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Multilevel branching splitting algorithm for estimating rare event
probabilities

October 7, 2016

Agneés Lagnoux and Pascal Lezaud

Abstract: We analyse the splitting algorithm performance in the estimation of rare event probabilities
in a discrete multidimensional framework. For this we assume that each threshold is partitioned into
disjoint subsets and the probability for a particle to reach the next threshold will depend on the starting
subset. A straightforward estimator of the rare event probability is given by the proportion of simulated
particles for which the rare event occurs. The variance of this estimator we get is the sum of two
parts: one part resuming the variability due to each threshold and a second part resuming the variability
due to the thresholds number. This decomposition is analogous to that of the continuous case. The
optimal algorithm is then derived by cancelling the first term leading to optimal thresholds. Then we
compare this variance with that of the algorithm in which one of the threshold has been deleted. Finally,
we investigate the sensitivity of the variance of the estimator with respect to a shape deformation of
an optimal threshold. As an example, we consider a two-dimensional Ornstein-Uhlenbeck process with
conformal maps for shape deformation.

Keywords: splitting; rare event probability estimation; Monte Carlo; branching process; simulation;
variance reduction; first crossing time density; conformal maps

1 Introduction

The risk modelling approach consists in firstly formalizing the system considered and secondly using
mathematical or simulation tools to obtain some estimates (Aldous, 1989; Sadowsky, 1996). Analytical
and numerical approaches are useful, but may require many simplifying assumptions. On the other
hand, Monte Carlo simulation is a practical alternative when the analysis calls for fewer simplifying
assumptions. Nevertheless, obtaining accurate estimates of rare event probabilities, say about 1079 to
1012, using traditional techniques require a huge amount of computing time.

Many techniques for reducing the number of trials in Monte Carlo simulation have been proposed, like
importance sampling or trajectory splitting (L’Ecuyer et al. (2009)). In the splitting technique, we
suppose there exists some well identifiable intermediate states that are visited much more often than the
target states themselves and behave as gateways to reach the rare event. Thus we consider a decreasing
sequence of events B; leading to the rare event B:

B=By+1CByC...CB. (1)

Then p = P(B) = P(B|Bn)P(Ba|Bai-1) - - . P(B2|By)P(By) where on the right hand side, each condi-
tioning event is "not rare”. These conditional probabilities are in general not available explicitly. Instead,
we know how to make evolve the particles from level B; to the next level B; 11 (e.g. Markovian behaviour).

The principle of the algorithm is at first to run simultaneously several particles starting from the level
B;; after a while, some of them have evolved ”"badly”, the other have evolved "well” i.e. have succeeded
in reaching the threshold B;;;. Then "bad” particles are moved to the position of the ”good” ones and



so on until B is reached. In such a way, the more promising particles are favoured. Examples of this
class of algorithms can be found in Aldous and Vazirani (1994) with the ”go with the winners” scheme,
in Jerrum and Sinclair (1997) and Diaconis and Holmes (1995) in approximate counting and in a more
general setting in Doucet et al. (2001); Del Moral (2004); Cérou and Guyader (2005); Del Moral and
Garnier (2005); Morio et al. (2014) .

The difficulty comes from the complexity of the dynamics of the particles. A simpler analysis can be
done focusing only on the underlying Markov chain that represents the changes of thresholds. In this
technique, we make a Bernoulli trial to check whether or not the set event B; has occurred. In that
case, we split this trial in Ry Bernoulli subtrials and for each of them we check again whether or not the
event By has occurred. This procedure is repeated at each level, until B is reached. If an event level
is not reached, neither is B, then we stop the current retrial. Using IV independent replications of this
procedure, we have then considered NR; ... Ry, trials, taking into account for example, that if we have
failed to reach a level B; at the i-th step, the R; ... Rys possible retrials have failed. Clearly the particles
reproduce and evolve independently.

An unbiased estimator of p is given by the quantity
Np

Pyvy1 = M 50
NIz R

where Np is the total number of trajectories having reached the set B. Considering that this algorithm
is represented by N independent Galton-Watson branching processes, as done in Lagnoux (2006), the
variance of Dys11 can then be derived and depends on the probability transitions and on the mean
numbers of particles successes at each level. Leading by the heuristic presented in Villén-Altamirano
and Villén-Altamirano (1991, 1997), an optimal algorithm is derived by minimising the variance of the
estimator for a given budget (or computational cost). This cost is defined as the expected number of
trials generated during the simulation, each trial being weighted by a cost function.

The optimisation of the algorithm suggests to take all the transition probabilities equal to a constant
and the numbers of splitting equal to the inverse of this constant Lagnoux (2006). Then we deduce the
number of thresholds M and finally the number N of replications. In fact, optimal values are chosen in
such a way to balance between the increase of the variance when the number splitting is small and the
exponential growth in computational effort when too much splitting are used.

In higher dimension, the engineering community have proposed algorithms to estimate rare event prob-
abilities. Subset simulation which is also based on a partitioning of the space into nested subsets uses
Markov Chain simulation (in particular the Metropolis Hastings scheme) Au and Beck (2001). Impor-
tance sampling techniques have also been developed in that framework. When the failure region is not
too complex to describe, schemes to construct importance sampling algorithms have been introduced that
are based on design points (see e.g. Au et al. (1999); Kiureghian and Dakessian (1998) and the references
therein) or adaptive pre-samples (see e.g. Au and Beck (1999) and the references therein). When the
complexity of the rare event increases, it seems to be difficult to construct efficient importance sampling
scheme Schuéller et al. (1993).

In this paper, we continue the multidimensional approach and study theoretically the algorithm intro-
duced in Glasserman et al. (1998) and Garvels (2000) mainly in order to obtain a new expression of the
variance of the estimator analogous to that of the continuous case (L’Ecuyer et al. (2009)). Thus, we
assume that each threshold is partitioned into s disjoint subsets and the probability for a particle starting
from a threshold to reach the next threshold will depend on the starting subset. Unlike the unidimensional
case, the hardness to reach the next threshold differs according to the starting subset; in some sense the
threshold is no longer an iso-probability level. In this context, the variance of the estimator pasy; is the
sum of two parts: one part resuming the variability due to each threshold and a second part resuming
the variability due to the thresholds number (see Proposition 3.1). For the unidimensional case, only the
second term remains. The optimal algorithm is then derived by cancelling the first term of the variance
leading to iso-probability levels and by optimising the other parameters as in the unidimensional case.

Furthermore, by introducing new operators, we obtain an alternative expression of the variance which is
more tractable when we wish to compare the variance of the estimators in an algorithm with M thresholds
with the variance in an algorithm in which one of the threshold has been deleted. More precisely, we



study the need of an intermediate threshold and derive a procedure to detect whether we shall keep
it or not. In order to obtain a simple criteria, we assume the optimal shape of the thresholds of the
optimal algorithm. Finally, we investigate the sensitivity of the variance of pys11 with respect to a shape
deformation of the threshold relatively to the optimal shape.

The remainder of this paper is divided into five sections. In Sections 2-4 we present, analyse theoretically
and optimise the splitting algorithm in the multidimensional case. Then, Sections 5 and 6 deal with the
sensitivity analysis of the variance as previously presented. In particular, in Section 6, we illustrate a way
to deform the shape of the thresholds to get uniform occupation densities with a 2D Ornstein-Uhlenbeck
process. Finally, we complete the paper by a conclusion and some perspectives. More details and all the
proofs are postponed in the appendices.

2 Multilevel Splitting Algorithm

2.1 Definition of the thresholds and related tools

In order to estimate the probability p that a particle starting from a point in some state space E reaches the
critical subset B C E, we use the so-called splitting algorithm based on the nested sequence By, ..., Byr4+1

defined in (1). Moreover, each frontier 0By of By is partitioned into s disjoint subsets, denoted GB](:),
such that

S
0B, = JoBY, k=1,...,M.
i=1
We assume that each 0B; has the same number s of subsets; this assumption is not restrictive as one

can see in the sequel. In any case, one can obviously rewrite the problem under concern in this particular
setting.

The random dynamics of the particle are modelled by a stochastic process Y = (Y;;¢ > 0) and for
k=1,...,M + 1, we define 71 as the first time that the particle hits 0B;. Hence p can be written as
p = P(tp41 < 00). For the sake of simplicity, we assume naturally that Y evolves continuously and all
the intermediate thresholds are hit if the last one is. In fact, the dynamics under concern is not directly
the particle one but rather the one of the embedded Markov chain observed at each time the particle
hits a frontier Bj. This embedded Markov chain will be denoted (X)ocr<m+1- Thus, Xj = ¢ if the

particle at time 7 lies in BBl(f) ie. Y, € 831(;’).

Measures v, and functions f; We define for any k = 1,..., M, a measure vy, on the frontier 9By,
by
(1) =P(Xg =i ; 7 < 00).

This measure acts on the functions f defined on 9By, by vi(f) = E[f(Xk) ; T < o0] in such a way that
(1) = P(1, < 00) is the probability that the particle hits the event By, (1 stands for the unit function).

For any k = 1,..., M, we denote My, (resp. Fi) the set of measures (resp. functions) defined on dBj.
In particular, the functions f; € Fj defined by

@) =Pty <o | Xp=i; 7, <00), k=1,....M

play a special role, since

yk(fk)zzvk(i)fk(i):p, k=1,...,M. (2)

In fact, fx(i) quantifies the hardness to reach the target set B starting from aB,(j) while 7 (4) fx(4)

quantifies the hardness to reach B passing by 8B,(j) and starting from O. Furthermore, for k =2,..., M,
we introduce the operators Py, k = 2,--+ , M defined on 0By_1 X 0By by Pi(i,j) =P(Xp =7 ; 7 <



00| X1 =1 ; Tk—1 < 00). Nevertheless it is easier to consider Py as an operator right acting on Fj, as
an operation Fj — JFi_1 according to

Pu(f)@) =E[f(Xi); 7 <00 | X1 =143 Th1 < ]

and left acting on Mj,_; as an operation My_1 — My, according to (uPy)(f) = p(Prf).

Each operator Py is not Markovian, since the probability to reach 0By, is not equal one; hence we define
gk—1 € Fr—1 by

gkfl(i) = Pk(l)(l) = ]P(Tk <0 | Xp1=1; 1 < OO)7 (3)
for k =2,..., M. Remark that there is no need to define gp; since it would correspond to fa;.
We easily get the following transport relations for k =2,..., M,

Ye = Ye-1Pr,  feo1 = Pe(fr) (4)

The notation is summarized in Figure 1.

i

=1 = Pi(fx)

0B 41 Vk+1
P

OB, — Ve =Ye-1D%
P._1 i Gk—1

0B ’I Vie—1

Oe

Figure 1: This figure summarizes the notation previously introduced.

Normalized measures p;, Since 7 is not a probability measure, we define its normalized version
ur on OBy that acts on the functions f € Fj, in the following way

_ w(f)

(assuming that the thresholds have been chosen such that v, (1) # 0 for all k). We notice that

=E[f(Xx) | T < oo],

_ (1)
’Yk(l)

i (gx) =P(7k41 <00 | 71 < 00) (5)



and »
pr(fr) = @) =P(rpr41 < 00 | T < 00).

Equation (4) induces the following scheme for the dynamics of p

e = 2l — ()

tr—1Py = pr—1 P
V(1) tk—1(gr—1)

that leads to -
() = me(Hn @) T 1p(gp),
p=1

which applied successively to the functions f; and fry1 yields to pg(fi) = k1 (fret+1) ik (gr)-

Convention We extend the previous definitions to kK = 0 and kK = M +1. Considering that the particles
are generated at the same point O, we define F as the set of constant functions and in particular fo = p
and go = 71(1). Analogously Mg will represent the set of the Dirac measures at O up to a constant.
Hence vo(f) = f (and po = 710). Obviously, 70(1) = P(19 < o0) = 1.

In the same way, Bjs41 is reduced to a unique point, denoted e.g. by w. Then Fjs41 is reduced to the
constant functions, with fas4+1 = 1 and M 41 is the set of the Dirac measures at w up to a constant,
with yar1(f) = fp (such as Yarg1 (far41) = yu41(1) = p) and par41(f) = f. We set also Py(f) = 71 (f)
and Pry1(f) = f % fur.

2.2 Multilevel Splitting Algorithm

To estimate the rare event probability we proceed according to the algorithm already introduced in
Glasserman et al. (1998) and Garvels (2000). Its principle is the following:

Initialization: We perform independently N particles from the same starting point O. A random num-
ber Z; of particles reach the threshold B, where Z; has a binomial distribution with parameters
N and 71(1). These Z; particles are spread over the subsets 8B§i) according to a multinomial
random variable (r.v.) Mult(Zy, pu1). Let Z; be the corresponding random vector (Z11, ..., Z1.).

Step n (2 < n < M): Each of the Z,,_; particles in 9B,,_1 is duplicated R,,—; times; so that a total
number R, _1Z,_1 of particles is achieved. These new particles evolve according to the dynamics
of the original process and the number Z,; of particles reaching aBEZ ) is still a random number.
Consider now the random vector Z, = (Zp1,...,Z,,). The Z,; particles in Bf(zj ) come from

different subsets 831(21; then we decompose Z,,; in the following sum
an = Z vajv (7)
i=1

where V!, is the number of particles from 887(31 and having reached dBY whose total number
Y =>7_,Y,, is a binomial r.v. with parameters R, _1Z(,1); and g,—1(i).

We represent the numbers erj in a s x s tabular where each line Y = (Y,};,...,Y,,), conditionally

to the knowledge of the total number Y,?, is distributed as a multinomial r.v. with parameters Y;!
and @, (7,-) where

_ Pn(l, )
In-1(7)

Qn(i,-): =P(X,=|Xn1=1; Th <0).

In a nutshell, the random vector Z,, can be expressed as the sum Z,, = Y7, Y} of the random
vectors Y, and the total number of particles at the end of step n is Z, = -, ; Yy, = S YL



nj n

[ Zu[-] 2]

Final step: Each of the Z); particles in 0B); is duplicated Rjp; times to get a total number Rp;Zjs
of particles. These new particles evolve accordingly to the dynamics of the original process and
the Zjp;11 particles having reached 0Bj;11 come from different subsets 8BJ(\2); then we decompose
Zpi+1 in the following sum

Zypr =Y Yirg (8)
=1

where Y}, 41 represents the number of particles from (‘331(&) and having reached 0Bjs41. Condi-
tionally to the random vector Zys, the r.v.s Yy, 1,4 =1,...,r are independent and distributed as
a binomial r.v. with parameters Ry;Zys; and fr(i). The set Bps41 being reduced to a point, the
result of this final step is simply the total number Zy; 1 of particles in Bps41.

3 Algorithm analysis

In this section, we present a natural unbiased estimator of p and give several expressions of its variance
including the one given in Glasserman et al. (1996). We also define the cost of the algorithm.

3.1 A natural unbiased estimator of p

An estimator of the probability to hit 0B,,;1 conditionally that dB,, has been hit is naturally given by
the ratio between the number of particles in 0B,,1+1 and R,, times the number of particles in 0B,,, from
which we deduce a natural estimator of the probability of interest p

M—1
. Zy Zpt1 Zar41 Zyr41
PMi1 =75 X El RoZ.  RaZu  NRi.. Ru )

Introducing the deterministic quantities ro = N and r, = Rprp—1, n = 1,..., M, leads to pyrr1 =
Zp+1/rm- Then it is obvious to show that this estimator is unbiased. Indeed by conditioning, (8) yields

Elpari) = —— > ElZulfu 0
-1

To derive the mean of Zys;, notice that E[Zy;] = Nvi(j), j = 1,...,r. By a new conditioning, we get
that

E[Zy)] = Ry Y ElZ0Pai,§) = NR112() = ri7 (i),

=1

the last equality coming from (4). An induction principle allows us to establish that for n =2,..., M,
]E[Zn]] = ’rnflfyn(j) (10)

that leads to E[par+1] = -5y yar(5) fm (5) = ym (fur) = p.



3.2 The variance of the estimator

Proposition 3.1. The coefficient of variation is given by

M

—~ M
Var(pévfﬂ) -y 1 (Tl Tk) Va‘r#k fk +Z 1—Hk(9k). (11)

p = (1) \re—1 — k(1) pe(gk)

Introducing the operators T';y1 defined, for f, g € Fit1, by Tiv1(f,9) = Pix1(fg) — Piv1(f)Pit1(g), we

have
Mo

Var(pa41) = gl (Tig1(fiv1)) - (12)
i=0 °

The variance is then split into two parts. The first sum outlines the variability due to the shape of the
thresholds 0By, (defined by the fi’s) whereas the second outlines the variability due to the thresholds
number M, replication numbers Ry and thresholds position (contained in the Pj’s and gi’s). Also we
refer to Appendix A for more details on the operators I';11.

Comparison with other algorithms Notice that for s = 1, the measures 75 and the functions
fx are constant. Since px(gr) = Vi+1/7k, the expression of the variance becomes

Var(Prs1) _ i L— pnlge) _ i 1 ( 1 1)
Tk

2
r
p o TRVk+1 =0 Ve+1 Ve

that corresponds to the expression established in Lagnoux-Renaudie (2008).

Furthermore, Formula (11) corresponds to equation (2.21) established in Garvels (2000) for an algorithm
with a single intermediate threshold. It also has been established in L'Ecuyer et al. (2009); Cérou et al.
(2011) in the general and continuous settings.

Finally, simple computation leads to the following expression

Var(Parp1) _ g~ 1 (1_1)uk(f,?> (1_1)
p? _;%(1) Th—1 Tk ui(fk)+ prv 7o

that can be found in Glasserman et al. (1999).

3.3 The cost of the algorithm

The efficiency of the algorithm can be traduced in terms of the variance of the estimator that must be
the smallest possible under the condition that the cost (in terms of computer time for example) remains
finite. Our goal is then to derive the optimal parameters of the algorithm for a fixed cost.

The total number of particles generated during the algorithm is the r.v. N + R1Zy + ...+ Ry 2.
From (10), E[Z,,] = rn—17x(1), the mean of the total number of particles generated by the algorithm is

C’](\?[)Jrl =ro+r1y1(1)+ ... +ryym(1)

and can be considered as a natural cost.

Now we present a more realistic cost that takes into account the probability Py (i, j) to reach 8B,(€J ) from
8B,(;). Actually, even if the algorithm presented here is based on the simulation of multinomial r.v.s,
the introduction of this new cost allows to consider the dynamics of a particle between two successive

thresholds through the functions gx. Thus we associate to each particle from 8B,(f) a unitary cost cg(7)
that depends on the starting threshold and the hardness g (¢) to succeed in reaching the next threshold.
More precisely, we assume that

co =c(n(1)), (i) =clgr(@), k=1,...,M,



where ¢ is a positive function, decreasing (the smaller the probability of success is the highest the cost
is) such that ¢(z) converges to a constant (in general small) when x tends to 1.

Proposition 3.2. The mean cost is given by
M s M
Cry1=Neo+ Z Tn Zvn(z)cn(z) = Z T Yn(Cn)- (13)
n=1  i=1 n=0

The approach presented here leads to a relatively simple formula for the total mean cost, similar to
the one used in Lagnoux-Renaudie (2008). The multidimensionality of the model is taken into account
through the function c,.

4 Algorithm optimisation

Before proceeding to the optimisation of the algorithm, we start recalling the general setting.

4.1 General setting

In many applications, the rare event probability p can be viewed as an overflow probability. More
precisely, let h be a real-valued measurable function defined on F and L > 0 be a given threshold. Then
p is rewritten as p = P(h(Y;) > L) where the process Y has been defined in the Introduction. As a
consequence, we can naturally use the function h to determine the intermediate thresholds and apply the
splitting methodology to the real-valued process Z defined by Z; = h(Y}), for all ¢ > 0 (for simplicity
Zy = 0). For the sake of simplicity we assume that Z evolves continuously and all the intermediate
thresholds are hit if the last one is.

However remark that the intermediate thresholds Ly, ..., L4y for Z define splitting surfaces 0By, ...,
OBpr41 for Y by 0By, = {y € E | h(y) = Li}. Defining the levels 0By, in such a way is not well adapted
and is far to be optimal. Indeed, this methodology is geometrical and only based on a level set without
taking into account the probabilistic aspects. More precisely, it seems natural to incorporate information
of the hardness to reach the target set from any point of the dBj. This information is precisely given
by the function fj; introduced previously. So, assuming the possibility to define a function f, named
importance function, on the whole space E by

f(x) =P(Tar41 < oo | starting from x),

we rather define 0By, as the set of the points € E such that f(x) = L for some L € [0,1]. In some
sense, we use iso-probability density levels as intermediate thresholds. Of course, the difficulty here is
to determine the function f, the thresholds number M and the values of Li. Nevertheless, there exists
methods that allow to get estimators of f using a reverse time analysis as proposed in Garvels (2000).

To illustrate the importance of a good choice of the intermediate thresholds, let us consider the following
example represented in Figure 2.

Example 4.1. With M = 1 and a threshold 0B1 partitioned in two subsets such that

{ 71 (1) = 1073, 71(2) = 0.5,
i) =101, £1(2) = 1073,

we obtain p=1.5-10"% and v1(1) = 0.51.

Let us simulate particles starting from O. We expect that 51% of them reach the threshold 0B:, with
50% in 5‘B§2) and only 1% in 8351). Nevertheless among those in 0B1, the particles in the subset 8351)
have 100 times more likely to reach the target set than those in 839. So, using this design of 0By leads

to simulate almost 50% of particles pointlessly. We see that using a function fi = p/a, with a €]0,1],
implies that v(1) = « and all the particles in 0By then have the same probability to reach the target set.
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Figure 2: The crucial choice of the importance function on an example.

The construction of the importance function when the target probability has a large deviation character-
ization is handled in Dean and Dupuis (2009). This context is also considered in Sadowsky (1996) and
Remark 4.2. Nevertheless, it seems difficult to translate the results obtained into the framework of this

paper.

4.2 Optimisation

It is important to keep in mind Equation (11) and the fact that the variance of the pys41 can be split
in two parts: a first one resuming the variability due to the shape of the thresholds and a second one
resuming the variability due to the thresholds number, replication numbers and thresholds position.

Furthermore, the splitting algorithm’s parameters are: the initial number IV of particles, the replication
numbers Ry, ..., Ry, the number M of intermediate thresholds and their characteristics (through the
Py’s and the gg’s).

Proposition 4.1. The parameters of the algorithm optimised by minimisation of the variance of the
estimator for a fized cost are the following:

(i) the functions fi so that they do not depend on the starting point in OBy;

(i) the optimal values of the parameters N, M, {Rp}M, and { Py }2Z" obtained in Lagnous-Renaudie
(2008) for the unidimensional case (i.e. s =1). More precisely, N is related to Cpr+1 and all the
Ry’s are equal to a same value, say R which depends on N and Cpry1. Furthermore, in order to
satisfy the tradeoff between a premature death of the algorithm (RxPr+1 < 1) and a prohibitive cost
(RiPyy1 > 1), we need the condition Ry P41 = 1. Then M is fized by the relation RpY/(M+1) =1,

As expected, the optimal choice consists in taking the thresholds 0By, in such a way that fj is constant.
This is consistent with the observations of Section 4.1. Nevertheless, the difficulty lies in the evaluation
of the importance function f and so in the design of the thresholds. We will see in Section 6 the impact
of a non optimal choice on the variance and on the cost of the algorithm.
If for some k, the function f is constant, given that vi(fx) = p, we get the following identity fr =
p/7%(1). Moreover, it comes from the definition of yj, and Equations (18) and (5) that I'y,(fx) = gr—1(1—
ge-1)p?/7;(1) and

p° k1 (ge—1(1 — gr—1))
V(1) te—1(grk—1) '
Besides by (4), the function f;_; can be expressed as fr—1 = gr—1p/7&(1). Moreover, if fi_o is also

Ye—1 Tr(fr)) =



constant, then Pr_1(gx—1) = vk (1)/7x—2(1), and after calculus

1 w1 (Gr_y) B 1 ]
Vo1 (1) pi_y(ge—1)  —2(1) ]

Vo2 (Tre-1(fr-1)) = p* [

Finally, if all the functions fj are constant, then the functions g are also constant: gr = Yg+1(1)/7(1)
and as for the functions T'gy1(fr41):

B p? 1 B 1
i1 (fe1) = (1) [’Yk—&-l(l) ’Yk(l)] .

Remark 4.2. These results justify the choices done in the algorithm proposed in Miretskiy et al. (2009).
The authors assume that

1 s )
Jim = logph = —y(s) Vs ¢ A;

where py represents the probability to reach the target event A starting from s, B the rarity parameter
and 7y is a decreasing function. The algorithm consists in taking:

o the replication numbers (except the last one) all equal to R;
o the number of thresholds np equals to | By(s)/log(R)];

e the frontier Iy of the intermediate threshold Ly equals to
k
reD / 7(5)*7(I):§logR k=0...np;

e the last replication number equals to R = LeB'V(S)_"B log RJ.

In other words, the authors equal all the replication numbers (excepted eventually the last one), take
the number of thresholds equal to the optimal one in Lagnouz-Renaudie (2008). Finally they fiz all the
thresholds in such a way that the decreasing rate v(s) is uniform over the thresholds and the probability
to reach the target set A starting from the k-th threshold depends on k but not on the starting point of
the frontier lj.

5 Sensitivity analysis: deletion of a threshold

Now, we study the sensitivity of Var(pas4+1) with respect to the number of thresholds. We assume
that the thresholds have the optimal shape: the functions f; are constant. It amounts to work in the
unidimensional setting. Optimally, the thresholds are such that all the transition probabilities are equal,
but p being unknown this value cannot be computed. Moreover, in practice, the freedom of the choice
of the thresholds can be limited by physical constraints. Then we study the need of an intermediate
threshold and derive a procedure to detect whether we shall keep it or not.

5.1 Iterative expressions of variance and cost

The goal of this section is to compare the variance and the cost of the estimator obtained with M
thresholds with the ones obtained in the same setting but deleting the k-th threshold (thus in a simulation
with (M — 1) thresholds). In that we view, we reallocate the replication numbers as following;:

e forany j =1,...,k— 2, R; stays unchanged;
e Rj_, is replaced by A\g_1Ri_1Rg;
e and for any j =k,...,M — 1, R; is modified in A\;R;41.

10



For instance, we can decide to keep all the R;’s unchanged so the replication numbers are Ry,..., Ry_1,
Ri41 ..., Ry, or to report the replication number of the k-th threshold on the k£ — 1-th’s, the replication
numbers being Ry, ..., Ry_1 Rk, Ripy1,-.., R

Proposition 5.1. The variance of the estimator ppry1 with M thresholds is the sum of the variance of

the estimator ;B(Azk) obtained by running the algorithm with the k-th threshold deleted (thus with (M — 1)
intermediate thresholds) and the contribution of the k-th threshold:

Var(ﬁMH):Var(ﬁA;k))_i_ 1 (1 - 113 )Wl(l“k(fk))

T
iklj ( ) Vi (Tt (fi+1)) 5

where A, = H?Zk_l Aj.

Similarly, the cost Car11 given in (13) is the sum of the cost C’](V;k), computed with M — 1 intermediate
thresholds, and the contribution of the k-th threshold:

M

Carr = C5 ™ + 11 e (1) = RiAm1vi—1(E-1)] + riyi(ex) + Z v (ci) (1= A1),
j=kt1

where ¢,_1 stands for the cost of a particle going from the (k — 1)-th threshold to the k-th in an algorithm
with (M — 1) levels.

The free parameters of the new algorithm with M — 1 intermediate thresholds are {Aj_l}j-w: , that can
be chosen by keeping the cost constant: it is sufficient to take

A o — Ye—1(cr—1) + Rpyi(ck)
k1= =
Riyi—1(Cr—1)

and Aj,1:17j:k+1,...7M. (14)

With these values, the variance Var (pps+1) becomes

Var () + - (1 0 ) e )+ (1 ) e e,

Tk—1 k

5.2 Is the k-th threshold useful?

Now, the goal is to study the need for an intermediate threshold and derive a procedure to detect whether

we shall keep it or not. More precisely, the k-th threshold will be deleted if the variance of ]/9(]\; %) is lower
than the one of pys11, i.e. if the contribution of the k-th threshold is positive. In order to get a tractable
procedure, we will assume the following:

(A1) All the thresholds have the optimal shape. Then we are lead to a unidimensional algorithm (s = 1),
so the measures «y; and the functions f;, g; are constant;

(A2) The cost é;—1 between 0Bj_1 and OBy in the algorithm without the k-th threshold is given by
Cr—1 = ck—1 + c. Notice that each ¢, = ¢(gx) is constant by (A1).

With these assumptions, we get

a .
Ak_lzR—Z—l—gk_l(l—ak) and Aj=1,j=k,...,M—1,

where ay, = ¢x—1/(ck—1 + cx). Now, plugging these values into the variance, we get

P*Q(gr—1)
TkYe+19k—1 [k + Rege—1(1 — ag)]’

Var(Fa 1) = Var(5y, ) +

11



where

Q(z) = =2’ Ry (RiB — 1)(1 — ag) + x [Ri(RiB — 1)(1 — ag) — ax(Re — 1)) + (R, — 1)Bag

and (3 is defined by
Bi=gr 195 = = € [0, g5 1], (15)
Vk—1

Notice that 8 = P(7441 < 00 | 75—1 < 00) quantifies the hardness for a particle to go from 9Bj_1 to
0Bj41 and so 5 does not depend on the deleted k-th threshold.

The sign of @ in the corrective term is the opposite of the one of the following polynomial
(7% (Rk - 1)
Ri(1— ak)(Rkﬁ — 1),

R(z) =2° — (1 —a)z — af, with o=

at x = gg_1 €J0,1[. Its discriminant is A = (1 — @)% + 4ap.

In practice, we start by realising a pre-run in order to estimate the unknown parameters ;_; and ~g
and thus gx_1 and 5. Then the procedure is the following.

1. If R =1 Q(gk-1) = ax(Rr — 1) (8 — gr—1) < 0 and it is recommended to preserve the k-th
threshold.

2. If R8> 1: A is strictly positive and R has two roots of opposite signs, z,, <0 < xﬁ < 1

(a) when 0 < gx—1 < :rg, the polynomial @ is positive and it is recommended to delete the k-th
threshold;

(b) when xz < gg—1 < 1, the polynomial @ is negative and it is recommended to preserve the
k-th threshold.

3. If RB <1 and A < 0: the polynomials R and @) are positive and it is recommended to delete the
k-th threshold.

4. If R <1 and A > 0: the polynomial R has two roots z, < :L'::

(a) when 0 < gx—1 < x,, the polynomials R and () are positive and it is recommended to delete
the k-th threshold;

(b) ifz; <1, whenaz, < gr_1 <1, the polynomials R and @ are negative and it is recommended
to preserve the k-th threshold.

Now we focus on the simplified cost because analytical values may be obtained.

Proposition 5.2. Considering the simplified cost, there is no interest to introduce a new threshold when
B = 1/9. When g < 1/9, the optimal positioning minimising the variance for a fized cost is given by
gk—1 = (1 —38)/2. In that case, the optimal replication number is

. 2(1-5pB) 2(1-p)
=79 (H 1—55)

that decreases from 2(1 4+ +/2) for 3 =0 to 3 for B =1/9.

6 Sensitivity analysis: perturbation of a threshold

In this section, we assume all the thresholds 0B; optimal (i.e. f; constant) except dBy. Thus

fe = Yet1(1)

gk, Prlgr) = 1 (9r)pre—1(gr—1),

12



and the variance is given by

Var(pary1) 1 ( 1 ) Varuk Ir) M — i (9s)
+) .
T Tk

p? (1) \ e EZ (fr) < i1 #z‘(gi)

i=

With a pre-run of the algorithm, we estimate the values of g () for i = 1,...,r and thus pg(gx).

Now we want to twist 0By in order to get closer to the optimal shape and to obtain a new function fj
constant. Consequently, with this new threshold, all the functions fj become constant and thus also the
new function g, as explained in Section 4.2. Introducing the new threshold dBj implies that 7y, P,
Piy1, g, and gi_1 are changed accordingly and we will use a” symbol to denote the new terms.

Furthermore, in order to guaranty a slight perturbation of threshold k, we assume naturally that
Bjs1 C By C By_1,
which implies that yx11(1) < Fk(1) < y-1(1). We also introduce two operators Ej, and Fjy1 defined by
Py = PiEy, Piy1 = Epi1Pria,

and such that ﬁkﬁk+1 = Py Pi+1. So defined, Ej (respectively Fjiy1) is an operator acting on fk (resp.
Fi) valued in F, (resp. Fi). We have

Grho1 = Pp(1) = Po(Exl) and Gy = Pora(1) = Erpa(gs)-

Let us remark that gy_; and g; are constant and linked by the identity 8 = gr_1gx. If we choose
Erii(i,5) = ciw/az with a; = Kg (i) for some constant K, then Eji1(gr) = 1/K so that g, = 1/K.
Moreover, since gx = Yx+1(1)/7k(1), we get

k(1)

K = .
Yet1(1)

(16)

Furthermore, taking Ey(i,j) = Kgi(j)d;; leads to ExEr11 = Id (and we recover ﬁkﬁk+1 = Py Pry1).
Finally,

1 Py (d,5)
K gi(i)
As a consequence, if Kgg(i) > 1, Poy1(i,j) < Pig1(i,j) for any j and Py(l,i) < Py(l,i) for any I. It

remains to determine the optimal value of K that will be done by keeping the total cost of the algorithm
constant which translates in

Piii(i,g) = and  Py(i, j) = Kgi(j) Pe(i, j).

Cr—1Vk—1(1) + Recu Ky (gr) = Yi—1(ck—1) + Revi(cr),

leading to

_ 1 (k) 1
B {Mk( )+Rk5

Notice that fixing the value of K amounts to defining the value of 7;(1) by equation (16). Remark that
if the cost function ¢ is constant and equal to 1, then the optimal value of K reduces to K = 1/u(gx).

[r—1(cr— 1)—Ek1]}.

Numerical application Considering a two-dimensional Ornstein-Uhlenbeck process, we illustrate
a way to deform the shape of a threshold in order to obtain an iso-probability levels. To this end, we
simulate the stochastic process defined by

dXt:—AXtdt+Jth, t>0
X0:$ER2
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where A = diag(A1, A2) with Ay > Ay > 0, 0 > 0 and W is a two dimensional standard Brownian motion.

We start the algorithm generating independently N = 300 particles from « = (0.05,0) and consider the
0.5 radius circle as first intermediate threshold dB;. In the sequel, we take M = 2, By = D(0,1) and
B = By41 = B3 = D(0,1.5). The parameters of the stochastic process are A\; = 1, A2 = 0.2,0 = 0.3
and its simulation is done via an Euler Scheme with a step of 0.01 (we use the software Mathematica
Wolfram Research (2015)). Firstly, we estimate the density of the occupancy measure of the process on
O0B1', with respect to its related Lebesgue measure. This estimation is based on the von Mises Kernel
and as expected, this density (represented in Figure 3 left) is far from uniform.

Flgure 3: The density of the occupancy measure at the first intermediate threshold and its estimation based on the von Mises kernel
(black line). On the left, the threshold is the centered 0.5 radius circle whereas on the right picture, the threshold is the conformal image of
the circle.

We previously noted that the efficiency of the splitting algorithm will be enhanced when the occupancy
measures of the process on the intermediate thresholds are uniform. In our case, since \; is greater
than Ay, we guess that the suited thresholds are ellipses. This intuition is confirmed by the left picture
in Figure 3 and consistent with Theorem (1.3) in Antonini (1991) that establishes that, for any given

z € R2, (Zi)i>0 = (ﬁ\/%Xt>t>0 admits the ellipse £ = {y = (y1,%2) € R?; \y? + \ay3 < 2} while ¢
goes to infinity. -

The goal is then to deform the first threshold. As the process lives in the plane, we can use a conformal
map, ¢1 : By — 1, in order to obtain a uniform occupancy distribution. Notice that the conformal
maps are very convenient as planar transformations since they allow only local rotations and scales
avoiding disturbing distortions; moreover, for common domains, 921 = ¢1(9B1). We follow the procedure
described in Weber and Gotsman (2010) to construct the conformal map (see also Appendix C for more
details). Once the conformal map ¢ is computed (see the right picture in Figure 3), we restart the
algorithm using the threshold 9 instead of dB;. Then we start the next step which firstly estimates
the density of the occupation measure on dBy after duplication of the particles in 92; and secondly
deform the shape of 0By as previously. Once 0); is obtained, we restart the algorithm with this new
threshold. Finally, the final step estimates the conditional probability to reach dBj3 for the particles in
0. More precisely:

1. Each of the particles in 0¢2; is duplicated Ry = 2 times and evolve independently from 0€2; until
D(0,0.01) or 9By is reached. We determine the density of the occupancy measure of the process
on 0Bs by using the von Mises kernel. Then we find a conformal map s : Bos — Q9 such that
p2(0Bs2) = 0y and the image of the occupancy measure on 9By is the uniform measure on 9y
(See Figure 4 for more details).

2. We perform independently a second set of particles from their same starting point at 9€2; with the
same size and stop them as soon as D(0,0.01) or 925 is reached.

!Since we work with continuous processes, the particles evolve until they reach B or the small disk D(0,0.01)
instead of the origin.
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3. Each of the particles in 95 is duplicated Ry = 2 times and evolve independently from 95 until
D(0,0.01) or OBj3 is reached.

L L L n T L L L
-1.0 -05 00 as 1.0 -06 -04 -02 00 02 04 08

Flgure 4: Using a replication factor R; = 2 for the particles having reached the first deformed threshold, we make evolving these particles
until they reach the next threshold or the inner 0.01 radius circle. The empirical densities of the occupancy measure of the unit circle (left) and
of the deformed threshold (right) and their respective estimations based on the von Mises kernel (black line) are represented. As mentioned
before, we generate a new set of particles from the first deformed threshold instead of keeping the particles used to determine the conformal
map. Thus in any rigor, we do not recover precisely the image measure; which explains the relative gap from the uniform distribution.

We emphasize that our intent is not to propose a new algorithm based on conformal mappings since
we have not sufficient expertise to produce an efficient code. Working in 2D is already difficult, thus
considering greater dimension becomes even more complex. Nonetheless, the harmonic functions or the
quasi-conformal maps Ahlfors (2006); Heinonen (2006) are the natural generalization of the conformal
transformations in higher dimensions. In our particular context, we start by estimating the density of
occupation probability on a sphere what we can identify as a volume form. We can therefore attempt to
determine a Riemannian metric g such that associated Riemannian volume form is equal to the previous
one. Then we can deform the metric g into the uniform metric through a Ricci flow for instance; we get
finally a new Riemannian variety homeomorphic to the sphere. For more details, see e.g. Patane et al.
(2014).

7 Conclusion and perspectives

In this paper, we continue the multidimensional approach studied in (Glasserman et al. (1998); Garvels
(2000)) in order to obtain a new expression of the variance of the estimator analogous to that of the
continuous case L’Ecuyer et al. (2009). Then we derive the optimal parameters of the splitting algorithm.
Furthermore, by introducing new operators, we obtain alternative expressions of the variance which are
more tractable when we compare the variance of the estimators in an algorithm with M thresholds and
in an algorithm in which one of the threshold has been deleted. More precisely, we derive a procedure
to detect whether we shall keep it or not. Finally, we investigate the sensitivity of the variance of the
estimator with respect to a deviation of the threshold shape from the optimal one. We illustrate our
theoretical results considering the planar Ornstein-Uhlenbeck process for which we propose a procedure
based on conformal maps to twist the thresholds in order to get closer to the optimal shapes.

A next natural research direction is probably the creation of a new algorithm that can decide the thresh-
olds on the fly, for instance by using efficient algorithm for shape deformation. Such an algorithm has
been proposed in Cérou and Guyader (2005) but only applies to 1D frameworks. When working in 2D or
more, the problem is even more complex and challenging; see for instance Dean and Dupuis (2009) for an
approach based on the subsolutions of Hamilton-Jacobi-Bellman equations. Another way to investigate
would consist in comparing, on a test example, the different existing algorithms dedicated to 2D or more
(subset simulation Au and Beck (2001), importance sampling based on design points Au et al. (1999);
Kiureghian and Dakessian (1998) or adaptive pre-samples Au and Beck (1999)).
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Appendix A The operator I'; and its iterates

The variance of the estimator of the target probability involves operators 'y, and their iterates defined in
the following way. For k =1,..., M + 1, we introduce T'y acting on Fj, x Fj, and valued in Fj_; by, for

f7 g S fk7
Ur(f,9) = Pr(fg9) — Pu(f)Pr(9)- (17)

To lighten notation, we denote I'y(f) for I'y(f, f). With the previous notation, one has
Li(f,9) =n(fg) —n(f)m(g) and  Targa(f,9) = fg < fauei(l = faus1) = fg.

Firstly, we straightforwardly check that Iy is bilinear and symmetric. Secondly, writing I'y(f)(i) as a
conditional variance, we get

T (f) (i) = Pe(f?)(i) — Pu(f)(i)* = E° ([f(Xk)l{‘rk<oo} —E° (f(Xk)1{7k<oo})]2)
where E° is the expectation conditionally to the set {X,_1 = i; T7,—1 < 0o}, we get T'x(f) = 0. Moreover,
by (3), Te(f,1) = (1 = gr—1)Pe(f), Tw(1) = gr—1(1 — gr—1) and by (4),
Ty(fe) = Pe(f7) — fi_y- (18)

Now let us iterate the construction of I'y. In that view, we introduce the multiplicative operator F,(CO)

defined by "
Fk (f7g>:fg7 f?.gefka

such that T (f,g) = Pk(F,(CO)(f, g)) — cho_)l(Pk(f), Py(g)). This suggests to define for any k, the iterated
operators F,(Cn) in the following way:

e (f,9) = Pon (D00 (129)) = TR (PLCS), Pelg)), k=1, 0<n <k —1 (19)
with the convention P;(f) = v1(f) precised above. The operator F,(fn) valued in Fj_,, acts on Fj X F.
We use the same simplified notation F;")(f) to refer to I‘,(;L)(f, f). We introduce P, ,, defined by

Pon = Id, n=0,...,M, (20)
Pyn = Py1...P,, 0<p<n—1, n=1,...,M.

By induction on n, we easily get
KO =3 (”) (=) Penos [(Proia ()] (21)
i=0
Since Py—; k(fx) = fxv—i and fo = p, it comes in the particular case of f = fy,
Fl(cn)(fk) = z": (?) (1) Po—nio—i (fozs) -
i=0

Since for f € F, F,(Cn)(f) € Fk—n, we can compute Wk,n(Fé”)(f)). From (21) and the fact that
Vi Py o—i = Vh—i, We get
n n %
@00 = 3 () 0 it

=0
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with v (f) = f. F (fk) being a constant function in Fy equals WO(F,(Ck)(fk)) and then the previous

identity leads to
k

) =Y <]:)(_1)i7ki(flgi)'

=0

The classical inversion formula which states the equivalence between the two following identities

"y = jio(—l)f <’;>vj and g = f:(—w‘ <’?>uj

i=0 J
yields that
R o)
W) = (j)r; (f)
=0

which means that f,?) can be written as the sum of terms involving the operators 'y, and their iterates.
We get in particular the following identity

k
e o1 (for1) = W (Fog) = w(fD) =D (f) LD (fi40). (22)

=0

Actually this identity comes from a more general relation: first we make a change of parametrization
in (19) to get the following relation (valid for any function f € Fiip),

Pest (TED(D) = DL + T2 (P ().

By a descendant induction on p, one gets for any f € Fry; and 0 < p < k:

k
Py Trra(f)) = Z (I; _;ﬁ) F;jﬂlfp) (Pj1r41(f)) -

If f = fes1, since Pip1 gy1(frt1) = fir1, we get

Pok (P (fesn)) Z (’“ DY o) (23)

It suffices to set p = 0 to recover equation (22) since Py 1(g9) = 71.P1,k(g) = Y& (g) for any function g € F.
The use of (18) allows us to rewrite (23) in the following way

Mk — 1
Pp,k+1(fl§+1) - Ppk(fl?) = Z ( . p>F;J++11 p)(fj+1)

Jj=p J=P

and by a summation on k from 0 to p, for all 0 < p < k, we get

k
m—p k—p+1
Prsr(F200) — zz( )FETS D(fr4) z( . ) R (g,

m=p j=p J=p
When p = 0, one gets
k+1 1
i) - 5= 3 ()i,
7=0

which would have been also derived directly by a telescopic sum of (22). The action of the measure ,
(p < k) on (23) leads to

Vi (L1 (frt1)) = Iil <j fif 1) Tp (F§j’p)(fj)) :

it p
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This formula could be exploited to split the expression (12) of the variance Var(pas41) in two parts:

!
1
> =% (Tisa (fis1)) + (Dry,m)

=0 i

3

where Dj 1) is a quantity which depends only on the thresholds greater than I.

Appendix B Proofs

Proof of Proposition 3.1 By the previous notation, Equations (9) and (8), the variance of the estimator
can be written as

~ 1
Var(par41) = - ——Var(Zyr41) = Z Cov (YMH, YM+1)
M

To compute the covariances in the right hand side of the previous equation, we use the classical formula
Cov(Y, Z) = Cov(E[Y|F],E[Z|F]) + E[Cov(Y, Z|F)] (24)

where Y and Z are two r.v.s and F a o-algebra and Cov(Y, Z|F) := E[Y Z|F] — E[Y|F|E[Z|F].

In our case, conditioning with respect to the o-algebra generated by Zj; leads to, for any (i, 7),
Cov(Yarsrs i) = BapSar (1) fas (7)Cov(Zaris Zagg) + Rar far (1) (1 — Far (0))E[Zari] 0.

The last term in the right hand side cancels for i # j since conditionally to Zy; the r variables Yy, L=
1,...,r are mutually independent. Finally, introducing the covariance matrix 3,,(4,7) = Cov(Zp;, Zn;)
and using (10), we derive the following expression

Var(Zari1) = Ry fullz,, + raevar (Far(L = far)),

where || - ||s,, is the norm associated to the scalar product {,)s;,, defined by

EM Zf ZM i ])

where f and g are two functions defined on {1, ..., s}.

To compute the scalar product (f,g)s,,, we derive by induction the matrix ¥, and more generally the
matrices ¥,,. The initial term ¥ is given by (24) and can be rewritten as

’ N%()(l—’Yl())7 i=j

and one gets (f,9)x, = N (11 (fg) = 1(f)71(9)). By Equation (7), we get (I, k) = >, ; Cov(Y,5;, V1))
and conditioning by Z, _1, we have for ¢ = j to consider the two terms of the right hand side of (24);
while for i # j, the last term cancels by conditional independence. The moment generating function of
the random vector Y conditionally to Z(,_1); is given by

Ryn-1Z(n—1y:

QD(th...,tr): (l_gn 1 +ZP Z]

By derivation of ¢ (or using the multinomial distribution), we get directly that on one hand

E[Y,)|Zn—1] = Ru_1Pa(i,1) Z(—1),
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and on the other hand

Ry—1 Pa(i,1)(1 = Py(i, l))Z<n i k=1

Cov(Y, Y |Zn_ 1) =
oV (Fnts Yor Zio-1) { Ry Po(i, 1) P (i, 1) Z, k£

By Equation (10) and E[Z(,,_1);] = rn—27n-1(i), we have

R%_1P7z(iyl)22n 1(Z Z) + rn— 17n—1(i)Pn(i7 l)(l - ( )) k=1

Cwmﬁéwz{@Am@op@mz 1(131) = P11 () Pa(i, D Po(i k) b #1

and for i # j, Cov(Y/, Y7 ) = R2 | P,(i,1)Pu(i, k)Sn_1(i,7), that leads to the expression of ¥,(l, k)

nl) ~nk
after a summation on ¢ and j. Now

(f.9)s, = > FR)g()Zn(l, k)
(NRi...Rpn—1)vn(4)-k,l

= Rifl Z f(k>Pn(Z’ k)g(l>Pn(.7a k>zn71(iaj) + A
i,5,k,1

_Rn 1<P (f)aPn(g»anlJ’_A

where

A:Tn 127n 1 ) 'Ll *Tn 12’771 1 Z)P (Zvl)Pn(lak)

a0,k
= Tn—l'}/n—l[ n(fg) - n(f)Pn(g)] = TTL—I’Yn—l(Fn(fa g))
We are lead to the following induction relation
<f7 g>2 - Rn 1<P (f)?Pn(g»Zn,l + Tnflrynfl(l—‘n(.ﬂ g))

Ryl fa-1ll,_, +7n-17m-1(Tn(fn)), from which we

that, applied to the function f,, yields | f.||%

n—1

deduce
Var(Zpr41) 1 M-2 1 )
T+ =N ['Yl(ff) - ’Y%(fl)] + ; m’YM—(HU (Car—i(far—i)) + E’YM[fM(l — fa)]
1 M-—1 1 1
= [(n(f2) =] + et (Lot (fivr)) + E'YM[fM(l — far)l-
i=1

With the convention and Equation (2), we get

Var(p. pM+1 M i (Liv1(fiv1))
. 25
Y )

Proceeding with the classical notation, valid for any probability pu,

E,(f) = nu(f), Var,(f) = n(f*) — u(f),

and using relation (5), yar+1(1) = p and (1) = 1, one gets the desired result. [ |

Proof of Proposition 3.2 The cost of the first step of the algorithm (particles issued from 0) is
Nco = r970(co) and the one of the n-th step (particles issued from 0B,,_1) forn =2,..., M + 1 is

Z Ry 1Z—1yicn—1(i).

i=1
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Finally, Formula (10) leads to a mean total cost given by (13) since by convention 7o (cg) = co. ]

Proof of Proposition 4.1 The variance of the estimator is given by

M

Var(par+1) 12\4: 1 < 1 1> Varﬂk(fk)+zl_uk(gk)

reer o) E2 (fr) = (1)

2
P = (1)
The minimisation consists in a first step to cancel the terms (independent of the others)

Varuk (fk)

EZ, (f)

which leads to take the functions fj constant on Bj i.e. to require that the success probability from

5‘B,(:') does not depend on ¢. Then we are lead to the unidimensional setting and we fix s = 1. v and g
are now real numbers between 0 and 1:

i = k(1) =P(rr <o0) and  gp =P(7441 < 00|7 < 00). (26)

In a second step, we minimise the other term of the variance for a fixed cost. The variance and the cost
can be rewritten in the following way

Var(@ars1) _ g~ L= pnlon) 2z 2
72+ = Z ——————= and C= Z T YnCn = Ncg + Z T YnCn-
p k=0 | FVkt1 n=0 n=1
From (26), we are lead to the optimisation problem with s = 1 of Lagnoux-Renaudie (2008). |

Proof Proposition 5.1 To compute the variance of the estimator ;B(N;k) in the new setting, i.e. without

the k-th threshold, we use formula (25). In particular, the (k — 1)-th first terms are unchanged, while as
we need to transport the function fyy; from 0By41 on 0Bj_1, the k-th term becomes
1

Ak—1T%

Vo1 (Dr(frt1)) = Ve (Cr1 (frg1)) + =1 (Tr(fr))

Ak—1Tk

where f‘k(ka) = Pk_17k+1(f,3+1) - [Pk—l,k+1(fk+1)]2~ Finally, the last terms are not modified except
the replication numbers.

Defining A, = [[Y_._, )\, the variance Var ﬁ(fk) of the new estimator can be expressed as
7 j=k—1\] M

S
i)

1
S (T )
Tj%( 1 (fiv1)) + A1

M
o1 Ce(fi) + %%‘ Tj+1(fi+1))
o T

<
I
<)

which leads to the result.
In our context, all the ¢x’s are equal to 1, so the value of Ap_1 given by (14) becomes

1 7k(1) 1
Apor =+ —~=—+gi1.
kot Rk ’ykfl(l) Rk 91

The variance is now given by

2 2
~ _ (—k) p _ p
Var (Para) = Var () & - —as (1= gu) & o s S(R), (27)
where S(Ry) = Rik(l —gk) — % whose minimum is achieved at
2
L —gk ) 1-p 1-8
Ry =|——"— 14+ —— and S(R}) =—(gx—1 — — 1
; (1 — gk—1 < Gk—1— P (Bi) = =g = F) gk—1— P
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The corrective term in formula (27) of the variance rewrites, up to a positive multiplicative coefficient,
as

4ge 1 (1= B) = (gr—1 = B)(1 + gx—1)*.
The sign of the previous expression is the same of the polynomial R(z) = 22 —2(1—-38)+B at 2 = gp_1.
So
e when 8 > 1/9, R(gx_1) is strictly positive;
e when 3 =1/9, R(gx—1) = (gr—1 — 1/3)? is positive and cancels at 1/3;
e when 3 < 1/9, R(gy—1) is minimum at g;_; = (1 —38)/2 and R(g;_;) = (1 - B)(98—-1) < 0.
This minimum decreases with 8 from 0 (for 8 =1/9) to —1/4 (for § = 0).

The result now becomes obvious. [ ]

Appendix C Finding the conformal map of Section 6

The goal is to determine a conformal map ¢ from a disk B to a domain 2 := ¢(B) such that the image
of the occupancy measure p,.m on 9B is the uniform measure on 9 and p(0B) = IN. First, we restrict
B to the unit disk. Since, for any Borel set E € 0,
_ def 1 dw
pan(B) =mlg (NS [ 1nmh(@dt = [ 1p@he @) o
0B ) o0 ¢’ (o~ (w))]

and we want o, m(E) = ﬁ S50 1E(w)dw, the conformal map ¢ has to satisfy |¢'(£)| = h(£)[0Q], V¢ €
0B.

Taking |¢'(€)| = h(€) induces |0Q| = 1. Since ¢ is a conformal map, ¢’ is holomorphic on B and not
null and log |¢’| = log h is thus harmonic on B. Then we follow the procedure described in Weber and
Gotsman (2010).

/

1. Since we work on the unit disk, we solve the Dirichlet problem and find its harmonic conjugate
function concomitantly using the Schwarz integral formula (Remmert, 1991, Chap VII, §2) that
allows one to recover a holomorphic function, up to an imaginary constant, from the boundary
values of its real part:

2. Now we consider e? which is holomorphic on B. Since B is a simply connected set and taking the
Cauchy integral, there exists a holomorphic function ® on B such that

d(z) = / e?@dw,
0,2]

where [0, 2] is the segment that links 0 and z. Since e® never cancels, ® is a conformal map. Thus
we define ¢ = ®.

In the case of a disk B of radius I, we take |¢'(£)| = h(§)2nl instead of |¢'(£)| = h(£) to get a boundary
of length 27l = |09)|.
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