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Abstract. The dynamic reflection probability of [DS] and the spectral reflection probability of | , ]
for a one-dimensional Schrodinger operator H = —A + V' are characterized in terms of the scattering theory
of the pair (H, Hy) where H,, is the operator obtained by decoupling the left and right half-lines R¢o and
R->p. An immediate consequence is that these reflection probabilities are in fact the same, thus providing a
short and transparent proof of the main result of | ]. This approach is inspired by recent developments in
non-equilibrium statistical mechanics of the electronic black box model and follows a strategy parallel to | ].

1 Introduction

One-dimensional Schrodinger operators H = —A + V describe a quantum particle on R under the
influence of a potential V. The transmission and reflection properties of such operators concern the
behaviour of wave packets originating on, say, the far left of the system and describe whether the
packet is transmitted through the system to the right, or reflected back to the left.

The dynamical characterization of transmission and reflection, originating in [[)5], uses the solution
of the time dependent Schrédinger equation to define states asymptotically concentrated on the left or
right in the distant future or past. The notions of reflection and transmission coefficients then enter
through the decomposition of a state concentrated asymptotically on the left in the distant past into
the superposition of two states concentrated on the left and right in the distant future.

The spectral characterization of transmission and reflection is given in terms of two special solu-
tions of the time independent Schrodinger equation. The reflected and transmitted waves are obtained
by expanding one solution as a superposition of the other and its conjugate (for the energies under con-
sideration, each solution is not the multiple of a real-valued solution); in the mathematical literature,
this approach originates in | , ].

Our contribution is to characterize both of these notions of reflection and transmission in terms of
the scattering theory of the pair (H, Hy ) where Hy, is the direct sum of the restrictions of H to the left
and right half-lines, with Dirichlet boundary conditions. The scattering theory of this pair provides
yet another notion of reflection and transmission through the elements of the scattering matrix. In
fact, it will be immediate that all three notions coincide thus providing a short and transparent proof
of the main result of | .

The consideration of the decoupled operator Hy, appears somewhat unnatural here. This approach
originates in studies of the nonequilibrium statistical mechanics of the electronic black box model.



There, the relevent transport phenomena are computed using an associated one-dimensional Jacobi
matrix acting on £2(Z), where the left and right half-spaces correspond to two semi-infinite thermal
reservoirs which are initially uncoupled and at thermal equilibrium. The study of the scattering theory
of the decoupled and coupled operators thus enters quite naturally. We refer the interested reader

to | | for a complete discussion.
This approach to reflection and transmission was first developed for Jacobi matrices | | and
later extended to the five-diagonal unitary CMV matrices in | ]. In all of these cases, the question

of whether the dynamical and spectral definitions of reflection and transmission coincide was already
answered in | .

The remainder of the paper is organized as follows. In the next section we introduce the different
notions of reflection and transmission and state our main results. In the third and final section we
provide an elementary derivation of the scattering matrix for the pair (H, Hy). The formula for the
scattering matrix is known and can be deduced from, e.g., [ , ] or from [AP] (see also [ALL]).
Acknowledgements: The authors thank V. Jaksi¢ for useful and enlightening discussions. The
work of B.L. is partly supported by NSERC. The research of A.P. was partly supported by ANR
(grant 12-JS01-0008-01).

2 Main results

2.1 Preliminaries

We consider Schrodinger operators

H:=-A+V (2.1)
on R. We assume that V; € L] _(R) and its negative part V_ obeys Q(—A) < Q(V_) and
(o, Vo) < alp, —=Agp) + B{p, ) (2.2)

for some o < 1 and all ¢ € Q(—A). We assume that V' is in the limit point case at +0o0. Under these
assumptions H defines a self-adjoint operator bounded from below. For our purposes it will be no loss

of generality to assume
H>0. (2.3)

We define now
Hl/r = _Aoo,l/r +V (2.4)

to be the restriction of H to the left and right half spaces L*(R,,,dz) where we denote R; = (—o0, 0]
and R, = [0,0). Here, —A, ;. is the Laplacian with Dirichlet boundary conditions on the left /right
half-space.

We summarize now some of the elements of the Weyl-Titschmarsh theory (our notation is based
on Appendix A of [(:53]; complete proofs may be found in the references there, or in [T]). For every
z € C\R there are unique solutions u,/,(z) of the ODE

Hu = zu, u(0) =1 (2.5)
that are in L?(R, /r»dz). The Weyl m-functions are defined by
my(z) = —uy(z,0), my(2) = ul(z,0). (2.6)

and are Herglotz functions admitting the representation, for some real constant a;,,

1 A
= ——1d A 2.
my(2) = iy + JR [A S /\2} pi/r(A) (2.7)
for a measure p;/, which satisifes
dpl/’r(A)
) 2.
JR 1y % (28)



In fact, it follows from | , , T] that py/ is the spectral measure for H;;, and &;. Here, &; €
H_2(H,;),) where Hs(H;),) is the scale of spaces associated to H;/, and the associated spectral measure
is defined as in [S]. The vector dj is the continuous linear functional on Ha(H;,.) defined by {5y, ¢) =
#'(0) on test functions ¢ € C°(R) = Ha(H;),) . The associated spectral measure is defined as in [5]
(see Section 2.3 for further details). Being Herglotz functions, the boundary values

Im[my,. (A £10)] := leiﬁ)l Im[my, (A £ i€)] (2.9)

exist and are finite for Lebesgue a.e. A. Moreover,

dpl/r,ae

mfmy (A +i0)] = —525(3) (2.10)

is the Radon-Nikodyn derivative of the a.c. part of py/,.
Lastly, we define the Green’s function by

Gy (2) = (B, (H = 2)716,). (2.11)
2.2 Reflection probabilities
We discuss first the spectral reflection probability of | , ]. For any A € R s.t. my,. (A +10)
exists, we define the two solutions of
le/r = )‘wl/r (212)
by requiring
wl/r()U 0) =1, 77/}1/()‘? O) = _ml()‘ + 10)7 w;()‘a O) = mr()‘ + 10) (213)

Let Sy be an essential support of the a.c. spectrum for Hy,.. For a.e. A € S; we have that (N is not
a multiple of a real solution and is therefore linearly independent of ;(\). For such A we can expand

br(A) = AN + B (N). (2.14)

Definition 2.1. For a.e. A € S; the spectral reflection coefficient (relative to incidence from the left)
s defined by

RO\ = =22, (2.15)

and the spectral reflection probability is defined by \Rl(s)(A)|2. For \ ¢ S set Rls)()\) =1. Ile(S)()\) =0
a.e. on a Borel set ¢ then H is said to be spectrally reflectionless on e.

Using (2.13) one obtains for A € 5j,

A +10) 4+ my (A —10)
RO (n) = . 2.16
() my(X +1i0) + m, (A +i0) (2.16)
We now discuss the dynamical reflection probability of [DS, ]. Let j, < 1 be a smooth function
that is 0 on (—o0,z] and 1 for [z + 1,00). The strong limits
P i=s—limeje P (H), PF:=s—lime(1 - j,)e " P.(H), (2.17)

t—+o0 t—+c0

exist and do not depend on the choice of x. The operator PIJ/—; is the projection onto the space H;—;T
where

HE = {cp € Hao(H) : Var, lim ||jzeH || = 0} (2.18)

is the set of states concentrated asymptotically on the left in the distant future/past, and Hi is given
by a similar definition with j, — 1 — j,. Davies and Simon proved the following:



Theorem 2.2 (Theorem 3.3 of [DS]). Under our hypotheses on V' we have the following decomposition
for the absolutely continuous subspace of H.

Haoo(H) = H ®H =H; @ H, . (2.19)

Note by time reversal invariance, H;*;T = f/l. We will see later that the restriction of H to ”Hli;T
has simple spectrum. As each of the spectral projections commutes with H, the operator PlJrPl_PlJr

acts as an operator of multiplication by a function we denote by |Rl(d)()\)|2. This function is defined
for a.e. A in an essential support of the a.c. spectrum of the restriction of H to 7—[;’ We will see later
that this is precisely S;. Following | ] we have the following definition.

Definition 2.3. The dynamical reflection probability is defined for a.e. X\ € Sy by \Rl(d)()\)\z and by 1

for X ¢ S;. If ]Rl(d)]2 vanishes a.e. on a Borel set ¢ then we say that H is dynamically reflectionless
on e.

Remark. In [BRS] H is said to be dynamically reflectionless on a Borel ¢ € R if P.(H)P;" = P.(H) P
(where P,(H) is the spectral projection onto ¢) and e is contained up to a set of measure 0 in an essential

support of the a.c. spectrum of H. We will see later that \Rl(d)()\)\Q # 1 only on S} n S, and on this

set the operator P P P acts by multiplication by the same function |Rl(d)()\)|2. It follows that this
definition coincides with ours.!

As we will see, the link between the dynamical and spectral notions of reflection is provided by
scattering theory. To be more precise, we will prove:

Theorem 2.4. The spectral and dynamic reflection probabilities are identical,
s d
RO = RO (2.20)

Moreover, they are given by any diagonal element of the scattering matriz of the pair (H, Hy,), which
will be defined below. Consequently, H is dynamically reflectionless on a Borel set e iff it is spectrally
reflectionless on e.

2.3 Scattering theory of decoupled Schrodinger operators

In this section we review the elements of scattering theory we need and provide a proof of Theorem
2.4. Recall our definition of Hy as the direct sum of the restriction of H to the right and left half-lines.
For the difference of the resolvents we have the formula [5]

(H = 2)™" = (Ha — )" = Gool2) ™ |(H — )" 80)(H — )| (2.21)

which holds in particular for z = —1. Recall that 6y € H_1(H) and so (H — z)~1§y is a bonafide
element of . From (2.21) we see immediately that the wave operators [R5]

Wy 1= st—}iogn cteitHe p (Hy) (2.22)

exist and are complete (complete meaning that Ranwy = Hac(H)).
The scattering matrix
s = wiw_ (2.23)

is a unitary operator taking H..(Hy) to itself. Moreover, it commutes with Hy, and hence acts as
multiplication by a 2 x 2 matrix which we denote by s(\) on

HaC(HOO) = Hac(Hl) (‘B HaC(H’r’) = L2 (R7 dpl,ac) (‘B L2(Ru dpnac)- (224)

1. These observations have reduced the question of the equivalence of our definition and that of | ] to the fact
that for two orthogonal projections we have P+ Q =1 iff PQP =0and (1-P)(1 - Q)(1—P) =0.



Let us elucidate the above identification. First, the spectral measure for ¢, and H, /r 18 defined as
in [S]. Secondly, 4§, is cyclic for H, /r in the sense that the linear span of

{(Hy» — 2)7'8) : z€ C\R} (2.25)

is dense in L?(Rgo, dz)/L*(Rxo, dz) [GS], ,I']. From this the identification in (2.24) follows.

We now give a formula for the scattering matrix. This formula is known and can be deduced as
a special case from general results on extension theory of symmetric operators in | ] (see also
Theorem 4.5 of [ | as well as related results of [Al{, AP]). We include an elementary derivation

in Section 3 for completeness. Before we state the formula we apply a unitary transformation taking
the space on the RHS of (2.24) to

A= L2(R, pid)\) ® L*(R, 7,d)) (2.26)

where 7/, is the characteristic function of Sy (the transformation is given by multiplication by the
square root of the appropriate Radon-Nikodyn derivative). The formula we give is for the scattering
matrix acting on this transformed space. This transformation is essentially notational and is standard
in scattering theory; with this convention, the scattering matrix is a unitary 2 x 2 matrix for every A.
It is clear that the value of the diagonal elements of the scattering matrix are unaffected.

Theorem 2.5. The scattering matrixz for the pair (H, Hy,) acting on H is given by

Sab(N) = dap + 21Goo(A + 10)4/ITm[mg (A + 10)]Im[my (A + 10)] (2.27)
fora,be {l,r}.

Note that by unitarity of the scattering matrix we have [s;(\)|? = |s.+(A)|? and by the above
formula both are identically 1 except for A € 5; n S;..

(From the point of view of scattering theory it is natural to introduce |s;(A)|* as the reflection
probability and introduce the definition of reflectionless operators as in the Jacobi and CMV cases.
The following proof shows that all of these definitions coincide.

Proof of Theorem 2.4. From the formula [G53]

| 2

-1

) )

(2.28)

we see
B E = lsuV) (2.29)
Next we claim that we can replace the smooth cut-off function j, in the definition of the asymptotic

projections. Let yo be the characteristic function of [0,00). We claim that

s — lim e (j, — x0)e " P,o(H) = 0. (2.30)

t—00

It suffices to prove that ||(jz — xo)e " Poo(H)g|| — 0 as t — oo for p € D(H). Let ¢ = (H + 1) and
C = (jz — x0)(H + 1)~%. Then,

1Ge = x0)e ™ Pac(H) || = ||Ce™ " Pocyp]. (2.31)
By Theorem 3.2 of [DS], C' is compact (trace-class even), hence by a well-known fact the RHS then
goes to 0 as t — oo (see Lemma 2 on page 24 of [R5]).

We may therefore compute P;/—rr with X(()l/ ") instead of Jo and 1—j,, where X(()l/ ") is the characteristic

function of (—o0,0] and [0, 0) respectively. Since Hy,, commutes with X(()l/ " we immediately obtain

that

l
PIJ/LT = wixo/rw; (2.32)

As a consequence, w4 is a unitary map from Ha.(H; /,,) to Hli;r intertwining Hy, and H. From this we

see that the restriction of H to Hli;r has simple spectrum and that S;/, is an essential support of the
a.c. spectrum for this restriction.



The formula (2.32) and the definition of the dynamical reflection probability yields
d
R P = P (2.33)

for a.e. A € S;. Since the RHS is identically 1 outside of S5; we see that the above equality holds

a.e. A similar calculation yields that PF P~ Pt acts by multiplication by the same function (recall

|si7| = |srr|). Hence we see that |Rl(d) (A\)|? # 1 only on S;N.S, justifying the remark following Definition
2.3. We conclude Theorem 2.4. O

We would like to give a final comment on the decomposition of a ¢ € H; as ¢ = Pﬁ@ZH—PT*w. From
the above proof we see that w4dy is cyclic for the restriction of H to ’H;—;T (where we are implicitly
thinking of 0y as an element of H_2(H;/,)). After applying a unitary map (again, multiplication by the
square root of the appropriate Radon-Nikodyn derivative) to the associated spectral representation,
we get a representation of (the restriction of) H as multiplication by A on L*(R,7;/,(A)dA). In this
representation, IDZ7T90(A) = 5117(AM)e(A). This motivates our choice of notation for the dynamical

reflection probability as \Rl(d)()\)\Q, as we could define Rl(d)()\) as the coefficient of P, which is now
seen to be sy ().

3 Derivation of scattering matrix

In this section we give an elementary derivation of Theorem 2.5. By the invariance principle [R5] the
wave operators and scattering matrix of the pair (H, Hy,) is the same as that for the pair (—(H +
1)1, —(Hy + 1)) so we compute the latter. For notational convenience we denote

R=—(H+1)7"  Ry=—(Hp+1)"" (3.1)
We compute only s;;(\). The other elements are the same. For f; and g; € Hac(H;) we have

fiy (s = Dgiy = {fi, (0 —w* )w_gp)

_ ulgrolo<flv (eiuRooe—iuR o e—iuRooeiuR)w_gl>
= lifgl el £y, "o (R, — R)e ™Fuw_g;Hdu (3.2)
€ R

where in the last line we use the fundamental theorem of calculus and then replace the integral
limy, o0 Sqiu by an Abel sum, which is allowed as the integrand is bounded and we know the limit
exists. By (2.21) and the fact that

Goo(z)il(H — 2)7150 = (H; — 2)7156 @ (Hr — 2)7156 (33)
(this can be derived from the formulas in Appendix A of [G53] in the same way that the half-line
case is done in [G51] - it is ultimately a simple consequence of the Wronskian formula for the Green’s

function) we see that the integrand in the last line of (3.2) is given by
ie~ I fy, B (Ryy — R)e ™ Fw_gy = —ieII(fy, eFo (H, + 1) 716\ }(Rdg, w_e Frg)y. (3.4)

We evaluate the latter inner product following an argument similar to | ]. Let hy = e who g We
have,

(Réy, w_hy) = }E&<R507 o itR it Reo ho)
o0
= <R507 hl> - llll%f efﬁlti<R50’ efitR(R o Roo)eitROO hl>dt (35)
€1 0

where we have used the FTC and replaced the integral lim; S(t) by its Abel sum. Using (2.21) and
(3.3) we see that the integral in the last line of (3.5) equals

Oo —e1t: —itR itR, . —e1t —itR —it(A+1)71 dprac(A)
e “Vi(Rdbg, e (R — Ryp)e" ™ hy)dt = ie” (g, Re " Rdp) e hi(\)—=——== dt.
(3.6)



Everything here is absolutely integrable so we use Fubini and evaluate the ¢ integral yielding
w0 i —1_j d r,ac A
J hl(A)if <507Re71t(R+()\+1) 17161)R50>dt Pr, ( )
R 0 A+1

dpl,aC(A)

A+1 (3.7)

:f hdo, R(R+ (A +1)~" —ie1) "' Rép)
R

We now concern ourselves with the limit €; | 0. First note that

lnl%@o, RR+\+1)"t—ie) ' Rop) = —Goo(—1) + lill%@o, (H—X—ie(H+1)(A+1))" 15 (3.8)

whenever the right hand limit exists. In a moment we will prove that

hﬂ%<50> (H—Xx—iei(H+1)(A+1))" ") = hrl%<50> (H — X —ie1)~"d0) = Goo(A + 10) (3.9)
€1 €1

whenever the limit on the RHS exists and is finite. Suppose for the remainder of the proof that g; is
nonzero only on a set on which the RHS of (3.9) converges to Goo(\ + i0) uniformly. By the DCT we
see that we can pass the limit €; | 0 through the integral and we obtain

dpl,ac()\)

U (3.10)

(R, w_e 0 gy — — fR U ODT G (4 + 10) g (V)

Plugging this into (3.4) and using Fubini we see that
. ~ s (1)1 —ule dprac(N) dpgac(N

A+1 N+1

To complete the computation we use the fact that

limn AT =D —elul gy 5(A+ 1) = (M + 1)) = (A + 1)26(A = N). (3.12)
€ R

To be more precise, since g(\)Goo(\ + iO)df;l/’\ac AN+ 1)"tis in LY(R,dx) it is not too hard to see
that

: 1) d A d
[ aOvGu(r-rioy [ vt g Ll g0y Guo(x +i0) L2 () (Y +1) (3.13)
R A+1 dA
strongly in L' provided that we also take g; to have compact support. If we then chose f; so that
fi(\V )dﬁl—fc()\’ ) is bounded with f; also of compact support then we can pass the above limit through
the )\ integration and obtain

(s =gy = —if

dpiac
R( dlA (A )) FNG(N)Goo(A + 10)dA. (3.14)

We have therefore obtained the formula for the special class of f; and g; described in the proof. The
extension to all of L? is a density argument which we omit.
It remains to obtain (3.9). With pg the spectral measure for (H, dp) we have

[(Go, (H = A —ie(H + 1)(A+ 1)) ""d0) — (S, (H — A — ie(A + 1)*) ')

A=XN)A+1)e ,
Jy RO DO — A —iev D0 £ 1] He)
/\ +1) ,
J V=i 1)z o)
()\ + 1)e ,
< - dug(N') + eC. 3.15
for any § > 0. The last integral is bounded by
OV €2 + 82Im[Goo (A + ie(X + 1)?)] (3.16)

and the claim follows.
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