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Abstract.Reduced-order models based on Proper Orthogonal Decomposition are
known to suffer from a lack of accuracy due to the truncation effect introduced by
keeping only the most energetic modes. In this paper, we propose a new regularized
calibration method aiming at minimizing a weighted average of normalized error, and
a term measuring the change of the coefficients from their value obtained by Galerkin
projection. We also determine the optimal value of the regularization parameter
by analogy of the L-curve method. This paper is a sequel of [8] in which we com-
pared various methods of calibration and introduced a Tikhonov-based regularization
method. The proposed approach is assessed for a two dimensional wake flow around
a cylinder, characteristic of the configurations of interest.

Keywords: POD Reduced-Order Model, Regularization, Singular Value Decomposition,

L-curve, Optimization.

AMS Subject Classification: 78M34; 78M50; 76F20; 91A10.

1 Introduction

A reduced-order modeling strategy is crucial to achieve optimization and model-
based control in a wide class of complex flow configurations [3]. Indeed, if these
tasks can always be reduced to constrained optimization problems, their numer-
ical resolution is generally so expensive in terms of CPU and memory storage
that strongly limits the applications to simplified configurations [22]. The de-
velopment of flow control for three-dimensional turbulent flows encountered in
many engineering applications or real-life systems is thus conditioned by the use
of Reduced-Order Models (ROMs). The objective of these models is to capture
the essence of the physics of the system while reducing the costs associated to
the solution of non-linear state equations. In fluid mechanics, ROMs are mostly
derived by Galerkin projection of first-principles equations, the Navier-Stokes
equations, onto the Proper Orthogonal Decomposition (POD) modes. These
POD ROMs are known to be relatively fragile when used for control design.
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This is partly due to the lack of adaptation of the POD modes when the flow
conditions are changing but this is also strongly linked to the intrinsic trunca-
tion effect introduced by keeping only the most energetic modes in the model
[9]. For these reasons, it is necessary to develop specific numerical methods
for improving the accuracy of these reduced-order models, the goal being to
determine part or all of their coefficients.

This paper is a sequel of [8] in which we have compared different calibration
methods found in the literature and treated the ill-conditioned system by devel-
oping a Tikhonov-based regularization technique that was extending the ideas
of [2]. Here, we introduce a new regularized optimization problem aiming at
minimizing a weighted average of a normalized error, and a term measuring the
variation of the coefficients from their value obtained by Galerkin projection.
Moreover, by analogy of the L-curve method [19], we calculate the optimal
value of the regularization parameter by determining an expression for the in-
flection point of the curve. Finally, we bench mark our method with respect
to the Tikhonov-based calibration technique for a two-dimensional wake flow
around a cylinder.

This manuscript is organized as follows. Section 2 presents the Proper
Orthogonal Decomposition and describes how to derive a POD-based reduced-
order model for the Navier-Stokes equations. In Sec. 3.1, we define the cali-
bration as a minimization problem and introduce a regularized framework in
order to reduce the ill-conditioning of the linear system. Then, in Sec. 3.2, we
introduce the concept of filter factors for explaining the ill-conditioning and
detail how to calculate optimally the regularization parameter by determin-
ing the inflection point of the L-curve. In Sec. 4, we then describe the bench
mark flow configuration used in this study and compare our approach to the
Tikhonov-based regularization method introduced in [8]. Finally, we conclude
and mention some perspectives (Sect. 5).

2 POD-based Reduced-Order Model

Reduced-order modeling is a way to remove un-necessary redundancies present
in a physical system to describe with a sufficient level of accuracy the dynamics
of a large-scale dynamical system with a low-order dynamical system. There is
a large variety of ROMs in the literature depending on the targeted applications
and on the flow physics. Here, we are focusing on those based on the Proper
Orthogonal Decomposition.

2.1 Proper Orthogonal Decomposition

Proper Orthogonal Decomposition (POD) [21] is a powerful and efficient method
introduced in Turbulence for extracting from a high-dimensional data set ob-
tained numerically or experimentally a low-dimensional approximation that
captures much of the phenomena of interest. The mathematical framework at
the heart of POD is developed in detail in [6] and two typical applications of
POD to fluid flows is described in [7]. Here, for self-consistency of the paper, we
summarize the most important properties of POD for reduced-order modeling.
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Let U = {u(x,tm) = u™}m=1,. n, be a set of Ny snapshots taken over a
time interval [0, T, with x € (2, the spatial domain of interest. The main idea
of POD is to determine a subspace S of dimension Npop < Ny, such that the
error E (||u — Psul|g) is minimized. Here, || - ||z denotes a norm induced by
the inner product (-,-), defined on a Hilbert space H, Ps is the orthogonal
projection onto the subspace S, and E(-) is an average operator over the snap-

1

shots, for instance an ensemble average (E (u) = « fo';l u™). Note that

minimizing E (||u — Psu|%) is equivalent to maximizing E (||Psul|%;), since
|lull? = |lu — Psul|%) + ||Psul|% for any orthogonal projection Ps. For our
purposes, the space H corresponds to L%(f2), the space of square-integrable
functions on (2. The POD procedure is then equivalent to minimize the ex-
pression:

1 N 2 1 N Npop 2
m Peu™ _ m Pt P
N, 2 |W T Bsu) = ) ut = 2 a () By
S m=1 H 5 m=1 j=1 H

where {®;},=1 . Npop is a basis for the subspace S and {af}jzlw,yNPOD refer
to the temporal coefficients corresponding to the POD expansion (as indicated
by the superscript P).

Solving this optimization problem leads [6] to the eigenvalue problem:

RP; = )\;®; j=1,--,Npop, (2.1)

with R = E (u ® u*), the two-point spatial correlation tensor. Here, ® denotes
the dyadic product bewteen two vectors u and u* where the superscript *
indicates complex conjugate.

It can be shown [6] that the operator R is linear, self-adjoint and positive
semi-definite on H. If we further assume that R is compact, then there exists
a countable set of decreasing non-negative eigenvalues A; (j = 1,--- , Npop)
associated to ®;. These eigenfuntions may be chosen to be orthonormal for
the inner product defined on L?(2), i.e.

(@jaq)lc)g:/-Q(Pj(x)'(l)k(x)dxz(sjk

with - the notation of the standard Euclidean inner product and d;;, the Kro-
necker delta. The POD modes are ranked according to the magnitude of their
eigenvalue, with A; equal to the largest eigenvalue and Ay.,, equal to the
smallest one.

When the input data come from numerical simulations, it is in general much
more efficient in terms of computational cost to use the method of snapshots
introduced by [24] than the direct method defined in (2.1). The method of
snapshots consists of writing the POD eigenfunctions ®; as linear combinations
of the snapshots. After inserting this expression in (2.1), a new eigenvalue

problem for af = (af(tl), e ,af(tNS))T is obtained:
Caj =\al j=1,---,Npop,
where C, the two-point temporal correlation tensor, is defined as C;; = ]\} (ui, u’ ) o

Math. Model. Anal., X(x):1-14, 20xx.
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2.2 Galerkin projection

For deriving the reduced-order model, the next step is to project the governing
physical equations onto the POD basis. For incompressible flows, the motion
of the fluid is described by the incompressibility condition (V- u = 0) and the
Navier-Stokes equations are given by:

du=N(u)—-Vp with Nu)=-(u-V)u+ éAu. (2.2)

In these equations, all the variables (the velocity vector u and the pressure
p) are assumed to be non-dimensional and Re is the Reynolds number. The
expansion of u over the POD modes ®; writes:

Npop

u(x,t) = u,(x) + Z a;(t)®,;(x), (2.3)

j=1
where u,, = E(u).
By substituting (2.3) into the Navier-Stokes equations (2.2), and using the

eigenfunctions ®; (i = 1,..., Nga < Npop) as test functions for a variational
formulation, we obtain:

Ngal Ngal Ngal
afl(t) = AF" + 3" BGPall(t)+ > D CHF al (el (t) + Pi(t)  (24)
j=1 j=1 k=1
and
alR(O) = af(O) = (u(x,0) — umn(x), ®;), - (2.5)

Nga corresponds to the number of Galerkin modes retained in the reduced-
order model. This number is determined based on the energetic content of the
first Nga POD modes as defined by the ratio:

DAY
S

The coefficients AGT BGP cer 7 and the pressure term P; depend explicitly
on ® and u,, and are glven in Appendix 1. If the snapshots u™ contained in
the database are equal to zero on the boundary, then by linear combinations
®, = 0 on Jf2 and the pressure term P; vanishes in (2.4). In most of the
applications [4, 17, 10], the contribution of P; is simply neglected as a first
approximation. In the traditional POD Galerkin approach, the coefficients
AGP ng and Cg-lf are then determined and the POD ROM (2.4) integrated
in time from (2.5). A set of predicted time histories for af(¢) is obtained
and compared to al’(t). In general, the original dynamics is not reproduced
perfectly well. This can be explained [8] by the structural instability of the
Galerkin projection, the truncation effect introduced in the Galerkin projection
and to a lower level to the neglect of the pressure term. For this reason, it is
then necessary to identify, or calibrate, whole or part of the coefficients.
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To simplify the presentation, the POD Galerkin system (2.4) is written as:

afz(t) = fi(Ai; Bi,:; Qi,:,;a aR(t)) fOI‘ 7= 1, ey NGal (26)
—_————
Yi
with
Ncar Ngar J
fi(Yia aR(t)) = Ai + Z Bi]‘ af(t) + Z Z Qijk af(t)akR(t) (27)
j=1 j=1 k=1
and af(t) = (af'(t), - ,aR, (t))T. The coefficients Q;j correspond to the

symmetric part of Cyji t.e. Qijr = 1/2(Ciji + Cixj) fori,j =1,---, Nga and
k=1,---,j. Therefore, y; € RNvi with Ny, = (Ngal + 1)(Nga + 2)/2.

The POD Galerkin system (2.6) can be further simplified as follows:

a"(t) = £y, a™(t)) (2.8)
where
bit Y1
f2 N, Y2 N. .
f= . e R"G and y = . € R™ with Ny = NgalVy,.
fNGal YNGa

3 Calibration method

3.1 General formulation

The aim of the POD-based reduced-order model is to reproduce accurately the
original dynamics given by the POD temporal eigenfunctions. It can be shown
[8] that this is equivalent of solving the minimization problem given by:

min 7 (y) = (lle(y,t)I%)z, (3.1)

where the error e(y,t) is defined as follows:

e(-,t): RNy — RNea
y— E)y +e(0,1). (3.2)
e N—~—
—f(y,a”(t)) ar(t)
In (3.1), (-}, is a time average operator over [0,7,] (T, <T) and ||-||4 is a

norm of RYGa!. In this paper, (-)7, corresponds to the arithmetic time-average
on N; equally spaced elements of the interval [0, T ]:

Ny

1 T
- with =(k-1)A At = o . )
(9(t), N, g:lg(tk) ith ¢, = (k—1)At and At N, 1 (3.3)

Math. Model. Anal., X(x):1-14, 20xx.



6 B. Abou El Majd and L. Cordier

For the norm, we introduce A € RNGaxNcal the symmetric definite positive
matrix associated to || - |4 and define for any e € RNca1:

lell} = e Ae. (3.4)

A acts as a weight function by allowing to balance the importance of specific
POD modes. When A = Iy,,,, all the POD modes have the same importance
in terms of error.

If A is a symmetric matrix, then the minimization problem (3.1) gives rise
[8] to the linear system
Ay=Db (3.5)

where
A= (ET()AE®))T,

. and b= —(ET(t)Ae(0,t))r,. (3.6)

In practice, the matrix A is often ill-conditioned leading to solutions of (3.5)
that are very sensitive to perturbations [8]. To overcome this difficulty, an idea
is to determine the coefficients of calibration y as solutions of a regularized op-
timization problem aiming at minimizing a weighted average of the normalized
error, and a term measuring the variation of the coefficients from their value
obtained by POD Galerkin. Consequently, we introduce a new optimization

problem defined as:

. Iy oy —yehln
min Ja(y) = 7567 ¥ SRR (3.7)
——
I(y) E(y)

where a € [0,1] is a weighting parameter. For o = 0, the calibrated model is
fully optimized whereas for @ = 1, the coefficients from the Galerkin projection
are recovered. In (3.7), IT € RM >Ny is a semi-norm on the polynomial vector
space. For any y € RV, we have

Ilyll7 = y" Iy, (3.8)

where IT € RN¥»*Ny is a non-negative symmetric matrix. For IT = Iy, all the
coeflicients are calibrated and have the same weight in the calibration.

Finally, it can be shown [8] that the minimization of 7, amounts to solve
the linear system:

Aaya = ba (39)
where )
1 le}
Ao = A+ 7
S IEP) ly<PI%
and ) )
«
b, = b + HyGP
CITWEn) T IyverllE

The parameter « which sets the level of regularization must be chosen with
care. In the next section, the optimal value of « is determined by adapting the
L-curve method proposed by [19] to our case.
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3.2 Choice of the regularization parameter
3.2.1 Filter factors

To emphasize the role of the regularization parameter « in the calibration
procedure, we introduce in this section the concept of filter factors through
the use of the Singular Value Decomposition [18]. Hereafter, we consider to
simplify the particular case where! A = Iy, and IT =1 N, - Equivalently, the
solution y, of (3.9) is also solution of

Alyya =by (3.10)

where
Ay =A+a%I

and
b’y =b+a*y ",

GP
The coefficient & is equal to ac with ¢ = '“7(2;13”2). Furthermore, the
y
matrix A can be written as:
A=(ETME®)),,
1 &
=— Y ET(ty)E(t 3.11
S BB (3.11)
k=1
=B"B
where
E(t)
1 E

B— € RN:eNyxNy

a ;
E(tn,)
We now apply the SVD to the matrix B. By definition, it comes:

B=UxvT
Ny
= Zujajvf
j=1

where U = (u17 e 7uNy) and V = (vl, e 7vNy) are orthogonal matrices con-
taining the left u; and right v; singular vectors, and where 2’ = diag (017 e ,aNy)
is a diagonal matrix with the singular values o; arranged in non-increasing or-
der (01 > 09> ---> 0N, > 0).
By inserting the SVD of B into the expression of A’,, we obtain:
Ay =B"B+a’l
= (vETUhHWwEvh) + a1
=V (Z*+an)vT.

Math. Model. Anal., X(x):1-14, 20xx.



8 B. Abou El Majd and L. Cordier

Picard plot
T T

bl

Iv/bl/c?

0 20 40 60 80 100 120 140 160 180

Figure 1. Discrete Picard condition corresponding to the minimization of J(y) with
determination of all the coefficients (constant, linear and quadratic) for the cylinder wake
configuration presented in Sec. 4.

Finally, the regularized solution is given by:

Yo =V (52 +a1) 7 VT (b+a2yor)

i JJQ‘ VJ‘Tb a? T.GP
:Z o2+ a2 o2 Vit o21az )Yy Vi
J=1 \"J J j (3.12)
Ny T
v:b
j T.GP
=> o; —7 | Vit (viy“")v;
j=1 J
where
2, 6(2
J
s T e— and ;g = 3.13
¥i 0]2 + a2 v 0]2 + a2 ( )

are the filter factors. For a = 0 (no regularization), the solution (3.12) becomes

Yoa=) vy (3.14)

This expression clearly illustrates what happens numerically if the linear
system is not regularized. Indeed, if the Fourier coefficients ‘V?b , correspond-
ing to the smallest singular values o; do not decrease sufficiently fast compared
to the singular values, then the solution y, is dominated by the terms in the
sum corresponding to the smallest o;. This behavior can be assessed by in-
specting the discrete Picard condition plotted in Fig. 1 and discussed in [20].

1 For sake of clarity, the subscripts corresponding to the weighting matrices and to the size
of the identity matrix are omitted.



New regularization method for calibrated POD ROM 9

The singular values decay faster than the Fourier coefficients and, as a result,
the solution presents many oscillations around zero, and thus appears to be
completely random. To regularize the problem, we then filter out the contri-
butions to the solution corresponding to the smallest singular values by using
the filter factor ¢;. Obviously, as o; decreases, ¢; tends to zero, meaning that

[v7el

J
In addition, as o; decreases, 1); tends to one, so that each solution component
filtered out by ¢; is replaced by (v; Ty@P)v;. As a consequence, if the majority
of the singular values are approxmlately equal to zero (p; ~ 0,7, ~ 1), then

the contributions to the solution y, from the smallest o; are damped.

“Z TyGP)y, = yGP (3.15)
j=1

and we recover the coefficients determined by Galerkin projection.

3.2.2 Optimal value of «

A critical aspect of any regularization method is how to determine optimally
the weighting parameter « or in other words how to find a fair balance between
the minimization of the residual norm of (3.9) and the norm of y,. By analogy
of the so-called L-curve method introduced by [19], a way is to display in log-log
scale the variation of Z(y) with respect to £(y). As long as the uncorrelated
noise in b, dominates the more highly correlated noise in A, this plot exhibits
a typical ”L” shape, and the optimal value of the regularization parameter «
is considered intuitively to be at the corner of the L wherein both the residual
and the norm simultaneously attain low values (see Fig. 2). In [5], different
iterative methods were used for the determination of a suitable value of the
regularization parameter. Hereafter, we determine directly the curvature of
the L-curve.

The corner may be defined as the point where the curve (log(Z(y)), log(E(y)))
has its maximum curvature. Let us introduce some notations:

p=2I(ya) ;5 n=E(ya)

and
p=log(p) ; n=log(n).
The signed curvature of the L-curve is given by:

N~y
k(o) = LT — P (3.16)

()2 + ()%

where p', 7, p’, 7" are the first and second derivatives of p and 7 with respect
to a. The goal is now to derive the expressions of these different derivatives
for estimating x for our linear problem.

The first and second logarithmic derivatives of n and p are given by:

Math. Model. Anal., X(x):1-14, 20xx.
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L-curve, corner at a = 1.2554
10°

10" ¢

10" ¢

10+

10°F

1075 - -
10 10 10 10

Figure 2. L-curve corresponding to the minimization of Jn(y) with determination of all
the coeflicients (constant, linear and quadratic) for the cylinder wake configuration
presented in Sec. 4.

and

The next step involves the computation of the first and second derivatives
of p and 7 with respect to a. For p, we obtain:

/_ 2 T 9
p = W <e (YQvt)aia (e(Yaat))>

o
0y a
= ﬁ <eT(yomt)E(t)>To %

_ 2 T OYa
- j(pr) (Aya - b) da ’

"o 2 . Taan 0ya T 0ya
= Fen (““ya O Fa +<aa> <aa> :

whereas for 7, we find:

and

2 T Jy,
/I _ GP «a
n= [yCP|2 (va ) o’

"__ 2 . GPT82yOé 0ya T %
T e <(y°< ) G o) (2a))-

and
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Finally, the computation of the first and second derivative of y,, with respect
to « is straightforward since in (3.12), only the filter factors ¢; and v; depend
on a.

4 Numerical results

The calibration approach presented in Sec. 3 is now applied to a two-dimensional
incompressible cylinder wake flow at Re = 200. The database was computed
using a finite-element code (DNS code Icare, see [16] for details) and consists
of Ny = 200 snapshots of the flow velocity taken evenly over a time horizon
Ts = 6 i.e. over more than one period of vortex shedding (Tys = 5). Typical
iso-values of the longitudinal velocity are shown in Fig. 3.

9

Figure 3. Cylinder wake flow at Re = 200. Iso-values of the longitudinal velocity
fluctuation where the Bénard von-Kéarmén vortex shedding is clearly visible.

The method of snapshots [24] is then applied to the velocity fluctuation.
The relative kinetic energy is plotted in logarithmic scale for the first 40 POD
modes in Fig. 4. Arbitrarily, 99.9% of the flow energy contained in the cylinder
wake is judged sufficient for describing correctly the original dynamics with a
reduced-order model. This figure indicates clearly that the first six POD modes
meet this criterion. For this reason, we consider Nga = 6 to derive the POD
ROM.

After determination of the Galerkin coefficients of (2.4), the POD ROM
is integrated in time with a classical fourth-order Runge-Kutta scheme and a
time step of 1073T,. A set of predicted time histories af*(¢) is obtained for
i = 1,--+,Nga, and compared to the POD temporal eigenfunctions af (t).
As shown in Fig. 5, the original dynamics is globally well reproduced but the
accuracy is not perfect. Depending on the targeted application of the reduced-
order model, these representation errors may have no consequence or may lead
to the failure of the application as it is the case for a model-based control
approach.

To assess the numerical efficiency of the calibration procedure presented in
Sec. 3, we now use the coefficients obtained as solution of the minimization
problem (3.7) where « is determined as in Sec. 3.2.2. In Fig. 6, the temporal
evolutions of the POD modes are compared with those predicted by the cali-

Math. Model. Anal., X(x):1-14, 20xx.
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Figure 4. POD eigenvalues in logarithmic scale. Ex_ corresponds to twice the energy
. . N,
contained in the database (En, = 3272 Aj).

ay
as
ag

% 1 2 3 0 s s 0% T 2 3 0 s ® 0% T 2 3 3 B O
t t t

(a)Mode 1 (b)Mode 3 (c)Mode 6

Figure 5. Comparison between the temporal evolutions of the projected (POD) and
predicted (POD ROM) mode amplitudes when the Galerkin coefficients are used for
integrating the POD ROM.
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brated reduced-order model. Contrary to the results presented in Fig. 5 there
is no visible difference in the dynamics. The immediate consequence is that the
modal energy distribution associated to the calibrated model now corresponds
perfectly to the POD energy (see Fig. 7).

a

ag
aj

“o T 2 3 0 s [ 0% 1 2 3 0 s 4 T 2

3 3 B O
t t t

(a)Mode 1 (b)Mode 3 (c)Mode 6

Figure 6. Comparison between the temporal evolutions of the projected (POD) and
predicted (POD ROM) mode amplitudes. The POD ROM is calibrated by minimizing Ja,
with the determination of all the coefficients (constant, linear and quadratic). The
regularization parameter a is determined at the inflection point of the L-curve.

10 T
—6— POD eigenvalues
e —*—— No calibration
—+— Calibration
10}
=
g
=]
g
-9
h
&
g
|
107
10_2 1 1 1 1
1 2 3 4 5 6

POD mode i

Figure 7. Comparison between the modal energetic contents obtained before and after
calibration. The POD eigenvalues are reported for reference. The POD ROM is calibrated
by minimizing Jn, with the determination of all the coefficients (constant, linear and
quadratic). The regularization parameter « is determined at the inflection point of the
L-curve.

The difference between different methods of calibration can be analyzed
precisely by introducing the modal errors J; defined for A = I, as:

Ngal

J(y) = Z Tiy).

Math. Model. Anal., X(x):1-14, 20xx.



14 B. Abou El Majd and L. Cordier

In Fig. 8, we compare the modal errors obtained with the proposed cal-
ibration method to those determined with the calibration method based on
Tikhonov regularization developed in [8]. We obtain that for the two first
POD modes (the most energetic) the Tikhonov-based regularization method
performs better than the proposed method, whereas for the higher modes the
opposite behavior is found.

These slight reductions of the modal errors for the higher POD modes are an
important feature of our method. Indeed, in the practical configurations (3-D
turbulent flow obtained by numerical simulations or challenging experimental
data) many more POD modes are active and then necessary to derive a realistic
POD ROM. It is then critical to have a calibration method that does not only
perform well for the higher energetic modes but also for the lower ones.

10”

]

s No calibration
10 ¢ —=©— Thikhonov regularization
—&6— New regularization method

10 E

107° }%

10°

POD mode i

Figure 8. Modal errors J;. Comparison between the results obtained by the proposed
approach and those determined with the calibration technique based on Tikhonov
regularization developed in [8].

5 Conclusion

We have introduced a new regularized calibration method by defining a cost
functional aiming at minimizing a weighted combination of normalized error,
and a term measuring the variation of the coefficients from their value ob-
tained classically by Galerkin projection. The efficiency of our approach was
demonstrated for a two-dimensional cylinder wake flow by comparing it with
the Tikhonov-based calibration method introduced in [8]. An important fea-
ture of our approach is that it performs better for the higher POD modes (less
energetic) that are known to be calibrated with more difficulties. The suc-
cess of our approach is strongly related to the optimal determination of the
regularization parameter inspired by the L-curve method.
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As perspectives, we propose to reformulate the proposed method as a multi-
criteria optimization problem and to use a Nash equilibrium concept to solve
it. The main idea is to search for the solution as the equilibrium point of a sim-
ulated dynamic game in which the set of parameters is split into subsets, each
subset being considered as the strategy or territory of a given functional. This
framework was already used in [1][11][23] to optimize a business-jet wingshape.
We aim also to extend the concept of parametrization adaptivity, introduced
and demonstrated in [12][15][13][14][25][26], in this context of reduced-order
models.

References

[1]B. Abou El Majd, J.-A. Désidéri and A. Habbal. Aerodynamic and structural
optimization of a business-jet wingshape by a Nash game and an adapted split of
variables. Mechanics & Industry, 11(3-4):209-214, 2010.

[2]A. K. Alekseev and I. M. Navon. The Analysis of an Ill-Posed Problem Using
Multiscale Resolution and Second Order Adjoint Techniques. Computer Methods
in Applied Mechanics and Engineering, 190(15-17):1937-1953, 2001.

[3]M. Bergmann and L. Cordier. Optimal control of the cylinder wake in the laminar
regime by Trust-Region methods and POD Reduced Order Models. J. Comp.
Phys., 227:7813-7840, 2008.

[4]M. Bergmann, L. Cordier and J.-P. Brancher. Optimal rotary control of the
cylinder wake using POD Reduced Order Model. Phys. Fluids, 17(9:097):101:121,
2005.

[5]D. Calvetti, S. Morigi, L. Reichel and F. Sgallari. Tikhonov regularization and
the L-curve for large discrete ill-posed problems. Journal of Computational and
Applied Mathematics, 123:423-446, 2000.

[6]L. Cordier and M. Bergmann. Proper Orthogonal Decomposition: an overview. In
Lecture series 2002-04, 2003-03 and 2008-01 on post-processing of experimental
and numerical data, pp. 1-46. Von Karman Institute for Fluid Dynamics, 2008.
ISBN 978-2-930389-80-X

[7]L. Cordier and M. Bergmann. Two typical applications of POD: coherent struc-
tures eduction and reduced order modelling. In Lecture series 2002-04, 2003-03
and 2008-01 on post-processing of experimental and numerical data, pp. 1-60. Von
Kérman Institute for Fluid Dynamics, 2008. ISBN 978-2-930389-80-X

[8]L. Cordier, B. Abou El Majd and J. Favier. Calibration of POD reduced-order
models using Tikhonov regularization. International Journal for Numerical Meth-
ods in Fluids, 63(2):269-296, 2010.

[9]L. Cordier, B. R. Noack, G. Tissot, G. Lehnasch, J. Delville, M. Balajewicz,
G. Daviller and R. K. Niven. Identification strategy for model-based control.
Ezp. in Fluids, 54:1580, 2013.

[10]M. Couplet, C. Basdevant and P. Sagaut. Calibrated Reduced-Order POD-
Galerkin system for fluid flow modelling. J. Comp. Phys., 34, 2005.

[11]J.-A. Désidéri, R. Duvigneau and B. Abou El Majd. Algorithms for efficient shape
optimization in aerodynamics and coupled disciplines. 42nd AAAF Congress on
Applied Aerodynamics, (Sophia-Antipolis, France), 2007.

Math. Model. Anal., X(x):1-14, 20xx.



16 B. Abou El Majd and L. Cordier

[12]Régis Duvigneau, Badr Abou El Majd and Jean-Antoine Désidéri. Towards a
self-adaptive parameterization for aerodynamic shape optimization. In ESAIM:
Proceedings, volume 22, pp. 169-174. EDP Sciences, 2008.

[13]Badr Abou El Majd. Parameterization adaption for 3d shape optimization in aero-
dynamics. International Journal of Science and Engineering, 6(1):61-69, 2014.

[14]Badr Abou El Majd, Jean-Antoine Désidéri and Régis Duvigneau. Multilevel
strategies for parametric shape optimization in aerodynamics. European Journal
of Computational Mechanics, 17(1-2):149-168, 2008.

[15]Badr Abou El Majd, Jean-Antoine Désidéri and Ales Janka. Nested and self-
adaptive bézier parameterization for shape optimization. In International Con-
ference on Control, Partial Differential Equations and Scientific Computing (ded-
icated to late Professor J.-L. Lions), September 13-16, 2004.

[16]J. Favier. Controle d’écoulements : approche expérimentale et modélisation de
dimension réduite. Institut National Polytechnique de Toulouse, France, 2007.

[17]B. Galletti, C.-H. Bruneau, L. Zannetti and A. Iollo. Low-order modelling of
laminar flow regimes past a confined square cylinder. J. Fluid Mech., 2004.

[18]G. H. Golub and Ch. F. Van Loan. Matriz Computations. The Johns Hopkins
University Press, Baltimore and London, 3 edition, 1996.

[19]P. C. Hansen. Analysis of discrete ill-posed problems by means of the L-curve.
SIAM Reviews, 34, 1992.

[20]P. C. Hansen, J. G. Nagy and D. P. O’leary. Deblurring images: matrices, spectra,
and filtering. STAM, 2006.

[21]P. Holmes, J. Lumley and G. Berkooz. Turbulence, Coherent Structures, Dy-
namical Systems and Symmetry. Cambridge University Press, Cambridge, MA,
1998.

[22]C. Homescu, I. M. Navon and Z. Li. Suppression of vortex shedding for flow
around a circular cylinder using optimal control. Int. J. Numer. Meth. Fluids,
38:43-69, 2002.

[23]B. Abou El Majd. Optimisation de forme paramétrique : Stratégies hiérarchiques,
adaptatives, et concourantes. Editions universitaires européennes, 2015.

[24]L. Sirovich. Turbulence and the dynamics of coherent strutures. Quart. Appl.
Math. XLV, 3:561-590, 1987.

[25]Jichao Zhao, Jean-Antoine Désidéri and Badr Abou El Majd. Two level correction
algorithms for model problems. Research Report Nr. 6246, INRIA, 2007.

[26]Jichao Zhao, Badr Abou El Majd and Jean Antoine Desideri. Two level correction
algorithm for parametric shape inverse optimization. International Journal of
Engineering and Mathematical Modelling, 2(1):17-30, 2015.



New regularization method for calibrated POD ROM 17

1 POD ROM coefficients

The coefficients of the POD ROM (2.4) obtained by Galerkin projection (GP)
are:

1 1
Ai,GP - - ("sz (um : V)um)(z - E ((v oY (Pi)Ta V® um)Q + E [(v & um)éi]é)() )

1
B = — (@i, (- V)®;), — (P4, (B - V)u), — e (Vo )", Ve e,),

1
+ E [(V ® (I)j)(I)i]aQ ’
CSII: - - (tblv ((I)] ’ V)‘i’k)()a

Pi=—(Vp,®i), =[Py,

with [ubn:/ u - ndx and (f,é)ﬁz/f:édx: i/PMQﬁdx.
Q Q

842 ij=1
Here, n is the outward unit normal at the boundary surface 92 and n. is the
number of components of u.
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