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Abstract. In prostate cancer radiotherapy, inter-fraction organ variations intro-
duce geometrical uncertainties that cause that the delivered dose to healthy organs
to considerably di↵er from the planning dose distribution. The aim of this work is
to propose a new model based on principal component analysis and mixed-e↵ects
model to describe and predict the bladder motion and deformation during treat-
ment by separating intra and inter-patient variability. Two population databases
are used for training and validating the motion/deformation model. Using the first
database, a set of directions of maximum organ variability is determined to char-
acterize the organ shape and variation. Later on, a mixed-e↵ect model is fit to
predict geometrical variability along each direction. Two validation phases are
carried out to assess the performance of the model: in the first phase, the set
of directions of geometrical variability are evaluated using a leave-one-out cross
validation over the first database; in the second phase, the prediction performance
of the model is assessed by comparing the estimated motion/deformation region
with the region obtained with the available images of the second database.

1 Introduction

In prostate cancer radiotherapy during the treatment planning a single computed tomog-
raphy (CT) is usually used to design the planned dose distribution and to determine the
toxicity e↵ects in the healthy organs called organ at risk (OAR). However, the OARs ex-
hibit considerably internal organ motion and deformation during the treatment, which
may lead to considerably di↵erence between the actual and planned delivered dose
([7]). Thus, geometrical uncertainties can lead to dosimetric consequences that may
impact on the tumor control and normal tissue complication probabilities ([8]). There-
fore, quantify and characterize the inter-fraction organ variability during the treatment
is important to design robust treatment plan with less side e↵ects in the OARs.

Several approaches have been developed to quantify and characterize geometrical
uncertainties produced by inter-fraction organ variations. Some of these approaches are:
serial imaging measurements ([10]), fiducial markers ([3]), OAR margins ([9]), rigid-
body motion ([12]), parametrization of the organ structure ([6]), biomechanical models
([13]), and statistical models ([11], [1]). However, a promising approach is given by
using weighted scenarios of fundamental directions of patient’s geometrical variability
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([11], [1]). These directions of variability called motion/deformation modes are ob-
tained by applying principal component analysis (PCA) to a data set of (pre-)treatment
organ geometries, which are parametrized by sets of corresponding surface points ([2]).

To model anatomical organ variation, PCA based model was initially applied by
Shön et al. (2005) to the rectum, bladder and prostate, where intra-subject variability
was just considered to developed a model. However, this approach was limited by the
required number of CT scans per patient for developing the model. Therefore, Budiarto
et al. (2011) proposed a method that considered a population database of prostate and
seminal vesicles, where the aim was to describe the geometrical uncertainties for a
new patient by using a small number of CT scans. The developed method is based on
the assumption that organs move and deform on a similar way despite the variation
of the shape of a specific organ over a population. However, the prediction of inter-
fraction organ variations is still not properly approached. Therefore, in this paper we
propose a model that predicts the intra-fraction geometrical variations by separating
and quantifying the inter and intra-patient variability. It allows us to predict the patient’s
motion/deformation region during the treatment by means of an image that describes
the occupation probability of the organ and is called as probability map. Basically, given
a new patient with a planned delineation, the clinical perspective behind this work is to
quantify the geometrical uncertainties produced by inter-fraction organ variations, and
to analyze its e↵ects in the relation between dose distribution and morbidity prediction
in the OARs.

2 Materials

For this study, the method is applied to two population databases treated for prostate
cancer with external beam RT. The first database consists of 20 patients, where for each
patient a planning CT scan and several (ranging from 5 to 8) on-treatment CT scans are
available. Similarly, the second database consists of 3 patients, where for each patient
a planning CT scan and several (ranging from 35 to 39) on-treatment CBCT scans are
available. For each patient, the bladder, rectum, prostate and seminal vesicles (SV) are
manually contoured following the same protocol. For each patient, the prescribed dose
is computed in a standard Treatment Planning System (TPS) step and then is re-sampled
into the CT native space. Finally, the size of the images is 135 ⇥ 215 ⇥ 55 with 1 mm
pixels and 2 mm thick slices.

In this paper, all the segmented bladders are brought into the same spatial referential
system by selecting a reference patient. Thus, all the patients with his organ delineations
are rigid registered on this reference patient by aligning the barycentre of the prostates.
Then, the segmented bladders are propagated using the same transformations. Finally,
each segmented bladder is reconstructed with a triangulated surface points. The trian-
gulation process is initially done by finding the point with maximum distance to the
bladder surface; and later on, a regular meshing process is carried out with constant
sampling that ensure the corresponding points. Therefore, all the segmented bladder
are discretized with 64442 points over its surface.
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3 Methods

The proposed method consists in two phases of dimensionality reduction and a fitting
process. An initial phase of dimensionality reduction is made by coding each segmented
bladder into a vector of spherical harmonics coe�cients. Then, a second phase is done
by applying PCA to a population of bladders represented in the spherical harmonic
space. Finally, a mixed-e↵ects model is fit to predict the motion/deformation patterns
of a training set.

3.1 Spherical Harmonics

In mathematics, spherical harmonics (SP) are solutions of Laplace’s equation expressed
in spherical coordinate system and define an orthonormal base of the solution space. In
several applications based on medical images, they are used to model anatomical shapes
with high accuracy and dimensionality reduction ([4]). Then, any organ shape f 2 IR3

in spherical coordinates can be approximated as a linear combination of spherical har-
monics:
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at the j-th CT scan of the i-th patient denoted by xi , j can be represented in spherical
harmonics coordinates as follows:
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where p = L2 � (L2 � L)/2.

3.2 Principal Component Analysis

In this study, our motion/deformation model is based over some assumptions that are
already stated in the methodology developed by Budiarto et al. (2011) and Shön et al.
(2005), which are described as follows: first, it is assumed that the organs move and
deform according to a limited number of variability directions that are imposed by the
body anatomy; second, it is assumed that the inter-fraction geometrical organ variation
is random along the set of variability directions; third, although the organs may be
di↵erent in sizes and shapes from one patient to other, it is assumed that the directions
of variability are similar for all the patients.

In order to find the directions of maximum variability, a data matrix of bladders
represented in spherical harmonics is build up in order to obtain a singular value de-
composition(SVD), where the aim is to have a sample that describe all the possible
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shapes and sizes of the bladder space. Thus, consider the bladder structure of the i-th
patient at the j-th CT parametrized as Ci j, the data matrix would be defined as follows:

Csnapshot =
h
C10 C11 · · · C1 j1 C21 · · · Cn1 · · · Cn jn

i
= U⌃VT (3)

where ji is the number of observations available for the i-th patient, ⌃ is the diagonal
singular value matrix, and U and V are the left and right singular vectors, respectively.
The column vectors of the matrix U are the directions of variability of the bladder
population and they are called modes of variability. As a result, each bladder in the
spherical harmonics space could be approximately expressed as an linear combination
of the modes, as it is described as follows:

Ci j ⇡ zi j, 1 '1 + · · · + zi j, k 'q, with q << p (4)

where the vectors 'i are the singular vectors of matrix U, zi j, k = CT
i j 'k. Mathe-

matically, the modes 'i define a new coordinate system, where each bladder Ci j can be
represented by L new coordinates zi j, 1, . . . , zi j, q.

3.3 Linear Mixed-e↵ects model

Mixed-e↵ects models provide a powerful tool for analyzing longitudinal data, where
there are two sources of variability: the intra and inter-subject variability. Linear mixed-
e↵ects models allows to model separately both source of data variability ([5]).

Considering that zi j,k represents the variability measurement along the k-th mode of
the i-th patient at the j-th delineated bladder. Then, the population database is repre-
sented as a serial of population measurements of geometrical variability as follows:

{z11, k, . . . , z1 j1, k}, {z21, k, . . . , z2 j2, k}, · · · , {zn1, k, . . . , zn jn, k} (5)

where k = 1, . . . , q. Then, a mixed-e↵ects model is proposed to describe the intra
and inter-variability of the mode’s measurements, as it is depicted as follows:

zi j, k = µk + bi, k + ✏i j, k, (6)

bi, k ⇠ N(0,�2
b), ✏i j k ⇠ N(0,�2),

where i = 1, . . . , n and j = 1, . . . , ji. The term µk is the mean geometrical varia-
tion measurement along the k-th mode across the population, bi, k is a random variable
representing the deviation from the population mean of the mean for the i-th patient,
the ✏i j, k is a random variable representing the deviation for observation j on patient i
from the mean for the i-th patient. Finally, the variances �2

b and �2 denote the inter and
intra-patient variability, respectively.

Given a new patient with his planned delineated bladder, the representation of the
organ structure in the reduced space ẑ = [ẑ1, . . . , ẑq] is obtained, see (4). Then, the
inference of the most probable structures of the organ along the treatment fractions is
given by the following predictive model:
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C = Wz, (7)
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Sampling each normal distribution of zk, a 3D region of motion/deformation of the
patient’s bladder can be predicted, where each voxel provides the probability of being
occupied by the bladder during the treatment. Such 3D region is called probability map
(PM).

3.4 Validation

The validation of the model is split in two phases in order to determine whether the
result obtained can be applied to other patient outside of the population database. First,
in a first phase a leave-one-out cross validation procedure is used to evaluate the po-
pulation modes obtained with PCA. The aim is to determine if the modes accomplish
to describe the motion/deformation patterns of a typical patient not included in the
database. Thus, consider a delineated bladder Ci and its approximation Ĉi given by the
Eq. 4, a reconstruction error ei and a metricM are defined as follows:

ei = 1 � k Ci � Ĉi k
k Ci k , M = 1

n

nX

i=1

ei, (8)

where the metricM is used to provide a quantitative measure of the approximation
error in the training and validation set. Finally, in a second phase, the prediction per-
formance of the model is assessed by using the second database. For each patient two
PMs are calculated: a PM estimated by means of the bladder structures generated by
the model, which is called estimated PM; and a second PM obtained by means of the
bladder structures available from the patient, which is called empirical PM.

4 Results

Fig. 1 illustrates an example of the rigid registration process that is carried out over the
bladder population in order put them into the same framework. The segmented bladder
and prostate of an unregistered patient are illustrated before and after the registration
process. The impact of the number of the spherical harmonic coe�cients on the bladder
reconstruction is evaluated on the bladder population. The evaluation is done in terms
of the Dice Score (DS) and Hausdor↵ distance (HD) as a function of the level of the
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Fig. 1. Visualization of the rigid registration process that is used to put all delineated bladders in
the same spatial referential system.
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Fig. 2. Mean metric errorM as a function of the number of modes in both training and validation
database.

basis functions. A level of L = 15 is selected as a good bladder shape representation
with a mean DS equals to 0.954 ± 0.0522 and a mean HD equals to 6.112 mm ± 4.997.

Following a leave-one-out procedure over the first database, motion/deformation
modes are obtained from the training population of 19 patients and evaluated with the
remaining patient. Thus, SVD is applied to a data matrix Csnapshot 2 IRp⇥n with n rang-
ing between 151 � 154 images and p = 512. In average, from all the 20 combinations
of cutting the first database, the first mode has the biggest variance contribution with a
mean value of 34.7%, and the first 40 modes covers in average 90% of the accumulated
variability. Also, Fig. 2 shows that the first 40 modes, the mean reconstruction errorM
in both training and validation sets are 0.98 and 0.96, respectively.

Figure 3 illustrates the estimated and empirical probability maps that are obtained
from a patient from the second database. It depicts the deformation/motion region that
is estimated by means of the model after sampling the normal distribution of the vector
z. Similarly, an empirical deformation/motion region is obtained for the same patient by
means of the 36 segmented bladders available.

78



Fig. 3. The left images shows the estimated probability map using the deformation/motion model.
The right images shows the empirical probability map using the available images of the patient.

5 Discussions and Conclusions

We have proposed a methodology for predicting inter-fraction geometrical variations of
the bladder in prostate cancer radiotherapy. A rigid registration process was done for
mapping the population of bladders into the same space. The proposed methodology
consisted in two phases of dimensionality reduction and a fitting process. Our proposed
model has been validated in two phases by using two databases. In the first phase, leave-
one-out cross validation was applied to validate the direction of geometrical variability
by using the first database. In the second phase, the estimated motion/deformation re-
gion was compared with the region obtained with the available images of the second
database.

A rigid registration process was proposed to define a spatial referential system by
using the prostate barycentre of a reference patient. Although the prostate presents rigid
motions during the treatment, its volume is nearly identical to the volume in the planned
CT ([10]). Therefore, we have chosen the prostate barycentre because its overall struc-
ture remains stable during the course of the treatment. At di↵erence to previous works,
an initial phase of dimensionality reduction with SP was proposed, which allows a pre-
reduction of the number of variables needed to represent each bladder shape. Therefore,
the combination of SP and PCA achieved a significant dimensionality reduction of the
number of variables needed to explain the internal structure in the population data,
where a delineated bladder represented with of millions of voxels was reduced to a few
number of scores.

Comparing our results with previous works ([1]), we found that a higher number
of modes are needed to properly describe the variability of the data. However, there is
significant di↵erence between the organ considered in both studies, where geometrical
variations by motion and deformation during treatment in prostates and seminal vesicles
are less significant than those in the bladder. As a result, a lower number of modes may
be required to describe the geometrical variability in a composite of prostate/seminal
vesicles than in the bladder.

To summarize, a method was proposed for predicting motion/deformation region for
a typical patient by using just his planned segmented bladder. Therefore, as significant
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contribution of this study is to propose a population based model that accomplishes to
better personalize the prediction of the inter-fraction bladder variations. In addition, af-
ter learning geometrical variations in a training population, the population based model
allows to quantify a priori the treatment uncertainties due to internal motion and defor-
mation of the organ. Thus, possible applications of such information could be margin
evaluations, estimation of delivered actual dose, toxicity prediction and robust design
of planned dose. In addition, when more CT scans are available inside an adaptive RT
scheme, the model could be used to adapt the dose during the treatment by using such
information to improve the personalization of the model patient-specific parameters.
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