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Upper functions for L,-norms of gaussian random fields
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Abstract: In this paper we are interested in finding upper functions for a collection of random
variables {Hf,;||p7h € H}7 1 < p < 0. Here &5 (), x € (=), b)4,d > 1 is a kernel-type gaussian

random field and || - ||, stands for L,-norm on (—b,b)%. The set H consists of d-variate vector-
functions defined on (—b,b)% and taking values in some countable net in R%L. We seek a

non-random family {\Ifg (H)7 he H} such that E{ SUDj e [HE,;HP -0, (ﬁ)}+}q <e? g>1,
where € > 0 is prescribed level.
AMS 2000 subject classifications: Primary 60E15; secondary 62G07, 62G08.

Keywords and phrases: upper function, gaussian random field, metric entropy, Dudley’s
integral.

1. Introduction

Let R%, d > 1, be equipped with Borel o-algebra B(R%) and Lebesgue measure v4. Put %(Rd) =
{BeBRY): vy(B)<oo} and let (Wg, B € %(Rd)) be the white noise with intensity vy .
Throughout of the paper we will use the following notations. For any u,v € R? the operations
and relations u/v, uv, uVv,uAv, u < v, au,a € R, are understood in coordinate-wise sense and |u|
stands for euclidian norm of u. All integrals are taken over R% unless the domain of integration is
specified explicitly. For any real a its positive part is denoted by (a)4+ and |a] is used for its integer
part. For any n = (ny,...,nq) € N%, d > 1, |n| stands for Z;l:l ng.

1.1. Collection of random wvariables.

Let 0 < h < e2 be fixed number and put $ = {hs, s € N}, where hs = e~*h. Denote by &(h) the
set of all measurable functions defined on (—b, b)d, b € (0,00), and taking values in $ and introduce

Sa(h) = {E: (=b,b) = 9% h(z) = (h(2),..., ha(x)), = € (=b,b)%, h; € &(8), i :W}.

Let K : R? — R be fixed. With any h € G4(h) we associate the function

d
K;(t,z) = Vﬁl(:zz)K<t_,_x>, Vi(x) = [[ hi(z), teR?: z e (=bb)"
h h(zx) Pty
Following the terminology used in the mathematical statistics we call the function K kernel and
the vector-function /& multi-bandwidth. Moreover, if all coordinates of h are the same we will say
that corresponding collection is isotropic. Otherwise it is called anisotropic.
Let H be a given subset of &,4(h) and consider the family

{fﬁ(l’) = /Kﬁ(t, 2)W(dt), heH, x e (—b, b)d} '
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We note that &5 is centered gaussian random field on (—b, b)? with the covariance function

Vo @)V (y) / K(%z; )K(%(‘yi’)ud(dt), z,y € (=b,b)".

Throughout the paper (¢;;, he H) is supposed to be defined on the probability space (X,2,P) and
furthermore E denotes the expectation with respect to P. Moreover, without further mentioning we
will assume that b > 1.

1.2. Objectives.

Our goal is to find an upper function for the collection of random variables

Ay (1) = {ligl,» Fen}, 1<p<o,
where || - ||, stands for Ly-norm on (—b,b)?, that is
1
p
o= ([ laPatan)”s 1<p<on = s ol
(=b,b)d z€(—b,b)d

More precisely we seek for a non-random collection {\IJE (i_i), he H} such that

. q
E{éup [HﬁaHp—c@s(h)L} <&l gz, (1.1)
heH

where € > 0 is a prescribed level and ¢ > 0 is a numerical constant independent of €.

Some remarks are in order.

1) Although the upper function as well as the inequality (1.1) can be looked for any level € > 0
we will be obviously interested in small values of €. In this context (1.1) can be replaced by

q
limsupa_qE{ sup {H&LH — Vv, (ﬁ)} } <oo, gq>1. (1.2)
e—0 BEH p +

2) We will see that the upper function {\If8 (ﬁ), he H} does not necessarily depend on ¢, see, in
particular Theorems 2 and 3 below. Typically, in such cases the set H depends on ¢ or reciprocally
the level & depends on assumptions imposed on the set H. In particular, since H C &4(h) we relate
later on the level € with the extra-parameter . We will show that in some important cases ¢ = £(h)
and €(h) — 0 quite rapidly when h — 0. This issue is discussed more in detail in the paragraph
preceding Corollary 2.

We will say that the upper function W.(-) is sharp in order if (1.2) holds and for some ¢y > 0
. q
im inf £~ Al — = > 1. .
hgl_%lfs E{ ;S;lelg [Hﬁth co\Ifg(h)Lr} oo, gq>1 (1.3)

It is worth mentioning that uniform probability and moment bounds for [supgecg T(Xg)] in the
case where Yy is empirical or gaussian process and T is a positive functional are a subject of vast
literature, see, e.g., Alexander (1984), Talagrand (1994, 2005), Lifshits (1995), van der Vaart and
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Wellner (1996), van de Geer (2000), Massart (2000), Bousquet (2002), Giné and Koltchinskii (2006)
among many others. Such bounds play an important role in establishing the laws of iterative loga-
rithm and central limit theorems [see, e.g., Alexander (1984) and Giné and Zinn (1984)]. However
much less attention was paid to the finding of upper functions. Some asymptotical results can be
found in Kalinauskaite (1966), Qualls and Watanabe (1972), Bobkov (1988), Shiryaev et al. (2002)
and references therein. The inequalities similar to (1.1) was obtained by Egishyants and Ostrovskii
(1996), Goldenshluger and Lepski (2011a) and Lepski (2013a,b,c).

The upper functions for IL,-norm of "kernel-type” empirical and gaussian processes was studied in
recent papers Goldenshluger and Lepski (2011a) and Lepski (2013a). However the results obtained
there allow to study only a bandwidth’s collection consisting of constant functions, see discussions
after Theorems 1-3 below. To the best of our knowledge the problem of constructing upper functions
for the collection parameterized by bandwidths being multivariate (univariate) functions was not
studied in the literature.

1.3. Relation to the adaptive estimation.

The evaluation of upper functions has become an important technical tool in different areas of
mathematical statistics in particular in the minimax and adaptive minimax estimation. Indeed, all
known to the author constructions of adaptive estimators e.g. Lepskii (1991), Barron et al. (1999),
Cavalier and Golubev (2006), Goldenshluger and Lepski (2009, 2011b) involve the computation of
upper functions for stochastic objects of different kinds. We provide below an explicit expression
of the functional W, that allows, in particular, to use our results for constructing data-driven
procedures in multivariate function estimation. It is important to emphasize that the the collection
{\IJE (l_i), he H} satisfying (1.1) is not unique and obviously we seek for at least sharp in order
upper functions. The latter means that some lower bound results (1.3) should be added to the
inequality (1.1), see next paragraph and the discussion after Theorem 1. Note however that the
theory of adaptive estimation is equipped with very developed criteria of optimality Lepskii (1991),
Tsybakov (1998), Kluchnikoff (2005). Hence, we might expect that the corresponding upper function
is sharp in order if its use leads to the construction of optimally adaptive estimators.

1.4. Preliminary observations.

This paragraph is devoted to the discussion about what kind of results we expect to obtain. We
provide with upper functions and the inequality (1.1) in some simple cases. We present also a
universal lower bound for an upper function and discuss its attainability. Although the proofs of all
presented results are straightforward and relatively simple for an interested reader we put them in
Section 4.4 of Appendix. Moreover, without further mentioning we will consider here only p < oo
and later on 7, denotes p-th absolute moment of standard gaussian distribution.

Introductive example. Denote by G©Ost(fh) = {l_i © h(z) = h € 9, Vo e (=b, b)}. Thus,
Gt (h) consists of bandwidths which are constants. Put also G2 (h) = {H € GwOnst(h) : I =
(h,...,h), h € H} (isotropic case).

For any p > 2, using the results obtained in Lepski (2013a), Theorem 1, we can assert that (1.1)
is satisfied with H = G218t (h) and

isotr

qd(2—p)

Uo(B) = W(h) = AR e =e(h) = As(gh” @ exp {27k (1)
3




Here A; et As(q) are constants completely determined by K, d, b and p. Note also that Theorem 1
in Lepski (2013a) is proved under condition imposed on the kernel K which is similar to Assumption
3 below.

Remark that h=%/2 = HV~ H for any h € &onst(f) and p € [1, 00]. The following question
naturally arises in this context

1
How is the upper function on an arbitrary subset of G4(h) related to the functional HVE 2 Hp 7

Universal lower bound. Our first goal is to show that an upper function on H can not be ”better”

1
in order than HVE 2 Hp whenever H C &4(bh) is considered.

. 1
Denote & ,(h) = {h e &4(h): HVE 2 Hp < 00}. The following assertion is true: for any p > 1

E{[llggll, — 27 () P11 |V 2 dl o). V> Bib > B, vhes;, ), (1)

where By depends only on K, d, b,q and p and its explicit expression can be found in Section 4.4.

Combining (1.4) and (1.5) we can assert that \I/(H) = h~%2 is sharp in order on &L1St(h) if

isotr

h — 0 and p > 2. More generally, we will show that H =1 h] 3 is a sharp in order upper function

on &1t(p), see discussion after Corollary 1.

” Pointwise” upper bound and its trivial consequence. Let H = {H}, where € 624)([]) is a given
multi-bandwidth. Introduce

o2 () = s /R d ( /(_Wﬁ(x)Kﬁ(t,a;)ud(d:p)>2ud(dt),

where, By g = {0 : (=b,0)¢ = R: ||J|s <1} and 1/s=1-1/p.
The following is true: for any h € &;,(h) and any p > 1

1
VA
h p’

B [leall, ~ (1501 +v2) Vi 2], ]} < Baog(iye™ () 0>1 (16)

where By depends only on K, d, b,q and p and its explicit expression can be found in Section 4.4.
Let now p € [1,2]. Using the computations similar to whose led to the bound (3.53) in Section
3.3.4 one can assert that there exists B3 completely determined by K, d, b and p such that

op(h) < By, Vh € &4(h).

It yields together with (1.6)

e{ [, - (1K + VIV )] }' s B, g2,

Let H be a finite set and suppose that £4(h) := (:au"d(H)B46*B5h_d/2 — 0, h — 0. Then, in view of
_1
(1.5) we assert that HVE 2 Hp is the sharp in order upper function with level e(h) if p € [1,2].

Concluding remarks. Putting together (1.5) and the statement of Theorem 1 below we can assert
that any sharp in order upper function must satisfy

‘ <\I’ <H\/ In EV* ‘Vﬂ

Vﬁ

heH, (1.7)



whenever H € G,4(h) is considered.

1
We present sufficient conditions imposed on H under which HV:§ Hp is the sharp in order upper
function, see Remarks 2 and 3 after Corollary 1 and Theorem 3 respectively. We will see that the
latter condition can be checked on rather huge subsets of G,4(h), Section 2.4. However the finding of
the necessary condition remains an open problem. The interesting question arising in this context is
the right side of the inequality (1.7) tight? The following assertion answers partially on this question.
One can construct H C S4(h) such that

_1
i i<~ { s [,y T (VI

We have no place here in order to prove this result since it takes tens pages. We only mention that
the proof of (1.8) is "statistical”, cf. Section 1.3. In particular, the description of the set H can
be found in the recent paper Lepski (2014), Proposition 2, where it is used in order to prove the
optimality of the proposed adaptive procedure. It is important to emphasize that its construction is
similar to one of Section 2.4 below. The proof of (1.8) is also based on the lower bound for minimax
risks over anisotropic Nikolskii classes established in Kerkyacharian et al. (2008).

q
} =00, q>1. (1.8)
p

1.5. Organization of the paper.

In Section 2 we present three constructions of upper functions and prove for them an inequality of
type (1.1), Theorems 1-3. Moreover, in Subsection 2.4 we discuss the example of the bandwidth
collection satisfying the assumptions of Theorem 2. Section 3 contains proofs of Theorems 1-3;
proofs of auxiliary results are relegated to the Appendix.

2. Main results.

Throughout the paper we will consider the collections A(H) with K satisfying one of Assumptions
1- 3 indicated below. The parameters a > 1 and L > 0 used there are supposed to be fixed.

2.1. Anisotropic case. First construction.

d

Assumption 1. supp(K) C [—a,a|” and

|K(s) — K(t)| < L|s —t|, Vs,teR%

Introduce Sq,(h) = {FL € Ga(h) : H\/mvﬁ_%

0 < e < e 2 define
B _1
ve(B) = iy | m (V) vy 2

where Cy = 2(q V [p1{p < oo} + 1{p = o0}]) + 2m[ﬁ+ HKHQ(\/\ In (4bL|| K}y)| + 1)}

Theorem 1. Let ¢ > 1, p € [1,00], be fized and let H be an arbitrary countable subset of Sqp(h).
Suppose also that Assumption 1 is fulfilled. Then

< oo} For any h € Sap(h) and any
p

)
p

. q
B sup g5, - o]} < [Gae)”, e € (0.0,
heH .



where C3 = C3(q,p)1{p < oo} + C3(q,1)1{p = 0}, ¢ = (¢/p) V1 and

Cs(a,b) (4b)% [2@ /00 2% Lexp ( “ )dz} - a,b>1
3\, = T on N2 y U L.
0 8] K113

Remark 1. We consider only countable subsets of S4,(h) in order not to discuss the measurability
1ssue. Actually the statement of the theorem remains valid for any subset providing the measurability
of the corresponding supremum. It explains why the upper function . as well as the constants Cq
and C5 are independent of the choice of H.

The advantage of the result presented in Theorem 1 is that it is proved without any condition
imposed on the set of bandwidths. Moreover, as it follows from (1.8) this bound can not be improved
in order than an arbitrary H is considered. On the other hand for a particular choice of H the
obtained result can be essentially improved.

Indeed, let p > 2 and consider H = &1t (p). In this case, the found upper function is given by

isotr

V(@) + d[In(h) k2 > /[In(e)] h™%.

Choose for instance b = (4q| ln(5)|)72% we deduce from (1.4) and (1.5) that h=% is the sharp in
order upper function. Thus, the upper function given in Theorem 1 is not optimal.

The problem we address now consists in finding subsets of S4(h) for which upper functions, more
precise than one presented in Theorem 1, can be found.

2.2. Anisotropic case. Functional classes of bandwidths.
Put for any h € S4(h) and any multi-index s = (s1,.. ., 54) € N
As[h] =9 1Ag, [hy],  Ag[hy] = {z € (=b,b): hj(z) =bs,}.
Let 7 € (0,1) and £ > 0 be given constants. Define
Ho(r, £) = {E € Ga(h): Y vi(Asf]) < z}.
seNd

A simple example of the subset of Hy(7, £) is &°"st(h.), since obviously G®t(h.) C Hy(r, £) for
any 7 € (0,1) and £ > (2b)%". A quite sophisticated construction is postponed to Section 2.4.

Put N;; = {[p] +1,[p|+2,... } and introduce for any A > h—%

B(A) = | Br(4), B.(A)= {EeGd(h); HVE—%

reNy

D S A}

Note that introduced in the previous section &4 ,(h) C B(A) for any A. The following notations
related to the functional class B(A) will be exploited in the sequel. For any i € B(A) define

Ni(h, A) = NiO [ra(h),00),  ra(h)=inf{re N;: heB.(A)}. (2.1)

Obviously T’_A(E) < oo for any h € B(A).
In this section we will be interested in finding an upper function when H is an arbitrary subset
of Hy(r, L, A) :=Hy(r, L) NB(A).
6



The following relation between the parameters b, A and 7 is supposed to be held throughout of

this section.
dlnln(A) <2v/2(1 — 7)|In(h)| — d1In(4). (2.2)
For any h € B(A) define

Y(h) = inf_ Cy(rm, E)‘ Vo3
reNz(h) h

rp ’
r—p

where, N;(f_i) is defined in (2.1) and the quantity Ca(r,7,L£),7 € (0,1), £ > 0, is given in Section
3.2.2. Its expression is rather cumbersome and it is why we do not present it right now. Here we
only mentioned that Co(r, 7, L) is finite for any given r but lim, ., Co(r, 7, L) = 0o.

Note also that the condition h € B(A) guarantees the w(ﬁ) < oo for any h.

Assumption 2. There exists K : R — R such that supp(K) C [—a,a] and

(i) [K(s) = K(t)] < L|s —t|, Vs,t €R;
d
(ii) K(z) = [[K(2:), Vo= (z1,...,2q) € R
=1

Theorem 2. Let g > 1,1 <p < oo, 7€ (0,1), L >0 and A > h_% be fized and let H be an
arbitrary countable subset of Hy (T, L, .A).
Then for any A, b and T satisfying (2.2) and K satisfying Assumption 2,

2 2d|1n(h):| e
b

. q
IE{ sup [H{HHP - v,Z)(h)Lr} < [04.,46_6 vh € (0,6_2),

heH
where Cy depends on IC,p,q,b and d only and its explicit expression can be found in Section 3.2.2.

The statement of the theorem remains valid for any subset providing the measurability of the
corresponding supremum. It explains, in particular, why the upper function 1/)(5) is independent
of the choice of H and completely determined by the parameters 7, £ and A. It is worth noting
that unlike Theorem 1 whose proof is relatively standard the proof of Theorem 2 is rather long and
tricky.

Considering classes Hy (T, L, A) we are obviously interested in large values of A since the larger
A is the weaker restriction on the class is imposed. In this context the parameters h and A should
be somehow related. Let us discuss one of possible choices of these parameters.

Choose h = b, 1= e~ VIO A= A_:= "’ This yields

_e2V/2d[In(be

lim e *A.e " 0, Va >0,

e—0

and moreover, for any 7 € (0,1) there exist €o(7) such that for all ¢ < gg(7) the relation (2.2) is
fulfilled. In view of these remarks we come to the following corollary of Theorem 2.

Corollary 1. Let the assumptions of Theorem 2 hold and let h = b, and A = A, Then for any
7 €(0,1) and any g > 1 one can find £(7,q) such that for any € < e(7,q)

{ s [leil, — o]} < fca+-coy

he
7



The assertion of the corollary can be of course obtained for another choice of the parameters A
and h. Our choice is dictated by the following reason: h. tends to zero rather slowly (slower than
polynomial decay) while A, increases to infinity faster than polynomially in €. The both restrictions
are heavily exploited for the construction of adaptive statistical procedures.

Remark 2. Let H C Hy (T,L’,Ag) be such that there exists a constant T > 0 independent on € for
which

TR
sup ()| v:: 2
heH p

-1
<T. (2.3)

_1
Taking together the statement of Corollary 1, (1.5) and (2.3) we can assert that HVE 2 Hp is the
sharp in order upper function.

Let H C &st(h,) . Since obviously &°°st(h,.) C Hy(r, £) for any 7 € (0,1) and £ > (2b)9™ we
first assert that H C Hy(7, £). Next, suppose that

Vo> (20)p AZ2, Vhe (2.4)
Then, H € B(A;) and N;j(f_i, A:) = Ny for any h € H. It yields

- _1 -
(i) = V- 2(2b)7 inf Co(r,7,L), heH.

reNy

_1
We conclude that (2.3) is fulfilled and, therefore, VH 2 is the sharp in order upper function for any

choice of H satisfying (2.4).

Another interesting question concerns the ”sharpness” of the upper function 1/1(5) when H does
not satisfy (2.3). The following result, similar (1.8), can be deduced from recent results obtained
in Lepski (2014), Proposition 2. One can construct H C Hy (T, E,AE) such that

q
lim lim e_qE{ sup [HSHH - cw(ﬁ)} =00, ¢q>1. (2.5)
heH P

c—0 =0

It is impossible to compare upper functions found in Theorems 1 and 2 when an arbitrary subset
of Hy(, L, A) is considered. However they can be easily combined in such a way that the obtained
upper function is smaller that both of them. Indeed, set ¥, (h) = e (h) A ¢(h). We have

Lo [l - ]} < {suw [l — o]} + { s [l -]}

Corollary 2. Let the assumptions of Theorem 2 hold and let h = b, and A = A, Then for any
7€ (0,1) and any ¢ > 1 one can find (7, q) such that for any ¢ < (7, q)

IE{ s [zl — we ()] +}q < {(Cs+ Ce}".

2.3. Isotropic case.

In this section we will suppose that k(-) = (h(:),...,h(-)) and consider the case p € [1,2]. We will
show that under these restrictions the result similar to the one of in Theorem 2 can be proved
without any condition imposed on the set of bandwidths.

8



Note that in the isotropic case V; () = h%(-) and introduce the following notations.
Set &9 (h) = Urerv=a{ i € Ga(h) : [[h7%],,: < oo} and define

T

W*(h) = inf c;(r)Hh—%

- isot
reN*r>d L’ he Gldb’%r(h)’

Pt

where the explicit expression of C5(r) is given in Section 3.3.1.

Assumption 3. supp(K) C [—a,a]® and for any n € N such that |n| < [d/2] +1

oinl

d

’DHK(S)—DHK(t” SL‘S_t‘, VS,tER y Dnzm

Theorem 3. Let ¢ > 1, p € [1,2], be fized and suppose that Assumption 3 is fulfilled.
Let H be an arbitrary countable subset of (‘Szf;”(f)). Then,

e I, - v @], } < () e

where Cs depends on K,p,q,b and d only and its explicit expression can be found in Section 3.5.1.

Coming back to the example of H consisting of constant functions we conclude that Theorem
3 generalizes the result given by Theorem 2 when p € [1,2]. Indeed, we do not require here the
finiteness of the set in which the bandwidth takes its values.

Although the proof of the theorem is based upon the same approach, which is applied for proving
Theorem 2, it requires to use quite different arguments. Both assumptions isotropy and p € [1, 2]
are crucial for deriving the statement of Theorem 3, see Section 3.3.3 for details.

Remark 3. In view of (1.5), the condition

-1

sup*(h)|[h2| <Y

heH

p

with some T > 0 independent of b, guarantees that thg Hp is the sharp in order upper function on
isotr
H C &7 (h) when b — 0.
Also, combining the results of Theorems 1 and 3 we arrive to the following assertion.

Corollary 3. Let assumptions of Theorem 8 hold and choose h = bh. Then,

IE{ sup [, = v ) 2" ) +}q < (Ics+Cile)" vee (0.2,

2.4. Example of the functional class Hyq(T, L, .A).

Le (eq,...,eq) denote the canonical basis of R?. For function g : R — R! and real number u € R
define the first order difference operator with step size u in direction of the variable x; by
Ay jg(z) = g(x +uej) —g(x), j=1,....d.

By induction, the k-th order difference operator with step size u in direction of the variable z; is
defined as

k _ Ak—1 _ . ik (K ,
Al jo(o) = At ate) = S0 () Augato) (2.6
=1

9



Definition 1. For given vectors ©¥ = (ri,...,rq), 1; € [1,00], 5 = (B1,..-,B4), Bj > 0, and

L= (Li,...,Lg), L; >0, j=1,...,d, we say that function g : R? — R belongs to the anisotropic
Nikolskii class Ng (5, T E) if

(i) llglly; e < Lj for all j =1,....d;

(ii) for every j =1,...,d there exists natural number k; > [; such that
HAUJ’ngTj,Rd < Ljju%, VueR, Vji=1,...,d. (2.7)

Let ¢ be an arbitrary integer number, and let w : R — R be a compactly supported function
satisfying w € C1(R). Put

we(y) = XZ: (?)(—1)2‘“1,10(9), K(t) = f[w(tj), E= (t. L),
j=1

; { i \1
=1
Although it will not be important for our considerations here we note nevertheless that K satisfies
Assumption 2 with I = wy.

Let ¢, € (0,6*2] be fixed and set % = Z‘ij:l é, % = Zg:l%ﬁi' For any j = 1,...,d let
S:(j) € N* be defined from the relation

28 . 28
e LeBFHIB; < pe=5(0) < (TFHDF; (2.8)

Without loss of generality we will assume that ¢ is sufficiently small in order to provide the existence
of S¢(j) for any j. Put also

9 ={h=he % s €N, s> 50D} H:=HY x o x 5D

and introduce for any x € (—b,b)? and any f € Nd(g, 7 I_:)

hesHe

l_if(x) = arg inf U /Kﬁ(t —x)f(t)dt — f(ac)‘ + aﬂ/ﬁ_é]7 V= ﬁhi.
i=1

Define finally H = {f_if, feNy(B,7, I_:)}

Proposition 1. Let 3 € (0,07, 7€ [1,p]? and L € (0,00)¢ be given.
1) For any 7 € (0,1) there exists L > 0 such that

{]_if7 f € Nd(ﬁ_)af’ai)} C Hd(’r,ﬁ).

2) If additionally v(2 + 1/8) > p then there exists C' > 0 such that
s 37 1

{iy, 1 eNF7. D)} CB(C= 7).

The explicit expression for the constants £ and C' can be found in the proof of the proposition
which is postponed to Appendix.

The condition v(2 + 1/8) > p appeared in the second assertion of the proposition is known as
the dense zone in adaptive minimax estimation over the collection of anisotropic classes of smooth
functions on R?, see Goldenshluger and Lepski (2014).
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3. Proof of Theorems 1-3

The proofs of these theorems are based on several auxiliary results, which for the citation conve-
nience are formulated in Lemmas 1 and 2 below.

Furthermore, for any totaly bounded metric space (¥, ) we denote by €,<(d), 6 > 0, the ¢-
entropy of ¥ measured in g, i.e. the logarithm of the minimal number of g-balls of radius § > 0
needed to cover ¥.

1°. The results formulated in Lemma 1 can be found in Talagrand (1994), Proposition 2.2, and
Lifshits (1995), Theorems 14.1 and 15.2.

Lemma 1. Let (Z;, t € T) be a centered, bounded on T, gaussian random function.
I) For any u > 0

u2
IP{ sup Zy > E(supZt) —}—u} <e 27,
teT teT

where 0? = sup;er ]E(Zf)
II) Let T be equipped with intrinsic semi-metric p*(t,t') := B (Z; — Zy)*, t,t' € T. Then

/2
E(igg %) < Dr, = 4\@/0 \/€,1(5)dd

IIl) If Dy, < oo then the (Z;, t € T) is bounded and uniformly continuous almost surely.

20, The result formulated in Lemma 2 below is a particular case of Theorem 5.2 in Birman and
Solomjak (1967).

Let v > 0,7 ¢ N*, m > 1 and R > 0 be fixed numbers and let A, C R¥, k > 1, be a given cube
with the sides parallel to the axis. Recall that |y| denotes the euclidian norm of y € R¥ and |v] is

ol k
8:1/?1'“8:1/;% , M= (nla .. nk)) € NF.

Denote by S;, (Ak) the Sobolev-Slobodetskii space, i.e. the set of functions F' : Ay — R equipped

with the norm
[D"F(y) - D)™ ™
/ /Ak ly — oprme-0D V)

1l = (/A F)["d >% (

Denote by S}, (Ag, R) = {F : Ay > R: ||F||y,m < R} the ball of radius R in this space and set

the integer part of v. Set also D™ =

In|=[]

_ . k/vy <
)\k(% m, R, Ak) inf {c. 568(1(1)1,)}2]6 €||-||2,SL(A;€,R) () < c} )

Lemma 2. \; (v,m, 1, Ak) < oo for any bounded Ay and v, m,k satisfying v > k/m — k/2.
In view of the obvious relation QEII-HmS?n (A0.R) (0) = (‘3”.”278% (A1) (0/R) one has for any R >0

Ak (’y,m, R, Ak) = Rk/'y)\('y, m, 1, Ak). (3.1)

11



3.1. Proof of Theorem 1

For any multi-index s € N% set ES = (f)sl, ceey l‘)sd), Vs = H;.lzl bs; and introduce

1

5/[@ t—x) W(dt), 77s:<|1n(€‘/s)‘>_2 sup [us(z)].

z€(—b,b)d
Note that for any h € H and any s € N we obviously have
1 .
& (2)| < msVs 24/|In(eVe)|, Vo € Ag[h], (3.2)

and consider separately two cases.

Case p < co. We have in view of (3.2)

leally < 37 (| (V) [ve") o

seNd

’ %\/WH = (‘ln 5V)|V ) (AS[E])v

using the obvious inequality (yl/p—zl/p)+ < [(y—z)d /p, Y,z > 0,p > 1, we obtain for any heH

(llegll, = we(®)) | < (20)5 [ S (Im v vt ) o - cl>+]".

seNd

w\‘@

—.

a(As[h])-

Since

Noting that the right hand side of the latter inequality is independent of h and denoting ¢ = (¢/p)V1
we obtain using Jensen and triangle inequalities

E{ sup [z, — v ()] } < ()% [ S (Jn ) v

heH seNd

[MS]
TR

{E(nﬁ—a)iﬂ . (33

Let s € N be fixed. We have

E(nf—C)? = q/o AP > O+ 2}dz

= cj/ z‘i_l}P’{ sup ‘Us(x)‘ > [014—2]% ‘ln (EVS)‘}dZ (3.4)
0 z€(—b,b)?
Set 3 = [C’l + z]% | In (EVS)‘ and prove that
2
PL sup |us(z)] >3} < 2(eV2) 2P ox <—’”>, vz > 0. 3.5
] 2o} <205 e (- g &

12



Since vs(+) is a zero mean gaussian random field in view of the obvious relation sup, |vs(x)| =
[sup,, vs(2)] V [sup, {—vs(2)}] we get

]P’{ o |vs ()| > 3} < 21?’{ sup  wvs(z) > 3}- (3.6)

(=bb)d we(—b,b)d

Let p denote the intrinsic semi-metric of vs(-) on (—b,b)%.
We have for any z, 2’ € (—b,b)? in view of Assumption 1

p*(z,2') < / [K(u) - K(Hs_l(m —a') + u)]Zdu

2K |3 -2 / K(u)K(r};l(g; — ') +u)du

_ / K () [K (55 (@ — ') + u) — K(u)]du
[7a9a]d
< ALK 6 (@ - )| < 2LIK I o - o, 3.7

Recall that €, _;;)a(5), 6 > 0, denotes the d-entropy of (—b, b)? measured in p.
Putting ¢; = ’ In (4bL||K||1)|, we deduce from (3.7) for any § > 0

€, (—bpya(0) < der +d|In (Vs)| +2d[In(1/6)] .. (3.8)

Note that o2 := SUPge(—pp)d E (n2(z)) = ||K||3 and, therefore,
D(_ppyi,p < Vd (C2 +2V2||K|j21/|In (Vs)\) : (3.9)

where ¢ = 2| K [lav/2e1 + 4v2 [ 152 [TIn(1/6)] . do.
Thus, using the second assertion of Lemma 1 we have

E::E( sup Us(x)>g2\/2d7r—|—2\/2dcl||KH2+2@HK||2 1o (V).

z€(—b,b)d

Here we have used that 41/2 fozilllKHQ v/ [In(1/6)]4d6 < 2v/2r.
Note that in view of the definition of Cy

1
3—E> 2_1Cf\/|ln (eVe)| —E+ 21w > 2/(qV p)||Kl2¢/|In (eV5)| 21,

Remark that the third assertion of Lemma 1 and (3.9) implies that the first assertion of Lemma 1
is applicable with T = (—b,b)? and Z; = vs(x) and we get for any s € N¢

2

2(qVp) i

PJ  sup v(a:)Zz,}g eV exp(—).
{:pe(b,b)d ° (%3) 8[| KI5

Thus, the inequality (3.5) follows now from (3.6). We obtain from (3.4) and (3.5)

2

_ _ o zp
E( - 1) < 2q(eVs)" /0 2L exp ( - 8HKH2>dz — e3(eV2) 2P (3.10)
2
13



Taking into account that | In (V) ’ < } In (g)|Vs!, since e, h < e™2, we deduce from (3.3) and (3.10)
that

q

E{S“p [iggll, — e }qS<2b>?<cg>5psq[ZVs”]ps<4b>?<c3>a%sq=<c3e>q.

heH seNd

Case p = co. We have in view of (3.2)

Hﬁg“oo: su;zl sup ‘fﬁ( < sup( \/ ln EV ‘V >

seENT L on, [g] seNd

7%\/ In (eV3)| H —sup (\/ |In (eV&)| Vs )

Since, obviously

we obtain for any heH
(HSEHOO —wa<ﬁ>)+ < Lseul\% (nsmwj) C sup (W{V )}

Since (sup% a,,—sup,, b},)+ < sup,, (a,{—b%)+ for arbitrary collections {a,,},, and {b,,},, of positives
numbers, we obtain for any ¢ > 1

(il —vet) < sup (i) ) (o)
< (\/ In (V2) Vs 2) " (ns — €)',

Taking into account that the right hand side of the latter inequality is independent of h we obtain

E{ sup llezll.o - ¢a<ﬁ>]+}q <3 (VIm @) v ) Bl - 1)t (3.11)
€ seNd

Note also that inequality (3.10) is proved for arbitrary p,§ > 1. Applying it formally with p = 1
and § = g we obtain

[e’9) 2
) < 2g(eVe 2"/ 20 1o (—Z>dz 3.12
Blw =G <207 | 2 e | gy (312

and the assertion of the theorem for p = oo follows from (3.11) and (3.12). ]

3.2. Proof of Theorem 2
8.2.1. Auxziliary lemma

Set X*(y,m) = A\ (7, m,1,[—a—b, a+b]), where we recall the number a > 0 is involved in Assump-
tion 2 and Ag(-,-,-,-), k € N is defined in Lemma 2.
14



If d > 2 write x = (29, ...,24) and define for any 77 € H and any x € (—b, b)*~!

SN

Ajs(x) = [/Z Ly (@) (dm)]

Later on for any 2 € (—b,b)? we will use the following notation = = (z1,x). If d = 1 the dependence
of x should be omitted in all formulas. In particular, if d = 1 then A, 5, = {ul (As, [171])};.
For any x € (—b,b)?! and s € N introduce the set of functions @ : R — R

b Pp—
Qs = {Q(-) = )\%’;(x) /_b []8_11/21C<hsxl>€(x1)1As[ﬁ](ac1,X)l/l(dxl), (EB,, 7€ H} .

where By = {e: (=b,b) 5 R [°, [0(z1)|Tw(day) < 1}, 1/g=1-1/r.

If A\js(x) = 0 put by continuity @ = 0. Let finally p~ =g '+ 7~ and note that 2 > p > 1
since 7 < 1 and r > 2.

Lemma 3. For any x € (—=b,0)%!, s € N and any w € (1/p—1/2,1) one has

% R . Ay
€20 (€) S A (w, ) R B3F e VeG(O,Ru h2, }

==

where B, = {271z | v {IIKlI +2 [5{4L(a+ D} +4{21K]1} 2 - )]

i

3.2.2. Constants and expressions.
Introduce = {{wl,wz} Dowy; < 1/2 <wo, [wi,wa] C(1/pu— 1/2,1)} and set

Colr,m, £) = 1V 20) Y [£F + £F (1 — e )T |G+ O] + efmw)dwcui%;

1—7

C\ = ! - o H—::l .2 d—1 -1 T
C —[ /0 (u+Cy) * exp{ u [2|ICH2 HICH?’%J }du] :

1—71

Cu = Cu+4(V2er + Vam)|IKl5 1K _2e_;
2

_1 _1
C,=4V2|K|4"" inf [ N (wa, p) (1= 2wo] TN RE™ + (/A% (wr, ) ([201] 7 = 1) R .

{w1,w2}€Q
“- <7q+1m [Lv @] ) e [(rﬁ)d||16||‘f2;f>q

reNy

3.2.3. Main steps in the proof of Theorem 2.

The goal of this paragraph is to explain the basic ideas and main ingredients of the proof of Theorem
2 which is rather long and tricky.

15



Set for any r € Nj and heH

1
Vi

G = | {(r) = sup G(1). (3.13)

" heH
Our basic idea is to prove that for any r € Nj one can find a constant U(r) being the upper function

for ¢(r) whenever H C Hy(r, £, A) is considered. Since U(r) is independent of i the initial problem
is reduced to the study of the deviation of the supremum of ¢;(r) on H.
First part of the proof consists in the aforementioned reduction of the considered problem to the

1
study of the upper function for the LL,.-norm of the normalized process fo & (+). This part is rather

short and straightforward and the obtained reduction is given in (3.22).
Our next observation consists in the following. In view of duality arguments

;NEM—\

((r) = sup G (r) = sup sup Tj . TM:AW (2)€(2)9(2)va(da),

heH heH 9€Bq,q

where By g = {0 : (=b,b)? > R: ||J]|q <1} and 1/q = 1—1/r. Obviously T o is centered gaussian
random function on H x B 4. Hence, if we show that for some 0 < V(1) < oo

E{¢(r)} <V(r), (3.14)
then the first assertion of Lemma 1 with
0% :=sup sup E{Tﬁﬁ}Q (3.15)
heH 0€Bq,a ’

will be applicable to the random variable {(r).

Second part of the proof consists in finding a suitable upper bound for ovy. It is also short and
straightforward and the obtained bound is presented in (3.25).

Main part of the proof, that deals with establishing (3.14), is divided in several steps. Although
the proof is done in an arbitrary dimension some additional difficulties come from the consideration
of an anisotropic bandwidth collection. For this reason the explanations below are given in the case
d > 2. Define for any s = (s1,...,54) € N® and x € (—b,b)4!

(@3 = [ QUG Qe O (3.10

Here we have put t = (to,...,1%4), denoted t = (t1,t) for any ¢ € R%, and set
d 1
Gs(t,x) = [[ =2 K((t: = x:)/bs,), t € R, x € (=b,b)* "
i=2

Remind also that the set Qs is defined in Lemma 3 and hs = e *h, s € N.
The basic idea used in establishing (3.14) consists in bounding from above E((r) by some quan-
tities related to the collection of random variables

{gs(x) = qup s(@,x), s€ N, x € (=b, b)d_l}. (3.17)

S,X
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First step in the proof of (3.14) consists in the realization of the aforementioned idea. The main
ingredients for that are: duality arguments, product structure of the kernel (Assumption 2 (ii)) and
the fact that H € Hy(7, £, A). The required bound is given in (3.36) (d > 2) and (3.37) (d =1).

Second step in the proof of (3.14). Looking at the inequality (3.36) (or (3.37)) we remark that
one has to bound from above the quantities

sup E( sup ¢ 7 (X)> , sup  sup E(gsl’T (x)) (3.18)
x€(—b,b)d—1 S€Sq x€(—b,b)d—1 seNd

It is important to note that Sy is the finite set and its cardinality is completely determined by the
parameters b and A.

Another important remark is that ¢s(Q, x) is zero-mean gaussian random function on Qg . Hence,
in order to compute the quantities given in (3.18) one can use the concentration inequality presented
in the first assertion of Lemma 1. The most tricky part of the realization of this program consists in
bounding from above Egs, which, in its turn, is reduced to the bounding from above the Dudley’s
integral in view of the second assertion of Lemma 1. The required bound is given in (3.43).

The main technical tool here is Lemma 3 providing very precise estimates for the entropy of the
set Qs x, which are possible because this set belongs to the intersection of balls in the Sobolev-
Slobodetskii space (proof of Lemma 3). The result obtained in Lemma 3 allows to use different
bounds for the entropy of Qg y near and outside of the origin in the computation of the Dudley’s
integral.

Final step in the proof of (3.14) consists of routine computations related to the careful application
of the first assertion of Lemma 1.

3.2.4. Proof of Theorem 2.

Put for brevity Ca(r) = Ca(r, 7, L) and let

- _1
be(B) = Con)||vi 2| L, r e
r—p

For any h € H define r* (l_i) = arg infTeN*(E A) ¢, (h). Note that Cy(r) < oo for any r € N}, and
P b}

wr(l_i) > Cg(r)f]_d — 00, T — 00,

and, therefore, r* (ﬁ) < oo for any h € B(A). The latter fact allows us to assert that

by = b n(R) =9, (B) = Co(r* (), ) ||V (3.19)

reN (h,A)

pr*(h) ’
*(h)—p

since N;‘,(l_i, A) is a discrete set.
By definition r* (l_i) >1r (l_i), where recall T‘_A(E) is defined in (2.1). Hence we get from Holder
inequality and the definition of 74 (ﬁ)

1

-3 1|y~ 3 d
vie| e < iven|[vi | o <ALV @0, (3.20)
* (R)— rath)—p
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Using the notations given in (3.13), we obtain for any he H, applying Hoélder inequality

| o} <)

We deduce from (3.19), (3.20) and (3.21) that for any i € H

1

V: 2
h

1

V; 2
h

& < it {((7’)‘ (3.21)

* pr*(h) *
P rehp r* (R)—p

1149 q

Vi e [c (r (@) - . (r*(ﬁ))]
< A1V (25)] [g (r () - s (r*(ﬁ))] <Aty @) S o) - G

+ reNy

llegll, = )] <

+

To get the last inequality we have used that r* (ﬁ) € N7 for any h € H.
Taking into account that the right hand side of the latter inequality is independent of h we get

(s g, — v@)], ) < [1v @i S B -G]S (22)
heH reNy

Also we have for any r € Ny

[e.e]

E[0(r) - Can], =a |

; zqfllP’{Q(r) > Co(r) + z}dz. (3.23)

19, Our goal now is to prove the following inequality: for any z > 0 and r € Ny

P{C(r) = Calr) + 2 < e ena?V I e f - (2(r\/é)dHICH‘i2$)7122}. (3.24)

To do that we will realize the program discussed in Section 3.2.3 and consisting in the proof of
(3.14) and bounding from above oy given in (3.15).

1%a. Let us bound from above ovy. By definition

iy = / [ /(_be)d vﬁ‘é(x)K(%zx;“’)ﬂ(x)ud(dx)]W(dt)

and, therefore,

e o [[ [, 0 (555 pomtan] ]

In view of triangle inequality and Assumption 2 (ii)
d

d 1
or < 5_5 su
= ZH[}] 19€BI:|),d</|:/(—b,b)d

seNd j=1

N

1

11 IC(tj h_:j> ’w(x)}ud(dx)] QVd(dt)> y

Jj=1

Applying the Young inequality and taking into account that ¥ € B, 4 we obtain

d
H _19-d d d d
or < [KlI% > []0s < [1= e ] KI%, b7 < (rv/e) JIK] %, b7 (3.25)
seNd j=1
18



1%b. Let us prove (3.14). Set for any s € N%, and h € H

d 1
{E’S(.’E) = lAs [lﬂ (x)/ [H f);ilc((tz — xz)/bsl)} W(dt), S (—b, b)d.
i=1
We obviously have for any heH

> NIl (3.26)

scNd

1 T
Gr) = |vie] =

Moreover, note that ‘fﬁ S(m)‘ <1, [7] ()| In (eV4) ‘%ns for any x € (—b,b)¢, where, recall, Vs and 7

are defined in the beginning of the proof of Theorem 1. Since, we have proved that ng is bounded
almost surely, one gets

b T
/_b |£}~L’S(:E)‘T1/1(dm1) < )\%7S(X){ In (eVs)|2n; =0, if A o(x) =0. (3.27)

On the other hand in view of duality arguments

b T
/b‘ffus( \ vi(dzy) = [sup/ fhs 0(z1) yl(dxl)] , (3.28)

(€B,

where, recall, By = {E (=b,0) = R: f y 10(y)| v (dy) < 1}, 1/g=1-1/r.

Let d > 2. The following simple remark is crucial for all further consideration: in view of (3.27)
and (3.28) for any x € (—b,b)%"!, s € N? and for any h € H

b
/ b € (@1,3)] V(1) < A ()65 (), (3.29)

where ¢ is defined in (3.17).
Indeed, if )‘H,s(x) =0 (3.29) follows from (3.27). If )‘H,s(x) > 0 then

/Ehs Uz)vr(der) = Ag (x /Qt1 s(t, X)W (dt),

with Q(-) = f h511/2 ( _“) E(ml)lA il (x1,x)r1(dx1) € QOxgs, where Oy is defined in
Sl S
Lemma 3. Then (3.29) follows from (3.28).
Below we will prove that ¢s(x) := SUPQeQ, , Ss (Q,x) is a random variable. This is important
because its definition uses the supremum over Qs x which is not countable.

We get from (3.29) for any h € H and s € N? in view of Fubini theorem

b
) /(_b,b)dl/b ’€H’S($17X)‘ it = /(—b,b)d AE,S(X)% (x)vg—1(dx)
b T
_ /( e [ RN (dxl)} o ().

19
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Taking into account that 7 < 1 and applying Holder inequality to the outer integral we get

r 1—-7
[Fm = ud( [E]) { / & (X)Vd_l(dx)} ., Vse N (3.30)
(_b7b)d
If d = 1 putting Gs(t,x) =1 in (3.16), we obtain using the same arguments
1€h1 .50 H <y <A31 [m])csl, Csp = quil s (Q). (3.31)

1°b1. Let us prove some bounds used in the sequel. Let S € N be the number satisfying
el < phle™5A* <1, and set Sy = {0,1,...5}¢ and S; = N%\ S,. If such S does not exist we will
assume that Sy = () and later on the supremum over empty set is assumed to be 0.

Set also S = {s € N¢: A%, < 1}, where, recall, V; = H;-lzl bs,. Note that V5 < hle=S < A4
for any s € S; and, therefore,

Si=N\§;CS, (3.32)
Putting for brevity r = ’I“A(E), we have for any s € N? and any he B(A)
_pr __ = T N 1 pr .
(‘/S)_z(f—p) Vd<As [h]) < Z (Vk)_Q(rp—p) Vd(Ak [h}) — ‘ VfL ; r;rp < Ar’ip‘
a =

keN

The last inequality follows from the definition of r A(f_i)
Taking into account that = > > P and that V5 <1 we get in view of the definition of S

va(As[]) < Vi, VheB(A), Vse S (3.33)

1°b2. Set ¢(x) = supgeg, s(x) and let d > 2.
We have in view of (3.30) and (3.32) for any h € H

DI RN o] R 1 (IR SRTLE) D oi%{ (W0)

segél‘ s€Sy

/:{ /( s gl—rf(x)yd_l(dx)}l‘r. (3.34)

To get the last inequality we have used that H C Hy(r, £).
Writing 7 = 72 4+ 7(1 — 7) and using the bound (3.33) we get in view of (3.30)

T T2 = T(1=m)p %7_ 1—71
Slgal; < (T [ o)

seS; €S

IN

Applying Holder inequality with exponents 1/7 and 1/(1 — 7) we get

) . r(1-7)p r 1=
Z v (As [h} ) s ! / s (x)va-1(dx)
(_b7b)d71

sES;

[ [, o]

<L Z VS% gsl%T (x)vg—1(dx) 1_T. (3.35)
[ /(b,b)dl ]

scNd
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To get the last inequality we have used once again that H C Hy(7, £).
We deduce from (3.26), (3.34) and (3.35) that for any h € H

G < [, e}

St / G (X)yd_l(dx)] o

scNa ( bvb)d_l

|

Noting that the right hand side of the obtained inequality is independent of h we get
1—7
(r) < ﬁi{ / qlrf(x)yd_l(dx)}
(_be)dfl

T

z Ey s d " ‘
+ L [ZVS /(_b’b)dlgs (x)va—1( X)}

1—7

Hence, applying Jensen inequality and Fubini theorem one has for any d > 2

E{¢(r)} ﬁi{ /( s E(gl—wx))udl(dw}l:

St /_b,b)d—lE@ T(X))le(dx)}

seNd (

IN

1—7
r

+ L7 [
1—7

,C% [1 vV (Qb)d_l] supdi1 {E(gl—rr(x))} -

x€(—b,b)

IN

+ LIV (1 —e )T sup  sup {E(gslzf(x))} " (3.36)
seNd xe(—b,b)d-1

Here we have also used that Vg < H;l:l e~%72 and that (1 —7)/r < 1.
If d = 1 repeating previous computations we obtain from (3.26) and (3.31)

1—7

E{C()} < L7Bs+ L7 (1—e %) 7 sup [E(T7)] 7. (3.37)

seN

In what follows x is assumed to be fixed that allows us not to separate cases d =1 and d > 2.
1°b3. Let x € (—b,b)?! be fixed. First let us bound from above

Ecs(x) := IE{ quQp Ss (Q,X)}, s € N?, E¢(x) := E{ sug) quQp Ss (Q,X)}
€s x s€O0q YEUs x

Note that ¢ (Q, x) is zero-mean gaussian random function on Qgy. Our objective now is to show
that the assertion II of Lemma 1 is applicable with Z; = ¢ (Q,x),t =Q,and T = Qg «.
Note that the intrinsic semi-metric of ¢ (Q,x) is given by

(Q.Q) = [ 62t [Q(t) - Qe watd), Q. Q€ Qu
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Noting that [pq_1 G2 (t,x)va(dt) = 1|22 for any x € (—b,b)*!, we get

p(Q,Q) = IKIZYQ - Qll, YQ,Q € Qux.

Below we show that (QS,X, I|- Hg) is totally bounded metric space and, moreover, the corresponding
Dudley’s integral is finite. The latter fact allows us to assert that ¢s(-,x) is almost surely continuous
on Qg that implies the measurability of ¢5(x) as well as ¢(x). We obviously have

€00 (0) < € 0. (IKN57%6), W6 >0, (3.38)

and, therefore,

27 1oy Gs
Do, ,.p=4V2 /0 \/ €0,0.(6)ds < 4v2[|K[|57 /0 V€l 12,0 (A0, (3.39)

where &5 = 27 1og||K||37¢ and

oni= | swp E{Z(Qx)}]" = IKIE sup @l

€Ys x €9s x

We start with bounding from above the quantity os.
Recall that x~' = q~! 4+ 7r~1. Applying Young inequality we have

_1 b ﬁ
Q2 < /\,E;(X)hil g {/_b |e(@1)|"1, 7] ($1>X)V1(d$1):| I 2

Applying Holder inequality to the integral in right hand side of the latter inequality and taking
into account that ¢ € B, we get

[/_bb‘E(DUl)}“lAS[E] (xl,x)m(dxl)]‘l‘ < [/b Ly A (xl,x)vl(dxl)} = X 5(%). (3.40)

—b

T =
Q=

Thus we obtain

1777—
o5 < Kl I 20 bsl - (3.41)

1—7
Putting o} = 271|K||_2u_bs; we deduce from (3.39) and (3.41)
3pu—2

Doy, p < 4VZ|K[E /0 E 2o (9)d5 (3.42)

Now let us bound from above E{ SUPQeQ, , Ss (Q, x)}
Recall that 2 = {{wl,wg} Dwr <1/2 <wg, [wi,we] C (1/n—1/2, 1)} Note that the condition
w1 > 1/ —1/2 implies 1/2 —w; < (1 — 7)r~! and, therefore

1—7

1 1
5—w1 5—w2
bsy <Bh3  <bhi

1_ 1_
since b, < bh < 1. It yields that (O,a;] C (O,RH he wl} C <O,RH b2, WQ}, since R, > 2_1HICH3%2.

Hence Lemma 3 is applicable to the computation of the integral in the right hand side of (3.42).
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Recall that A*(-,-) is defined in Section 3.2.1 and introduce the following notations: A%(w) =
1o 1
A* (w, u) R by 1, do = b2, and note that Jy < . We get in view of Lemma 3

oy o o5
/ 1/@3‘|.H27Q57x(5)d5 = / 1/€|I~|2,Qs,x(5)d5+/ \/@‘|.|‘27Q57x(5)d5
0 0 do
1

< Alwn)(1— [2wa] )8y ™2 + Afwr)([260] 7t — 1)6, >

= () (- el ) RET X () (2] DRET

It yields together with (3.42) Do, , < Cy, where, recall,

1 1
C,=4V2|K|4""  inf [ A (w2, 1) (1 = 2wo] TN R 4 /M (wi, p) ([201] 7 = 1) RE™ .

{w1,w2}€Q

1

Applying the assertion II of Lemma 1 we get

Ees(x) =E{ sup «(Q,x)} <C,. (3.43)
Q€Qs,x
We obtain from (3.41) that
1—7
oo = sup sup 1/Ee2(@x) = sup 0s < |KIE K] s b'F. (3.44)
SESd QEQS,X sESd 3p—2

Applying the assertion I of Lemma 1 we obtain in view of (3.43) for any z > 0

2

22
P{gs(x) >Cu+ z} <e 2% <e 22, (3.45)

Set T = Cj, + v2¢" | K[|3 | K|l 2 we obtain using (3.45)
3u—2

 (U=Cuty)?

E¢(x) < T +/ IF’{((X) >T+ y}dy <T+(S+ 1)d/ e 2 dy
0 0

2(r—1)

< T+\/87THICH3_1HICH3%2(S+1)dexp{—erbir }

Taking into account that (S + 1)? < [4 ln(A)]d in view of the definition of S and that

2(r—1)

inf erb T — 62 2(1_T)|ln(h)‘7
r>0
we obtain
E¢(x) < T+ \/%Wcug—lwcu% [41n(A)}dee—z¢m_
20
< Gt 41(V2 + VAT IRIETIK e, = G (3.46)
H—

The last inequality follows from the relation (2.2) and the definition of 7.
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19b4. Applying the assertion I of Lemma 1 we obtain in view of (3.44) for any z > 0

22

P{g(x) > éu + z} <e 2%,

It yields together with (3.44)

T ~_T_ o ~ r+7—1 ~
E<§E(X)> = Cu 4+ . / (24 Cu) 7 P{s(x) 2 2+ Cpu}dz
1—71 0
< Ch 40T (3.47)
Here recall
. 1-1
~ r oo ~ r+7—1 2 d—1 — T
— 1—7 —
C [1 [ ) e { k1K }du}
Similarly we deduce from (3.44) and (3.45)
E(gﬁ@{)) <O+ 0 <G + 07, ¥seN (3.48)

Noting that the bounds in (3.47) and (3.48) are independent of x and s we get in view of (3.36)

T—1 ~ ~

E{¢(r)} <[V @) [Lr + L7 (1—e %) 7 ][Cu+Col.

. p Tl o~
This proves (3.14) with V(r) = [1 V (2b)4!] [E% + L7 (1— e_Tp) “1Cu+CL.
1%. Remembering that Cy(r) = T+e"1/2(1 + q) (r\/E)dHICHdA we obtain, applying the assertion
r4+2
I of Lemma 1 available in view of (3.14) and (3.25)

P{C(T) > Co(r) + Z} < e_ere_qerh¥ exp{ - [2(7“\/E)d]|ICH‘%]7122}, Vz > 0.

Taking into account that erb% < 2V for any r > 0 we come to (3.24).
20, We deduce from (3.23) and (3.24) that

2d| In(b)|

E[¢(r) = Car)]}, < Ve [(rv/e) K|, J2em ey,

where recall 7,4 is the (¢+1)-th moment of the standard normal distribution. This yields together
with (3.22)

Y

- q 24/2d|In(h g
E<§up (e, _Wh)m < [04,4@6 Vol q
heH

and the assertion of the theorem follows.
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3.3. Proof of Theorem 3
3.8.1. Constants

Let c(d) be the constant appearing in (2, 2)-strong maximal inequality, see Folland (1999). Set

d(p—1)

oo = /2010l Kool K ac(d) (20) 7
1 o0 o0 .

Cy = [\/SWUZ_L)/(H_JQ Z Ze_zer.

r=d+1 l=1

For any » € N*,r > d put v, = % + %f and let ® denote the unit disc in R?. Set
T() = [o/2] Vv [(@/2+ 1) + KI(20) ]

T*(r) = 274! {L(aﬂt2)d/3‘d‘7r+m+11@(5)dz JrC‘(K)/zfd‘””*“rJ 15(3)d3 ],

where C(K) = supjy—|q4/2] HD“KHl. Note that . # |7,] and, therefore, both integrals in the
definition of T%(r) are finite.

Let Aj(r) = )\d(’yr,l,l, [—a — b,a + b]d), where the quantity Agx(-,-,-,-),k € N* is defined in
Lemma 2. Set finally

C3(r) = 8y/25(r) [T ()] V2" (0,/2) 7 + 4y/gero,.

3.8.2. Auxziliary lemma
For any [ € N* and any r € N* satisfying » > d put

Hy,={hem: 2778 < |73, <275},
and introduce

Qi = {Q RIS R: Q)= / K5 (- — z)0(z)va(dr), ¥ € Bya, he Hl,r},
(_bvb)d

where, Byq = {0 : (=b,b)? > R: |9|q <1} and 1/q=1-1/p.

2yr

Lemma 4. For any r,l € N*, r > d and any 6 € (O,T(r) (thfg) T } one has
* d/yr _d\N2
Cap 1 (6) < Ni(r)[T()] 7 (2h=2) 5=,

3.3.3. Preliminary remarks on the proof of Theorem 3.

The goal of this paragraph is to discuss the main technical tools involved in the proof of the theorem.
In particular we explain the role of the isotropy and the condition p € [1,2] in our considerations.
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We proceed similarly to the proof of Theorem 2. Using duality arguments we have

sup Hf’ﬁsz sup sup/ & (w)0(z)va(da).
heH,,, heH,,, V€Bq,a J/ (=b,b)¢

Noting that f(—b,b)d & (x)d(x)vg(dz) = [ [f( byi 0 d(g )K(%)ﬁ(x)ud(dx)]W(dt) we obtain

sup HfﬁHp: Sup /Q ) =: sup ¢(Q).

heH,,,. Qe

Remind that H;, and £9;, are defined in Lemma 4. Using standard slicing device we reduce the
initial problem to the investigation of supgeg, , ¢ (Q), see (3.52). Obviously ((+) is centered gaussian
random function on 9;, and our goal is to apply to it the assertion I of Lemma 1. To do this it
suffices to show that

E{ sup ¢(@)} <, (3.49)
QEDl,r
for some 0 < Uj, < oo and to compute
, 1= Ssup /Q Yva(dt). (3.50)
QEQZ r

We will see that this programm, being similar to those realized in the proof of Theorem 2, requires
completely different arguments. It is related to the fact that we consider the random field &;; itself
and not its "normalized” version ,/V;&;.

First step consists in the finding an appropriated upper bound for o07,. In distinction from the
similar problem related to the quantity oy appeared in the proof of Theorem 2 the computations
here are more involved. The proof of the bound obtained in (3.53) heavily exploits the condition
p € [1,2] and one can easily checked that (3.53) is not true in general if p > 2.

Second step consists in proving (3.49). As in the proof of Theorem 2 the main problem here is
to bound from above corresponding Dudley’y integral and Lemma 4 is the basic technical tool for
it. The aforementioned bound is presented in (3.54).

There is however a great difference between Lemmas 3 and 4. One of the main efforts made in
the proof of Theorem 2 is to reduce the considered problem to the study of supremum of gaussian
random function defined on Qg . The latter set consists of smooth univariate functions and this
fact is crucial for the proof of Lemma 3. Namely to make the aforementioned reduction possible the
original problem ”is replaced” by the study of the process \/VHf 7 and functional classes Hy(r, L, A)
are introduced. All of this is dictated by the consideration of anisotropic classes of bandwidths. It
turns out that it is not necessary when isotropic classes are studied. Although £, is the class of
d-variate functions, its entropy admits very precise bound presented in Lemma 4, that in its turn
leads to the correct estimate in (3.49).

8.8.4. Proof of Theorem 8.

For any r > d,r € N*, set ¢} (h) = Hh_fﬂ p+l We have
. q o0 - q
ol s e, ~ v <h>} e TZZJ{%‘QE gl —vs], |
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Moreover, since H = U;>1H;,. for any » € N*, one has

{?up [Héng—me} SZ(ﬂsup \\§E|\p—cg(r)2l—1h—z) |
hen Pt .

hEHlﬂ«
Thus,

E{“‘p el = nt_veih] } < > ZE(ﬁup Hfgl!p—car)z’—lh—?)i. (351)

heH r=d+1 I=1 heHy,
Thus, we get from (3.51)

sl - ot 0]} < 32 Son( g cr-czon vt

heH ' re=dt1 =1 N@€r +

1°. We start with bounding the quantity oy, given in (3.50). Putting for any =,y € (—b, b)?

R(z,y) = /K(%)K(M) va(dt),
/ [ / . h~ (@)K (ingcg)c)ﬁ(:v)ud(dx)rud(dt)

- / » / B (y)0(@)0(y) R, y)valda)val(dy).

we obtain for any @ € Q;,

/ Q*(t)va(dt)

Taking into account that supp(K) C [—a a]d

Ble)| < [160) ATl e (o e )

in view of Assumption 3 we get

Hence, putting T = || K||co||K]|1, we obtain

/ Q2(tywaldt)

_d x—y
<7 /(b,b)d /(b,b)d !ﬁ(x)ﬁ(y)‘ [h(z) V h(y)] 124,244 (h(m)\/h(y)) va(dr)vy(dy).

It remains to note

) ) anrs (55 )

S e R L Ly
and, therefore,
J@oman < 0 [ | [ s (g ) 0t atan)
2031 [ 1o wlsup@n | [ 1 (U500 whatan)va(ao)

A>0

IN

IN

2d+1gdy / |0 (v) | M [|9*]] (v)va(dv).
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Here we have put 9*(-) = 1(_p)a(-)9(-) and M[|J*|] denotes the Hardy-Littlewood maximal oper-
ator applied to the function |9*|.
In view of (2,2)-strong maximal inequality, Folland (1999), there exists c(d) such that

[ a1 Pratan) < ) [ 10°@)Pratao)
R4 Rd

Using the latter bound we obtain applying Cauchy-Schwartz inequality

[ / QQ(t)Vd(dt)}é < Ve(d) [ /( o |19(v)\2yd(dv)]é < /2 atTe(d)(2)

To get the last inequality we applied the Holder inequality and took into account that ¥ € B, 4 and
q > 2 since p < 2.
Noting that the right hand side of the obtained inequality is independent of @ we get

d(p—1)

01 < \/20H1 0| K oo | K r1e(d)(20) 7 = o (3.53)

We would like to emphasize that the condition p < 2 is crucial in order to obtain the bound
presented in (3.53).

29, Let us now establish (3.50). The intrinsic semi-metric p¢ of ¢(-) is given by

pC(Q17Q2) = ||Q1 - Q2H2a Q17Q2 € Ql,r'

ing i d _ _2pr
Taking into account that 5 - = Sorid

Lemma 4 we obtain in view of (3.53)

DQZ,T‘,,DC = 4\/M[T(T)]d/2%(2lb_g)/Oawm(;—d/%rdé
= a2 [T0) V2 (2 ) (01, /2) 5
< 4T (02 (2 L),

We conclude that Dudley integral is finite and as it is proved in Lemma 4 £;, is a totally bounded
space with respect to the intrinsic semi-metric of ((-). It implies that {(-) is almost surely continuous
on £, and, therefore, SUPQeq, , ¢ (Q) is a random variable.

Thus, in view of the second assertion of Lemma 1

B sup (@} < 420500 [T0)] 7 (/2) 7 (29 7%) (3.54)

QGQZ,T

< 1 and applying the second assertion of Lemma 1 and

1
and (3.50) is proved with Uy, = 4,/2N5(r) [T(r)] /> (0./2) % (2'572).

Moreover, ((-) is almost surely bounded on £, , and, therefore, the first assertion of Lemma 1 is
applicable.

1
3Y. Hence, noting that Cj(r) = 8/2X(r) [T(r)]d/m (04/2) 2" + 4,/qe" o, we obtain

22
IP’{ sup ((Q) > 2l_1h_g05(r) + z} < exp{ - 2l+1qb_ger}eig, Yz > 0.
QEQZ,T
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It yields for any ¢ > 1

da a e d
E( sup C(Q)—Ci‘(r)2l‘lh‘2> = q / 27P{ sup (@)= 2T TEC() + 2
+ 0

QEDl,T QEDl,T‘
< v 8%03_17q+1 exp{ — 2l+1qh_%er}. (3.55)

We deduce from (3.52) and (3.55)

e [l -, ot 0]} < (6"

heH

1

— q l,r
where, recall, Cs = [VBR0t 01| 520 Tity 2.

4. Appendix
4.1. Proof of Lemma 3

Recall that ~! = q=! + 7r~! and note that 2 > p > 1 since 7 < 1 and r > 2. The proof of the
lemma is mostly based on the inclusion

Qs € Sﬁ([—a—b,a+b},f2u), Vw € (1/p—1/2,1), (4.1)

1
where R, = K[}y +2 [5{4L(a + 1)} + 4{2]K 1} (2 - )] .
First, we note that all functions from Qy ¢ vanish outside the interval A = [—a — b, a + b] since
K is compactly supported on [—a,a] and hs, < h < 1.
Next, applying Young inequality we obtain for any @ € QO

Vl(dy)} '

I

b
—1/2 y—n T -1 (x1,x)v1(de
f e (o, o an)

@, = a0 [,
1 b ‘ 1
< /\E;(X)(bSI)QHICHl[/_b |£($1)’“ 1As [ﬁ] ($1,X)V1(d$1):| < (hm)EHICHl (4-2)

To get the last inequality we have used (3.40).
Let w € (1/p—1/2,1) be fixed. Let us bound from above the quantity

_ [ [lew-ecr,
JM._/AA dydz.

ly — z|tHre

Putting y = uw + v and z = v — v we obtain by changing of variables

geszr [ o] [T i o) - Qutu - o ao

—00 —0o0
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Note also that

‘QS(U_’_U) - Qs(u - v)‘

b _ i

Hence,

T < 2 ) [l G ),

where we have put for any w € R

00 b _ _ H i
G(w) = / [/ IC<u xl—i—w)—lC(u wl—w)’fﬂv 1, rq(r,x)v dx}du]
w =[] [ e(*5 ) el g o1 (o)
Applying Young inequality for any fixed w and we obtain
[e'9) b M
Gw) < by [/ IK(u+w) — K(u-— w)|du] [/ \K(xl)]/‘lA 7] (xl,x)yl(dxl)]
—oo -b s
< hsl{/ ‘IC(u—i—w) —IC(u—w)|du])\Evs(x).
To get the last inequality we have used (3.40). Note that
/ IK(u+w) —K(u—w)|du < 2||K|1, VYweR;
/ IK(u+w) —K(u—w)|du < 4L(a+1)|w|, Vw € [-1,1].
To get the second inequality we have used Assumption 2 (i). Thus, we get finally
g, < 27t 2=0) [504 T (0 + 1) P+ 4{2||K1 }H(2 — ) 7] (4.3)

Here we have also used that u < 2 and puw > (2 — p)(2u) L

Putting R, = || K[|1 + [5{2L(a +2)}" + 4{2|K|}1 }/"(2 — p) 7]
any w € (1/p—1/2,1)

==

we get from (4.2) and (4.3) for
Q) - Q@ T _ 5w
HQHL#(A) + {/A N Wdydz < Rubd .

Thus, the inclusion (4.1) is proved since ]:2“ < R,,. The assertion of the lemma follows from Lemma
2 with k£ = 1 and its consequence (3.1).
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4.2. Proof of Lemma 4

Similarly to the proof of Lemma 3 the proof of the present lemma is based on the inclusion

Q. cg?((—a—b,wb)d,R), R=T(r)(2'p%)

29r

(4.4)

Indeed, if (4.4) holds then the required assertion follows from the consequence (3.1) of Lemma 2.
Thus, let us prove (4.4). First, we note that all functions from £;, vanish outside the cube
A = [~a — b,a + b]¢ since K is compactly supported on [—a,a]? and b < 1.
Next, for any @ € Q;, we obviously have

@l = [ 1Qatan < IKIE [ Wit < ifen, (15)
where the last inequality follows from the condition ¥ € B, 4 and the Holder inequality.

Taking into account that A(z) = (h(z),...,h(x)) and that |v,] = [d/2], we have for any n € N?
satisfying |n| = [7,] in view of Assumption 3

t—x

n _ T —|n|—d n
DRQ(t) = /(_M)d [h(a)] M DR (W

)ﬁ(m)yd(dx).

Moreover, putting y = u + v and z = u — v we obtain by changing of variables

[ [ |praw) - pnoe)| .
i [ o e amzs2 |

R

|v| =3¢ (v)dw.
d

Here a =, — || and T(v) = [ga ‘DnQ(u +v) — D*Q(u — v)|du.
We get using Fubini theorem

I < g /(_bw [h(x)]Indﬁ(x)\{/!vl‘d—a[/

o (55°) - (55

By changing variables in inner integrals w = (u — z)/h(z) and 3 = v/h(x) we obtain

—|n|—¢
o< T /(_b,w ()] ) ), (46)

where T = 27979 [ [3| =4~ [ | DK (w + 3) — D"K (w — 3)|dwd;.
We obtain in view of Assumption 3 for any [n| < |d/2| +1

/ DK (w+3) — D"K(w —3)|dw < 20(K), V3;eR%
[ 10K +5) - DRyl < 2L+l vl <1
It yields (recall that ® denotes the unit disc in RY),

T <271 {L(a +2)¢ / 57 5(3)dz + O(K) / 3“19(;,)(15} = T*(r).
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Thus, we deduce from (4.6) for any n satisfying |n| = |7,

o o) [ Bk <O [ ] )

byb —b,b)?

29r 297
> ’ —T*(r)<Hh§ > ’ (4.7)
2y pty) '

Here we have used Holder inequality, the condition ¥ € B 4 and the definition of ~,.
Taking into account that € H;, we obtain from (4.7) that

Il
~
*
—~
2

—

N
N

29r
S L < (@2 + 1T () (2 7F) T
In|=[~]
It leads together with (4.5) to the assertion of the lemma. |

4.3. Proof of Proposition 1

Set
B;L(f, x) = ‘/Kﬁ(t—w)f(t)dt— f(z)|, =€ R,
We start the proof with several remarks.
1) Obviously Ag [hf} € ‘B(Rd) for any f € Ny(3,7, L) and any multi-index s since B;(f,-) is
measurable function. Moreover h #(+) takes its values in countable set that implies that h £(+) is
measurable function.

2) The definition of the Nikolskii class implies that ||f[|,, < L; for any j = 1,...d. It yields, in
view of the Young inequality

[B5(£:9),, < A+ KDL, Vi=1,...d,

and therefore, B
va(z € (=b,b)*: Bj(f,z) =00) =0, VheH.

This, in its turn, implies that
yd( Uy {w e (=b,b)?: hy(f,x) = oo}) = 0. (4.8)

3) The following statement was proved in Goldenshluger and Lepski (2014), Lemma 3: there
exists a constant C' completely determined by 3, d and the function w such that

d
sz(fvx) < ZBﬁ’j(fal‘)v T € Rda HBﬁJ(fa .)Hrj < C'Ljh?ja Vj =1,...,d. (49)
j=1

19. Proof of the first assertion. For any s € N* recall that Es = (hsy,...,bs,) and Vg = H?Zl bs, -
Denote by S; the set consisting of s = (sy,...,s4) € N? satisfying s; > S:(j) for any j = 1,...,d.
We will also use the following notation: for any s € S let § € N be such that § < s and |s — 8| = 1.
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Putting X = ﬂ?zl{x € (=b,b)%: hj(f,z) < 0o} we have in view of the definition h(f,-) for any
s € 8 such that s # (S:(1),...,5:(d)).

N[
Bl

As[ﬁf]ﬂX - {aze(—b,b)d: Bgs(f,x)—i—eV; SBaé(f,w)+€Vg

- {x € (=b,b)?: Baé(f,g;) > 5{/5_%(1 _ 6—1/2)}

d 1
< U {m € (=b,b)": By (f,x) >eVs *(1— e—1/2)d—1}

j=1
The last inclusion follows from the first inequality in (4.9) and the definition of 8.
We get from (4.8), the second inequality in (4.9) and the Markov inequality

o - . -
PVE [ - ) B,

M=

va(8alfis]) = va(As[is] N %) <

<.
—_

S

< Yol
j=1
where we have put s; = {d(eﬁj —efiml/ 2)5[/],}7"]' and used once again the definition of 8.
Since vg4 (As [Ef]) = 0 for any s ¢ Sy by the definition of ﬁf and g4 <ASO [Eﬂ) < (20)%, sg =
(S:(1),...,5:z(d)), we obtain for any 7 € (0,1)

d ) )
Sva(Msli) <X Y I 4+ (207
7=1

seNd s€54,5750
In view of (2.8) (the definition of S.(j),j =1,...,d) we get

1
Ve = [hde* St Sau)ezle(sa(l)fsz)} 2 < eI p3 im (S ()—51),
b5 = B BiSe)eBiSe) i) < 9T H(S:)=5)) < em,

15
It yields e 1 Vg2 h?j < e3 Lizr (Se(k)=s) and, therefore,

d
3 y;<As [ﬁf}) < 2%5(1 - e*%) N
seNd Jj=1
The first assertion is proved.
20, Proof of the second assertion. The condition of the proposition allows us to assert that there

_2B8 -
exists p > p such that v(2 4+ 1/8) > p. Putting ¢. = e¥/2c25+1 we obtain using the definition of hy

_1pp _1qp _1]P
vz P < —pHBﬁ ) eV2 :—p/ 'f[B», +V~2}d
‘ I hf(f Jte R lly = ° (—b,b) Elélf)g ilho)+ el )
> _1
< (2(1)88 1)p +Z (2ek+1q§ sl)pud(x: inf [Bﬁ(f, x)+ eV 2] > 2ekq§5>
k=0 hefH: h
> _1
< (2¢55—1)P + kz_o (2€k+1¢ € l)Pyd (3: : Bg[k}(f,x) —l—gVE[kT > 2ek¢>s>,



where we choose [k] € $. as follows. Let h[k] = (h1lk], ..., halk]) be given by

1 v(2+1/B)
hjlk] = (@)”ﬁfek(ﬁf o) ji=1,....d,
and define h[k] € §. from the relation e Lh[k] < h[k] < h[k].

First we note that
hilk] < (d’a)l/ﬁj < f)e_sg(j)'H’

since 7 € [1,p]? and p < v(2 4 1/B). This guarantees the existence of E[k‘} Next,

1 28
Vb covTh = ot — o,

— l\)\»—l

[k k]

and, therefore, using the latter bound, (4.9) and Markov inequality we obtain

vl < (2¢gs—1)’“+Z(2e’f+l¢se‘1)pud<m: Bgs[k](faiﬁ)ze%s)
k=0
[e's) d
< (26" Z (261 e )7 S (€4 e) T (CLy) (b [K]) 7
7j=1
0o d
< (2. p Z k+1¢) - p —kv(2+1/ﬁ)z (C’Lj)”

J=1

00 d
_ 5_2311{(2@‘1/2) 26d/2+1 p Ze v(2+1/8)— Z }
k=0

As we see the assumption of the proposition v(2 + 1/8) > p allowing us to choose p > p and
v(241/8) > p is crucial. The second assertion is proved.
|

4.4. Proofs of (1.5) and (1.6).

We start with the following bound obtained by application of the Minkovski inequality for integrals
and the Holder inequality.

- 1
Up(h) < ”KH2HVE :

L, Vhes) () (4.10)

N - _1 1
Set &Y = {h €6 ,(h) : op(h) < yHKHQHVﬁ 2 Hp}, where y < 2727 will be chosen later. Our
first goal consists in establishing the following inequality.

B/ I |V 2], < E(le],) < ()P IE ]|V 2

where, remind, 7y, is the p-th absolute moment of the standard normal distribution

, Vheev (4.11)
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The right hand side of the latter inequality is obvious. Indeed, we have in view of Jensen inequality
and Fubini theorem

el < [e(lsi] = | |

Thus, let us prove the left hand side in (4.11). In view of duality arguments

s ElG Mt | = (I ]|V 2.

(= Hi,;Hp = sup /(_b by ﬁ(%)fﬁ(@‘)l/d(dx) =: sup CQ

ﬁEBsyd QeN

where we have put (o = [p. Q(t)W(dt) and

a={Qer 5R: Q)= /(_be)d 9(@) Ky (- 2)valdz), 0 € By}

Let M, be the median of ¢ and let n ~ N (O, O’Z(E)). We have in view of triangle inequality

1 _1 L 1 1
Pl = [EQlel)]7 = [B1cP]F < M+ [EIC - McP)
Note that ¢ = supgeq (@ and (g is zero mean gaussian random function on £. Moreover, this

function is bounded since E¢ < oo in view of the right hand side of (4.11).
Hence, in view of Theorem 12.2 in Lifshits (1995), P(|¢ — M¢| > z) < 2P(|n| > z) for any z > 0.

It yields, E|¢ — M¢|P < 2E[nP = 2'ypa£(l_i) Since y < 2_2_%, we obtain for any i € &Y
1 _ 1 -1
[EIC — M) < 47 ()3 K[V ..

It remains to note that M < E(, Theorem 14.1 in Lifshits (1995), and the left hand side of (4.11)
follows. We easily deduce from (4.11) that

1 _1 1 _1 -
I V2| < M < () FIK |V 7,V € e, (4.12)
Indeed, the right hand side follows from M < E¢ and the right hand side of (4.11). Additionally,
- 1 _1 -
E¢ < M¢ +E|¢ — Mc| < M¢ +2yy0p(h) < M + 271 (v,)7 | K|2|| V. 2], Vh e &Y.
This, together with left hand side of (4.11) completes the proof of (4.12).

. _1
Proof of (1.5). 1°. Suppose first that h € &Y and put for brevity A, = HVE 2 Hp. We have

V

E{[c- 27 ) IKl2h] | 2 27 ) Pl b "B I = M| < 27 ()7 1K 2 }
> By~ 1= 2P{j] > 27 (x,) 7 K2, } (4.13)

To get the first inequality we have used the left hand side of (4.12). Taking into account that he&v
we obtain

1 _ 1 _
P{Inl > 27 ()7 K2} | <2 —20(27(y,)ry ™)
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where @ is the distribution function of the standard normal law. Choosing yg from the equality
1 1
2 —28(273(,)ry~ ') = 47! and setting y = yo A 27%7% we deduce from (4.13)

_ 1 q _ _d o
E{ [é —2 4<~rp>pHKHzApL} > 27'Bih7:, Vhe o' (4.14)
20, Suppose now that f € S;,(h) \ &Y and put for brevity X = 2_3(7p)% | K||2. One has
_ 1 q _dg
E{[c -2 ()P lIKIA] } > Bib TR 2 X)),
Remembering that ¢ = supgeq (@ we get
1 q _dq
B{[c—27n) 12N} > B F sup i > X)) (4.15)
+ Qe

Taking into account that (g ~ N(0,]|Q||3) we have

(X2p)?
_1 - P

VaTP{Co > XA} > 11QI2(X0) ! [+ |QIB(XA,) 2] e Mo

1 -1

h - _1
Since 0, (h) = supgeq ||Q||2 We obtain from (4.10) 1+ [IQIB(XA) 2] > 1+ 8(7,) v
Therefore,
. _ (Xxpf
sup P{CQ > X)‘p} = Bi/ap(h)(X)‘p)_le 205(0)
Qe

Since h € S;,(h) \ &Y one has ap(l_z’)(X/\p)_1 > Sy(fyp)*% that implies

1 _('Yp)%
sup P{CQZX)\p} Z8Bi’y(7p) e 12842
Qe
It yields together with (4.15)
E 24y Ve ||Kll2N| V> BYyF, Vhe&: & 4.16
{le-27)PIEln) | = B2, vie ey, b)\ 6" (4.16)

The inequality (1.5) follows now from (4.14) and (4.16).

Proof of (1.6). In view of the right hand side of (4.11) and the first assertion of Lemma 1 we
have

e [llgll, ~ ()71l + VDIV 2], )

< q/ zq_IIP’{C—IEK > \/§Ap+z}dz < 6_052(}1)’\”0’1(5)(1/ zq_le_édz.
0 0

p
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