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GJMS-TYPE OPERATORS ON A COMPACT RIEMANNIAN
MANIFOLD: BEST CONSTANTS AND CORON-TYPE
SOLUTIONS

SAIKAT MAZUMDAR

ABSTRACT. In this paper we investigate the existence of solutions to a non-
linear elliptic problem involving critical Sobolev exponent for a polyharmonic
operator on a Riemannian manifold M. We first show that the best constant
of the Sobolev embedding on a manifold can be chosen as close as one wants
to the Euclidean one, and as a consequence derive the existence of minimizers
when the energy functional goes below a quantified threshold. Next, higher en-
ergy solutions are obtained by Coron’s topological method, provided that the
minimizing solution does not exist. To perform this topological argument, we
overcome the difficulty of dealing with polyharmonic operators on a Riemann-
ian manifold and adapting Lions’s concentration-compactness lemma. Unlike
Coron’s original argument for a bounded domain in R™, we need to do more
than chopping out a small ball from the manifold M. Indeed, our topological
assumption that a small sphere on M centred at a point p € M does not re-
tract to a point in M\{p} is necessary, as shown for the case of the canonical
sphere where chopping out a small ball is not enough.

1. INTRODUCTION

Let M be a compact manifold of dimension n > 3 without boundary. Let k& be
a positive integer such that 2k < n. Taking inspiration from the construction of
the ambient metric of Fefferman-Graham [14] (see [15] for an extended analysis of
the ambient metric), Graham-Jenne-Mason-Sparling [18] have defined a family of
conformally invariant operators defined for any Riemannian metric. More precisely,
for any Riemannian metric g on M, there exists a local differential operator Py :
C>(M) — C°°(M) such that P, = A% + lot where A, := —divy(V), and, given
u € C°(M) and defining § = uﬁ% we have that

(1) Py(p) = uf%z‘]’ng (up) for all ¢ € C*°(M).

Moreover, P, is self-adjoint with respect to the L?—scalar product. A scalar in-
variant is associated to this operator, namely the QQ—curvature, denoted as @, €
C>*(M). When k =1, P, is the conformal Laplacian and the (Q—curvature is the
scalar curvature multiplied by a constant. When k = 2, P, is the Paneitz operator
introduced in [27]. The @Q—curvature was introduced by Branson and Qrsted [9].
The definition of @, was then generalized by Branson [7,8]. In the specific case
n > 2k, we have that Qg := —%2P,(1). Then, taking ¢ = 1 in (1), we get that
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Pyu= "_2% qu% on M. Therefore, prescribing the Q—curvature in a conformal
class amounts to solving a nonlinear elliptic partial differential equation(PDE )of
2k order. Results for the prescription of the Q—curvature problem for the Paneitz
operator (namely k = 2) are in Djadli-Hebey-Ledoux [12], Robert [29], Esposito-
Robert [13]. Recently, Gursky-Malchiodi [19] proved the existence of a metric with
constant @—curvature (still for & = 2) provided certain geometric hypotheses on
the manifold (M, g) holds. These hypotheses have been simplified by Hang-Yang

[20] (see the lecture notes [21])

In the present paper, we are interested in a generalization of the prescription of the
Q—curvature problem. Namely, given f € C°°(M), we investigate the existence of
u € C*(M), u > 0, such that

(2) Pu= f’uzi*1 in M,
where 231 = 2% and P : C*°(M) — C>(M) is a smooth self-adjoint 2k'" order
partial differential operator defined by
k—1
(3) Pu = ASU + Z(_l)lv]lmh (Al(g)ilmil,jl-ujl,v“m”u)
1=0
where the indices are raised via the musical isomorphism and for all { € {0,...,k—

1}, Ai(g) is a smooth symmetric Ty -tensor field on M (that is: A4;(g)(X,Y) =
Ai(9)(Y, X) for all Ti-tensors X,Y on M). When P := Py, then (2) is equivalent

to say that Qy = ﬁf with § = uﬁg.

The conformal invariance (1) of the geometric operator Py yields obstruction to the
existence of solutions to (2). The historical reference here is Kazdan-Warner [23];
for the general GJMS operators, we refer to Delanoé-Robert [11]. In particular,
it follows from [11] that on the canonical sphere (S™,can), there is no positive
solution u € C*°(S™) to Peanu = (1 + egp)uQi*l for all € # 0 and all first spherical
harmonic ¢. For the conformal Laplacian (that is ¥ = 1), Aubin [3] proved that the
existence of solutions is guaranteed if a functional goes below a specific threshold.
We generalize this result for any & > 1 in Theorem 3. In the case of a smooth
bounded domain, Coron [10] introduced a variational method based on topological
arguments, provided the minimizing solution does not exist. Our main theorem is
in this spirit:
Theorem 1. Let (M, g) be a smooth, compact Riemannian manifold of dimension
n and let k be a positive integer such that 2k < n. We let P be a coercive operator
as in (3). Let vy > 0 be the injectivity radius of the manifold M. Suppose that the
manifold M contains a point xg such that the embedded (n—1)— dimensional sphere
Sz (tg/2) :i={x € M/ dy(z,x0) = t4/2} is not contractible in M\{xo}. Then there
exists €9 € (0,%) such that the equation
(4) { Pu = |u|2£72u in Qur

D=0 on Oy for o <k-1

has a non-trivial C?(Qyr) solution for Qpr := M\ By, (eo). Moreover, if the Green’s
Kernel of P on Qy is positive, then we can choose u > 0.

In the original result of Coron [10] (see also Weth and al. [5] for the case k = 2),
the authors work with a smooth domain of R™ and assume that it has a small “hole”.
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In the context of a compact manifold, this assumption is not enough: indeed, the
entire compact manifold minus a small hole might retract on a point. We discuss
the example of the canonical sphere in Section 7, where the existence of a hole is
not sufficient to get solutions to (2).

Concerning higher-order problems, we refer to Bartsch-Weth-Willem [5], Pucci-
Serrin [28], Ge-Wei-Zhou [17], the general monograph Gazzola-Grunau-Sweers [16]
and the references therein.

Among other tools, the proof of Theorem 1 uses a Lions-type Concentration Com-
pactness Lemma adapted to the context of a Riemannian manifold: this will be the
object of Theorem 4.

Equation (2) has a variational structure. Since P is self-adjoint in L2, we have that
for all u,v € C>(M).

(5)

k—1
/uP(v) dvg = /vP(u) dvg = /AE/QUAE/QU dvg + Z/Al(g)(vlu,vlu) dvg
M M M 1=0 5y
where
A2y { Aru %fl =2m is even
g VATw ifl=2m+11is odd
and, when [ = 2m + 1 is odd, A’;/2u AZ/QU = (VA;”u,VAE”v)g. If P is coercive
and f > 0, then, up to multiplying by a constant, any solution u € C*(M) to (2)
is a critical point of the functional
J uP(u)dvg
(6) u Jp(u) = M

2/28 "
(et av,)
M

It follows from (5) that Jp makes sense in the Sobolev spaces H: (M), where for
1 <1 <k, H}(M) which is the completion of C*°(M) with respect to the u

Zla:o [Veul|2. Equivalently (see Robert [30]), HZ(M) is also the completion of the
space C°(M) with respect to the norm

l
g lulli =3 [ (a5 v,

a:OM

By the Sobolev embedding theorem we get a continuous but not compact embedding
of H(M) into L% (M). The continuity of the embedding HZ (M) < L% (M) yields
a pair of real numbers A, B such that for all u € HZ (M)

) full2g < 4 [(A8202 duy + Bl
M

See for example Aubin [4] or Hebey [22]. Following the terminology introduced by
Hebey, we then define

(9) A(M):=inf{A € R:3 B € R with the property that inequality (8) holds}.
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As for the classical case k = 1 (see Aubin [4]), the value of A(M) depends only
on k and the dimension n. More precisely, we let 2%2(R") be the completion of
C(R™) for the norm u — ||A*/2ul|5, and we define Ko(n, k) > 0

1 o fRn(Ak/Qu)2 dx

(10) — = in .
K k k.2 (Rn =
0(”7 ) u€Pk2(R™)\{0} (f]Rn |u‘2i d:l?) zi

as the best constant in the Sobolev’s continuous embedding Z%2(R") < L% (R™).
Our second result is the following:

Theorem 2. Let (M, g) be a smooth, compact Riemannian manifold of dimension
n and let k be a positive integer such that 2k < n. Then A(M) = Ko(n,k) > 0. In
particular, for any € > 0, there exists B, € R such that for all u € H,f(M) one has

2%
(11) (/ |u\Qi dvg> b < (Koln, k) +¢€) /(AS/QU)2 dvg + B. Hu”qu )
M -1
M

As a consequence of this result, we will be able to prove the existence of solutions
to (2) when the functional Jp goes below a quantified threshold, see Theorem 3.

This paper is organized as follows. In Section 2, we study the best-constant problem
and prove Theorem 2. In Section 3, we prove Theorem 3 by classical minimizing
method. In Section 4, we prove a Concentration-Compactness Lemma in the spirit
of Lions. Section 5 is devoted to test-functions estimates and the proof of the exis-
tence of solutions to (4) via a Coron-type topological method. Section 6 deals with
positive solutions, and Section 7 with the necessity of the topological assumption of
Theorem 1. The appendices concern regularity and a general comparison between
geometric norms.

Acknowledgements. I would like to express my deep gratitude to Professor Frédéric
Robert and Professor Dong Ye, my thesis supervisors, for their patient guidance,
enthusiastic encouragement and useful critiques of this work.

2. THE BEST CONSTANT

It follows from Lions [24] and Swanson [32] that the extremal functions for the
Sobolev inequality (10) exist and are exactly multiples of the functions

A

=
1+)\2|:c—|2> LS

(12) Uar = an <

where the choice of v, 1’s are such that for all A, |[Ugall,x = 1 and ||Ua7)\||2@,c,2 =
k

g_ .
m. They satisfies the equation Afu = 71 lul* " 4 in R™

Next we consider the case of a compact Riemmanian manifold. The first result we
have in this direction is the following.

Lemma 2.1. Let (M, g) be a smooth, compact Riemannian manifold of dimension
n and let k be a positve integer such that 2k < n. Any constant A in inequality (8)
has to be greater than or equal to Ko(n, k), whatever the constant B be.
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Proof of Lemma 2.1: We fix € > 0 small. It follows from Lemma 9.1 that there
exists, dp € (0,tq) depending only on (M, g), €, where ¢, is the injectivity radius of
M, such that for any point p € M, any 0 < § < &g, | < k and u € C*(By(9))

(13) /(A;/Q(uoea:pgl))g dv, < (1 +6)/(Al/2u)2 da
M Rn
and
2/2% 2/2%
(14) (1—¢) /|u|231 dx < /|u o ea;p;1|2§= dvg
Rn

Then plugging the above inequalities into (8) we obtain that any v € C2° (By(4))
satisfies

:
2/2¢

(15) /|u|251 da 1+€A/ AF2y)? dg + C, Z/ V|2 da.

n

Let v € C° (R™) with supp(v) C Bo(Ro). For A > 1 let vy = v(Az). Then for A
large, supp(vy) C Bo(d). Taking u = vy in (15), a change of variable yields

(16)
2/2%

" k—1
1 # 1+e€ A 1
\n—2k /|U|2k dx = 1 _ ¢ N\n—2k /(Ak/Qv)Q dz + Ce E W/R |V'v|? da.
R =0

R

Multiplying by A"~2¥ and letting A\ — 400, we get that for all v € Z52(R"), we
have

2/2%
1
(17) /|v|2i dx < 1—+6A/(Ak/2v)2 dz.
—€
R‘IL R‘n.
Therefore 1££A > Ko(n, k) for all € > 0, and letting e — 0 yields A > Ko(n, k).
This ends the proof of Lemma 2.1. O

We now prove (11) to get Theorem 2.

Step 1: A local inequality. From a result of Anderson (Main lemma 2.2 of [2]) it
follows that for any point p € M there exists a harmonic coordinate chart ¢ around
p. Then from Lemma 9.1, for any 0 < € < 1, there exists 7 > 0 small enough such
that for any point p € M and for any u € C2° (B, (7)), one has

(18) /(Ak/z(uo © )2 dx < (1 + W) /(A’;/Qu)2 dv,
M

Rn
and
2/2% 2/2%

M
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The expression for the Laplacian A, in the harmonic coordinates is Agu = —g;;0;;u.
Then (10) implies that for any u € Cg° (B,(1))

2/2%

(20) u|2k du, < (Ko(n, k) +€) [ (AF?0)? dv,.
/ /

M

Step 2: Finite covering and proof of the global inequality. Since M is
compact, it can be covered by a finite number of balls B, (7/2), i =1,...,N. Let
a; € C°(By, (1)) be such that 0 < «a; <1 and o; =1 in B, (7/2). We set

2

o
(1) hi = -
> aj
j=1
Then (n;),_ . is a partition of unity subordinate to the cover (B, (7)),_; n

such that \/E s are smooth and Z 7; = 1. In the sequel, C' denote any positive
i=
constant depending on k, n, the metrlc g on M and the functions (1;),_ 1N Now

for any u € C*° (M), we have

2,2 _
(22)  lullys = llw”lly o =

<Z||771 2”2“/2 Z” UzUHQn.

2872 =1

So for any u € C*°(M), using inequality (20) we obtain that
2/2%
@ | [l mwm+eZ/AW )y vy
M =1
Next we claim that there exists C' > 0 such that

(24) Z/ (AR2(y/u))? do, </(M/2 2 dvg +C llull%s

=14y M

Assuming that (24) holds we have from (23)
(25)
2/2%
4 2
/|U|2k dvg < (Ko(n, k) +¢) /(A’;/Qu)?] dvg + (Ko(n, k) +€)C HUHH,f,l
M
This proves (11), and therefore, with Lemma 2.1, this proves Theorem 8. We are

now left with proving (24).

Step 3: Proof of (24): For any positive integer m, one can write that

(26) A (Viggu) = Ay u+ PRI (u, /) + L2702 (w)
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where
(27)

2m—2
P (u, /i) = o (apdsy/m) V', and L2272 () = Y ai(y/i) V'u

ltI=2m—1,/8|=1 l11=0

the coefficients a; 5 and a;(,/7;) are smooth functions on M. The a;3’s depends
only on the metric g and on the manifold M and a;(,/7;)’s depends both on the
metric g, the function /7; and its derivatives upto order 2m. We shall use the same

notations P(zm b D(u7 Vi), ﬁ?}%ﬁ(u) for any expression of the above form.

Step 3.1: k is even. We then write k = 2m, m > 1, and then

Z/ mu dvgfz/mAu dvg

le le

+Z/M (i) a3 [ (i)

i=1
N

+22/ \/EA'rgnu P;Qm—l,l)( \/’]Z dvg+22/ \/’[ZAm ﬁ?m 2( )d’l}g
i=17M

N
(28) +22/M P (u, /) L2722 (u) dug
i=1

‘We note that

2
Z / e (i) dv, < Clluls, . and Z / £2m2w) dvy < Cluls

2m—2

On the other hand

N
> /M\/aAglqum*’l( NG dvg—Z > / (VIilg ) ((ar,505+/1i) V'u) dug

i=1 |l|=2m—1|8|=1

| N
D) Z Z Z /M(A;nu)((al,ﬁaﬁm)vlu) dv,

i=1 |i|=2m—1]|8|=1

1 N
3 XX [ @ 030w dy, —o

l1|=2m—18|=1
(30)

while using the integration by parts formula we obtain

2m—1

N
(31) S [ VAR £ doy < Cluly
=1
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and by Holder inequality

-1

N
(32) S [ PRI ) 252w dvy < C s,
=1

Hence if £ is even, then

N
(33) Z/ (AT (i) du, < / (A7) dvg+C luls .
=1y M
So we have the claim for k even.
Step 3.2: k is odd. We then write £k = 2m + 1 with m > 0. We have
(34)
V(A7 (Vi) = Vi Y (A7) + (A7) Vi + 9 (PR (i) ) + 9 (227 2()

and so

(35)
S [ 19 g P = 3 [nl¥ (A7 de, + 3 (@R 9yt
=1 =15 =13,
N ) N ,
*Z/’V (PE™ 10w, i) )| dvngZ/’V (£2m2()|” de,
Z_NM =lm N
+2_Z/(W V (Agu)  (ATu) Vi) dug +2Z/(\/ﬁ v (aru) 7 (PR w, ))) dvg
z; M Z_NM
+ QZ/(W V(AJu), v (%"%T_?M)) dvg + 22/((41,%) Vi, V (me_l’l)(u, m))) dvg
) N
N N
=1y =13

We have that

(37)
N N
Z/‘V (Pégmfl,n(u? m))r dvg < Cllul};  and Z/’V(ﬁ%ﬁ(m)’z dvg < Cllullys
=1, =1
while
N N
> / (Vi V (A7), (A7u) Vi) dug =Y / (V (A", (A7) (i Vi) dog
i=1M i:ljw
(38)
1 & 1 ol
=320 [ (V(Agu) (D) Vi) dvg = 5 [ (F (A7), (A7) V(Y m) dvg =0
2 2
i:lM M =1
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And we obtain

Z/ Vi V ( Am (’P(Qm L) (4 ﬁ))) dv,

1= 1M
- Z Z Z / ViV (A7u) YV ((a1,505/0:) Vi) dog
i=1 |l|=2m~—1|B|=1

IA

Z Z Z / \/EV A U) (al,gﬁﬁ\/m)vlu) dvg

i=1 |l|=2m|8|=1};

Z Z Z/ (Agu) , (Vi V(a,505y/mi)) Vi) do,

i=1 |l|=2m—1|8|=1};

Z > Z/\/EV A, (a1,508y/1) V') dog

=1 |l|=2m|B|=1,

N
B+ XY [ (VAT (Vi Viasdsyim) V') du,

=1 |l|=2m-118l=1p " ()

Then we apply the integration by parts formula on each of the domains ¢~ (B,, (1)) C
R™ to obtain

N
> Z Z/WV A, (a1,503y/1) V') dog
=1 [l|=2m |B|=1

N
+§; §|: /(v(A;;u),(mvml,ﬁaﬁm))vlu) dv,
i= B 1B

l|=2m—1|B|= ()

S W V(@5 ) 005 T ) dog| +C ul

i=1 [l|=2m |B|=1},

;Z > Z/ V (A7) , (a1,505m:)V'u) dug

i=1 [l|=2m |8|=1}

e

+Cllullfz

IN
DN =

> Z/ V (Agu) , (a1,595 Zm )V dug

ltl=2m |B|=1 3

+C lullfs,

(40)  <Clluls, ~ since Zmzl
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Similarly after integration by parts one obtains

(41) Z/ Vi V (AT'u) v (E%j( )))dvg < Clul.

le

N
@ / u) Vi, ¥ (P10 (/i) dvg| < C lullfy

N
Z:/ (M) Vi, V (£2272(w) )) dv,
B
w3 / P, ) )V (L2 2(w)) dy < C .

Hence for k odd, we also obtain that

(44) Z/ m( i)’ do, g/(V (A7) dvy +C [l -
i= 1M M

Hence we have the claim and this completes the proof.

3. BEST CONSTANT AND DIRECT MINIMIZATON

Let Q23 C M be any smooth n—dimensional submanifold of M, possibly with
boundary. In the sequel, we will either take Q5 = M, or M \ B,,(eo) for some
€0 > 0 small enough. We define HE ;(Qr) C H (M) as the completion of C° ()
for the norm || - [|f2. In this section, we prove the following result in the spirit of
Aubin [3]:

Theorem 3. Let (M,g) be a compact Riemannian manifold of dimension n >
2k, with k > 1. Qp C M be any smooth n—dimensional submanifold of M as
above. Let P be a differential operator as in (3) and let f € C%%(Qas) be a Holder
continuous positive function. Assume that P is coercive on H;io(QM)- Suppose
that

(45) 1r}\f[/ uP(u) dvgy < ll ,
ueNy Qs (SUPQM f) 2?6 Ko(n,k)
where
:
(46) Ny = {u€ H{ ;(Q1) : / [ lul® dv, = 1}.

Then there exists a minimizer u € Ny. Moreover, up to multiplication by a constant,
u € C*(Qyy) is a solution to

Pu = |u|2 2y in Qg
D"“u—O on 00y for |of <k-1.
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In addition, if the Green’s function of P on Qy; with Dirichlet boundary condition
is positive, then any minimizer is either positive or negative. When Qpy = M, and
the Green’s function of P on M is positive, then up to changing sign, u > 0 is a
solution to

Pu= fu?u’f1 i M.

Proof of Theorem 3: This type of result is classical. We only sketch the proof. For
simplicity, we take Q3 = M. The proof of the general case is similar. Here and in
the sequel, we define (see (5))

Ip(u) := / uP(u) dv, for all w € HZ(M).
M

We start with the following lemma:

Lemma 3.1. Let (u;) € Ny be a minimizing sequence for Ip on Ny. Then
(i) Either there exists ug € Ny such that u; — ug strongly in H,f (M), and ug
is a minimizer of Ip on ./\/f

(i) Or there exists xo € Qpr such that f(xo) = maxg—f and |u1|2uk dvg — 0z,
1

as i — 400 in the sense of measures. Moreover, inf Ip(u)= -
ueNs Ko(n,k) (maxar f)

Proof of Lemma 3.1: We define « := inf{Ip(u)/u € Ny}. As the functional I, is

coercive so the sequence (u;) is bounded in H7 (M). We let ug € H (M) such that,

up to a subsequence, u; — ug weakly in H?(M) as i — +oo, and u;(z) — ug(z) as

i — 4oo for a.e. x € M. Therefore,

2! . 2!
(47) ||Uo||L';9€ < lz,lglinguz‘HL';% =1L

We define v; := u; — up. Up to extracting a subsequence, we have that (v;); — 0 in
H2_(M). We define p; := (AF/?u;)? dv, and 7; = | 2 dvy and v; = Flug| % dvg
for all <. Up to a subsequence, we denote respectively by u, 7 and v their limits in
the sense of measures. It follows from the concentration-compactness Theorem 4

that,
- :
(48) U = |ug|®* dvy + Z a;jby; and p > (A§/2U0)2 dvg + Zﬁ]ﬁxi
JjeJ JET
where J C N is at most countable, (z;);es € M is a family of points, and (o) e €
R0, (8;)jes € R>o are such that

#
(49) a3/*k < Ko(n, k) B; for all j € J.
As a consequence, we get that
#
(50) v = fluo|? dv, + Z J(w5)o6,,
JjeT

Since (u;) € Ny, and M is compact, we have that [,, dv =1 and then

(51) 1= /M f|u0|2nk dvg + Z f(l'j)O[j.

JjET
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Since (u;); — ug strongly in H? (M), integrating (48) yields

#
(52) a>1Ip(ug)+ Y B> 04Hu0||3i + Ko(n, k)Y o2/,
JjeET jET

Since o < Ko(n, k)~ (maxyy f)~2/%%, we then get that

(i) either ||u0|\2nk =land o;=0forall jeJ,

(i) or up =0, f(xj,)e, = 1 for some jo € J, f(xj,) = maxy f and o;j =0
for all j # jo.

In case (i), we get from the strong convergence to 0 of (v;); in H?_ (M) that

Ip(u;) = f(A’;ﬂvi)? dvg + Ip(ug) + o(1) as i — +oo. Since ug € Ny and (u;) is

M
a minimizing sequence, we then get that (v;)o goes to 0 strongly in HZ(M), and

therefore u; — ug strongly in H,? (M).

In case (ii), (52) yields o = Ko(n, k) ™! (maxy, f)_2/21uc and Ip(up) = 0, which yields
ug = 0 since the operator is coercive.

This completes the proof of Lemma 3.1. O

We go back to the proof of Theorem 3. Let (u;); be a minimizing sequence for

Ip on Ny. It follows from the assumption (45) that case (i) of Lemma 3.1 holds,

and then, there exists a minimizer ug € Ny that is a minimizer. Therefore, it is a
#

weak solution to PFug = a f lug|** "2 ug in M (see (145) for the definition). It then

follows from the regularity Theorem 8.3 that u € C2%¢(M).

We let G : M x M\{(z,z)/x € M} be the Green’s function of P on M. We assume
that G(z,y) > 0 for all x # y € M. Green’s representation formula yields

(53)  o(z) = /M G(z,y)(Pp)(y) dv, for all z € M and all ¢ € C?*(M).

It follows from Proposition 8.2 that there exists v € HZ(M) such that
281 .
(54) Pv = af |lup|™* in M.

Standard regularity (taking inspiration from Vand der Vorst [33]) yields v € C?*(M).
We have that P (v+up) > 0. Since G > 0, it follows from Green’s formula (53)
that v = ug > 0. So v > |ug| and therefore v # 0. Independently, since Pv > 0 and
v Z 0, Green’s formula (53) yields v > 0. Using Hoélder’s inequality and v > |ug,
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we get that
AivP(v) dvg 041\5 1)f|uo|2m’“71 dvg
(55) JP(U) = u 2/2% = n 2/2%
(ff|v2k dvg> (ff|v|2k dvg>
M M
1 2%—1
o 7
o (10t a0y ) (J fluol aw,)
(56) < ) Y
(J\”/f[ﬂz)' k dvg)
o oo
. _
o (1\£ f|uo|2i dvg> F Zi
(57) <

2”
A

(Augﬂuowc d“g)

¢

since [ f |u0\2’c dvy, = 1. Since « is the infimum of the functional, we get that
M

Jp(u) = a. Hence v attains the infimum and therefore it also solves the equation

Py = uva?c_l weakly in M, and v € HE,O(M). Moreover, one has equality in all

the inequalities above, and then |ug| = v > 0, and therefore either ug > 0 or ug < 0

in M. This ends the proof of Theorem 3. O

4. CONCENTRATION COMPACTNESS LEMMA

We now state and prove the concentration compactness lemma in the spirit of
P.-L.Lions for the case of a closed manifold:

Theorem 4 (Concentration-compactness). Let (M, g) be a smooth, compact Rie-
mannian manifold of dimension n and let k be a positive integer such that 2k < n.
Suppose (u,) be a bounded sequence in HE(M). Up to extracting a subsequence,
there exist two nonnegative Borel-regular measure yu,v on M and u € HE(M) such
that

(a) Uy — u  weakly in HE (M)
(b) = (A’;/2um)2 dvg — 1 weakly in the sense of measures
(€) Vm = |um|2£ dvy — v weakly in the sense of measures
Then there exists an at most countable index set T, a family of distinct points

{z; € M :i €T}, families of nonnegative weights {c; : i € T} and {B; : i € I} such
that
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(i)

(58) v =|u|2§v dvg + Z ;0y,
i€l
(59) > (ANPu)? dvg + ) Bide,
i€T

where 0, denotes the Dirac mass at x € M with mass equal to 1.

; ¥
(i) for alli€ T, 0‘1‘2/% < Ko(n, k) B;. In particular > a?/Qk < 0.
i€T

Proof of Theorem 4: By the Riesz representation theorem (p.,), and (vy,) are
sequences of Radon measures on M.
Step 1: First we assume that u = 0. Let ¢ € C*°(M), then from (2) we have that,

given any € > 0 there exists B, € R such that

(60)
2/2}

#
Jlowndu, | < otk +) [@Q52oun)? dog + Bollpunl i
M

Since u,, — 0 in HZ(M), letting m — +oo and then taking the limit e — 0, it
follows that

2/2%
(61) (M/Itplzi dv < Ko(n,k)/sa2 dp.
M

By regularity of the Borel measure v, (61) holds for any Borel measurable function
¢ and in particular for any Borel set £ C M we have

(62) V(E)?/% < Ko(n, k) p(E).

Therefore the measure v is absolutely continuous with respect to the measure p
and hence by the Radon-Nikodyn theorem, we get

(63) dv = fdp and du = gdv + do

where f € L'(M,u) and g € L'(M,v) are nonnegative functions, o is a positive
Borel measure on M and dv_ldo.

Let S = M\ (supp o). Then for any ¢ € C(M) with support supp(¢) C S one has

(64) [edv=[erdu=[os9a

M M M

By regularity of the Borel measures p and v (64) holds for any Borel measurable
function ¢. This implies that fg = 1 a.e with respect to v. So, in particular g > 0
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vaein S. Let v € C(M), taking ¢ = 9xs in (61) we have

2/2%
/|¢|2§1XS dv < Ko(mk)/w?;cs dys
M
(65) = Ko(n, k) / V2 Xs [gdv + do] = Ko(n, k) / P2 gXs dv
M M
Since dvldo and supp v C S, we get that
2/2}
(66) Judtar) < won) [ugan
M

By regularity of the Borel measure v the above relation holds for any Borel mea-
surable function .

#
1 2

Let ¢ € C(M) and let ¢ = ¢g% > Xy<ny » dvy = g%+ * X(y<nydv. Then we have

2/2%
(67) (M 6% duy < Koln, k) | ¢* dvy.
/ /

By regularity of the Borel measure v the above relation holds for any Borel mea-
surable function ¢.

It follows from Proposition 4.1 below that for each N there exist a finite set Zy, a
finite set of distinct points {x; : ¢ € Iy }and a finite set of weights {&; : i € Iy}
such that

(65) dvy = 3 G 6,

€N

(oo}
Let Z = |J Zn. Then 7 is a countable set. For a Borel set E, then one has by
N=1
monotone convergence theorem

off

k
(69) /XE g% 2dy = lim /XE dvy.
N—o0
M M

24

So 92952 dv = Y &;0,,. Since g > 0 v a.e , there exists «; > 0 such that we have
i€T
dv =3 a;0,,. Since p = gdv + do > gdv, we get that
i€eT

(70) n>) Bids,  where §; = g(ai)o

s
Taking ¢ = Xy, in (66) we have for all i € T

#
(71) ol < Ko(n, k) ga; = Ko(n, k) B;
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and

1

mza?mi < Zﬁi < (M) < +oo.

i€l i€L

(72)

This proves the theorem for v = 0. This ends Step 1.

Step 2: Assume u # 0 and let vy, := u,, — u. Then v,, — 0 weakly in H7(M).
Therefore, as one checks, fi,, = (Algﬁ/va)2 dvg = p — (A]gc/Qu)2 dvg and 7y, :=
\vm|2§< dvg = v— |u|2§v dv, weakly in the sense of measures. Applying Step 1 to the
measures fi,, and U, yields Theorem 4. O

We now prove the reversed Holder inequality that was used in the proof.

Proposition 4.1. Let i be a finite Borel measure on M and suppose that for any
Borel measurable function ¢ one has

1/q 1/p

(73) Jreran| <c [lor

for some C >0 and 1 < p < g < +00. Then there exists j points x1,...,x; € M,
and j positive real numbers cy,...,c; such that

J
i=1

where §, denotes the Dirac measure concentrated at x € M with mass equal to 1.
Moreover ¢; > (%)%

Proof. Let E be a Borel set in M. Taking ¢ = xg we obtain that, either u(E) =0
or p(E) > ()77

We define O := {z € M : for some r >0 pu(B;(r)) = 0}. Then O is open. Now
if K C O is compact, then K can be covered by a finite number of balls each of
which has measure 0, therefore u(K) = 0. By the regularity of the measure hence it
follows that u(O) = 0. If x € M\O, then for all r > 0 one has u(By(r)) > (%)%
Then

ra

(75) p({a}) = T p(Bo(1/m)) > (é) "

m——+0o0

Since the measure p is finite, this implies that that the set M\O is finite. So let
M\O = {xz1,--- ,z;}, therefore for any borel set E in M

(76)  w(B) = w(En{zy,- 2} = > ul{wi}) =D p({2:})6s, (B).

z,€E i=1

Hence the lemma follows with ¢; = p({z;}). O
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5. TOPOLOGICAL METHOD OF CORON

In this section we obtain higher energy solutions by Coron’s topological method
if the functional Jp does not have a minimizer, for the case f = 1. This will
complete the proof of the first part of Theorem 1, that is the existence of solutions
to (4) with no sign-restriction. For g > 0 and yo € R™, we define

n—2k

(77) Byou(y) = (“)

2
12 =+ y — yol

. , 2
where the choice of v, 1’s are such that for all y, ”By(”“HLzﬁ = land ||By, ullgr. =

m. These functions are the extremal functions of the Euclidean Sobolev In-

equality (10) and they satisfy the equation
1 281

(78) A*B, = ——-B

in R™.
K()(n,k’) Yo, m

Let 77, € C*(R™), 0 < 7, < 1 be a smooth cut-off function, such that 7, = 1 for
x € By(r) and 7, = 1 for € R™\By(2r). Let ¢4z > 0 be the injectivity radius of
(M, g). For any p € M, we let 0, be a smooth cut-off function on M such that

(expy'(z)) for x € By(y) C M
0 for o € M\Bp(tg).

c‘la

ﬁL
(79) wio)={
For any x € M, we define

(80) By (x) = np(w) Bou(eap, ().

B;J\f[u is the standard bubble centered at the point p € M and with radius p

n—2k
2

B (2) = anmp(x %
(81) o () &Ny ( )<M2+dg(p7x) )

‘We have

Proposition 5.1. Let (M,g) be a smooth, compact Riemannian manifold of di-
mension n and let k be a positve integer such that 2k < n. Consider the functional
Jp on the space HZ(M)\{0}. Then the sequence of functions (B}.,) € C°°(M)
defined above is such that:

(a) hi% Jp(BM,) = m uniformly forp e M

I
SR

() By, —0 weakly in HZ (M), as pn— 0

=1 uniformly forp e M
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Proof of Proposition 5.1: We claim that (c) holds. We first prove that B%i is
uniformly bounded in HZ(M). Indeed,

2
Z/ Aa/z BM dvg < Y / (Agm Bﬁfu) dv,
o=k =K, (i /5)
< CZ ’VZ Byﬂoexpplz dzx
ISP By (1g/5)
n—22k2
< L d
<y ‘V () ’
1<K By (1q/5)
,L%2
< > / 2 EDIVE (L +(2?) 2| da
1<K By (1g/(51))

As one checks, the right-hand-side is uniformly bounded wrt 4 — 0, so (BZJXIM) is
uniformly bounded wrt p and u — 0. Moreover, the above computations yield
Ju(BY)? dvg — 0 as p — 0. Therefore, B), — 0 as yu — 0 uniformly wrt p € M.
ThlS proves the claim.

The space HZ(M) is compactly embedded in H?_;(M). Therefore B}, — 0 in
H? (M) as p— 0. Hence

n—0

(82) lim Z/Al NV'BYL,.V'B),) dvy | =0.

Now we estimate the term | | B%Mzi dvgy. We claim that
M

R—+o00 p—0
M\B,(uR)

(83) lim lim / | BM % dv, = 0.

We fix R. Now for p sufficiently small

|B “|2k dvy = / |B u|2 dvg
M\BP(HR) BP(LQ)\BP(HR)
I
- / | BM (expp ()P +/lg(expy())] dy
BO(LQ)\BO(HR)

(84) < / 1Box ()12 \/g(expp(uy))] dy.

Bo(“£)\Bo(R)

Since By 1 € L% (R™), this yields the claim.



POLYHARMONIC OPERATORS ON A COMPACT RIEMANNIAN MANIFOLD 19

Similarly, for p sufficiently small

# tt
(85) / | BM 2 du, = / | B (capy(y)I%E /lg(capp())] dy
Bp(nR) Bo(pR)
tt
(86) - / | Boa Pt \/Jg(eapy )] dy
By (R)
tt
(87) = / | Boal dy+o(IBoall i) asp—0
Bo(R)
Therefore
. #t #
(38) timy 1B o, = [ Boalt d,
M R™

So we have (b).
Finally we estimate the term f(A§/2 B)!,)? dvy. We fix R > 0. By calculating in
M

terms of the local coordinates given by exp,, we get for ;1 sufficiently small

(89) / (AF2 BM )2 dy, = / (A*2By1)? dy + 0 (1) as ju — 0.
By (uR) Bo(R)
We claim that
. . k/2 1M \2 _
(90) RLHEOO }LIE% / (Ay" B,,,)" dvg = 0.
M\ B, (nR)

We prove the claim. Indeed, via the exponential map at p, we have that

(91) / (AF2 BM)? dvg = / (AF2 B) )2 dv,
M\By,(uR) Bp(1g)\Bp(1R)
k/2
(92) =@ B o
BO(LQ)\BO(/LR)
k
(93) <Ccy |D* (7 Bo )| dae

121=0 B (14)\Bo (uR)

Since By,, — 0 strongly in H,f_lvloc(R"), then, as u — 0, we have that

(94) / (AF2 BM Y dv, < C / ni D*By .| dz + o(1)
M\ By, (1R) Bo(1g)\Bo(nR)
95 <cC / \DFBo|? dz+ o(1) < C / D Bot[? dz + of1).
Bo(vg/#)\Bo(R) R\ Bo(R)

Since D*By 1 € L%(R™), this yields (90). This proves the claim.

Equations (89) and (90) yield (a) and (b) of Proposition 5.1 for any fixed p € M.
Since the manifold M is compact, we note that in the above calculations there is no
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dependence on the point p of the closed manifold M. So the convergence is uniform
for all points p € M. This ends the proof of Proposition 5.1. O

Fix some ¢ such that z- (n w40 < 22k/n e (n 77~ Then from (5.1) it follows that,
there exists po small, such that for all p € (0, ¢4p0) and for all p € M we have

1
(96) Jp(B),) < o F) + 0.

We fix zop € M, and we assimilate isometrically T, M to R", and we define the
sphere S"! = {x € R"/|jz|| = 1}. For (o,t) € S" x [0,14/2), we define
oM .= exp,,(to) and

n—2k

/’LO(I’Q/2_t) _ B]\{u
(0(tg/2 — 1))* + dy(o, z)° 7itolta/220

It then follows from our previous step and the choice of g in (96)

97)  u(x) = anpipp (2)

o 1 n—1
(98) JP(Ut) < m +6 V(O’,t) €S X [0, Lg/2).

Let n € C2°(R™) be a smooth, nonnegative, cut-off function such that n(z) =1 for
|z| > 1/2 and n(z) = 0 for |z| < 1/4. For R > 1, let nr be a smooth, nonnegative,
cut-off function, such that

1 if dg(zo,z) > 1SR

(99) nr(z) = { n (1OR “l(x )) if dg(20,7) < 155

Then the functions nr are such that ngr(z) = 1if dy(zo,z) > 5 and ng(z) = 0 if
dg(wo, ) < 1i5- We define

(100) vy g(z) == nr(w) uf (x) for all x € M.

Then we have

Proposition 5.2.
(101) RiiIJIrl vl p =uf in HE(M) uniformly V(o,t) € S"1 x [0,14/2).
—+o0 7

Proof of Proposition 5.2: We first note that for all (o,t) € S"™! x [0,:,/2) the
functions uf are uniformly bounded in C**-norm in the ball By, (55) C M. And
for any nonnegative integer a, one has |[Vinr|, < CR®. Therefore

(102) HUtR utiin Z/Aa/Q UtR_ut)) dug

(J/OM

(103) Z / (AY2 (0] —uf))? dug

mO(QOR)

(104) Z / (AY2((ng — 1)uf))? dvg = O (11%) (asn>2k+1)
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The above convergence is uniform w.r.t (o,t) € S"~! x [0,:,/2). This proves
Proposition 5.2. O
So it follows that, there exists Ry > 0, large, such that for all R > Ry one has

1
Ko (’I’L, k)
As one checks for any (o,t) € S"7! x[0,1,/2), the functions v{ g, # 0, and has sup-

port in M\ B, (t4/40Ry). Let €9 > 0 be such that M\ By, (tq/40Ry) C M\ By, (o)
and we define

(105)  Jp(vf z) < Jp(uf) +20 < 2%/n V (0,t) € "7 x [0,44/2).

(106) Qe, := M\ By, (e0).
Then for any (o,t) € S™~! x [0,14/2) the functions v{ € H}, ((Q,)\{0}. Propo-
sitions 5.1 and 5.2 yield
1
(107) tligl/z Jp(v r,) = Kot ) uniformly for all o € S™71.

Also vf g, is a fixed function independent of o and

(108) VY Ry — 0 weakly in the sense of measures as t — ¢4/2.

ewxpay (40)

We define Sy := Ko(n,k)~!. For any ¢ € R, we define the sublevel sets of the
functional Ip on N,

(109) Io:={u e N : Ip(u) < c}.

where NV, :={u € ng,o(Qso)/ HUHQi =1}

Proposition 5.3. Suppose Ip(u) > m for all w € N, then there exists
oo > 0 for which there exists a continuous map

(110) T:Zs 100 — Qe

such that if (u;) € Ls, 4o, S a Sequence such that |u1|2§« dvg — 0p, weakly in the
sense of measures, for some point py € ., , then

(111) lim T'(u;) = po.

i——+00

Proof of Proposition 5.3: By the Whitney embedding theorem, the manifold M
admits a smooth embedding into R?"*+!. If we denote this embedding by F : M —
R?"*1 then M is diffeomorphic to F(M) where F (M) is an embedded submanifold
of R?"*1. For u € N,, we define

(112) T(u) = /F(x) u(z) 2% dvg(z).
Qum

Then T : NV, — R***1 is continuous. Next we claim that for every ¢ > 0 there
exists a ¢ > 0 such that

(113) u€ZLs, 4o = dist (f‘(u),]:(ﬁeo)) <e.
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Suppose that the claim is not true, then there exists an ¢’ > 0 and a sequence (u;) €
N,, such that Z._l)i_~_1rnoo Ip(u;) = Sk and dist (f(u),}'(ﬁeo)) > €. Since there is no
minimizer for Ip on N, it follows from Lemma 3.1 that for such a sequence (u;)
there exists a point pg € ), such that |ui|2§cdvg — §p, weakly in the sense of measures.
So I'(u;) — F(po), a contradiction since dist (f(u), }'(ﬁeo)> > ¢/. This proves our
claim.

By the Tubular Neighbourhood Theorem, the embedded submanifold (M) has a
tubular neighbourhood ¢/ in R?"*! and there exists a smooth retraction

(114) U — F(M).

Choose an €y > 0 small so that {y € R*"*! : dist (y, F(M)) < €o} CU . Then from
our previous claim it follows that, there exists og > 0 such that

(115) u€Ts, 10y = I(u)€U.

We define

(116) Ta(u)=F lon / F(@) [u(@)|? dvy()
M

Then the map 'y : Zs, 40, — M is continuous. Similarly as in our previous claim
we have: for every e > 0 small there exists § > 0 such that

(117) u € ISkJr& = dg (FM(u)aﬁéo) <e

Let %0 : M\ By, (e0/2) — Q,be a retraction. Choose an ¢ > 0 small so that
{peM:dy(p.Q,) <€} C M\By,(€/2) . Then from our claim it follows that
there exists a dp > 0 such that I'ps(u) € M\By,(€/2) for all u € Zg, +5,. So for
u € Zs, +s, we define I'(u) := w0 o' 37 (u). Then the map I satisfies the hypothesis
of the proposition. This proves Proposition 5.3. This proposition is in the spirit of
Proposition 4.4 of [25] o

Now we proceed to prove the first part of Theorem 1. By the regularity result
obtained in Theorem 8.3, it is sufficient to show the existence of a non-trivial
H;, ((Q,) weak solution to the equation (see (145) for the definition)

#_
(118) Pu=u*"%u  inQy
D*y =0 on 0Qpy for |a|<k-1
Suppose on the contrary the above equation only admits trivial solutions, we will
show that this leads to a contradiction.

Now suppose that the functional Ip has no critical point in N, that is there is not
weak solution to (118). This is equivalent to the assertion that the functional

1 1
(119) Fp(u)zi/up(u) vy — o /|u|2i dv,.
k
Qe

Qo

does not admit a nontrivial critical point in HZ ;(£2, ).

Proposition 5.4. If equation (118) admits only the trivial solution uw = 0, then
the functional Ip satisfies the (P.S). condition for ¢ € (Sg,2% Sk).
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Proof of Proposition 5.4: Let (v;) € N, be a Palais-Smale sequence for the
functional Ip such that .lig_n Ip(v;)) = ¢ € (Sk,Z%Sk), if this exists. Define
11— 100
1

u; = (Ip(vi))%vi. Then (u;) is a Palais-Smale sequence for the functional Fp
on the space HZ ;(f2¢,) such that ligl Fp(u;) € (ESZ/%, %SZ/%). Since there is
’ 1——+00

n
no nontrivial solution to (118), it follows from the Struwe-decomposition for poly-
harmonic operators by the author [26] that there exists d € N non-trivial functions
u? € PF2(R™), j =1,...,d, such that upto a subsequence the following holds

(120) Fp(ui) =Y E@)+o(1) as i — +0oo
j=1
where E(u) := 3 [ (A" ?u)?dx — 2% i lu|?kdz. The w/’s are nontrivial solutions
R‘IL k RTL

in 782(R") to Afu = [u|?i=2u on R™ or on {z € R"/z; < 0} with Dirichlet
boundary condition (we refer to [26] for details). It then follows from Lemma 3
and 5 of Ge-Wei-Zhou [17] that for any j, either u/ has fixed sign and E(u) =
%SZ/%, or u’ changes sign and E(u) > %Slz/%, contradicting iler Fp(u;) €
(%52/%, %Sg/%). Therefore the Palais-Smale condition holds at level ¢ € (Sy, 2% Sy).
More precisely, there is even no Palais-Smale sequence at this level. This ends the
proof of Proposition 5.4. O

Proof of Theorem 1: By the Deformation Lemma (see Theorem I1.3.11 and Remark
I1.3.12 in the monograph by Struwe [31]), there exists an retraction § : Zg, 140 —
I§, .., where oy is as given in Proposition 5.3. Let AL, Hip o(Qe)\{0} = N, be

the projection given by u = rt—. Consider the map h : S [0,04/2] = Qe
2k
given by -
Lo B(ra, (v g,)) for t<tg4/2
(2) k)= i A
where oM = exp,, (to). This map is well defined and continuous by Proposition
5.3 and there exists py € €2, such that
| po for t=20
(122) h(o,t) = { expy,(tgo)  for t=14/2

So we obtain a homotopy of the embedded (n—1)— dimensional sphere {exp,, (40) :
o € S""1}to a point in €, which is a contradiction to our topological assumption.
This proves Theorem 1 for potentially sign-changing solutions.

6. POSITIVE SOLUTIONS

This section is devoted to the second part of Theorem 1, that is the existence
of positive solutions. The proof is very similar to the proof of Theorem 1 with
no restriction on the sign. We just stress on the specificities and refer to the
proof of Theorem 1 everytime it is possible. We let Q) C M be any smooth

n—dimensional submanifold of M, possibly with boundary. In the sequel, we will
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cither take Qpr = M, or M\ By, (eo). Foru € HE o(Qr), we define u™ := max{u, 0},
u” = max{—u,0} and

(123) Ny = {u € H} o(Qu) : /(u+)2uk dvg =1}
Qup

which is a codimension 1 submanifold of Hg’O(QM). Any critical point u € HE,O(QM)
of I, on N is a weak solution to

#_
(124) Pu:ui’“ "in Qa3 D =0 on 99 for la] < k-—1.

Consider the Green’s function Gp associated to the operator P with Dirichlet
boundary condition on the smooth domain Q); C M, which is a function Gp :
Qp X QU \{(z,2) : € Qp} — R such that

(i) For any z € Q) the function Gp(z,-) € L*(Qy)

(ii) For any ¢ € C*°(Qys) such that D% = 0 on 9y for all |a| < k — 1, we
have that

(125) o(z) = / G (2, ) Poly) dvg(y).

Qnm

Lemma 6.1. Let (u;) € Ny be a minimizing sequence for I¥ on N.. Then

(i) Either there ewists uo € Ny such that u; — ug strongly in H{ (Qur), and
ug is a minimizer of Ip on Ny
(ii) Or there exists o € Qpr such that \ui|2i dvg — 0z, as i — +00 in the sense
- _ 1
of measures. Moreover, uler}\f/‘+ Ip(u) = o)

Proof of Lemma 6.1: As the functional I is coercive so the sequence (u;) is bounded
in H,io(QM). We let ug € Hf () such that, up to a subsequence, u; — ug
weakly in H,io(QM) as § — +oo, and u;(x) — up(x) as i — +oo for a.e. z € Q.

As the sequences (u;"), (u; ) is bounded in L% (Qar) and v (z) — ud

%

uq (x) for a.e. x € Qyy, integration theory yields

(), u (z) =

(126) uf —ud and uj — ug weakly in in(QM) as i — +o0.
Therefore,

] ] ! )
(127) [fug |5, <timinf fuf (% =1 and fug |, < tminf [lu ],

We claim that

(128) u; — ug strongly in L% ().
We prove the claim. We define v; := u; — ug. Up to extracting a subsequence, we

have that (v;); — 0 in H?_,(M). Therefore, as i — 400,

(129) Ip(u;) = /(Ag/%iﬁ dvy + Ip(ug) + o(1).
Qm
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And then, letting « := ir}\ff Ip(u), we have that
ueEN

2
0 = In(u) +o(1) = [ (42002 duy + alluf [ + o)
Qum
and then

(130) e (1 - ||u3'||2LQ§C> > /(A’;/ZW)Q dvg + o(1)

Qnr
as i — +o0o. We fix € > 0. It then follows from (11) and (v;); — 0 in HZ_,(M)
that

2
(131) o (Ko(n, k) +€) (1= et |22 ) = il + ().
Since 1 — a2k/2 >(1- a2)2i/2 for 1 > a > 0, we get that
" : ¢
132 (ot b+ ) (1= I, ) > ol + ot
L7k Lk

¢ ¢ :
Integration theory yields ||uz-||2’“m = Hvi||2’“n 4—Huo\|2"u +o0(1) as i — +o00. Therefore

L%k L%k L%

of /9 2! 2f 2f
(o (Ko(n, k) + )% (1= [lug I, ) +0(1) > flus ™, — lluol ™,
L%k L%k Lk

= s 128 — i 126+ o 12— o 2 = 1= 2+ 28 — o 2
Then ||u;||f;g = |luy - ug||z9;,; + ||u5||i?"2i +o(1) as i — +oo yields
(133)
(vett 4 % = 2) (1= R ) o) > o I =
) = |Ju; —uauiéi +o(1).

Since aKp(n,k) < 1 and € > 0 is arbitrary small, we get (128). This proves the
claim.

We define p; = (Ag/zui)Q dvy and v; = |u2|2uk dv, for all 5. Up to a subsequence,

we denote respectively by p and v their limits in the sense of measures. It follows
from the concentration-compactness Theorem 4 that,

(135) v= |u0|2uk dvg + Z a0, and p > (A’;/zuo)2 dvg + Zﬁj‘sxi
jeJ jET

where J C Nis at most countable, (z,),es € M is a family of points, and (a;) ey €

:
?/2k < Koy(n,k) B forall j € J. Since u; — ug
strongly in L2k (M), we then get that
(136) it P dvg — Jug % dvg + 3 oy,

JjET

R>0, (B5)jes € R>( are such that «

as i — +oo in the sense of measures. The sequel is similar to the proof of Lemma
3.1. We omit the details. This completes the proof of Lemma 6.1. O
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Lemma 6.2. We assume that there is no nontrivial solution to (124). Then the
functional Ip satisfies the (P.S). condition on Ny for c € (Sk, 2% Si) if the equa-
tion.

Proof of Lemma 6.2: This is equivalent to prove that the functional

1 1
(137) Fi(u) = 3 / uP(u) dvg — vy /(u"’)231 dvy.
O, ka.,

satisfies the (P.S). condition on Hf (€,) for ¢ € (%S’Z/Zk7 QH—’“SZ/%). Let (u;) be
a Palais-Smale sequence for the functional F on the space H,io(ﬂéo). Then, as
v e HE 4(Qe,) goes to 0,

(138) / uiP;(v) dvg — /(uzr)%_lv dvg =0 (HUHH]%) .

Qo Qe
Without loss of generality we can assume that u; € C°(Q,,) for all i. Let ¢; €

C*(9¢,) be the unique solution of the equation

i .
(139) Pyoi = (uf)%~! in O
D%, =0 on 09, for |of<k-—1.
The existence of such ¢; is guaranteed by Theorem 8.2. It then follows from Green’s
representation formula that

(140) pilo) = [ Goloay)(uf )P duy(y) 20,
Qs

for all z € Q. Note that the sequence (;) is bounded in Hy ((Q,). Tt follows
from (138) that ¢; = u; + o(1), where o(1) — 0 in Hf ((Q,) as i — +00. And
so (;) is Palais-Smale sequences for the functional Fi on the space H 7 0(Qe)-
Therefore, since ¢; > 0, it is also a Palais-Smale sequence for Fip defined in (119).
Since there is no nontrivial critical point for F' 1;" , using the Struwe decomposition
[26] as in the proof of Proposition 5.4, we then get that (p); is relatively compact
in H,aO(QEO), and so is (u;). This ends the proof of Lemma 6.1. O

Proof of Theorem 1, positive solutions: this goes essentially as in the proof of Theo-
rem 1, the key remark being that the functions v{ p defined in (100) are nonnegative.
We define N3° = {u € Hf 4(,) : ”qu“L?ﬁ- = 1}, where Q. = M \ B, (7) and
€0 > 0 was defined in (106). For ¢ € R we define the sublevel sets of the functional
Ip on N§° as T} := {u € N : I’ (u) < c}. Arguing as in the proof of Proposition
5.3, it follows from Lemma 6.1 that there exists a dy > 0 such that there exists
Ir: I§k+50 — €, a continous map such that: If (u;) € I;H_JO is a sequence such

that |u}|% dv, — 6,, weakly in the sense of measures, for some point py €
then lim T'(u;) = po.

1—+00

€0

Let 70 :Hio(QEO)\{HuJ“Hin =0} = NP be the map given by u — qrit—.

[
— L7k
Consider the map h: S~ x [0,:,/2] = Q, given by

h(o,t) = { FﬂjB(rNio (V7 R,))  for t<ig/2

(141) O, for t=14/2
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where 3 : I$ 0 — T4 .5 is a retract (we have used Lemma 6.2) and o =
expy, (to). Note here that we use that v 5 > 0. As in the proof of Theorem 1, h is
an homotopy of the embedded (n—1)—dimensional sphere {exp,,(*$0) : 0 € S"~ '}
to a point in €).,, which is a contradiction to our topological assumption. So there
exists a nontrivial critical point u for the functional Ip on N5°, which yields a weak

solution to (124). It then follows from the regularity theorem 8.3 that u € C*°(Q,,),
u > 0, is a solution to (2). This ends the proof of Theorem 1 for positive solutions.
O

7. AN IMPORTANT REMARK

We remark that the topological condition of Theorem 1 is in general a necessary
condition. Consider the n-dimensional unit sphere S™ endowed with its standard
round metric h, and let P, be the conformally invariant GJMS operator on S™.
By the stereographic projection it follows that S™\{zo} is conformal to R™. Also
one has that S™\{xo} is contractible to a point. Let €2, be the domain in S™"\{z¢}
constructed as earlier in (1), and let u € HiO(QCO), u # 0 solve the equation

(142) Phu=(uH)it inQ
D =10 on 00, for |ao|<k-—1.

Then by the stereographic projection it follows that there exists a ball of radius R,
By(R) such that there is a nontrivial solution v € H,f,o(Bo(R)) to the equation

i .
wy { Av=0tE wa®
DY =0 on 9By(R) for |a] <k-—1.

By a result of Boggio[6], the Green’s function for the Dirichlet problem above is
positive. Therefore, we get that v > 0 is a smooth classical solution to

(144) Aky=v%=1in By(R)
D% =0 on 0By(R) for |a] <k-—1.

This is impossible by Pohozaev identity, see Lemma 3 of Ge-Wei-Zhou [17].

8. APPENDIX: REGULARITY

Let f € L'(Qu). We say that u € Hf ((Qar) is a weak solution of the equation
Py = fin Qy and D% = 0 on 00y for |af <k — 1, if for all p € C°(Qpr)

k—1
(145) / A§/2u AZ/QQD dvg + Z / Ai(9)(V'u, Vi) dvy = | fo du,.
a=0 gy, Q

Qs M

Now let the operator P be coercive on the space H,f’O(QM), i.e there exists a
constant C' > 0 such that for all u € HI%,O(QM)

(146) /uP(U) dvg > OH“”?{E‘D(QM)'
Qnr
We then have
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Proposition 8.1 ((HE-coercivity).

Pu
[ Pull, =0

(147) o
ueH (2an)\{0} [l g

Proof of Proposition 8.1: We proceed by contradiction. If not, then there exists a
sequence (u;) € C°(2yr) such that ||ul||H£ =1 and _lir+n [Pug|[, = 0. It follows
11— 100

from classical estimates (see Agmon-Douglis-Nirenberg [1]) that

(148) tll i, @y < Co (I1Pall s + il g ) = OC1).

So there exists ug € Hgk,o(QM) such that upto a subsequence u; — ug weakly in
H3 o(Qnr). Then w; — ug strongly in Hy ;(Qar) and so luollr = 1. Also ug
weakly solves the equation Pug = 0 in Qp; and D%uy = 0 on 98y, for la] < k-—1.
It follows from standard elliptic estimates (see Agmon-Douglis-Nirenberg [1]) that
up € C(Qxr). Then, multiplying the equation by ug and integrating over M,
coercivity yields

(149) C lluollr2ayy) < /uoPuo dvg = 0.
M

and hence ug = 0, a contradiction since we have also obtained that ||uo]| =1
This proves Proposition 8.1. O

Proposition 8.2 (Existence and Uniqueness). Let the operator P be coercive. Then
given any f € LP(Qy), 1 < p < +o0, there exists a unique weak solution u €
H,f’O(QM) N HY, (Qar) to

Pu=f mn Qpr
(150) { Doy =0 on Oy for |o| <k-—1.

The proof is classical and we only sketch it here. For p = 2, existence and
uniqueness follows from the Riesz representation theorem in Hilbert spaces. For
arbitrary p > 1, we approximate f in LP by smooth compactly supported function
on Q). For each of these smooth functions, there exists a solution to the pde with
the approximation as a right-hand-side. The coercivity and the Agmon-Douglis-
Nirenberg estimates yield convergence of these solutions to a solution of the original
equation. Coercivity yields uniqueness.

We now proceed to prove our regularity results. The proof is based on ideas de-
veloped by Van der Vorst [33], and also employed by Djadli-Hebey-Ledoux [12] for
the case k = 2.

Theorem 5. Let (M, g) be a smooth, compact Riemannian manifold of dimension
n and let k be a positve integer such that 2k < n. Let Qp; be a smooth domain in
M and suppose u € HI?,O(QM> be a weak solution of the equation

{ Pu= f(z,u) in Qpr

(151) D% =0 on aQM fOT |a| S k=1

f
where |f(z,u)] < Clu|(1 4 |[u**~2) for some positive constant C, then

(152) u € LP(Qur) forall 1 <p < 4o0.
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Proof of 5: We write f(z,u) = bu where |b] < C(1+ |u|2i72). Then b € L™/?F(Qy)
and u solves weakly the equation
{ Pu = bu in Qpr

(153) D*u=0  on 9y for |a| <k—1.

Step 1: We claim that for any € > 0 there exists ¢, € L"/Qk(QM) and f. € L (Qy)
such that

(154) bU:q€U+fE, Hq€||L"/2k(QM) <€

i——+4o00

{lufzd}

Now lim / 6]/ dv, = 0, so given any ¢ > 0 we can choose ig such that

|b|n/2k dUg < 6n/2k.
{lulzio}
We deﬁnenq€ = X{uzio}b and fe := (b — gc)u = X{ju|<io}b- Then, since |b] <
C(1 + |[u**7?), we have that |q|
claim and ends Step 1.
We rewrite (153) as

Ln/2k(ay) < € and fe € L°°(M). This proves our

(155) PUZQEU—FfG in Qar

D% =0 on 00y for |of <Ek-1.
Let J7 be the operator defined formally as
(156) Hew = (Py) ™ (gew).

Then Pu = g.u + f. becomes u — Jiu = (Pslf)_l(fe).
Step 2: we claim that for any s > 1, 72 maps L°(Qs) to L°(Qpr).

We prove the claim. Let v € L*(Qy), s > Qﬁk, then qov € L*(s) where
ns

§= T oks and we have by Holder inequality

(157) llgev| LE Q) = ||‘1eHLn/2k(QM) [[v] L3 (Qr)
Since HQEHLn/zk(QM) < €, so we have

(158) lgevll sy < €0l Lo

From (8.2) it follows that there exists a unique ve € Hj, (257) such that

{ Pv. = qev in Qu

(159) D%, =0 on 0Qy for |af <k-—1

weakly. Further we have for a positive constant C(s)

(160) leell s ) < C5) llgev]
So we obtained that

L&(Qar)

(161) [0ell 15, () < C(8)e 0l Loy -
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By Sobolev embedding theorem Hs, (€25/) is continuously imbedded in L*(Q2/) so
ve € L*(Q) and we have

(162) [Vell e 20y < C8)e V]l sy -

In other words, for any s > 2&1 the operator J# acts from L*(Qy) into L*(Qpr),
and its norm ||| ., ;. < C(s)e. This proves the claim and ends Step 2.

Step 3: Now let s > 251 be given, then for € > 0 sufficiently small one has

1
(163 o < 5
and so the operator I — 7 : L*(pr) — L*(Qy) is invertible. We have
(164) u— A= (PY)7(f)

Since u € L2§=((2M) and f. € L (Qp), so u € LP(Qyy) for all 1 < p < 4o0.

This ends the proof of Theorem 5. O
Proposition 8.3. Let (M,g) be a smooth, compact Riemannian manifold of di-
mension n and let k be a positive integer such that 2k < n. Let f € C%%(Qyy)
a Holder continuous function. Let Qp; be a smooth domain in M and suppose
u € HI%,O(QM> be a weak solution of the equation

#_ .
(165) Pu= [ [uf*"*uwor )71 in Qy
Dy =0 on 00y for |of <Ek-1.

Then u € C?*(Qyy), and is a classical solution of the above equation. Further if
u>0 and f € C®(Qur), then u € C=(Qpy).

Proof of Proposition 8.3: It follows from (5) that u € HE, (Qyy) for all 1 < p < +o0.
By Sobolev imbedding theorem this implies u € C2¥=17(Q,) for all 0 < v < 1.

of _o t_ = . .
Ju|"* "% u, (ut)% 1 € CY(Qar). The Schauder estimates (here again, we refer to
Agmon-Douglis-Nirenberg [1]) then yield u € C?%7(Qyy) for all v € (0,1), and u is
a classical solution.
If w > 0, then the right-hand-side is w21 and has the same regularity as w.
Therefore, iterating the Schauder estimates yields u € C® (). This ends the
proof of Proposition 8.3. O

9. APPENDIX: LOCAL COMPARISON OF THE RIEMANNIAN NORM WITH THE
EUCLIDEAN NORM

Let (M, g) be a smooth, compact Riemannian manifold of dimension n > 1. For
any point p € M there exists a local coordinate around p, go;l :QCR* - M,
©(p) = 0, such that in these local coordinates one has for all indices i, 5,k = 1,...,n

(1—€)d;; < gij(x) < (1+€)d;; as bilinear forms.
{ |gij(x) - 5ij| <e

Here we have identified T, M = R™ for any point p € M. For example, one can

take the exponetial map at p : exp,, which is normal at p. We will let ¢4, be the

injectivity radius of M. Using the above local comparison of the Riemannian metric
with the Euclidean metric one obtains
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Lemma 9.1. Let (M, g) be a smooth, compact Riemannian manifold of dimension
n and let k be positive integer such that 2k < n. We fit s > 1. Let cp;l QCR” —
M, ¢(p) = 0 be a local coordinate around p with the above mentioned properties.
Then given any €o > 0 there exists T € (0,1q), such that for any point p € M, and
u € C° (By(T)) one has

(166) (1 —eo) [ (AF/2u)? da < (A’;/Q(uogpp))2 dvg < (1+€o) [ (A*?u)? dz
Jemres] /

and

(167) (1—60)/\u|s dr < /|uo¢p|s dv, < (1—|—eg)/|u|5 di
R» M R™

Proof of Lemma 9.1: In terms of the coordinate map ¢, 1 Q cR" - M, for any
f € C?*(M) we have

ij P(fop ) k Ifop™)
(08 87 @) = —"(0) (L ) - e D).
Since the manifold M is compact, then given any ¢ > 0 there exists a 7 € (0, ¢4)
depending only on (M, g), such that for any point p € M and for any x € By(1) C
R™ one has for all indices 7,5,k =1,...,n

{ (1 —€)di; < gij(x) < (14+€)d;; as bilinear forms.
9ij(x) — b5 <€

Without loss of generality we can assume that 7 < 1. We let u € C°(R™) be
such that supp(u) C Bo(7). In the sequel, the constant C' will denote any positive
constant depending only on (M,g) and 7: the same notation C' may apply to
different constants from line to line, and even in the same line. All integrals below

are taken over By(7), and we will therefore omit to write the domain for the sake
of clearness.

Case 1: k is even. We then write k = 2m, m > 1. Then calculating in terms of
local coordinates we obtain
2m—1

(169) |AT (wo @)y (2) — A™u(x)| < €|V?™u(a)| +C 3 (v@m*ﬁ)u(x)
B=1
where C is a constant depending only on the metric g on M. Then we have

]/ (o)l (@))” do— [ (A o
170

2m1 2m—1

C Z /‘V(Qm A ’ dm+26/|v2mu‘ |A™ | dx + C Z /|Amu|‘V(2m A ‘dx.

(171)

§2262/’V2mu|2dx+

Now for any 3 such that 8 < 2m — 1 we have V?™=y e 272(R") and by
Sobolev embedding theorem this implies that |V(2m7ﬁ)u|2 € L2/ (R™). Applying
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the Holder inequality we obtain

2m—1 2m—1

2/2%
(172) Z /‘V(Qm*ﬁ)u‘ de < C Z 28 (/‘V@mﬁ)u‘ de>
B=1 p=1

And then the Sobolev inequality gives us

o 2/2
(173) (/‘V(Qm_mu) ﬁdw) < C/ ’V2mu|2dx.

Applying the integration by parts formula, we obtain

(174) /}v2mu|2dx:/(Amu)2dx.

So we have, since 7 < 1

2m—1

(175) > /|v2m—5u\2dx < CT/(Amu)Qdaj.

18l=1
Therefore, we get that

(176) /(A;”(uogap)(¢;1(x)))2 dx—/(Amu)de

< C(6+T)/(Amu)2 dzx.

Now in these local coordinates one has

(1o / (A (w0 @) (05 (2)))? da < / (AP (o p))® dv,
M

(178) < (1402 / (AP (o o) (o5 () de.

So given an €y > 0 small, we first choose € small and then choose a sufficiently small
T, so that for any u € C2° (By(7)) we have

(179) ‘ /(A;ﬂ(uo%)f d,g —/(Amu)de

So we have the lemma for k even.

< 60/(Amu)2 dx.

Case 2: k is odd. We then write k = 2m + 1 with m > 0. Calculating in terms
of local coordinates, like in the even case, we obtain

(180) | [V(AF (o @)l (" (2)) = [V(A™u)[*(2)] < €] V(A™u)[*(2)

2m
(181) +Ce |V uf* () +CY ‘v@m“—ﬂ)uf (z)
p=1

2m
(182) +Ce| V> () [V(A™u)|(z) +C }v@mﬂ—ﬂ)u‘ (z) |[V(A™u)|(x)
B=1
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< 6/|V(Amu)|2 dx

for all € By(7). Therefore

’/'V g (wo )P (v, (@) dx—/|V(Amu

2m 2
+Ce/‘V2m+1u’2 dac—l—CZ/‘V@m'H_B)u‘ dx
=1
(183)

2m
ce/|v2m+1uy V(A™)| dx+cz/‘v<2m+1fﬁ>u] V(A do
f=1

And then by calculations similar to the even case, along with the integration by
parts formula, we obtain

(184)
] [ 9@y we e @) de = [19™0P) de| <€, (c+v7) [ 1m0 d

Now given an ¢y > 0 small, we first choose € small and then choose a sufficiently
small 7, so that for any u € CS° (By(7)) we have

(185) /\v "(wo pp))|? dug — /|v (A™u)|? da <60/\V A™)|? d.

Then one has the lemma for k odd. This ends the proof of Lemma 9.1. O
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