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Abstract

Using a recently proposed classi�cation for the primary translationally shape invariant poten-
tials, we show that the exact quantization rule formulated by Ma and Xu is equivalent to the
supersymmetric JWKB quantization condition. The energy levels for the two considered categories
of shaped invariant potentials are also derived.

Recently, a new quantization rule in quantum mechanics which leads to the exact spectrum for
some exactly solvable systems was proposed by Ma and Xu [1]-[2]. This rule brings a correction term
to the well known JWKB quantization condition. This quantum correction is given in the form of
an integral, which contains the solution of Riccati�s equation associated to the Schrödinger�s equation
for the ground state. Qiang and Dong [3] have simpli�ed the formulation of Ma-Xu rule, calling it
the proper quantization rule. Since its original formulation by Ma and Xu in 2005, several papers
have been published on its possible applications to di¤erent potentials. This rule has been applied
successfully to numerous solvable potentials in one and three dimensions, as well as separable non-
central potentials [4]. In fact it has been proven that the Ma-Xu formula is necessary exact for every
primary translationally shape invariant potential (PTSIP) [5]. As recently discovered , there exist also
in�nite towers of secondary TSIP for which the Ma-Xu quantization rule has not been proven to be
exact [6, 7, 8].

Another quantization rule based on supersymmetric quantum mechanics, the so-called SWKB rule
[9]-[11], permits the calculation of energy levels. It is also exact for every PTSIP but not for secondary
TSIP [12].

Until now, the question about a direct link between the two quantization rules remains still unclear.
The main purpose of this paper is to examine this link. Adopting the classi�cation into two categories
of PTSIP introduced in [13], we show that, for these potentials, the proper quantization rule is
in fact equivalent to the SWKB condition. Starting from the SWKB condition, by means of some
transformations and using appropriate changes of variables, we derive the proper quantization formula
and then establish a direct and explicit connection between the two quantization rules in the class of
potentials for which they appear to be exact. The quantization formulas allow then to obtain global
formulas for the energy spectrum of the two categories of PTSIP and we apply it to retrieve the energy
levels of the generic PTSIP.

The paper is organised as follows: the classi�cation into two categories of potentials is introduced
in the �rst section, then a brief introduction of the two quantization formulas is presented in the
second section. In the next paragraph, the connection between these two rules is established. As an
application, we calculate the energy levels for the two considered categories of potentials in the last
section.
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1 Potentials of �rst and second category

Based on an analysis of the structure of PTSIP, Grandati and Berard [13] have shown that these
potentials can be classi�ed into two categories, simplifying the preceding classi�cations proposed
initially by Gendenshtein [16] and later by Barclay [17]. In what follows, we use this classi�cation.
The basic idea is that every PTSIP can be reduced into a second degree polynomial or a second degree
Laurent polynomial via a uniquely de�ned change of variable.

1.1 First category (generic)

We say that a one-dimensional potential V (x) is a generic potential of the �rst category [13] if, with
a suitable choice of a function y(x), the two following conditions on the potential and y are ful�lled

�
V (x)! V (y) = �2y

2 + �1y + �0, �2 > 0
y0(x) = �(1� y2) > 0: (1)

In this category we �nd the following potentials : Rosen-Morse I, Rosen-Morse II and Eckart. It
also contains the three exceptional cases corresponding to the harmonic, Morse and e¤ective radial
Kepler�Coulomb potentials.

We now seek the superpotential associated to this category. For a particle subjected to a potential
V (x) with a bound state spectrum (En;  n), the superpotential is given in terms of the ground state
wave function  0 by the relation (in units ~ = 2m = 1)

W (x) = � d

dx
(ln 0) ; (2)

W (x) being a solution of the nonlinear Riccati equation

W 2 �W 0(x) = V (x)� E0; (3)

obtained by inserting (2) into the Schrödinger equation  00n(x) + (En � V (x)) n(x) = 0 for n = 0.
Looking for a polynomial solution W (y) of (3) expressed in the y variable, we obtain [13]: W (y) =
ay + b (a > 0), where the coe¢ cients a and b and the ground state energy E0 are given by

a = ��
2
+

q
(�=2)2 + �2; b =

�1
2a
; (4)

E0 = �0 + �a� b2: (5)

From the �rst equation, we get a relation which will be useful later

a(a� �) = �2: (6)

1.2 Second category (generic)

We say that a one-dimensional potential is a generic potential of second category [13] if the two
following conditions are satis�ed

�
V (x)! V (y) = �2y

2 + �2
y2
+ �0; �2; �2 > 0;

y0(x) = �(1� y2) > 0: (7)
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This category contains the isotonic, Pöschl-Teller, Pöschl-Teller I, Pöschl-Teller II and Scarf po-
tentials. Looking for an associated superpotential W (y) solution of the Riccati equation in the y
variable, which is a Laurent polynomial, we obtain [13]: W (y) = ay � b

y (a > 0; b > 0) where the
unknown coe¢ cients a and b and the ground state energy E0 are then obtained as

a = ��
2
+

q
(�=2)2 + �2; b =

�

2
+

q
(�=2)2 + �2; (8)

E0 = �0 + 2ab+ � (a� b) : (9)

From (8), we get the two useful relations

a(a� �) = �2; b(b� �) = �2: (10)

2 The quantization rules

2.1 The SWKB condition

The SWKB quantization condition [11] is the supersymmetric version of the well known JWKB con-
dition and allows to estimate the energy levels of V (x) via the identity

ISWKB =

Z xR

xL

q
E
(�)
n �W 2(x)dx = n�; (11)

where xSL and xSR are the SWKB turning points determined by E
(�)
n = W 2 (x) and E(�)n is related

to the particle energy by E(�)n = En � E0. Interestingly, the SWKB reproduces the exact energy
spectrum for the complete set of PTSIP [11], which contains all the classical exactly solvable quantum
potentials in closed analytical form.

In the following, we note ySR and ySR, the y turning points corresponding to the SWKB condition.
After straightforward calculations, it results that they are determined, for the �rst category, by

ySR + ySL = �
E
(�)
n � b2
a2

, ySR:ySL = �
2b

a
, (12)

consequently, the integral in (11) can be rewritten as

ISWKB =
a

�

Z ySR

ySL

p
(ySR � y) (y � ySL)

dy

1� y2 : (13)

For the second category and with the help of a second change of variable z = y2, the z turning
points are

zSR + zSL =
E
(�)
n + 2ab

a2
, zSR:zSL =

b2

a2
; (14)

and for the integral in (11), we obtain

ISWKB =
a

2�

Z zSR

zSL

p
(zSR � z) (z � zSL)

dz

z (1� z) ; (15)
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2.2 The Ma-Xu or proper quantization formula

A few years ago, a semi-classical quantization rule was proposed by Ma and Xu [1, 2]Z xR

xL

p
En � V (x)dx = n� + 
: (16)

This rule generalizes the JWKB condition by the addition of a term 
 which takes into account the
higher order quantum corrections and which appears to be necessarily energy independent for all the
PTSIP [5]. It then gives a new way to access to the exact energy spectrum for this exactly solvable
potential. In practice, it is �rst necessary to determine the energy E0 of the ground state by solving
the Riccati equation (3), then proceed to the evaluation of the integral IPQ (En) and replace n = 0 to
obtain IPQ (E0).

Later Qiang and Dong have proposed a slightly improved version of the Ma-Xu formula, they
called the proper quantization rule, which is given under the following form

IPQ (En) = IPQ (E0) + n�; (17)

where IPQ (En) is the integral in the left hand side of equation (16).

Let us now determine the y turning points corresponding to proper quantization formula. For the
�rst category, one obtains

yPR + yPL = �
En � �0
�2

, yPR:yPL = �
�1
�2
, (18)

and the integral (16) can be rewritten as

IPQ (En) =

p
�2
�

Z yPR

yPL

p
(yPR � y) (y � yPL)

dy

1� y2 : (19)

For the second category, again with the help of a second change of variable z = y2, the z turning
points are given by

zPR + zPL =
En � �0
�2

, zPR:zPL =
�2
�2
; (20)

and the integral in (16) becomes

IPQ (En) =

p
�2
2�

Z zPR

zPL

p
(zPR � z) (z � zPL)

dz

z (1� z) : (21)

3 From SWKB to proper quantization rule

3.1 First category

We shall now investigate the relationship between ISWKB (En) and IPQ (En) for the �rst category of
potentials. The presence of the symbol � in (13) means that we have in fact to evaluate two distinct
integrals.

Starting from (13) and making use of the integral formulas (88) and (89) combined with expressions
of the turning points given by (12), we obtain
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ISWKB =

8>>>><>>>>:
�p
2�

�q�
E�n + a2 � b2

�2
+ 4a2b2 + E�n + a

2 � b2
� 1

2

� �a
� , if y

0 = �
�
1 + y2

�
;

�
2�

�
2a�

q
(a+ b)2 � E�n �

q
(a� b)2 � E�n

�
, if y0 = �

�
1� y2

�
:

(22)

In order to involve IPQ (En), we need to express the previous integrals in terms of �1, �2 and En.

In the �rst case, i.e. when y0 (x) = �
�
1 + y2

�
, using equations (4) to (6) and E(�)n = En � E0, it

is straightforward to show that�
E�n + a

2 � b2
�
+2 4a2b2 = (En � �0 + �2)2 + �21: (23)

In the second case, i.e. when y0 (x) = �
�
1� y2

�
, we obtain in the same way

(a� b)2 � E�n = �2 + �0 � En � �1: (24)

Inserting the two previous equations into (22), and after a little algebra, one �nds

ISWKB =

8>>>>><>>>>>:
�
p
�2
�

24 1p
2

 r�
En��0
�2

+ 1
�2
+
�
�1
�2

�2
+ En��0

�2
+ 1

! 1
2

� 1

35� �
�

�
a�

p
�2
�

�
p
�2

2�

h
2�

q
1 + �1

�2
� En��0

�2
�
q
1� �1

�2
� En��0

�2

i
+ �

�

�
a�

p
�2
�
.

(25)

Using relations (19) and formulas (88) and (89), one can rewrite (25) as

ISWKB =

p
�2
�

Z yPR

yPL

p
(yPR � y) (y � yPL)

dy

1� y2 �
�
��
�

�
a�

p
�2

��
: (26)

Then, taking into account the fact that (see Appendix 1 for details)

IPQ (E0) = �
�

�

�
a�

p
�2

�
(27)

and using (19), equation (26) becomes

ISWKB = IPQ (En)� IPQ (E0) ; (28)

which means that the SWKB condition is identical to the proper quantization rule for the �rst category
of PTSIP.

3.2 Second category

Starting from (15) and with the help of the integral formula (90) combined to expressions of the
turning points given by (14), ISWKB can be written as

ISWKB =
�

2�

�
�a� b�

q
(b� a)2 � E�n

�
: (29)
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In order to make appear explicitly IPQ (En) in this expression, we can use the following identity
(see (8) to (10))

(b� a)2 � E�n = �En � �0 + �2 + �2: (30)

Inserting (30) into (29) leads to

ISWKB =

p
�2
2�

�

" 
�1�

r
�2
�2
�
r
1 +

�2
�2
� En � �0

�2

!
�
�
b� ap
�2

� 1�
r
�2
�2

�#
: (31)

Refering to (20) and to the integral formulas (90), one �nds

ISWKB =

p
�2
2�

Z zPR

zPL

p
(zPR � z) (z � zPL)

dz

z (1� z) �
p
�2
2�

�
b� ap
�2

� 1�
r
�2
�2

�
: (32)

But we have (see Appendix 1)

IPQ (E0) =
�

2�

�
b� a�

p
�2 �

p
�2

�
; (33)

which leads to the expected result

ISWKB = IPQ (En)� IPQ (E0) ; (34)

and proves that the two quantization rules are also equivalent for the second category PTSIP.

4 Exceptional potentials

In order to complete the study of the equivalence between the two quantization conditions, we still
have to examine the four exceptional PTSIP [13] which necessitate a speci�c treatment. In the �rst
category, the exceptional PTSIP are the harmonic potential, the Morse potential and Kepler-Coulomb
potential. The isotonic potential is the unique exceptional potential belonging to the second category.
In this section, the ground state energy E0 is taken equal to zero.

4.1 One-dimensional harmonic oscillator

The one-dimensional harmonic potential with zero-energy ground state is [9], [15]

V (x) =
!2

4
x2 � !

2
(35)

and the corresponding superpotential is [13] : W (x) = !x=2 . The SWKB turning points are

xSR = �xSL = (2=!)
q
E
(�)
n and those corresponding to the proper quantization are xPR = �xPL =

(2=!)
p
En + !=2. The evaluation of the ISWKB gives

ISWKB =
!

2

Z xSR

xSL

p
(xSR � x) (x� xSL)dx =

!

2

��
8
(xSR � xSL)2

�
: (36)

It is straightforward to prove that (xSR � xSL)2 = (xPR � xPL)2 � (xPR0 � xPL0)2 and since

IPQ (En) =
!

2

Z xPR

xPL

p
(xPR � x) (x� xPL)dx; (37)

we deduce immediately
ISWKB = IPQ (En)� IPQ (E0) : (38)
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4.2 Morse potential

The Morse potential with zero-energy ground state is [9], [15]

V (x) = A2 +B2e�2�x � 2B(A+ �

2
)e��x; (39)

where the parameters A;B and � are all positive. The introduction of the variable y = e��x transforms
this potential into V (y) = (A�By)2 � �By and the corresponding superpotential is given by [13] :
W (y) = �By +A. The turning points corresponding to the SWKB are determined by(

ySR + ySL = 2A=B;

ySR:ySL =
�
A2 � E(�)n

�
=B2

(40)

and those for the proper quantization by�
yPR + yPL = (2A+ �) =B;
yPR:yPL =

�
A2 � En

�
=B2:

(41)

We have

ISWKB =
B

�

Z ySR

ySL

p
(ySR � y) (y � ySL)

dy

y
=
B

�

h�
2
(ySR + ySL)� � (ySR:ySL)1=2

i
: (42)

Combining this result with the preceding expressions for the turning points, we readily obtain

ISWKB =
B

�

h�
2
(yPR + yPL)� � (yPR:yPL)1=2 �

�

2

i
: (43)

Using
�

2
(yPR0 + yPL0)� � (yPR0:yPL0)1=2 = (�=B)

�

2
; (44)

and the integral formula

IPQ = (B=�)

Z ySR

ySL

p
(yPR � y) (y � yPL)

dy

y
; (45)

we then obtain
ISWKB = IPQ (En)� IPQ (E0) : (46)

4.3 Kepler-Coulomb potential

The Kepler-Coulomb potential with zero-energy ground state is [9], [15]

V (x) = �

x
+
l(l + 1)

x2
+


2

4(l + 1)2
: (47)

Introducing the variable y = 1=x, it becomes V (y) = �
y + l(l + 1)y2 + 
2=4(l + 1)2 and the
corresponding superpotential is given by [13] W (y) = �a=x + b; where a = l + 1 > 0 and b =

=4(l + 1) > 0 .

The SWKB turning points in terms of the x variable satisfy

8<: xSR + xSL = 2ab=
�
b2 � E(�)n

�
xSR:xSL = a2=

�
b2 � E(�)n

� (48)
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and those for the proper quantization�
xPR + xPL = 2ab=

�
b2 � En

�
xPR:xPL = a(a� 1)=

�
b2 � En

�
:

(49)

The integral for the SWKB formula in term of the x variable is written as

ISWKB =

q
b2 � E(�)n

Z ySR

ySL

p
(xSR � x) (x� xSL)

dx

x
: (50)

Using the above expression of the di¤erent turning points, we show easily that

�

2
(xSR + xPL)� � (xSR:xSL)1=2 =

�

2
(xPR + xPL)� � (xPR:xPL)1=2 � �a=b+ �a(a� 1)=b; (51)

and

�

2
(xPR0 + xPL0)� � (xPR0:xPL0)1=2 = �a=b� �a(a� 1)=b: (52)

Since we have also

IPQ =
p
b2 � En

Z ySR

ySL

p
(xSR � x) (x� xSL)

dx

x
; (53)

we directly deduce
ISWKB = IPQ (En)� IPQ (E0) : (54)

4.4 Isotonic potential

The isotonic potentiel with zero-energy ground state is [9], [15]

V (x) =
!2

4
x2 +

l(l + 1)

x2
� !

�
l +

3

2

�
; (55)

has an associated superpotential of the form [13] W (x) = ax � b=x; where a = !=2 > 0 and b =
l + 1 > 0.

The SWKB turning points in terms of y = x2 are given by(
ySR + ySL =

�
2ab+ E

(�)
n

�
=a2

ySR:ySL = b2=a2;
(56)

and those for the proper quantization are given by :�
yPR + yPL = (En + ! (l + 3=2)) =a

2

yPR:yPL = b(b� 1)=a2: (57)

In terms of the y variable, the SWKB integral takes the form

ISWKB =
a

2

Z ySR

ySL

p
(ySR � y) (y � ySL)

dy

y
= �

E
(�)
n

2!
:

Similarly, we have also
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IPQ =
a

2

Z ySR

ySL

p
(yPR � y) (y � yPL)

dy

y
= �

�
E(�)n =2! +

�
l +

3

2

�
=2

�
;

from which we can directly conclude that

ISWKB = IPQ (En)� IPQ (En=0) ; (58)

for the isotonic potential.

5 Energy spectra of the PTSIP

5.1 First category PTSIP

For the �rst category of potentials, the calculation of the energy spectrum is achieved by solving
equation ISWKB = n�, where ISWKB is given by (22). Consider the two equations in (22) and

introduce the notations �1 = E�n + a2 � b2 into the �rst equation and �2 =
q
(a+ b)2 � E�n into the

second one. The substitution of these variables into the identity ISWKB = n� gives correspondingly

� p
�21 + 4a

2b2 + �1 = 2 (a+ �n)
2

�
p
�22 � 4a2b2 � �2 = 2 (�n� a) .

(59)

Since � = 2 (a+ �n)2 is one of the two solutions of the quadratic equation (1=2)�2��1��2a2b2 = 0,
it is su¢ cient to solve the latter with respect to �1. Following the same method to �nd �2, one obtaines
the analytical expression of energy levels

En = �a2 + �a+ �0 � (a� �n)2 �
�21

4 (a� �n)2
: (60)

Equation (6) allows us to express the energy as a function of the parameters �2; �1; �0 and �. To
illustrate this result, we consider the Rosen-Morse I and II potentials and the Eckart potential.

5.1.1 Rosen-Morse I

The Rosen�Morse I potential with zero-energy ground state has the form [9], [15]

V (x) =
A(A� �)
sin2(�x)

+ 2B cot (�x)�A2 + B2

A2
, 0 � �x � �: (61)

Using the variable y = � cot (�x) (y0(x) = �
�
1 + y2

�
), it becomes V (y) = A(A � �)y2 � 2By +

B2=A2 � �A . Comparing with (1) gives

a = A; b = �B
A
; (62)

from which, we deduce for the superpotential W (x) = ay + b = A(� cot (�x))� B=A and for the
energy levels

En = �A2 +
B2

A2
+ (A+ �n)2 � B2

(A+ �n)2
: (63)
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5.1.2 Rosen-Morse II

The Rosen�Morse II potential with zero-energy ground state is given by [9], [15]

V (x) = �A(A+ �)
cosh2(�x)

+ 2B tanh (�x) +A2 +
B2

A2
, B < A2: (64)

Using the variable y = tanh (�x) (y0(x) = �
�
1� y2

�
), it becomes V (y) = A(A + �)y2 + 2By +

B2=A2 � �A. Comparing with (1) gives

a = A; b =
B

A
; (65)

which leads to a superpotential W (x) = A tanh (�x)+ B=A and the energy spectrum is

En = A2 +
B2

A2
� (A� �n)2 � B2

(A� �n)2
: (66)

5.1.3 Eckart potential

The Eckart potential with zero-energy ground state is given by [9], [15]:

V (x) =
A(A� �)
sinh2(�x)

� 2B coth (�x) +A2 + B2

A2
, B > A2: (67)

Using the variable y = coth (��x) and rede�ning � ! ��, it becomes V (y) = A(A + �)y2 +
2By + B2=A2 � �A which is exactly the form obtained in the previous case. The superpotential is
then W (x) = A coth (��x)+ B=A and the energy levels are simply obtained by replacing � by ��
in (66)

En = A2 +
B2

A2
� (A+ �n)2 � B2

(A+ �n)2
: (68)

5.2 Second category PTSIP

For the second category of potentials, the resolution of ISWKB = n� leads to the following expression
for energy levels [24]

En = �0 � (�2 + �2)� (2�n� a+ b)2 : (69)

5.2.1 Pöschl-Teller

The Pöschl�Teller potential with zero-energy ground state is given by [9], [15]

V (x) = A2 +
A2 +B2 + �A

sinh2(�x)
�B(2A+ �)coth (�x)

sinh(�x)
; B > A; x > 0: (70)

The choice of variable y = tanh (�x=2) transforms it into V (y) = a(a+�=2)y2�b(b��=2)=y2+�0;
where

a =
A+B

2
; b =

B �A
2

(71)

and �0 = �� (a� b) =2 � 2ab. In this case y0(x) = �
�
1� y2

�
=2, and one obtains as superpotential

W (x) = ay � b=y = A coth (�x)�B= sinh(�x) and as energy spectrum (see (69))

En = A2 � (�n�A)2 : (72)
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5.2.2 Pöschl-Teller I

The Pöschl�Teller I potential with zero-energy ground state has the form [9], [15]

V (x) = � (A+B)2 + A(A� �)
cos2(�x)

+
B(B � �)
sin2(�x)

; 0 < x <
�

2�
: (73)

Introducing the variable y = tan�x (y0(x) = �
�
1 + y2

�
), this potential takes the form V (y) =

a(a� �)y2 � b(b� �)=y2 + �0; where
a = A; b = B; (74)

and �0 = �� (a+ b) � 2ab. One obtains W (x) = ay � b=y = A tan (�x) � B cot(�x) and the energy
spectrum is (see (69))

En = � (A+B)2 + (2�n+A+B)2 : (75)

5.2.3 Poschl-Teller II

The Pöschl�Teller II potential with zero-energy ground state has the following form [9], [15]

V (x) = (A�B)2 � A(A+ �)

cosh2(�x)
+
B(B � �)
sinh2(�x)

; B < A; x > 0: (76)

By using the variable y = tanh�x, we obtain V (y) = a(a+ �)y2 + b(b� �)=y2 + �0; where

a = A; b = B; (77)

and �0 = �� (a� b) � 2ab. The superpotential becomes W (x) = A tanh (�x) � B coth(�x) and the
energy levels are given by

En = (B �A)2 � (2�n+B �A)2 : (78)

5.2.4 Scarf I

The Scarf I potential with zero-energy ground state is given by [9], [13]

V (x) = �A2 + A2 +B2 � �A
sin2(�x)

�B(2A� �)cot (�x)
sin(�x)

; B < A; 0 < x <
�

2�
; (79)

With the introduction of the variable y = tan (�x=2), it takes the form V (y) = a(a� �
2 )y

2+ b(b�
�=2)=y2 + �0, where

a =
A+B

2
; b =

A�B
2

(80)

and �0 = �� (a+ b) =2 � 2ab. In this case y0(x) = �
�
1 + y2

�
=2 and one obtains the superpotential

W (x) = �A= tan (�x) +B= sin(�x). The energy levels are deduced from (69) as

En = �A2 + (A+ �n)2 : (81)

6 Conclusion

In this work, we have examined the link between the Ma-Xu or proper quantization rule and the
SWKB condition. By using the classi�cation into two categories of the PTSIP, we have shown the
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equivalence of these two quantization rules. The study covers the whole set of PTSIP, including the
exceptional cases. As an application of the general classi�cation introduced in [13], a global formula
for the energy levels of every PTSIP has been extracted from the SWKB, recovering in each speci�c
case the known results [10, 11].

A challenging problem for the future would be to establish exact quantization formulas for the
solvable potentials obtained as rational extensions of the PTSIP considered above [6, 18, 19, 20, 21,
22]. It seems indeed that the SWKB quantization formula is not exact for these potentials even
for those which belong to the class of TSIP [12]. This has to be correlated to the ~ dependence of
the superpotentials associated to these extensions in contrast with the primary TSIP for which the
superpotential does not present such dependence [23].

7 Appendix 1 - Evaluation of IPQ (E0)

7.1 First category

Taking n = 0 in the �rst terms of the two equations of (25), one �nds

IPQ (E0) =

8>>><>>>:
1
�

"
�p
2

�q
(E0 � �0 + �2)2 + �21 + E0 � �0 + �2

� 1
2

�
p
�2�

#
, if y0=� = 1 + y2;

�
2�

�
2
p
�2 �

p
�2 + �1 + �0 � E0 �

p
�2 � �1 + �0 � E0

�
, if y0=� = 1� y2:

(82)

Using (4) to (6), it is straightforward show that

IPQ (E0) =

8><>:
�q

(E0 � �0 + �2)2 + �21 + E0 � �0 + �2
� 1

2

=
p
2a, if y0 = �

�
1 + y2

�
;

p
�2 � �1 + �0 � E0 = ja� bj , if y0 = �

�
1� y2

�
;

(83)

and inserting these identities into (82) we obtain

IPQ (E0) =

8<:
�
�

�
a�

p
�2
�
; if y0=� = 1 + y2;

��
�

�
a�

p
�2
�
, (b < a) if y0=� = 1� y2;

(84)

which is the desired result.

7.2 Second category

As we have seen, the �rst terms of the right-hand side of equation (31) correspond to IPQ (En). For
n = 0, the expression of IPQ (E0) is written under the following form

IPQ (E0) =

p
�2
2�

�

" 
�1�

r
�2
�2
�
r
1 +

�2
�2
� E0 � �0

�2

!#
: (85)

By means of (13) and taking n = 0, one gets

(b� a)2 = �E0 � �0 + �2 + �2: (86)
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Substituting the last relation in (23) leads to

IPQ (E0) =
�

2�

�
b� a�

p
�2 �

p
�2

�
; (87)

where b < a in the second case, i.e. when y0 (x) = �
�
1� y2

�
.

8 Appendix 2

For the �rst category of potentials, the following integral formulas [14] have been usedZ �

�

p
(� � y) (y � �) dy

1 + y2
=

�p
2

�p
1 + �2

q
1 + �2 � �� + 1

�1=2
� �; � < �; (88)Z �

�

p
(� � y) (y � �) dy

1� y2 =
�

2

h
2�

p
(1� �) (1� �)�

p
(1 + �) (1 + �)

i
; (89)

where �1 < � < � < 1 for the second formula. For the second category of potentials, we have the
following formula [24]

Z �

�

p
(� � z) (z � �) dz

z (1� z) = �
h
�1�

p
�� �

p
(1� �) (1� �)

i
: (90)

The signs � in the last integral represents two di¤erent cases and the formula is valid under the
following condition: the parameters � and � are positive in both cases and are lower than unity in
the second.
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