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CHARACTERIZATION OF THE LACK OF COMPACTNESS OF
H2 ,(R%) INTO THE ORLICZ SPACE

INES BEN AYED AND MOHAMED KHALIL ZGHAL

ABSTRACT. This paper is devoted to the description of the lack of compactness of the
Sobolev space HZ,;(R*) in the Orlicz space £(R?). The approach that we adopt to
establish this characterization is in the spirit of the one adopted in the case of Hﬁad(RQ)
into the Orlicz space £(R?) in [5].

CONTENTS
1. Introduction 1
1.1. Development in critical Sobolev embedding 1
1.2.  Critical 4D Sobolev embedding 2
1.3. Lack of compactness in 4D critical Sobolev embedding in Orlicz space 3
1.4. Statement of the results 7
1.5.  Structure of the paper 10
2. Proof of the main theorem 11
2.1.  Scheme of the proof 11
2.2. Preliminaries 11
2.3.  Extraction of the first scale and the first profile 12
2.4. Conclusion 17
3. Appendix 19
References 21

1. INTRODUCTION

1.1. Development in critical Sobolev embedding. Due to the scaling invariance, the
critical Sobolev embedding

(1.1) H*(RY) — LP(RY),

d 1 _1_ s
when 0 < s < § and 5 = 3 — g» is not compact.

After the pioneering works of P. Lions [15] and [16], P. Gérard described in [10] the lack
of compactness of (1.1) by means of profiles in the following terms: a sequence (uy)n
bounded in H* (R?) can be decomposed, up to a subsequence extraction, on a finite sum
of orthogonal profiles such that the remainder converges to zero in LP(R?) as the number
of the sum and n tend to infinity. This question was later investigated by S. Jaffard in
[11] in the more general case of H%4(RY) — LP(R%), 0 < s < g and % = % — 5 by the use

Key words and phrases. Sobolev critical exponent, Orlicz space, Adams’ inequality, Lack of
compactness.
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2 INES BEN AYED AND MOHAMED KHALIL ZGHAL

of nonlinear wavelet and recently in [6] in an abstract frame X — Y including Sobolev,
Besov, Triebel-Lizorkin, Lorentz, Hélder and BMO spaces. (One can consult [7] and the
references therein for an introduction to these spaces). We also mention the work of
Brezis-Coron [9] about H-systems. In addition, in [3], [4] and [5] H. Bahouri, M. Majdoub
and N. Masmoudi characterized the lack of compactness of H!(R?) in the Orlicz space
(see Definition 1.1)
HY(R?) — L(R?),
in terms of orthogonal profiles generalizing the example by Moser:

gola) 1= [ 20 (T8I,

2T o,

where a := (ay,), called the scale, is a sequence of positive real numbers going to infinity
and 1), called the profile, belongs to the set

{ ) € L*(R,e™*ds); ¢’ € L*(R), Yjj—oc0) = O }

The study of the lack of compactness of critical Sobolev embedding was at the origin of
several works concerning the understanding of features of solutions of nonlinear partial
differential equations. Among others, one can mention [2], [8], [12], [13], [14], [20] and
[21].

1.2. Critical 4D Sobolev embedding. The Sobolev space H?(R*) is continuously em-
bedded in all Lebesgue spaces LP(R?) for all 2 < p < oco. On the other hand, it is also
known that H2(R*) embed in BMO(R*) N L?(R*), where BMO(R?) denotes the space of
bounded mean oscillations which is the space of locally integrable functions f such that

1 . 1
|erBMo:sup/rf—fBrdx<oo with fB:/fdm.
B |BlJB |B| Jp

The above supremum being taken over the set of Euclidean balls B, | - | denoting the
Lebesgue measure.

In this paper, our goal is to investigate the lack of compactness of the Sobolev space
H? (R%) in the Orlicz space L£(R?*) defined as follows:
Definition 1.1. Let ¢ : RT™ — R be a convex increasing function such that

6(0) = 0= lim o(s),  lim 9(s) = oo.

We say that a measurable function u : R% — C belongs to L? if there exists A > 0 such

that
[ 6(M) o

\u\|L¢_inf{)\>0,/Rd¢<M;)‘> dxg1}.

In what follows we shall fix d = 4, ¢(s) = > — 1 and denote the Orlicz space L? by L
endowed with the norm | - ||z where the number 1 is replaced by the constant x involved
in (1.3). It is easy to see that £ < LP for every 2 < p < c0.
The 4D Sobolev embedding in Orlicz space L states as follows:

1
(1.2) lull £y < \/WHUHHQ(R‘*)-

We denote then
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Inequality (1.2) derives immediately from the following proposition due to Ruf and Sani
in [19]:

Proposition 1.2. There exists a finite constant k > 0 such that

(1.3) sup / (e32”2‘“(:”)|2 - 1) dzx = Kk < 0.
UEHQ(R4)7IIuIIH2(R4)§1 R4

Let us notice that if we only require that ||Aul[z2gs) < 1 then the following result estab-
lished in [17] holds.

Proposition 1.3. Let 8 € [0,3272%[, then there exists Cg > 0 such that
(1.4) / (PP 1) di < Cylulaguay V€ HP(BE) with || Au] 2 < 1.
R4

and this inequality is false for B > 32m2.

Remarks 1.4. The well-known following properties can be found in [17] and [19].
a) The inequality (1.3) is sharp.
b) There exists a positive constant C such that for any domain Q C R*

sup / <e32”2|“($)‘2 — 1) dr < C.
wEH2(Q),[|(~ A+l 120, <1 /2

c) In dimension 2, the inequality (1.4) is replaced by the following Trudinger-Moser type
inequality (see [1] and [18]):
Let o € [0,4w]. A constant C,, exists such that

alulx 2 .
(1.5) /R (e (@I _ 1) dr < Collul2agey Vu € H'(R?) with ||Vul p2gs) < 1.

Moreover, if a > 4w then (1.5) is false.

1.3. Lack of compactness in 4D critical Sobolev embedding in Orlicz space.
The embedding of H?(R*) into the Orlicz space is non compact. Firstly, we have a lack
of compactness at infinity as shown by the following example:

up(z) = p(r +ax), ©e€DRY\{0} and |zx] — oo.
k—o00
Secondly, we have a lack of compactness generated by a concentration phenomenon as

illustrated by the following example (see [19] for instance):

17|x‘2€2°‘

o +
872 V32m2a

if |z] <e™@

(1.6) falz) = Q%' ifem*<|z| <1
Ne(T) if x| > 1,

where 7, € D(R*) and satisfies the following boundary conditions:
ONa 1

= 07 . - )
77a|<9B1 v 981 /7871'20[
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1

with Bj is the unit ball in R, In addition, n,, V7a, Ane are all equal to O(T) (M as
«

« tends to infinity.

By a simple calculation (see Appendix A), we obtain that

1 1 1
1fall2: =0(=), I9/al3s = O( ) and [Afale =14+ 0() asa = +oo.
Also, we can see that f, = 0 in H?(R%).

The lack of compactness in the Orlicz space £(R*) displayed by the sequence (f,) when
« goes to infinity can be stated qualitatively as follows:

Proposition 1.5. The sequence (fo) defined by (1.6) satisfies:

[ falle =

as o — +00.

1
V3272’
Proof. Firstly, we shall prove that lim inf || fo ||z >

a—r00
A > 0 such that

For that purpose, let us consider

1
V32r2’

|fo ()|
e 22 —1) dxr<k.
R4
| fo ()|
e 22 —1)dr<xs.
|z|<e—«

Then

But for |z| < e, we have

So we deduce that

Consequently,

which implies that
Ao> ! Ly
3272 4 8” log( + e~4a) a—oo 3272°

This ensures that

—_

liminf || fol|lz >
min | folle > ——

V3272

e > 0 and use Inequality (1.4) with 3 = 3272 — &. Thus, there exists C. > 0 such that

| fo(a)|?
/ e(327r —€) IAfaH22 1) aw<c ”fa“%z .
- IAfall?s

1The notation g(a) = O(h(a)) as @ — +oo, where g and h are two functions defined on some neigh-
borhood of infinity, means the existence of positive numbers ap and C such that for any a > ap we have

lg(a)| < Clh(a)].

J

To conclude, it suffices to show that limsup || fo ||z < To go to this end, let us fix
a—r 00
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The fact that 1i_>m | fall 2 = 0 leads to

1
lim su R ——
a—)oop HfOtHC B 327['2 — &
which ends the proof of the result. O

The following result specifies the concentration effect revealed by the family (f,):

Proposition 1.6. With the above notation, we have
2
|Afa?> = 6(z=0) and B2l g 71r—6(e4 +3)6(xz=0) as a—oco in D(RY).
Proof. For any smooth compactly supported function ¢, let us write
/4 |Afa(x)]2g0(:c) dr = Io+ Jo+ Ka,
R
with
Lo= [ 18L@Pe) d
lz|<e=e
Jo = / |Afa(x)|?p(z) de  and
e~ <|z|<1

= i 2 X X.
Ko — /Mwa( ) () d

Noticing that Af,(x) = \;% if |z| <e™@, we get

lelie

o a—00

o] <

. _9 AP
On the other hand, as Af, = wPvara ife™ <|z| <1, we get

1 1 1 1
Jo = / —(0 dw—I—/ —(p(x) — ¢(0)) dx
27T2Oé eff"§|1“§1 ‘.’B|4SO( ) 27T2Oé eff"§|1“§1 ‘.’B|4 (SO( ) (’D( ))

- / L (ola) - (0)) de.

27'('2@ —al|z|<1 W

Using the fact that |o(x) — ¢(0)| < |z|||V¢||L we obtain that

o = p(0)] < VM= (g _ ey

« a—r00
Finally, taking advantage of the existence of a positive constant C' such that
|Ana | Lee < % and as ¢ is a smooth compactly supported function, we deduce that

|Ko| — 0.

a—r 00

This ends the proof of the first assertion. For the second assertion, we write

/ (V@ —1) (@) dz = Lo+ Ma + Na,
R4
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where
Lo = / (#1020 1) () do,
|z|<e—«
M, = / (e327r2|fa(x)\2 _ 1) o(x) dz  and
e~ a<z|<1
N = [ (R ) gt
|lz[>1
We have
72| fo(2)|? 72| fo(@)[?
L. :/|< ) (632 [fa(2)* _ 1) (gp(x) _(p(o)) da;+/|< i (esz [falx)]® _ 1) ©(0) dz.

Arguing as above, we infer that

L / <e327r2|fa(r)\2 _ 1) £(0) dz
ja] <o

2
32 2( - 1 ) —ba
< 27T2HVCP||L°° e T\Vs2 T Jor2a ) 1 ¢ -

As the right hand side of the last inequality goes to zero when « tends to infinity, we find
that

— 0.
a—r00

Lo — / (e?’?“?'fa(w)'Q - 1) ©(0) dx
ja|<e—

Besides,

—a

/ <632”2|f°‘(x)|2 - 1) 0(0)dx = 271'264(&—’_1)6%90(0) /e eeia ri=2e2 (24 2)r%) 3 g
|lz|<e=e 0

7T2

- 7@(0)6_4‘*-

Now, performing the change of variable s = re®, we get

1
/ <e327’r2‘fa(a;)‘2 _ 1) (p(o) d.fL' — 27T2€i+4(p(0)/ 836%—2(2—{—%)52 dS _ l(p(o)e—ZLOé,
| <e—e 0 2

which implies, in view of Lebesgue’s theorem, that
1 ) 2
lim L, = 27?2e4<p(0)/ s3e™1 ds = —(e* — 5)(0).

Also, writing

o= [ e —eo) ([ o

2
we infer that M, converges to %30(0) by using the following lemma the proof of which is

similar to that of Lemma 1.9 in [5]. O

4(log |2[)?
«

— 1) dx,

Lemma 1.7. When « goes to infinity,

1 1
41562 1 49 2 1
rrealog " dr — = and rdealo8 T dp —y .
o 5 o 2
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Finally, in view of the existence of a positive constant C' such taht ||7a||r~ < % and

/o
as  is a smooth compactly supported function, we get

N, — 0,
a—0o0
which achieves the proof of the proposition.

1.4. Statement of the results. Before entering into the details, let us introduce some
definitions as in [5] and [10].

Definition 1.8. We shall designate by a scale any sequence o := (ay,) of positive real
numbers going to infinity. Two scales o and B are said orthogonal if

‘log <§:)’ — 00.
The set of profiles is
P .= {w € L*(R,e®ds); ¢/ € L*(R), ) oo = o}.

Remark 1.9. The profiles belong to the Holder space O3, Indeed, for any profile 1 and
real numbers s and t, we have by Cauchy-Schwarz inequality

p(s) — B(t)] = / (7 dr

Our main goal is to establish that the characterization of the lack of compactness of
critical Sobolev embedding

1
< ¥ 2w ls — B2

H}g(RY) < L(RY)

T
can be reduced to the example (1.6). In fact, we can decompose the function f, as follows:

fa(z) = \/;;L( - loijl”‘) + 1a(2),

where
1 if t>1
L)y=4{t if 0<t<1
0 if t<0
and 2.2«
% if |z <e @
ra(z) =9 0 if e @< |z[<1

Ne () if |z| > 1.
The sequence « is a scale, the function L is a profile and the function r, is called the
remainder term.
We can easily see that r, el 0 in L. Indeed, for all A > 0, we have

Ira(2)|2 o [C7 / 1artete 3
(e A2 — 1) de < 2w (elt‘m?m? — 1)7“ dr
|z[<eme 0
2 —4da

1 1 Tée
[87‘(4)\26167r2a>\2 ae™ 4 (eww?aﬂ — 1) - } — 0.
2 a—00

IN

Moreover, since 7 belongs to D(R*) and satisfies |14 ]|z~ < % for some C' > 0, we get

lra (z)|2
/ <e e 1) dz —s 0.
|£E‘>1 a—r o0
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@ log |x

Let us observe that hq(z) := 4/ 8—2L(— ﬂ) does not belong to H?(R*). To overcome
T a

this difficulty, we shall convolate the profile L with an approximation to the identity

pn, Where pp(s) = app(aps) with p is a positive smooth compactly supported function

satisfying
(1.7) suppp C [—1,1] and

1
(1.8) / p(s)ds =1.

-1
More precisely, we shall prove that the lack of compactness can be described in terms of
an asymptotic decomposition as follows:

Theorem 1.10. Let (uy), be a bounded sequence in H? ,(R*) such that

(1.9) u, — 0,
n—oo
(1.10) limsup ||unllz = Ao>0, and
n—oo
(1.11) lim limsup/ lun ()| dz = 0.
R—o n—oo |x|>R

Then, there exists a sequence (a(j)) of pairwise orthogonal scales and a sequence of profiles
(w(j)) in P such that up to a subsequence extraction, we have for all £ > 1

¢ ()
o . . —log |z
(1.12) wn(@) =D\ 5o (W9 ) (d') +ri (@),
Jj=1 Qnp

where ,o(j)( ) = ag)p(ag)s) and lim sup H&HE o0 0.
n—oo

Remarks 1.11. a) As in [10], the decomposition (1.12) is not unique.

b) The assumption (1.11) means that there is no lack of compactness at infinity. We are
particularly satisfied when the sequence (uy,) is supported in a fived compact of R* and also
by the sequences

(1.13) 99 (@) = ;{ﬁw « o) (‘lof)“””')

involved in the decomposition (1.12).

c) As it is mentioned above, the functions h(j)( )= 3722 YU <107g|x‘> do not belong to
H?(R*). However, we have

(1.14) Hgg) - hg)HE(R‘l) 20

where the functions géj) are defined by (1.13). Indeed, by the change of variable s = 7%}):14

(4)

and using the fact that, for any integer number j, v\9) « py’ is supported in [—%, ool and
i

YU is supported in [0, 00[, we infer that for all X > 0
G (- (2) |2 ] 00 ) )
[ (R Ly gy gy [ (ol om0l )i g,

()

An
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Since
1 .
@00 5) = 6] < [ [0 (s = ) = 6D (s)|ote) d
-1 an

we obtain, according to Cauchy-Schwarz inequality,

1
() 5 oD () — @) (4)[2 s LY _piial
@+ i)6) w0 5 [ 0 (s~ ) ~v )] ar
< o) [ (s — 1) — ) (s)] dr

__1_
(j)

S oﬂ)/ (]) / (3))/(u)|du>2d7.

Applying again Cauchy-Schwarz inequality, we get
- s
(09 p0)5) = w0 5 ol [ ([ @) @] )il ar

S

(7) (7) o)
(z)—hy)’ (x) . [TI<
/ (e‘ " 1> dr < aly) e W 1|e e
4 1
R NGO
S I+ Jn,
where
= sup o @D (w)[? du
s€[sg,00LITIS 5 ()
I, = / —1|e s ds and
% sup Jo @D (W) du
— Gy soblTIs 5 —4aPs
I = o o — 1| e %ds,

for some positive real sg.
Noticing that

@Y
CH(w ! ) L2(R) e*4a£7?)50
ns|e 3 -1 7
we infer that
lim I, = 0.

n—oo
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Moreover, the fact that

C,:=C sup /S |(¢(j))/(u)}2 du — 0,

n—o0
sel-—tysolIrl<
Aan An

implies that

4 e—4o¢£f)so

Cn e
lim J, = lim (e —1)=—"—— =0,
n—00 n—00 4
This leads to (1.14) as desired.
d) Similarly to the proof of Proposition 1.15 in [5], we get by using (1.14)

tin (199 o, = T A9 e, = e v (2
o vl | LR |l 3 B v LERY T /3072 550 /s
e) Setting gn(z) := 2‘”]2 (D) x ﬁg))( lo(%)m), where ﬁg)( ) = agj)p(ag)s) with p is a
positive smooth compactly supported funct{z)n satisfying (1.7) and (1.8), we notice that
() _ 50
(1.15) low” = 3| ey =52, 0

where the functions g(]) are defined by (1.13). To prove (1.15), we apply the same lines
of reasoning of the proof of (1.14).

f) Compared with the decomposition in [10], it can be seen that there’s no core in (1.12).
This is justified by the radial setting.

Theorem 1.10 induces to
Junll = sup (Jim [l )-

This is due to the following proposition proved in [5].

Proposition 1.12. Let (ol ))1<]<g be a family of pairwise orthogonal scales and (YU ))1<j<4
be a family of profiles, and set

e o
we = > Z“L(w%sm( 1°g'x‘) -3 o

Then

1.5. Structure of the paper. The paper is organized as follows: Section 2 is devoted to
the proof of Theorem 1.10 by describing the algorithm construction of the decomposition of
a bounded sequence (u,,) in H2, ,(R?), up a subsequence extraction, in terms of orthogonal
profiles. In the last section, we deal with several complements for the sake of completeness.
We mention that C' will be used to denote a constant which may vary from line to line.
We also use A < B to denote an estimate of the form A < C'B for some absolute constant
C and A~ B if A < B and B < A. For simplicity, we shall also still denote by (u,) any

subsequence of (uy,).
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2. PROOF OF THE MAIN THEOREM

2.1. Scheme of the proof. The first step of the proof is based on the extraction of the
first scale and the first profile. As in [5], the heart of the matter is reduced to the proof
of the following lemma:

Lemma 2.1. Let (uy) be a sequence in H? ,(R*) satisfying the assumptions of Theorem
1.10. Then there exists a scale (cvw,) and a profile v such that

(2.1) 19| L2y = C Ao,
where C' 1s a universal constant.

Then, the problem will be reduced to the study of the remainder term. If the limit of its
Orlicz norm is null we stop the process. If not, we prove that this remainder term satisfies
the same properties as the sequence start which allows us to apply the lines of reasoning
of the first step and extract a second scale and a second profile which verify the above key
property (2.1). By contradiction arguments, we get the property of orthogonality between
the two first scales. Finally, we prove that this process converges.

2.2. Preliminaries. To describe the lack of compactness of the Sobolev space H2 ,(R?)
into the Orlicz space £(R*), we will make firstly the change of variable s := —logr with

r = |z| and associate to any radial function v on R* a one space variable function v defined
by v(s) = u(e™®). It follows that:

(22) fullfaeny = 2% [ e o) ds,
R
(2.3) H \LQ o = 27T2/Re_23|v/(8)|2 ds,
2
(2.4) —Oru = 2712/ 1v(5)|? ds  and
r L2(R4) R
(25) Al = 25° [ 1= 20/(5)+ 0" ()" ds

The quantity (2.4) will play a fondamental role in our main result. Moreover, for a scale
(o) and a profile ¥ we define

onla) =y (0 po) (2L,

872 o

where py,(s) = anp(ays) with p is a positive smooth compactly supported function satis-
fying (1.7) and (1.8). Straightforward computations show that

. :
(2.6) lonlle@n < an ( / p(s) Fo s ds) |

dg _

n < 2 20 S

(2.7) H or ll2re) ™ (/ (s ds) ’
1
l <

(2.8) R P T PRY

(2.9) 1AGnll2@ey S 192wy
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Indeed, we have

1
[07%% _ 2
lonlzzwsy = 5 ([ 1005 po)e e as)

= Hqﬁn * ﬁ"HB(R)
where 1, (1) = Qap(7)e 2 and f(7) = pn(7T)e2*"7. According to Young’s inequality,
we get
||gn||L2(R4) < Hd}nHL%R)”[’nHLl(R)

~ S 2
Since HzﬂnHLQ(R) = S </0 ]¢(T)|Qe_4°‘” d7'>

obtain (2.6).
Similarly, writing

1
and Wl = [ plr)e dr, we

k3
or

1
1 —2ans 2
ey 2</W*p )

,On

L2(R)’

where 1,(1) = 1¢/(7)e™® " and pn(1) = pn(r)e™*"7 and using Young’s inequality, we
infer that

Ogn = z
H or lL2(r) ¢’ Hp L1(R)
1 2 1
< s([weremra)’ [ e ar
2 \Jr -1
which leads to (2.7).
Also, we have
1 1, 1,
H;argn . S % palle@y < 51 N2 ey

Finally,

N

1 1 2
B = 3 ([] =20 o+ 20| as)
R Qn
1
< 19" * pull 2wy + ﬂW’ * poll 2 (r)

1
< Y 2wy + g||¢/HL2(R)||P%||L1(R)-

1

The fact that [|py,]/21 () = an/ o' (1) dr ensures (2.9).
-1

2.3. Extraction of the first scale and the first profile. Let us consider a bounded
sequence (uy) in H2 ,(R*) satisfying the assumptions (1.9), (1.10) and (1.11) and let us
set

Un(8) := un(e™?).

We have the following lemma.
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Lemma 2.2. Under the above assumptions, the sequence (uy) converges strongly to 0 in
L?(R*). Moreover, for any real number M, we have

(2.10) nh_}ngo lvnll Loo ) =o0,nep) = O-
Proof. For any R > 0, we have

lunllL2®ay = llunll 2(zj<r) + 1unll L2(j2)> R)-

According to Rellich’s theorem, the Sobolev space H?(|z| < R) is compactly embedded in
L?(]z] < R). Thanks to (1.9), we get

w22 (o <) = 0.

Now, taking advantage of the compactness at infinity of the sequence (u,) given by (1.11),
we deduce that

(2.11) 71131()10 ||unHL2(R4) =0.
Besides, according to Proposition 3.4, we infer that

3 1 1
(2.12) [on ()] S e2sHunH22(R4)\|VunHz2(R4).

For s < M, (2.10) derives immediately from (2.12) and the strong convergence of (uy) to
zero in L?(R*). O

Now, we shall determine the first scale and the first profile.

Proposition 2.3. For all 0 < § < Ap, we have

sup <’ Un(3) ’2—33> — 0.

>0 AO — (5 n—0o0

Proof. To go to the proof of Proposition 2.3, we shall proceed by contradiction by assuming
that there exists a positive real § such that, up to a subsequence extraction,

2
(2.13) sup <‘ Un(s) ‘ - 38> <C,
s>0meN \| Ao — 0
where C'is a positive constant. Thanks to (2.10) and (2.13), we get by virtue of Lebesgue’s
theorem
un (z) 2 2 o0 vn(s) 2 4
~1) dz = lim 2r / (el —1)em4 as = 0.

i [ (5
On the other hand, using Proposition 3.4, the boundedness of (u,) in H?(R*) ensures the
existence of a positive constant C such that
lun(z)| < C, ¥YneN and|z| > 1.
By virtue of the fact that for any positive M there exists a finite constant C'y; such that
e’ —1
sup <72) < Cuy,
t
ll|<M

we obtain that

un (z) 2
/|>1 (e‘ sl 1) dz < Cllun |72 (ma-
|2
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The strong convergence of (u,) to 0 in L?(R%) leads to

un () 2
/ (e\AH ~1) dzv — 0.
R4 n—oo
Thus,
lim ||luy|lz < Ag — 9,
n—oo
which is in contradiction with Hypothesis (1.10). O

Corollary 2.4. There exists a scale (ozsll)) such that
2

(1)
4 M - 3o — 0.
AO n—ro0
Proof. Let us set
Un(s) ?
Whp(s) =4 —3s and ay :=sup Wy(s).
Ao 50

Then, there exists a positive sequence (ag)) such that
1
Wn(agl)) > ap — —.
n
According to Proposition 2.3, a, tends to infinity and then

Wy, (ag)) — 00.

n—oo

It remains to show that ag) — oo. If not, up to a subsequence extraction, the sequence
n—oo

(ag)) is bounded in R and so is (Wn (aﬁ)) thanks to (2.10). This yields a contradiction.
O

Corollary 2.5. Under the above assumptions, we have for n big enough,
?AO\/OCS) < ‘vn(ag))} <C ag) +o(1),

1
where C' = —== limsup || Auy|| 2 (ga).-
n—oo

vV 8m2

Proof. The left hand side inequality follows directly from Corollary 2.4. On the other
hand, for any s > 0 and according to Cauchy-Schwarz inequality, we obtain that

()] = [0n0) & [t dr] < o 0 + Vi 2o

By virtue of (2.4) and Lemma 3.3, we get

1 2 1 1
ety = ([ [+ ) < < lAule,

Using the boundedness of the sequence (Auy,) in L*(R*) and the convergence of (v, (0))
to zero, we infer that

[on(s)] < o(1) + CV/s,

lim sup || Aup || f2(r4), which ensures the right hand side inequality. [
n—o0

where C' =

1
vV 8m2
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Now we are able to extract the first profile. To do so, let us set

8 2
¢n(y) = %Un (agl)y)
(87

The following lemma summarizes the principle properties of .

Lemma 2.6. Under the same assumptions, we have
(2.14) VT2 Ag < [P (1) < C +0(1),

where C' = limsup || Auy||2(ray. Moreover, there exists a profile Y1) such that, up to a
n—oo
subsequence extraction,

vn = @) in PR) and  [|(D)]] 2y > Vor2Ao.

Proof. According to Corollary 2.5, we get (2.14). Besides, thanks to (2.4) and Lemma 3.3
we obtain that

1 2 1
Il 22wy = w%é\zmmMNMQQMMMWq

r

Then, (¢!) is bounded in L?(R). Consequently, up to a subsequence extraction, (¢},)
converges weakly in L?(R) to some function g € L?(R). Let us introduce the function

1/)(1)(8) = /OS g(7) dr.

It’s obvious that, up asubsequence extraction, ¥/, — (¢ () in L?(R). It remains to prove
that () is a profile.
Firstly, since

W) =] [ atr) dr] < Vol

we get () € L2(R,, e *3ds).
Secondly, 1)) (s) = 0 for all s < 0. Indeed, using the fact that

(1)y2
Qn — a<1)5
|72 ey = lon )" 4) /|¢n(3)|26 fon’s ds,
R

we obtain that

0 0 1)
/ mmwwg/ pn(s)[2e™ 4085 ds <

gl

72 Un L2(R4)"

(O[7(11)) (R%)

By virtue of the boundedness of (u,) in L?(R*), we deduce that 1), converges strongly to
zero in L?(] — oo,0[). Consequently, for almost all s < 0, up to a subsequence extraction,
(wn(s)) goes to zero. In other respects, as (1),) converges weakly to g in L?(R) and 1,
belongs to H} (R), we infer that

s

%@—%@:AUMﬂm—% g(r) dr = pO(s).

n—oo 0

This gives rise to the fact that
(2.15) Yn(s) — pU(s), VseR,

n—oo
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and ensures that 1/1(1)”700,01 =0.
Finally, knowing that ’1/)(1)(1)| > V6724 and

1
[V ey = [ 1Y@ dar =[]

we deduce that H(d)(l))’HLQ(R) > V672 Ay. O
Let us now consider the first remainder term:

(2.16) r (@) = un(z) — gV (2),

where

()
Qn —log |z
gD () = 1 2 (6 o) ((J’)
(87

8
n

(1) _
with ,0( )( ) = (ag))p(ag)s). Recalling that u,(z) = %‘%@Z;n( lo(gl)m) and taking
advantage of the fact that (1)) converges weakly in L*(R) to (D)’ we get the following
result.

Proposition 2.7. Let (un), be a sequence in Hfad(]R4) satisfymg the assumptions of

Theorem 1.10. Then, there exist a scale ( %)) and a profile vV such that

(2.17) DY) oy = V6r2 A0,
In addition, we have
. . 1
(2.18) i ‘ orry) L2(R4) nh—>nolo‘ Ortn L2(R4) ZH( HLQ(R)

where ) is given by (2.16).

Proof. The inequality (2.17) is contained in Lemma 2.6. Besides, noticing that

1
[ 700 gy = 31195 = () 5 60 ey
we get
. 1 2 1. 1.
Jin [0 L = 2 ey + 7 B O A0 e
- QHILH;O/% (@) pi)(s) ds
= Jm ‘?0”% L2(RY) +ZH i HL2(R>
N / My 4 M)
Jm [ @) o) () ds
We write
/R ) (D) = o)) ds = [ ) [(@D) ) (s) = WY ()] ds
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Since (¢/,) converges weakly in L?(R) to (1/(!))’, we obtain that

(2.19) /R () DY (s) ds — [|@DY [

n—oo

Besides, according to Cauchy-Schwarz inequality, we infer that
| [ @ [0 s = @O )] ds| < Inlla | (00 ) = 0] s

1
< 4H78run
r

L2(R%)

The boundedness of (1d,u,) in L?(R?) and the strong convergence of ((w(l))’ * pﬁf)) to
(MY in L2(R) imply that

(2.20) L@ [0 i) - @Y ()] ds = 0
Taking advantage of (2.19) and (2.20), we deduce (2.18). O

2.4. Conclusion. Our concern now is to iterate the previous process and to prove that
the algorithmic construction converges. Thanks to the fact that (¢(1) * p,(ll)) is supported
in [—i,oo[, we get for R > e,

_logR

1 @) e
[Py = 3@ [ oale) = (0 ) 0) P
1

logR 1
— 4( (1)) / b (t )|2 —4af] tdt

2
= HunHL2(|x|>R)'

This implies that (rﬁf)) satisfies the hypothesis of compactness (1.11). According to (2.18)
and the inequalities (2.6), (2.7) and (2 8), we deduce that (7'7(11)) satisfies also (1.9).

Let us now define A7 = limsup Hr
(1) n—oo

the sequence (’I“n ) satisfies the assumptions of Theorem 1.10, there exists a scale (ag))
satisfying the statement of Corollary 2.4 with A; instead of Ag. In particular, there exists
a constant C' such that

(2.21) \f ol < |F D (@] < cy/al? + o(1),

Hﬁ If Ay = 0, we stop the process. If not, since

where f,(ll)(s) = 7‘7(11)(6_5). In addition, the scales (ag)) and (a,(f)) are orthogonal. Other-
wise, there exists a constant C' such that

1
<

Using (2.16), we get

=(1) ((2) O‘g) a,(f) (1) 4 1) O‘?(TZ)
Tn(an): an@—(w *pn)ﬁ .

(@) D) — (0

2wy

(R)
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For any real number s, we have
[9n(s) = (BN 5 D) (5)] < [hn(s) = D ()] + | (& # D) (5) = D (s)].

As () belongs to the Holder space C’%, we obtain that
a1
00606 = 0s)| = | [ D@ (606 1) - 00))
1

s [T sV

AN

Thanks to (2.15), we infer that

‘wn(s) — (w(l) * p%l))(s)‘ — 0.

n—oo

This gives rise to

i /5T 0 (02) = i [ o ~ (W s pD) a’\\ g
n—00 04511) n n N—00 n Oq(ll) Pn a%l) ,

which is in contradiction with the left hand side inequality of (2.21).
Moreover, there exists a profile 1) such that

(2)
ay, —log |z
(@) = | gz (0 21?) (é”) + (@)

where pg)(s) = a,(f) p(ag)s). Proceeding as the first step, we obtain that

H(¢(2))/HL2(R) > V67m2A; and lim ’%&rﬁlz) : = lim H%aﬁ“g) :

n—oo L2(]R4) n—oo L2(
Consequently,
1 2 372 372
1 — (2) < 20 A2 T 42
T}glolo T&mn ey S C 5 Ap 5 A7,

. At iteration £, we get

1
where C' = lim sup H ;&un LEY)

n—o0

¢ [0
ayy . . —log |z
una) = 3 255 () 4 ) ( g ') £10(a),

2
= 8T a

with

2
2 2 2
LS - A,

lim sup H %aﬂ’g)

a—00

Therefore Ay — 0 as £ — oo and the proof of the main theorem is achieved.

1
e~ I ey
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3. APPENDIX

The first part of this appendix presents the proof of the following proposition concerning
the convergence in H?(R?%) of the sequence (f,) defined by (1.6).

Proposition 3.1. We have

Hfa”%%]R‘l) = O($>v vaaH%ﬁ(]R‘l) = O(é) and ”AfaH%Q(R4) =1+ O( )

1
@
Proof. Let us write
fallZoey =1+ 11+ 111,
with
I = [ @
z]<e=e

11 = / |fo(z)|? dz  and
e~a<|z|<1

I :/ | fal(2)|? dz.
|z|>1

It is easy to see that for « large enough

s [0 4 [a 1 2
2m r — + —= | dr
/0 < 82 v327r2a>
< & + i + L @ — O(l)
— \8m?  327%2a 872 2 \a/’

Besides, by repeated integration by parts, we obtain that

~
IN

1 a26—4o¢ 1 ’F3
I = —(— —/ —logrdr>
4o 4 o—a 2

1 N T | Aoy 1
= Wl rate™)=0)

1 1
The fact that 7, € D(R*) and 7, = O(—) implies that I1I = O(—).
Va «

Now, noticing that

—2e2e

Vi Sl <
Vfalz) = W;Toc sie™® < |z| <1,

Via(z) st |z > 1,

we easily get

e—2a 1— e—2a

IV fall7 = + +/ Ve (x)|? de.
L2®D ™ 24 |z|>1

o S8
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This ensures the result knowing that 7, € D(R*) and || Va1~ = O(

5=
—

Finally, since

_Re2« . _
A ke

Afa(e) =3 o e <l <1,
A if |z| > 1,

we get
1
8 alBagdo =5 41+ [ [Ana(a)f da,
o |z|>1
which ends the proof of the last assertion in view of the fact that 1, € D(R*) and

|Anal :0(\/1&). 0

In the following proposition, we recall the characterization of Hfad(R‘l) which is useful
in this article.

Proposition 3.2. We have

rad

1
H? (RY) = {u € L*(Ry,r® dr);  Opu, O*u, —0u € L*(Ry, 13 dr)}.
r
The proof of Proposition 3.2 is based on the following lemma proved in [19]:
Lemma 3.3. For allu € H? ,(RY), we have

1 , 3 PN S |
20 = (27r/0 W )Pr dr)* < 2l Aul e,

(3.1)

U

Proof. By density, it suffices to consider smooth compactly supported functions. Let us
then consider u € D,.q(R*). We have

Bulfagey = 26 [ )+ S dr
0

= 272 [/OOO (u”(r) + %u'(r)>2r3 dr + 8/000 o' (r)?r dr

+ 4/0 u"i:)u'(r)rQ dr} }
212 (8/0 o' (r)?r dr+4/0 u (r) (r)r? dr).

By integration by parts, we deduce that
oo
Al opay = 8 [ "),

which achieves the proof of (3.1). O

Y

It will be useful to notice, that in the radial case, we have the following estimate which
implies the control of the L°°-norm far away from the origin.

Proposition 3.4. Let u € H!

rad

(R*). Forr = |z| > 0, we have

1 1 1
(3:2) [u@)] S 5 lull 22 g I Vel 2o
r2
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Proof. Let u € D,.qq(R*) and let us write for > 0,
9 o , > 3 3, . ds
u(r)® = —2/ u(s)u'(s)ds = —2/ s2u(s)s2u'(s) —.
T T S
According to Cauchy-Schwarz inequality, we obtain
9 00 1 92 o] 1
u(r)? < (743/7, s3u(s)|? ds) : (73/T s3|u/ (s)|? ds) :
1
< WHUHLQ(R“)HVUHLQ(R‘l)a
which leads to (3.2) by density arguments. O
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