00) < 3ka(t) Y maly)Ri(y) (5.15)
YEVn
On
Z/ na(V)QY(z)dv < 3L, (5.16)
xzeTyg 0
The equality in (5.16) follows from the identity h,.(v) = >_ ), Ta(y)hi ,(v), and the
final inequality is (4.24). The claim of the lemma now follows from Lemma[4.3] 0

We now need an upper bound on 7° (u, 00). For this we proceed as in (4.31)-(4.33) and
write that 0 < &%, (u, 00) < 02*(u, o0) where, by analogy with (4.33)),

2

Z/ (¢ (@) Ci(0y — v) > u) dv

xz€eTR

o2 (u,00) = ky( 7rn [
yEVn

Again, the quantity in between the square brackets is in [0, 1]. Thus, splitting the integral
into the sum of the integrals over [0, k,,| and [x,,, 6,,], we get, using (5.8) and reasoning as

in (5.15)-(5-16),

opt(u,00) < 30y (u, 00) + 05 (u, 00) (5.17)
where

iy (u, 00) (5.18)

Ml
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V
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0, 2
2t (u, 00) Ekn(t)z:ﬂn(y)[z:/ hY (V) Py (e T (2)E5(8, — v) > u) dv | (5.19)
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The next two propositions bound (5.18)) and (5.19) in terms of the quantities v2* (u,,, 00)
and E°v2* (u,,, 00) defined in (4.32)) and (4.63)), respectively.

Proposition 5.4. Choose a,, = 2°"/bS in . Then, for any sequence u,, > 0 such that
0<u—u, <n Yandallu >0,

P (75" (un, 00) > tE V! (y, 00)n?0, Rri ton O () 1 Hon©OHe ) <72 (5.20)

Proposition 5.5. On Q* N Q, for all but a finite number of indices n and all u > 0,
not(u, 00) < vt (u, 00)0,rin2 " (1 + o(1)). (5.21)

Proof of Proposition[5.4} As in the proof of Proposition [4.5] denote by P° the law of the
collection {7, (z),z € Ty} conditional on 7;. By a first order Tchebychev inequality,

P (772 (tn, 00) > €) < € 'E [E°7" (u,, 00)] - (5.22)

Note that E°7°" (u, 00) only differs from the term E°v>*(u,, 00) of (4.63) in that the inte-
gral in (5.18) is over [0, k,,] instead of [0, 0,,]. Taking a,, = 2"/b3, a simple adaptation of

the proof of (4.62)) (see (4.69)-(.78)) yields
:Z‘-TL 07 n
E°70" (1, 00) = t(1 + o(1))E° v (uy,, 00) (0, )

Z,(0,6,)

where Z,,(a, b) is defined above (4.37). Eq. (4.39) of Lemma 4.4 was designed precisely
to control the ratio in (5.23). Namely, on §2° N 2*, for all but a finite number of indices n,

T(0,0) _  T(0, )

In(07 en) o In(K'na en - Cn)
The combination of (5.22)), (5.23)), and (5.24)) gives (5.20). The proof is complete. 0J
Proof of Proposition To prove (5.21)) first observe that

3 / "R (0) Py (T (@) (B — v) > ) dv < Py(kn < H(TE) < 6,)

zeT?

(5.23)

<0, iy, ) () em @) (5.24)

n

< (14 0(1) Pr, (H(T) < 6n)

where the last line follows from Proposition [3.3]and the Markov property, and is valid on
()4, for all but a finite number of indices n. Applying this bound to one of the two square
brackets in and using to bound the remaining term, we get, under the same
assumptions as above, that

not(u, 00) < (1 +0(1))vot (u, 00) Py, (H(TZ) < 6,,). (5.25)
Using Corollary (3.11)) to bound the last probability yields the claim of the proposition.
([l

We are now ready to complete the

Proof of Proposition[5.1} Recall from the proof of Proposition .| that on €, N Q° N Q*
a, = 2°"/b, = 2"/b2(1 + o(1)) for large enough n and consider (5.20). By (.5),
n20 Feptin &) (npx)1+en@+oD) | 0 as n 1 oo and by (4.62), for all u > 0 and ¢ > 0
lim,, 00 E°v2* (1, 00) = tu™®). Thus, by Proposition 5.4/ and Borel-Cantelli Lemma we
get that for all w > Oand ¢ > 0,

lim 79%(u,00) =0 P — almost surely. (5.26)

n—o0
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Turning to (5.21)) and invoking (4.6) (see also (4.§)), it follows from Proposition [5.4] that
forall0 < e < 1andforallu > 0andt > 0,

lim 72" (u,00) =0 P — almost surely. (5.27)
n—oo

Hence by (5.17), forall w > 0 and t > 0,
lim 02" (u,00) =0 P — almost surely. (5.28)
n—oo

From there on the proof is a rerun of the proof of Proposition .1 with Lemma [5.2] and
Lemma [5.3] playing the role of Lemma [4.2] and Lemma [4.3] respectively. We omit the
details. 0J

6. VERIFICATION OF CONDITION (B3)

By (1.18)-(1.20)), (I.22)), and (1.34), Condition (B3) in (I1.33]) will be verified if we can

establish that:

Proposition 6.1. Under the assumptions of Proposition forall 0 < ¢ < 1 and all
B > B.(e), P-almost surely,

lelﬂ[)l hTTilpk E.. / M, ( {f‘Q” Mo (Y (8))ds <) = =0, Vt>0. 6.1)
where M,,(Y,,(s)) = max ((c, 7)1, e 17, (Yo (5))).
The Lemma below is central to the proof. Recall that o, () = (nf?)~!logc,, that is,
in view of (1.3),
an(e) = ale) — (2nBB.(e)) Hlog(B2(e)n/2) + log 4w + o(1)]. (6.2)
Lemma 6.2. There are constants K, K’ < oo such that for o, () as in and any

sequence €, > 0 such that ia;'(e) — 1 — 1057) > 0 wherei = 1in and@ = 2in

(6-4), we have, for all large enough n,

1—ap(e)—8cn

€n 27152
E2°"c, ' 7, (7)1, <K (6.3)
n n {cn m(z)<en} = — logen,
ac (&) =1 = 355
1 2 25
E (2%— Tu(2) Lot ()< }) <K . (6.4)
n 'n cn Tn(x)<eén — 1 1 _ _logen
2057(e) — 1 — 2365
Proof of Lemma[6.2] Using standard estimates on the asymptotics of Gaussian integrals
the claimed result follows from straightforward computations. U

Proof of Proposition[6.1, We assume throughout that w € ; N Q° N Q* and that n is as
large as desired. Note that M,,(Y,,(s)) < (c,r2) ' + ¢, Tn(Yn( )) and that the contribu-
tion to (6.1) coming from the term (c,r%) ™" if or order o(1). Indeed by ( - , the
lower bound on b,, obtained by combining (4.41) and (4. 40[) the expression of Cns
the expression (3.4) of ., and the fact, that follows from (1.6)), that 2" = "% (5)/ 2

Ky ()00 (crs) ™ < Qtn4(r;)an(s)w(l)enﬂ?(s)/2€fnﬁﬁc(s)(1+o(1)) (6.5)
and so, forall 0 < e < 1 and 3 > fB.(¢), by virtue of (4.6) (see also (4.8))

k()0 (cpr ) < otn* ()™ n(€)to(1) g —nBE(e)(1+0(1))/2 _y
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as n — oo. To prove Proposition [6.1]it thus suffices to establish that P-almost surely,

On
-1
lelﬁ)lhIilTi;lpk ()Eﬁn/O ¢, Ta(Yo(s))1 (o e (Va(s))ds<e} = O Vt>0. (6.6)

For T, as in (2.9) with ¢,, given by (4.4), set

Sul(t)

On
k’n(t)Em/ Co Ta(Ya(s $)) Ly (s ETn}ﬂ{ﬂn en i (Ya(s ))dsge}ds’
0

S (t)

n,€

On,
kn (t)Eﬂ'n /; Cngn(Yn(S))H{Yn(3)¢Tn}]1{f09” chlTn(Yn(s))dsge}ds'

To bound 87222 (t) simply note that, using Lemma

On
SP(t) < knlt)Ex, /0 T (Yo (9)) T (via(5)) <o)} 08

k ( )9 2 Z C Tn H{Tn(z)<7‘n(€n)}

IGVTL

Take €, = ¢, 'r,(&,) and note that by (2.20)), the definition of ¢, and (4.6)),

— (nfBBe(¢)) "' log e, = o(1) and <n2(1+c*62/ “‘5”971) <e <(n%6,)7L (67
Thus, by Lemma|[6.2] and a first order Tchebychev inequality, for all large enough 7,
P (ST(LQE) (t) > n2tb;1(c;lrn(gn))l’a(g)“(l)) <n K" (6.8)

for some constant K" > (. Using the upper bound on ¢,, of (6.7 and the lower bound on
b,, of Lemma 4.4/ obtained by combining (4.4 1)) and (4.40)),

2b (e ,rn(gn))lfa(e)Jro( ) < 2 o (1 )an(s)+o ( 2 ) I4a(s)+o(1) 0 (6.9)
as n — oo by (@.5). Hence by (6.8)), (6.9), and Borel-Cantelli Lemma, for all € > 0,
lim S)(t) =0, P — almost surely. (6.10)
n—00 ’

To deal with S (t) we further decompose it into SS2(t) = S (¢) + Si%(t), where
On
SH(t) = kn(t)Ewn/O e T (Ya(s ))1{Yn(5)€To}ﬂ{f0" e Lo (Y () ds<e} 45

On
Snile (t) = kn(t)Eﬂ'n / erlTn(Yn(S))H{Yn(s)eTn\Tf{}ﬂ{fé)” cﬁlTn(Yn(s))dsge}dS’
0

Since S (¢) is non zero only if the event {H(T,\T;) < 6,} occurs,

S'I(LE)( t) < €kn(t) B, Lim(m\19)<6,}- (6.11)

Using assertion (ii) of Corollary [3.7| with t,, = 6,, as in the proof of Lemma we get,
assuming , that on ©2*, for all but a finite number of indices n,

87(;,16) (t) < eky (t)@nT’ZTLQ_QnE”(l +0(1)),
Proceeding as in to bound b,,, (4.6) (see also (#.8))) guarantees that for all € > 0
lim S¥(t) =0, P — almost surely. (6.12)

n,e
n—oo
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Using next that fO” cflTn(Yn(s))ﬂ{Yn(s)eA} = erA A7 (x)0%(0,) forany A C V,,

(3) (5)
SE(t) < SO)N(t) = kn(t) En, Z G (@) (0n) L e € n (@) (0n) <}

z€eTyR

With the notation of @.13))-(#.17),

On,
(5
SR = ka(t) D / hny (V) Ey Y e (@) (00 = 0)his: ooty (0 -0)<-

yeTe €Ty

We further split the sum over = above into x = y and x # y. The latter contribution is

86 )=k Z/ dvhy, (v Z CﬁlTn(l’)gi(en—Uﬂ{zmeTﬁ n b n ()02 (B —v) <e}
yeTy zeT;g\y
Observing that
B, Z O T (2) 6 (0 — ”)H{ZIGT;; eV (2) 65 (O —v) <} = ePy(H(T; \y) < 0,)
z€TR\y

yields the bound S\%(¢) < €, where 7 is defined in 1) Thus by Lemma
reasoning as in the paragraph below (4.84), we get that for all e > 0

lim S (t) =0, P — almost surely. (6.13)

n,e
n—o00 ’

It remains to bound S\, (t) — S (t). For this we write S (5)( t) — S (t) < S (t) where

On
Z / dvhny E C Tn( )E (071 - U)l{cﬁlfn(y)éﬁwnfv)ge}

yely

87

Let us now establish that for b, as in ( . Sn ¢ (t) obeys the following

Lemma 6.3. Let the sequences a,, c,, 0, be as in Proposition Then, under the
assumptions and with the notation of Proposition

P (IS (t) —E°ST(t)| > te'/*n2 =92} < n=2(1 4 o(1)) (6.14)

forall e > 0, and
lim lim E°S7(t) = 0. (6.15)

e—0n—oo

Proof of lemma The proof closely follows that of Proposition We only point out
the main differences. The random variables (4.64)) are now replaced by

en
Xa(y) = / B0l () By a0 — 0Lt ey (6.16)

and

E°SI () = ku(t) e B Xu(y)-
Proceeding as in (4.70)-(4.72) to deal with the conditional expectation and using that
P(7,(z) > rnlen)) = wn(TO)(l + o(1)) (see the paragraph below (4.73)), we get

1 VL
Eo S (1) — kn(t)(1 + o(1 dvhy, , (V) E 020, — v)EYc, 7, (y)1 <
n,€ '/Tn(TO) Y {C Tn(y)<en}

yeTy
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where PY denotes the law of 7,,(y) and where €, = €,(y) = €/¢%(0, — v) Usmg 6.3) if
(0, —v) > ee PP &)@c'©)=1) and using that if (0, —v) <ee “n8.(&az )~ then

— —nfBBec ac —1) —1_np?
EZJE%(HTL - U>Eycn Tn(y)]‘{cﬁlﬂl(y)gen} S €e Bhele) (6) l)cnle g /27

we readily see that

1— an(€) log e

E°S)(t) < cat—wz 3 / A0l (0) By (€460 — )
0i0nmn(T3) (6.17)

+ O2€nan(€)/26_n62/2kn( t)(mn (1))~ Pr, (H(Ty,) < 6,,)
where here and below C; > 0,47 = 1,2,... are constants, and for Fjs. , as in (T.41),
loge log z
Zn (1 - nﬂﬁgc(s)>

) log € log 2 See—nBBe(e)(ag o) -1 1
Q. (€> —-1- nBBc(g) + npBPBec(e) {«Z “ }

By the leftmost inequality of (4.72) and (4.6), Fs..cn(2) < C3Fj.,(2). Thus, by (4.36),
the first summand in (6.17) is bounded above by

Fieen(2) = Faon(2) (6.18)

log e

Cyte & 72052 (6.19)

Using (3.11) and proceeding as in (6.5)) to bound ,,(¢), the second summand is bounded
above by

C tefn(ﬁ)?fgg(g))/Z’i nan(s)/2+1( ;)lJran(s)Jro(l) -0 (620)

as n — oo by virtue of (3.4), (1.38), and the assumption that 8 > 3.(¢) where 0 < & < 1.
Note in particular that lim,, ., an(g) = a(e) < 1. Hence, inserting (6.19) and (6.20) in
(6.17) and passing to the limit

lim lim sup EOSgC) (t)=0, Vt>0.

=0 pooo

This proves (6.15). Turning to the variance we have, as in (4.66), by independence, that
VA(SO(1) = B(ST(E) — B2STI(0)? < k2 (1) S BS(X
yeTy?

Proceeding as in the proof of (6.17) but using (6.4) and the line below (6.18)), we get that

2—an(e)— 212&[362 0, 2
°(SM(¢)) < tQE—E /dh E,F (0, —
Vv (Sn,e( ) < Cs (620,27, (T) = \Js Vhny (V) By Fg e (65 (0n — )
k2(1)0 O ?
+ Cren®n(®)/2e=nBfe(e) Tna/— E (/ dvh, , (v ) :
7 T‘-TL(TO> o 7y( )

nyeTy

From the bound foen dvhy, (V) EyFacen (040, —v)) < (14 0(1)) [;" dvh,, (V)05 <
(1+ 0(1))93"(5)PM(H(y) < 6,) and (3.9), 1| we get that on 2%, for all but a finite
number of indices n, the first summand is bounded above by

C ¢ 2—an(e)— 2n/32 (nﬁ;nean (T;)1+an(s)+o(1))22—n'

Using the bound }_ . (fo" dvhn,y(v)) < supyero Pr, (H(y) < 0,)Pr, (H(T7) < 0,),
and proceeding as in , the second summand is bounded above by

Cot2ene /2 (12, (1) Han(@+oD)? g =nBe()(3=5e(N gn.
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Since by assumption 5 > fS.(¢) and 0 < ¢ < 1, (4.6) (see also (4.8))) enables us to
conclude that on 2*, for all large enough n,

Vo(S{(t)) < CrotPe2 179,
This yields (6.14) and concludes the proof of the Lemma. 0

Arguing as in the proof of Proposition 4.1|that b, = b2 (1 + o(1)) on €; N Q° N Q* for
all large enough n, it follows from Lemma [6.3]and Borel-Cantelli Lemma that

lim lim (87(152 () — 87(162 (t)) =0, PP — almost surely. (6.21)

e—0 n—oo

Collecting (6.10), (6.12), (6.13) and (6.21) yields (6.6). The proof of Proposition @ is

complete.

7. PROOF OF THEOREM [I.I]AND THEOREM [1.4]

Proof of Theorem|I.4} By Proposition (3.3), Proposition (4.1)), Proposition (5.1]) and Propo-
sition (6.1), under the assumptions of Proposition (4.1)) and Proposition (6.1]), Conditions
(BO), (B 1), (B2) and (B3) of Theorem [I.3] are satisfied P-a.s.. It remains to check Condi-
tion (AO0), i.e. to prove that P-a.s., for all © > 0,

lim P, (Z,1 >u) =0 (7.1)

n—oo

where Z,,; = foe” max ((c, %), 17, (Y, (s))) ds and p,, is the uniform measure on V,,.

By (3.2) and Lemma[3.]]
P,un<Zn,1 > U) < (1 + 0(1>>P7rn(Zn,1 > U) + Z:CEV:L /Ln(flf)Px(ZnJ > u)
< (I4+o0o)P:, (Zy1 >u)+n"(1+0(1))

where the last line is (2.14). Thus (7.1)) is an immediate consequence of Proposition (#.1].
One readily checks that the assumptlons on a,, ¢,, and #,, of the theorem imply that the
conditions (4.5) and (4.6) of Proposition (#.1)) are verified. The proof of [I.4]is done. [

Proof of Theorem Reasoning as in the proof of Theorem[I.4] we may assume that the
process starts in its invariant measure 7,,. The main idea behind the proof is now classical.
Suppose that

Pr, (An(t, s)) = Pr, (Ra O (¢t +5) = 0}) + o(1) (7.2)
where A, (t,s) = {X(c,t) = X(cn(t + s))} and where R,, denotes the range of the
rescaled blocked clock process S%(t). Then Theorem |[1.1|is a direct consequence of The-
orem [[.4] and the arcsine law for stable subordinators. We refer to Ref. [23]] for a detailed
proof (see the proof of Theorem 1.6 therein) and again stress that the .J; topology in
is necessary for this statement to hold.

We now focus on establishing (7.2)). For k > 1 and Z,, ; as in (I.19) set

B = {Xh Zni < X0 Zui > 45} (7.3)
Then by (L.18), {R,, N (t,t + s) = 0} = {Uk>1By}. Furthermore, for any 7' > 0,
Pr,, (Uksk()Br) < Pr, (Sp(T) <t) — P (Vae)(T) <) <0 (7.4)

where convergence is almost sure in the random environment, as follows from Theorem
and where 0 can be made as small as desired by taking 7" large enough. Therefore

0< P, (RoN(t,t+5) =0}) — Pr, (Ui<k<hnBr) < 0. (7.5)
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Note that the event By, is non empty if and only if the increment Z,, ;. straddles over the
interval (¢, ¢+ s). To show that (7.2) holds it now suffices to prove the following two facts:
Fact 1. P-a.s,

Pr, (An(t, s) N {Ur<k<t, ) Br}) = Pr, (Ui<kzr, ) Bi) + o(1). (7.6)
Fact 2. P-a.s,
Pr. (An(t,s) N (Mi<ker,(mBf)) — 0, n — oo (7.7)
Combining (7.3), and (7.7) then establishes that
| Py, (An(t,8)) — P, {RaN (6 +5) =0})] <5+ 0(1) (7.8)

which is tantamount to (7.2)). The proofs of Facts 1 and 2 follow a now classical pattern
(see e.g. Ref. [24], [12]) which mostly uses information already obtained in the course of
the verification of Conditions (B1)-(B3).

Proof of Fact I . Fix 0 < T' < oo and assume that the assumptions of Proposition (4.1}
are satisfied. Let Hy(A) = inf{t > 0,k | Y,.(t) € A} be the first hitting time of A C V),
after time 6,,k. Note first that By, = B, N {Z,, x4+1 > s} so that, by ,
Pr. (Ut<izt, (B N {H(T,) > 6,})) =0 (7.9)
for all large enough n. Note next that reasoning as in (6.11))-(6.12), on 2° N Q~,
Pr, (Ursksin ) (B N {HK(T \ T;) < 003)) < ka(T) Pr, (He(T \T;) < 6,) = 0
as n — oo by virtue of (4.6). Hence on Q° N Q*, for all large enough n,
Pr, (Ui<k<, () Br)
=Pr, (Urziska ) (Be N {HW(TY) < 00} N {HL(T,\ T3) > 0,)}) + o(1).

This means that for 55 to be non-empty asymptotically, the increment Z,, ;. must be
produced by visits of Y,, to 7};, and 7] only. Let us now prove that all these visits, if there
are several of them, must be to a single vertex. For this it suffices to show that as n — oo,

P = Pr, (Ui<hi, ) (Be N {H(T7) < 0,} N Co(Ya(Hi(T})))) — 0,

n

where

Co (Vo (H(T2))) = {inf{t > Hy(T2) | Yo(t) € T2\ Yo (Hi(T2))} < 6, }.

Now,
Dn = P, (Ulgkgkn(T) Ugere (B N {HE(T))) < 0y, Y (Hi(T)) = 2} N Cn(ﬂﬂ))
<

where 7! is defined in (4.25) and bounded in Lemma Reasoning as in the para-
graph below (4.84) then yields that under the assumptions {.5) and (#.6), on Q° N Q~,
lim,, o 175 = 0. Thus, the increment Z,, ;41 in BB cannot be produced by visits of Y, to

two or more distinct vertices of 7}7. Setting
Wa= U U Ben{HT}) <6, Y, (H(T)) = x, Hy(T, \ ) > 6,})
1<k<kn(T) €T

and combining our results, we get that for all large enough n, A,(t,s) 2 W, so that
Pr. (Au(t, s) NW,) > Pr, (W,), whereas |Pr, (W,) — Pr, (Ui<k<k.r)Br) | = o(1) on
Q° N Q*. Eq. (7.6) of Fact 1 is now proved. 0J
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Proof of Fact 2. In view of the information gathered in the proof of Fact 1, Fact 2 will be
established if we can prove that no two distinct clock increments Z,, ;41 and Z,, ;1 can
be produced by visits to the same vertex 7);, asymptotically. More precisely, as n — oo,

Pn = Pr, (Uisktnry {Hi(Ty) < 00} N Dy i (Ya(Hi(T5))))) = 0, (7.10)
where
Do (Yu(Hi(T7))) = {inf{t > (k + 1)0n | Yo(t) = Y (Hi(T7))} < Onkin(T) }.
To prove this, observe that the event in (7.10) can be written as
Userg Uyerg ({HR(T7) < 00, Yo (Hi (1)) = 2} N Y0 (On(k + 1)) = y} N Dy ()

Thus, by the Markov property we have, using the notation of {#.15)-(.17) and the bound
Py (H(w) < 0u(kn(T) — (k + 1)) < By (H(z) < 0k (T)),

P < §j z;g;/dmm Py (Ya(0 —v) = ) P, (H(x) < 0,k (T)).

To proceed, we split the domain of integration into [0, 8, — k,,) U [0,, — Ky, 0,,]. Using that
by Proposition [3.3] on €, for all n large enough, P, (Y,,(6,, — v) = y) = m,,(y)(1 + o(1))
forall v € [0, 6,, — k,,), the contribution coming from this domain is at most

(1+0(1)) / vl (0 Z ()P, (H(z) < 0,k (T))
< (1+ o)k 53 <<msw;£ax<>s%m<»
< (14 0(1)) (Onkn(T)rin2™™)? 2, (T7) (7.11)

where we used with ¢, = 6,, (which is licit as we many times saw) and with
tn = 0.k, (T), which is licit provided that 0,,k,(T)r n2™" — 0 as n — oo, and this is
guaranteed by our assumptions on a,. Indeed, proceeding as in the proof of Proposition
A.1|(see (4.79) and the paragraph above) we get that on 2° N Q* N €4, for large enough n,

Onkn (T)rEn2™" < fop (r) FenE@Fepo=(=2n _ g (7.12)

asn — oo forall 0 < & < 1. Since furthermore 2", (T°) = (1 + o(1))20-9" (n2,,)*®
by .4), (3.2), and (2.16), and we get that on 2° N Q* N 4, (7.11)) is bounded above by

<1+0<1)) (Iin(T:l)lJra"(E)JrO( ) ( 29 )a —(1— s)n (713)

and by (4.6)) this decays to zero as n — oo forall 0 < ¢ < 1.
Consider next the domain [#,, — x,, 6,,] and note that since

> P (Ya(bn —v) =y) Py (H(x) < 0,k,(T)) < 1 (7.14)

yeTyg

the corresponding contribution is bounded above by k,, (1) Py, (0,, — k, < H(T?) < 0,,).
By the upper bound of (3.5)) and the lower bound of (3.4), on Q*, for all but a finite number
of indices n, this is in turn bounded above by

n1+2a" (6)0;(1—04(6))/€2 (T:L)l—i-an(s)—l-o(l) =0 (7. 15)

n
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as n — oo, where we again used that 2" = (n20,)*® by (4.4) whereas 0 < a(e) < 1
by assumption; the final convergence then follows from (4.5). Combining the conclusions

of (7.12) and ([7.15]) we get that on 2° N Q* Ny,
lim p, = 0. (7.16)

n—oo

Now this implies that if By and B}, 1 < k # k' < k,(T), are two non-empty events then,
on 2° N Q* Ny, the increments Z,, ;+1 and Z,, ;1 are produced by visits to two distinct
elements of 7> with probability 1 — o(1). This readily implies and concludes the
proof of Fact 2. U

The proof of Theorem|[I.1]is now complete. O

8. APPENDIX: PROOF OF THEOREM AND THEOREM

Proof of Theorem[1.2] The proof closely follows that of Theorem 1.2 of Ref. [12]. Through-
out we fix a realization w € 2 of the random environment but do not make this explicit in
the notation. We set

Sh(t) = Sh(t) = Za,. (8.1)

Condition (A0) ensures that S? — §fL converges to zero, uniformly. Thus we must show
that under Conditions (A1), (A2), and (A3), §fL =7, S,. For this we rely on Theorem 1.1
of Ref. [12]. Namely, we want to show that Conditions (A1), (A2), and (A3) imply the
conditions of Theorem 1.1 of Ref. [12]]. To this end let {F,,;,n > 1,7 > 0} be the array of
sub-sigma fields of 7 defined (with obvious notation) through F,,; = o (Y,,(s), s < 0,,1),
for « > 0. Note that for each n and ¢ > 1, Z,,; is F,,; measurable and F,,;_; C F,;.
Next observe that by the Markov property and the fact that, for all « > 1 and y € V),
Py(Zni > u) = Py(Zn1 > u),

Prun (Zni > ] Fric1) = D Lva(i-1)0)= Py(Zna > 1) (82)
YEVn
In view of this, (I.21)), (T.22), and (1.23)
3208 Py (Zag > w| Fuica) = 1" (u,00), (83)
and in view of (1.24)
S [P (Zni > | Foi)) = o3t (u, 00) . (8.4)

From (8.3) and (8.4)) it follows that Conditions (A1) and (A2) of Theorem [[.2] are exactly
the conditions of Theorem 1.1 of Ref. [12]]. Similarly Condition (A3) is condition (1.9).

Therefore the conditions of Theorem 1.1 of Ref. [12] are verified, and so §3 =7 S, 1n
D([0,00)) where S, is a subordinator with Lévy measure v and zero drift. O

The proof of Theorem [I.3]centers of the

Proposition 8.1. Assume that Condition (Bl) is satisfied. Then, choosing 0, > k,, the
following holds for all initial distributions y,,: for all t > 0, all v > 0, and all € > 0,

P, (v (u, 00) — v (u,00)| =€) < 5e? [pn (V4 (u, oo))2 + ol (u, )|,  (8.5)

and
P

i (ay’t(u, 00) > e) < e 1+ pp)ot(u,00). (8.6)

n
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Proof of Proposition[8.1] We assume throughout that ¢,, > k,,. To prove (8.6), simply
note that by a first order Tchebychev inequality

Pu (00! (u,00) 2 €) < € ha(t) X ey, B (m () Q1)) (87)
< 1A pa)ay,(u, 00), (8.8)

where we used in the last line that by (1.30),
| B (0 (9)) = T ()] < puia(y)- (8.9)

Turning to (8.5), a second order Chebychev inequality yields
By (|1 (,50) — vA(1.00)] > o)

<Y e Yoy, Qu()Qu(y) ST SO Ay y) (8.10)

where
Aij(z,y) = P, (Ya(i0n) = 2,Y,(j00) = y) + ma(2)T0(y) (8.11)
— T (Y) Py, (Ya(ibn) = 2) — m(2) P, (Ya(500) = y) . .
Using again (1.31)) yields
(4 pn)mn (€))7 (y), if i # j,
A, < (1 p)ma(a) + (1+2p)72(2), ifi=jandz=y,  (8.12)
0 else.
Thus (8.10) is bounded above by € 2p,(4 + p,) (V% (u, 50))* + € 2(2 + 3p,)ot, (u, 00).
Since by assumption p,, | 0 as n T oo, Proposition|8.1|is proven. U

Proof of Theorem|l.5| Condition (B2) combined with the conclusions of Proposition (8.1
implies both conditions (A1) and (A2), and Condition (B3) combined with implies
Condition (A3). 0
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