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Abstract

We describe the diagonal reduction algebra D(gl,) of the Lie algebra gl in the
R-matrix formalism. As a byproduct we present two families of central elements
and the braided bialgebra structure of D(gl,,).

1 Introduction

Reduction algebras were introduced in [M| [AST?2| for a study of representations of a Lie
algebra with the help of the restriction to the space of highest weight vectors with respect
to a reductive subalgebra g. In an abstract setting, for an associative algebra A which
contains U(g) as a subalgebra and satisfies certain finiteness conditions, the corresponding
reduction algebra is the double coset (2]) equipped with a nontrivial multiplication (3]).

This associative multiplication, defined with the help of the extremal projector of
Asherova-Smirnov-Tolstoy [AST], can be also described [K] by means of the so called
universal dynamical twist J. This twist gives rise to a solution of the universal dynamical
Yang-Baxter equation [ABRR].

The diagonal reduction algebra D(g) is a particular case, associated to the diagonal
embedding of U(g) into U(g) ® U(g), of reduction algebras. The algebra D(g) acts in
the space of highest weight vectors of the tensor product of two representations of g,
considered as the representation of g. In [KO2, [KO3] we presented a list of ordering
defining relations for natural generators of the diagonal reduction algebra D(gl,) of the
Lie algebra gl ..

The main goal, proposition [4.1] of this paper, is to relate the algebra D(gl,) to the
R-matrix formalism. We exhibit a matrix L of certain generators of the algebra D(gl,)
such that the defining relations can be collected into the operator equation usually called
the reflection equation.

To this end we study and use the reduction algebras Diffy,(n, N) of algebras of dif-
ferential operators in n/N variables, which we call the algebras of h-deformed differential
operators. These reductions were used in [KN| for the representation theory of Yangians.
The algebras Diffy, (n, N) are closely related, by means of the generalized Harish-Chandra
isomorphism [KNV], to “relative Yangians” of A. Joseph [J] and “family algebras” of A.
A. Kirillov [Ki].

In Section B we introduce a distinguished set of Heisenberg type generators of the
algebras Diffy(n, N) and write down the defining relations for them. It turns out that
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the relations admit the R-matrix form, with the well-known solution R of the dynamical
Yang-Baxter equation. Next we exhibit homomorphisms from the diagonal reduction
algebra D(gl,) to Diffy(n, N) (h-analogues of the “oscillator representations”), which
lead to the presentation of D(gl,,) by means of the reflection equation.

The description of the algebra D(gl,) as the reflection equation algebra has many
advantages. As an application we find two natural families of central elements of D(gl,,)
expressed as “quantum” traces of powers of L-operators, see Section [£.2 Also, the R-
matrix formalism reveals the braided bialgebra structure of D(g), see Section 4.3

The modules over the algebra D(g) and the braided tensor structure on certain cate-
gories of D(g)-modules we study in a forthcoming publication.

2 Reduction algebras

In this section we recall the definition and some basic properties of reduction algebras.
We restrict ourselves to reduction algebras related to general linear Lie algebra gl,, which
we denote further by g. Let e;;, 7,7 = 1,...,n, be the standard generators of the Lie
algebra g, with the commutation relations

[eija ekl] = 5jk€il - 5il€kj . (1)

We use the notation h and ni for the Cartan and two opposite nilpotent subalgebras
of g; h; denotes the element e; € h, and ¢; the elements in h*, so that e;(h;) := &;;
hij == h;—h; € h and h; := h; —1, h;j = h; — h; are the elements of U(h). We define U(h)
to be the ring of fractions of the commutative ring U(h) with respect to the multiplicative
set of denominators, generated by the elements (h;; + k)~!, k € Z; and U(g) to be the
ring of fractions of the universal enveloping algebra U(g) with respect to the same set of
denominators.

1. Let A be an associative algebra which contains U(g) as a subalgebra, and the adjoint
action of g on A is locally finite. In particular A is a U(g)-bimodule with respect to the
multiplication by elements from U(g) on the left and on the right. Assume in addition
that A is free as the left U(h)-module and the adjoint action of U(h) is semisimple. Let
A be the localization A = A @y U(h). The double coset space

A:=n_A\A/An, (2)

equipped with a natural associative multiplication o, see e.g. [KOI] for details, is usually
called the reduction (double coset) algebra. The multiplication o is described by the
prescription

oy =xPuy, (3)
where P is the extremal projector [AST]. The projector P belongs to a certain extension
of U(g), satisfies the properties

xrP=Py=0 forren,, yen_,

P=1 modn_U(g), P=1 mod U(g)ny, PZ=P.

and can be given by the explicit multiplicative formula [AST]. Alternatively, one can find
representatives = € A and y € A of coset classes x and y, such that Z belongs to the
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normalizer of the left ideal An, , or § belongs to the normalizer of the right ideal n_.A.
Then zoy is the image in the coset space A of the product 7 - §.

In the sequel the algebra A is free as the left U(g)-module with respect to the multi-
plication by elements of U(g) on the left, and this U(g)-module is generated by a linear
space V, invariant with respect to the adjoint action (which is supposed to be locally fi-
nite) of the Lie algebra g. In this case the reduction algebra is the free left U(h)-module,
generated by V, see [Zh] [KO1]. Note also that the construction of the double coset space
A does not use the multiplication in A but the U(g)-bimodule structure on A only. We
denote sometimes by : x : the image in A of the element z € A. This notation is useful
to distinguish between the multiplication - in the algebra A and the multiplication o in
the reduction algebra A.

2. The Weyl group of the root system of g is the symmetric group S,. Let oy,...,0,1
be the generators of S,; o; corresponds to the permutation (i,7 + 1). The group S, acts
on vector spaces h* and h, so that o;(h;) = he,(j) and 0;(¢;) = €,,(j)- These actions are
related by A(o(h)) = 07! (A)(h), 0 € Sy, h € hand X € h*. The action of S, on h extends
to the action of a cover S, of the group S, by automorphisms of the Lie algebra g. We
denote by the same symbols o; the following automorphisms of the algebra U(g):

O’,(ZL’) = Adoxp(ei,i+1)AdCXP(—3i+1,i)AdCXp(ei,i+1)(x) )

so that
oiler) = (=1)"* e, ko) -

Let p = — Y ,_, key. Then the shifted action o of the group S, on the vector space h* is
defined by setting
coli=aA+p)—p. (4)

With the help of (@) we induce the action o of S, on the commutative algebra U(h) by
regarding the elements of this algebra as polynomial functions on h*. We have

oo ﬁk = ﬁg(k) ) 0o ilij = ha(i)a(j) .

We also use the following notation for shift automorphisms of the rings U(h) and
U(h). For any a € h* and any element f € U(h) denote by f[a] the image of f under
the shift automorphism U(h) — U(h), defined by the rule h — h + («, h). In particular,
hi[Ej] = hz —+ 5”

3. Assume now that the action of S,, on U(g) extends to the action by automorphisms of
the algebra A. For any ¢ = 1,...,n — 1 define the map ¢, : A — A by

k
. (=1)* . . o
q;(z) = Z T e?,i+1 (0i(x)) €f+1,i H(hi,zurl —-J)! (5)
k>0 ’ j=1
Here é;,11(x) = [esit1, ] is the adjoint action of e;;41 on x. The image of the sum

n_A-+ An, of the ideals is a subspace of n_ A+ An., see [Zh], so the formula (5) defines
the map, denoted by the same symbol ¢; : n_ A\ A/ An,; — A. The map ¢, satisfies the
relations

Gi(hw) = (gi0 h)q,(x),  q(wh) = q;(x)(0s 0 h) (6)



for any h € U(h) and z € A. The use of (@) extends the map ¢, : n_- A\ A/An, — A
to the map ¢; : A — A. The maps ¢, satisfy the braid group relations [Zh] and are
automorphisms of the reduction algebra A, see [KO1J.

3 Algebra of h-deformed differential operators

3.1 Reduction of the algebras of differential operators

There is a homomorphism v : U(g) — Diff(n) of the algebra U(g) to the algebra of
polynomial differential operators in n variables x4, ..., z,. The image of e;; € U(g) is

Pley) = x'0; . (7)

Denote by Diffy(n) the reduction algebra of Diff(n) ® U(g) with respect to the diagonal
embedding of U(g). We call Diffy,(n) algebra of h-deformed differential operators (the
explicit definition, given below, makes it clear that this algebra admits a well-defined
limit h;; — oo for i < j and hy > hy > --- > h,, in which it becomes the usual algebra of
differential operators with polynomial coefficients).

The algebra Diffy,(n) is generated over U(h) by the classes of 2* and 9;, which we
denote by the same symbols. These elements are subject in Diff,(n) to quadratic-linear
relations over U(h), which we now describe.

These relations can be computed directly. However, almost all the required information
can be found in the description of the reduction algebra of U(gl, ., ;) with respect to U(gl,,)
(this description is a basic step in the derivation of the Gelfand-Tsetlin basis in [Zh]).
Indeed, the generators e; 11 and e,t1,, ¢ = 1,...,n, of the corresponding double coset
algebra form the bases of the fundamental representation w and its dual w* with respect
to the adjoint representation of g = gl,,. The elements ' and 9; form the same bases of
w and w*, the only difference is that the commutators [e; ,,+1, €541 ;] belong to the Cartan
subalgebra of gl, ; while [2*,9;] = d;;. Thus, by [Zh 4.5.3], we have

x'or! = oyt o, 0;00; = 0;;0;00;, i <7,
x'00; = Ojox i # 7,
xlo@- = E 57;]'6]' ox’ + -

J

Here

hi; 1—hy @i wik>; Mk — 1

and y; are the elements of U(h) which are to be determined by another argument.

Lemma 3.1 We have
pi=—p;i

Proof. Note first that pu, = —1. Indeed, since 0, is a highest weight vector with respect
to the adjoint action of U(g) on Diff(n),

"0, =: "0, =: J,a" : —1.
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On the other hand, the products ;027 are equal to sums Y @, : 0,2™ : with some
am € U(h) and do not contain a constant term. Thus pu, = —1 = —¢; 1. For the
derivation of other p; we use the Zhelobenko automorphisms ;.

It is not difficult to check that

(iz(xl) = _x2+1~’7+17 (ji(xl—l—l) = xlv QZ(:’EJ> = ']‘J7 J # 1,7+ 17
hii1—1
P (10)
. iyi+1 3 3 S,
4;(0i1) = 5i~7+, 4;(0) = =011, G(0;) =0;, jF#ii+ 1
hiiy1 —1
Now we apply the automorphism ¢,,_; to the already known identity
:E"o(?n = Zﬁ,wa]ox] — 1.
J
We get the relation
iLn—l,n n—1 o -« j
X o0Op—1 = an_l (ﬁmjﬁj oL ) — 1.
hn—l,n —1 j
Taking into account the last line in (§]), we rewrite this relation in the form
B, —1
nlonl—Zﬁn 1’] ox——l )
h'n 1n
which implies that 3
- hn—l,n —1 o -1
Hn—1 Bn_l’n Prn—1-
Next we apply d,_, to the identity 2" 100,_; = Zj Br-10j01! — ¢!, and find that
fn—o = —@; ", and then further y; = —¢; " for all i. O
The last line in (§) can be now rewritten as
) 1 )
xloai: _ 8 'OSCJ i_l_ i—l’
; 1~ Iy P ¥ ¥
which suggests the change of variables
0; = 0p;. (11)
In the new variables the relations (8) and (I0) look as follows:
N S S
o) = ]+ —L——alex' i<, 0;00; = —% 0;00;, 1< 7,
1) h ij
L — hi(hi —2) -
2'e0; = 0iox’, i < J; o Ojox', 1> 7, 12
J J J J (hw 1)2 J J (12)




i+1 hi,i—i—l - (

qz(xl) =2 T q; xi—i—l) = xiv qZ(']’J) = xjv j % ia 1+ 17
hiiv1 —1
h 1 (13)
4;(0;) = —%@417 4;(011) = 0, G,(0;) =05, jF#ui+ 1
iyit1
We have other sets of Heisenberg type generators in the algebra Diffy,(n). Set
R
@; = H ﬁu (14)
kik<j 'tk T
and put -
5 -1
Arguments parallel to that of Lemma [B.1] show that
g1, T
rox! = {;x%:ﬂ,i <7, Di00; = —% )i 00i, 1< 7,
ij o hij
= ) .= - ) h--(h-»—Q) -
Ojox' =x'00;, © > 7, Qiox’ = =L L0000 < 7, 16
A ol J J (hyy — 1)2 °Uj J (16)

= ; 1 i &

8Z<>I ;1+}~lijx oag+1.
and the same as in ([[3]) coefficients in the action of Zhelobenko automorphisms. Alter-
natively, we can leave the variables 0; unchanged and rescale the variables 27. For the
variables 7/ := ;27 and 0; we get the relations of the form (I2)) with the reversed inequal-
ities between 4 and j in first two lines of the relations (I2); for the variables 7/ := @ "t
and 0; we get the relations of the form ([I6]) with the reversed inequalities between i and

J
J in first two lines of relations (IGl).

3.2 Polarized form of relations

1. The first line of (I2]) can be written in the following polarized form:

o) = —x'or? + = o, 1< 7,
hij hi; (17)

tlort = —atont + al o, 1>,

ij
R T T
82-0 i = —il—&io&j + ﬁz 8j<>8i, 1 <7,

lij i (18)
5i<>_j:—}~l—5i<>gj+5j<>5i, Z>]

ij
Rewrite (I7)), (I8) and the last two lines in (I2]) in an operator formf

. . ~ 1] = = ~lk = = .= ~ ik = .
IZOZE] =R :L'koil?l 8~<>8-:R-0 <>(9 a:%(‘)-:T-(? o:El—(SZ-
kl > 10Uj i Yk @ UL, j 1Yk 'k

(19)

2Unless the opposite is stated, we adopt the Einstein convention: if a tensor index appears in an
expression twice, once as an upper index and once as a lower index, the summation over this index is
assumed.



~ij < ik A _
where R,jl and T}, are matrix coefficients of operators R, T : C" @ C* — U(h) ® C" @ C".

Their nonzero values are

XV . XV = <],
Rz’j ?> i # Rji = h?j
N L, =
~ 4] 1 . . ~J hl{(h]w * 2) ) j>
”:_B.._fl%]’ i =\ (hy+1)?
Y L, =
Note the following identity:
<kl ~ 1k
Tz’j[_gl] = Rji'
Similarly, the relations (@) can be presented in an operator form as
e = = ~lk= = = . Ak, = ,
vlord = Rpator',  9,00; = R;0kod,  Jjoa’ = S,aled) + 01,
where the non-zero elements of S are
1 L 1>
~ij 1 ~ij -~ o~
| ! i (hig = 2) i<y
(hij — 1)

(20)

(21)

(22)

(23)

(24)

2. The relations in the last two lines of (I6) can be obtained in another way, by inverting
the last relation in (I9). Let W be the skew inverse to T (see e.g. [O], section 4.1.2 for

details of the R-matrix technique needed here), that is,
2 irmlm i sm
Multiplying the relation
_ ~lm —
Iloak = T,mamol'n — 52

by ‘if;’f from the left and contracting repeated indices, we get the relation

3 i Tik, 1l 3 T,k

The relations (1), (I3]), and the last two lines of ([I6]) imply that

0 =0,Q)) " =Qf o,
where -
hip £1 _
o =1l 57— @kl =1
k:k+#i ik
and
1 i<
. 1 Ags -
U9 = QF Q7 - R oy
i =Q Q; o1 ; ~(h,]~ 1) Py
hij(hij — 2)

(25)

(29)



Comparing (26) and the last line in (Elﬂ) we conclude that
v = Qo (30)
Define operators Q* : C* — C" by
(QF); = Qj 9.
Then the relation ([30) can be rewritten as
TroWyy = Q.

Here the lower index specifies the number of the copy of the space C" in which the
corresponding operator acts nontrivially. For example, Qf stands for the operator Q*
acting in the first copy and Tr, means the contraction of indices in the second copy.

3.3 Reflection equation and copies

To lighten the notation, in the formulation of statements, the matrix multiplication of
matrices with entries in a reduction algebra is written without the symbol o (which is
always assumed).

Set i; = 7'60; € Diffy(n).
Proposition 3.2 The matriz L satisfies the reflection equation
Rufxlf{mfxl - £1R12]:1Rl2 == ng]:l - ]Zlf‘)\,lg. (31)
Proof. Consider the monomial 2! ¢2%200;, +0;,. Reorder it in two ways. The first way:

Q119 Q119 ~ln = = Q119 =
:E“ol’ 08]108]2 = Rkl :L’koiE 08]108]2 = Rkl :L'kolemano:L’moajz Rkl 5l Ikoan

Alllz k‘ m = 1122 k) = 1122 k; A 1112 k‘
E kl i Oa Olem[ En]l' 08]2 Rk]l X 08]2 — Rkl L OlemL]2 Rk,]l L
k,lmmn
The second way of reordering:
i1 i2 9 . _ i1 2
T oX <>8j1<>8j2 =X o <>Rj2]18 08
~mn i ~ ot = E 3 ~mn i i =
- j2j1 [_621 - 622].:(: 1<>Tnkat<>x Oam - R’jzj1 [_811 - 8@'2]5”2:17 1<>am
~mn ~dot i = E A ~ Mg i =
=R, [=€i, — i) Tpp[—€i ]2 0Orox" 00 — R, [—€i — €3] 0" 0Oy
BT [—eJab o BRI [—e — &4, + OB [~ ]
:l? oOpo L 1| —E¢|T o a1 — iy Er — T o ]2]1 — Eiy
t,kmmn
zgt ~k - ~21 Ang
E L, Tnk —&y oLme]l[ €t — €iy + €k — L, R, —&5,] -

t,k,m,n

Matrix elements lf{;jl and T;jl are nonzero only if i =k and j =1, ori =1 and j = k. We
can thus replace the shift by ¢; + ¢;, in the last displayed line with the shift by ¢, + ex.
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Besides, the matrix coefficient R depends only on the difference h,,—h,,, and is invariant
with respect to the shift by ¢, + z—:n Using the relation (22)) we rewrite the result as

iot miz

P o 00y 00 = LR TE R — TR (32)
Comparing these two ways, we obtain the equality
RyLnoRi Ly — RL = LR «LoR, — LR,
that is the relation (31]). O

Let now Diff(n, N) be the algebra of differential operators in nN variables z'®, i =
1,...,n,a=1,...,N. There is a homomorphism v : U(g) — Diff(n, N). The image of
€ij € U(g) 18

U(es) Z 2Ojq. (33)

Denote by Diffy,(n, N) the reduction algebra of Diff(n, N) ® U(g) with respect to the
diagonal embedding of U(g). The algebra Diffy(n, N) is generated over U(h) by the
classes of all z'* and d;3, which we denote by the same symbols. Denote

s = Djpp; - (34)
The calculations from Sections [3.1] and can be repeated for any N. The result is
Proposition 3.3 The elements z°“ and 5]-5 satisfy the following relations
ia i = = ~lk = =
B — R kB , Oiq 0 ig = Rjiakgoala, (35>

(1o

X o jg = Rz;[gl]ékﬁ oZL’la — 5%5; .
The same proof as that of proposition shows that the combinations

= 20 (36)

satisfy the same reflection equation. We formulate this assertion in the separate proposi-
tion.

Proposition 3.4 The matriz L, defined in (36) satisfies the reflection equation
Ri2LiRioLy — LiRi2LiRip = RiLy — LiRoo. (37)

Remark. Equally well one can define the grassmanian version of h-deformed differential

operators, the reduction of the algebra U(g) ® C[{™, d;s3] where &' are anti-commuting

variables and d;g grassmanian derivatives in them. The defining relations differ by the

following sign changes:
§908P = —RYEPE diyodis = —Riydigodia, )
fiao 7]'5 = _Rl][ ]dkgol"& 5

Here d;s := d;sp,. Then the operator L with entries

= &%d;

«

satisfies the same reflection equation (B7]).



3.4 R-matrix and its skew inverse

Using the first relation in ([B5) we can reorder a monomial 2oz’ o2 o # 8 # v # «,
as a combination of monomials of the form z*7c2*¢2°* in two ways, as (z'®o27%)cx™
or as 1% (277 o2*7). The ordered products form a basis in the reduction algebra (see
[KOZ2], section 2) so the two ways of reordering lead to the same result. This implies
certain compatibility conditions for the operator R which are formulated in the following
Proposition.

Proposition 3.5 The operator R is a solution of the dynamical Yang—Baxter equation

S RGR—eaR = S Ryl Ron, Ry (2] (39)

a,b,u a,b,u

This solution has already appeared several times in different contexts (see e.g. [I, [ES] and
references therein). A
In addition, the operator R satisfies the relations

R = Id([:n@((:n y (40)
~ ~T
Ro1 =R |FH_FL> (41)

where (].:3\,21);]; = ]?{ZZ and (RT);]; = ]?{Z]i and
Qf[—eal Qfl—e — el Ry =Ry Qf[—¢j] Qf[—¢; — el .
which is an immediate consequence of

Q; Qi -6l =Qi Qjl—el .

The operators \i/, S and R are related by

~ik
‘I’yf = Qf[er — ] S, (QF)'[—el] (42)
S = Riglex] (43)
By @), Uy = U7|;,,_j so
\ilgzl = (‘i]?l):zna = (\I]T|h»—> h)ma = (\il|}~u—>—}~z>?naa = Qr—t ‘fu—>—ﬁ5n Qn n > (44>
or A
TI'1\I/12 = Q2_ .
It follows from (28) together with (30) and (44) that
> Qil—emlRps =07, (45)

> " Qflem| Ry, =07
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Remark. The reordering of the monomial
(90 0015) 0 Opy = i (950017
leads to a compatibility condition forA the operator R which is equivalent to the same
dynamical Yang-Baxter equation for R.
The reordering of any of the monomials
(l’iaoxjﬁ)oék«, = Imo(l’jﬁoélm),
(2" 00jp) 0 Oy = 2" 000 Ohy),
o #  # v # a, similarly leads to a compatibility condition for the operator R which (in
each case) now is equivalent to the dynamical Yang—Baxter equation for R together with

the equality (40). The verification of this statement uses the fact that the matrix element
R}, can be nonzero only if i =k and j =1, or i =1 and j = k.

4 Diagonal reduction algebra

4.1 R-matrix presentation

The diagonal reduction algebra D(g) is by definition the reduction algebra of A = U(g) ®

U(g) with respect to the diagonal embedding of U(g). Let 62(]1-) and eg) be the standard

generators e;; of the Lie algebra g in the first and the second tensor components. Denote
by s;'» the generators of the diagonal reduction algebra defined as the images in D(g) of

egjl-). In other words,
si=P e P.
We will also need another set of generators

=P PP,

J ij

The elements sg- and s’é- are related by

st 48" = hot . (46)
In addition to the elements ¢;, defined in @), we need, for any j =1,...,n, and m > j,
the following elements of U(h):
B
Pim = H = .
k:j<k<m hjk —1

The description of the algebra D(g) in terms of generators s —s' ; was given in [KO2| [KO3].

Here we suggest another presentation. Let L;, i,7 = 1,...,n, be the following elements
of D(g):
| sios, i #
L= ; w1 o 47
’ (31— > Smz ><Pj= =] )
mm>1 im¥Pim

The elements Lj- are linear combinations of s with the triangular transition matrix. Thus
L’ generate D(g) as the algebra over U(h).
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Proposition 4.1 FElements Lj- € D(g) satisfy quadratic-linear relations collected in re-
flection equation R R R R R R
RioliRi2ly — LiR12Li Ry = Rialiy — LiRyo. (48)

The relations {{8) form a complete list of defining relations over the field of fractions of
U(h).

It is plausible that the relations (48] form a complete list of defining relations over the
ring U(h) itself.

Proof of proposition 4.1l is based on the properties of homomorphisms of the diagonal
reduction algebra D(g) to Diffy,(n, N) and the proposition 3.4l

Using the map 1, see (B3)), we define a homomorphism

=19 ®1: U(g) ® U(g) — Diff(n, N) ® U(g). (49)

The map 17 sends the diagonal g to the diagonal g and thus defines the homomorphism

Y1 D(g) — Diffy(n, N).

Lemma 4.2 The map ¢y sends the generator L; € D(g) to the element ﬂ; € Diff,(n,N),
(see(30))

(L) = L.
Proof of proposition [4.Il The statement of proposition [4.1] follows from proposition [3.4],
lemma and the injectivity of the map ¢ for N > n (consider the map 1) as the
tangent map for the group action GL, x Mat,«ny — Mat,yy; for N = n we obtain the
classical isomorphism of U(g) with the ring of right invariant differential operators on
GL,, C Mat,xn). .

In particular, for N > n the map 1 is injective on the subspace of D(g), generated
by polynomials in Lé- of degree not bigger than two. This proves that the relations
(48) are satisfied. In [KO2|, we presented a complete list of relations for the generators
s;'- — s’é- of the algebra D(g). These are ordering relations of degree at most two in these
generators. This means, in particular, that the number of linearly independent over
U(h) quadratic monomials in these generators equals the number of ordered quadratic
monomials in n? generators. Since the transition to the generators L; has a triangular
form, the relations are of degree at most two on generators L; and the number of linearly
independent quadratic monomials in L; is as before. Therefore it is left to prove the
completeness of relations ([A8)) in degree at most two. To show this we write the relations
(48) in the form

ZA¢4 (h) = linear in L’ terms,

where {Z4} is the set of quadratic monomials in L;

In the asymptotic regime ﬁl > ﬁg > e > izn and ﬁi]— — oo for ¢ < j these relations
are well defined and become

Z4c4 (00) = linear in L’ terms.

12



Indeed, in this limit the matrix R, turns into the permutation matrix P15 so the relations
(48)) turn into the standard defining relations for the Lie algebra g,

A2A1 - A1A2 - P12 (A1 - Ag) .

By general deformation arguments, rk ¢y (h) > rkcy(00). Hence the number of linearly
independent quadratic monomials for generic h is not bigger than that in the limit. But
in both cases, for generic h and asymptotically, this number equals the number of ordered
(for any linear order) quadratic monomials in L; O

Proof of lemma[d2l Denote by : 2*0j,, : the image of the element 2'*0;,®1 € Diff(n, N)®

U(g) in the reduction algebra Diffy,(n, V). Due to the definitions of elements L;, ﬂ; and
of the map 17 it is sufficient to establish the equalities

o Pt iB - Pjs 27&]
v 0jp = (Z.ﬁl]iajgi— Yo a0t L )goj, 1=7 (50)
mim>i PimPim
for fixed a and § and then sum them up over « = § =1,..., N. First we note that
2" 0ig =1 "0 and 2% Onp = 2 %Opp : (51)
for any ¢ = 1,...,n. This is because z"* and 0,5 are respectively lowest and highest

weight vectors with respect to the adjoint action of the diagonal U(g):
(2" el =0, [eij, Onp] =0 for any @ < j,

so that 2"* P 0;5 =: "0 : and 2'* P 0,5 =: 2*0,, : in the double coset space Diffy,(n, N).
Next we apply Zhelobenko operator q,_; to both sides of equality

2" 0j3 = 2"%0p 1, j#Fn—1n.
We have, using (I0) and homomorphism property of Zhelobenko operators,
Ap—1 (2" 0 0j5) = Qn—l(zna))OQn—l(ajﬁ) =" % i85 J#Fn—1n.

On the other hand, we can apply d,_, to : 2" 1%0,5 : as to elements of the adjoint
representation of g, see [KO2, eq. (4.5)]

G (: 2" 0sp) =2 2" 055 -
This implies, due to (&1l), the equality
" e 0ip = 2" 0,4 for j#mn—1.

Proceeding further with application of other Zhelobenko automorphisms ¢; we obtain

similarly
%605 =: 10,5 : for i#7j. (52)

Due to (B4) this is equivalent to the first line of (B0). For the derivation of the rest
of the relations (B0) we employ the action of the Zhelobenko operators on the elements

13



: 295 : (no sum in 7). Note that the sum z'*9;5 + 2" 1*9;;1 5 is invariant with respect to
the adjoint action of the slp-subalgebra generated by e;11 and e;11;, while the difference
505 — x71*0; 1 5 spans the zero weight subspace of the three-dimensional represen-
tation of this sly-subalgebra, with the highest weight vector 2°*9;,, 5. This implies the
relations

~ 1o} xet 1 7 « hm 1
qi(:x w:):—:a: ,~5:~7+:1’+1’ 8i+1,5:~7+,
Ehi,i—i-l —1 hiiv1 —1 (53)
, , o , 1
-« i+1,a o 1,0+1 i+1,
d; (: A Oi+1. :) =20 ————— 7 +1, Oiv18 = .
i1 — 1 hijgr —1
Besides, _ '
A (1 27°0;5 1) =: 2705 for j#i,i+1. (54)
On the other hand, by (I0) we have
L (i . (da) s i+1,0 Ei,i+1 i+l 7’2‘,2‘+1 + 1
G (2" 00ig) = q; (") 0@ (Tip) = 2" 01 p = 210Dy g,
hiiv1 — P i i1 (55)
~ i+1,a ~ i+1,a - i 1,0+1
G (210 0i18) = @ (1Y) 0y (Big1,p) = 20 0 ———.
i1 — 1
We apply q,,_; to both sides of the equality 2" +0, =: "0, :. Using (53)) and (53] we get
Bn— n iln— n 1
by h—1. 3= L =: :L’"_l’aﬁn_lﬂ Ll pna g L,
hn—l,n —1 hn—l,n —1 hn—l,n —1
which implies the equality
1
"0, 1= a0, — a0 0 = . (56)
n—1,n
Applying ¢,,_, to (BO) we get
izfn— n— iln— n—
AN e znl x"_Q’aﬁn_w et
h’n—2,n—1 —1 h’n—2,n—1 —1
1 1
- :xn—l,aan_l’ﬁ - .gnha 8= 7
hn—2,n—l —1 n—2,n
which gives
1 Pp—om1 — 1
n—2,« n—2,« n—1,«x no n—2,n—1
x T oOp—28 =T ’ 8n—2,ﬁ - T Op—187—— — % nB= =
n—2n—1 hn—2,n—1hn—2,n
Proceeding further we obtain for any ¢ < n the relation
. . 1
%0 0ip =1 2" %05 1 — - 22O (57)
This is precisely the second line of (50). O

Note. Due to the realization L§- — xi"oéja, the action of the automorphisms ¢, on the
generators L;- can be directly read off the formulas ([I3]). In particular, the action on the
LUi(j)

diagonal generators is standard, qZ(Li) =L, )

14



4.2 Central elements

1. Let A be a n X n matrix with noncommutative entries belonging to some U(h)-
bimodule, such that the weight of A’ equals ¢; — ¢, that is, A} = Al(hy + 0} — 57).
Assume that A verifies the reflection equation

R12A1]§'12A1 - A1R12A1]§»12 = ]?{12A1 - A1R12 .

Proposition 4.3 For any nonnegative integer N the elements tr (AN Q™) commute with
A% for alli and j.
This immediately implies

Corollary 4.4 For any nonnegative integer N the elements tr (LY Q™) are central in the
algebra D(g).

Proof of proposition[{.3. The defining relation
(Ri2A1Ris — Rio) Ay = Ay (Ri2ARip — Rio)
implies that R A A A R A
(Ri2A1R12 — Ri2)AY = AY(Ri2A1R12 — Rig)
for any non-negative integer N, or, using (40),
AlngA{Vng - Ai\fﬁlg — ngA{VngAl - R12A11\7 . (58)

Let Tr(n)2 be the linear map from the space of tensors %1132 to the space of tensors T;ll

such that (Tr( n2(Z ))“ = (Q7)¥[~¢;, =Y. This is the h-analogue of the R-matrix trace

J1 Jiw
in the second space. We calculate Tr), of each term of (8]

e The image of the expression A1R12A11v f{m under the map Try), is

3 Qulen] AR (AV) Roglea — 6] Ry
w,a,b,c,d
Z A? (AN)(I; RZZ[EG« — € ] J1u Q [ — € — Ec]
u,a,b,c,d
which we rewrite, using (25) and (42), as
=D AR (AY); Q. lea — @] 885, = AR T (ANQ)
a,b,c

e The image of ﬁlgA{VngAl is

AU ~ bd
> (AM)p Qul—€i + €a — &) Ryg lea — €] Ry, AL
u,a,b,d, f

which, using again ([28) and (@2), equals

= (A Q. ohel Al =Tr (AN Q)AL

aibif
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e The image of 13L12A{V is

Z Q €Z1 Zlu )

Thus, by @), Trg(Ri2AY) = AY.
e The image of ANRy, is

A QU

S Q] (0 R = (W Qilal R,

and we again obtain AY.
Combining these calculations we find that the application of the map Tr), to the relation
(BY) gives ATr (AN Q™) = Tr (AN Q7)A as stated. O
Notes. 1. Tr (LY Q™) = Tr (Q~ L") since the diagonal elements of LY have weight 0.
2. The reflection equation ([48) admits shifts L; — L; +const - 8.

3. Tr Q* = Tr Q~ = n. Indeed, with the explicit form (29) of the tensor ¥, the
relation (30) is

1
Z Q; =1foranyi.
1+h”

Write this relation for gl ,,, with indices in the range {0, 1,...,n}, for i = 0:

n

"ﬁm—l

Q‘

=1

(here Q; corresponds to gl,). Decomposing into a power series in i~z_ and comparing
coefﬁ01ents at 7 we find Tr Q™ = n. Since Q, |;,,_j = QF, we have Tr Q7 = n as well.

2. The images, in the reduction algebra, of e ) satisfy the same relations as the images

of e (1 . We have therefore another set of generators of D(g)

s"%05, i # ]

A= : 1
L] <S/;-— Z S/z‘* )Spja Z:] (59)

m:m>i thQOZm

which satisfy the same algebra
RioL Rl — LR Rys = Ryl — iRy,
Using (46]), one can check that the matrices L and L” are related by
L'+L=H.
Here H is the operator C* — U(h) ® C" with matrix coefficients

= (h; +n)d: .
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By proposition @3, for any nonnegative integer N the elements Tr (LY Q™) are central in
the algebra D(g).
Substituting into the reflection equation the expression for L’ in terms of L we find

R12 Hl R12 Hl - Hl R12 Hl R12 = R12 Hl - Hl ]?{12 ) (6O>

I%12 L1 I%12 Hl +R12 Hl I%12 L1 - L1 1%12 Hl I%12 - Hl 1%12 L1 1%12 = 21%12 L1 —2 L1 I%12 .

Note that the latter equality (one can check it directly) holds for any matrix L. whose
matrix element L’ has the weight &; — ¢;.

Presumably the center is generated by the elements Tr (L™ Q™) and Tr (L' Q7).

Notes. 1. The center of the algebra of h-deformed differential operators is non-trivial. It
is described in [HOI.

2. The relation (60) shows that the assignment L. — H is a realization of the
reflection equation algebra (48]).

4.3 Braided bialgebra structure

Consider the U(h)-bimodule D(g) ®gm) D(g). The elements M; generate the first copy
of D(g) and l\N/I; generate the second copy. These elements satisfy the relations

Ris Mj RisMy — My Rys My Ryp = Rys My — My Ry,

oA oA~ .- . (61)
RioMiR1oM; — MiR1oMR12 = RioMy — M Rya
We impose the commutation relation
Riz Mi RioM; = M;Ris M, Ry (62)

By virtue of the dynamical Yang-Baxter equation, with this setting, the U(h)-bimodule
D(g) ®@um) D(g) becomes the associative algebra, which we denote by D(g) @ D(g).
In other words, D(g)©D(g) is the associative algebra over U(h), generated by elements

M; and 1\7[; of weight &; — &; subject to the defining relations (6I)—(G2)). It is isomorphic
to D(g) @gm) D(g) as a U(h)-bimodule.

Lemma 4.5 The matriz M +M satisfies the reflection equation (438).
Proof. Straightforward. O

Corollary 4.6 The map .
L— M+M (63)

is a homomorphism D(g) — D(g) ® D(g) of algebras.

In a similar fashion we define the product © of three and more copies of D(g). For
instance, D(g) @ D(g) @ D(g) is generated by M;, l\N/I; and M;, with the defining relations
(61)—([62) and, in addition,
R12~N[1 ng M; —M; Ry My Riz = Ru Ml - M} Rz,
Ria M1 Ri2 My = My Ri2 My Riz , RiaMiRio My = My RisMi Ry,
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The coproduct (63]) is clearly coassociative. We have therefore defined the braided bial-
gebra structure on D(g).

The coproduct (63) has a natural interpretation in terms of differential operators.
Divide the interval {1,2,..., N} into two subintervals, {1,2,...,v} and {V+ 1,2,...,N}

for an arbitrary v, 1 <v < N Then ]\/[Z D DR Yol and ]\/[Z > Za VHx 00jq 18
a realization of the algebra D(g) © D(g ) while L} — Zazl x oﬁja is a realization of the

algebra D(g).
Appendix. Basic relations for n = 2

Denote h = illg = hi1—ho+1. The defining relations between different copies of generators
in the algebra Diff},(2,2), see ([B3]), look as follows:

1 h? -1 - - iﬂ 1., -
tlor® = =o'l ox? + ——— = i oxt, D100, = —~a;<>az+ 00y,
1 _

1’20{17,1 = {E,lox2 — Z{E <>[l?1, 02001 = 81002 + = (92081,
l’iox/i = I/iol’i, 51'05; = 5{052', 1= 1, 2,

= = = h+2
l’loaé = 850561, Izoﬁi = (i(L + )) 810562,

o 1 _ i _
:L’loai :a£o$1+—~aéol’2—1, $2<>8£: = aioxl—i-&éolz—l.

1—-~h 1+h

Here the elements {z!, 22, d;, 0,} belong to the first copy and the elements {z'*, 2%, 8,, 9}}
belong to the second copy.
The ordering form of the relations (48] is

h— 1
L}L;_}~Z 3L2L1+ﬁ LyLs+ 1Ly,
2 1: _ h_~3 171 ~(h_}> 1 2—}}_1141
P h=2)(h+1) P (h=2(h+1) 2 h+1
h+1)2 h h+1
tpo U gapp M3 gaps Ml
(h—1)(h+2) (h—1)(h+2) h—1
1
212 = — L1+h+3L2L§+L
h42 2

LiL;=L3L ,

1
LiL2 =121}

—Z(L} —L3)*+Ll-12.

The central elements of Corollary 4.4 have the form

h 1

Ly 4
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