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On the definition of energy for a continuum, its
conservation laws, and the energy-momentum
tensor

Mayeul Arminjon
Laboratory “Soils, Solids, Structures, Risks”, 3SR
(Grenoble-Alpes University € CNRS), Grenoble, France.

Abstract

We review the energy concept in the case of a continuum or a system
of fields. First, we analyze the emergence of a true local conservation
equation for the energy of a continuous medium, taking the example
of an isentropic continuum in Newtonian gravity. Next, we consider a
continuum or a system of fields in special relativity: we recall that the
conservation of the energy-momentum tensor contains two local conser-
vation equations of the same kind as before. We show that both of these
equations depend on the reference frame, and that, however, they can be
given a rigorous meaning. Then we review the definitions of the canon-
ical and Hilbert energy-momentum tensors from a Lagrangian through
the principle of stationary action in a general spacetime. Using rela-
tively elementary mathematics, we prove precise results regarding the
definition of the Hilbert tensor field, its uniqueness, and its tensoriality.
We recall the meaning of its covariant conservation equation. We end
with a proof of uniqueness of the energy density and flux, when both
depend polynomially of the fields.

Keywords: energy conservation; conservation equation; special relativ-
ity; general relativity; Hilbert tensor; variational principle

1 Introduction and summary

The subject of this paper is wide and there is a huge literature about it. The
aim of the paper is to give a unified exposition of what, in this author’s view, are



the main aspects of the subject, in a relatively short space, while, nevertheless,
emphasizing or precising some not widely appreciated facts and providing strict
proofs of some less obvious matters (mainly the Hilbert energy-momentum ten-
sor), using not too sophisticated mathematics.

In non-relativistic classical physics, the concept of energy emerges when
one considers the power done (the scalar product of the force by the velocity)
on a mass point or a volume element. First, in the schematic case of a mass
point in a time-independent potential force field V', the energy of the mass
point appears from the power equation as a natural conserved scalar quantity:
the sum %va + V. That quantity is still relevant if the potential depends on
time, but it is not constant any more. This is well known. In the more realistic
case of a continuous medium subjected to internal forces and to an external
force field, the energy is a volume density and it still emerges from the power
done. However, in general, the local conservation of energy then appears in the
form of a balance equation, though it is one in which there is no source term.
That is, energy conservation means that the energy leaving or entering a given
domain is exactly identified as a flux going through the boundary surface of
the domain. This also is well known — see, e.g., Ref. [I]. We illustrate the
emergence of such a true conservation equation for a continuous medium in
Section |2| by examining in detail the example of a self-gravitating system of
deformable media with isentropic deformation in Newtonian gravity.

In relativistic theories (including relativistic quantum mechanics), on the
other hand, the volume energy density is essentially the (0 0) component of
the energy-momentum-stress tensor, in what follows “the T-tensor” for brevity.
The conservation-type equations verified by the T-tensor are discussed in nearly
all textbooks about special or general relativity, of course. In Section (3] we
recall why the conservation equation verified by the T-tensor in the Minkowski
spacetime (see e.g. Landau & Lifshitz [2] or Fock [3]) contains two true lo-
cal conservation equations of the form found in the non-relativistic example of
Section [2]; and why one may identify the density and flux in these two equa-
tions as those of energy and spatial momentum, respectively. We also note the
dependence of the energy density and the energy flux on the reference frame.
That dependence is a known fact (although a scarcely mentioned one), but
often that fact is not well appreciated. Our new contribution here is to show
that these quantities can nevertheless be given a rigorous meaning within a
theory of general reference frames and the associated space manifolds.



As is well known, an expression of the T-tensor may be deduced when a La-
grangian is available, the latter being assumed to govern the relevant system of
matter fields via the principle of stationary action (e.g. [2l 3], 4 [, 6] [7, 8, @]).
There are two distinct definitions of a T-tensor from a Lagrangian: (i) The
so-called “canonical” or “Noether” tensor, say 7, is a by-product of the Euler-
Lagrange equations. (ii) The “Hilbert tensor”, say T, is the symmetric tensor
obtained as the derivative of the Lagrangian density with respect to varia-
tions of the (spacetime) metric. In Section [4] we review the definitions of the
canonical and Hilbert tensors from a Lagrangian through the principle of sta-
tionary action in a general spacetime. We recall two important but seemingly
not widely known cases where the “canonical tensor” is, or is not, a tensor.
Then we prove precise results regarding the definition of the Hilbert tensor
field . In doing so, we formulate sufficient conditions of regularity
for the bounded set in which the action is calculated; we define exact bound-
ary conditions to be verified by the infinitesimal coordinate change; and we
give a detailed derivation of the equations. We do not need to use complex
notions of fibre bundles. To our knowledge, such a relatively elementary but
detailed proof is not available in the literature. Next, we recall the mean-
ing of the standard conservation equation verified by the Hilbert tensor: we
argue that one actually needs local definitions of the energy and momentum
densities and their fluxes, in short a local definition of the T-tensor, and one
needs also a local conservation equation for the energy. We briefly discuss a
recent work that proposes a solution to the latter issue. We end Section
by stating and proving precise results regarding the uniqueness and the actual
tensoriality of the Hilbert tensor . In particular, we prove that the
same variational equation applies when a complete variation of the sole metric
is applied: Eq. , as when the variation of the metric results from a mere
coordinate change (or diffeomorphism): Eq. — although the meaning of
these two equations is totally different, e.g. the Lh.s. of is zero for an
invariant Lagrangian. We prove that the variational equation character-
izes the components of the Hilbert tensor field — whence follows that it is left
unchanged by the addition of a four-divergence. We also prove, in detail and
by relatively elementary arguments, that this is indeed a (0 2) tensor. This is
just stated in the literature that we consulted, except for Ref. [7] which uses
more advanced mathematics. Of course it follows basically from the invariance
of the action but, in our opinion, not in a fully trivial way.



Finally, in Section [5| we investigate if the energy equation is unique for a
given system of fields, i.e., if the energy density and fluxes can be considered to
be uniquely defined. We show that, if the energy density and its flux depend
on the fields (both the matter fields and the “long-distance” fields) in a poly-
nomial way, then they are determined uniquely. We show this by considering
separately the contributions of matter (including its potential energy in the
long-distance fields) and the long-distance fields.

2 Local energy conservation for an isentropi-
cally deformable medium in Newtonian grav-

ity
2.1 Local energy balance for the matter fields

Let us consider a deformable continuous medium, of mass density field p, having
a general motion (including deformation and rotation), with velocity field v,
with respect to some inertial frame F. Le., v := i—;‘, where x(X) := (2")i=123
is the spatial position associated with an event X in the frame F, and where
t — X (t) is the world line of a given “particle” of the medium, parameterized
by the Newtonian time ¢. The internal force field in that medium is assumed
to be described by the Cauchy stress tensor field . We assume that this
motion takes place in a gravitational field, with Newtonian gravity potential

U. Newton’s second law for a volume element of the medium writes then:

dv

where % means the “material” (or “total”) derivative: for a Vector,
dv  Ov
=+ (gradv)(v). )

1 Of course, VU is the spatial vector having components (VU)* = U, (i = 1,2,3) in any
Cartesian coordinate system (“Cartesian components”) — i.e., in any coordinate system for
which we have the identity h;; = J;;, where h is the (Euclidean) spatial metric. Also, diveo
is the spatial vector with Cartesian components (div a’)i = ij . And grad v is the mixed
spatial tensor having Cartesian components (grad v)° j Mlxed tensors are identified

with linear mappings: (gradv)(w) is the spatial vector havmg components (grad v)? ; w,
which is the same vector independently of the coordinate system. We use the spatial metric
h to raise or lower the indices, e.g. v; := h;;v’/. The equations in this section are valid in

any spatial coordinates, whether Cartesian or curvilinear.
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The power (per unit volume) is got by taking the scalar product of with
the velocity v. On the new Lh.s., we have h(v,4¥) = %("72), while on the
r.h.s. we note that

v.diveo := h(v,dive) =dive(v) —o: D, (3)
where |
D = 5 (gradv + (gradv)") (4)

is the strain rate tensor. We note also that v.VU = % — %—g. Still, we
assume that the deformation of the continuum is isentropic, which means that

the power of the internal forces is stored as the rate of elastic energy:

dII
UiD:PH; (5)

with IT the mass density of internal (elastic) energy in the continuous medium.
This assumption applies, in particular, to any elastic medium, and also [3]
to any barotropic perfect fluid, as is commonly assumed in astrophysics —
although a barotropic fluid is not plainly an elastic medium in the sense that
it does not have a reference configuration. We thus get:

d [v? du oUu : dII
/OE <7) =p (E - W) +d1V0‘<V) —pa. (6)

It suggests itself to put together the terms containing an exact total derivative:

d [v? ou

— =+ - = —p— i .

pdt(Q + U) P o + dive(v) (7)
On the r.h.s., we have a source term due to the external force field, plus a flux

term. On the Lh.s., we have

V2

em::7+H—U. (8)

Using the continuity equation that expresses the mass conservation:
dp
ot

o(v) is the vector transformed of v by the linear mapping associated with the mixed
tensor form of &, thus [o(v)]" := ' ;v/ = 0"v;. And o: D := 0’ ; D’ is the scalar product
of mixed tensors, defined by double contraction.

+ div (pv) = 0, 9)
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we get easily the well known fact that (for whatever scalar function e, actu-
ally):

den, 0enm d(pem) ,
Qm _ ,(%m | _ Apm) . 1
Py p( g +v Vem) T + div (pe,,v) (10)
From and , we may rewrite ([7)) as
Owy, oU
T div®, = —p—, 11
o P ot (1)
with
V2
wm::pem:p(7+H—U) (12)
and
P, = w,v—o(v). (13)

That is, we got a balance equation with an external source term on the r.h.s.
The scalar field wy, is thus the volume energy density of matter, including its
potential energy in the gravitational field, and the spatial vector field ®,, is
thus (the surface density of) the matter energy fluxz. Equation can be
found in the literature: see Eq. (66.11) in Fock [3]. But its detailed derivation
illustrates well the emergence of a balance equation for a continuous medium.

2.2 Balance for the gravitational field and local energy
conservation equation

Now we assume that all of the matter that produces the gravitational field is
indeed in the form of isentropically deformable continuous media. (Of course,
the characteristics of the media may vary in space.) Thus the point-dependent
mass density p is just the source of the gravitational field. It therefore obeys
the gravitational field equation, i.e. the Poisson equation:

AU = —4xGp. (14)

By using Cartesian coordinates, for which we have AU = U, ;, one checks
easily that Eq. implies the following:

ow )
8_tg +div @,

v
_pati

where




is the volume energy density of the gravitational field, and

oU VU
= 17
8 ot 4nG (17)
is the gravitational energy flur. Equation may be termed the energy
balance equation of the gravitational field. Like , this also is a balance
equation with a source term. The source term in Eq. is just the opposite
of the source term in . Therefore, combining with , we get the

local energy conservation equation in Newtonian gravity [10]:

%+div@ =0, (18)
with the total energy density w := wy, + w, and the total energy flux ® :=
®,, + ®,. Equation (18] is the standard form for a true local conservation of
energy in a continuum, the definition of the field variables w and ® depending
on the particular theory. It has essentially the same form as the continuity
equation @D There is also a local conservation equation for momentum in
Newtonian gravity, and global (integral) conservation laws can also be derived;
see e.g. Refs. [10, II]. Strangely enough, however, we did not see in the
literature the local Eq. for an elastic medium or a barotropic fluid in
Newtonian gravity [thus with the definitions (12)—(13) and (16)-(17)]. For
instance, it is not there in the references quoted in the present paper. (The
i = 0 component of Eq. (13) in Ref. [II] is just the continuity equation
(9, with p being indeed the (Newtonian) density of mass; thus, it is not the
conservation equation for the Newtonian energy, but the one for the mass.)

3 Local conservation equations and the energy-
momentum tensor in Minkowski spacetime

Recall that the energy-momentum tensor of a continuum or a system of fields
is a second-order spacetime tensor field T, preferably symmetric. In the
Minkowski spacetime, T verifies [2] the local conservation equation

T" =0 (in Cartesian coordinates). (19)

sV

[Here, Cartesian coordinates are now ones such that the spacetime metric has
components ¢,, = 1,,,, where the matrix (7,,) = diag(1,—1,—1,—1).] It is
easy to see that is the conjunction of two conservation equations having
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the standard form . One is precisely the scalar conservation equation ((18)):

ow . 20
E—i—dlv@—O (t:= ?), (20)

in which now (the tensor T' being taken in mass units as in Fock [3])

w:= AT & :=cT%9; (sum over i = 1,2,3). (21)

The other conservation equation involved in and having the form is
a (spatial) vector equation:

oP
where A -
P :=cT"9;, X :=cT"0;®0;. (23)

We may integrate either of the two conservation equations and in any
bounded spatial domain 2 (the integrability in an unbounded domain being
not guaranteed). This gives us two integral conservation equations:

%(/dev):—/mcb.nds, (24)
%(/dev):_/mz.nds. (25)

Thus in Egs. and , the change on the Lh.s. is due to the flux through
the boundary 0f2 on the r.h.s.. The scalar w is interpreted as the volume den-
sity of energy, and the spatial vector P is interpreted as the volume density
of momentum [2]. Therefore, in view of and (25), the spatial vector ® is
interpreted as the surface density of the energy flux, and the spatial tensor X
is interpreted as the surface density of the momentum flux. This interpretation
may be justified in several ways, notably the following two [3]:

and

— First, by examining the non-relativistic limit for a barotropic perfect
fluid or an elastic solid. In the second approximation, w, ®, P, and X in Eqgs.
and have then the following expressions ([3], Sect. 32):

1
w:=cTY ~ % p+ §pv2 + pll, (26)



) ) 1
® =TV, = TY0; = *P ~ *pv + (§pv2 + pH) v—o(v), (27)

¥ =c2T0, 20, ~pveV —0. 28
J

Therefore, at the first approximation, the special-relativistic local energy con-
servation reduces to the continuity equation @D, and at the second ap-
proximation it expresses the conservation of that rest-mass energy corrected
by adding the conserved Newtonian energy [Eq. with U = 0]. Also, at
the first approximation, the special-relativistic momentum conservation
reduces to the Newtonian momentum conservation equation in the absence of
external field:
9 (pv)

ot

— Second, by recognizing in w and P, for the electromagnetic field, the

usual definition of the electromagnetic energy density and the Poynting vector
from the relevant expression of T' ([3], Sect. 33).

+div (pvev —0) =0. (29)

One does not use the symmetry of the tensor T to derive Egs. f
and —. If that symmetry is true, it implies that ® = ¢2P is true gener-
ally: the density of energy flux is equal to ¢? times the density of momentum.
The same Egs. and apply also to Newtonian gravity, as follows from
Egs. and the gravitational extension [10, 1T] of (29).

As is easy to check, under a purely spatial change of the chart (coordinate
system):

= (") Gk =1,2,8) (or x' = £(x)),  and 2" =2 (30)

the energy density w [Eq. (21)] is an invariant scalar, while ® [Eq. (21))2] and
P [Eq. (23)4] transform indeed as spatial vectors; and 3 [Eq. (23))] transforms
indeed as a (2 0) spatial tensor. One may give a rigorous geometric meaning to
such “spatial” objects by defining a relevant space manifold Mg, as follows [12].
In a general spacetime, one can formally define a reference frame F as being
an equivalence class of charts having the same domain of definition U (an open
subset of the spacetime manifold V) and exchanging by a coordinate change
(“transition map”) having the form (30)). Let Ps : R* — R3 X := (2#) — x :=
(27), be the “spatial projection”. The elements (points) of the space manifold
Mg are the world lines, each of which is the set of events that have a given

9



spatial projection x in some chart y : U — R* X +— X, belonging to the class
F. lLe., a world line [ is an element of My, iff there is a chart x € F and a
triplet x € Ps(x(U)), such that [ is the set of all events X in the domain U,
whose spatial coordinates are x:

l:= {X € U; Ps(x(X)) =x}. (31)

It results easily from that holds true then in any chart ¥’ € F, of
course with the transformed spatial projection triplet x' = f(x) = (f/(x))
[12]. For any chart x € F, one defines the “associated chart” as the mapping
which associates, with a world line [ € Mg, the constant triplet of the spatial
coordinates of the events X € [:

X:M—R? [+ xsuchthat VX €1, Ps(x(X)) =x. (32)

The set Mg is endowed with a natural structure of three-dimensional differ-
entiable manifold, of which the basic atlas is made of the associated charts ¥,
where x is any chart belonging to the reference frame F [12]. The “spatial”
objects defined above: the scalar w, the vectors ®, P, and the tensor 3, are
simply and rigorously tensor fields on the manifold Mg. (Of course they have
in general, in addition, a dependence on the time coordinate z°, thus they
are, strictly speaking, one-parameter families of tensor fields on Mg.) Fixing a
reference frame in this sense can be done, for instance, by choosing one local
coordinate system (chart x) on the spacetime, with its domain of definition U:
the corresponding reference frame F is then the equivalence class of this chart.
As soon as one has fixed a reference frame, then Egs. and , as well as
Eqgs. and , are coordinate-free equations on the space manifold Mp.
In particular, the bounded spatial domain €2 is an open subset of the manifold
Mg, having a regular boundary 0f2, so that the divergence theorem applies.
(See Appendix |A| for a precise definition of the needed regularity.)

On the other hand, if one makes a general coordinate change, for which the
change in the spatial coordinates depends on the time coordinate (already if
one makes a Lorentz transformation transforming the Cartesian system into
another one, but with a non-zero “boost”), then defines completely dif-
ferent quantities w’ and ®’, as compared with the initial ones. The same is
true for P and X as defined by . This means that there is one definition
of the energy and momentum (and their fluxes) per reference frame. It is not
specific to special relativity. Indeed the energy depends on the reference frame.
This is true in non-relativistic physics (e.g. [10]) — as may be checked here on
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the fact that w,, and ®,, defined in Eqs. — involve the velocity v that
depends on the inertial frame, whereas p,1I,U and o are Galilean invariants.
It is also true in relativistic physics, and also in a general spacetime, and be it
for the classical or the quantum-mechanical energy [13].

4 Definition of the energy-momentum tensor
from a Lagrangian

4.1 Lagrangian and stationary action principle

We assume that the equations of motion for some “matter fields” ¢4 (4 =
1,...,n) derive from a Lagrangian L through the principle of stationary action
in a general spacetime:

For any variation field §¢® = §¢*(X) with (5¢A|8U =0, we have 65 = 0.
(33)
Here, OU is the boundary, assumed smooth, of some bounded open set U in
the spacetime, and S is the action: in some chart y whose domain of definition
W contains U, it writes

s=su= [ L0410 XV X G

where ¢ : X = ¢*(X), x(W) — R, is the local expression of the field
#“ in the chart y, and g := det (guv), the g, ’s being the components of the
metric tensor in the chart x ; note that x(W) is an open subset of R*. Thus,
the field ¢* has n, real components (or n4 complex components for a complex
field, with R™4 replaced by C™4). At this stage we do not need to know the
exact geometric nature of the fields: whether they are scalars, vectors, more
general tensors, or otherwise. We just assume that, on changing the chart:
X < X, the local expression of each of them has some definite transformation
law, say ¢”(X) — ¢ (X'), Pland that the Lagrangian is then invariant under

3 If ¢4 is a section of a vector bundle with base V, say E, to write its local expression
needs that not only a chart on V but also a frame field (e,) on E is given. However, in the
case of a tensor field, a relevant frame field is determined uniquely by the data of the chart
x with the associated natural basis (9,,) and the dual basis (dz/). In a very general case,
E has the form E = T ® N with T an usual tensor bundle on V and N a vector bundle of
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the coordinate change:

L@ (X), ¢4(X), X') = L(¢(X), ¢(X), X), X' = y/(x"(X)) = F(X).

(35)
That invariance has to be true at least when the chart belongs to some well-
defined class and implies that the same invariance is valid for the action (34)).
In this section, we shall consider the usual case that all charts (in the atlas of
the spacetime manifold) are allowed, i.e., we shall discuss generally-covariant
theories. However, it also makes sense to consider instead the class associated
with a particular (“privileged”) reference frame. Thus, the Lagrangian is a
smooth real function L = L(q*, qﬁ, X), where X € R* is the coordinate vector
specifying the spacetime position, g4 € R™, and also qﬁ‘ e R"™ for u=0,...,3.
These five vectors of R™ specify the values that may be taken at X by the
local expression of the field ¢ and its partial derivatives. This means that, in
the expression ([34]) of the action, one makes the substitution

¢ =¢M(X), Qi =¢LX) (A=lom p=0,..3.  (36)

Note also that dV; := \/—gd*X, with g := det (g,,), is the invariant four-
volume element on the spacetime [thus ¢ < 0 for a Lorentzian metric on the
four-dimensional spacetime].

The stationarity is equivalent to the Euler-Lagrange equations {see
e.g. [2, [14]; 6S is defined from a Gateaux derivative, as with Eq. below}.
In a general spacetime, the latter equations write [9]:

au(aﬁ) T T R (37)

@ oq4

in U, with the implicit assignment . The domain of definition W of the
coordinate system now has to contain not only U but also the boundary oU,
because the derivation of needs to use the divergence theorem.

a different kind. Then it is natural to take a frame field of the form (T}, ® N.), with (T3) a
frame field on T, determined by the chart y, and with (IV.) a frame field on N, which is left
unchanged when changing the chart. Thus the transformation law on changing the chart is
determined.

12



4.2 The “canonical” (or “Noether”) T-tensor

We shall give only a very brief account (see e.g. [2, 4] [7, 8, [@9]). This object has
the following expression in a given chart:

— 0, L(¢"(X), $7,(X), X). (38)

P

, oL
) = 4% (o5
A/ aP=¢P(X), af=¢B(X)

When —g = 1 and £ = L = L(qA,qﬁ) does not depend explicitly on the
spacetime position, this object occurs naturally from the derivation of the
Euler-Lagrange equations (37), which imply that it verifies the desired local
conservation equation 7,” , =0 [2]. However, such an independence happens in
practice only in a flat spacetime. Moreover, in fact, this object is not necessarily
a tensor — even in a flat spacetime, cf. the case of the electromagnetic field

[9]: F being the field tensor and A the 4-potential, we have [2, [7]

drr,” = —A, JF7 + i(Fpana)(SZ- (39)
(Henceforth, indices are raised or lowered with the spacetime metric.) On
the r.h.s., everything, but A, ,, is tensorial, hence 7,” is not a tensor; i.e.,
7,” does not transform as a (1 1) tensor for general coordinate changes. Of
course this does not mean that there is no energy-momentum tensor for the
electromagnetic field. (The Hilbert tensor indeed does the job, see e.g. [2].)
But it proves that the “canonical tensor” is not necessarily a tensor. This is not
often noted, e.g. it is not in Refs. [2] [7], probably because does behave as
a (1 1) tensor for linear coordinate changes, as are the Lorentz transformations
to which one often restricts oneself in special relativity. In a general spacetime,
T is a tensor for a scalar field [9] — and also for the Dirac field [I5].

v

4.3 Hilbert’s variational definition of the T-tensor

While following the line of the classic derivation by Landau & Lifshitz [2], we
will include many mathematical details which appear necessary in that deriva-
tion and that, for the most part, we did not find in the literature that we
consulted. By this, we do not mean the geometric formulation of the physical
fields as sections of appropriate fibre bundles, which has been implemented in
Ref. [7], among others, and rather extensively in Ref. [8] — and which we
will not need. [See the remarks following the definition of the action.]
Instead, we mean the precise definition of “the variation of the action under
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an infinitesimal diffeomorphism”, the regularity of the boundary and the exact
boundary conditions, and a clear derivation of the main formulas.

One considers a given chart x : X — X = (z*) and one imposes a small
change to it: z# < a# + dx*. As we shall see, the domain of definition W of x
must include the closure U of the bounded open set U in which one computes
the action , and we must assume that dx* = 0 at the events X € W which
do not belong to U. (Alternatively, one may regard the mapping defined in
coordinates by x* +— x* 4 dx* as a diffeomorphism of the spacetime manifold
V, which coincides with the identity map for X ¢ U.) Thus, dz* = e£* with
any smooth vector field that vanishes if X ¢ U, and € < 1. That is, we change
the chart x for a new chart y. given by

Xe(X)=X+e(X) XeW, X:=yxX). (40)

(The vector field X — &(X) = (£#(X)) is the local expression of ¢ in the
chart x.) After such a coordinate change, the local expressions of the fields
change, each according to its specific transformation behaviour, and the domain
x(U) C R?* also changes, so both the integrand and the integration domain
change in the action (34]), which thus takes a priori a different value. One seeks
to calculate the first-order term, as ¢ — 0, in the variation of the action, Sy
being considered as a functional of the field X — 6X = €£(X). This amounts
to calculate the Gateaux derivative of Sy in the direction of the vector field &:

059 _ (%SU(EE)) - (41)

e=0

The bounded open set U is assumed to be an open domain in the sense of
[Proposition 2] in Appendix [A] in particular it has a smooth boundary 9U.
Because U is an open domain, the assumption “§(X) = 0 if X ¢ U” means
exactly that the support of ¢ is included in the closure U = UUOU ((Corollary|to

Proposition 2)). [ Since Supp(9,£*) C Supp(€#), this implies that all derivatives

4 Considering “every compact subset K of V” [] is too general, because one needs to use
the divergence theorem on K to eliminate a surface term, as is done below to get Eqs.
and (56), and as is done for the equation after Eq. (222) in Ref. [§]. One should assume
that the compact set is a “closed domain”. A closed domain D is the closure of its interior D
(Proposition 2)), hence it is equivalent to start from a bounded open domain U and to define
K = U, which is a compact domain, or to start from K and to define U = K. Then, of course,
the smooth boundary dU has measure zero with respect to the invariant four-dimensional

measure y/—g d* X. Hence, the action integral , as well as its variation or , are
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of ¢ also vanish if X ¢ U. It follows that the corresponding change in ¢g"”, as
determined to the first order in € {Eq. (94.2) in Ref. [2]}:

Sgh = € (EMY 4 £V = JahY 4 favit, (42)

also vanishes if X ¢ U. [Here, the g"” ’s are the components of the inverse of
the metric’s component matrix (g, ).] Thus, in particular, g = 0 on 9U. E|

One assumes moreover that the matter Lagrangian L depends on the matter
fields and the metric and their first-order derivatives, but not on their higher-
order derivatives. The same applies then to the “Lagrangian density” L :=
L\/—g, i.e., the latter is a smooth real function £ = ﬁ(qA,q;‘,g“”,gz"). To

calculate the action (34)), in the Lagrangian L the values are assigned to
q”* and . In addition, now one assigns the values g"(X) and g (X) to g
and g‘“’ respectively. At this stage, it is usually admitted that the change in

the actlon . 0Sy, is given by

oL oL oL or
5Sy = / OE gt + 25 5(h) + 2 gg + — P _g(g) | diX,
) | 9at 0(a;!) dg" 9 <2;‘”>

P

(43)
without a justification nor a precise definition of §Sy, d¢”, etc. {Actually,
the step and some later intermediate steps are even skipped by Landau
& Lifshitz [2].} However, recall that here not only the integrand but also the
integration domain change in the action (34]), so the first-order variation of the
integral Sy involves a priori more than just the first-order approximation of
the integrand. Let us be more precise. Denote provisionally the list of all fields
(matter fields and metric) by ¢/ (J = 1,...,n + 1). Applying the definition
(34) with the new chart (40), we write

= Sy(e€) = / o L(X,e)d* X, (44)

unaltered if instead of U we consider its closure K as the integration domain, as considered
in Ref. [8]. Thus, when the compact K considered in Ref. [§] is a closed domain, as it should
be imposed, the definition of the action Sk and the condition imposed on the vector field X
in Ref. [§] are equivalent to those considered here for Sy and &.

° In Ref. [2], it is “set dg"” = 0 at the integration limits” and, later on, it is stated
that “the £ vanish at the limits of the integration”, without any explanation nor any link
between the two statements. Note that assuming merely that £# = 0 on the boundary 9U
does not imply that g = 0 on 9U.
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with Q := x(U),
Fe = Xe © X_la (45)

L(X, ) = L(¢](X), 0,0] (X)), (46)
where ¢? : x.(W) — R™ is the local expression of the field ¢/ in the chart ..

The integral has a form that is well known, in particular, in continuum
mechanics. The expression of its derivative is also well known:

s, /
dE Fe(Q)

where £(X) 1= 2& (X), with X, := F.1(X), is the “velocity field” at “time”
e. In particular, we get from and these definitions that &£ _, = £. There-
fore, applying the divergence theorem in and since £ = 0 on JU (hence
&€ = 0 on 09, because J2 = 0 (x(U)) = x(0U)), we get

(dd%>€0 - A(%f)e()&X (48)

/Q [ gqﬁJ <a(¢éix>>>ezo N g;{ (8@?{()()))6:0] x

oL + div(LE))
Oe

d* X, (47)

Hence, defining simply the variations of the fields to the first order in e:

and remembering that the ¢” ’s are the matter fields ¢ for J = A =1,...,n,
while @™ is the metric field g*, we see that Eq. (48)), together with the
definition , proves the “obvious” Eq. . We see then from Eq. that
Eq. is in general false if the boundary condition & = 0 on 0f2 is not valid.

If we write

e—0 €

(8(¢5£X)))6 iy (X) - #(X) 0

and if we remember that ¢’ is the local expression of the field ¢ in the chart
, that follows the flow of the vector field ¢ at small values of €, we recognize
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(at least in the case that ¢ is a tensor field) the definition of the Lie derivative
[16] — or rather, of its opposite. That is,

5¢7(X) = —eLeg” (X). (51)
We note also that

0(%?)2 (X)) _ 9, (0(¢32X)))’ (52)
hence
5 () (X) = 9,(69” (X)). (53)

In practical terms, 6¢”’ (X) can be computed in two steps [2]: first, one com-
putes the difference ¢? (X’) — ¢’ (X) between the local expressions in the initial
and the modified chart at events that correspond together through the tran-
sition map, i.e. X' = F,(X). Second, one uses a first-order Taylor expansion
to find the difference ¢! (X) — ¢”(X), i.e., at one and the same event. For
instance, this gives indeed the expression for the metric [2]. As another
example, consider a vector field V', with components V* in the initial chart.
We find without difficulty

SV = Sk V¥ — Vida® = daly V" — Viida, (54)

where the second equality occurs due to the symmetry of the Christoffel sym-
bols (i.e., due to the fact that the Levi-Civita connection has no torsion). This
does coincide with the Lie derivative definition (51).

In a last step, let us assume that the matter fields obey the Euler-Lagrange
equations . Just like for the derivation of the latter equations from the
stationarity of the action : because 5(¢ﬁ) = (6¢*),, in view of , one
may transform the second term in (43)) and use the divergence theorem to make
a surface term appear in it; and that surface term vanishes because g = 0
on JU [as can be checked for a vector on and for the contravariant metric
tensor on (42)]. It then follows from that the first two terms in cancel
one another, thus [f]

55y :/ OL spv+ 2% sy a'X,  £o=LyTg  (55)
) | 99" o (g)

6 All sixteen g s (0 < pu <3, 0<v<3) are considered as independent variables in
L for the calculation of 9L/0g"", even though g"” = ¢g"*: see Note I on p. 269 in Ref.

[2]. Thus, all sixty-four QZ” s (0< <3 0<v<3 0<p<3) are also considered as

independent variables for the calculation of 0L/ ag;w.
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In the same way, because d(g"",) = (6g""),,, one may transform the second
term in and use the divergence theorem to make a surface term appear in
it, and that surface term vanishes because 6g"” = 0 on OU. One thus gets [2]:

55 — / 0L O [ 9L |5 qix. (56)
xw |99 920 \ g (gn)

We have thereby proved the following:

Theorem 1. Assume that the bounded subset U of the spacetime is an open
domain in the sense of. In the domain W D U of some chart x,
define a one-parameter family of new charts by (@), associated with a smooth
vector field & that is defined over W and vanishes for X ¢ U. Assume that the
smooth matter Lagrangian has the form L = L(q”, ql‘j,g‘“’,gz”). Then:

(i) The first-order variation dSy of the action, defined in Eq. , s given by
Eq. . In this equation, the variations 6¢’ and & (¢J) (J=1,..,n+1,

e
with ¢" = (¢*)) are defined by Eq. (@ or equivalently by Eqs. and
(EE)R

(i) If the matter fields ¢* (A = 1,...,n) obey the Euler-Lagrange equations
, then 0Sy s given by Fq. (@) right above.

Equation leads one to define an object T (usually called “Hilbert energy-
momentum tensor”, though not in Ref. [2]) by its components [2]:

1 oL 0 oL
V=971, = — )
2 ogtv  Ozr v

’ 9 (s77)

The symmetry of this object: T,, = T, follows from the symmetry of the
metric and the invariance of L under general coordinate changes. |Z| As shown

by For the object T whose components are defined by Eq. (57)),

we have “on shell” for any regular bounded open set U and for any coordinate
change dx* = e£# such that £*(X) vanishes for X ¢ U:

L:=L\/—g. (57)

1
§Sy = 3 / T, 09" /—g d* X. (58)
x(U)

" Reminding Note (6], the symmetry of the metric does not by itself imply the symmetry
of the components 1) check e.g. L = (¢'?)?, which of course is not invariant.
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If the Lagrangian function L is invariant under general coordinate changes,
then the action Sy in Eq. is invariant too, hence the change 6 Sy given by
Eq. or is zero for any possible coordinate change. Assume, moreover,
that the object T given by turns out to be indeed a tensor. (This tensorial
character does not seem to be proved in the literature, but see Subsect.
below.) Then, using the expression of dg" in terms of the vector field &,
and since by assumption the latter vanishes on U, one gets from (58) [2]:

T,”,=0. (59)

4.4 1Is Eq. (59)) a true conservation equation?

In contrast with (19) [7,”, = 0, with partial derivatives], Eq. (59) [with
covariant derivatives| “does not generally express any conservation law what-
ever” [2]. Fock [3] used similar words: he noted that the four scalar equations
contained in (59) “do not by themselves lead to conservation laws”. To explain
it quickly, the presence of covariant derivatives gives to Eq. the form of
plus source terms, which are the terms linear in the T-tensor itself (that
involve the connection coefficients). Nevertheless, Eq. can be rewritten
in the form of after introducing some “pseudo-tensor of the gravitational
field” t. But the definition of ¢ is not unique. And t behaves as a tensor only
for linear coordinate transformations. As a result, it is generally agreed that
Eq. can lead only (under special assumptions, e.g. an asymptotically flat
spacetime) to global conservation laws, see e.g. [2], [I7]. However, in order to be
able to investigate the energy balance in any spatial domain, one would need
to know uniquely the relevant energy density and its flux. And one would need
that they obey a true and local conservation equation. (This is indeed the case
in most fields of physics, e.g. in mechanics, thermodynamics, electrodynamics,
chemistry, ..., as well as in Newtonian gravitation — as shown in Sect. [2]— and
also in several alternative relativistic theories of gravitation in a flat spacetime,
e.g. [18, 19} 20], including a preferred-frame scalar theory with a mechanism
for gravity [21].)

What is thus lacking in theories based on Eq. , which include general
relativity and its numerous variants or extensions, is not merely an exact lo-
cal concept of the gravitational energy. As we recalled, in special relativity
the local conservation equation for the energy-momentum tensor can be
rewritten as two local conservation equations of the type : a scalar one
for the energy and a vector one for the three-momentum. We believe that the
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local concept of energy is indissolubly bound with the existence of a true lo-
cal conservation equation of the type , as it exists both in non-relativistic
physics and in special relativity. Since, as we recalled, the rewriting of Eq.
as an exact local conservation equation having the form is neither
tensorial nor unique, we consider that Eq. does not provide an exact local
concept for any form of material energy, either: assuming the definition of the
Hilbert tensor T' is unique (that is proved in Subsect. , one could define
the material energy density as, say, w := T%. But another one could prefer to
choose w’' = Ty, and a third one, w” := T). In the absence of an exact local
conservation equation of the type , nobody can tell which choice is correct.
Another point is of course that, for a given bounded spatial domain €2, the
time evolution of, say, the integral of w := 7% [the Lh.s. of Eq. (24)] is not
equal to a flux through the boundary 052, but is also affected by source terms
depending on the gravitational field, for which there is no univoque definition
of the energy-momentum tensor.

However, according to Padmanabhan [22], there exists a suitable definition
for what we will call an energy current four-vector G of the gravitational field,
such that the total energy current P := G + P is conserved:

Pl =Gl + Pl =0, (60)
where the four-vector field P, with components
Pt = 4T" 0", (61)

is the matter energy current associated with the matter distribution, for the
observer(s) having the four-velocity field v. {The plus sign is with the (+———)
signature that we use. This four-vector P should not be confused with the
three-vector P in Eq. (23);. The gravitational current G of Ref. [22] also
depends on v.} Since, in coordinates adapted to the reference fluid defined by

v, we have [12] 23]
1 )
0 _ J—
v o= ) v/ =0, 62
v/ 900 (62)

we note that, in any such adapted coordinates:

P* =T /\/900- (63)

In particular, in the Minkowski spacetime, and taking for v the four-velocity
field of some inertial reference frame, the gravitational current G vanishes,
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hence the conservation (60| of the (matter) current is exactly the same equation
as the local energy conservation (20)) with the definitions . Whence our
use of the expression “matter energy current” to designate the four-vector field
(61). Thus, according to the result [22], the situation regarding the energy
and momentum conservation would be nearly the same in GR as it is in the
ether theory [21], namely: (i) there is a (scalar) local conservation equation
of the type for the total (material plus gravitational) energy; (ii) the
energy density and its flux involved in that conservation equation depend on
the reference frame; ﬁ (iii) there is no equivalent local conservation equation
for the spatial momentum [by this we mean a (frame-dependent) space vector
equation, thus three scalar equations, as Eq. ] Anyway, as discussed
in Ref. [21I], the conservation of the total momentum, when it takes place,
precludes a conservation of the momentum of matter.

4.5 Uniqueness and tensoriality of the Hilbert tensor

In addition to the difficulty described in the foregoing subsection, which did
not seem solvable in the framework of the said theories (but may be solved by
the work [22]), there is a point that needs clarification. In a curved spacetime,
the Hilbert tensor field T is taken as the source of the gravitational field —
in general relativity and in many other relativistic theories of gravity. Clearly,
that source has to be locally defined: it is not the global value (the space in-
tegral) of T that matters to determine the gravitational field, but indeed the
distribution of its local value. However, could not the Hilbert tensor be sub-
ject to “relocalizations”, due to the fact that the Lagrangian determining the
equations of motion is not unique?

Let us add to the Lagrangian L a total divergence: L — L' = L + D with

D=divV = JL__gap (VP/=9), (64)

where V# = V“(qA,qﬁ, g, gi)‘”) is a spacetime vector field. [Of course, the
partial derivatives in Eq. apply once the relevant fields have been substi-
tuted for the arguments of V#*, see before Eq. ] Then the Euler-Lagrange
equations stay unchanged, see e.g. Ref. [I4]. Note that, of course, the
modified Lagrangian L’ is also an invariant scalar if L is. But, a priori, should

8 Actually, in the theory [21], the energy density and its flux have been defined only in
the preferred reference frame assumed by the theory.
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not the T-tensor generally change? This would indirectly contradict a state-
ment of Forger & Romer [8], according to which the energy-momentum tensor
field “ T is the rank 2 tensor field on space-time M depending on the fields of
the theory which satisfies

1
5, / @ Xy/detg| L = / d" X /[det g| T 5, (65)
K K

for every compact subset K of M and for every variation dg,, of the metric ten-
sor with support contained in K ”. [Here, n is the dimension of the spacetime,
thus n = 4 as far as we know. For us, K is the compact closure of the bounded
open domain U, K := U = U U 9U; see Note ] Indeed, from this statement
one easily concludes that a total divergence does not change T"” {see [8], and
see a detailed proof here around Eq. } However:

(a) It is not precised what is meant exactly by a “variation dg,, of the metric
tensor” and what is meant exactly by d, (applied to the action integral) in
the statement reproduced above, included in Theorem 4.2 of Ref. [§]. In the
arguments (pp. 360-361) which lead the authors to state that theorem, the
same situation is considered as in Subsect. hereabove. I.e., the variation
of the metric occurs due to an infinitesimal coordinate change (or equivalently
due to an infinitesimal diffecomorphism), generated by a wector field £ (noted
X in Ref. [§]), with support contained in K. (The variation of the metric is
thus appropriately noted dxg,, in these arguments, and the variation of the
action is noted dxSk.) It is in this precise situation that one can at the same
time derive the basic equation (56| and state that actually 6Sy = 0 — which
is needed to derive the “covariant conservation” .

(b) In that situation [i.e., the variation of the metric resulting thus from a
coordinate change|, Eq. is equivalent to our Eq. (58]). However, we do
not see how it could be the case that the validity of Eq. (58) “for every [reg-
ular] compact subset K of M and for every variation 6g,, of the metric tensor
with support contained in K” would characterize (determine) some field object
having components 7),,. Indeed, since the action is invariant under coordinate
changes, it follows that the Lh.s. of is automatically zero (for every [reg-
ular] compact subset K etc.). Hence, for example, T, = 0 is a solution of @)

(for every [reqular] compact subset K etc.), as well as is .

(c¢) In that same situation, the following argument in Ref. [8] does not work.
According to this argument, “T" does not change when L is modified by the
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addition of a total divergence (...), simply because the addition of such a term
does not affect the Lh.s. of [Eq. ].” The last statement is true, but since
in that situation the Lh.s. of Eq. is always zero, it can not prove that T’
does not change.

(d) Therefore, it seems that, instead of the foregoing situation, the “variation
09, of the metric tensor” alluded to in Theorem 4.2 of Ref. [§] be a variation
of the metric itself (thus even in a fixed coordinate system):

Gien)(X) = " (X) + en"(X), (66)

where the field h, with components h*", is a given field of symmetric (2 0)
tensors defined on U. (The matter fields are thus left unchanged.) However,
if that is indeed the case, then Eq. has a different meaning than Eq.
: for example, the variation dg*” of the metric now depends on the ten
independent parameters h*” (0 < p < v < 3) instead of merely the four
parameters & (= 0, ...,3) as is the case in the arguments which lead to the
statement of Theorem 4.2 in Ref. [§], as well as in Subsect. hereabove.
Thus, the validity of Eq. in that different situation has to be proved
separately. This proof takes Points (i) and (ii) of the following theorem, whose
conclusive part is its Point (iii).

Theorem 2. Let L = L(q*, qﬁ,g“",gﬁ”) be a Lagrangian that is defined and
smooth whenever the determinant of the matriz (g"") is negative, and that is
invariant under general coordinate changes. Let U be a bounded open domain
of the spacetime manifold V and let K = U = UUOU be its compact closure. Let
E be the vector space of the symmetric (2 0) tensor fields g which are defined
and continuous on K and which are C* on U. Let E* be the subset of E made
of the tensor fields g € E such that, for any chart x defined in a neighborhood
of K (assuming there does exist such charts), we have g~' := det G < 0 over
the domain x(K), where G is the component matrix G = (g"”). The matter
fields ¢ (A =1, ...,n) being given functions which are defined and continuous
on K and which are C' on U, define an invariant functional S on E* by

S(g) = /Q L(¢M(X), ¢A(X), g (X), (X)) d* X, Q:=x(U), L := y—gL.

(67)
(i) Given any two tensor fields g € E* and h € E, there is a number a =
a(g,h) > 0 such that, for € €] — a,+al, the tensor field g + eh is in E*. We
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have:

Agh S = (iS(g+eh)> :/ OL jw 0L | dtX,
de e Ja |09 g ()

(68)
where the subscript 4 means that, at any X € Q, one considers the derivatives
of the function L for the values g" = g"(X), gﬁ” = g/ (X) of its arguments.

(ii) If g € E*, h € E, and h(X) = 0 when X € JU, then we have, in any chart

X whose domain contains K:

1
Agn§ =3 / T, W™ /=g d* X, (69)
Q

where the T, ’s are defined in Eq. , the derivatives being taken as in the
subscript notation 4 above.

(ili) Equation (69) determines uniquely the continuous functions X — T, (X),
X(K) = R. It follows that the “Hilbert tensor” with components is not
modified by the addition of a four-divergence. Moreover, this is indeed a (0 2)
tensor field.

Proof. As a preliminary, recall that, if the matrix G = (¢"”) of some (2 0)
tensor field g in one chart y verifies g7! := det G < 0 over x(K), then the
corresponding matrix G’ in any other chart x’ in the atlas of V, whose domain
also contains K, verifies ¢! := det G’ < 0 over }/(K): indeed the Jacobian
matrix J = (%”;lf ) is invertible for these two compatible charts, and we have
g7t =g ' (det J)2. Also remind that the invariance of the functional un-
der the change of the chart follows from the definition of a Lagrangian that is
invariant under general coordinate changes, Eq. , and from the invariance

of the four-volume measure d V; := /—g d* X.

(i) Let g € E* and h € E, thus in particular these are two continuous
functions defined over the compact set K. The real function M — ¢(M) :=
det M is defined and C' over the vector space M(4, R) of the real 4 X 4 matrices.
Choose a chart x defined in a neighborhood of K. For X € x(K), we note G(X)
the matrix (¢"(X)). Let us note also H(X) = (h*(X)). Since g € E*, we
have ¢(G(X)) < 0 for X € x(K). Because ¢ o G is a continuous function
over the compact y(K), it is bounded and reaches its bounds. Hence, for some
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number d < 0, we have ¢(G(X)) < d for X € x(K). The set of matrices
C={M=G(X)+eH(X); X € x(K) and |¢|] < 1} is compact, hence we have
Sup{[| ¢'(M) [|; M € C} = A < co. Also, Sup{|| H(X) [|; X € x(K)} = B <
oo. Therefore, we have for any X € x(K) and any € €] — 1,1]:

0(G(X) + eH (X)) = o(G(X))] < Al [| H(X) [[< |e[ AB. (70)

Hence, there is a number a > 0 such that, for € €] — a, +al, we have ¢(G(X) +
eH(X)) < d/2 < 0 for any X € x(K). Thus, for € €] — a,+a[, we have
g+eh € E* as announced. Since that statement does not depend on the chart,
the number a > 0 does not depend on the chart, either, thus a = a(g, h) > 0.

Denoting henceforth g,y := g + €h for brevity, we define a C! function f
from Qx| — a,+a] into R by setting

F(X,6) = L@ (X), $2(X), g% (X), 0,91 (X)). (71)
Using the definition , we have:
0 (glih (X)) 0 (0,901 (X))
L — hHV PI(eh) _ 2 v uv 717
e = W (X), o = 5 (¢ (X) 4 eht (X)) = bt (X).
(72)
Therefore, we get
af or 0 (gfﬁ)(x)) or 9 (3;»9{271) (X))
9c Xo©) Dg o De
# s o)),
oL 5 oL 5
_ (W) 20 SR L VS) (73)
G 0 (g//jy) Ien)
From the definitions and , we have S(g .p)) = o (X, ¢) ) d* X, hence
S(gen) / T x.qaix (7

Since at € = 0 we have g = g, Eq. ) follows from Eqgs. ) and (| .
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(ii) The second term in the integrand on the r.h.s. of can be written as

e Sy | e e
o(a)/, 2(ar)),
0 oL

— h*v (X)

oxP 0 <Q‘:V> g'

The first term on the r.h.s. of is a divergence in R* and its integral on
Q vanishes if #*(X) = 0 (u,v = 0,...,3) on 99, thus if A(X) = 0 on JU.
[Remind: 092 = 0 (x(U)) = x(0U).] Hence, in that case, (68)) rewrites as

Agn S = / aﬁy _ 9 oL h d* X. (76)
Q (9g“ oxP 0 <2/;1/>

In view of Eq. , this is Eq. .

(iii) Consider a given tensor field g € E* and, in a given chart y whose domain
contains K, let X + 7},,(X) and X TW(X) be two sets of functions (u, v =
0, ...,3) defined and continuous over x(K), each set being symmetric, such that
both verify Eq. for any tensor field h € E that vanishes on 9U. [We do not
assume that either 7T}, or TW is given by Eq. ] We claim that T, = T/W
over x(K). Denoting 67}, := TVW - T

w, we thus have for any such tensor field
h:

/ 6T, W /=g d* X = 0. (77)
Q

Consider a given pair (g, o) of indices. Let ¢ be any real function which is
defined and continuous over x(K), which is C! over ©, and that has compact
support K" C Q. Hence, p(X) # 0 implies X € Q. If X € 99, we have X ¢ Q
since 2 is open, hence ¢(X) = 0. Therefore, by setting h*” = (6% 8% 404 8% )¢

Mo Vo VYo " Ho

in the chart y, we define a tensor field h € E such that h(X) = 0 for X € 0U.
We can thus apply to get

/Q (6T + 6Tsop) V=0 d' X = /Q (20T Vg0 X =0.  (18)

(The second equality follows from the symmetry of 7, and ﬁw.) Since this
is true for any such function ¢, we deduce that ¢67),,,,/—¢ is zero almost
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everywhere in ). But since this is a continuous function, it is zero every-
where in the open set Q C R* and therefore it is zero also in its closure
x(U) = x(U) = x(K). Then, since /=g # 0 over x(K), we have 6T}, = 0
over x(K). This proves our precise statement about uniqueness at the begin-

ning of this paragraph.

Now suppose the Lagrangian is a four-divergence: L = ((v/—gV*) .)/v/—9
with V# = Vi (q?, qﬁ, g, g:‘”). Then the integral rewrites as:

(g +ch) = | UM@AX), 000,015, (X). (65, (X)) dS,(X) (79)
(setting U := /=g V¥, and with g .,y := g+eh and d S, == €0 d 2" Ad 2P A
dx?) — when this integral makes sense, which is true if g € E*, h € E, and
el < a=a(g,h). If, moreover, h(X) = 0 on U, we have g (X) = g(X) for
any X € 0U, so that the integral does not depend on € €]—a, a[. Therefore,
the Lh.s. of Eq. is zero. Since we have shown that this equation deter-
mines uniquely the functions X — 7),,(X), x(K) — R, these functions are zero.

Let us finally prove the actual tensoriality of the “Hilbert tensor”, whose
components are defined by Eq. . Considering now any two charts y and
X’ whose domain contains K, Eq. is true for any tensor field h € E that
vanishes on U, using either x or x’ on the r.h.s. (with primes for x’). Since
the L.h.s. of is invariant as is the action, so is the r.h.s.; i.e., we have for
any such h:

/TW /=g d*X :/ T, h'" \/—g d'X". (80)
Q Qf

Composing with the reverse coordinate maps y~! and y'~!, we may regard

Ty, W, T, W'* as functions defined over K = x 7' (x(K)) = x'~'(x'(K)), and
we have for any such h:

/TW W AV, = / A (81)
U U

For any given tensor field hy € E | set f := T, hy” and f':= T}, hd"  which
are thus two continuous functions on K. Consider any open domain W with
W C U. Take any function ¢ which is defined and continuous over K, which
is C! over U, and that has compact support K € W. Define h := ¢ hy. This
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is a tensor field that belongs to E and vanishes on OW. Therefore, the open
domain U being arbitrary in the already proved point (ii) and hence in ,
we can apply with W instead of U. We thus get:

/chbdw:/wf’cbdw (2)

Because this is true for any such function ¢, it follows that we have f = f’
almost everywhere in W. Since these are continuous functions, we have f = f’
in W. And since this is true for any open domain W with W C U, we have
f = f in U, and hence also in K = U. That is, T}, hf” is invariant under
coordinate changes, for whatever tensor field hy € E. Considering a given
point X € K, we define a linear form ® on the vector space 77 of the (2 0)
tensors at X, by setting:

Vh € T B(h) = T, (X, (83)

which is thus independent of the chart. But the dual space of T is known
(and easily checked) to be the vector space T of the (0 2) tensors S at X.
Hence, there is a unique tensor S € 7 for which, in any chart, we have

Vh € T, ®(h) = S, h". (84)

From and , it follows that, in any chart, the numbers 7),,(X) are the
components of the unique tensor S € T,!, Q.E.D. O

5 A uniqueness result for the energy balance

5.1 Is the energy balance equation unique?

We begin with a discussion of this question for a system of isentropically de-
formable media in Newtonian gravity (NG). The energy balance (11f) estab-
lished in Section [2| for the matter field equations of NG has the form

ou

P o

with the four-components column vector (V#) being here the “matter current”
made with the matter energy density and flux:

0,VH = field source := (85)

(V#) = (wm, Pm). (86)
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As we saw, Eq. (89)) [i.e. Eq. (L1)] is verified as soon as the following three
equations are verified among the matter field equations: Newton’s second law
, the isentropy equation (), and the continuity equation @D For instance,
we did not use the “constitutive equation” that relates the stress tensor to some
deformation tensor, or (for a barotropic fluid) that relates the pressure with the
density. We note that, in view of Egs. and (13), the matter current (V)
is polynomial in the local values of the fields ¢* (A =1,...,n) = (p,v,II,0,U)
that appear in those equations. (Thus, assigning in this section — contrary
to Section[f) — a different number A to different components of a given vector
or tensor field: n = 12 here. The gravitational potential U plays the same
role as does the metric tensor in a Lagrangian for the matter fields in a curved
spacetime, as was the case in the foregoing section.) Now we ask if we can find a
different expression for the matter current, say V'#, for which the Lh.s. of
would be always the same as with the current , so that the same balance
equation (85)) would be valid with V'#, when it is with V#.Thus: Can we change
the matter current V# for another one V'* = V# + W*#  also polynomial with
respect to the local values of the fields at any spacetime point X, ¢4 = ¢*(X),
so that the L.h.s. of would be unchanged for whatever values of the fields?
Le., can we find a column four-vector W# which would be polynomial in the
q? ’s, and such that we would have 9,W* = 07?

5.2 A uniqueness result

Thus, let W* be an order-N polynomial in the field values ¢* = ¢*(X), its
coefficients being allowed to depend on the spacetime position X:

WHX, q%) = CH(X) + CLA(X) g™ + o+ Oy a (X)) g g™ (A < < Ay,

(87)
Assume that its 4-divergence vanishes identically, 9, W* = 0:
0 = CF,+Cla* +Clag + o+ Oy p0™ ™ (88)
Ay, Ay A Ay An_1,A A A
—i—C'J‘\L,AlmAN (qulq 207N + gt gty 1q“N) (qﬂ = ¢M(X>>
Le., at any spacetime point Xy (z”), Eq. is valid for whatever possible val-
ues ¢* and q;? of the fields and their derivatives at Xy. But, for whatever values
¢* and ¢;} of these variables, there exists smooth functions X — ¢4(X) (A =

1,...,n), defined in some neighborhood U of Xy, such that we have

a A
GA(Xo) = ¢ (A=1,..n), and 22 (x,) = g (A=1,0m; p=0,..,3).

oxH
(89)
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Thus our assumption means that on the r.h.s. of the polynomial function
in the real variables ¢” and q;‘ (A=1,...,n; p=0,..,3) is identically zero.
Hence its coefficients are all zero. In particular:

Cly(Xo) =0,...,CN 4, .4y (Xo) = 0. (90)
Thus all coefficients in are zero — except perhaps Cf, with Cf, = 0.

We thus got that we cannot alter the analytical expression of w,, and ®,,
on the Lh.s. of the matter energy balance . [Apart from arbitrarily adding
a zero-divergence vector field C} that is independent of the matter fields —
this is indeed obviously possible, but we can get rid of this by asking that the
matter current (V#) be polynomial in the fields and have no zero-order term, as
is indeed the case in all concrete examples.] The gravitational energy balance

has just the same form:

0,V = matter source := p%—(t], (91)

where V# = (wy, ®,) is polynomial in the gravitational field ¢ (A =1,...,4) =
(0,U). It is valid when the gravitational field equation is. Therefore, similarly
as we found for the matter field energy balance, we cannot alter the analytical
expression of the gravitational energy balance.

5.3 Generalization

These results are clearly general. Consider e.g. the Maxwell electromagnetic
field instead of the Newtonian gravitational field. The energy balance of the
e.m. field is:

OWer . )
5 + div @, = —j.E, (92)
with wep, 1= E2;rB2 the volume energy density of the electromagnetic field, and
b, = % the electromagnetic energy flux. The same uniqueness result says

that we cannot find an alternative expression for we, and ®., on the Lh.s.,
which would be valid for whatever values of the fields E and B and their first
derivatives.

6 Conclusion

The classical concept of energy emerges from an analysis of the power done,
first in the case of a mass point and then for the case of a volume element in a
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continuous medium. We have argued that, in the case of a continuous medium
or a system of fields, the meaning of the energy conservation is primarily local:
it says that, in any bounded domain, the energy loss or gain is due only to a
well-identified flux that goes through the boundary of that domain. Thus it
expresses in a general way the Lavoisier principle: “Nothing is lost, nothing
is created, everything transforms.” While it is of course interesting also and
even often important to have global energy conservation laws, this interest is
limited by two facts: i) an exact global conservation law can be hoped, strictly
speaking, only for the Universe as a whole, because there are energy exchanges
at all scales — but physics can not be reduced to cosmology. ii) A global energy
conservation law says merely that one number is a constant: the total energy;
in the most favorable case with global conservation of the energy-momentum
and angular momentum, ten numbers are constant. In the relevant case of a
system of fields, however, there is an infinite number of degrees of freedom, so
this is only a small part of the information needed.

We have tried to precisely state and prove the main results regarding the
derivation of the Hilbert tensor from the invariance of the action in generally-
covariant theories. We hope to have proved these results in a convincing way;,
keeping the mathematical sophistication to the minimum needed. The Hilbert
tensor’s theory is beautiful and is essential to general relativity. It is important
also in relativistic quantum mechanics. One should note, however, that histor-
ically the main examples of the energy-momentum tensor have been derived
from the corresponding local conservation equations for energy and momen-
tum [24]. Whence the interest in examining the uniqueness of the latter kind
of equations.

A Appendix: Regular domains

Definition 1 [25]. Let M be a differentiable manifold, with dimension d.
One will call closed domain of M, any closed subset D of M such that, for any
reD,

either (i) there is an open subset W of M such that x € W C D,

or (ii) there is a chart (W,p) with o(x) = 0 and o(y) = (y*,...,y%) for
y € W, such that

WND={yecW; ' <0}, ie. o(WND)={yecpW); y <0}. (93)
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Proposition 1 [25]. Let D be a closed domain of a d—dimensional differ-
entiable manifold M. In case (i), the point x is in D, the interior of D (i.e.
the largest open set U of M, such that U C D). In case (ii), the point = is
in 0D, the boundary of D, which is a (d — 1)—-dimensional submanifold of the
differentiable manifold M.

Recall that the (topological) boundary of any subset A of M is defined to be
OA := ANCA, where the overbar means the adherence (or closure) in M and
CA means the complementary set of A in M. It is easy to prove (cf. [26]) that
we have always

AnoA =0, (94)

AuoA =4 (95)

If M is an oriented manifold, then the Stokes theorem (and thus also the
divergence theorem) applies to any differential (d — 1)—form (respectively to
any continuously differentiable vector field), in any closed domain D of M with
its boundary 0D [25].

Proposition 2. Let D be a closed domain (see|Definition 1)) of a d—dimensional
differentiable manifold M and let U := D be its interior. We have

U =D, (96)

i.e., a closed domain is the closure of its interior. We thus call U := D an
open domain of M. Moreover, we have

CD = Cu. (97)

Proof. Since D is a closed set such that U € D, we have U C D. Due to (95,
in order to prove that D C U, we just have to prove that 0D C U. If z € 9D,
we may apply to it Case (ii) of Definition 1} Let A be any open neighborhood
of z. We will show that it intersects both U and CD; to show this, we may
assume that A C W, with W the domain of the chart ¢. Thus ¢(A) is an open
neighborhood of ¢(z) = 0 in R?, hence it contains a ball |y/| <r (j = 1,...,d).
a) Take first yo = (y/) such that —r < y' < 0 and ¢ = 0 for j = 2,...,d:
then yo € p(A) C p(W). But we get from that any point y € (W) such
that y' < 0 is in the interior of (D N W). Thus yo € ¢(A) is in the interior
of (D N W), or equivalently yo = ¢ !(yo) € A is in the interior of D N'W,
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hence in U = D. So 9D C U, hence is proved. b) On the other hand,
take now y; = (y’) such that 0 < y' < r and ¢ = 0 for j = 2,...,d: also
v1 € p(A) C ¢(W), but we get from that y; = ¢ '(y1) € A is in CD.
Thus we have also 0D C C_D, whence CD U 9D = CD. But, from and ,
we have DN COD = U, or (D) U dD = CU. Therefore,

Cu=Cu=CbuoD =CD, (98)

which proves : ([l

Corollary. Let U be an open domain of M and let f be a continuous real
function defined in a neighborhood of D = U. In order that Supp f C D, it is
necessary and sufficient that f(x) =0 if v ¢ U.

Proof. The support of f, Supp f, is defined to be the smallest closed set
containing the set of the points x such that f(z) # 0, or equivalently CSupp f
is the largest open set €2 such that fio = 0. Therefore, CD being an open set,

(Supp f € D) & (fep = 0). (99)

Since f is continuous, ficp = 0 is equivalent to f‘ﬁ = 0 — that is, from 1}
to f|BU = 0. L]
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[22] to me.

References

[1] I. Miiller and W. H. Miiller: Fundamentals of Thermodynamics and Applications,
Springer-Verlag, Berlin Heidelberg 2009.

[2] E. M. Lifshitz and L. D. Landau: The Classical Theory of Fields, Third English
edition, Pergamon, Oxford etc. 1971.

[3] V. Fock: The Theory of Space, Time and Gravitation, First English edition,
Pergamon, Oxford 1959.

[4] F. J. Belinfante: On the spin angular momentum of mesons, Physica 6, 887-898
(1939).

33



[5] A.Trautman: On the conservation theorems and equations of motion in covariant

field theories, Bull. Acad. Pol. Sci. (3) 4, 675-678 (1956).
[6] R. M. Wald: General Relativity, University of Chicago Press, Chicago 1984.

[7] M. J. Gotay and J. E. Marsden: Stress-energy-momentum tensors and the
Belinfante-Rosenfeld formula, in Mathematical Aspects of Classical Field The-
ory, Contemporary Mathematics Vol. 132, Providence 1992, pp. 367-392.

[8] M. Forger and H. Romer: Currents and the energy-momentum tensor in classical
field theory: a fresh look at an old problem, Ann. Phys. (N.Y.) 309, 306-389
(2004).

[9] M. Leclerc: Canonical and gravitational stress-energy tensors, Int. J. Mod. Phys.
D 15, 959-990 (2006).

[10] M. Arminjon: Energy and equations of motion in a tentative theory of gravity
with a privileged reference frame, Arch. Mech. 48, 25-52 (1996).

[11] S. Chandrasekhar: Conservation laws in general relativity and in the post-
Newtonian approximations, Astrophys. J. 158, 45-54 (1969).

[12] M. Arminjon and F. Reifler: General reference frames and their associated space
manifolds, Int. J. Geom. Meth. Mod. Phys. 8, 155-165 (2011).

[13] M. Arminjon: Some remarks on quantum mechanics in a curved spacetime,
especially for a Dirac particle, Int. J. Theor. Phys. 54, 2218-2235 (2015).

[14] P. J. Olver: Lectures on Lie Groups and Differential Equations, Chapter 5:
Symmetries of Variational Problems. Online course (2012).

[15] M. Arminjon: A simpler solution of the non-uniqueness problem of the covariant
Dirac theory, Int. J. Geom. Meth. Mod. Phys. 10, No. 7, 1350027 (2013).

[16] B. A. Dubrovin, A. T. Fomenko and S. P. Novikov: Modern Geometry — Methods
and Applications, Part I, 2nd English edition, Springer, New York 1992.

[17] H. Stephani: General Relativity — An Introduction to the Theory of the Gravi-
tational Field, English edition, Cambridge University Press, Cambridge 1982.

[18] N. Rosen: Flat-space metric in general relativity theory, Ann. Phys. (N.Y.) 22,
111 (1963).

[19] A. Logunov and M. Mestvirishvili: The Relativistic Theory of Gravitation, En-
glish edition, Mir, Moscow 1989.

34


http://www.math.umn.edu/~olver/sm_/v.pdf

[20] W. Petry: Gravitation in flat space-time and general relativity, J. Appl. Math.
and Phys. 2, 50-54 (2014).

[21] M. Arminjon: Space isotropy and weak equivalence principle in a scalar theory
of gravity, Braz. J. Phys. 36, 177-189 (2006).

[22] T. Padmanabhan: Momentum density of spacetime and the gravitational dy-
namics, Gen. Rel. Grav. 48 (2016), DOI: 10.1007/s10714-015-1996-z.

[23] C. Cattaneo: General relativity: relative standard mass, momentum, energy
and gravitational field in a general system of reference, Nuovo Cim. 10, 318-337
(1958).

[24] J.—P. Provost: A brief history of the energy-momentum tensor; 1900-1912, in
Proc. 13th Marcel Grossmann Meeting, R. T. Jantzen, K. Rosquist and R. Ruffini
eds., World Scientific, Singapore 2015, pp. 2054—-2056.

[25] M. Berger and B. Gostiaux: Differential Geometry: Manifolds, Curves, and
Surfaces, Springer, New York 1988, §55.3.33, 6.2.1.

[26] J. Dieudonné: Treatise on Analysis, Volume 1: Foundations of Modern Analy-
sis, Revised English edition, Academic Press, New York (1969).

35



	Introduction and summary
	Local energy conservation for an isentropically deformable medium in Newtonian gravity
	Local energy balance for the matter fields
	Balance for the gravitational field and local energy conservation equation

	Local conservation equations and the energy-momentum tensor in Minkowski spacetime
	Definition of the energy-momentum tensor from a Lagrangian
	Lagrangian and stationary action principle
	The ``canonical" (or ``Noether") T-tensor
	Hilbert's variational definition of the T-tensor
	Is Eq. (59) a true conservation equation?
	Uniqueness and tensoriality of the Hilbert tensor

	A uniqueness result for the energy balance
	Is the energy balance equation unique?
	A uniqueness result
	Generalization

	Conclusion
	Appendix: Regular domains

