N
N

N

HAL

open science

DESCRIPTION OF THE LACK OF COMPACTNESS
IN ORLICZ SPACES AND APPLICATIONS
Ines Ben Ayed, Mohamed Khalil Zghal

» To cite this version:

Ines Ben Ayed, Mohamed Khalil Zghal. DESCRIPTION OF THE LACK OF COMPACTNESS IN
ORLICZ SPACES AND APPLICATIONS. Differential and integral equations, 2015. hal-01271966

HAL Id: hal-01271966
https://hal.science/hal-01271966
Submitted on 9 Feb 2016

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01271966
https://hal.archives-ouvertes.fr

DESCRIPTION OF THE LACK OF COMPACTNESS IN ORLICZ
SPACES AND APPLICATIONS

INES BEN AYED AND MOHAMED KHALIL ZGHAL

ABSTRACT. In this paper, we investigate the lack of compactness of the Sobolev em-

bedding of H'(R?) into the Orlicz space L??(R?) associated to the function ¢, defined
p—l 2k

by ¢p(s) = e — Z Sk—‘ We also undertake the study of a nonlinear wave equation
k=0

with exponential growth where the Orlicz norm ||.||, ¢, plays a crucial role. This study

includes issues of global existence, scattering and qualitative study.

1. INTRODUCTION

1.1. Critical 2D Sobolev embedding. It is well known (see for instance [7]) that
H'(R?) is continuously embedded in all Lebesgue spaces LI(R?) for 2 < ¢ < oo, but
not in L>(R?). It is also known that (for more details, we refer the reader to [21])

HY(R?) — L%*(R?), Vpe N, (1)
where L% (R?) denotes the Orlicz space associated to the function

pl 2Kk
Bols) = =30 2)

k=0

The embedding (1) is a direct consequence of the following sharp Trudinger-Moser type
inequalities (see [1, 20, 22, 26]):

Proposition 1.1.

sup / <e47r|“($)‘2 — 1) dzr =Kk < 00, (3)
R2

||U||H1(R2)§1
and states as follows:
1
[ull Lon m2) < \/T—W”UHHl(RQ)a (4)

where the norm ||.||; 4, is given by:

ol o oy = inf {A =0, [ o, (’“@”)’) ar < H}.
2 \

Note that (4) follows from (3) and the following obvious inequality

[l Lop 2y < Nlull por g2y -

For our purpose, we shall resort to the following Trudinger-Moser inequality, the proof of

which is postponed in the appendix.
1
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Proposition 1.2. Let o € [0,47[ and p an integer larger than 1. There is a constant
c(a,p) such that

1
ot 57 Y < ol o)
R2 k' = 7p LQP(]RQ)’

k=0
for all u € H'(R?) satisfying [Vul 2mey < 1.
1.2. Development on the lack of compactness of Sobolev embedding in the
Orlicz space in the case p = 1. In [3], [4] and [5], H. Bahouri, M. Majdoub and N.

Masmoudi characterized the lack of compactness of H!(R?) into the Orlicz space L?1(R?).
To state their result in a clear way, let us recall some definitions.

Definition 1.3. We shall designate by a scale any sequence () of positive real numbers
going to infinity, a core any sequence (xy,) of points in R? and a profile any function )
belonging to the set

P .= { ¥ € L*(R,e *°ds); ¢ € L*(R), ¥jj—co0] =0 }

Given two scales (), (&), two cores (), (Zn) and tow profiles 1, 1, we say that the

triplets ((aw), (zn), %) and ((éw), (Z5),¥) are orthogonal if

— 00,

either ’ log (G, /aun)

or G, = ay, and
1 A ~
_M — a > 0 with ¥ or Y null for s < a.
Qp
Remarks 1.4.

e The profiles belong to the Holder space C3. Indeed, for any profile v and real
numbers s and t, we have by Cauchy-Schwarz inequality

¢ 1
[¥(s) = (1) = / W(r) dr| < (1Yl e ls — 2.
e Note also that (see [4])
1/)(8)_>0 as s—0 and as s— oo. (6)

NG

The asymptotically orthogonal decomposition derived in [4] is formulated in the follow-
ing terms:

Theorem 1.5. Let (u,) be a bounded sequence in H*(R?) such that

Up — 0, (7)

lim sup ||up|| ¢, = Ao >0 and (8)
n—oo

A, Hmsup fnllpes o> ry = 0 ©)

Then, there exist a sequence of scales (ag)), a sequence of cores (x(j))

and a sequence of
profiles (9)) such that the triplets (ag),x(]),w(j)) are pairwise orthogonal and, up to a
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subsequence extraction, we have for all £ > 1,

¢ (4) (4)

o N[ —loglz —= : I—00

un(w) =3\ v (g'()'> #10(@), tmsup [ “F 0. (10)
oy n—00

Moreover, we have the following stability estimates

l
N/
IVunll7s = D 109172 + V)72 +0(1), 0 — oo (11)
j=1
Remarks 1.6.
o [t will be useful later on to point out that for any q > 2, we have

n—oo

lgnllea —=0, (12)

where g, s the elementary concentration defined by

—log|a:—;1:n|>

Qp

gulz) = |22 (

2T Qi

Since the Lebesgue measure is invariant under translations, we have

lgnlfs = (2w)—3(an)3/ ¢(_ bcg%l;d)

R2
log |z|
Qn

q
dz.

Performing the change of variable s = — yields

lonlfs = @' H a3 [ futs)ffe .

Fiz e > 0. Then in view of (6), there exist two real numbers sy and Sy such that
0<sg< Sy and

W}(S)| < 5\/§7 Vs € [05 50] U [SO7 OO[
This implies, by the change of variable uw = ay,s, that
141 %0 —2aps a0 g —2u
()2 [(s)]|Te™ """ ds el uze " du
0 0

< Cyel.

IN

In the same way, we obtain

q [ee]

(an)2+1/ [h(s)|Te 25 ds < C,el.
So
Finally, taking advantage of the continuity of ¥, we deduce that
q So q So
(@)t [Tt ds 5 (@it [ e s
S0 S0

S (an)d (o2 — ) 5,

which ends the proof of the assertion (12).
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o Setting
(4) (4)
G () o 1| Q1) [ Zloglz — x|
g @) =[S v ( . (14

the elementary concentration involved in Decomposition (10), we recall that it was
proved in [5] that

6o "2 L e P2

gn Lo \/E s>0 \/5

and
13 6 25 s (i oo ) (15)
7j=1

in the case when the scales (a,({))lsjg are pairwise orthogonal. Note that Property
(15) does mot necessarily remain true in the case when we have the same scales

and the pairwise orthogonality of the couples ((x%j)),w(j)) (see Lemma 3.6 in [4]).

1.3. Study of the lack of compactness of Sobolev embedding in the Orlicz space
in the case p > 1. Our first goal in this paper is to describe the lack of compactness of
the Sobolev embedding (1) for p > 1. Our result states as follows:

Theorem 1.7. Let p > 1 be an integer and (uy,) be a bounded sequence in H'(R?) such

that
Un — 0, (16)
lim sup ||un|| 6, = Ao >0 and (17)
n—oo
lim limsup [Jun | 1op (31> ) = 0- (18)

—0  n—oo

@

(j)), a sequence of cores (xy,’) and a sequence of

Then, there exist a sequence of scales (

profiles (Y9 such that the triplets (an ,a:n ,1/1(3 ) are pairwise orthogonal in the sense of
Definition 1.3 and, up to a subsequence extraction, we have for all £ > 1,

¢ ] (4)
—log |z — xy;
=Y 5wV (g'm ’>+r£f><a:>, (19)
(077

J=1

with lim sup ||r$f)HL¢p =% 0. Moreover, we have the following stability estimates
n—oo

l
N
IVunllze =D 1995 + 1IVrP |72 +0(1),  n— oo (20)
j=1
Remarks 1.8.
e Arguing as in [5], we can easily prove that
n—o 1 [%(s)|
— 21
HgnHL¢P - \/E 213@( \/g > ( )
where

2T Qi

o) = 3 o (218



DESCRIPTION OF THE LACK OF COMPACTNESS ... 5

Indeed setting L = liminf ||gn ||, ¢, , we have for fived € > 0 and n sufficiently large
n—oo
(up to subsequence extmction}

gn<z+zn> |gn (z + x,)|?*
/R( i Z R )dxﬁ/ﬁ.

Therefore,
(aton) |2 L
In{TTIn
L (el 5 = 1) o et 3 gl (22
R2
k=1
Since

n(x+zn 2 +oo 20 [% P(s) 2_i|
/ (e‘% —1)611‘:27?/ Ozneas 4”(“5)2(‘/5) ! ds — m,
R2 0
we obtain in view of (12) and (22) that

400 2ans[ 1 p(s) 271}
/ ane 471-(L+s)2( NG ) ds < 07
0

for some absolute constant C' and for n large enough. Using the fact that ¥ is a
continuous function, we deduce that

1 [ (s)]
L >
tez Temax o,

L )l
A s>0 /s
To end the proof of (21), it suﬁces to establish that for any § > 0

gn(x+xn) ]gn T + Zn)| 0o
[ (e - el g

s )
\/EI?%{ \/5 Since

2k
/ < gn(z+rn)| Z !gn xz _ka]:' ’ > dr < / (G‘W‘Q — 1) dx,
R? R

the result derives zmmedmtely from Proposition 1.15 in [5], which achieves the proof
of the result.

Applying the same lines of reasoning as in the proof of Proposition 1.19 in [4], we
obtain the following result:

which ensures that

where A =

Proposition 1.9. Let ((ag)), (:cg)),i/}(j))qu be a family of triplets of scales,
cores and profiles such that the scales are pairwise orthogonal. Then for any integer
p larger than 1, we have

| o
j=1

where the functions g(J) are defined by (14).

‘ nese sup (hm Hgnj)HL%) ,
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As we will see in Section 2, it turns out that the heart of the matter in the proof of
Theorem 1.7 is reduced to the following result concerning the radial case:

Theorem 1.10. Let p be an integer strictly larger than 1 and (uy,) be a bounded sequence
in H! ,(R?) such that
Up, — 0 and (23)
limsup [|un| 6, = Ao > 0. (24)
n—oo
Then, there exist a sequence of pairwise orthogonal scales (ag)
(z/f(j)) such that up to a subsequence extraction, we have for all £ > 1,

) and a sequence of profiles

¢ Wl .
un(e) = 3\ 5 v (gﬂ%r@(wx limsup (10|, = 0. (25)
(6

2T n—o0

7j=1 n

Moreover, we have the following stability estimates

l
IVanllze =) [ |22 + 197032 +0(1), 1 — o.
j=1

Remarks 1.11.

o Compared with the analogous result concerning the Sobolev embedding oerlad(Rz)mto

L established in [5], the hypothesis of compactness at infinity is not required.
This is justified by the fact that H' ,(R?) is compactly embedded in LI(R?) for any
2 < g < oo which implies that

lim ||up|lpamey =0, V2<g<oo. (26)
n—oo
o In view of Proposition 1.9, Theorem 1.10 yields to

[unllpen = sup (,}ggo Hgff)llmp),

which implies that the first profile in Decomposition (25) can be chosen such that
up to extraction

| )
— 1; _ Qnp (1) _10g ’.’IT|
Ag = lim sup [Jun[| Lo, = lim |\/ < v ( oD : (27)

Lo

Note that the description of the lack of compactness in other critical Sobolev embeddings
was achieved in [8, 10, 14] and has been at the origin of several prospectus. Among others,
one can mention [2, 6, 9, 11, 19].

1.4. Layout of the paper. Our paper is organized as follows: in Section 2, we establish
the algorithmic construction of the decomposition stated in Theorem 1.7. Then, we study
in Section 3 a nonlinear two-dimensional wave equation with the exponential nonlinearity
u ¢p(V4mu). Firstly, we prove the global well-posedness and the scattering in the energy
space both in the subcritical and critical cases, and secondly we compare the evolution of
this equation with the evolution of the solutions of the free Klein-Gordon equation in the
same space.

We mention that C' will be used to denote a constant which may vary from line to line.
We also use A < B to denote an estimate of the form A < C'B for some absolute constant
C and A~ B if A < B and B < A. For simplicity, we shall also still denote by (u,) any
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subsequence of (u,) and designate by o(1) any sequence which tends to 0 as n goes to
infinity.

2. PROOF OF THEOREM 1.7

2.1. Strategy of the proof. The proof of Theorem 1.7 uses in a crucial way capacity
arguments and is done in three steps: in the first step, we begin by the study of v} the
symmetric decreasing rearrangement of u,. This led us to establish Theorem 1.10. In the
second step, by a technical process developed in [4], we reduce ourselves to one scale and

extract the ﬁrst core (xgb )) and the first profile 1/(!) which enables us to extract the first

element \/ S— 1/1 —log |m 1! > . The third step is devoted to the study of the remainder

term. If the hmlt of its Orhcz norm is null we stop the process. If not, we prove that this
remainder term satisfies the same properties as the sequence we start with which allows
us to extract a second elementary concentration concentrated around a second core (acg)).
Thereafter, we establish the property of orthogonality between the first two elementary

concentrations and finally we prove that this process converges.

2.2. Proof of Theorem 1.10. The main ingredient in the proof of Theorem 1.10 consists
to extract a scale and a profile ¥ such that

19| L2®) = C Ao, (28)

where C' is a universal constant. To go to this end, let us for a bounded sequence (uy,) in
H! (R?) satisfying the assumptions (23) and (24), set v,,(s) = u,(e~*). Combining (26)

rad
with the following well-known radial estimate:

u(r)] < — HUIIE&1 Vu II"’+1
ret+l

where r = |z|, we infer that

nh_)rrolo vnllLoe (=co,n) = 0, VM € R. (29)
This gives rise to the following result:
Proposition 2.1. For any § > 0, we have

2
sup (‘ vn(s) |2 _ s) — 00, N — 0. (30)
s>0 \|Ag— ¢

Proof. We proceed by contradiction. If not, there exists § > 0 such that, up to a subse-
quence extraction

>§C<oo. (31)

sup ‘
s>0,neN < Ag — 5

On the one hand, thanks to (29) and (31), we get by virtue of Lebesgue theorem
p—1 2k
pEr o fun(@)] iy < / <e|:g“”§|2 _ 1) i
/|x|<1 ( kz:% (Ag — 9)2FE! <
o ‘ vn(s) ‘2 _9 n—s00
27r/ e 4o —1)e “ds — 0.
0

IN
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On the other hand, using Property (29) and the simple fact that for any positive real
number M, there exists a finite constant Cjs, such that

t2 p—1 2k
su ¢ T =0 Li=o H <C
p 2 M,p»
<M P

we deduce in view of (26) that

pl 2%k
| 4n(2) |2 |t ()] )
/|x|>1 ( =2 T — oy ) 4o S Il = 0.

k=0
Consequently,
limsup |[unl/ e, < Ao =9,
n—oo
which is in contradiction with Hypothesis (24). O

An immediate consequence of the previous proposition is the following corollary whose
proof is identical to the proof of Corollaries 2.4 and 2.5 in [5].
Corollary 2.2. Under the above notations, there exists a sequence (047(11)) in Ry tending
to infinity such that

(DY |2
4| onlan’) )‘ S s S (32)
Ao
and for n sufficiently large, there exists a positive constant C' such that
A
Difalh < on(a®)] < OVall) +o1). (33)
Now, setting
27
Un(y) = ﬁvn(ag)y),

n

we obtain along the same lines as in Lemma 2.6 in [5] the following result:

Lemma 2.3. Under notations of Corollary 2.2, there exists a profile V) € P such that,
up to a subsequence extraction

r(p?’l N (1/}(1))/ n LZ(R) and H(,(/}(l))/”L2 > \/?AO
To achieve the proof of Theorem 1.10, let us consider the remainder term

Tg)(x) - un(x) - 97(11)(‘7;)7 (34)

where

1) o) () [ —log|z|
g’ () = ﬁiﬁ —m |-

By straightforward computations, we can easily prove that (rg)) is bounded in H! ,(R?)
and satisfies the hypothesis (23) together with the following property:
. 112 . 2 1 2
nhj{.lo ‘|VT7(1)HL2(]R2) = gggoHVunHLz(Rz) - HW( ))/HLz(R)- (35)
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Let us now define 47 = lim sup||r§bl) | op- If Ay =0, we stop the process. If not, arguing
n—oo

as above, we prove that there exist a scale (oh(f)) satisfying the statement of Corollary 2.2

with A; instead of Ag and a profile ¥/ in P such that

(2)
an —log |z
) (a) = W( 2 '>+r£?><x>,
(6

with [|(@)|| 2 > \/F A1 and
. . 2
Tim (V7P| Fege) = lim [V 2agey — |02 || 2 q).
Moreover, as in [5] we can show that (asll)) and (ag)) are orthogonal. Finally, iterating
the process, we get at step £

j=1 Qn
with
limsup [|r{?]7 S 1 A5 — AT —--- = A7y,
n—oo

which implies that A, — 0 as £ — oo and ends the proof of the theorem.

2.3. Extraction of the cores and profiles. This step is performed as the proof of
Theorem 1.16 in [4]. We sketch it here briefly for the convenience of the reader. Let
u’ be the symmetric decreasing rearrangement of u,. Since v} € H! (R?) and satisfies

the assumptions of Theorem 1.10, we infer that there exist a sequence (ag )) of pairwise

orthogonal scales and a sequence of profiles (cp(j )) such that, up to subsequence extraction,

(4)
« NN —log |z| ¢ : ¢ {00
un(x) = E o ()0(]) < ag) ) —|—I‘£Z)(l'), hrILn—>Solip HrSz)HLd’p > 0.

Jj=1

Besides, in view of (27), we can assume that

Ao~ i ot gy [ loglel
0= 5|V 2r ¥ o0

n

L%
Now to extract the cores and profiles, we shall firstly reduce to the case of one scale
according to Section 2.3 in [4], where a suitable truncation of u, was introduced. Then

assuming that
(1)
c(z) = 1] QL [ Zloelel
un(x)_ ot ¥ ( a(l) ’

we apply the strategy developed in Section 2.4 in [4] to extract the cores and the profiles.
This approach is based on capacity arguments: to carry out the extraction process of
mass concentrations, we prove by contradiction that if the mass responsible for the lack
of compactness of the Sobolev embedding in the Orlicz space is scattered, then the energy
used would exceed that of the starting sequence. This main point can be formulated on
the following terms:
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Lemma 2.4 ( Lemma 2.5 in [4]). There exist 69 > 0 and Ny € N such that for any n > N;
there exists x,, such that

|Ep N B, e b))
| En|

where E, := {x € R?; |u,(z)| > \/204%1)(1 — £0) Ao} with 0 < g < 3, B(xn,e_bagl))

. . (1) .
designates the ball of center x, and radius e " with b = 1 — 29 and |.| denotes the
Lebesgue measure.

Once extracting the first core (a:,(ll) ) making use of the previous lemma, we focus on the
extraction of the first profile. For that purpose, we consider the sequence

2w
wn(y7 9) = ﬁvn(ag})yv 0)7

Qi
where vy, (s,0) = (7_1)uy)(e™° cosfl,e " sinf) and (wg)) satisfies
B 0 Bz, e~ (1= 20)al|

| Enl

Taking advantage of the invariance of Lebesgue measure under translations, we deduce
that

> A2

1 27
IVl = 5= [ [ 10,000 0)Payas

ag) 21
+ G [ [ 00 0)Pdyd.
T JrJo

Since the scale ) tends to infinity and the sequence (u,) is bounded in H'(R?), this
implies that up to a subsequence extraction g, — 0and dy1p, — gin L*(Rx[0,27]),
n—oo n—oo

where g only depends on the variable y. Thus introducing the function

wU@wifhvmn

we obtain along the same lines as in Proposition 2.8 in [4] the following result:

Proposition 2.5. The function (Y belongs to the set of profiles P. Besides for any
y € R, we have

27
as n tends to infinity and there exists an absolute constant C' such that
[ Iz > € 4o. (38)

2.4. End of the proof. To achieve the proof of the theorem, we argue exactly as in
Section 2.5 in [4] by iterating the process exposed in the previous section. For that
purpose, we set

27
L [ a0y do 00, (37)

where
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(1))

One can easily check that the sequence (r; ') weakly converges to 0 in H'(R?). Moreover,

since w|(]1—)oo 0= 0, we have for any R > 1
(1)
|| HLCI;'p (jz— z(l)|>R Hun”[fbp(lx,mgll)lzR)' (39)
But by assumption, the sequence (u,) is compact at infinity in the Orlicz space L%,

Thus the core (:US)) is bounded in R?, which ensures in view of (39) that (7, ¢ )) satisfies
the hypothesis of compactness at infinity (18). Finally, taking advantage of the weak

convergence of (0yty) to ¢(1)’ in L?(y,0) as n goes to infinity, we get

. /
Tim ([VriV)IZe = lim [ Va2 — [[o™)2..
Now, let us define A; := lim sup]\r,gl)\\L¢p. If A1 =0, we stop the process. If not, knowing
n—oo

that (r (1)) verifies the assumptions of Theorem 1.7, we apply the above reasoning, which
(2)

gives rise to the existence of a scale (« (2 )) a core (z,, ) satisfying the statement of Lemma
2.4 with Ay instead of Ay and a profile ¥(?) in P such that

(1) o) o) [ logle— i @)
KD () = || S (B o),

27 ay
with [|[®|| ;2 > C Ay and
. 2)12 . 1)(12 2)"112
Jim V@7, = lim [[Vrgd |7, — (92,
Arguing as in [4], we show that the triplets (agll),x,(@l),w(l)) and (an , T ,11) ) are or-
thogonal in the sense of Definition 1.3 and prove that the process of extractlon of the
elementary concentration converges. This ends the proof of Decomposition (10). The

orthogonality equality (11) derives immediately from Proposition 2.10 in [4]. The proof
of Theorem 1.7 is then achieved.

3. NONLINEAR WAVE EQUATION

3.1. Statement of the results. In this section, we investigate the initial value problem
for the following nonlinear wave equation:

p—1 k, 2k
4
Du—ku—i—u(e‘mﬁ—g (W)u):(),

!
P (40)

u(0) = up € H'(R?),  8yu(0) = uy € L*(R?),

where p > 1 is an integer, u = u(t,z) is a real-valued function of (¢,z) € R x R? and
0= 0? — A is the wave operator.

Let us recall that in [17, 18], the authors proved the global well-posedness for the Cauchy
problem (40) when p = 1 and the scattering when p = 2 in the subcritical and critical
cases (i.e when the energy is less or equal to some threshold). Note also that in [24, 25],
M. Struwe constructed global smooth solutions to (40) with smooth data of arbitrary size
in the case p = 1.
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Formally, the solutions of the Cauchy problem (40) satisfy the following conservation
law:

k
hmu(t)? _ Z (4m) ()2

1
Ep(u,t) = [|0wu(t)l|72 + [IVu(t) |72 + ol
k=2 ’

4z

(41)

p

= Ep(u,0) := EI?.

This conducts us, as in [17], to define the notion of criticality in terms of the size of the
initial energy Eg with respect to 1.

Definition 3.1. The Cauchy problem (40) is said to be subcritical if
0
E, <1
It is said to be critical if Eg =1 and supercritical if Eg > 1.
We shall prove the following result:

Theorem 3.2. Assume that Eg < 1. Then the Cauchy problem (40) has a unique global
solution u in the space

C(R, H'(R?)) nC}(R, L*(R?)).
Moreover, u € L*(R,C'*) and scatters.

3.2. Technical tools. The proof of Theorem 3.2 is based on a priori estimates. This
requires the control of the nonlinear term

Pl g2k
Fy(u) :==u <e4”"’ -3 (4)> (42)

k!
k=0

in L}(L2). To achieve our goal, we will resort to Strichartz estimates for the 2D Klein-
Gordon equation. These estimates, proved in [15], state as follows:

Proposition 3.3. Let T' > 0 and (gq,r) € [4,00] X [2,00] an admissible pair, i.e

12
S+ 2=
q r

Then,
[0l zaqo,m,B2 ,®2)) S |00 12y + 10:0(0) | L2y + 100 + wll ooy 2y | (43)

where B,IA’Q(]R2) stands for the usual inhomogeneous Besov space (see for example [12] or
[23] for a detailed exposition on Besov spaces).

Noticing that (¢,7) = (4,8/3) is an admissible pair and recalling that
Bé/s,Q(RQ) — 01/4(R2)7
we deduce that
[0l o, r1,camey S [10O) |l @ey + 1000(0) || L2re) + O + vl 1o Loy |- (44)

To control the nonlinear term F,(u) in L}(L2), we will make use of the following logarith-
mic inequalities proved in [16, Theorem 1.3].
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Proposition 3.4. For any A > % and any 0 < p < 1, a constant C);, > 0 exists such
that for any function u in H'(R?) N CY*(R?), we have
2||ul| o1y
Julle < Alulitog (O, + 2 ). (45)
[[ual]
where ||ul?, == [[Vull 7 + p?[lull7.

3.3. Proof of Theorem 3.2. The proof of this result, divided into three steps, is inspired
from the proofs of Theorems 1.8, 1.11, 1.12 in [17] and Theorem 1.3 in [18].

3.3.1. Local existence. Let us start by proving the local existence to the Cauchy problem
(40). To do so, we use a standard fixed-point argument and introduce for any nonnegative
time T the following space:

&r =C([0,T), H'(R?)) nC* ([0, T}, L*(R?)) N L*([0, T],C"/*(R?))
endowed with the norm
[ullr = sup [Hu(t)”Hl + 10u®) | 2| + llullago,r1,c1/)-
0<t<T
For a positive time T and a positive real number 0, we denote by Ep(d) the ball in the
space Er of radius d and centered at the origin. On this ball, we define the map ® by
v— ®(v) =7,
where
0040 =—F,(v+w), ©(0)=00(0)=0
and vg is the solution of the free Klein-Gordon equation
Ovo+vo=0, v9(0) =ug, and wy(0) = uy.

Now, the goal is to show that if § and T" are small enough, then the map & is well-defined
from Ep(9) into itself and it is a contraction. To prove that ® is well-defined, it suffices in
view of the Strichartz estimates (43) to estimate F,(v+wp) in the space L'([0, T], L*(R?)).
Arguing as in [17] and using the Holder inequality and the Sobolev embedding, we obtain
for any € > 0

LBerwk e < [ 1A@+wP d

47r||v+v0||%oo He4ﬂ'(v+vo)2 _ 1’

S v+ wol3e e

Note that the assumption EJ < 1 implies that |[|[Vugl|;2 < 1. Hence, we can choose > 0
such that |lugl|, < 1. Since vy is continuous in time, there exist a time Tp and a constant
0 < ¢ < 1 such that for any ¢ in [0, 7] we have

[vo ()]l < e
According to Proposition 3.4, we infer that
87
e47r||v—&-v0||%OO 5 (1 + HU+'UO||C1/4> ’
d+c
for some 0 < n < 1. Besides, applying the Trudinger-Moser inequality (5) for p = 1, the
fact that

<1

(14 €)(0+¢)> — dmec < 4m ase, § -0 and HV <U5":_1;0>

L2
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ensures that

He47r(v+vo)2 o 1‘ 1+e < C e47‘r(l—i—e)(v-ﬁ-v0)2 _ 1’
L1+5 Ll
< ¢,
< Ces(L+ ol + urllz2)*.

Therefore, for any 0 < T < Ty, we obtain that
1o (v + vo) |l 1 o, r2reyy S T+ lluoll g + Jluallz2)™
Now, to prove that ® is a contraction (at least for 7" small), let us consider two elements

v and vy in Ep(d). Notice that, for any € > 0,

p—2 ks2k
- 4
|Ep(v1 +v0) — Fp(va +10)| = |vg — val(1 + 8777) <e47”’2 _y m WI)C'U )
k=0 '

< Ce|vl _ ’UQ’ <e4ﬂ'(1+6)§2 B 1) 7

where 7 = (1 — 0)(vg + v1) + 6(vo + v2), for some 6 = 6(t,z) € [0,1]. Using a convexity
argument, we get

’Fp(v1 + 1)()) — Fp(’Uz + 1)0)| < C.

(01 — v2) <e47r(1+6)(v1+v0)2 _ 1)‘

+ Cel(vi —v2) <e4ﬂ(1+5)(”2+”0)2 - 1)‘ :

This implies, in view of Strichartz estimates (44), that
[®(v1) — P(v2)llr S [[Fp(v1 + vo) — Fp(va + vo)ll L1 (o1, 22(R2))

< c/ (01 — v2) ew<1+e>(v1+vo>t1>( dt

L2

dt,

_ 47r(1+e)(v +v0)? _
+ Ce/o (v1 vg) e 270 1)‘L2

which leads along the same lines as above to
[@(v1) = D) lr S T+ Juol gr + [Juallg2)* o1 = va|z.

If the parameter € is small enough, then (1 + €)n < 1 and therefore, for 7" small enough,
® is a contraction map. This implies the uniqueness of the solution in vy + E7(6).

Now, we shall prove the uniqueness in the energy space. The idea here is to establish that,
if u = vg+ v is a solution of (40) in C([0,T], H'(R?)) NC([0,T], L*(R?)), then necessarily
v € Ep(d) at least for T small. Starting from the fact that v satisfies

Ov+v=—-F,(v+w), v(0)=0w(0)=0,

we are reduced, thanks to the Strichartz estimates (43), to control the term Fj,(v + vg)
in the space L([0, 7], L*(R?)). But |F,(v + vg)| < |Fi(v + vg)|, which leads to the result
arguing exactly as in [17].
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3.3.2. Global existence. In this section, we shall establish that our solution is global in time
both in subcritical and critical cases. Firstly, let us notice that the assumption Eg <1
implies that [|[Vuol[z2r2) < 1, which ensures in view of Section 3.3.1 the existence of a
unique maximal solution u defined on [0, 7*) where 0 < T < oo is the lifespan time of
u. We shall proceed by contradiction assuming that T < oco. In the subcritical case, the
conservation law (41) implies that

sup [|Vu(t)||p2(rey < 1.
te(0,7%)

Let then 0 < s < T™ and consider the following Cauchy problem:
Ov4+v+ Fy(v) =0, wv(s)=u(s), and Jw(s)= dwu(s). (46)

As in the first step of the proof, a fixed-point argument ensures the existence of 7 > 0 and
a unique solution v to (46) on the interval [s, s 4+ 7]. Noticing that 7 does not depend on
s, we can choose s close to T™ such that T* — s < 7. So, we can prolong the solution
after the time 7™, which is a contradiction.
In the critical case, we cannot apply the previous argument because it is possible that the
following concentration phenomenon holds:

lim sup [|Vu(t)]| 2 g2y = 1. (47)
t—T*

In fact, we shall show that (47) cannot hold in this case. To go to this end, we argue
as in the proof of Theorem 1.12 in [17]. Firstly, since the first equation of the Cauchy
problem (40) is invariant under time translation, we can assume that 7* = 0 and that the
initial time is ¢t = —1. Similarly to [17, Proposition 4.2, Corollary 4.4], it follows that the
maximal solution u satisfies

limsup || Vu(t)| L2m2y = 1, (48)
t—0—
lim [[u(t)| r2(r2) = 0, (49)
t—0
lim \Vu(t,z)|? de =1, and (50)
=07 Jjg—a*|<—t
vVt <0, / ep(u)(t,z) doe =1, (51)
|z—z*|<—t

for some z* € R?, where ep(u) denotes the energy density defined by

1 w2 P (47 )k 2k
ep(u)(t, ) := (Bpu)? + |Vul? + o <e4 v 1 — kZ_Q —a |
Without loss of generality, we can assume that z* = 0, then multiplying the equation of
the problem (40) respectively by du and u, we obtain formally

Orep(u) — divg (20,uVu) =0, (52)
p—1 k, 2k+2
4
O (udpu) — divg (uVu) + |Vaul* — |Opul* + ued™ Z (F)];lb
k=1 '
Integrating the conservation laws (52) and (53) over the backward truncated cone

=0.  (53)

KL = {(t,x) € R x R? such that § <t < T and |z| < —t}
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for S <T <0, we get

/ ep(u) (T, x) de — / ep(u)(S, z) dx (54)
B(-T) B(-S)

-1 x SN N A P (4m)kuk
/ Ou(T)u(T) da — / pu(S)u(S) da + — / (@u + w.”“’) wdzdt (55)

B(=T) B(-S) V2 MZT 2]
p—1 k, 2k+2
+/ (\Vu|2 — |Opul?® + uZed™ — Z Mm);) dx dt =0,
K§ k=1 '

where B(r) is the ball centered at 0 and of radius r and
ML = {(t,m) € R x R? such that S <t < T and |z| = —t}.

According to (51) and (54), we infer that
&gui + Vu

2 p k, 2k
| R (4m)*u
— ™we—1-— —_— drdt =0.
/Mg[ g %(e 2 )] ’

k=2
This implies, using (55) and Cauchy-Schwarz inequality, that

/ Ou(T)u(T') dx — / Ou(S)u(S) dx (56)
B(-T) B(-S)
p—1 k, 2k+2
4
+/ (‘VUP _ ’atu‘Q + u2e47ru2 _ Z (ﬂ-)u> dx dt = (),
K¥ k!
S k=1
By virtue of Identities (48) and (49) and the conservation law (41), it can be seen that
dpu(t) — 0 in L*(R?), (57)
t—0
which ensures by Cauchy-Schwarz inequality that
/ Ou(T)u(T) dz — 0. (58)
B(-T)
p—1 k, 2k+2
4
Letting 7' — 0 in (56), we deduce from (58) and the fact that u2e?™* — Z (77)];: is
k=1 ’
positive

—/ Oru(S)u(S) dx < —/ \Vu]%ia:dt%—/ |0u|? da dt. (59)
B(-5) K K9

Multiplying Inequality (59) by the positive number — %, we infer that

/ atu(S)@ dx < 1/ |Vul|* do dt — 1/ |Oul? dz dt. (60)
B(-5) S S Ik S Ik

Now, Identity (57) leads to

0
S

1
lim / |0ul? dz dt = 0. (61)
S—0- S KY,
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Moreover, using (50), it is clear that

1
lim — [ |Vu|?dzdt = —1. (62)
S—0— S Kg'

Finally, since

u(S 19

ES’) = S/o Owu(T) dr,
then (%S)) is bounded in L?(R?) and hence

S

lim Aru($) ™) 4 — 0. (63)
5—=0" JB(-S) S

The identities (61), (62) and (63) yield a contradiction in view of (60). This achieves the

proof of the global existence in the critical case.

3.3.3. Scattering. Our concern now is to prove that, in the subcritical and critical cases,
the solution of the equation (40) approaches a solution of a free wave equation when the
time goes to infinity. Using the fact that

By(w)] < [B(w)]., Vp>2, (64)

we can apply the arguments used in [18]. More precisely, in the subcritical case the key
point consists to prove that there exists an increasing function C : [0, 1[— [0, co] such
that for any 0 < £ < 1, any global solution u of the Cauchy problem (40) with E,(u) < E
satisfies

lullx®) < C(E), (65)
where X (R) = L3(R, L'°(R?)). Now, denoting by

E*:=sup{0 < E<1; sup |julxm < oo},
Ep(u)<E
and arguing as in [18, Lemma 4.1], we can show that Inequality (65) is satisfied if E,(u)
is small, which implies that E* > 0. Now our goal is to prove that £* = 1. To do so, let
us proceed by contradiction and assume that E* < 1. Then, for any F €]E*, 1] and any
n > 0, there exists a global solution u to (40) such that E,(u) < E and |lu| x®) > n. By
time translation, one can reduce to

n
lull x o,00]) > 5 (66)

Along the same lines as the proof of Proposition 5.1 in [18], we can show taking advantage
of (64) that if E' is close enough to E*, then n cannot be arbitrarily large which yields a
contradiction and ends the proof of the result in the subcritical case.

The proof of the scattering in the critical case is done as in Section 6 in [18] once we
observed Inequality (64). It is based on the notion of concentration radius r.(t) introduced
in [18].

Remark 3.5. Lower order nonlinear terms become more difficult when we look for global
decay properties of the solutions. In [18], the authors avoid this problem by subtracting the
cubic part from the nonlinearity F,(u) for p =1, which is the lower critical power for the
scattering problem in R?.
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3.4. Qualitative study. In this section we shall investigate the feature of solutions of
the two-dimensional nonlinear Klein-Gordon equation (40) taking into account the dif-
ferent regimes. As in [5], the approach that we adopt here is the one introduced by P.
Gérard in [13] which consists in comparing the evolution of oscillations and concentration
effects displayed by sequences of solutions of the nonlinear Klein-Gordon equation (40)
and solutions of the linear Klein-Gordon equation

Ov+wv=0. (67)

More precisely, let (,,,) be a sequence of data in H' x L? supported in some fixed ball
and satisfying

on—0 inH', 4, —0 inL? (68)
such that
E; <1, neN (69)
where E} stands for the energy of (¢n,1n) given by
1 ) " (4m)k
2 2 4 2k
By = nlfe + [ Vignlfe + o ot =1 =32 S5t

k=2
and let us consider (uy) and (vy,) the sequences of finite energy solutions of (40) and (67)
such that

(una atun)(o) = (Un7 atvn)(o) = (Sonvl/}n)
Arguing as in [13], the notion of linearizability is defined as follows:
Definition 3.6. Let T be a positive time. We shall say that the sequence (uy,) is lineariz-
able on [0,T), if

sup E.(up —vp,t) — 0 as n — oo,
te[0,7

where E.(w,t) denotes the kinetic energy defined by:
E.(w,t) = / [[0sw]* + [Vew|® + [w|?] (¢, ) da.
R2

For any time slab I C R, we shall denote

HUHST(I) = sup H'UHL‘I(I;BT%Q(RQ)) :
(¢,r) admissible ’

By interpolation argument, this Strichartz norm is equivalent to

[Vl oo (1:m1 (R2Y) + HUHL‘*(I;Bé/S’Q(RQ)) .

As Bi,z(Rz) < LP(R?) for all 7 < p < 0o (and r < p < oo if 7 > 2), it follows that

1 2
[vllLar,ory S lvllson PR L. (70)
As in [5], in the subcritical case, i.e limsup £, < 1, the nonlinearity does not induce any
n—oo
effect on the behavior of the solutions. But, in the critical case i.e lim sup Eg =1, it turns

n—oo
out that a nonlinear effect can be produced. More precisely, we have the following result:

Theorem 3.7. Let T be a strictly positive time. Then
(1) Iflimsup B < 1, the sequence (uy) is linearizable on [0,T].
n—oo
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2) If limsup E) = 1, the sequence (u,) is linearizable on [0,T] provided that the
n—oo P
sequence (vy,) satisfies
1

lims n|| oo ; < Jis )
o lvnll oo (0,77 2.20) Var -

Proof. The proof of Theorem 3.7 is similar to the one of Theorem 3.3 and 3.5 in [5].
Denoting by w, = u, — vy, it is clear that w, is the solution of the nonlinear wave
equation

Owy, + wy, = —Fp(un)
with null Cauchy data.
Under energy estimate, we obtain

lwnllr S 1Fp(un)ll 21 (0,7, 22 (R2))

where ||wy,||% def supyefo,r] Ee(wn, t). Therefore, it suffices to prove in the subcritical and

critical cases that

||Fp(un)|’L1([07T]7L2(R2)) — 0 as n — oo. (72)
Let us begin by the subcritical case. Our goal is to prove that the nonlinear term does
not affect the behavior of the solutions. By hypothesis, there exists some nonnegative real
p such that limsup E} = 1 — p. The main point for the proof is based on the following

n—oo
lemma, the proof of which is similar to the proof of Lemma 3.16 in [5] once we observed

that
|[Fp(u)| < [Fi(u)], Vp=>1.

Lemma 3.8. For every T > 0 and Eg < 1, there exists a constant C(T, ES), such that
every solution w of the nonlinear Klein-Gordon equation (40) of energy Ep(u) < Eg,
satisfies

Hu|’L4([O7T];C1/4) < C(Ta E;S) (73)
Now to establish (72), it suffices to prove that the sequence (Fj(u,)) is bounded

in L1*€([0, T, L**T¢(IR?)) for some nonnegative € and converges to 0 in measure in [0, 7] xR?.
This can done exactly as in [5] using the fact that |F,(u,)| < |Fi(un)|.

Let us now prove (72) in the critical case. For that purpose, let 7' > 0 and assume

that
1

L :=limsup ||vn]l; e L) S = 74
m sup llvnll oo (0,77 2.29) Vi (74)

Applying Taylor’s formula, we obtain
1
Fyp(up) = Fp(vy +wy) = Fp(vy) + F;(vn) wy, + 3 FI;/(U” + 6, wy) wi,
for some 0 < 6, < 1. Strichartz estimates (43) yield

lwnllsro,m) S In + JIn + Kn,

where

[ Fp(vn) HLl([o,T];L?(R?)p

Sl
|

| Fp(vn) wall L1 jo.73;22(2)),  and

Kn = |F)(vn + Opwn) whll 1 (o,17:02(R2)) -
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As in [5], we have

I, — 0 and
n—0o0

Jn < enllwallsTo,m)
where €, — 0. Besides, provided that

1 —LA+A4n

limsup [[wnl| oo (jo,7);11) < 5 (75)
n—00
we get ,
Ky < EnHwn”ST([O,T])? en = 0.
Since ||wn || s7(jo,m) S In + anwnH%T([O’T]), wet obtain by bootstrap argument

”wnHST([o,T}) < én;
which ends the proof of the result. O

4. APPENDIX: PROOF OF PROPOSITION 1.2

The proof uses in a crucial way the rearrangement of functions (for a complete presen-
tation and more details, we refer the reader to [20]). By virtue of density arguments and
the fact that for any function f € H'(R?) and f* the rearrangement of f, we have

IVl = IVl e,
[fllze = (1 lze,
[fllzer = 1" pew s

one can reduce to the case of a nonnegative radially symmetric and non-increasing function
u belonging to D(R?). With this choice, let us introduce the function

w(t) = (47T)éu(|x|), where |z| = e 3.
It is then obvious that the functions w(t) and w’(t) are nonnegative and satisfy

[vuwrar = [ Twopa

—00

+oo
/ )2 dz = 11/ ()| et dt
R2 4P P~ —oc0
—1

P k 2% +00 p—l ok 2k
afu@ 2 N @ u(@)] _ 2@ _ N WO
N e R I G W o S

- k=0
So we are reduced to prove that for all 5 € [0, 1], there exists Czg > 0 so that
t |2k +0o0

oo p—1
[ (e S PO oty < o) [ et v e oo
k=0 ’

—00 —00
when fj;o |w!(t)|2dt < 1. For that purpose, let us set
To =sup{t € R, w(t) <1}.

The existence of a real number g such that w(tp) = 0 ensures that the set {t € R, w(t) < 1}
is non empty. Then
Ty €] — 00, +00].
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Knowing that w is nonnegative and increasing function, we deduce that

w :] — o0, To] — [0, 1].
p—1 ok
Therefore, observing that e¢® — Z 1 < ¢p sP €® for any nonnegative real s, we obtain
k=0

2k To

> “tdt < c,BP eﬁ/ lw(t)[*Petdt.

—0o0

/T (,3\1” Zﬁk\w )l

To estimate the integral on [Ty, +oo[, let us first notice that in view of the definition of
Ty, we have for all ¢t > T

w(t) = w(Tg)+/ w'(7)dr

To

N[

< w(Ty) + (t—Tp)? < / = w’(7)2d7->

To

to\»—‘

< 1+ (E—To)=.

Thus, using the fact that for any € > 0 and any s > 0, we have

1
(1452)2 < S(te)st1+-=(1+e)s+C,
we infer that for for any € > 0 and all ¢t > Tj
lw(t)> < (14 ¢€)(t — Tp) + C-. (76)

Now f being fixed in [0, 1], let us choose € > 0 so that 5(1 4 ¢) < 1. Then by virtue of
(76)

+o0 p—L o 2k +00
/ (So0r -5 W’];f)‘)e—t dt < / BwBF ot gy
! To

To k=0
eﬁcs _TO

S 1-80+9)

+oo “+o0o
e 1o = / e tdt < / lw(t)|*P e~ dt,

To To

But

which gives rise to

Qk

+00 p—l ok BC. 0
Blw(t) p |w ‘ —t e 2 —t
/To ( Z ) dt§1—5(1+6)/T0 lw(t)[2Pet dt.

eﬁce

Choosing C(8,p) = max (Cpeﬁﬂp’ 1-B(1+e)

) ends the proof of the proposition.
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