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Abstract—In this paper, we propose to use cross recurrence
plot analysis (CRPA) to estimate the time-difference of arrival
(TDOA) of underwater acoustic signals arriving on an array of
hydrophones. Instead of considering the signal as a whole to
estimate the TDOA, like classical methods do, we first detected
the series of samples that look alike on each pair of hydrophones
of the array by using cross-recurrence plot analysis. The TDOA
is then estimated by relying only on these common sample series.
The TDOA estimator is based on quantification measures specif-
ically designed for CRPA. The proposed method is successfully
validated on real data containing frequency-modulated sounds
from beluga whales.

I. INTRODUCTION

Various applications, including military surveillance, bio-
acoustics or environmental monitoring to name but a few, make
use of array of hydrophones to estimate the direction of arrival
of underwater acoustic sources. Such an estimation can be
made through two broad-classes of methods:

1) Estimation of the time-difference of arrival (TDOA)
of a signal received at spatially separated sensors
followed by a spatial-inversion scheme.

2) Space-time processing like beamforming or spatial
spectral estimation (Capon, MUSIC, etc.)

In the first class cited above, the estimation of the TDOA
generally relies on the cross-correlation, which is a clas-
sical and easy-to-use signal processing function even for
non-specialists in signal processing. Therefore, the cross-
correlation is extensively used in bio-acoustics for the localiza-
tion of cetaceans for instance [1]–[3]. Thorough state-of-the-art
reviews of other TDOA estimators can be found in [3]–[5].

A common point to all TDOA estimators found in the
literature is that they consider the signal as a whole. However,
underwater acoustic sources are immersed in a noisy environ-
ment and the propagation through the oceanic canal modifies
the signal by introducing amplitude and phase modulations,
spectral distortions and reverberation. Thus, the signal received
can be very different from one hydrophone to the other and
only few series of samples remain similar on all the sensors.

Based on these observations, we propose a new approach
to estimate the TDOA. It is derived from the field of non-linear
analysis of dynamical systems and is called Cross-Recurrence
Plot analysis (CRPA) [6]. First, CRPA aims to identify series

of samples that are similar on two hydrophones. The result
of the CRPA can be seen as a binarized or thresholded
similarity matrix. The TDOA can then be estimated from this
latter using some specific measures especially dedicated to the
quantification the information contained in the CRPA matrices.
CRPA has already been used in the past for synchronization
of dynamical systems and time-scale alignment of data series
[6], [7]. To our knowledge it is the first time that CRPA is
used with acoustic signals for TDOA estimation.

Section II gives the basics of Recurrence Plot Analysis
(RPA) and Cross-Recurrence Plot Analysis (CRPA). Then
some quantification measures are proposed to estimate the
TDOA from the CRPA. Section III tests the proposed quan-
tification measures on simulated signals and briefly discusses
their reliability for TDOA estimation. The proposed method is
finally validated on real signals, namely frequency-modulated
signals produced by beluga whales. This validation shows that
our method succeed when the cross-correlation does not.

II. METHOD

A. Recurrence Plot Analysis (RPA)

Recurrence plot analysis (RPA) was introduced to study
the dynamical behavior of complex systems and are aimed at
visualizing the recurrence of their phase space trajectory [9].
Transforming a data sequence to a recurrence plot representa-
tion involves three main steps.

First, the trajectory of the measured signal x in the phase
space is reconstructed using the time-delay embedding method
[10], [11]. This trajectory is described by a series of vectors
given by:

−−−→
xm(i) = [x(i), x(i+ τ), ... , x(i+ (m− 1)τ)] (1)

with m ∈ N∗ the embedding dimension of the phase space, τ ∈
N∗ a delay (not related to the TDOA), i ={1 ... Nx−(m−1)τ}
the sample index and Nx the number of samples of x.

The second step consists of measuring the degree of
similarity between two vectors of the phase space trajectory:−−−→
xm(i) and

−−−→
xm(j). Calculating the similarity between all of

the possible pairs of phase space vectors gives the similarity
matrix defined by:

d(i, j) = Sim
( −−−→
xm(i) ,

−−−→
xm(j)

)
(2)
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where Sim(. , .) is the function that is chosen to study the
likeness of the phase space vectors. A lot of different mathe-
matical functions can be used for this step [8]. The Euclidean
norm is mostly used for this purpose by the recurrence plot
community [7]. In this paper, we will use the dot product which
is a particular case of cross-correlation, classically used for
TDOA estimation. We could say that our similarity matrix is
obtained through a kind of piecewise cross-correlation.

Finally, the recurrence plot is obtained by comparing each
coefficient of the similarity matrix to a threshold ε. Therefore,
the recurrence plot is a binary matrix, where the coefficient
of index (i, j) is 1 if

−−−→
xm(i) and

−−−→
xm(j) are considered as

similar, and is 0 otherwise. In a mathematical formalism, the
recurrence plot is defined as follow:

RPA(i, j) = Θ
(
Sim

( −−−→
xm(i) ,

−−−→
xm(j)

)
− ε
)

(3)

where Θ is the Heaviside function. The RPA matrix can be
represented by a binary image. A summary of the guidelines
to follow for choosing appropriate values for τ , m and ε
parameters can be found the the RPA literature [7].

B. Cross Recurrence Plot Analysis (CRPA)

RPA can be extended to the bi-variate case to study the
dependencies between two different systems by comparing
their states [6]. This approach is called Cross-Recurrence Plot
Analysis (CRPA) and follows the same three steps of the
previously described RPA [6].

Considering two measured signals x and y recorded on two
different sensors, the phase space trajectories of each signal
are simultaneously reconstructed with the same embedding
dimension m and delay τ . Their respective phase space vectors
are given by:

−−−→
xm(i) = [x(i), x(i+ τ), ... , x(i+ (m− 1)τ)] (4)
−−−→
ym(j) = [y(j), y(j + τ), ... , y(j + (m− 1)τ)] (5)

and the similarity matrix is now defined by:

d(i, j) = Sim
( −−−→
xm(i) ,

−−−→
ym(j)

)
(6)

As for the RPA, the CRPA is obtained through the comparison
of each coefficient of the similarity matrix to a threshold. It is
then defined as follow:

CRPA(i, j) = Θ
(
Sim

( −−−→
xm(i) ,

−−−→
ym(j)

)
− ε
)

(7)

C. Recurrence Quantification Analysis (RQA)

Depending on the dynamical behavior of the signal (i.e.
random, periodic, etc.), the binary matrices obtained form the
RPA and CRPA exhibit some patterns as shown on Fig. 1.

For example, single isolated recurrence points appear when
states are rarely repeated and do not last in time. Such a case
happen on Fig. 1 when comparing two state space vectors
associated with noise samples for instance. On the contrary,
when different parts of the measured signals have a similar
local evolution, then a set of several consecutive state space
vectors are considered as similar to another set and the CRPA
(resp. RPA) gives a diagonal line, i.e. CRPA(i+k, j+k) = 1

(for k = 1...l). Also, when a given waveform is repeated with
a certain periodicity, then a set of several diagonal lines parallel
to each others appears on the image, as it is the case on Fig. 1
because of the repetitions of the oscillations due to the cosine
function within the received signal. At last, Fig. 1 shows that
the position of the pattern associated to the cosine changes
depending on the TDOA between both receivers. Different
measures named as recurrence quantification analysis (RQA)
[6], [7] can be used to quantify patterns on the CRPA images
and in particular to estimate the TDOA. In this paper we
investigate three of these measures.

All the following RQA are based on recurrences forming
diagonal lines parallel to the main diagonal. They are calcu-
lated for each diagonal of the CRPA matrix taken separately,
and are therefore functions of the index of the diagonal
t ∈ [−T, ..., T ], where t = 0 corresponds to the main diagonal,
t > 0 are the diagonals above the main diagonal and t < 0
are the diagonals below the main diagonal. T is the maximum
allowable TDOA value (expressed in sample) with respect to
the geometry of the array.

The first RQA is called the t-recurrence rate and is a
classical RQA in the RPA community [6]. It is defined as:

RR(t) =


1

N + t

N+t∑
i=1

CRPA(i− t, i) (t < 0)

1

N − t

N−t∑
i=1

CRPA(i, i+ t) (t ≥ 0)

(8)

where N is the total number of lines (resp. columns) of the
CRPA matrix. This RQA gives the probability of occurrence
of similar waveform in both signals with a given time-delay
t. The greater the number of recurrences in the diagonal t is,
the greater the value of RR(t) is.

RR(t) only relies on the binary matrix obtained with
the CRPA and do not take into account all the information
contained in the similarity matrix d(i, j) given by Eq. (6)
that might be valuable. Therefore, we introduce two additional
RQA measures that also consider values obtained in the
similarity matrix d(i, j).

The second RQA measure is the sum of all similarity values
d(i, j) from diagonal t that have lead to recurrence points (i.e
CRPA(i, j) = 1) in the CRPA matrix. It is defined as:

SS(t) =



N+t∑
i=1

CRPA(i− t, i)� d(i− t, i) (t < 0)

N−t∑
i=1

CRPA(i, i+ t)� d(i, i+ t) (t ≥ 0)

(9)

where � is the Hadamard product.

The last RQA measure is a normalized version of the
previous metric and is given by:

NS(t) =


1

N + t

N+t∑
i=1

CRPA(i− t, i)� d(i− t, i) (t < 0)

1

N − t

N−t∑
i=1

CRPA(i, i+ t)� d(i, i+ t) (t ≥ 0)

(10)
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(a) TDOA = -70 samples
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(b) TDOA = 0 samples
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(c) TDOA = +70 samples

Fig. 1: Examples of CRPA matrices in the case of a 100-samples cosine mixed with a 300-samples additive white Gaussian
noise received by two sensors with 3 different TDOA values: a) TDOA = - 70 samples; b) TDOA = 0 samples; c) TDOA = +
70 samples. Signal to noise ratio is 6 dB. CRPA is built with m=16, τ = 1, Sim(. , .) = dot product, ε = 0.075.

As for RR(t), SS(t) and NS(t) are high if the number of
recurrence in diagonal t and if the associated coefficients of
the similarity matrix are both high.

D. Time-difference of arrival estimation

For the three investigated RQA measures, we said that their
values would be high if similar waveform are found for both
signals with a given time-delay t. Therefore, the estimated
value for the TDOA is given by:

T̂DOA = t such that argmax
t

(
RQA(t)

)
(11)

where RQA(t) is either RR(t), SS(t) or NS(t).

III. RESULTS

The proposed TDOA estimator is validated on real un-
derwater acoustic data that were recorded in the Gulf of
Saint-Lawrence (Canada) with an array of four hydrophones
linked to a data acquisition board connected with a PC.
Data were digitized on .wav files. Hydrophones were spaced
from 145 to 240 m. A sound speed of 1444 m.s−1 was
used to calculate the maximum allowable TDOA. Prior to
the computation of CRPA, data were filtered between 1200
Hz and 5000 Hz and down-sampled at 12 kHz. Within this
frequency band, the database contains a high number of sounds
produced by beluga whales, especially frequency-modulated
signals. Fig. 2 (left column) shows an example of beluga whale
vocalization received by two hydrophones of the array, with
obvious differences between both signals in term of amplitude,
waveform distortion and background noise level.

The TDOA was estimated with the proposed method. The
RQA measure SS(t) appeared to be the most reliable estimator
as it gives significantly a higher number of correct TDOA
estimates than NS(t) and RR(t). Only the results of this
particular RQA are presented in the article. In order to assess
the validity of the estimated T̂DOA, we have re-synchronized
both received signals by compensating the TDOA by its
estimate T̂DOA (Fig. 2-right column). When looking at the

spectrograms after compensation of TDOA, the estimate found
by our method seems acceptable. With a close look on the
waveform we could notice that both signals are now beginning
at the same time. Moreover their oscillations are now perfectly
synchronized, which validates the value found for T̂DOA.
To show the benefit of the proposed method, we have also
estimated the TDOA with the cross-correlation function. As
shown on Fig. 2 (central column), when we compensate for
the delay between both signals with the estimated TDOA found
by the cross-correlation, we clearly see that this latter fails to
give a good estimate.

IV. CONCLUSION

In this article we have proposed a new method for estimat-
ing the TDOA of acoustic signals arriving on an array. Instead
of considering the signal as a whole, like the classical methods
do, we have relied on an analysis method called Cross-
Recurrence Plot Analysis, which splits the received signals in
small pieces and then performs a similarity analysis between
these pieces to detect the segments of the waveform that look
alike on two hydrophones of the array. When these segments
are identified, the TDOA is then estimated by using only these
parts of the waveform that are common on both hydrophones.
For this latter task we have proposed three quantification
measures. The proposed method was successfully validated on
real underwater acoustic signals. Tests on additional signals not
presented here have shown that it could give reliable TDOA
estimate in cases where the cross-correlation function fails.
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[3] L. Houégnigan, S. Zaugg, M. van der Schaar, M. André, ”Spacetime and
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