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This paper completes the studies undertaken in [3, 4] and [§],
where the authors quantify the impact of a random time on the No-
Unbounded-Risk-with-Bounded-Profit concept (called NUPBR here-
after) for quasi-left-continuous models and discrete-time market mod-
els respectively. Herein, we focus on the NUPBR for semimartingales
models that live on thin predictable sets only and when the extra
information about the random time is added progressively over time.
For this setting, we explain how far the NUPBR property is affected
when one stops the model by an arbitrary random time or when one
incorporates fully an honest time into the model. Furthermore, we
show how to construct explicitly local martingale deflator under the
bigger filtration from those of the smaller filtration. As consequence,
by combining the current results on the thin case and those of [3, 4],
we elaborate universal results for general semimartingale models.
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2 AKSAMIT ET AL.

1. Introduction. We consider a stochastic basis (2, G,F = (F;)>0, P),
where F is a filtration satisfying the usual hypotheses (i.e., right continu-
ity and completeness), and F, C G. Financially speaking, the filtration
represents the flow of public information through time. On this basis, we con-
sider an arbitrary but fixed d-dimensional cadlag semimartingale, S, which
represents the price processes of d-stocks, while the riskless asset’s price is
assumed to be constant. Beside the initial model (22, G,F, P, S), we consider
a random time 7, i.e. a non-negative G-measurable random variable. At the
practical level, this random time can model the death time of an insurer,
the default time of a firm, or any occurrence time of an event that might
affect the market in some way.

The main goal of this paper lies in discussing whether the new model (S, F, 1)
is arbitrage free or not. To address this question rigourously, we need to spec-
ify the non-arbitrage concept adopted herein on the one hand, as arbitrage
in continuous time has competing definitions. On the other hand, one need
to model the flow of information that catch both the flow F and the infor-
mation represented by 7. To this random time, we associate the process D
and the filtration G given by

(1) Di=Ipiap C=(G)mo, G=[) (]-"S V o (Dy,u < s)).

s>t

The filtration G is the smallest right-continuous filtration which contains
F and makes 7 a stopping time. In the probabilistic literature, G is called
the progressive enlargement of F with 7. In this setting of enlarged filtra-
tion, most of the literature in mathematical finance addressed the utility
maximization problem/optimal portfolio (see [6], [18], [29], [31], and the ref-
erences therein for details). Very recently, there has been an upsurge interest
in the fundamental topic of arbitrage theory under the variation of infor-
mation (see [1], [2], [3], [4], [5], [8], and [17]). To define mathematically the
non-arbitrage condition that we shall study in this paper, we need to give
some notations that will be useful throughout the paper. The remaining part
of this section is divided into three subsections. The first subsection provides
some mathematical definitions and notations, while the second subsection
defines the non-arbitrage concept adopted in this paper and recall some of its
very useful properties and characterizations. The last subsection describes
briefly our innovative contributions and the organization of the paper.

1.1. Some Notations and Definitions. Throughout the paper, H denotes
a filtration satisfying the usual hypotheses and @) a probability measure on
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NON-ARBITRAGE AND INFORMATION 3

the filtered probability space (£2, H). The set of martingales for the filtration
H under @ is denoted by M(H, Q). When @) = P, we simply denote M (H).
As usual, AT (H) denotes the set of increasing, right-continuous, H-adapted
and integrable processes.

If C(H) is a class of H-adapted processes, we denote by Co(H) the set of
processes X € C(H) with Xy = 0, and by Cj(H) the set of processes
X such that there exists a sequence (7},)n>1 of H-stopping times that in-
creases to +o0o and the stopped processes X" belong to C(H). We put
CO,loc(H) = CO (H) N Cloc(H)-

For a process K with H-locally integrable variation, we denote by K% its
dual optional projection. The dual predictable projection of K (also called
the H-dual predictable projection) is denoted KP™. For a process X, we
denote *MX (resp.”H™X ) its optional (resp. predictable) projection with
respect to H. Throughout the paper, stochastic processes have ar-
bitrary finite dimension, when it is not specified.

For an H- semi-martingale Y, L(Y,H) is the set of H-predictable processes
having the same dimension as Y that are integrable w.r.t. Y. For H €
L(Y,H), the resulting integrable of H w.r.t Y is a real-valued process, and
is denoted by H .Y, := fg H.dY;.

As usual, for a process X and a random time ¥, we denote by XV the
stopped process. To distinguish the effect of filtration, we will denote (., .)¥,
or {.,.)¢ the sharp bracket (predictable covariation process) calculated in
the filtration F or G, if confusion may rise. We recall that, for general semi-
martingales X and Y, the sharp bracket is (if it exists) the dual predictable
projection of the covariation process [X,Y]. For other unexplained nota-
tions and concepts in stochastic calculus and/or (semi)martingale theory,
the reader might refer to [13], [19], [20], or [21].

We recall the definition of thin processes/sets for the reader’s convenience

DEFINITIONS 1.1. A set A C Q x [0,00[ is thin if, for all w € Q, the
set A(w) is countable. A process X is called thin if there exists a sequence
of random wvariables &, and a sequence of random times T,, such that X =
Yoy Enl[T, oo Its paths vary on a thin set only, and hence

X=TIpe - X=> Iy X =Y AXr I, 1ol

n=1 n=1

1.2. The non-arbitrage concept . We introduce the non-arbitrage notion
that will be addressed in the paper.
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4 AKSAMIT ET AL.

DEFINITIONS 1.2.  An H-semimartingale X satisfies the No-Unbounded-
Profit-with- Bounded-Risk condition under (H, Q) (called NUPBR(H, Q) here-
after) if for any T € (0,+00) the set

Kr(X,H) = {(H.S)T | HeL(X,H) and H.X > —1 }

s bounded in probability under Q. When Q ~ P, we simply write, with an
abuse of language, X satisfies NUPBR(H).

This non-arbitrage concept of NUPBR appeared naturally with other non-
arbitrage concepts (classical non-arbitrage and no-free-lunch-and-vanishing-
risk) in the seminal papers [15] and [24]. In [32], the author considered
an other version of the NUPBR that he linked to positive supermartingale
deflators instead of positive local martingale deflators. The current definition
of the NUPBR was given in [3], together with the following .

ProprosiTION 1.3. Let X be an H-semimartingale. Then the following
assertions are equivalent.
(a) X satisfies NUPBR(H).
(b) There exist a real-valued and positive H-local martingale, Y and a real-
valued and H-predictable process 6 such that 0 < 6 <1 and Y (0 .X) is a
local martingale.

For any H-semimartingale X, the real-valued local martingales Y fulfilling
the assertion (b) of Proposition 1.3 are called o-martingale densities for X
(or positive local martingale deflator). The set of these o-martingale densi-
ties will be denoted throughout the paper by

LH,X) :={Y e Mjo(H)|Y >0, 30 e P(H),0< 0 <1, Y(0.X) € M.(H)}
2)

where, as usual, P(H) stands for the predictable o-field on Q x [0, 00) and

by abuse of notation 6 € P(H) means that 6 is P(H)-measurable. The main
idea of Proposition 1.3 appeared, for the first time, in [10] for continuous
processes. Then, it was extended to general one dimensional semimartingales

and multi-dimensional semimartingales by [27] and [35] respectively. The
vital role of the NUPBR for the existence of the numéraire portfolio and/or

for market’s viability is detailed, at different levels of generality, in [25], [30],
[33], and [12]. In the following, we state, without proof, an obvious lemma.

LEMMA 1.4. For any H-semimartingale X and any Y € L(H, X), one
has PH(Y|AX]) < oo and PH(YAX) = 0.
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NON-ARBITRAGE AND INFORMATION 5

Below, we state a result that was proved in [3], and will be frequently used
throughout the paper.

PropoSITION 1.5. Let X be an H-adapted process. Then, the following
assertions are equivalent.
(a) There exists a sequence (Ty)n>1 of H-stopping times that increases to
+o0, such that for each n > 1, there exists a probability Q, on (Q,Hr,)
such that Q, ~ P and X' satisfies NUPBR(H) under Q..
(b) X satisfies NUPBR(H).
(c) There exists a real-valued and H-predictable process ¢, such that 0 < ¢ <
1 and (¢« X) satisfies NUPBR(H).

We end this section with two lemmas and one theorem that are simple but
useful. The first lemma deals with predictable process with finite variation,
and states the following.

LEMMA 1.6. Let X be an H-predictable process with finite variation.
Then X satisfies NUPBR(H) if and only if X = X (i.e. the process X is
constant).

The following lemma play important role in simplifying the proofs for the
NUPBR property by splitting the underlying process into two subprocesses
with distinct features. To this end, we recall that for an H-semimartingale,
X, we associate a sequence of H-predictable stopping times (T;LX Jn>1 that

exhausts the accessible jump times of X, and put I'x := (Jo2 [7:X]. Then,
we can decompose X as follows.

(3) X=Xy x@ x@ .- .x x0).=x_ x@)

The process X (@) (the accessible part of X)) is a thin process with accessible
jumps only, while X (99 is a H-quasi-left-continuous process (the quasi-left-
continuous part of X).

LEMMA 1.7.  Let X be an H-semimartingale. Then X satisfies NUPBR(H)
if and only if X and X9 satisfy NUPBR(H).

PRrOOF. Thanks to Proposition 1.3, X satisfies NUPBR(H) if and only if
there exist an H-predictable real-valued process ¢ and a positive real-valued
H-local martingale Y such that 0 < ¢ <1 and Y (¢. X) is an H- local mar-
tingale. Then, by putting Q := Q x [0, +00), it is easy to see that Y (¢pIr, . X)
and Y(‘MQ\FX .X) are both H-local martingales. This proves that both X ()

and X (49 satisfy NUPBR(H).
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6 AKSAMIT ET AL.

Conversely, if X(®) and X(9° satisfy NUPBR(H), then there exist two H-
predictable real-valued processes ¢1,¢2 > 0 and two real-valued and posi-
tive H-local martingales Dy = £(Ny), Dy = £(N») such that Dy (¢1.X (@) =
Dy(¢11ry - X) and Da(¢2.X99) = Da(¢alg; - X) are both H-local martin-
gales. Remark that there is no loss of generality in assuming Ny = Ir, . Ny
and Ny = IQ\FX « N5, and put

Obviously, E(N) > 0, E(N) and E(N)(¢ « X) are H-local martingales, v
is real-valued, H-predictable, and 0 < @ < 1. This ends the proof of the
lemma. O

The last result of this subsection gives characterizations of the NUPBR
for single jump processes that will be useful in the forthcoming sections.

THEOREM 1.8.  Let T be an H-predictable stopping time (H := (H:)e>0),
§ is an Hr-measurable random variable, and X := {Ijp 1o Then the fol-
lowing assertions are equivalent.
(1) X satisfies NUPBR(H).
(2) X satisfies the “classical” non-arbitrage (i.e. For any H-predictable pro-
cess H such that H . X > —1, the property (H . X)oo >0 P — a.s. implies
that (H.X)oo >0 P —a.s.).
(3) There ezists a real-valued and positive Hr-measurable random variable,
Y™ such that on {T < +o0}, P-almost surely, we have

EYYHr ) =1, EYHE|Hro) < 400, and E(YEEHy ) =0.

(4) There ezists a real-valued, bounded, and positive Hp-measurable random
variable, Y™, such that on {T < +o0}, P-almost surely, we have

EY®Hr ) =1, E(YR|E|Hr ) < 400, and E(YHEHr ) =0.

PROOF. Due to the nature of the process X (for any H-predictable process
H, we have H . X = HrX), the proof of (1)<=(2) is obvious and will be
omitted. The proof of (1)<= (3) follows immediately from Proposition 1.3
and using again the simple fact that ¢ . X = ¢pX, while the implication
(4)== (3) is obvious. Thus, the only statement that deserves a proof is
(3)== (4). To this end, we set

Ky=0, K;:= €I{T<+oo} + I{T:+oo}7 Ko:=Hr_, Ki:=Hrp.
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NON-ARBITRAGE AND INFORMATION 7

Then, when assertion (3) holds, the one-step discrete-time model
(K = (Ki)i=0,1, (Ki)i=0,1, P)

satisfies the “classical non-arbitrage”, NA. Therefore, a direct application
of Theorem 3.3 of [14] (see also [8]) to this model, we deduce that the
random variable Y™ in assertion (3) can be chosen to be bounded. This
proves assertion (4), and the proof of the theorem is completed. ]

1.3. Our Achievements. Given the new flow of information, our main
goal lies in understanding when (S,G) satisfies the NUPBR for the F-
semimartingale S. In [3] and [4], the authors considered the quasi-left-
continuous models, and addressed the NUPBR for (S7,G) and (S — S7,G)
respectively. Herein, in virtue of Lemma 1.7, we complete these studies by fo-
cusing on the case where S is a thin F-semimartingale with accessible jumps
only. It is important to mention that the framework of the current paper
can not be incorporated into the setting of [3, 4]. For the accessible thin set-
ting, we study the impact of additional uncertainty generated by 7 on the
NUPBR. To this end, our achievements are numerous. For the pair (S, 7),
where S is a thin semimartingale with accessible jumps only, on one hand,
we explicitly construct two F-adapted functionals, (¢,w,x) € [0, +00) x Q X
R — To(t,w,z) and (t,w,x) € [0, 4+00) x Q@ x R* — Ty(t,w, x), such that
the following characterizations hold:

1) The model (S7, G)fulfills the NUPBR if and only if (75(S),F) does.

2) When 7 is honest and satisfies some mild assumptions, (S — S7, G)fulfills
the NUPBR if and only if (7,(S5),F) does.

On the other hand, we characterize all the model of 7 that preserve the
NUPBR after stopping (respectively after total incorporation of the honest
time). Furthermore, for single jump processes with predictable jump times,
we give other equivalent characterizations for the fulfillment of the NUPBR
of (S7,G) (respectively (S — S7,G)). In these characterizations, we work
with S itself and we opt for an absolute change of probability instead.

For both cases, the single jump case and the thin case, we construct ex-
plicitly deflators for (S7,G) (respective;y (S — S7,G)) when S belongs to a
subclass of thin F-local martingales.

All these achievements represent the innovative core of the paper. Thus,
by combining these contributions and those of [3, 4], we elaborate unified
statements for the general semimartingale models.

This paper is organized as follows. The next section (Section 2) addresses
the case of stopping at 7 (i.e. deals with the model (S7,G)), while Section
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8 AKSAMIT ET AL.

3 focuses on the model (S —S7,G). Sections 4 and 5 prove the main results
elaborated in Sections 2 and 3. Section 5 is the most technical part of the
paper. We conclude this paper with an appendix, where we recall some useful
technical results.

2. The Case of Stopping at 7 . This section discusses the NUPBR
for the model (S7,G) in four subsections. The first three subsections state
our principal results —as well as their immediate consequences and/or their
applications— for single jump processes, thin semimartingales and general
semimartingales respectively. The fourth subsection proposes a method to
construct explicitly G-local martingale deflators from F-local martingale de-
flators. To this end, in addition to G and D defined in (1), we associate to
7 two important F-supermartingales given by

(4) Z::f(T>t|fOzmd Z::f{fzt|f0.

The supermartingale Z is right-continuous with left limits and coincides
with the F-optional projection of Ijg ,, while Z admits right limits and left
limits only and is the F-optional projection of Ijg ,j. The decomposition of
Z leads to an important F-martingale m, given by

(5) m = Z + D°F,
where D%F is the F-dual optional projection of D (see [22] for more details).

2.1. The main results for single jump processes. In this subsection, we
outline the main results on the NUPBR condition for the stopped single
jump F-semimartingales (with predictable jump time only) with 7. The fol-
lowing gives many characterisation for the NUPBR(G) of S7, when S is a
single jump process.

THEOREM 2.1. Consider an F-predictable stopping time T and an Fr-
measurable variable £ satisfying E(|¢||Fr—) < 400 P-a.s. on {T < +o0}.
If S ==&l 7, >0y [T 400, then the following assertions are equivalent:
(a) ST satisfies NUPBR(G).
(b) The process S := §I{ZT>~0}I{ZT_>0}{[[T,+00[ = I{2>O}.S satisfies NUPBR(F).
(c) S satisfies NUPBR(F, Qr), where Qr is
dQr Zy

(6) P = TTLI{ZT_>O} + Lizr —o}
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NON-ARBITRAGE AND INFORMATION 9
(d) S satisfies NUPBR(F, Qr), where Qr is defined by

dQr I{ZT>0}mro =
= I, To = {P(Zy > 0|Fr_) >0 & T < +00}.
P " Py > 0| Fo) e To {P(Zr > 0|Fr-) }

(7)

The proof of this theorem is long and requires an intermediate result from
the next subsection. Thus, this proof is delegated to Section 4.

REMARK 2.2. (i) The importance of Theorem 2.1 goes beyond its vital
role, as a building block for the more general result, and provides two main
characterizations for the NUPBR(G) of ST. The characterizations (c) and
(d) are expressed in term of the NUPBR(FF) of S under absolute continuous
change of measure, while the characterization (a) proposes a transformation
of S without any change of measure. Furthermore, Theorem 2.1 can be easily
extended to the case of countably many ordered predictable jump times Ty =
0<T) <75 <..withsup,T, =+00 P —a.s..

(i4) In Theorem 2.1, the choice of S having the form S 1= &§l; 7, <oy [ 400
s not restrictive at all. This can be understood from the fact that any single
Jump process S can be decomposed as follows

S 1= €7 yoo] = El 2y >0 I oo T EL1zr 0} [T, 400] = S + 5.

Thanks to {T < 1} C {Zr_ > 0}, we have S = iz —oylr<n [T 400] =
0 is (. obvious@) a G-martingale. Thus, the only part of S that requires careful
attention is S := &l 7, oy [T o0 -

The following proposition describes the models of 7 for which any single
jump process X (that jumps at fixed F-predictable stopping time T') satis-
fying the NUPBR(F), X7 satisfies the NUPBR(G).

ProproSITION 2.3. Let T be an F-predictable stopping time. Then, the
following assertions are equivalent:
(a) On {T < 400}, we have

(8) {ZTZO} c {ZT_ :o}.

(b) For any M := {Ijr oo where & € L*°(Fr) such that E(§|Fr-) =0, M7
satisfies NUPBR(G).

(c) For any X = &l 400 Such that§ € L*°(Fr) and X satisfies NUPBR(F),
X7 satisfies NUPBR(G).
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10 AKSAMIT ET AL.

PROOF. The proof is outlined in two steps, where we prove (a)<=- (b)
and (c)<=> (b) respectively.
1) Here, we prove (a)<= (b) and we start by proving (a) = (b). Suppose
that (8) holds. Then, due to Remark 2.2—(b), we can restrict our attention to
the case where M := {1l 17 S0y I[1,4oo] With § € L*(Fr) and E(§|Fr-) = 0.
Since assertion (a) is equivalent to [T]N{Z =0 & Z_ > 0} = 0, we get

M p— EI{ZT>0}I{ZT,>O}I[[T,+OO[[ =M is an F-martingale.

Therefore, a direct application of Theorem 2.1 (to M) allows us to conclude
that M7 satisfies the NUPBR/(G). This ends the proof of (a)== (b). To prove
the reverse implication, we suppose that assertion (b) holds and consider

M i= €l ooy where €= (I iz o) = P(Zr = 01Fr-)) Iire yoe)-
Since {T < 7} C {Zp > 0} C {Zp_ > 0}, then we get
MT™ = —P(Zr = 0| Fr_) [ir<n Iir 4 ool

and this process is G-predictable. Therefore, M™ satisfies NUPBR(G) if and
only if it is a constant process equal to My = 0 (see Lemma 1.6). This is
equivalent to

0= E[P(Zr = 01Fr e Ireso| = B (2117, ¢ 1 yoey)

It is obvious that this equality is equivalent to (8), and assertion (a) follows.
2) It is obvious that (c)== (b), and hence the rest of the proof focuses on the
reverse sense. Suppose that assertion (b) holds, and consider X = &1 [T 400
satisfying NUPBR(F) and £ € L*(Fr). Then, thanks to Theorem 1.8, there
exists a positive real-valued Fr-measurable random variable Y such that

EY"|Fr-)=1, and E(Y"¢Fr_) =0 P —a.s. on {T < +oo}.

Put
&y'’r

X = Irr ool
L+ BYFlel[ 7o) ]

Then, it is easy to check that X is an F-martingale, and a direct application
of assertion (b) to X allows us to deduce that X satisfies NUPBR(G).
Thus, again Theorem 1.8 implies the existence of a real valued, bounded,
and positive Gr-measurable random variable, Y&, such that

E(YCYF|¢||Gr_) < 400 and E(YFYC¢|Gr_) =0 P—a.s.on {T <7 < +o0}.
(9)
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NON-ARBITRAGE AND INFORMATION 11

Thus, Z€ = %I{T<+OO} + I{7— 10} is a well defined, real-valued

and positive Gp-measurable random variable such that
E(Z%|Gr ) =1, E(Z°€||Gr_) < 400 and E(Z%¢|Gr_) =0 P—a.s.on{T <1 < +00}.

By combining this fact with Theorem 1.8, we conclude that X7 satisfies
NUPBR(G), and the proof of the theorem is completed. O

2.2. The main results for thin processes. This subsection deals with the
case where S is a thin F-semimartingale with F-accessible jumps only. We
start by extending Theorem 2.1 to this setting as follows.

THEOREM 2.4. Let S be a thin process with accessible jumps only. Then,
the following assertions are equivalent.
(a) The process ST satisfies the NUPBR(G).
(b) For any 6 > 0, there exists a positive F-local martingale, Y, such that
P-a.s on {Z_ > 0} we have

(10) PF <Y|AS|I

{Z>0}> < 400 and PF (YASI

{2>o}) =0.
(¢c) For any ¢, the process

0) ._
(11) SO = ZASI{Z>0 & Z_>6)

satisfies the NUPBR(F).

The proof of this theorem is technically involved, especially the proof of
(a)==(c), and thus it is postponed to Subsection 4.1.

REMARK 2.5. 1) It is important to notice that, in Theorem 2.4, we did
not assume any condition on S. Thus, if S is a thin process —with accessible
gumps only— and furthermore satisfies NUPBR(F) and

{Z=0<Z_}n{AS#0} =0,

then ST satisfies NUPBR(G). This follows immediately from Theorem 2.4
by using Y € L(S,F) and Lemma 1.4.

i1) It is worthy to mention that SO coincides with (I{Zizlg} . S) =

, where

(12) Ri = RI4, + (+00) I\ a,, R:=inf{t >0 | Z =0},

and Ay == {Zp=0< Zr_} N{R < +o0}.
It is important to mention that this remark resembles to Remark 2.16—(1)
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12 AKSAMIT ET AL.

in [3] for the quasi-left-continuous case. However, there is one important
difference which lies in the event A, described in [3], which is in general a
subset of A1 only.

iii) The assertion (b) of Theorem 2.4, that characterizes the NUPBR(G) for
ST, is very specific to the thin case with accessible jumps, while it is irrelevant
for the quasi-left-continuous models. Indeed, for these models, (10) holds on
the whole Q and for any positive F-martingale Y .

The following extends Proposition 2.3 to the case of countably many jumps
that might not be ordered in any way.

THEOREM 2.6.  The following assertions are equivalent.
(a) The set {Z =0 > Z_} is totally inaccessible.
(b) X7 satisfies the NUPBR(G) for any thin process X with accessible jumps
satisfying NUPBR(F).

PROOF. The proof of the theorem will be achieved in two parts, namely
part 1) and part 2) where we prove (b)==(a) and (a)==(b) respectively.
1) Suppose that assertion (b) holds. Then, thanks to Proposition 2.3, we
deduce that for any F-predictable stopping time T,

(13) [TIn{Z=0<2Z_}=0
on the one hand. On the other hand, since {Z = 0 < Z_} is thin, there
exists a sequence of F-stopping times (o );>1 with disjoint graphs such that

“+o00

(14) {(Z=0<2z_}=Jlox]

k=1
Recall that, for each oy, there exist two F-stopping times (a,i and o7, that
are totally inaccessible and accessible respectively) and a sequence of F-
predictable stopping times (Tl(k))lzl such that

“+o00

[on] = [of] U o8], [of] < JIT™I.

=1

+oo +oo

Thus, by combining these with (U [[Uﬂ]) N U [[Tl(k)]] =0, (14) and
k=1 k=1,l=1

(13), we derive

“+oo +00
Ubil= | U m"1|n{Zz=0<z})=0
k=1 k=1,l=1
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NON-ARBITRAGE AND INFORMATION 13

This proves that {Z =0 < Z_} is a totally inaccessible set and the proof of
(b)==(a) is completed.

2) To prove the reverse sense, we assume that assertion (a) holds, and con-
sider X = > &1, 4o satisfying NUPBR(F), where T), are F-predictable
stopping times and &, are bounded Fr, -measurable random variable. Since

{AX # 0} C DO[[Tn]] € P(F), we get {Z =0 < Z_} N {AX # 0} = 0,

n=1
and hence, from Remark 2.5-(i), X7 satisfies the NUPBR(G). This proves
assertion (b), and the proof of the theorem is completed. O

2.3. The main results for general semimartingales. 'This subsection sum-
marizes the main results, for general semimartingales, by combining the re-
sults of Subsection 2.2 and those of [3]. Recall that, for any cadlag process
X and any stopping time o, we denote X7~ := X1jg o[ + Xo—[5 4 o[-

THEOREM 2.7.  Let R and Ry be the stopping times defined in (12), and
Ay ={Zr=0<Zp_} N{R < +o0}. Then, there exists an event A € Fg
such that A C Ay and the following assertions are equivalent.

(a) ST satisfies the NUPBR(G)

(b) Both (S9N and (S@)™ satisfy the NUPBR(F).

Here R := RI, + (+00)Ioy\ 4, S and S@ are the quasi-left-continuous
and thin accessible parts of S respectively defined in (3).

PROOF. Thanks to Lemma 3, (S7,G) satisfies the NUPBR if and only if
both models, ((S9)7,G) and ((S@)7,G), fulfill the NUPBR. Here, S
and S are the quasi-left-continuous part and the thin accessible part of
S respectively. Thus, a direct application of [3] (respect. Theorem 2.4) to
S (respect. to S@) , we conclude that (S (respect. (S(®)7™ ) sat-
isfies the NUPBR(G) if and only if (S(®))%1~ (respect. (S(9))F~) satisfies
the NUPBR(IF).Therefore, the proof of theorem follows immediately from
combining these remarks. O

The complete general result, in the spirit of describing models for 7 that
preserve the NUPBR after stopping with 7, is the following.

THEOREM 2.8.  The following assertions are equivalent.
(a) The set {Z =0 < Z_} is evanescent.
(b) X7 satisfies the NUPBR(G) for any X satisfying the NUPBR(F).

PROOF. The proof follows immediately from the combination of Lemma
3, Theorem 2.6 and Proposition 2.22 in [3] (where the authors prove that
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14 AKSAMIT ET AL.

the thin set {Z = 0 < Z_} is accessible if and only if assertion (b) holds for
any [F-quasi-left-continuous process X) . ]

2.4. Explicit local martingale deflators. This section discusses how to
construct explicitly G-local martingale deflators from F-deflators for a class
of processes. This is achieved, for single jump processes and general thin
processes afterwards, by considering F-local martingales.

PROPOSITION 2.9.  Let M := I o] be an F-martingale, where T is
an F-predictable stopping time, and & is an Fr-measurable random variable.
Then the following assertions are equivalent.

(a) M is an F-martingale under Qr given by (7).
(b) On the set {T < +oo}, we have

(15) E(Mrlz, ol Fr-) =0, P-as.

(c) M7 is a G-martingale under QS given by

dQf _  US(T)
P~ E(US(T)| Gr_)

Zr_

(16) where US(T) := Lirsqry + I{TST}Z—.
T

ProOF. The proof will be achieved in two steps where we prove (a)<=-(b)
and (a)<=(c) respectively.
Step 1. Here, we prove (a)<=(b). For simplicity we denote by Q := Qr,
where Qr is defined in (7), and remark that on {Zr_ = 0}, @ coincides
with P and (15) holds, due to {Zp_ = 0} C {Zr = 0}. Thus, it is enough
to prove (a)<=(b) on the set {T' < 400 & Zr_ > 0}. On this set, due to
E(&|Fr—) =0 (since M is an F-martingale), we derive

~ —1
B2\ Fr) = B(El 7,0\ Fr-)(P(Zr > 01F7.))

= Bl 5, \Fr-) (P(Zr > 0|]-"T7)>*1 .

Therefore, assertion (a) (or equivalently E?(¢|Fr_) = 0) is equivalent to
(15). This ends the proof of (a) <= (b). N

Step 2. To prove (a)<=>(c), we notice that due to {T' <7} C {Zy > 0} C
{Zr— > 0}, on {T < 7} we have

Jp_
ZT§I{T<T}IQT—> =FE <£I{ZT>0}|]:T_>

= E¢Fr )P (Zr > 017 ).

P (ZT > 0’}-1“—) E9T (¢lGr-) = E <
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NON-ARBITRAGE AND INFORMATION 15

This equality proves that M7 € M(Q®,G) if and only if M € M(Q,F), and
the proof of (a)<=>(c) is completed. This ends the proof of the theorem. []

To generalize this proposition to the case of infinitely many jumps that
might not be ordered at all, we need to introduce some notations and recall
some facts from [3]. First of all, we refer to [13] ( Chapter VIIL.2 sections
32-35 pages 356-361) and [20] (Chapter III.4.b, Definition 3(3.8), pages 106-
109) for the optional stochastic integration (see also Definition 3.4 in [3]).

DEFINITIONS 2.10.  Let N be an H-local martingale with continuous part
N¢ and K be an H-optional process. K s said to be integrable with respect

to N if PH(K) is N°-integrable, PP (|KAN|) < 400 and

(H).

loc

(Z (KAN - p’H(KAN)>2)1/2 e Af

Put

727
G ._ - G._ For -
A7) K% = gl V=3 P g g oo

and to any F-local martingale M, we associate the G-local martingale part
of M7 given by .
(18) M:=M"—Z o (M,m)".

Below, we recall some useful results of [3].
PRrROPOSITION 2.11.  The following assertions hold.

(a) The G-optional process K is m-integrable in the sense of the above def-
inition. Here m :=m" — Z:II}]O’T]] (m)¥. Purthermore, the resulting integral

G
(19) i0—e(-—L o
1—AVG ’

is a positive (i.e. L®) > 0) G-local martingale satisfying [L®), M] € Ajpe(G)
for any F-local martingale M.
(b) V& e A (G) and (1 — AVE)~L is G-locally bounded.

The proof of this proposition can be found in [3] (see Lemma 3.3 and Propo-

sition 3.6). The extension of Proposition 2.9 goes through connecting the
random variable U®(T') defined in (16) to the process L) as follows.
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16 AKSAMIT ET AL.

REMARK 2.12.  In virtue of the calculation performed in [3] (see equation
(B.1) where the authors calculate the jumps of K© ® m), on ]0,7] we have

= — A (KG ® m) - 1—ZZ:—AVG.

L@ _AVE)AL®
Aoave (1 EY) - _(-ave)ar
7® b)

Thus, for an F-predictable stopping time T, on {T < T} we get

7(b)
_ L
Us = Zr- _ (1-AVHZL_.
7 LY
T T

This proves that assertions (a) and (b) of Proposition 2.9 are equivalent to
(20) LOM isa G-martingale for any single jump F-martingale M.

THEOREM 2.13.  Consider L®) defined in (19) and let M be a thin F-local
martingale, with accessible jumps only, satisfying

(21) PE(AMI 5, 1) =0.

Then, LOMT s a G-local martingale.

PROOF. We start by remarking that it is enough to prove the existence of
a real-valued G-predictable process ¢ such that 0 < ¢ <1 and LO(p- M)
is a G-martingale (local martingale). This means that L(®) € £L(M7,G) (i.e
it is a o-martingale density for M7 under G). This remark, which simplifies
the proof, is based on the fact that [L(®), M7] is locally integrable (see Propo-
sition 2.11-(a)), and Proposition 3.3 and Corollary 3.5 of [7] (These assert
that a o-martingale, whose negative part is locally integrable, is in fact a
local martingale). Again, thanks to [L("), M7] € Aje(G), we deduce that

G (Z(b)\AM T\) < 400, and consider the following G-predictable process

— +OO
6= 147 (A7) + P (ZO)am))| llfﬁ\<unm>+22‘”m ,
n=1

where Q := Q x [0, 4+00) and (T},),>1 is the sequence of F-predictable stop-
ping times that exhausts the jumps of M. Thus, it is easy to check that
0 < ¢ < 1, and both processes ¢ - M™ and (E@d)) M+ [E(b),¢> M7 =
> E(b)QSAM " have integrable variations on the one hand. On the other hand,
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NON-ARBITRAGE AND INFORMATION 17

since ZL )¢ AMT jumps on the predictable stopping times (T3)n>1 only,
its G-compensator is

Z ».G (E(b)gbAMT) Z(Z)T G (L(b AMT™ ) I, 400 = 0.

The last equality follows from € (E(b)AMT> E (zgg AMy,

- ng—) Iir,<my =

0. Thus, this proves that (N(b)gb) M7 +[L® - M7] is a G-local martingale

or equivalently L ((]5 MT) is a G-local martingale. Hence, the proof of the
theorem is completed. O

COROLLARY 2.14.  For any thin F-martingale with accessible jumps only,
M, such that {AM # 0}N{Z =0 < Z_} is evanescent, L) M is a G-local
martingale.

PROOF. The proof of the corollary follows immediately from Theorem
2.13, as the condition {AM # 0} N{Z =0 < Z_} = () implies (21). O

3. The part after 7. Herein, we focus on the process S — S7. Since
in general, the model (S — S7,G) might fail to preserve the semimartingale
structure, we restrict our study for this part to the case where 7 is a honest
time (i.e. for any ¢ > 0, there exists an JF;-measurable random variable 7
such that 7 = 7, on {7 < t}) (for more details about honest time, we refer
the reader to [9] and [22]). In the same spirit of Section 2, we summarize the
results of this part in four subsections. The first three subsections outline
the principal results for single jump processes, thin processes and general
semimartingales respectively. The last subsection explains how to obtain G-
local martingale deflators for S —S7 from the F-deflators of S when S varies
in a class of processes. However, in many parts of this section, we consider
the following assumption on 7:

(22) 7 is an honest time and Z; <1 P—a.s.

3.1. The main results for single jump processes. 'This subsection presents
our main results on the NUPBR for (S — S7,G), for single jump models.

THEOREM 3.1.  Suppose that 7 is an honest time. Consider an F-predictable
stopping time T and an Fr-measurable r.v. & such that E(|€|| Fr—) < +oo
P-a.s. on {T < +o0}.

If S =&l 7, <1} 111 100, then the following are equivalent:
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18 AKSAMIT ET AL.

(a) S — ST satisfies the NUPBR(G).
(b) S satisfies the NUPBR(F, Q'.), where

~ 1-Z
(23) Qp = <ﬁI{ZT7<1} + I{ZT7:1}> - P.

(c) S satisfies the NUPBR(FF, Q'), where for I'1(T) := {P(Zp < 1|Fp_) >
0& T < 4oo} we set

I ~
24 / pp— {§T<1}QF1(T) +I . P
(24) Qr (P(ZT < 1F) Q\Fl(T))
(d) S := &1 5. 1yI1r 4oof satisfies the NUPBR(F).

The proof of this theorem is long and requires intermediate results. Thus,
we postpone this proof to Subsection 4.1.

REMARK 3.2. (i) The theorem above is valid for any single jump process
S with jump time T, and the condition {7, —iy =0 is not restrictive at all.
In fact for any single jump process S = EI|T oo, we have

S =Lz il ir ool + Ezg —1y T 4op = ST + 5P,

and S — (5(2))T = 0 is a G-local martingale. Thus the only part that re-
quires careful study is S ;= iz < T 4 oo -

(ii) Theorem 3.1 provides two equivalent (and conceptually different) char-
acterisations for the condition that S — ST satisfies NUPBR(G). One of
these characterisations uses the NUPBR(F) property under P for a trans-
formation of S, while the other characterisation is essentially based on the
NUPBR(F) for S under an absolutely continuous probability measure.

The next theorem describes the models for 7 that preserve the NUPBR(G)
after 7 for all single jump F-martingales that jump at a predictable time T

THEOREM 3.3. Suppose that T is an honest and consider an [F-predictable
stopping time T'. Then, the following assertions are equivalent:
(a) On {T < 400}, we have

(25) {ET = 1} c{Zr_=1}.

(b) For any & € L (Fr) such that E(§| Fpr—) =0 P-a.s on {T < +oo}, the
process M — M7 satisfies NUPBR(G), where M := {Ijr yoof-

(c) For any & € L°°(Fr) such that X = &Ij7 1o satisfies NUPBR(F), the
process X — X7 satisfies NUPBR(G).
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NON-ARBITRAGE AND INFORMATION 19

PROOF. The proof of (b)<= (c) mimics the part-2) in the proof of
Proposition 2.3. Thus this proof is omitted, and the rest of the proof fo-
cuses on proving (a)<= (b). Suppose that assertion (a) holds, and consider
¢ € L>®(Fr) such that E({ | Fr—) = 0, P —a.s. on {T < +oo}. By
decomposing M into

M =TIz, ciyelir oo + Lizr —1y&lr ooy = MY + M),

and noting that M) — (M®)7™ = 0, we can restrict our attention to the
case where M = M® on the one hand. On the other hand, since Zr- =
1} € {Z7 =1} P-as. on {T' < 400}, it is obvious that (25) implies {Z7 <
1} ={Zp_- <1} on {T < +o0}, and hence

M = I{ZT<1}M = M is an F-martingale.

Thus, assertion (b) follows from a direct application of Theorem 3.1 to M.
This ends the proof of (a)= (b). To prove the converse, we assume that
assertion (b) holds, and we consider the Fr-measurable and bounded r.v.
€ = (I{ZTzl} — P(Zp = Fr-))I{7<4oc} and the bounded F-martingale
M := &I 4oof- Then, on the one hand, M — M7 satisfies NUPBR(G). On
the other hand, due to {T'> 7} C {Zr < 1}, the finite variation process

M—MT" =—P(Zp = UFr-)irsr[r4+00] 18 G — predictable.

Thus, it is null, or equivalently {Zr_ < 1} € {Zr < 1} P —a.s. on {T <
+oo}. This proves assertion (a), and the proof of the theorem is completed.
O

3.2. The main results for thin semimartingales. Herein, we extend the
results of the previous subsection to the case of thin semimartingale S. To
this end, we start by extending Theorem 3.1 to this framework.

THEOREM 3.4. Suppose that T satisfies (22), and S is a thin process

with accessible jumps only. Then, the following assertions are equivalent.
(a) The process S — S7 satisfies the NUPBR(G).
(b) For any § > 0, there exists a positive F-local martingale Y, such that

(26) PF (Y|AS|I{Z<1}) < 400 & PF (YASI

(Feny) =0 on {12 >4},

(¢c) For any ¢, the process

1) .
(27) s = ZASI{Z<1 & 1-Z_>6}
satisfies the NUPBR(F).
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20 AKSAMIT ET AL.

The proof of this theorem is long and is based on a result of the next sub-
section. Thus, this proof is postponed to Subsection 5.2.

REMARK 3.5. 1) The process SU) defined in (27) is a thin semimartin-
gale. In fact, we have SV = Iz >y S — ZASI{Z:1 & 1-7_ 56} and

ZI{Zzl & 1-Z_>6} <672 Z(Am)2 <67 %m,m] € AIJZC(F)-

Furthermore, since S = > AS as S is a thin process, it is easy to see that
the process S takes the form of SU) = (1 — Z,)_ll{Z7§1_5} «Ta(S,m).
Here, for any pair of semimartingales (X,Y), we denote

(28) TX,Y)=(1-Z). X —1I

oy XY

In virtue of the above transformation, Theorem 3.4 states that S—S7 satisfies
the NUPBR(G) if and only if for any 6 > 0, the process (1—Z_)*1I{Z7§1_5}.
To(S,m) fulfills the NUPBR(F). This equivalence is similar to Theorem 2.12
in [4] for the quasi-left-continuous case. The only difference lies in the choice
of the pair (X,Y) to which the operator T,(.,.) is applied to. In fact in [4],
we considered (S,mM)), where m) is a precise jumpy part F-martingale of
m, while herein we consider (S, m) itself.

2) It is important to mention that the “accessible thin” assumption on S
is crucial for the theorem to be wvalid, as assertion (b) holds for any spe-
cial quasi-left-continuous semimartingale. Thus, in this quasi-left-continuous
case, this assertion does not characterise the NUPBR(G) for S — ST in any
way!

3) The proof of (a)=>(b) is the very technical part in the proof of the theo-
rem, while the rest is easy and is postponed to keep this section short.

THEOREM 3.6.  The following assertions are equivalent.
(a) The set {Z =1> Z_} is totally inaccessible.
(b) X — X7 satisfies the NUPBR(G) for any thin process X with predictable
gumps satisfying NUPBR(F).

PROOF. Suppose that assertion (a) holds, and consider a thin process
with accessible jump times, X, satisfying NUPBR(FF). Thus, {AX # 0} is a
thin accessible set, and hence {Z = 1 > Z_} N {AX # 0} = (. Therefore,
we conclude that

XWi=Y "AXIz ¢ 1 g s = [z 56y - X satisfies NUPBR(F).

Then, a direct application of Theorem 3.4 leads to the NUPBR(G) of X —X7.
This proves (a)==(b). To prove the reverse, we remark that the set {Z =
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NON-ARBITRAGE AND INFORMATION 21

1> Z_} is thin, and we mimic exactly the part 1) of the proof of Theorem
2.6. This ends the proof of theorem. O

3.3. The main results for general semimartingales. 'This subsection com-
bines the results of the previous subsection with those of [4].

THEOREM 3.7. Suppose that T satisfies (22), and S is an arbitrary F-
semimartingale. Then, there exists a pure jump and quasi-left-continuous
F-local martingale, m(Y) satisfying

AmY e {1-27_,0}, {AmY £0} c{AS#0}N{Z=1>Z_},

and the following assertions are equivalent.

(a) The process S — S7 satisfies the NUPBR(G).

(b) For 6 > 0, both Itz <i1_g « To(S9),mW) and Itz <i_s « To(S@,m)
satisfy the NUPBR(IF).

Here Ty(.,.) is given by (28) and S and S®) are defined via (3).

PRrROOF. The proof follows immediately from a combination of Theorem
3.4 (or Remark 3.5-(1) instead), Theorem 2.12 in [4], and Lemma 1.7. [

THEOREM 3.8.  The following assertions are equivalent.
(a) The set {Z =1> Z_} is evanescent.
(b) X — X7 satisfies the NUPBR(G) for any X satisfying NUPBR(TF).

PROOF. The proof follows immediately from the combination of Lemma
3, Theorem 3.6 and Proposition 2.18 in [4](where the authors proved that
the set {Z =1 > Z_} is accessible if and only if assertion (b) of the theo-
rem holds for any quasi-left-continuous process X (i.e. X does not jump at
predictable stopping times). O

3.4. Eaxplicit construction of local martingale deflators. To construct G-
deflators for thin F-local martingale, we start by illustrating this construc-
tion for single jump F-martingales.

THEOREM 3.9. Let 7 be an honest time. Consider an F-predictable stop-
ping time T and an Fr-measurable r.v. £ such that E[|¢||Fr—] < +o00, P-a.s.
on {T < +oo}. Define M := &l 7, 13 1|7 100>

e lZr<1 & PGr<i|Fr_)>0}
—p = D= P(Zr < 1|Fr_) i p(Zr<t|Fr y=op N
ng G 1-— ZT,
29 T . pt . S Lirsry + Lir<sy-
( ) dP (1 — ZT)P(ZT < 1|]:T7) e =
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Then the following assertions are equivalent.
(a) M is a (Q%,F)-martingale.
(b) On {Z7y- < 1}, we have

(30) E (51{2T<1} | fT_) —0, P—as.
(c) (M — M7) is a (Q%, G)-martingale.

PROOF. For the sake of simplicity, throughout the proof, we put Q; :=
Q? and Qo := Qg. The proof of the theorem will be given in two steps.
1) Here, we prove (a)<=>(b). Thanks to {Zy < 1} C {Zr— < 1} and
E[D¥|Fr_]=1on {T < 4o}, we derive

E ¢l 5 | Fre
E% el <yl Fr-] = E DFfI{ZT7<1}|fT—]: P[(Z{ T<<1|}f )]I{ZT«}’
T T—

Therefore, (a)<=-(b) follows from combining this equality and the fact that

M is a (Qq,F)-martingale if and only if E?1(My | Fr-) 1<ty = 0.

2) Here, we prove (b)<=> (c). To this end, we first notice that M — M™ =

1z <1 & >} [rtoo] 18 @ (Q2, G)-martingale if and only if E92[£1(,, <1 & 75797 [[7<t00} =
0. Then, using the fact that E[D®|Gr_] =1 on {T < 400}, we get

B¢l <1 & 15r)|Gr-] = E [DG€I{ZT,<1}I{T>T}|QT—
I _
—E F {T>7} gT_] L= Zr
1—Zr P(Zr < 1|Fp-)
£ 15,0017+

31 S I Lipon,
(31) P(Zr < 1|Fr) (Zr_ <t {77y

{Zr_<1 & T>7}

where the equality (31) follows from the fact that, 7 being honest and
B(H | Gr-) Igrsmy = B (H(L = Zr) | Fr-) (1 = Zr-) " Iray,

for any Fr-measurable random variable H such that the above conditional
expectations exist (see Proposition 5.3 of [22]). Therefore, if assertion (b)
holds, then assertion (c) follows immediately from (31). Conversely, if as-
sertion (c) holds, then E92 €1z, <13 I{r>7}|G7-] = 0. Thus, a combination
of this with (31) leads to E [51{2T<1}|]:T—] (1 = Zy_) = 0. This proves

assertion (b), and the proof of the theorem is completed. O
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REMARK 3.10. Theorem 3.9 can be viewed as continuous-time version
of Theorem 4.5 in [8], and it can be generalized easily to the case of a fi-
nite number of ordered F-predictable stopping times on the one hand. On the
other hand, when extending this theorem to the case of general thin semi-
martingales, the main difficulty lies in finding a positive F-local martingale,
L such that the density of Q% defined in (29) coincides with Lt for any
F-predictable stopping time T. This difficulty remains an open problem and
we are unable to see how to approach it. In contrast to QI%, the probability
Q% —given also in (29)- satisfies dQS/dP = Eg?)/igf‘l, where L) is a pos-
itive G-local martingale that will be described below. To this end we need to
introduce some notations and recall some results from [4].

Throughout the rest of this subsection, we consider the following three
processes.

(32) WE =" P (I ) Dol

1—-Z )21-2)"
(33) K@ .= El — Z§2(+ A <n)”L>F Ijr vools

and for any M € M;,.(F)
(34) M@ =M~ M+ (1~ Z_) oo - (m, MYF € Myoe(G),

In the following, we recall a useful result from [4].

ProposITION 3.11.  The following assertions hold.
(a) The positive process (1 — AWE)™1 is G-locally bounded.
(b) The G-optional process, K@, is m(® -integrable (with respect to Defini-
tion 2.10). The resulting integral

(35) I@.=¢ (K(“)(l —AWE) g m<a>) ,

1s a positive G-local martingale such that [E(GU\?@] € Aioe(G), for any
M € Mloc(F)-

In order to extend Theorem 3.9 to general thin semimartingales, we start

by connecting the probability Qg;% and f/g? ), for any F-predictable stopping

time T, as follows.

REMARK 3.12. Put L® := K@ © m(® . Then, we derive

1—Zp_ Iirsqy ( Amy >
DE(T): = e - + Iipem = (14 ——=— ) Iipary + Iipesr
@) |~ Zr P(Zr < Fr_) =7 1= zp) AT
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1+ ALS — AVE e LY
= —oave LAl -
T—

As a result, assertions (a) and (b) of Theorem 3.9 are equivalent to
(36) L(M — M7) is a G-martingale.

The following extends Theorem 3.9 to the general thin processes with ac-
cessible jump times.

THEOREM 3.13. Suppose that M be a thin F-local martingale with ac-
cessible jumps only such that

(37) PF (AMI

{Z:1>Z,}) =0.

Then, L@ (M — M7) is a G-local martingale.

PROOF. Thanks to Ito’s formula, it is immediate that L(®) (M —MT7) is
a G-local martingale if and only if
(38) XC . =T9W. (M- M)+ [L@, M- M
is a G-local martingale. Thanks to Proposition 3.3 and Corollary 3.5 of [7]
(which states that a special o-martingale is a local martingale) combined
with the fact that X© is a G-special semimartingale (it is easy to check it
out as a direct application of Proposition 3.11—(b)), it is enough to prove
that X© is a o-martingale under G. Or equivalently prove that ® - X© is
G-local martingale for some G-predictable process ® such that 0 < & < 1.
This is the focus of the remaining part of this proof. Since M is a thin
process with accessible jumps only, there exists a sequence of F-predictable
stopping times, (7},)n>1, that exhaust the jumps of M, and

X®=>"LWAMI, o

As a result, X© is thin and jumps on the sequence of stopping times (Tn)n>1
only on the one hand. On the other hand, due to Proposition 3.11 (assertion
(b)), we have PvG(L(a)]AMDI]]TﬂLOO[[ < +00, and hence

© = {Z I, 27" + Iﬁ\(un[[Tn]])] (1 + p’G(i(a)!AM|)I]]T,+oo[[)il ,
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where Q := Q x [0, +00), is a G-predictable process satisfying 0 < ® < 1,
® - X® ¢ A(G), and its G-compensator is given by

(@ XCPE = Z ® p’G(Z(a)AM(n))I]]T,Jroo[[ =0.

Here M™ := AMry, I, [Tn,4+o0[> While the last equality follows from (36) of
Remark 3.12. This proves that ® - X© is a G-local martingale, and the proof
of the theorem is completed. O

COROLLARY 3.14. a) If M be a thin F-local martingale, with accessible
jumps only, such that {AM #0}yN{Z=1>Z_} =0, then L' (M — MT)
1s a G-local martingale. B
b) Suppose that S is thin with accessible jumps only, {AS # 0} N{Z =
1>Z7Z_} =0, and S satisfies the NUPBR(F). Then S — S™ satisfies the
NUPBR(G).

PROOF. Since S satisfies the NUPBR(IF), then there exist an F-predictable
process ¢, a sequence of F-stopping times (7},),>1 that increases to infinity,
and a probability measure Q,, ~ P on (2, Fr,,) such that

0<op<1, o ST" c MO,loc(QmF)'

Recall that for any Q ~ P, {Z =1} = {Z9 =1} where ZtQ = Q(1 > t|F).
Thus, a combination of this fact with {AS #0}N{Z =1> Z_} =0 leads
to

(A(¢.ST) £ 0N {Z%% =1> 729} = .

Therefore, by applying directly Theorem 3.13 to ¢ . S7* under Q,,, we con-
clude that ¢ . S™ — (¢.ST")™ (or equivalently S™» — S7n/\7) satisfies the
NUPBR(G, Q). Hence, the corollary follows immediately from Proposition
1.5. This ends the proof of the corollary. O

4. Proofs of Theorems 2.1 and 3.1. In this section, we prove The-
orems 2.1 and 3.1. These proofs are long, but are not technical. For the
undefined notations, the reader may refer to Theorems 2.1 and 3.1.

4.1. Proof of Theorem 2.1. The proof is achieved in four steps, where we
prove (¢) <=(d), (d)<= (b), (a)== (c), and (b) == (a) respectively. To
this end, we start with two simple but very useful remarks a) and b).

a) Since S is a single jump process with F-predictable jump time 7', then it
is easy to see that for any JFr_-measurable event A,

(39) S satisties NUPBR(FF) iff both 145 & I\ 4S satisfy NUPBR(F).
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b) Using the notations of Theorem 2.1, one can prove that
(Zr_=0& T < +o0} = {P(ZT >0 Fr)=0& T < +oo}
(40) = (Q\To)N{T < 400} C{Zr =0 & T < +00}.

In fact, since {Zp- = 0 & T < +oo} C {Zr = 0 & T < 400} and
E(Zr|Fr-) = Zp— on {T < +oo}, we derive

F (ZT—IQ\FOI{T<+00}) =F (ZTIQ\F()I{T<+OO}) = O’

and
O:P({ZT, ZO}n{ZT>0}m{T<+oo})

= B (Ize —ojrreroe P (Zr > 01Fr-))

This implies (40).

Step 1: In this step, we prove (¢) <= (d). Thanks to (39), it is enough
to prove the equivalence between assertions (d) and (c) separately on the
events A :={Zp_ > 0& T < oo} and 2\ A. Thus, in virtue of (40) which
proves that A and I'g coincides, on 2\ A = Q\ T'g, the three probabilities
P, Q7 and Q7 coincide, and the equivalence between assertions (c) and (d)
becomes obvious. On A = Iy := {T < 400 & P[Zy > 0|Fr_] > 0}, one
has Q7 ~ Qr, and the equivalence between (c) and (d) is also obvious. This
achieves this first step.

Step 2: This step proves (d)<= (b). Thanks to {Z7_ =0 & T < +o0} C
{Zr = 0 & T < 400}, we deduce that on {Zp_ = 0 & T < 400} U
{T = 4}, S = S = 0 and Qrp coincides with P as well. Hence, the
equivalence between assertions (d) and (b) is obvious on Q \ I'y. Thus, it is
enough to prove the equivalence between these assertions on I'g := {T" <
+o00 & P(Zp > 0|Fp_) > 0}. Assume that (d) holds. Then, thanks to
Theorem 1.8, there exists a real-valued Fp-measurable random variable, Y,
such that Y > 0 Q7 — a.s. and on {T' < +o0}, we have

ECT(Y|Fr_) =1, E9T(Y|¢||Fr_) < +oo, & E9T(YE|Fr_)=0.
Since Y > 0 on {Zr > 0}, by putting

Yi:

> Y1
=YLz o0 & Tetoot T Zpm0 & T<tootufT=toc} a0 Y1 := E

Y| Fr-
it is easy to check that Y; >0, Y] >0 P — a.s., and on {T < +oo}

B Yl 7,0 Fr-]

=0.
EY1|Fr-]
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Thus, again Theorem 1.8 allows us to conclude that S satisfies NUPBR(F).
This ends the proof of (a)=(b). To prove the reverse sense, we suppose
that assertion (b) holds. Then, thanks again to Theorem 1.8, there exists a
real-valued and positive Fpr-measurable random variable, Y, such that

EIY €11 5,50/ Fr-] < +00, E[Y|Fr_] =1, and E[Y¢l 5 _\|Fr] =0
on {Zr_ >0 & T < +oo}. Then, by setting

_ YP(Zr > 0|Fr_)

Yy = E[YI{ZT>O}’]:T*] {Zr>0 & T<+o0} + I{ZT:O & T<+4oo}U{T=+0c0}’

it is easy to check that Qr — a.s. Yo > 0,

B|Yel 5 o)l Fr-

EOT (Yo|Fr_) =1, and E%T (Yoll(z, -0 |Fr-) =
(>0} ENTz o\ Fr-]

=0.

Hence, the proof of assertion (d) follows immediately from these combined
with Theorem 1.8. This completes the proof of (d)<=(b).

Step 3: This step proves (a) = (c). Suppose that S7 satisfies NUPBR(G).
Then, a direct application of Theorem 1.8 to (S7,G) implies the existence
of a real-valued and positive Gp-measurable random variable YC such that
on {T < 400}

ElY®Lipery|Gr-] =1, BIE[Y®Lir<ry|Gr] < 400, and E[€Y® I;7<,1|Gr ] = 0.
(41)

By applying Lemma B.1-(c) to Y€, we deduce the existence of two real-
valued and positive Fr-measurable variables Y and YJ' such that YCT (T<r} =
YlFl{TQ} + YQFI{T:T}. Then, by inserting these in (41), and putting

- Z Z
Y =Y oh a Yy +1

7, iz V= 20700 {Zr=0y > 0

we deduce that, on {T' < +oc}, this real-valued and positive Fr-measurable
random variable Y satisfies

EH§|}7\}"T_]I{ZT_>)} — E[|S7|Y|Fr_] < +0o (thanks to Lemma B.3-(a)),

and

Tir<ny

0 = E[§YCIipan|Gr ] = E(g [YlFZT + (Zr - ZT)YQF} ‘fT,) .
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Therefore, by taking conditional expectation in the above equality, we get

0= BV 5 Tzy o)\ Fr-) = BV |Fr )iz, o0y = B2 [5171Fr,
These latter remarks combined with Theorem 1.8 lead to the proof of asser-
tion (c), and the proof of (a)==(c) is completed.

Step 4: This last step proves (b)=-(a). Suppose that S satisfies NUPBR(F),
and use Theorem 1.8 to guarantee the existence of a real-valued and positive
Fr-measurable random variable Y such that, on {T" < +o00}, we have

(42) E[Y\§|I{ZT>O}\]:T,] < 400, and E[Y&I{ZT>O}\FT,] =0.
Then, consider the real-valued and positive Gr-measurable random variable
YC given by

-1
Yo=Y (2)  Lrer) + rsry.
Thus, it is easy from (42) to see that E (Y¢|S%||Gr_) < +o00 and derive
E (YGS:HQT—) = E (Yng{TSTHgT—)

1
= F (Yij{Tg‘r}’fT—) ﬁI{TﬁT}

1
E (Yff{ZT>0}|fo) 7y lrsny =0

A combination of these latter facts with Theorem 1.8 leads to assertions (a).
This ends the fourth step and the proof of the theorem is completed. O

4.2. Proof of Theorem 3.1. Due to
{Zr- =1} ={P(Zr < 1|Fr_) =0} C {Zr = 1} on {T < +oo},

it is obvious that Q. ~ Q! < P, and the proof of (b)<=>(c) follows imme-
diately. Thus, the remaining part of the proof consists of three steps, where
we prove (¢)==(d), (d)==-(a) and (a)==-(b) respectively.

Step 1:(c)=(d). Suppose (c) holds. Then, thanks to Theorem 1.8, there
exists a real-valued Fr-measurable random variable Y > 0, Q’--a.s. such
that EQT[|S7|Y|Fr_] < +oo and

ECT[SrY|Fr-] = BV 5 | Fr-)l{z,_<1y = 0.

Since Iy ZT7=1}§ = 0, it is enough to focus on the part corresponding to

§I{ZT_<1}‘ Set

V=Yg 0yt Z21 or 7=1o0)
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and thanks to the previous equalities, we obtain
E[Y|£|I{ZT<1}|}"T_] < +ooand E[Y|Sr|Fr-Iiz, <1y = E[YfI{ZT<1}|J:T_] =0.
Therefore, by combining these with Theorem 1.8, we end the proof of asser-
tion (d). N
Step 2: (d)=> (a). Since S satisfies NUPBR(F), again Theorem 1.8 asserts

the existence of a real-valued and positive Fpr-measurable random variable
Y3 > 0 such that

(43) E[Y3’£‘I{ZT<1}“FT—] < 400 and E[Y3£I{ZT<1}"FT_] = 0.

Then, put

-1
Y® .=v; (1 — Z) Iircraioo) ¥ Iir<r or T=400}-

Then it is easy to see that YC is a real-valued and positive Gpr-measurable
random variable. Furthermore, due to (43), one can easily deduce that

E (yG|(S - ST)T\‘QT,) < 400 and

E (YG(S . ST)T‘QT_) ~- E <YG§I{T>T}

= B (Y ¢Lran

gr-)

f%) (1= Zr-) " Hirsn

= K (Y3 <1 - 2)71 El(r>ry

fT) (1= Zr-) rsny
-1
- E <Y3£I{ZT<1}‘}'T_) (1= Zr ) gary = 0.

Therefore, by combining these latter facts on Y® and Theorem 1.8, we con-
clude that S — S7 satisfies NUPBR(G).

Step 3: (a)== (b). Suppose S — S” satisties NUPBR(G), and use Theo-
rem 1.8 again to guarantee the existence of a real-valued and positive Gr-

measurable Y > 0 such that
(44)  EJEY S IpsrylGr] < +oo and E[EYC Iy y|Gr_] = 0.
Then, Lemma B.2-(c), asserts the existence of a positive Fr-measurable Y¥

such that YGI{T>T} = Y]FI{T>T}. By inserting this in (44), and thanks to
Lemma B.3-(b),

BV D]y Fr-] = EYOelY"|1Fr-)liz, <y < +oc,
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and we calculate
0 = BEYSIranGr-| = BEY™( - Z)Fr |
EQ(T) <£YF| fT_> Iiran.
Therefore, by taking conditional expectation, we obtain
(1-Z7_)EQ D[eYF|Fr_] = 0, or equivalently EQ D [SyVF|Fr ] =0 P—a.s.

This proves assertion (b), and the proof of the theorem is achieved. ]

5. Proof of Theorems 2.4 and 3.4. This section is devoted to the
proofs of Theorems 2.4 and 3.4. These proofs are technical and require some
notations on random measures and semimartingale characteristics. For any
filtration H, we denote

O(H) := O(H) ® B(RY),  P(H) := P(H) @ B(R?),

where B(RY) is the Borel o-field on R?. To a cadlag H-adapted process X,
we associate the following optional random measure px defined by

(45) px (dt, dz) ==Y T{ax, 2010 w,ax,) (dt, dz) .
u>0

For a product-measurable functional W > 0 on Q x [0, +0o[xR?, we denote
W x ux (or sometimes, with abuse of notation W (x) x pux) the process

t
Woaphei= [ Wt da) = 3 W AX) o)

o<u<t

(46)

DEFINITIONS 5.1.  Consider a cadlag H-adapted process X, and its op-

tional random measure px . B
(a) We denote by glloc(/,LX,H), the set of all P(H)-measurable functions, W,
such that

KR
Z (W(t, AS) I as, 20} — /Wt(fE)VX({t}v dﬂ?)) € A (H).

t<-

(b) The set H} .(ux,H)) is the set of all O(H)-measurable functions, W,
such that (W2 x ux)"/? € Ab (H).

loc
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Also on Q x [0, +00[xR?%, we define the measure lex =P ® ux by
P - P _
MMX(W) = /WdMuX = E[(W * px)oo] s

(when the expectation is well defined). The conditional “expectation” given
P(H) of a product-measurable functional W, denoted by M, ;i( (W|P(H)), is

the unique ﬁ(H)—measurable functional W satisfying
E[(WTs % pix)eo] = E [(W/IE wix)oo| ,  for all T € P(H).

When X = S, for the sake of simplicity, we denote p := pg. Then, the
F-canonical decomposition of S is

(47) S=8Sy+hx(p—v)+b- A+ (z—h)*pu,

where h, defined as h(r) := xlf;|<1y, is the truncation function. We asso-
ciate to p defined in (46) when X = S, its predictable compensator random
measure v. A direct application of Theorem A.1 in [3] (see also Theorem
3.75 in [20] (page 103), or Lemma 4.24 in [21] (Chap III)), to the martingale
m defined in (5), leads to the existence of a local martingale m* as well as
fm € GL (10, F), gm € H},.(11,F) and By, € L(S¢,F) such that

(48) M = B« S+ fon* (pt — V) 4 g * 1 +m=T.

The corresponding canonical decomposition of S™ under G is given by
(49) ST =S+ h* (uF —v2) —{—hg—mlﬂoﬂ] *xV+b AT+ (x — h) *x pd

where (B, fm) is given by (48) and u and v are given by

p (dt, dz) := Ijo (B p(dt, dx), vy (dt,dx) == (1+ Z7" f)Ijo - (t)v(dt, dx).
(50)

5.1. Proof of Theorem 2.4. This proof consists of four steps, where we

prove (b)<=(c), (b)==(a), and (a)==-(b) respectively. The last step is the
only step that is technically involved.
Step 1: Here, we prove (b)<=-(c). Remark that (c)==(b) follows immedi-
ately from Lemma 1.4. Hence, the rest of this step focuses on proving the
reverse sense. Suppose that assertion (b) holds, and consider the following
real-valued F-predictable process

o= [1+ PF (Y!AS!I{%O})}_l oy ougrp + 222 " Tima |
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where Q = Q x [0,+00) and (T,), a sequence of F-predictable stopping

400

times such that {AS # 0} C U [T7.]. Then, it is easy to see that ) < ¢ <1
n=1

and

has an integrable variation. Furthermore, the F-compensator of X is given
by (due to the fact it is a pure jump process with finite variation and it
jumps on predictable stopping times only)

XPF =37 PF (YQAST 5 ) Iz 55y = 0.

Thus, Y (¢-S©) is an F-local martingale, and S©) satisfies the NUPBR(F).
This ends the proof of (b)<=(c).

Step 2: Here, we prove (b)=— (a). Suppose that assertion (b) holds, and
consider a sequence of F-stopping times (o,,), that increases to infinity such
that Y is an F-martingale, and Qy, := Y5, /Yy - P ~ P. Then, (10) implies
that (S(0)7" is a Q,-local martingale and satisfies (21) under Q,, due to

(51){2? =0} = {Zp = 0}, for any Q ~ P and any F-stopping time T,

where ZtQ = Q[7 > t|F]. This latter fact follows from
B2l pe ] = B [l lizg-] =0

(which implies {ZJQ =0} € {Zr = 0}) and the symmetric role of Q and P.
Thus, a direct application of Theorem 2.13 to ((S(O))“",Qn) leads to the
NUPBR(G, Q,) of (S0)on/T — (1{2725} : S’)J"AT. Thanks to Proposition
1.5, this implies the NUPBR(G) of (I{Z_zg} : S)T for any 6 > 0. Since
Z-' [0,7] 18 G-locally bounded, there exists a family of G-stopping times
75 that increases to infinity when J decreases to zero, and [0,7 A 75] C
{Z_ > 6}. Therefore, we conclude that S™"% = (I >4y - S)TAT‘s satisfies
the NUPBR/(G). Hence, again Proposition 1.5 implies finally that S satis-
fies the NUPBR(G). This ends the proof of (b)=(a).

Step 3: In this step, we prove (a)=(b). Suppose that S7 satisfies NUPBR(G).
Then, there exists a o-martingale density under G, for Iyz >5 .57, (6 > 0),
that we denote by D®. Then, from a direct application of Theorem A.1,
we deduce the existence of a positive ﬁ(G)—measurable functional, f© ¢
GL (18, G), such that D® := £(N®) > 0, with

NE = WC s (uf - 1) WG‘—fG—lJrLG_aGI
= Ha a /) T 1 — oG {a®<1}>
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where v is defined in (50), and, introducing f,, defined in (48)
(52) foI{Z,zé} * l/g;r = fo (1 + ém) I]]07T]]I{2725} *v =0.

Thanks to Lemma B.1, we conclude the existence of a positive ﬁ(]F)—measurable
functional, f, such that fGI]]O,T]] = fljo,s]- Thus, (52) becomes

U® .— xf (1 + ?) I]]O,T]]I{Z_Z(S} *v = 0.
Introduce the following notations

1o = Iizog 6 7 56 1 V0= holiz_>sy v, ho = M, (I{Z>0}|P) ’

FO+ )
9= == Ino>0y + Iing=0y>  ao(t) := vo({t},RY),
(53)
and assume that
(54) (9 = 1)2 % po € AjL(F).

Then, thanks to Lemma A.2, we deduce that W := (g —1)/(1 —a® +g) €
Gl (1o, F), and the local martingales

—1
(55) N = 1_9(170+§ * (o — ), Y :=g(NO),

are well defined satisfying 1+AN©) > 0, [N S] € A(F), and on {Z_ > 0}
we have

PF (Y(O)ASI .

JF _ pF g _
— ((1+AN(0))ASI{Z>O})_ P <ASI{Z>O}>

y® 1-a"+g
= A%*V:Aif(l+fm/§_)lz_ oy * U
1—a%+g 1—a0+g 1#->0
pF (AU ®)
PATT)
1-a’+3g

This proves that assertion (b) holds under the assumption (54). The remain-
ing part of the proof shows that this assumption holds. To this end, we start
by noticing that on the set {hg > 0},

,a o farE) uevasdy g, M ()

ho ho Z_hg ho
(f=D+4) N M7 (AmI{Z>O}\P> ot M7 (Amf{'zSo}‘P)
= =10q1

ho Z_ho 7_ho
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Since ((f —1)%1j0,1 * 1) V2 e Af (G), then due to Proposition A.3—(e)

loc

VU =120y g% (Z - p) € Af(F), for any 5> 0.
Then, a direct application of Proposition A.3—(a), for any ¢ > 0, we have
(f =D I(p-tja & 238y * (Z - 1), 1f = UIp-15a & 2_55) % (Z - 1) € A (F).
By stopping, without loss of generality, we assume these two processes and
[m, m] belong to A* (F). Remark that Z_+f,, = MP (Z\ﬁ) < MP (I{ Z>O}y7’5) _
ho that follows from Z < I (Z>0}" Therefore, we derive

(f = 1)%(1+ L)
12 & Iip-11<a) *NO(OO)]

E [giIg5-1/<ay * o(00)] =

(f =121+ §2)?
N E[ 13 = f{|f1|Sa}*V0(OO)]

< STE[(f = DX Z- + fn){|f-11<a & 756} * V(0)]
= 6B [(f — VL porcay * (ZLiz 50, 1)(o0)] < +ox,

and

|F—1](1 4 L)
E{lgillj;1j5a) * po(0)] = E [ -

7 Ijp-1>a} *#0(00)]

= FE [\f —1(1 + %)I{\f—lba}I{Z,zé} *Vo(oo)]

< 6'E [If — U150y * (Z17_s4) - u)(OO)] < o0.

Here pg and vg are defined in (53). Therefore, again by Proposition A.3—(a),
we conclude that /g7 * po € A} (F).

Due to M (HK|P(F))? < ME(H?/P(F)) M} (K2P(F)) , we derive

(ME ((Am)* ) MF (15.)/P) ]
7212 * po(00)

~\ 2
MP (Aml gz, IP)
770

E *pp(c0)| < F

M ((am)*P)
= F 7 Iiz_>5y % p(00)

< (5*2_E [[m, m]] < 400.
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Hence, we conclude that /(g — 1)2 % o € A;f (F). This ends the proof of

loc

(54), and the proof of the theorem is completed. O

5.2. Proof of Theorem 3.4. Before proving the equivalence between the
two assertions of the theorem, we will start outlining a number of remarks
that simplify tremendously the proof. It is easy to prove that, for any [F-
stopping time T, on {T" < 400} we have

(56) {Z? =1} ={Zp =1} forany Q~ P,
where ZQ = EQ(7 > t|F;). Indeed, due to
B0=Z01zg.] = B [leenlzg-] =0,

the inclusion {2;2 = 1} ¢ {Zp = 1} follows, while the reverse inclusion
follows by symmetry. This proves (56).

Since S is a thin process with accessible jump times only, then there exists
a sequence of F-predictable stopping times, (7},)n>1, such that

“+o00

{as # 0}y c JIT]

n=1

The proof of the theorem consists of three steps in which we prove (b)<=(c),
(b)=>(a) and (a)==(b) respectively.

Step 1: Here, we prove (b)<=>(c). Thanks to Lemma 1.4, it is easy to see
that (¢)==(b) follows immediately. To prove the reverse (i.e. (b)==(c)), we
consider the following real-valued and F-predictable process

1 +oo
o= L+ "7 (YIASI 70y )| [Iﬁvummm +§_:12_"1[[Tnﬂ] :

where € 1= Q x [0,400). It is easy to check that 0 < ¢ <1l and U:=Y_¢p-
S 4 Y,p-S (1)] is a process with integrable variation, and its compensator
(since it is a pure jump process with finite variation and jumps on predictable
stopping times (7},), only) is given by

UrF = ng pE (YASI{Z=1>Z_}) =0.

This proves that Y is o-martingale density for S (i.e. Y € £(SM,F)), and
hence assertion (c) follows immediately.
Step 2: Here we prove (b)=— (a). Suppose that assertion (b) holds, and
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consider a sequence of F-stopping times (o, ), such that Y7 is a martingale,
and put Q, = (Y5, /Yo) - P ~ P. Then, since S := ZASI{2<1} is a thin
process with accessible jumps only, the condition (26) translates into the
fact that 77 is a (Q,-local martingale satisfying

(A5 0} {Z9% =1> 29} ={AS" #0}n{Z=1>2Z_} =1,

due to (56). Therefore, thanks to Proposition 1.5, it is enough to prove that
assertion (a) holds true under @, for S7». Therefore, without loss of gener-
ality, we assume Y = 1 and hence S is a F-local martingale satisfying (37).
Thus, a direct application of Theorem 3.13 implies that S — 57 = S— ST
satisfies the NUPBR(G).

Step 3: Here, we prove (a)==(b). Suppose that S—S7 satisfies the NUPBR(G).
A direct application Theorem A.1 implies the existence of f© € GL (1%, G)

such that f¢ > 0,

G G G G G G ﬁG—aG
N® = Wo(pg —vg), W7i=f7 =1+ T—gIgeqy,
and
fm
(57) fo*yf’:fo<1—1_Z 7 ooy xv = 0.

Here f, := M lf (Am|P(F)) (given also by (48), and u€ and v/ are given by

G ._ G ._ fm
Hq = I]]T,JFOO[[ Ty Vg = <1 - 1— Z_) I]]TvJFOO[[ v

Thanks to Lemma B.1, there exists a P(FF)-measurable functional f > 0
such that f© = f on the stochastic interval ]7, +oc[, and (57) becomes

fm _
(58) :L'f <1 — -7 I]]7_7+oo[[ *v = 0.
Due to Proposition A.4 and G-locally boundedness of (1 — Z,)_1[HT7+OO[[, we
could find a sequence of F-stopping time (of),>1 that increases to infinity
and (1*27)_11[[0,05]]—7]]7&00[[ is bounded by (n+1). Also, since ((f — 1)QI]]T’+OO[[ * 1) V2 ¢
Al (G), thanks to Proposition A.4 (both assertions (c) and (a)) we deduce

loc
the existence of a sequence of F-stopping times (7,), that increases to in-

finity such that the three processes [m,m|™
(f = D Ip-tj<a & 1-z_563 * B)™ and [ f = U I{j;_1jsa8 1-2 56} * )™
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are integrable, where i := (1 — Z) - u. Consider the following notations

— — AP 5
o= Lz g1z sey M V=l g ssy v =My <I{Z<1}|7)> ;
f(l - 1f7§_)
9 = im0z + Ithi=0 or z_=1}

and suppose that

gi(z) —1

(1)

(59) wO(t,z) =
l—a;’ + gt

€ glloc(ula F)v

where agl) =1 ({t},RY) and g; == [ gi(z)v1 ({t}, dx).
Then, we can easily prove that assertion (b) holds. In fact, we take

W, _9-1 _ — g(NW
NY = 1—a(1)—|—§*('u1 v1) and Y :=E&(N'Y).
Then, it is clear that
1 g(AS)

1+AND =

1 —a® ¢ /g\[{AS:O or Z=1} 1—a@) + g {AS#£0 & Z<1} >0,

and on {Z_ < 1} we get

Y, pF (g(AS)ASI . )
pF _ — pF (1) _ _ {z<1})4
(Yaslza), = Yo" (A +aNDASIy), 1-a{" +3
Y
= é)/\/gt(aj)xhl(t,x)u({t},d:c)
l—a; "+ g
Yio / fm(t, 96)>
= 5 [at)(1- v({t}.dz) = 0.
1-a" + 3 1-Z-

The last equality in the above string of equalities follows direct from (58).
Therefore, assertion (b) follows immediately as long as (59) holds. Thus, the
reaming part of this proof focuses on proving this condition. To this end, on
{h1 >0 & Z_ < 1} we calculate

(f=1D)(1—2Z_ = fn) Mf (Am1{2<1}|75)

L 02 g ~
970 T -2 T -z (1 Z )l
= 01 +927
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and remark that {1 — Z_ — f,;, > 0} C {ho > 0} which is due to
V=2~ fn=1- M (Z1P) < M] (15,,/P) = h

that is implied by [ (7=1} <Z. Therefore, we derive that

E [gi1{s-11<ay * Ho(on AT)] = E :(f - ;2;8 = ?32 fm)zf{\f—u@}f{kl} *plon A Tn)]
= F _(f ;2?8 - ﬁj)z fm)Qf{\f—uga} *v(om AW}
< E :(f - 1)2w1{|f—u<a} *v(on A Tnﬂ
< B[ Lt e+ (0= 2)- o )
= E :ml{lf—llga}lﬂwoo[ * plom A Tn)}

< (n+ D)?E[(f = 1)’ Ip-1j<ay * #(Tn)] < +00.
and

Nf =11 —-Z_ — fm
Elgilp—1>a} * m1(on A7) = E | h‘l((l — 7 )I{\f—1|>a}l{2<1} * pi(on, ATn)]

[ 1foffm
= F ‘f—].‘l_Z_I{|f1>a}*V(O'n/\Tn):|

P N

< B ‘1f Z‘I{lf 1|>a}*(< Z)'M)(Un/\Tn)}
|f — 1

= F ‘1f ‘ I{|f 1|>a}I}]T +oo[ *;L(Un VAN Tn):|

<

(n+ VE [1f = UIjg may (1= 2) - ) ()] < +oc.

This proves that \/g% * 1 < ﬂ\/‘q%jﬂf*lba} * 1 + \/5 (QII{\f71|>a} * ,ul)
belongs to A (F). To prove /g5 1 € A;l _(F), we derive

| Aml |P
{Z<1}
E[(92)* *polon A7a)] = E ((1 ~ 7 e ) (71 & 7<) * (o0 ATh)
. 2
M (Am)?|P MP (Z<1 & Z_ <1}|7)
< K ( ()1 — <)2h2 ) *v(op A Ty)
Z-)*h
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wMp ((amyP)
1-Z7

< FE [(1_12)3[]]T,+<>0[[ . (Mi ((Am)2|75) *V>0n/\’rn:|

< (n+1)3E([m,m],,) < +oo.

Hence, /(g — 1) * 1 € A;f_(F) follows. Thanks to Lemma A.2, (59) follows
1mmedlately ThlS ends the proof of the theorem. O

= B

Lz <1y *xv(on A Ta)

APPENDIX A: INTEGRALITY RESULTS

THEOREM A.1. Let S be a semi-martingale with predictable characteris-
tic triplet (b,c,v = A®F), N is a local martingale such that E(N) > 0, and
(B, f,9,N") are its Jacod’s parameters. Then the following assertions hold.
1) E(N) is a o-martingale density of S if and only if the following two
properties hold:

(60) /|x— )+ 2f(2)|F(dz) < 400, P®A—ae.
and
(61)  b+ef+ /(x — (@) +2f(2))F(da) =0, P@A-ae.
9) Tn particular, we have
(62)/35(1 +h@)({t}, dz) = /x(l b @) Fi(dr)AA =0, P —ae.

PROOF. The proof can be found in Choulli et al. [11, Lemma 2.4] 2007.
O

LEMMA A.2. Let [ be a ﬁ(H)-measumble functional such that f > 0
and

1/2
(63) ((F=1)2xp] e AT ().
) !
Then, the H-predictable process (1 —a®+ f ) is locally bounded, and

hence ()
«— t x —
(64) Wi(x) := 71 — a%ﬂ N ﬁm

Here, af' := V™ ({t},R%) ft = [ fi(x)V™({t}, dz) and v™ is the H-predictable
random measure compensator of p under H.

6 glloc(ua H) :
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ProOOF. Put
Ul(x) =1— fi(z), and fft = aiHI - EHI

We start by remarking that (64) follows from the combination of (63) and
the local boundedness of 1/(1— U). Therefore, in what follows, we will focus
on proving this latter fact. Consider § € (0,1), n € (0,1), and the stopping
times and processes defined by

To=0, Thi1:=inf<t>1T, ‘ Z (Uv<ASv)I{ASU;éO})2 > 52 ,

Th<v<t

Vo(t) = [ Z (UU<ASU)I{ASU;£O})2} v

Th<v<t

Remark that —since for each n > 0, the process (V,(t))? is cadlag (Right
continuous with left limits) and nondecreasing real-valued process— we
have

ValTws)? = Y (Uo(AS)I(as,201)° > 8% on {Ti1 < +o0}.

Tp<v<Thi1

This implies that T, increases to +o0o almost surely, and
Va(t—) <6, P—a.s. forallt<T,4.

Due to 0 < (1 — ﬁ)711{0<1—n} <n~!and

~

7\ —1 1 ry\—1
1-U)"=01-0) 1{621717}""(1_[]) I{ﬁ<1fn}’

we deduce that the proof of the lemma will achieved once we prove that

1
Y= T—plosw

is locally bounded. Thanks to [13], this fact is equivalent to

sup Y, < +oo P —a.s. foranyt e (0,400).
0<u<t

Since T), increases to oo almost surely, then this fact is implied by

sup Y, <400 P—as. on {t>T,}
Trn<u<tATn4+1
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Simple calculation leads to
U, < Vals—) 4+ PRAV,),, forall T, <s < Tphii.
Thus, it is easy to see that for 6 +n < 1,
{s €T, Toa] | Us 2 1= 1} € {s €]T, Toga] | PH(AV)s 2 1= = Va(s-)}
€ {s €T, Tuga] | A ((Va)P™) = PE(AV,), 21—y — 8} = T

It is obvious that # (T, N[0,#]) < +oo P — a.s. since (V)P is a cadlag
process. Thus, we deduce that

sup Y, = max Y, < 4o0.
T <u<tATni1 T <u<tATni1
This ends the proof of the lemma. O

PROPOSITION A.3.  For any a > 0, the following assertions hold:
(a) Let h be a P(H)-measurable functional. Then, \/(h—1)2 x u € A} (H)

Ui
(h—l) I{\h 1\<a}*# and |h—1|I{|h 1|>a}*,u, belong to ‘Aloc( )

(b) Let V be an F-predictable and non-decreasing process. Then, VT &

Af (G) if and only if Iy _s5 .V € Af (F) for any 6 > 0.

(c) Let h be a nonnegative and P(F )-measurable functional Then, hiyg - *

u € Aloc( ) if and only if for all 6 > 0, hltz 5 » p' € A
=Z. b

( ) Let f be positive and P (F)-measurable, and p* := Z.yi. Then \/(f —1)2Ljg g *p €

Al ( zﬁ\/ — 1)y sqxpt € Al (F), for all § > 0.

loc( ), where

PROPOSITION A.4.  Suppose that T is a finite honest time satisfying (22).
Then, the following properties hold.
(a) Let ®F a G-predictable process and k a nonnegative and P(F)-measurable
functional such that 0 < ®¢ <1 and ®Ckxug € A’ (G). Then, P® A-a.e.

(65) /k(w) (1= Z_ — fu(2) F(dz) < 400 on {Z_ <1}.

(b) Let f be a P(F)-measurable and positive functional, and i := (1—Z) - pu.
Then \/(f = 1)2I}; oo * 1 € A (G) if and only z'f\/(f — 121z s5* i €
Al (F) for any § > 0.
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APPENDIX B: REPRESENTATION RESULTS

This section addresses the representation of G-optional (respectively G-
predictable) processes in terms of F-optional (respectively F-predictable)
processes. This is will be achieved in three lemmas. The first two lemmas
can be found in [2], while the last lemma sounds to be new.

LEMMA B.1.  The following assertions hold. B
(a) If H® is a P(G)-measurable functional, then there exist an P (F)-measurable
functional HY such that

(66) HG(watvx)I]]O,T]] = H]F(watax)‘[ﬂ()ﬁ]]'

(b) If furthermore H® > 0 (respectively H® < 1), then we can choose
HY >0 (respectively H¥ < 1) such that

HG(w, t,x) o = HF(% t, ) o 7]

( (c) For any F-stopping time, T, and any positive Gr-measurable random
variable YC, there exist two positive Fr-measurable random variables, Y1)
and Y| satisfying

(67) YIirary = Y(I)I{T<T} + Y(2)I{T:T}-
For the proof of the lamma, we refer the reader to [2].

LEMMA B.2. Suppose that 7 is honest. Let H® be an P(G)-measurable
functional. Then the following assertions hold.
(a) There exist two P(F)-measurable functional H* and K¥ such that

(68) H®(w,t,z) = H" (w, t,x) o7 + K¥(w,t, ) 7 4o

(b) If furthermore H® > 0 (respectively H® < 1), then we can choose
KT >0 (respectively K¥ < 1) such that

H®(w,t, T) e o] = K¥(w,t, T) e poof-

We end this paper by the following lemma that useful for the case of single
jump processes.

LEMMA B.3.  LetT be an F-predictable stopping time, and ¢ be a nonneg-
ative Fp_-measurable random variable. Then the following assertions hold.
(a) If plip<ry < +00 P —a.s, then ¢l <oy < +00 P —a.s.

(b) Suppose furthermore that T is an honest time. If olirsry < +00 P—a.s,
then oliz,. <1y <400 P —a.s.
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PROOF. 1) Suppose that olir<;y < +00 P — a.s. Then, we calculate
0=P((g=4c0)N(T'<71))=F (ZT_I{§0:+OO}) .

Thus, we obtain Zp_I,— ) = 0 P — a.s or equivalently {Z7_ > 0} C
{¢ < +o0}. This ernds the proof of assertion (a).
2) Suppose that 7 is honest and @Ifps,) < +oo P — a.s. Then,

0=P(T>71)N(p=40x))=F ((1 — ZT—)I{¢:+OO}) .

Thus, assertion (b) follows immediately, and the proof of the lemma is com-
pleted. ]
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