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Deformation of the O’Grady moduli spaces
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Abstract

In this paper we study moduli spaces of sheaves on an abelian or
projective K3 surface. If S is a K3, v = 2w is a Mukai vector on S,
where w is primitive and w? = 2, and H is a v—generic polarization
on S, then the moduli space M, of H—semistable sheaves on S whose
Mukai vector is v admits a symplectic resolution M,. A particular case
is the 10—dimensional O’Grady example Mio of irreducible symplectic
manifold. We show that M, is an irreducible symplectic manifold which
is deformation equivalent to Mio and that H 2(Mv7 7) is Hodge isometric
to the sublattice v of the Mukai lattice of S. Similar results are shown
when S is an abelian surface.

1 Introduction and notations

Moduli spaces of semistable sheaves on abelian or projective K3 surfaces are an
important tool to produce examples of irreducible symplectic manifolds. In the
following, S will denote an abelian or projective K3 surface.

An element v € H(S,Z) := H?*(S,Z) will be written as v = (vg,v1,v2),
where v; € H*(S,Z), and vg, vy € Z. It will be called Mukai vector if vy > 0
and v; € NS(S), or if vg = 0 and vy is the first Chern class of an effective
divisor. Recall that H(S,Z) has a pure weight-two Hodge structure defined as

H20(8) == H>(S),  H"*(S):= H**(S),

HY'(S) := H°(S,C) ® H“'(S) @ H*(S,C),

and a lattice structure with respect to the Mukai pairing (.,.). In the following,
we let v? := (v,v) for every Mukai vector v; moreover, for every Mukai vector v
define the sublattice

vt = {a € H(S,Z)|(a,v) = 0} C H(S,Z),

which inherits a pure weight-two Hodge structure from the one on H(S,Z).
If .% is a coherent sheaf on S, we define its Mukai vector to be

W(F) = ch(F)Hd(S) = (rk(F), c1(F), cha(F) + erk(F)),

where e = 1 if S is K3, and € = 0 if S is abelian. Let H be an ample line bundle
on S. For every n € Z and every coherent sheaf .Z, let % (nH) := % Q0s(nH).
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The Hilbert polynomial of .# with respect to H is Py (%#)(n) := x(#(nH)),
and the reduced Hilbert polynomial of .# with respect to H is

)= )

where agr(F) is the coefficient of the term of highest degree in Py (.%).

Definition 1.1. A coherent sheaf .7 is H—stable (resp. H—semistable) if it
is pure and for every proper & C F we have pu(&)(n) < pu(F)(n) (resp.
pu(&)(n) < pu(F)(n)) for n>>0.

Let H be a polarization and v a Mukai vector on S. We write M, (S, H) (resp.
M3(S, H)) for the moduli space of H—semistable (resp. H—stable) sheaves on
S with Mukai vector v. If no confusion on S and H is possible, we drop them
from the notation.

From now on, we suppose that H is v—generic (see section 2.1). We write
v = mw, where m € N and w is a primitive Mukai vector on S. It is known that
if M2 # (), then M? is smooth, quasi-projective, of dimension v? 4 2 and carries
a symplectic form (see Mukai [13]). If S is abelian, a further construction is
necessary: choose %, € M,(S,H), and define a, : M,(S,H) — S X S in the
following way (see [26]): let pg : S x S — § be the projection and # the

)

Poincaré bundle on S x S. For every .Z € M,(S, H) we let
ay(F) = (det(pg(F — Fo) @ (P — Oy, 5)), det(F) @ det(Fo) ).

Moreover, we define K, (S, H) := a, *(0g, Os), where Og is the zero of S.

Ifv=w({i e m=1)and H is v—generic, the moduli space M, (S, H)
(resp. K, (S, H) if S is abelian) is well understood thanks to the work of several
authors (see Mukai [14], Beauville [1], O’Grady [15], Yoshioka [23], [24]). If
v? < 2 (resp. if v? < 6 if S is abelian), then M, (S, H) (resp. K,(S,H)) is
either empty, a point or a surface. The remaining cases are covered by the
following:

Theorem 1.2. (Yoshioka). Let S be an abelian or projective K3 surface, v
a primitive Mukai vector and H a v—generic polarization. Then M, (S, H) =
ME(S,H), and we have the following results:

1. if S is K3 and v > 2, then M, is an irreducible symplectic variety of
dimension 2n = v? + 2, which is deformation equivalent to Hilb"™(S), the
Hilbert scheme of n—points on S. Moreover, there is a Hodge isometry
between v+ and H?*(M,,7), where the latter has a lattice structure given
by the Beauville form;

2. if S is abelian and v* > 6, then K,(S,H) is an irreducible symplectic
variety of dimension 2n = v2 — 2, which is deformation equivalent to

the generalized Kummer variety K™(S) on S, i. e. the Albanese fibre of
Hilb"TY(S), and there is a Hodge isometry between v- and H*(K,,Z).

If v is not primitive, H is v—generic and w? > 2, then M, is singular: it is
then natural to ask if there is a symplectic resolutwn of M,, i. e. a resolution
of the singularities m, : M — M, such that on M there is a symplectic form
extending the one on M. The first result appearing in the literature is the
following:



Theorem 1.3. (O’Grady).

1. Let S be a projective K3 surface, v := (2,0,—2) and H be v—generic.
Then My := M, (S, H) admits a symplectic resolution 7 : ]leo — Mg,
and ]leo is an irreducible symplectic variety of dimension 10 and second
Betti number 24.

2. Let S be an abelian surface, v := (2,0,—2) and H be v—generic. Then
K¢ := K, (S, H) admits a symplectic resolution 7 : K¢ — Kg, and Kg is
an irreducible symplectic variety of dimension 6 and second Betti number

8.

The first example is studied by O’Grady in [16], the computation of its second
Betti number is started in [16] and completed in [20]. The second example is
contained in [17]. The general case is as follows: if H is v—generic and w? < 0,
then M, (S, H) is either empty or a point, whereas if w? = 0, then M, (S, H) is
a symmetric product of surfaces. For the remaining cases, we have the following
answer about the existence of symplectic resolutions (see [12] and [9]):

Theorem 1.4. Let S be an abelian or projective K3 surface, v=mw a Mukai
vector such that m > 2 and w? > 2. If w = (r,£,a), suppose that if r = 0 then
a # 0. Finally, let H be a v—generic polarization. Then:

1. if m = 2 and w? = 2, then M,(S,H) admits a symplectic resolution
my + My, = M,(S,H) — M,, obtained as the blow-up of M, along the
singular locus X, = My, \ M3 with reduced structure (Lehn-Sorger);

2. ifm >3, orm = 2 and w? > 4, then M,(S, H) does not admit any
symplectic resolution and it is locally factorial (Kaledin-Lehn-Sorger).

In this paper, we deal with the moduli spaces verifying the conditions of
point 1 of Theorem 1.4. We resume these conditions in the following:

Definition 1.5. Let S be an abelian or projective K3 surface, v a Mukai vector,
H an ample line bundle on S. We say that (S,v, H) is an OLS-triple if the
following conditions are verified:

1. the polarization H is primitive and v—generic;

2. there is a primitive Mukat vector w € f[(S, Z) such that v = 2w and
w? = 2;

3. if w=(0,& a), then a # 0.

The name OLS-triple is chosen because they were first studied by O’Grady
in [16], [17] and Lehn-Sorger in [12]. If (S, v, H) is an OLS-triple, then M, (S, H)

admits a symplectic resolution M, (S, H) obtained by blowing-up M, (S, H)
along its singular locus with reduced structure. If S is abelian, let

K, = K,(S,H) := 7, '(K,),

and we still write m, : I~(U — K, for the symplectic resolution.

The aim of the present paper it to generalize Theorem 1.2 to OLS-triples.
Namely, the first result we prove is the following, about the possible irreducible
symplectic manifolds one can produce as symplectic resolution of the moduli
spaces M, (S, H) and K, (S, H) starting from an OLS-triple (S, v, H):



Theorem 1.6. Let (S,v, H) be an OLS-triple.

1. If S is K3, then MU(S, H) is an irreducible symplectic variety which is

deformation equivalent to Mig.

2. If S s abelian, then I}U(S, H) is an irreducible symplectic variety which

is deformation equivalent to Kg.

The proof of this Theorem is contained in Section 2. The idea is to use
deformations of the moduli spaces and of their symplectic resolutions induced
by deformations of the underlying surfaces, and isomorphisms between moduli
spaces with different Mukai vectors which are induced by Fourier-Mukai trans-
forms (the main ingredient here is given by some results of Yoshioka, see [25]).
The second result we prove is about the singular cohomology of the moduli
spaces M, (S, H) and K, (S, H):

Theorem 1.7. Let (S,v, H) be an OLS-triple.

1. If S is K3, then ©} : H*(M,,Z) — HQ(]T/L,,Z) is injective, and the
restrictions to H?(M,,Z) of the pure weight-two Hodge structure and of
the Beauville form on HQ(]T/L,,Z) give a pure weight-two Hodge structure
and a compatible lattice structure on H*(M,,Z). Moreover, there is a
Hodge isometry

A\ vt — H*(M,, 7).

2. If S is abelian, then 7 : H2(K,,Z) — H2(K,,Z) is injective, and the
restrictions to H*(K,,Z) of the pure weight-two Hodge structure and of
the Beauville form on HQ(f(U,Z) give a pure weight-two Hodge structure
and a compatible lattice structure on H?*(K,,Z). Moreover, there is a
Hodge isometry

vy i vt — HY(K,, 7).

By compatible lattice structure we mean that the classes of type (2,0) with
respect to the weight-two Hodge structure on H?(M,,Z) are orthogonal to the
classes of type (1,1) and of type (2,0). The proof of this is contained in Section
3. The reason why 7 is injective is because the singularities of M, and K, are
rational. The construction of the morphisms A, and v, is a generalization of that
of the Mukai-Donaldson morphism. Using Theorem 1.6 and some commutativity
of diagrams we can reduce to the case of Mj( or Kg: there one finally uses results
of [19] and [20] to conclude.

2 Deformations of moduli spaces

In this section we study how moduli spaces and their symplectic resolutions vary
under deformation. In section 2.1 we recall the notion of v—genericity, v—walls
and v—chambers. In section 2.2 we introduce the main deformation we will
look at, i. e. the deformation of a moduli space and of its symplectic resolution
induced by a deformation of an OLS-triple along a smooth, connected curve. In
section 2.3 we give explicit deformations of OLS-triples whose Mukai vector has
positive rank, and in section 2.4 we use these and some results of [25] to prove
Theorem 1.6.



2.1 Genericity for polarizations

In this section we recall the notion of v—genericity, v—walls and v—chambers.
In the following, S will always denote an abelian or a projective K3 surface, and
v = (vg, v1,v2) a Mukai vector on S.

2.1.1 Genericity for vy > 2

Suppose vg > 2. If F is a coherent sheaf of Mukai vector v, we define the
discriminant of .# as A(F) := 2uvgcz — (vg — 1)v$, where ¢y is the second Chern
class of .. We define

2
— Y%
o] := LA(Z)

for some coherent sheaf .# of Mukai vector v: notice that |v| does not depend
on the chosen sheaf .%, but only on v.

Remark 2.1. Notice that if M, # 0, then |v| > 0: indeed, there is a semistable
sheaf & of Mukai vector v, hence the Bogomolov inequality gives A(%) > 0.
Moreover, we remark that |v| depends only on (v,v) and vg: if S is K3, we have
lv| = 2 (v,v) + %2, and if S is abelian, we have |v| = 2 (v,v) + 2. If (S,v, H)
is an OLS-triple, then |v| > 0.

If |v] > 0, we define
W, :={D e NS(S)| — |v| < D* <0},
and we let W, := 0 if |v] = 0.
Definition 2.2. A polarization H is v—generic if H-D # 0 for every D € W,.

Notice that if p(S) = 1, then the ample generator H of the Picard group of
S is v—generic. If p(S) > 2, we need the following:

Definition 2.3. Suppose that p(S) > 2. If D € W, the v—wall associated to
D is
WP .= {ac Amp(S)|D-a = 0}.

The v—wall associated to D € W, is a hyperplane in Amp(S). Moreover,
by Theorem 4.C.2 of [8] the subset (Jpcyy, WP C Amp(S) is locally finite.

Definition 2.4. Suppose that p(S) > 2. A connected component of the open
subset Amp(S) \ Upew, WP of Amp(S) is called v—chamber.

By definition, a polarization is v—generic if and only if it lies in a v—chamber.
The following shows that if we change the polarization inside a chamber, the
moduli space does not change (for a proof, see [27]):

Proposition 2.5. Suppose that p(S) > 2 and that v = (v, v1,v2) s such that
vg > 2. Let € be a v—chamber, and suppose that H,H' € C. Then a sheaf &
of Mukai vector v is H— (semi)stable if and only if it is H'— (semi)stable, i. e.
there is a natural identification between M, (S, H) and M, (S, H').

We conclude this section with an important property that we will need in
the following, which is a particular case of Corollary 4.2:



Lemma 2.6. Let T' be a smooth, connected curve, f : Z — T a smooth,
projective family of K3 surfaces (resp. of abelian surfaces) and € a line bundle
on . For every t € T write X = f~1(t) and 4 = A a,, and suppose that
for every t € T the line bundle 4 is ample. Let 0 € T be such that Zy = S
and 7 = H. Moreover, let v = (vg, v1,v2) be a Mukai vector on 2y such that
vo > 2, and write v1 = ¢1(L) for some L € Pic(Zy). Let £ € Pic(Z") be such
that £y = L, and let vy := (vg, c1(Z£), v2) be a Mukai vector on 2. If 7 is

v—generic, then the set
T' :={t € T| is not v; — generic}

is locally given by a finite number of points.

2.1.2 Genericity for vy =0

Suppose now v = (0,v1,v2), where v is the first Chern class of an effective
divisor, and vy # 0.

Definition 2.7. Let & be any pure sheaf with Mukai vector v, and let F C &
with Mukai vector uw = (0,uy,us2). The divisor associated to the pair (&,.F) is
D := ugvy — vouy. The set of the non numerically trivial divisors associated
to all the possible pairs is denoted W, and a polarization H is v—generic if

H-D #0 for every D € W,.

As before, if p(S) = 1, then the ample generator of Pic(S) is v—generic. For
p(S) > 2 we need again to introduce walls and chambers:

Definition 2.8. Let D € W,. The v—wall associated to D is
WP = {a€ Amp(S)|a-D =0}.

As before, the v—wall WP is a hyperplane in Amp(S). As shown in [24],
the set of v—walls is finite.

Definition 2.9. Suppose that p(S) > 2. A connected component of the open
subset Amp(S) \ Upew, WP of Amp(S) is called v—chamber.

Again, a polarization is v—generic if and only if it lies in a v—chamber. As
in the previous section, we have the following (see [27]):

Proposition 2.10. Suppose that p(S) > 2 and that v = (0,v1,v2) is such that
vy # 0. Let € be a v—chamber, and suppose that H,H' € C. Then a sheaf &
of Mukai vector v is H— (semi)stable if and only if it is H'— (semi)stable, i. e.
there is a natural identification between M, (S, H) and M, (S, H').

To conclude this section, we state the following lemma about the openness
of the v—genericity for Mukai vectors v of rank 0, which is a particular case of
Lemma 4.4:

Lemma 2.11. Let T be a smooth, connected curve, f : Z — T a smooth,
projective family of K3 surfaces (resp. of abelian surfaces) and 7 a line bundle
on X . For every t € T write 23 := f~1(t) and H; := S 4,, and suppose that
for every t € T the line bundle 54 is ample. Let 0 € T be such that Zy = S
and gy = H. Moreover, let v = (0,v1,v2) be a Mukai vector on Zy such that



vy # 0, and write v1 = ¢1(L) for some L € Pic(Zy). Let £ € Pic(Z") be such
that £ = L, and let vy := (0,¢1(%), v2) be a Mukai vector on Zy. If G is

v—generic, then the set
T':={t € T| 4 is not v; — generic}

is finite.

2.2 Deformations of OLS-triples

We introduce the main construction we use in the following. Let (S, v, H) be an
OLS-triple and 7" a smooth, connected curve, and use the following notation: if
f:Y — T is amorphism and .Z € Pic(Y), for every t € T we let Y; := f~1(¢)
and % = ,,?jyt

Definition 2.12. Let (S,v, H) be an OLS-triple, where v = 2(r,&,a) and £ =
c1(L). A deformation of (S,v,H) along T is a triple (2,7, %), where:

1. X is a projective, smooth deformation of S along T, i. e. there is a
smooth, projective, surjective map f: X — T such that Z; is a projec-
tive K3 surface (resp. an abelian surface) for every t € T, and there is

0 € T such that Zy ~ S;

2. A is a line bundle on & such that ¢ is ample for everyt € T and such
that 76 ~ H;

3. L is a line bundle on X such that £y ~ L;

If (2,5¢,%) is a deformation of an OLS-triple (S,v, H) along a smooth,
connected curve T, where v = 2(r, £, a), then for every t € T we write & :=
c1(Z), wy := (r, &, a) and vy := 2wy.

Remark 2.13. Notice that if (S,v, H) is an OLS-triple and (2", 5, %) is a
deformation of (S,v, H) along a smooth, connected curve T, then (2%, vs, 54)
is an OLS-triple if and only if J# is v;—generic. Indeed, we have v; = 2wy,
where w; = (r,&;,a) is primitive and w? = 2. Moreover, if r = 0, then & is
effective: we have ¢2 = 2, hence either & or —¢&; is effective; as ¢ is effective,
then —¢ - H < 0, so that —& - 7% < 0, hence &, is effective.

Remark 2.14. Consider an OLS-triple (S,v, H) where v = 2(r,§,a), r > 0
and £ = ¢1(L). Let T be a smooth, connected curve. Moreover, consider a
smooth, projective deformation f : 2~ — T of S such that 2y ~ S, and on 2~
consider two line bundles 7 and . such that %) ~ H and %4, ~ L. In general
(Z,,%) is not a deformation of the OLS-triple (S,v, H) along T: this is
the case if and only if 77 is ample for every ¢ € T. As the set of ¢t € T such
that 777 is ample is a Zariski open subset of T', by removing a finite number of
points from T we can always assume that (27, 57,.%) is a deformation of the
OLS-triple (S, v, H) along T.

The reason why we introduce the notion of deformation of an OLS-triple, is
because it allows us to study how the algebraic structure of the corresponding
moduli space (and of its symplectic resolution) varies under variations of the
algebraic structure of the base surface. The first result we prove is that the



relative moduli space ¢ : .# — T of semistable sheaves associated to a de-
formation of an OLS-triple along a smooth, connected curve 7', is a flat family
over a Zariski open neighborhood of any ¢ € T such that (%%, v, #) is an
OLS-triple.

Lemma 2.15. Let (S,v,H) be an OLS-triple, T a smooth, connected curve,
and (Z,90,%) a deformation of (S,v,H) along T. Ift € T is such that
(21,01, 74) is an OLS-triple, then ¢ : M — T is flat over t.

Proof. Let t € T be such that (2%, v, #4) is an OLS-triple, 70 := T\ {t} and
MO = ¢~ 1(T?). The morphism ¢ is flat over ¢ if and only if the fiber .#; is the
limit of the fibers .#; as s — t, by Lemma I1-29 of [4]. Now, the limit is the fiber
over t of the closure of the family .#°, hence there is an inclusion of the limit
in Ay As (23, v, 74) is an OLS-triple, we have that J# is v—generic, hence
My = M,, (23, 74) is reduced and irreducible (see [9]), and it has to coincide
with the previous limit. [l

If (S,v, H) is an OLS-triple, then choosing a non-trivial deformation of it
along a smooth, connected curve 7', up to removing a finite number of points
of T we get a projective, flat deformation ¢ : # — T of M, (S, H). We now
present the main result of this section, which is about local properties of this
deformation: it is easy to see that if ¢y € T is any point and U is any open
neighborhood of tq in T, then ¢~ (U) is not isomorphic to a product .#;, x U.
However, we show in the following Proposition, that this is true locally around
every t € T such that (2%, v, 74) is an OLS-triple.

Proposition 2.16. Let (S,v,H) be an OLS-triple, T a smooth, connected
curve, and (& ,€,%) a deformation of (S,v,H) along T. Let 0 € T be such
that (£, vo, ) = (S,v, H). For every p € .y the germ (A ,p) is isomorphic,
as germ of complex spaces, to the product (T,0) X (Mp,p).

Proof. As the statement is analytic, we can suppose from now on that T' is a
small open disk, and that 4 is vy—generic for every t € T by Lemma 4.1.
We need the following definition: let ¢ : # — T (resp. ¢* : M#° — T) be
the relative moduli space of semistable (resp. stable) sheaves associated to the
deformation (27, 5,.%) of (S,v,H) along T. Let ¥ := .# \ .#*, which is a
closed subset of .Z. Notice that

Z:UZW

teT

and we use the notation ¥; := ¥ N .# = %,,. Moreover, for every ¢t € T let
be the singular locus of 3;, and Q be the closed subset of .# parameterizing
sheaves of the form & ® &, where & is stable. Notice that

Q:Um.

teT

As My = M, (X3, 74) for every t € T, the point p € .4 is one of the following:
p is smooth, i. e. p € A§; p € o\ Qo, i. e. p is essentially an A; —singularity:
more precisely, we have (g, p) =~ (C8,0) x ({22 + y? + 22 = 0},0) (see [12]);
the last possibility is p € Q. If p is smooth, the result is trivial, and there is
nothing to prove. Hence, we suppose p € ¥3. We have then two cases:



Case 1: p € ¥g \ Q. Consider the Zariski tangent space T,.# of A at p:
we have dim(Tp#) = dim(#)+1 = 12. Indeed, as (4o, p) ~ (C®,0) x ({=* +
y* + 22 = 0},0), we have dim(T,.#,) = 11 and, as .#, is a Cartier divisor of
A, we have dim(Tp,.#) < 12. Now, let ¢ : A4 — T be the relative moduli
space of semistable sheaves with Mukai vector w, i. e. A4 = M, (2, 74) for
every t € T: by [12], for every t € T we have that ¥; ~ Sym?(M,, ), hence
¢is : ¥ — T is identified with the morphism @ : Sym7.(.#) — T induced
by ¢. By this identification between p and ¢x, the fact that ¢ is smooth and
projective implies that ¢y is submersive at p € X, i. e. the differential d,¢
is surjective: hence there is 7 € T,.# such that d,¢(7) # 0. This means that
T & Tp My, so that dim(Tp ) = 12.

Now, consider an analytic open neighborhood U of p in T},.# , so we can view
it as an open neighborhood of 0 in C'2. We let z1, ..., 12 be a coordinate system
on C'2: we can suppose z12 = t, a local coordinate of T at 0, and the point p
corresponds to the point (0, ...,0). Moreover, UN.# is an analytic subvariety of
U of codimension 1, hence there is f € ¢"°/(U), a holomorphic function on U,
such that the equation of UN.Z is f(x1,...,211,t) = 0. Finally, we can choose U
so that UNQ = (. As seen before, we have that X\ € is smooth and submersive
on 7', so that we can suppose that the equation of UNX is 1 = 9 = 3 = 0.

Now, near the point p the fibre .#{ is analytically isomorphic to a product
of an Aj—singularity with a smooth polydisc, hence we have

f(z1, .., 211,0) = x% +x§ +x§,

so that
f(x1,oymi1,t) = 27 + 25 + 25 + ij(xl, ey 11 )t
J

where p; are holomorphic functions on U depending only on 1, ...,211. More-
over, we have p; € I? for every j, where I is the ideal of &"°!(U) generated by
r1, Ty and x3.

Now, let p : U — T defined as p(x1, ...,x11,t) := ¢, and let V :=U N X, on
which we have coordinates x4, ..., x11,t. Finally, let

p U —YV, p(z1, ..., 011, ) == (24, ..., 211, 1)

and ¢ : V — T be defined as ¢(z4, ..., 211,t) := t. Notice that gop’ = p. More-
over, the fibers of p’ are all singular, and the fiber over 0 has an A;—singularity.
By the deformation theory of A;—singularities of [10], there is an open neigh-
borhood U’ C .# of the point p which is a product of an A;—singularity by a
9—dimensional polydisc D. As ¢y is identified with pjy/, then the projection
onto D factors ¢. Hence ¢ is locally trivial at p, and we are done.

Case 2: p € Qy. The strategy is the following: first, we show that for every
n € N, the infinitesimal n—th order deformation of .#; induced by .# is locally
trivial at p. Once this is shown, the statement follows in this way: by Corollary
0.2 of [5] there is a maximal subspace (7”,0) C (7,0) such that (#p:,p) is
isomorphic, as germ of complex spaces, to the product (T7,0) x (#y,p) (where
My = M x1 T'). Notice that as the infinitesimal n—th order deformation
of .#y induced by .# is locally trivial at p for every m, then T is positive
dimensional. As T is a curve, we finally get (7”,0) = (7, 0), and we are done.

We are left to prove that the infinitesimal n—th order deformation of .4
induced by . is locally trivial at the points of Qg for every n, and we proceed



by induction on n. For n =1, let
Tt = éﬂxtl(Qiﬂo, O.u)s

where Q! is the sheaf of holomorphic 1—forms on .#: then T is supported
on Yo, and the local sections of T correspond to local infinitesimal first order
deformations of .#y. Moreover, by [12] we know that T is pure.

We show that the infinitesimal first order deformation of .#( induced by .#
is locally trivial at p: consider a Stein open neighborhood U; of p in .#(, and
let s be the element of T on U; induced by .. Let ¢ € Uy N (Xg \ Qo): then q
is a point of the previous case, hence s is locally trivial at q. This means that
there is a Stein open neighborhood V, C U of ¢ such that sy, is trivial. By
purity of T, s is trivial on Ui, and we are done.

By induction, suppose that the infinitesimal n—th order deformation of .
induced by . is locally trivial at p. There are two extensions of it to a local
infinitesimal (n + 1)—th order deformation at p: the trivial one, which we call
s1, and the one induced by .#, which we call so. By Theorem 2.11 of [22]
and Lemma 2.12 of [6] there is a transitive action of T on the space of small
extensions, hence there is an element h of 7! on a Stein open neighborhood
U of p such that h(s;) = sz, where h(sy) is the action of h on s;. Let ¢ €
UN(Zo\Q): as this is a point of the previous case, the infinitesimal (n+1)—th
order deformation of .# induced by .# is locally trivial at g, hence there is a
Stein open neighborhood V,; C U of ¢ such that syy, = sq)y,. This implies that
hy, is trivial. Again, by purity of T this implies that h is trivial on U, so that
s1 = s on U, and we are done. ([l

The Proposition we just proved has two important consequences. The first
one is that if (S1,v1, H1) and (Sa,ve, Hy) are two OLS-triples which are re-
lated by a deformation of OLS-triples along a smooth, connected curve, then
M,,(S1, Hy) and M, (Sa, Ha) are deformation equivalent.

Proposition 2.17. Let (S,v, H) be an OLS-triple, T a smooth connected curve,
and (X, ,%) a deformation of (S,v,H) along T.

1. If S is a K8 surface, then MU(S, H) is irreducible symplectic if and only
if My, (21, 54) is for some t € T such that (%, v, #) is an OLS-triple,
and their deformation classes are equal.

2. If S is an abelian surface, Then IN(U(S, H) is irreducible symplectic if and
only if K, (21, 74) is for some t € T such that (2i,vt, 74) is an OLS-
triple, and their deformation classes are equal.

Proof. Let us suppose that S is K3, and define 7 : M — M to be the blow-up
of A along ¥ = .# \ .#° with reduced structure. We have a morphism

’lﬂ:zqﬁoﬂ'lj—)T,

which is projective (as ¢ and 7 are projective) and flat over a Zariski open
subset of T' containg the subset

Tors :={t € T'|(Zi,v, #4) is an OLS — triple}
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(by Lemma 2.15). Notice that To s is open and connected in the classical topol-
ogy by Lemma 4.1. By [12], for every t € Tprs the moduli space M, (2%, )
admits a symplectic resolution Mut (23, %) obtained as blow up of M, (2%, )
along ¥, red. As an immediate consequence of Proposition 2.16, we have that

AM; = (Bls,,, M), = Bls, ., M.

red

Moreover, we have 4, = M,,(Z:, 7) and Xy req = Zy, red, SO that
My = M, (21, )

for every t € Tprs. Hence //?; is a smooth, symplectic, projective variety. As
Tors is smooth and connected, the statement follows as in the proof of Corollary
6.2.12 of [8].

If S is an abelian surface, we need one step more: define X = Pic®(2),
with the natural map ]?: 2 — T, which is again smooth. Consider

Z:={(02,,09,) € Zix Zi|t €T} C X xp X,

with the natural morphism g : Z — T, which is clearly an isomorphism.
Moreover, we define a T'—morphism

o~

a: M— X x7 X,

such that a4, = a,,. Set a :==7oa: M — X xp 2, and let A = aY(2).
Ift € Tors, then we have JZ: I?Ut (2%, %), hence the statement follows again
as in the proof of Corollary 6.2.12 of [8]. O

The second consequence of Proposition 2.16 is that the family ¢ : # — T is
topologically a product on small open subsets of T' parameterizing OLS-triples.
More precisely, we have the following:

Corollary 2.18. Let (S,v, H) be an OLS-triple, T a smooth, connected curve
and (X', 7, %L) a deformation of (S,v,H) along T. Let ¢ : M4 — T be the
relative moduli space induced by (X, 7, %L). Then for every t € T such that
(21,01, 74) is an OLS-triple, there is an analytic open neighborhood U C T of
t, and a homeomorphism

h:o YW U) — ; x U,
such that py o h = ¢, where py : My x U — U is the projection.

Proof. As the statement is local, by Lemma 4.1 we can suppose that T is a small
open disk and that % is v;—generic for every t € T, i. e. that (2%, v, J4)
is an OLS-triple. Let 8§ := {S1, 52,55} be the stratification of .# given by
S1 = A#\XE, So =3\ Q and S5 := Q. By Proposition 2.16, we see that
Sing(M ) = U,er Sing(My). As Sing(A;) = %, we then get Sing(A4) = X.
Similarily, we have Sing(X) = Q. Moreover, as € is smooth for every ¢t € T,
Proposition 2.16 implies also that € is smooth. In conclusion, all the strata of
§ are smooth, and if S; is the closure of S; in .# for every i = 1,2,3, then
we see that S;; is the singular locus of S;. Hence, by Proposition 2.16 we see
that every stratum S; is submersive over 7. As S; is proper over T for every
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1 = 1,2,3, the statement follows from the Thom First Isotopy Lemma (see
Theorem 3.5 in Chapter 1 of [2]) if we prove that 8 is a Whitney stratification.

Again, by Proposition 2.16 it is sufficient to prove that for every ¢t € T, the
stratification 8; = {S1,, Sa,1, 53,1} of M,, defined letting S;, := S; N .#; for
i=1,2,3 (. e Sit=M, Sas =3, \Q, and S3; = Q,,), is Whitney. To do
so, we need to show that S;; is Whitney regular over S;; for every j > i (see
Definition 1.7 of [2]). We have two cases:

Case 1: S1,+is Whitney regular over So ;. Let p € So ¢ = X4\ then there is
an open neighborhood U C M,,, of p, which is a product of a type A; —singularity
by an 8—dimensional polydisc. As the stratification of the singularities of the
type A;—singularity is Whitney, this implies the Whitney regularity of S; over
Sa.

Case 2: 51+ and Sy; are Whitney regular over Ss ;. Let ¢ € Ss+ = (4: by
[12] there is open neighborhood of ¢ in .#; which is of the form Z x V| where
V is a smooth polydisk of dimension 4, and Z is a 6—dimensional singular
variety whose singular locus Z’ has dimension 4, and such that Z" := Sing(Z")
is 0—dimensional. In Z x V the stratification 8; is {(Z \ Z’) x V,(Z" \ Z") x
V,Z" x V}. Now, the strata Sy, and Sz, are Whitney regular over Ss; if and
only if (Z\ Z') x V and (Z’\ Z") x V are Whitney regular over Z” x V. But
this is true by Lemma 1.10 in Chapter 1 of [2], as Z” is 0—dimensional, and we
are done. O

2.3 Deformations and Mukai vectors of positive rank

In this section we consider OLS-triples with Mukai vector v of positive rank, and
we show that the deformation classes of M, and K, depend only on the rank
of v. To do so, we follow closely the arguments used by O’Grady in [15]. As a
first step, we remark that the tensorization via a line bundle does not change
the moduli spaces. Let S be an abelian or projective K3 surface.

Definition 2.19. Let v,v' € ﬁ(S, Z) be two Mukai vectors, v = (vg,v1,v2),
v = (v}, v],vh) and vo, vy > 0. We say that v and v’ are equivalent if there is
a line bundle L on S such that v' = v - ch(L).

Notice that if v is equivalent to v/, then vy = v} and v = (v)?, so that
W, = Wy (by Remark 2.1), and H is v—generic if and only if it is v’ —generic.
Moreover, (S,v, H) is an OLS-triple if and ouly if (S,v’, H) is an OLS-triple.
If (S,v, H) and (S,v’, H) are two OLS-triples such that v' = v - ch(L) for some
line bundle L € Pic(S), then the tensorization with L defines an isomorphism
between M, (S, H) and M, (S, H). This is due to the following, which is Lemma
1.1 of [24]:

Lemma 2.20. Ifv is a Mukai vector of positive rank, H is v—generic and L €
Pic(S), then the tensorization with L gives an isomorphism between M, (S, H)
and My (S, H).

Remark 2.21. This Lemma is originally stated only for stable sheaves, but the
argument goes through for semistable sheaves.

In order to give explicit deformations of an OLS-triple (S, v, H) where v =
2(r,&,a) and r > 0, we use the irreducibility of the moduli space of polarized K3
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or abelian surfaces. Hence, it is useful to suppose £ = ¢1(H), which is always
possible by the following:

Lemma 2.22. Let (S,v,H) be an OLS-triple where v = 2(r,&,a) is such that
r > 0. Suppose that p(S) > 2, and let C be the v—chamber such that H € C.
Then there exists a Mukai vector v/ = 2(r,&’,a’) such that

1. V' is equivalent to v;
2. & is a primitive ample class lying in C.
Moreover, we can choose v' so that (£')? > 0.

Proof. The proof is essentially the one of Lemma I1.6 of [15]: there one requires
¢ to be primitive, but Yoshioka noticed that the same argument goes through
in the more general case of r and £ prime to each other (see [25]). This last
condition is always verified: write w = (7, £, a), which is primitive and w? = 2,
i. e. €2 = 2ra + 2. Suppose that s € N is such that r = s7’ and & = s¢’. Then
s2(¢)? = 2sar’ +2. As S is abelian or K3, we have (¢/)? = 2[ for some [ € Z,
so that s(sl —ar’) = 1. As s € N this implies s = 1, and we are done. O

An important class of OLS-triples is given by those on elliptic K3 or abelian
surfaces, as in this case we have a priviledged class of polarizations. In order
to prove that the deformation class of M, (S, H) depends only on the rank of v,
the strategy will be to deform the OLS-triple (S, v, H) to an OLS-triple on an
elliptic K3 or abelian surface with a polarization in this priviledged class. Let
then Y be an elliptic K3 or abelian surface such that NS(Y) =Z- f @ Z - o,
where f is the class of a fiber and o is the class of a section. Let v be a Mukai
vector on Y, and recall the following definition (see [15]):

Definition 2.23. A polarization H on Y 1is called v—suitable if H is in the
unique v— chamber whose closure contains f.

We have an easy numerical criterion to guarantee that a polarization on Y
is v—suitable:

Lemma 2.24. Let Y be an elliptic K3 or abelian surface such that NS(Y) =
Z-0c®Z- f, where o is a section and f is a fibre, and let v = (vg,v1,v2)
be a Mukat vector on'Y such that vo > 0. Let H be a polarization such that
ci(H) =0+ 1f for somel € Z.

1. If S is K3, then H is v—suitable if I > |v| + 1.
2. If S is abelian, then H is v—suitable if | > |v|.

Proof. If S is a K3 surface, this is Lemma 1.0.3 of [15]. For the abelian case the
proof is similar: H is v—suitable if and only if D - H and D - f have the same
sign for every D € W,. Notice that D = ao + bf for some a,b € Z, so that
D-f =a. Suppose D-f > 0,i. e. a > 0. We have D-H = la+b and D? = 2ab.
As D? > —|v], we then get b > —1/2a. If | > |v|, we then get

D-H=la+b>|vla—(Jv]/2a) >0,
and we are done. O

The main result of this section is the following;:
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Proposition 2.25. Let (S1,v1, H1) and (Sa,va, Ha) be two OLS-triples verify-
ing the two following conditions:

1. S1 and S are two projective K3 surfaces or two abelian surfaces;
2. if v, = 2(ri, &, a4), then rp = r9 > 0.

Then M,, (S, Hy) is deformation equivalent to M,, (S, Hs). In particular, The-
orem 1.6 is true for (S1,v1, Hy) if and only if it is true for (Sa,vq, Ha).

Proof. The argument we present here was first used by O’Grady in [15], then
extended by Yoshioka in [23]. For i = 1,2, we let L; € Pic(S;) be such that
& = c1(Ly).

First of all, we can always assume p(S;) > 1. Indeed, consider a non-
trivial deformation (%3, #,.%;) of the OLS-triple (S;,v;, H;) along a smooth,
connected curve T', and let 0 € T be such that (25.0,vi,0,-%,0) = (Si,vi, H;).
By Lemma 2.6, there is a small open neighborhood U of 0 in 7" such that the
triple (Zi, i, 46 ) is an OLS-triple for all ¢ € U. By the Main Theorem of
[18], we know that the locus of t € U such that p(25:) > 1 is dense in the
classical topology of U: by Proposition 2.17 we can then suppose p(S;) > 1.

By Lemma 2.22 and Proposition 2.5 we may also suppose (S;, v;, H;) to be
such that v; = 2(r,c1(H;),a;) and H? = 2d;, where d; > 0. Now, let Y be a
K3 (resp. abelian) surface admitting an elliptic fibration and such that

NS(Y)=Z-c®Z-f,

where f is the class of a fiber, and o is the class of a section. For ¢ = 1,2,
there is a smooth, connected curve T; and a deformation (%, 7, .Z/) over
T; of the OLS-triple (S;,v;, H;) such that there is ¢ € T; with the property
(‘%fiftﬂvz{,t’jﬁ:t) = (Y’ Uz{’Hz{)’ where

1. c1(H]) = o+ I;f, where I; > 0.
2. vl =2(r,c1(HY), a;).

By Proposition 2.17, we have that Z/\Z}i (Si, H;) is deformation equivalent to
Mu; (Y, H}), so we just need to show the statement for (S;,v;, H;) = (Y, v}, H]),
for i =1,2. Let & := ¢1(H!). Notice that (v])? = (v5)? and they have the same
rank: hence |v]| = |v5], so that by Lemma 2.24 a polarization is v} —suitable
if and only if it is vj—suitable. Again by Lemma 2.24, we have that H/ is
v;—suitable for ¢ = 1,2, as [; > 0. Then Hj and Hj lie in the same chamber €
(which is clearly a v}—chamber for ¢ = 1,2). By Proposition 2.5 we then change
to a common generic polarization H € €, which is v,—generic for i = 1, 2.

As (v))% = (vh)?, we have (£])% — 2ra; = (€4)? — 2raz, and as

&) =(c+1f)? =2l -2,
(in the abelian case we have 2 = 2l;), we then get the equation
(1) Iy =1y +r(ar — a2).
Notice that v{ and vj are then equivalent: indeed, we have

vy - ch(Oy ((a1 — a2)f)) = 2(r,o0 +laf,az2) - (1, (a1 — a2) f,0) =
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= 2(Tao—+llfaa1) = ’Ui,

where the second equality follows from equation (1). By Lemma 2.20 we are
then done. |

Remark 2.26. We observe that in order to relate le (S1, Hy) and Mvz (S2, H2)
in the previous proof, we only used deformations of the symplectic resolutions
induced by deformations of OLS-triples along a smooth, connected curve, and
isomorphisms between moduli spaces given by tensorization with a line bundle.

2.4 Proof of Theorem 1.6

In this section we finally prove Theorem 1.6: the crucial facts are two lemmas
due to Yoshioka [25]. If S is an abelian or projective K3 surface, write A for
the diagonal of S x S, a for the ideal sheaf of A and, if S is abelian, let &
be the Poincaré bundle on S x S and H the dual polarization on S.

Lemma 2.27. (Yoshioka). Let (S,v, H) be an OLS-triple where v = 2(0,&, a)
is such that a > 0.

1. If S is K3, let v := 2(a,&,0), and suppose that H is v—generic. Then the
Fourier-Mukai transform F : D(S) — D®(S) with kernel Fa sends any
H— (semi)stable sheaf with Mukai vector v to an H— (semi)stable sheaf
with Mukai vector v. In particular, it defines an isomorphism between

M, (S, H) and Mz(S, H).

2. If S is abelian, let v = 2(&,5,0), where E is the dual of £&. Then the
Fourier-Mukai transform J : D*(S) — D®(S) with kernel & sends any

H— (semi)stable sheaf with Mukai vector v to an H— (semi)stable sheaf
with Mukai vector v. In particular, it defines an isomorphism between
K,(S,H) and K5(S,H).

Proof. We prove the statement for K3 surfaces, the case of abelian surfaces is
analogue. Let w := (0,&,a) and @ := (a, &, 0), and notice that as H is v—generic
(resp. U—generic), then it is w—generic (resp. W—generic). By Proposition 3.14
of [25], as a >> 0 the Fourier-Mukai functor of the statement sends an H —stable
sheaf with Mukai vector v (resp. w) to an H—stable sheaf of Mukai vector
v (resp. @). As M, = M$ U Sym?M,, and M,, = M (as w is primitive
and H is w—generic), then F induces an open embedding f : M,(S,H) —
M35(S,H): as H is v—generic and M, (S, H) is projective, this implies that
f is an isomorphism, which induces an isomorphism between M, (S, H) and
Ms(S, H). O

The following lemma is Theorem 3.18 of [25]:

Lemma 2.28. (Yoshioka). Let (S,v, H) be an OLS-triple such that NS(S) =
Z-h, where h = c1(H) is ample and h? = 2. Write v = 2(r,nh, a), and suppose
n > 0.

1. If S is K3, then the Fourier-Mukai transform F : Db(S) —s Db(S) with
kernel Ia sends H— (semi)stable sheaves with Mukai vector 2(r,nh,a) to
H— (semi)stable sheaves with Mukai vector 2(a,nh,r). In particular, it

defines an isomorphism between Mg(nnh@)(S, H) and Mg(a7nh7r)(8, H).
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2. If S is abelian, then the Fourier-Mukai transform F : D*(S) — D?(S)
with kernel & sends H— (semi)stable sheaves with Mukai vector 2(r,nh, a)

to H— (semi)stable sheaves with Mukai vector 2(a,nh,r). In particular, it
defines an isomorphism between Ko pp,q)(S, H) and Kz(a i T)(S, H).

Remark 2.29. Suppose that S is a K3 or abelian surface such that NS(S) =
Z-h, where h = ¢1(H) is ample and h? = 2, and let v = 2w be a Mukai vector on
S such that w is primitive and w? = 2. It is then easy to see that w = (r,nh, a)
for some 7,n,a € Z such that ged(r,n,a) = 1 and n? = ra + 1.

We now proceed with the proof of Theorem 1.6:

Theorem 1.6. Let (S,v, H) be an OLS-triple.

1. If Sis K3, then Mv (S, H) is irreducible symplectic and deformation equiv-
alent to Mg.

2. If S is abelian, then I?U(S,H) is irreducible symplectic and deformation
equivalent to Kg.

Proof. Let (S,v, H) be an OLS-triple where S is a projective K3 surface (the
proof in the abelian case is analogue), and write v = 2(r,£,a). We show that
MU(S,H) is deformation equivalent to Mg(o,hg) (X, H), where X is a surface
such that NS(X) = Z - h, h = ¢;(H) is ample and I’ = 2. The equivalence
is obtained using deformations of the simplectic resolutions induced by defor-
mations along smooth, connected curves of the corresponding OLS-triple, and
isomorphism between moduli spaces. As a particular case is Myg, we are done.

Step 1: suppose that S = X and v = 2(0, h, a), where a = 2k for some k € Z.
Then M, (X, H) =~ My 2 (X, H): indeed v = 2(0,h,2) - ch(Ox((k — 1)H)),
and as tensoring with a multiple of H does not change H — (semi)stability, we
get an isomorphism

M2(O,h,2) (X7 E) — M2(O,h,a) (X7 E)a E—E® ﬁX((k - l)ﬁ)a

and we are done.

Step 2: suppose that (S, v, H) is an OLS-triple such that r > 0. By Proposi-
tion 2.25 we know that MU(S, H) is deformation equivalent to Mg(nnhya)(X, H),
for some n € Z and a = (n? — 1)/r (by Remark 2.29). Choose n > 0 such
that the corresponding a is even. As n > 0, point 1 of Lemma 2.28 gives
an isomorphism between My, ,p,q)(X, H) and My (a,mn,m (X, H), which is de-
formation equivalent to Mg p,0)(X, H) by Proposition 2.25. Moreover, as
n > 0 we have a > 0, hence by point 1 of Lemma 2.27 we have an iso-
morphism between Mj, p 0y (X, H) and Myo,h,0) (X, H). As a is even, we have
M 0,1,a) (X, H) ~ My 0,1,2)(X, H) by Step 1, and we are done.

Step 3: suppose that (S,v, H) is any OLS-triple such that » = 0. Let v/ :=
v-ch(Og(dH)) for some d € N such that d > 0 and v # 0. A straightforward
computation shows that H is v'—generic, and that the tensorization with dH
does not change the H—(semi)stability. Hence we have an isomorphism

M,(S,H) — My(S,H), Ew— E® Os(dH).
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Notice that
o' =2(0,¢,a) - (1,dH,d*H?/2) = 2(0,€,a + dH - ).

As H is ample and £ is effective, we have a +d¢ - H > 0 as d > 0, hence we
assume a > 0. Let now v := 2(a,£,0). If H is not —generic, by Proposition
2.10 we may replace H with a v—generic polarization H’ lying in the same
v—chamber of H which is v—generic. By point 1 of Lemma 2.27 we have then
an isomorphism between M, (S, H) and M3(S, H): we are now in the situation
of Step 2, hence we are done. [l

3 The second integral cohomology of the moduli
spaces

Let (S,v, H) be an OLS-triple. In this section we define a morphism
N\ vt — H*(M,, 7).

For primitive Mukai vectors v with v? = 0, this was defined (using semi-universal
families) first by Mukai [14], who showed that it gives a Hodge isometry between
vt /Z - v and H?*(M,,Z) (in this case M, is a K3 surface). For v primitive
and v? > 2, this morphism was constructed by Mukai [14], O’Grady [15] and
Yoshioka [23], who showed that A, gives a Hodge isometry between v' and
H?(M,,7) (the latter being a lattice with respect to the Beauville form, as it
is an irreducible symplectic manifold).

In the present section we define A, for any OLS-triple (S,v, H): as in the
case of primitive Mukai vectors, using a semi-universal family on S x M one
defines a morphism \$ which, a priori, takes values only in H?(M? Q). As
(S,v, H) is an OLS-triple, M? is an open subset which is strictly contained in
M,, and we show that H?(M?, Q) ~ H?(M,,Q), so that we finally define a
morphism A, : v+ — H?(M,, Q).

The main result of the section is to show that the morphism ), takes values in
H?(M,,7), and moreover that it is a Hodge isometry between v and H?(M,,, Z)
(or H*(K,,Z) if S is abelian). Before doing this, we need to show that on
H?(M,,Z) there are a pure weight-two Hodge structure and an integral bilinear
form: as shown in section 3.1, these are induced by the pure weight-two Hodge
structure on H?(M,,7Z) and by the Beauville form of M, (which is now known
to be an irreducible symplectic manifold), as a consequence of the fact that the
singularities of M, are rational. In section 3.3 we show that A, takes values
in H%(M,,Z) and that it is a Hodge isometry: by [19], this is the case for the
O’Grady examples; by following the steps of the proof of Theorem 1.6, we show
that this is then always verified.

3.1 Hodge structure and integral bilinear form

In this section we show that on H?(M,,Z) and H?(K,,Z) there are a pure
weight-two Hodge structure and an integral bilinear form for every OLS-triple
(S,v, H). As a first step we show that they are free Z—modules.
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Lemma 3.1. Let X be a normal, irreducible projective variety with rational
singularities, and let f : X — X be a resolution of the singularities. The
morphism f* : H*(X,7Z) — H*(X,7Z) is injective.

Proof. As X is a normal, irreducible projective variety having rational singu-
larities and f : X — X is a resolution of singularities, then R'f,0% = 0 for
every ¢ > 0. Moreover, by the Zariski Main Theorem the natural morphism
Ox — f«Og is an isomorphism, and f. ﬁ;‘? ~ 0%. Applying the functor Rf,

to the exponential sequence of X we then find R f«Z = 0. Consider the Leray
spectral sequence

EP9 .= HP(X,RIf,Z) = H"t? .= H"*9(X 7).

As Eg’l = 0 for every p € Z, the map ES’O — H? is injective. But this is the
map f*: H?(X,Z) — H?*(X,Z), and we are done. O

Corollary 3.2. Let (S,v, H) be an OLS-triple.
1. If S is K3, then H*(M,,7) is free.
2. If S is abelian, then H?*(K,,7) is free.

Proof. If S is a K3 surface, then M, has rational singularities: indeed, it admits
a symplectic resolution, therefore the singularities are canonical, hence rational
by Elkik [3]. By Lemma 3.1,

7 H*(M,,Z) — H*(M,,Z)

is injective. Finally, by Theorem 1.6 we know that JT/L, is an irreducible sym-
plectic manifold, hence it is simply connected. This implies that H?(M,,Z) is
free, so H%(M,,Z) is free. The case of abelian surfaces is analogue. O

Remark 3.3. By Lemma 3.1 and the proof of Corollary 3.2, the pull-back mor-
phism 7 : H*(M,,Z) — H?*(M,,Z) is an injection of mixed Hodge structures.
By strict compatibility of the weight filtrations, the mixed Hodge structure on
H?(M,,Z) is then pure of weight two. Explicitely, the pure weight-two Hodge
structure on H?(M,,7Z) is defined as follows:

Definition 3.4. Let (S,v, H) be an OLS-triple where S is a K3 surface. The
pure weight-two Hodge structure on H?(M,,Z) is defined as follows:

H>Y(M,) := n*(H*(M,,C)) N H>°(M,),

H'(M,) := n*(H?(M,,C)) N H"1(M,),

H**(M,) := 7 (H?(M,,C)) N H*2(M,).
Similarily, we define the pure weight-two Hodge structure on H?(K,,Z).

We now deal with the quadratic form. Recall that if (S,v, H) is an OLS-
triple, then J,\Z,(S, H) and IN(U(S, H) are irreducible symplectic manifolds by
Theorem 1.6. This implies that on H? (Mv, 7) and H? (I?U, 7)) we have a lattice
structure with respect to the Beauville form. As 7 is injective, this induces an
integral bilinear form on H?(M,,Z) and H?(K,,Z) which is compatible with
the Hodge structure we just defined. More explicitely, we have the following:
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Definition 3.5. Let (S,v,H) be an OLS-triple where S is a K3 surface. We
define an integral bilinear form on H?*(M,,7Z):

Qv : H*(M,,Z) x H*(My,7) — 7,  qu(a,B) := @ (mia, 75 3),

where q, is the Beauville form of MU(S, H). Similarily, we define an integral
bilinear form on H*(K,,Z) for every OLS-triple (S,v, H) where S is an abelian
surface.

Remark 3.6. The integral bilinear form on H?(M,,Z) will be shown to be
non-degenerate for every OLS-triple (S,v, H) (as a corollary of Theorem 1.7),
hence it defines a lattice structure on H?(M,,Z) which is compatible with the
pure weight-two Hodge structure.

3.2 Mukai-Donaldson-Le Potier morphism
In this section we define a morphism
Ao vt — H*(M,,Z)

for every OLS-triple (S,v, H). The strategy is the following: consider a semi-
universal family .% on S x M of similitude p. Then define

~ ) 1 .
Xz H(S,Z) — H*(M;,Q), X z(a) = ;[pM*(pS(O‘V - VitdS) - ch(F))]1.

Here, if a = (ag, a1, a2), we define " := (ag, —a1,a2), and pys and pg are
the two projections of S x M} to M, and S respectively. If S is abelian,
composing with the inclusion morphism j; : K — M we then get a morphism
Vo7 = Jo 0 Ay, z

Now, if o € v+ and #,.%’ are two semi-universal families, then )\f;j(a) =
Ay (@) (resp. vy z(a) =v; z/(a)). We have then a map

oL 2 oL 2
Ay rvm — HY(M;,Q), (resp. v, :v— — H*(K,,7Z))

which does not depend on the chosen semi-universal family. The problem is to
extend AJ to a morphism

A\ vt — H*(M,,7),

i. e. such that if ¢, : M] — M, is the inclusion, we have A\ =i} o \,. If S is
abelian, and j, : K, — M, is the inclusion, we then get a morphism

Vp = jf oy i 0T — H*(K,, 7).

In order to do this, we need to study the relation between H2(M,) and H?(M}).
We have the following:

Lemma 3.7. Let (S,v,H) be an OLS-triple, and let i, : M3 — M, (resp.
iy 1 K§ — K,) be the inclusion. Then

it H*(M,,7) — H?*(M?,7)

(resp. it H*(K,,Z) — H*(K3,7)) is injective.
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Proof. We have a commutative diagram, every row of which is exact:

H2(M,, M3) S HXM,Z) %  H2(M:,Z)
(2) 1l il -

H2(M,,n; (M2)) S  H2(M,,Z) i H2 (71 (M?), Z)

vy Mo

where 7, : m;1(M$) — M, is the inclusion. As M, \ 7, (Mg) = %,, the
exceptional divisor of m,, which is irreducible, we have H 2(]\%,7@‘ Y(M)) ~
Z, and ¢(1) = ¢1(%,). Let o € H2(M,,Z) be such that i*(e) = 0, so that
i* om*(a) = 0. As the second row of the diagram (2) is exact, there is n € Z
such that 7% (a) = &(n) = ney(Sy).

Now, we introduce the following notation: let 39 C 3, be the smooth locus
of 3,. Following [16] we know that 7, : 7, 1(20) — XY is a P —bundle, whose
generic fiber is then a rational curve §. As § is contracted by m,, we have
7%() -6 = 0. On the other hand, by adjunction the normal bundle to %, is the

canonical bundle of ij, hence it has degree —2 on §. In conclusion, we have
0=m(a) 0= ney(Sy) -6 = —2n,

so that n = 0. Hence 7 (a) = 0, but as 7} is injective by Lemma 3.1, we then
have o = 0, so that 4} is injective, and we are done for the K3 surface case. The
proof of the abelian case is similar. [l

If @ € vt and py (@), pa(a) € H*(M,,Z) are such that i (u1 () = i (p2(a)),
then by Lemma 3.7 we have that p;(a) = po(a). Hence, if there is an extension
of A3 () to an element of H?(M,,Z), then this extension is unique, and we call
it Ay (). In conclusion, the problem is only to find an extension.

In order to do so, we recall a construction due to Le Potier. Let Kp0(.S) be
the holomorphic K —theory of S, and let

veet” : Kpoi(S) — H(S,Z),  wvect"([E]) := (v(E))Y,

where [E] is the class in K0 (S) of a sheaf E on S. Notice that vect¥ gives an
isomorphism between Ko (S) and H(S) N H(S,Z). Let

()t Kpot(S) X Kpot(S) — Z, ([E],[F]) == x(E®F),

and it is easy to see that ([E], [F]) = —(v(E),v(F)) for every sheaves E, F on S.
Let & be any sheaf parameterized by M, (S, H), e, := [£] and el C Kj(S) the
orthogonal of e, with respect to (.,.). Finally, let R, C @, be the open subset
of H—semistable quotients in a Quot-scheme @Q,, such that M, = R,/GL(N)
for some N € Z. Let qr and gs be the projections of S x R, onto R, ad S
respectively, and let .% be a universal family on S x R,,. Then define

Lyl 7 : Kno(8) — Pic(Ry), Ly z([E]) = det(pr(p5[E] - [Z])).

If # and .Z" are two universal families on S x R,,, then L[ 5 ([E]) = L[ 5. ([E])
for every [E] € e (see Lemma 1.2 of [11]), so we get a morphism

LY et — Pic(R,).

v
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Lemma 3.8. Let (S,v,H) be an OLS-triple. Then for every [E] € e the line
bundle LE([E)) descends to a line bundle L,([E]) € Pic(M,).

Proof. The line bundle LZ([E]) has a natural GL(N)—linearization inherited
from the one we have on .%. Let [P] € R, be a point with closed GL(N)—orbit
corresponding to a sheaf F' € M,. Let 7 : R, — M, be the quotient morphism,
so that w([P]) = F. We need to show that the action of the stabilizer Stab([P])
is trivial on the fiber LE([E]);p). We know that this is the case if F" is H—stable
by [11], hence we suppose F = (F1 @ V1) ® (F> ® V), where Fy, F; are H—stable
and Vi, Vs are vector spaces. We know that

Stab([P]) ~ Aut(F) ~ GL(V;) x GL(Va).

Moreover, we have

LE(ED = @) (det(* (5 0 B o (dee(1) 7))

i=1

and the action of an element (M, Mz) € Stab([P]) is simply the multiplication
by det(M;)XF1®E) det(My)X(F2®E) - As the polarization H is v—generic, then
v(F1) = v(Fy) = v/2: hence, as [E] € e, we get x(F1®F) = x(Fo®E) = 0. In
conclusion, the action of any element of the stabilizer is trivial, so that LZ([E])
descends to a line bundle L, ([E]) € Pic(M,). O

We have, in conclusion, a morphism L, : evL — Pic(M,). The main result
of the section is the following:

Proposition 3.9. Let (S,v, H) be any OLS-triple. Then there is a morphism
Ay s vt — H*(M,,Z)

such that i, o Ay, = A\J.

Proof. By Lemma 3.8 we have a morphism L, : e- — Pic(M,). In the

following we use the notation (vt)b! := v+ N H1(S). An application of the
Grothendieck-Riemann-Roch Theorem shows that if o € (vt)! and [E] € e

is such that vect” ([E]) = «, then

A(@) = iy (er(Lo ([ED)))

(for a similar computation, see [19]). Hence, we define A, («) := ¢1(Ly([E])), so
that we finally get a morphism

Ayt (vH)B — H?*(M,, 7).

It remains to show that we can define A, on the whole v*. To do so, we use
a deformation argument. Let T" be a smooth, connected curve and (£, 5, .%)
be a deformation of the OLS-triple (S, v, H) along T', and write f : & — T for
the associated map, which is smooth and projective. Write v = 2(r, ¢1(L), a),
and let 0 € T be such that (Zo,v0, %) = (S,v, H). Finally, assume that the
Kodaira-Spencer map of the given family f : 2" — T is injective at 0, and let
¢ : M — T be the relative moduli space of semistable sheaves associated with
the deformation (27, .52,.Z).
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By Corollary 2.18 and Lemmas 2.6 and 2.11 there is a small analytic open
neighborhood U of 0 in T parameterizing OLS triples, such that f~1(U) is
homeomorphic to the product S x U over U, and ¢~ 1(U) is homeomorphic to
the product M, x U over U. Up to shrinking U, we can even suppose that the
local systems R? f,7Z, R*¢,Z and R%¢3Z are constant (hence even those with
coefficients in Q, R and C are constant). Notice that this means that we can
identify H(2;,Z) with H(S,Z) (as lattices), H2(M,,,Z) with H2(M,,Z) and
H?*(M;3 ,Q) with H*(M;§,Q).

As v is constant over U, we can then consider V C &?_(R* f,7Z to be a
local system such that for every t € T' we have V; = v;-. As we have relative
semi-universal families, then we define a morphism

XV — R%p2Q,

such that for every t € U we have A\ = A, .

Notice that we just need to show that there is a finite set of generators
{aq,...,a,} of vt such that for every i = 1,...,n there is t; € U such that
a; € vt N HY(2;,). Indeed, by Lemma 3.8 we have that A;, (ag) extends
to an element A, (i) € H*(M,, ,Z). Hence even Aj(a;) extends to Ao(o) €
H?(M,,Z). Now, let a € v': then there are 1, ..., i, € Z such that

o = ZMZOQ
i=1
But this implies that A$(«) extends to the element
Ay (@) := Zui)\v(ai) € H*(M,,7).
i=1

Since by Lemma 3.7 the extension is unique, the previous equality gives us the
desired morphism of Z—modules \, : v — H?(M,,Z).

We then prove that there is a finite set of generators {a, ..., a,, } of v such
that for every i = 1,...,n there is t; € U such that a; € v+ N }NIM(%Z) To do
so, define

Vi={a€a_H*(S,C)|(a,v)c =0},

where (.,.)c is the extension of the Mukai pairing to &7 ,H?(S,C). Notice
that V = v+ ® C, and it is a 23—dimensional complex vector space. Finally, let
P .= P(V).

Let Q C P(H?(S,C)) be the period domain, and let P : U — Q be the
period map sending ¢t € U to H?%(2;). Recall that we assumed that the
Kodaira-Spencer map of the family f : 2" — T is injective at 0: then, the
injectivity of the period map P implies that up to shrinking U we can identify
U with its image P(U) C P(H?(S,C)). In this way we may identify ¢ with
the period of 2;. Now, for every t € U we have that v; € HY(2;), then
(t,v)c = (t,v¢:)c = 0, so that t € P. In conclusion we have U C P.

Consider the incidence variety I C U x P, i. e.

I:={(t,[w]) € U x P| (t,w)c = 0}.
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First of all, we notice that I is a smooth, projective variety such that dim(I) =
dim(P). Indeed, if g : I — U is the projection, then for every ¢ € U we have

g7 (t) 2 P(V N (H*(23) © H(23))) € P,

which is a 21 —dimensional projective space.

Let now h : I — P be the projection to the second factor. Notice that if o €
vt and [a] € im(h), then thereist € U such that o € VN(H?(2;)OHY (24)).
Since « is integral we have finally « € V' N ﬁl’l(%), so that the proposition
follows if we prove that there is a finite set {as, ..., a, } of generators of v over
Z such that [o;] € im(h) for i =1,...,n.

We claim that there is w € V N &% H*(S,R) such that [w] € im(h) and
[w] admits an open analytic neighborhood in P which is contained in im(h).
This will be enough to conclude: indeed, as a consequence im(h) contains a
non-empty open subset of P(V N @2 H?(S,R)) = P(vt ® R). As for any non-
empty open subset U of P(v ®R) there is a finite set {a, ..., ., } of generators
of v+ over Z such that [o;] € U for i = 1,...,n, we are done.

In conclusion, we just need to prove our claim. This is an immediate conse-
quence of the following:

Lemma 3.10. There is w € V N HY(S) N (@2 H*(S,R)) such that the map
dhqo,w)) * Tto,wn L — TP
is an isomorphism.

Proof. Let V = V2@ V1@ V%2 be the pure weight-two Hodge decomposition
of v! induced by the Hodge decomposition of H(S,Z), and write (.,.)y for the
C—bilinear form on V induced by the Mukai pairing (.,.)c. More explicitely, we
have Vid = V N HiJ (9), and 0 € P is just the line V2°. Moreover, let © C P
be the projective tangent line at U in 0, and let W 2 V20 be a 2—dimensional
linear subspace of V' such that P(W) = O.

As a first step, we show that there is w € V N H»(S) N (®2_ H*(S,R))
such that w ¢ W+, where W+ is the orthogonal to W with respect to (.,.)v.
As every t € U is represented by a class of type (2,0) of 23, U is included in
the smooth quadric @ defined by (.,.)y. Hence © is included in the projective
tangent space at @ in 0, which is just P(V*9 @ VI1) as V20 @ VL1 is the
orthogonal of V20 with respect to (.,.)v. Hence V20CcwcCcviigvhliCcv.
As dim(W) = 2, we have WN V11 =£ 0. Since (.,.)v is non-degenerate on V11,
there must be w € V! such that w ¢ W=. As V! is defined over R, we can
finally assume that w € VN HYY(S) N (92_ H?* (S, R)).

It remains to show that dh g [,]) is an isomorphism. Let M C V' be the line
such that P(M) = [w], so that M is not contained in W+. Recall that

ThwP = Hom(M,V/M),  ToU = Hom(V>°,W/V>?),

T(0,1]) (U x P) = Hom(V*°, W/V*°) x Hom(M,V/M).
By definition of I, we then have

To,pun I = (0, ¥) € Tio, (U x P) | (¢(I), m)v + (I, ¥(m))v = 0},
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where the equation is true for every [ € V20 and every m € M (for a similar
computation, see [7], Example 16.20). Moreover, we have

dho,w)) * Tio,fwhd — TP, dho,jw)) (0 ¥) = 1.

As I is smooth and dim(l) = dim(P), in order to show that dh ) is an
isomorphism we just need to show that it is surjective. Consider then v €
Hom(M,V/M): as M is not contained in W=, for every [ € V9 there is an
element ¢(I) € W such that

(o), m)y = =(l,¢(m))v

for every m € M. But this defines an element ¢ € Hom(V2% W/V?29) such
that (¢,1/)) S T(O,[w])I and dh(07[w])(¢, 1/)) =1, and we are done. [l

Now, if w is as in the statement of Lemma 3.10, then it admits an open
analytic neighborhood U contained in im(h) as desidered, and we are done. O

3.3 Proof of Theorem 1.7

The aim of this section is to prove the following:

Theorem 1.7. Let (S,v, H) be an OLS-triple.
1. If S is K3, then X\, : v — H?*(M,,Z) is a Hodge isometry.
2. If S is abelian, then v, : vt — H?(K,,7Z) is a Hodge isometry.

Proof. Let (S,v, H) be an OLS-triple. We need to show the three following
properties:

1. Ay (resp. v,) is an isomorphism of Z—modules;
2. Ay (resp. vy) is an isometry;
3. Ay (resp. v,) is a Hodge morphism.

We introduce the following notations:

Ay =m0 Ny st — HQ(MU,Z), Dy i=mtou, vt — HX(K,, 7).

Step 1. If S is an abelian or projective K3 surface such that NS(S) =7 - h,
where h = ¢;(H) is ample and h? = 2, and v = (2,0, —2), then \, and v, are
Hodge isometries: this is proved in [19].

Step 2. Let (S, v, H) be an OLS-triple. We show that A, is an isomorphism of
Z—modules. Following the proof of Theorem 1.6, we reduce to the case of Step 1:
the only transformations we use are deformations of the moduli spaces induced
by deformations of the corresponding OLS-triple along a smooth, connected
curve, and isomorphisms between moduli spaces induced by some Fourier-Mukai
transforms.

Deforming an OLS-triple along a smooth, connected curve T', by Corollary
2.18 the Z—module structures of v+ and of H?(M,,Z) remain constant along
the locus of T parameterizing OLS-triples; for the isomorphism induced by the
Fourier-Mukai transform we have the following:
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Lemma 3.11. Let (S,v, H) be an OLS-triple.
1. If S is K3, let 2 € D*(S x S) and T : D°(S) — D®(S) the Fourier-

Mukai transform with kernel &2. Moreover, let ¢4 be the morphism in-
duced by Fo in cohomology, and let v' := ¢ (v). If Fo is an equivalence
and it induces an isomorphism fo : My (S, H) — M, (S, H), then \, is
an isomorphism if and only if A\, is an isomorphism.

2. If S is abelian, let P € DY(S x S) and Fo» : D*(S) —s DP(S) the
Fourier-Mukai transform with kernel &2. Moreover, let ¢ be the mor-
phism induced by Fg in cohomology, and let v' := ¢ (v). If Fop is an
equivalence and it induces an isomorphism fo @ Ky (§, I;T) — K,(S,H),
then v, is an isomorphism if and only if v, is an isomorphism.

Proof. We show the first point, as the second is similar. We show that the
diagram
vt LEN (v')*+
(3) Aot W
H2(M,,Z) 12 H*(M,,2)

is commutative. By the construction of A, and A/, this is true if the following
diagram

vt LEA (v')*+
(4) A4 o

HA(M:,Q) 1= H2(0M3,Q)

is commutative, and this is shown to be true by standard computations (see for
example Proposition 2.4 of [24]). As ¢4 and f}, are isomorphisms, then A, is
an isomorphism if and only if A,/ is, and we are done. [l

In conclusion, we reduce to the case of Step 1, so that A, is an isomorphism
of Z—modules for every OLS-triple (S,v, H).

Step 3. We prove now that A, is an isometry between v* (which has a
lattice structure given by the Mukai pairing) and H?(M,,Z) (on which we have
an integral bilinear form, as seen in section 3.1). Again, we reduce to the
case of Step 1 following the proof of Theorem 1.6: as in the previous step,
the only transformations we use are deformations of the moduli spaces induced
by deformations of the corresponding OLS-triple along a smooth, connected
curve, and isomorphisms between moduli spaces induced by some Fourier-Mukai
transforms.

Deforming an OLS-triple along a smooth, connected curve T', by Corollary
2.18 the integral bilinear forms on v and on H?(M,,Z) remain constant along
the locus of T parameterizing OLS-triples; we then just need to analyze the
isomorphisms induced by Fourier-Mukai transforms. We have the following:

Lemma 3.12. Let (S1,v1, H1) and (Sa,vs, Ha) be two OLS-triples.

1. If S1 and Sy are K3 and there is an isomorphism f : M,, — M,,, then
the morphism f* : H*(M,,,Z) — H?*(M,,,Z) is an isometry.
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2. If S1 and S are abelian and there is an isomorphism [ : K,, — K,,,
then the morphism f* : H*(K,,,Z) — H?*(K,,,Z) is an isometry.

Proof. We prove the first point, as the second is similar. We have a commutative
diagram
HQ(MﬂzaZ> f—> H2(Mv1aZ>
oot iy

H2(M,,,7) 15 H*(M,,, 7).
By hypothesis, we have that f is an isomorphism. Moreover, 7, and 7, are

isometries onto their images, and ]7* is an isometry by [15]. Hence f* is an
isometry, and we are done. [l

In conclusion, we reduce to the case of Step 1, so that A, is an isometry for
every OLS-triple (S, v, H).

Step 4. We show that A, is a Hodge morphism. Suppose in the following
that S is a K3 surface (the proof for S abelian is analogue). To show that A, is

a Hodge morphism is equivalent to show that A, is a Hodge morphism. Notice
that as A\, is an isometry by Step 3, then )\, is an isometry onto its image.
Recall that A, is defined as an extension of the morphism

Aot = HEMEQ) Xl = 20 (0 V) (),
where p is the similitude of .%# and p, ¢ are the two projections of S x M? onto
M and S respectively.

As ch(ZF) € H*(S x M$,Q), and as M¢ is (up to isomorphism) an open
subset of M,, taking the closure of the cycles chi(F) we get a class ¢ € H?*(S x
Mv, Q), whose component ¢; € H?(S x Mv, Q) represents a (i,i)—class. Let p
and ¢ be the projections of S x Mv onto J,\\/fv and S respectively, and consider
the morphism

fiv vt — HX(M,,Q),  Jin() = = [p.(" (" - V/td(S)) - )1

1
p
On vt and HQ(MU, Q) we have pure weight-two Hodge structures, and i, is a

Hodge morphism. Now, a priori the morphisms A, and p, are not equal, but
we have the following:

Lemma 3.13. For every w € H%(S) we have Ay(w) = fiy(w).

Proof. Let iy : Y (ME) — M, be the inclusion. By the very definition of o
and [i,, for every w € H?%(S) we have i (\,(w)) = i} (fi,(w)). Moreover, the

kernel of the morphism i : H2(M,,C) — H2(x; 1 (M?),C) is C - ¢1(2,) (see
the proof of Lemma 3.7), so that A\, (w) — fiy(w) = lc1(E,) for some [ € C. But

—2 =1e1(y) - 6 = Mo (W) — fin(w)) -6 =0

(see the proof of Lemma 3.7 for the definition of 8), so that [ = 0, and X, (w)
fiy (w) for every w € H?0(9).

Ol
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As Ji, is a Hodge morphism, by Lemma 3.13 we have that A, (w) € H20(M,)
for every w € H%0(S). Hence A, sends the (2,0)—part of the Hodge structure
of v+ to the (2,0)—part of the Hodge structure of HQ(MU, Z). Now, consider
a € vt ®CN (H2(S) @ HY1(S)). Then, for every w € H2(S) we have
(a,w) = 0, where (.,.) is the Mukai pairing on v~ ® C. As A, is an isometry on
its image by assumption, we have then

av()‘v(a)a )‘v(w)) =0,

where ¢, is the Beauville form of the irreducible symplectic manifold :]\Zv. But
this implies that A\, () € H2(M,)®HY1(M,) for every a € vt @CN(H?°(S)®
f[l’l(S)). In conclusion, we see that XU respects the Hodge filtrations, hence it
is a Hodge morphism, and we are done. O

Remark 3.14. Theorem 1.7 tells us that the integral bilinear form ¢, on
H?*(M,,Z) is indeed non-degenerate, hence it defines a lattice structure on
H?*(M,,Z).

4 Appendix: openness of v—genericity

This section is dedicated to prove some properties of v—genericity we used in
the paper which are related with the behaviour of v—genericity in families. The
basic tool is the following, which is the main technical tool we needed for the
proof of Lemma 2.6:

Lemma 4.1. Let

K2

(5)

WE »

—
—

O+~ W\

be family of smooth projective surfaces over a smooth base. Let J € Pic(8),
and for every b € B write Sy := ¢~ 1(b) and Hy := Hs,. Suppose that H; is
ample for every b € B. Then, for any n € N the set B, of points b € B such
that there exists « € NS(Sp) N Hy- with —n < o* < 0 is locally a finite union
of analytic subvarieties of B.

Proof. Since the statement is local, we may suppose that B is a small polydisk.
In this case, the family 8 is topologically trivial over B and we have a natural
identification H2(S,Z) = H?(Sp,Z). By this identification, the class Hj, does
not depend on b, and we write H = Hj. Denote by by the second Betti number
of S and set h?? := dim(H*°(S)). Let Gr(by — h*°, H?(S,C)) be the complex
Grassmannian parametrizing C—vector subspaces of H?(S,C) of dimension by —
h2°. As well known, the period map

P: B — Gr(by—h*°, H*(S,C)), P(b) := H*°(Sy) @ H"'(S,) ¢ H?(S,C)
is holomorphic. For every a € H?(S,Z) write

Go := {W € Gr(by — h*° H*(S,C)) | € W}.
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Since a € H?(S,Z), we have that « € NS(S) if and only if P(b) € G4. It
follows that
B, = U P7HG.).
a€ H-NH?(S,7)
—n<a?<0

As G, is an analytic subvariety of Gr(by —h?°, H%(S,C)), we then see that B, is
a countable union of analytic subvarieties of B. It is then enough to show that,
up to shrinking B, there are only finitely many o € H+ N H?(S,Z) satisfying
—n < o? < 0 and such that G, intersects the image of P.

To do so, let V. C H?(S,R) be the R—vector space consisting of real coho-
mology classes orthogonal to H with respect to the intersection form on .S, and
let Gr(ba — 2h*% — 1,V)~ be the real Grassmannian parameterizing negative
definite R—vector subspaces of V of dimension by — 2h%° — 1. Since the map P
is holomorphic, the map

P:B— Gr(by —2h*° —1,V)~,  P(b):=V N H"(S,)
is continuous. For a € H?(S,Z), we let
o= {W €Gr(by —2n*° —1,V)" |a € W}.

For every a € H+ N H?(S,Z), we have that o € H?%(S,) ® H1(S;) if and only
if @ € VNHY(S,), hence Gy Nim(P) # () if and only if T Nim(P) # 0. As P
is a continuous map, it will then be sufficient to show that there exist an open
neighborhood U of V N HYL(S) in Gr(by —2h*° —1,V))~ such that UNT, # 0
only for finitely many o € H+ N H?(S,Z) satisfying —n < o? < 0.

Set Wy := VN HYL(S) and Wy := V N (H*9(S) & H*2(S)). Notice that
V = W1 & Ws; moreover, by the Hodge-Reimann bilinear relations we have that
W1 is negative definite, W5 is positive definite and the direct sum is orthogonal
with respect to the intersection form on H?(S). For i = 1,2 denote by 7; :
V' — W; the projection associated with the given decomposition. We define a
norm on V' by

IV — R, ] = v/ =m(v)? + m(v)?,

where 7;(v)? is the self-intersection of 7;(v) with respect to the cup product on
H?%(S,R), fori=1,2.

As the integral classes form a discrete subset of V, it is enough to show that
there is an open neighborhood U of Wy in Gr(bs — 2h%0 —1, V)~ such that the
set

A= U {a€e H*(S,R)| —n<a?><0, ac W}
weu
is bounded, i. e. there is a constant K such that ||a|| < K for every a € A.

T0~do so, notice that as W1 is transverse to Wa, then there exists a neighbor-
hood U of Wy in Gr(be — 2h%0 -1, V)~ consisting of negative definite R—vector
subspaces of V' which are transverse to Ws. Then U can be identified with
a neighborhood of the trivial morphism in the vector space Hom(Wy, Ws) of
linear morphisms: the identification sends W € U to

Ly W7 - W,, Lwy(x):=y,
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where y is the unique vector of Wy such that x +y € W. As for i = 1,2 the
restriction of ||.|| to W; is still a norm, we get a norm on Hom(W;,Ws2) by
setting

L 2
N(Lw) := max{in w(@)l] } = maﬂc{ —M(w)z } :
||| zeWi\{0} T (w)? Jyewn [0y

Consider U to be the open neighborhood of W; defined as

U:={W eU|N(Lw) < 1/v2}.
Now, consider o € A. Recall that —n < o? = m1(a)? + m2(a)?. As a € W for
some W € U we have ma(a)? < —N(Lw )?m1(a)? = —(1/2)71(a)?. Hence, we
have the inequality

—71'1(04)2 <n-+ 7T2(Oé)2 <n-— §7r1(a)2.

It follows that —m1(a)? < 2n and ma(a)? < n. Therefore

llad| = V=71 (a)? + m2(a)? < V3n
and we are done. O

As a corollary of Lemma 4.1 we have a more general version of Lemma 2.6.
The definition of the discriminant of a sheaf we gave in section 2.1 is completely
general: if S is any smooth, projective surface and % is a coherent sheaf of
rank r and Chern classes ¢; and cs, then we define the discriminant to be
A = 2rcy — (r — 1)c3. If .Z is semistable with respect to some polarization,
then A(Z) > 0. A polarization H is (r,c1,ce)—generic if H - D # 0 for every
divisor De NS(S) such that —TTQA < D? < 0. We have then the following,
which is an immediate corollary of Lemma 4.1, and of which Lemma 2.6 is a
particular case:

Corollary 4.2. Let B be a smooth, connected scheme, f: 2 —> B a smooth,
projective family of surfaces and I, € Pic(Z). For every b € B write
Xy = fHb), A = Ha, and Ly = L a,. Suppose that for every b € B the
line bundle 74, is ample, and let r,co € Z, r > 2. The set

B’ :={be B| 4 is not (r,c1(%),c2) — generic}

is locally a finite union of analytic subvarieties of B.

We now deal with the openness of genericity for rank 0. As in the previous
case, we study the problem over an arbitrary surface S. If v; € H?(S,Z) N
HUY1(S) is the first Chern class of an effective divisor and y € Z \ {0}, we say
that a polarization H on S is (0,v1,x)—generic if H - D # 0 for every non
numerically trivial divisor D = xc1(%) — x(:%)v1, where .Z is a subsheaf of a
sheaf & with ¢1(&) = v and x(&) = x (see [24]). Notice that if S is K3 or
abelian and & is a sheaf with v(&) = (0, v1, v2), then ¢1 (&) = v; and x(&) = va.
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Remark 4.3. By definition, if a polarization H is not (0, v1, x)—generic, then
there is effective curve C' on S such that [C] ¢ Q- vy, x - (C-H)/(v1-H) € Z
and h°(L(—C)) > 0, where L € Pic(S) is such that v; = ¢1(L): here C is the
support with multiplicity of a subsheaf .% of a sheaf & of Mukai vector v, and
the condition h°(L(—C)) > 0 comes from the fact that & /.7 is supported on
the zero-scheme of a section of L(—C'). Conversely, if such a curve exists, then
H is not v—generic.

We now prove that the (0,v1, x)—genericity is an open property. Namely,
we prove the following, which is an analogue (but stronger) version of Corollary
4.2, and which is a more general version of Lemma 2.11:

Lemma 4.4. Let B be a smooth, connected scheme, f : & — B a smooth,
projective family of surfaces and € a line bundle on Z . For every b € B
write 2y, := f~1(b) and 4 = I 2, and suppose that for every b € B the line
bundle 74, is ample. Let 0 € B, v1 = ¢1(L) for some effective L € Pic(Zy) and
X € Z\{0}. Let £ € Pic(Z") be such that £y = L. Then the set

B’ :={be B| 4 is not (0,c1(%%), x) — generic}
is a Zariski closed subset of B.

Proof. Let d be the degree of vy with respect to 7. For every d',p, € 7Z let
Hilbg p,(Z) —> B be the relative Hilbert scheme of curves of degree d’ and
arithmetic genus p,. Moreover, let €, be the set of the curves in the fibres of
f of degree at most d with respect to . We first show that the set A of the
arithmetic genera of the curves of €y is finite. As a consequence, the union

Hilby := U Hilbawp, (2)

0<d’'<d, po€A

has only a finite number of irreducible components. Moreover, it has a natural
morphism ¢ : #ilby — B, which is projective.

To show that A is finite, let p € N be such that ps#, is very ample for every
be B. If C € 6, is irreducible, then 0 < p,(C) < (pd—1)(pd—2)/2, so that the
set A’ of the arithmetic genera of the irreducible curves of € is finite. Therefore

F = U  Hilba,,(2)

0<d’'<d, pa€A’

has a finite number of irreducible components. Moreover, if C’,C" C %, are
two curves in %, then C’ - C” and C' - Kg, depend only on the connected
component of .% where C’ and C” lie, hence there are only a finite number of
possibilities for C’ - C” and C’ - K 9;,. Now, if C C 2}, is any curve in €, then
pa(C) =14 (C?*+ C - Kg,)/2: as the number of irreducible components of C
is at most d, then p,(C) takes a finite number of values, i. e. the set A is finite.

Let Y be the union of all the connected components of J#ilb,; parameterizing
curves C such that [C] ¢ Q-¢1(%,) and x-(C-74)/d € Z, for b € B such that C C
2. Let Z C Y be the locus parameterizing curves C such that h°(L'(—C)) > 0
for some L' € Pic(%y) with ¢i1(L) = ¢1(%): by upper semicontinuity Z is
closed in Y, and by Remark 4.3 we have B’ = ¢(Z). As ¢ is projective, we have
that B’ is a Zariski closed subset of B. |
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