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LIMITING MOTION FOR THE PARABOLIC GINZBURG-LANDAU EQUATION WITH INFINITE
ENERGY DATA

DELPHINE COTE AND RAPHAEL COTE

ABSTRACT. We study a class of solutions to the parabolic Ginzburg-Landau equation in dimension 2 or
higher, with ill-prepared infinite energy initial data. We show that, asymptotically, the vorticity evolves
according to motion by mean curvature in Brakke’s weak formulation. Then, we prove that in the plane,
point vortices do not move in the original time scale. These results extend the works of Bethuel, Orlandi
and Smets [[8}[9] to infinite energy data; they allow to consider point vortices on a lattice (in dimension
2), or filament vortices of infinite length (in dimension 3).

1. INTRODUCTION

1.1. Setting and motivation of the problem. We consider the parabolic Ginzburg-Landau equation
for complex functions u, : R? x [0,+00) — C

1
(PGLS) afui;‘ _Aué‘ = E_zué‘(]' - |u€|2) on Rd X (07 +oo):
u (x,0) =ul(x) for x € RY,

in dimension d = 2, and its associated energy

E,(w) = /R e, (w)(x)dx = /R d (ng(w(x)))dx for w:R!C,

where V, denotes the non-convex double well potential and e, is the energy density:

(1 —wP)? |Vw|?
4¢2 2

It is a classical result that an initial data u® € L° N H! yields a global in time solution u(t) €

6([0,00),L° NHY).

The Ginzburg-Landau equation (PGL,) in the plane (d = 2) admits, for £ € Z*, vortex solutions of

the form

(1.1) V.(w) = , and e, (w)=

+ V. (w).

0

U(x,t) =¥(x)=U,(r)exp(if8), with U,(0)=0and U,(+00)=1,

where (r, @) corresponds to the polar coordinates in R? (by scaling, admits stationary vortex
solutions as well). Such functions ¥ define complex planar vector fields whose zeros are called
vortices (of order ¢, also called £-vortices). Vortices solutions arise naturally in Physics applications,
and it is an important question to study the asymptotic analysis, as the parameter ¢ goes to zero, of
solutions to (PGL,).

We must stress out the fact that a single vortex does not belong to H'(R?) (for d = 2, |[V¥|(r,0) ~
d/r). To overcome this problem, an easy way out is to consider configurations of multiple vortices
where the sum of degrees of the vortices is equal to zero. In that case, the initial data belongs to the
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space L°°NH?, and one talks about well-prepared data, see for example Jerrard and Soner [21]], Lin
[24]], Sandier and Serfaty [[30]], and Spirn [34]].

One way to relax this condition was done in the seminal works by Bethuel, Orlandi and Smets [I8} [9,
10, [11]]: they consider with u, : R? x [0,+00) — C and assume that the initial data ug is in
the energy space and verifies the bound

(1.2) Eg(ug) < M| Ine|

where M, is a fixed positive constant. Observe that this condition encompasses large data, and
almost gets rid of any well preparedness assumption. The only limitation can be seen as follows
in dimension d = 2 (where vortices are points): allows general sum of vortices, which are
balanced by adding “vortices at infinity” (where the center of the vortices goes to spatial infinity as
¢ — 0): in that case, for each ¢ > 0, the initial data is of finite energy, but the limiting configuration
can be any configuration of finitely many vortices.

The main emphasis of [[§], valid in any dimension d > 2, is placed on the asymptotic limits of the
Radon measures u, defined on R? x [0, +00), and their time slices u; defined on R? x {t}, by

e.(u)(x,t) e.(u)(x,t)

dx,
ne| ne| X

(1.3) u(x,t) = dxdt, and pi(x)=
so that u, = udt.

The bound on the energy gives that, up to a subsequence ¢,, — 0, there exists a Radon measure
u, = pidt defined on RY x [0, +00) such that

te =y, and pf — pl

as measures on R? x[0, +00) and RY x{t} for all t > 0, respectively (see [8, Lemma 1] and [20]). The
purpose of [|8] is to describe the properties of the measures u_: the main result is that asymptotically,
the vorticity (concentrated) part of u. evolves according to motion by mean curvature in Brakke’s
weak formulation.

In dimension d = 2, though, the vorticity part of u_ is supported on a finite set of points (the vortices).
One can actually compute that the energy of a {-vortex is roughly 7¢?|In¢|: the above bound
implies that only a finite number of vortices can be created (at most M,/m). However the mean
curvature flow for discrete points is trivial, they do not move. Therefore, in order to see the vortices
evolve, one needs to consider a different regime, where time is adequately rescaled by a factor |Ing|.
This is done by Bethuel, Orlandi and Smets in [[9}[10,[11]]: they describe completely the asymptotics,
and analyze precisely the dissipation times where collision or splitting of vortices occur. Again, the
only assumption is the bound on the initial data ug (and thus ug is in the energy space).

Our goal in this paper is to extend the results in [8]], by relaxing the global energy bound (1.2)) to
a local one. More precisely, we say that a function f : [0, +00) — [0,+00) has mild growth if f is
non-decreasing and that for all R > 0, there exists a constant C(R) such that

(1.4) Vx,y >0, flx+y)<CRf(2x)e” /F.

Observe that if 0 <y < 2 and C > 0, then f(x) = e“*" has mild growth.
We study families of solutions to (PGL,) whose initial data u(g’ satisfy the following assumptions, for
some function f with mild growth, independent of ¢:

u e L®°(RY),

H(F) Vx € R, / e.()(y)dy < f (x| Inel.
B(x,1)

Observe that [[I5, Theorem 2] shows the existence of a unique solution u, € %6;((0,+00), L>°(R%))
to (PGL,) (globally well defined for positive times), with initial data u? in the sense that it satisfies
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the integral equation:

V>0, u.(t)=G(t)=* ug + /Ot G(t—s)« (éug(s)(l - |ug(5)|2)) ds,

where G(x,t) = e™ /% is the heat kernel. The crucial point is that (H;(f)) is a property

(4m)d/2
which propagates along time, if one allows f to depend on time. We also refer to [[2]] where the
Ginzburg-Landau functional is studied under a local energy bound in |In¢| (and a I'-convergence
result is obtained).

1.2. Statements of the main results. Let us emphasize that the analysis here is done in the original
time scale and not in the accelerated time scale (which is relevant for dimension d = 2 only).

Our main results are the following. We define the limiting energy u_ and construct the vorticity set
EL (and prove some regularity properties). Then we consider the concentrated energy v on ZL and
show that it evolves under the mean curvature flow in a weak formulation. Finally we show that in
dimension d = 2, Z; is made of a discrete set of points which do not move.

In all the following, we consider a family of solutions of (PGL.) (u,).e(0,1/2) such that their initial

conditions ug satisfy (H,(f)) for some function f with mild growth.
We start with the description of the vorticity set and the decomposition of the asymptotic energy
density.

Theorem 1.1. There exist a sequence &, — 0, a subset %, of R? x (0, +00), and a smooth real-valued
function &, defined on R? x (0,+00) such that the following properties hold.

(1) %, is closed in R? x (0, +00) and for any compact subset K ¢ R? x (0,+00) \ T
[ug, (x, t)| = 1 uniformly on K as n — +00.
(2) Forany t>0and x € R, ZL =2, NRY x {t} verifies
%H(EL NB(x,1)) < 400,

(and the bound is uniform in (x, t) on compact sets of R¢ x (0, +00)).
(3) The function ®, verifies the heat equation on R? x (0, +00).
(4) For each t > 0, the measure . =lim,_, o, u; can be decomposed as

(1.5) pt=1ve, 2(1)# + e*(t)%’dﬂz;

(B ]
where x — O,(x,t) := hr% —s bounded on bounded sets of R® x (0, +00).
=0 Wg ™

(5) For almost every t > 0, the set ZL is (d —2)-rectifiable and ©,(x, t) > 0 for #9 2 a.e. x € Z;.

In view of the decomposition || u! can be split into two parts: a diffuse part Ve, |29, and a
concentrated part
(1.6) vl i=0,(x, t)%’d—%z;.

Observe that both measures ui and vfk are o-finite (due to (2)). By (3), the diffuse part is governed
by the heat equation. Our next theorem focuses on the evolution of the concentrated part »'.

Theorem 1.2. The family (V') is a mean curvature flow in the sense of Brakke (see Section |4.1|for
definitions).

For our last result, we focus on dimension d = 2, where vortices are points. We show that these
vortex points do not move in the original time scale.
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Theorem 1.3. Let d = 2. There exist a discrete set of R, which we can enumerate {b; : i € N} and that
+00

contains all the ZL fort > 0: ZL c {b; : i e N}. Also, v, (t) = Zai(t)ébi, where the functions o (t)
are non-increasing. =

Local bounds on the energy, i.e. assumption (H,(f)), make the set of admissible initial data more
natural. We can consider general vortex configurations in dimension 2, without adding a vortex at
infinity to balance it (so as to make the total sum of the vortices’ degrees equal to O for each £ > 0);
important physically relevant examples encompass point vortices on a infinite lattice (dimension 2)
or general vortex filament families (with possibly infinite length) in dimension 3.

Another striking difference between the global bound and is the following. In dimen-
siond = 3, implies that after some finite time, the vorticity vanishes, that is ZL cRYx[0,T]
for some T depending on M, (see [I8, Proposition 3]). This is now longer the case under (H,(f)),
which we believe is a more physically accurate phenomenon.

The assumption that ug IS L°°(Rd) seems technical (because it comes without bounds in term of &),
but uneasy to get rid of: the main reason being the lack of a suitable local well posedness in the
space of functions with locally finite energy (in particular, lack of uniqueness of the solution): we
refer to the works by Ginibre and Velo [[17] and [[18]] (besides [[15]], on which we rely, in the L°°
setting). In the same spirit, the growth condition on f seems almost optimal, as it is required for the
monotonicity formula — which we use heavily — to make sense.

These results are an extension of the works of Bethuel, Orlandi and Smets [8] 9], and the proofs are
strongly inspired by these: Theorems|[1.1]and [1.2| by Theorems A and B in [[§] and Theorem [1.3|by
Theorem 3.1 in [[9]]. Our main contribution will be to systematically improve their estimates, in order
to solve the new problems raised by our dealing with infinite energy solutions of (PGL,); especially
to make sense of a monotonicity property, which is at the heart of the proofs in 8} [9]. We will also
need to derive pointwise estimates on u, and L? space time estimates on &,u,: in the finite energy
setting, it appears as the flux of the energy, but this is no longer the case in our context. A leitmotiv
of this paper is that, although many of the bounds in [[8 9] are global in time and/or space, their
arguments are in fact local in nature, and so can be adapted under the hypothesis (H;(f)).

In the proofs, we will focus on the differences brought by our change of context, and only sketch the
arguments when they are similar to that of 8}, [9]].

A natural question is now to concentrate on dimension d = 2 and to study the dynamics of vortices in
the accelerated time frame, as it is done in [[9}, (10} [TT]]. We believe that the arguments in these works
could be extended under the hypothesis (H,(f)). However one has to make a meaningful sense of
the limiting equation, (a pseudo gradient flow of the Kirchoff-Onsager functional involved), as it is
not obviously well posed for a countable infinite number of points. We leave these perspectives to
subsequent research.

1.3. Organization of the proofs and notations. This paper is organized as follows. In Section 2,
we study and prove our main PDE tool, namely the clearing-out (stated in Theorem[2.T)). In
Section 3, we define the limiting measure and the vorticity set %,: we prove in particular regularity
properties of Z}L and complete the proof of Theorem In Section 4, we show Theorem that
is, the singular part v. follows the mean curvature flow in Brakke’s weak formulation. Finally, in
Section 5, we consider the dimension d = 2 and prove Theorem|(1.3

In the inequalities, the implicit constants C can change from line to line and, unless stated other-
wise, can depend on the space dimension d and on the function f (given in (1.4)), while the other
dependencies will be specified: for example C(R) (where R > 0 is a real number) can stand short for
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a bound of the type (1 +R)%f(2R). The functions C will always be continuous, and non decreasing
in their arguments valued in [0, +00).

1.4. Acknowledgements. D.C. would like to thank Fabrice Bethuel for introducing her to this prob-
lem, and his constant support and encouragement. The authors are thankful to the anonymous
referee for his remarks and comments, which led to an improvement of the results.

2. PDE ANALYSIS OF (PGL,)

2.1. Statement of the main results on (PGL.). In this section, we work on (PGL.]), that is with
smooth solutions u,, where the parameter ¢, although small, is strictly positive. We derive a number
of properties on u,, which enter directly in the proof of the clearing-out Theorem at the limit
¢ — 0. Heuristically, the clearing-out means that if there is not enough energy in some region of
space, then at a later time, vortices can not be created in that region.
Let us first state the main results which will be proved in this section.

2.1.1. Clearing-out and annihilation for vorticity. The two main ingredients in the proof of Theorem
[3.14] are a clearing-out theorem for vorticity (at € > 0), as well as some precise pointwise energy
bounds. Throughout this section, we suppose that 0 < ¢ < 1. We define the vorticity set ¥, as

Y, = {(x, t) € RY x (0,400) : |u,(x,t)| < %}

Here is the precise statement.

Theorem 2.1. Let 0 < ¢ < 1/2, u® € L°°(R%) and u, be the associated solution of (PGL]). Let o >0
be given. There exists n; = 1n1(0) > 0 depending only on the dimension d and on o such that if

|x[?

(2.1) / e.(u2)(x)exp (——) dx <m,|lng|,
Rd 4

then
lu.(0,1)|=1—o.

Notice that we only assume that ug € L*°(R?), whereas in [8, Theorem 1] the assumption was

E.(u,) < 4+00; of course this latter bound will not be available for Theorem Observe that L™
prevents us to use a density argument, and even more so as we are interested in non zero degree
initial data. Also, the assumption is not enough by itself to ensure existence and uniqueness of
the solution to (PGL.), but L*° is suitable (see [15]]).

Nonetheless the proof follows closely that of [|8, Part I], and we will only emphasize the differences.

The proof of Theorem [2.1| requires a number of tools, in particular

o the monotonicity formula, first derived by Struwe [|36]] in the case of the heat-flow for har-
monic maps

o alocalizing property for the energy inspired by Lin and Riviere [27]]

e refined Jacobian estimates due to Jerrard and Soner [|23]]

e techniques first developed for the stationary equation (for example [[4, [5] [6]]).

Equation (PGL,) has standard scaling properties. If u, is a solution to (PGL,), then for R > 0 the
function (x, t) — u,(Rx,R?t) is a solution to (PGL)x-1,, to which we may then apply Theorem |2.1
As an immediate consequence of Theorem [2.1] and scaling, we have the following result.

Proposition 2.2. Let T >0, x; € RY, and set z; = (x5, T). Let ug € L*°(R?) and u, be the associated
solution of (PGL.]). Let R > +/2¢. Assume moreover

1 lx — x7|?

Ri=2 /d e.(u.)(x, T)exp (—T)dx <n1(0)lIne,
R
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then
lu,(x7, T+R?)|>1—0.

The condition in Proposition involves an integral on the whole space RY. In some situations,
it will be convenient to integrate on finite domains. Here is how one should localize in space the
conditions.

Proposition 2.3. Let u, be a solution of (PGL]) satisfying the initial data (H,(f)). Let o > 0 be
given. Let T > 0, x; € R, and R € [v/2¢,1]. There exists a positive continuous function A defined on
R? x (0, +00) such that if

L e.(u)(x, T)dx < _7)1(0')’

f(xr, T,R) 1= ————
! RI2|Ine| JB(x, AGer, TR) 2

then
R
lu(x,t)|21—0 forte[T+T,,T+T;]and x EB(XT,E),

where T, = max (25, (nfg);))ﬁRz) (T, = 2¢ in dimension d = 2), and T; = R>.

Furthermore, A = 1 and for all x € R, t — A(x,t) is non increasing on (0,1], non decreasing on
[1,+00), and there exist a constant C = C(o) such that

(2.2) YT €(0,1/2], %\/IlnTl +1nf(2]x0]) < Alxo, T) < C4/|InT| +1n £ (2|x, ).

Remark 2.4. Recall that in dimension d = 3, a bound on the initial energy on the whole space (1.2)
implies that in finite time, the vorticity vanishes (i.e ZL c RY x [0,T]). It is an easy consequence

of the monotonicity formula combined with Theorem (Eye(x,2t, vt) = 0 uniformly in x, see
for definition).

In the case of a local bound on the energy (H (f)), this result does not persist, because the monotonity
formula does not imply the vanishing of E,, . for large times. This is one striking difference with the
finite energy case.

2.1.2. Improved pointwise energy bounds. The following result reminds of a result of Chen and Struwe
[[14] developped in the context of the heat flow for harmonic maps.

Theorem 2.5. Let u, be a solution of (PGL]) whose initial data satisfies (Hy(f)). Let B(x,,R) be a ball
inRY and T > 0, AT > 0 be given. Consider the cylinder

A =B(x,R) x [T, T+ AT].

There exist two constants 0 < 0 < % and 3 > 0 depending only on d such that the following holds.
Assume that
lu| = 1—0 on A.
Then
23) ()00 < CA) [ efu),
A
R AT
forany (x,t) € A1 =B xo, > x [T+ = T + AT]. Moreover,
e(u)=|Ve|*+x, inAy,

where the functions ®, and k, are defined on Ay, and verify

0o,

at
2.4 [Kellpeoa,y < CA)EP,  [IV@, Il oo(n, ) < C(A)|Inel.

2 2

—A®, =0 inAy,
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On A one can write u, = p,e'¥c where y, is smooth (and p, = |u,|), and we have the bound
(2.5) Ve = Veclleon, ) < C(A)eP.
2
Combining Proposition [2.3]and Theorem 2.5 we obtain the following immediate consequence.

Proposition 2.6. Let u, be a solution of (PGL,) whose initial data satisfies (H,(f)). There exist an
absolute constant 1, > 0 and a positive function A defined on R? x (0, +00) such that, if for x e R¢, t >

O and r € [v2¢,1], we have
[ e <t
B(x,A(x,t)r)

es(ue) = |V<I>€|2 + K,
in Ay(x,t,r) :=B(x,5) x [t + 212, t +r2], where &, and k., are as in Theorem
In particular,

then

_ e(u,)

= <C(t,r) onAi(x,t,r).
[Ine| 4

£
(The constant 1), is actually defined as 1, = 1,(0) where o is the constant in Theorem [2.5|and 7,
is the function defined in Proposition [2.3)).

2.1.3. Identifying the sources of non compactness. We identified in the previous arguments a possible
source of non compactness, due to oscillations in the phase. But this analysis was carried out on the
complement of the vorticity set. Now u, is likely to vanish on ¥,, which leads to a new contribution
to the energy: however, this new contribution does not correspond to a source of non compactness,
as it is stated in the following theorem.

Theorem 2.7. Let u, be a solution of whose initial data satisfies (H;(f)). Let K € RYx (0, +00)
be any compact set. There exist a real-valued function ®, and a complex-valued function w,, both defined
on a neighborhood of K, such that

(1) u, =w,exp(i®,) on K,

(2) @, verifies the heat equation on K,

3) VP, (x,t)| < C(K)yIng| for all (x,t) €K,

d+1
@ 9wl < C(p,K), for any 1< p < ——.

Here, C(K) and C(p,K) are constants depending only on K, and p, K respectively.
The proof relies on the refined Jacobian estimates of [21]].
We stress out the fact that Theorem provides an exact splitting of the energy in two different

modes, that is the topological mode (the energy related to w,), and the linear mode (the energy of
®,): in some sense, the lack of compactness is completely locked in &,.

The remainder of this section is to provide proofs for the results described above, which will be done
in section[2.4} we need some preliminary considerations before.

2.2. Pointwise estimates. In this section, we provide pointwise parabolic estimates for u, solution
of (PGL,)), which rely ultimately on a supersolution argument, i.e a variant of the maximum principle.

Proposition 2.8. Let u? € L% (R?) and u, be the associated solution of (PGL.J). Then for all t > 0,

u,(t), Vu,(t) and 3,u,(t) belong to L°°(R?). More precisely, there exists a (universal) constant K, > 0
such that for all t > €% and x € RY,

K K
(2-6) |u5(X’ t)l < 29 |vue(x1 t)l < _09 |atue(xa t)| < _g
€ €
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Also, for all t > 0 and x € RY,

1
@7 lule Ol < max(@ e, Vi (o 0l <C (ﬁ n ﬁ)max(l, 10l )°.

Remark 2.9. We emphasize that, past the time layer t = €2, |lu,(t)||; is bounded independently of

0
Lls.

Proof. We make a change of variable, setting
v(x,t) =u.(ex, e2t),
so that the function v satisfies
(2.8) dv—Av=v(1—|v]*) onR?¢x[0,+00).
We have to prove that, for t > 1 and x € R¢,
|V(X, t)| <2’ |VV(X, t)| <I<0: |atv(x5 t)| <I<0:
and that for t > 0 and x € RY, |v(x, t) < max(llugllLoo, 1).
Recall that v € 6,((0, +00), L°°(R%)), and that limsup,_,q: ||[v(t)|| e < ||ug||Loo (see [[15]]). We begin
with the L estimates for v. Set
o(x,t)=|v(x,t)>—1.
Multiplying equation (2.8) by U, we are led to the equation for o,

(2.9) 3,0 —Ac +2|Vv|*+20(1+0)=0.
Consider next the EDO
(2.10) Y () +2y(0)(y(®)+1) =0,
and notice that (2.10) admits the explicit solution defined for t > 0 by
exp(—(t —t0)/2) . 1
(2.11) ¥, (t) = , with tp=2In[{1—-—— |,
O 1—exp(—(t—t)/2) ° max(1, [[ud]l )

so that y, (0) = max(1, |[u%||,«)*>— 1 and as consequence

sup o(x,0) <y, (0).

x€Rd

We claim that

(2.12) Ve>0, VxR, o(x,t) <y, (b).
Indeed, set 5(x,t) = y,(t). Then

(2.13) 8,6 —AG +26(1+6)=0,

and therefore by (2.9),

(2.19) 0(6—0)—A(G—0)+2(6—0)1+G6+0)=0.

Note that 1 + & + o = |v|>+ & = 0 and 6(0) —o(0) > 0. The maximum principle implies that
Vt>0, VxeRY, &(x,t)—o(x,t)=0,

which proves the claim (2.12]). Then observe that t, < 0 and that y, is decreasing on (0, +00), so
that
Vt>0, VxeRY, o(t,x) < Ye, (8) < yo(8).

Observe that the first bound give |v(x, t)| < max(1, ||u2||Loo) for all t > 0 and x € RY, i.e the first part

of (2.7). Also for t > 1 and x € RY, |v(x, t)| < /14 y,(1) < 2.

We next turn to the space and time derivatives. The Duhamel formula yields

V,v(x, £) = (VG() + ug(e))(x) +/0 ((V4G)(t —3)  (V(s)(1 = v(s)I))) (x)ds.
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Recall that |V,.G(t)||;: < C/+/t. Also, due to (2.7), for some C > 0 independent of x, t and ¢, there
hold

Ve=0, [v(O=W(OP)Ile < Cmax(l, flugll-)°.

Hence

IV v(Ollzee < NVGONpalulll oo +/0 IVG(t =)l V()X = V)Pl ds

< 10l + € max(1, 11 )P / ds
SV B N

1
<C \/?+—)max 1, |21 )%,
( = Jmax(t, 1ul)

which is the second part of [2.7)). We now focus on (2.6). Since |v(x,t)] < v/1+y,(1/2)fort = 1/2,
there exists K; 2 1 (independent of ¢) such that

1
(2.15) Yt = > VxeRY,  |vix, O + |v(x, t) < K.

Let t = 1. Now, differentiating in space the Duhamel formula between times t —1/2 > 1/2 and t
gives

vv(t) =(VG)(1/2)xv(t—1/2)+ /tl/Z(VG)(t — )% (v(s)(1 = |v(s)|®)ds,

1

where G(x,t) = )iz e~/ is the heat kernel. . Also, as t —1/2 = 1/2, there holds ||v(t —
T

1/2)|| 0 <2 and (2.15) for all s € [t —1/2,t]: hence

IVv(OllLee <IVGA/2)IlIv(E—1/2)ll1

+/ IVG(t =)l Iv(s)A = [v(s)*)dsll oo ds
0

C t ds
< —2+CK / < CK;.
V2 ! t—=1/2 Vt—S !

Similarly, we can differentiate the Duhamel formula twice:
t
V2v(t) = (V2G)(1/2) xv(t —1/2) + / (VG)(t —3)* V((v(s)(1 = |v(s)*))ds,
t—1/2

Using that |[V(v(s, x)(1—|v(s, x)|?)| < CK;|Vv(s, x)| and ||[V2G(t)|| < C/t, we can differentiate once
IV29(O)lle < NIV2GA/2)II lIv(E—=1/2)ll e

t
+/ / IVG(t =) IV ()1 = [v(s)*))ds || ds
t—1/2
¢ CK
<c«/§+/ L_ds < CK;.
t—=1/2 Vt—S

Finally,
10,v] = |Av +v(1—|v|?)| < |V?v| +K; < CK;. O
We have the following variant of Proposition [2.8
Proposition 2.10. Let ug € L°°(R%) and u, be the associated solution of (PGL]). Assume that for some
constants Cy = 1, C; =2 0and C, 2 0,
G

C
VxeRY 1< G Vi) < 2, VR0 < 2.
€ £
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Then for any t > 0 and x € RY, we have

|ll£(x, t)l < CO: |vu£(x) t)l <

o |0

Cc
> |atu€(x’ t)l < R

&2
where C depends only on Cy, C; and C,.

Proposition provides an upper bound for |u,|. The next lemma provides a local lower bound
on |u,|, when we know it is away from zero on some region. Since we have to deal with parabolic
problems, it is natural to consider parabolic cylinders of the type

(2.16) Ay(x0, T,R,AT) = B(xo,aR) X [T + (1 — a®)AT, T + AT].

Sometimes, it will be convenient to choose AT = R and write A,(x,, T,R). Finally if there is no
ambiguity, we will simply write A,, and even A if a = 1.

Lemma 2.11 ([8]). Let u, be asolution of (PGL,) whose initial data satisfies (H;(f)). Let x, € R%, R >
0, T = 0 and AT > 0 be given. Assume that

1
lu,| = 5 on A(xy, T,R, AT),
then

1—u,| < C(a, Ne? (V¢llpooqny +Inel)  on Ag,
where ¢, is defined on A, up to a multiple of 27, by u, = |u,|exp(i¢,).

Proof. We refer to [8, Lemma 1.1, p. 52]. O

2.3. The monotonicity formula and some consequences. In this section, we provide various tools
which will be required in the proof of Theorem|2.1

2.3.1. The monotonicity formula. For (x,,t,) € R? x [0,+00) we set

2, = (X*, t*)'

For t, > 0 and 0 < R < /T, we defined the weighted energy, scaled and time shifted, by

_ 2
(2.17) Ew,g(ugyz*,R) :EW(Z*,R) = eg(ug)(x; t*—RZ)eXp (_|X x*| )dx-

Ri=2 Jg 4R2
(We may drop the ¢ or the u, when there is no ambiguity). We stress out that in the integral defining
E,,, we introduced a time shift 5§¢ = —R2. Also it will be convenient to use the multiplier

1

_— — _ 2
4|t—t*|[(x x,).Vu, (x, ) + 2(t — t,)3,u,(x, )]

(2.18) 2(u,,2,)(x, t) =

The following monotonicity formula was first derived and used by Struwe [I36] in his study of the
heat flow for harmonic maps.

Proposition 2.12. Let u, be a solution of (PGL,]) whose initial data satisfies (H;(f)). We have, for
o<r<,/t,

dE 1 1 |x —x,?
d_év(z*,f”) =T o o2 ((x —x,) - Vu(x, t, —r*) —2r?3,u,(x, t, — r*))? exp (_—4r2 dx
(2.19) + L 2V, (w,)(x, t, —r?)ex —M dx
* rd_l ]Rd € € Eg 3 p 4r2
_ (4m)?/2

/ 2t —t, |2z )(x, t)G(x —x,, t —t,)dx5, _2(t)
r Rd+1 *

+ (4m)4/?r /R 2V, (u)(x, )G(x —x,, t — t,)dx5, _.2(t),
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where G(x, t) denotes the heat kernel

2
— exp (—ﬁ) fort>0,
(2.20) G(t,x) =1 (4mt)2 4t
0 for t <0.
In particular;
dE
(2.21) d—};”(z*, r)=0.

As a consequence, R — E, (2,,R) can be extended to a non-decreasing, continuous function of R on
[0, /T, ], with E, (2*,0) = 0.

2
Proof For 0 <R < ,/T,, the map (R, x) — e.(u,)(x,t,—R?*)exp (—M) is smooth (due to par-

4R2

abolic regularization), and satisfies domination bounds due to (2.6)-(2.7) and the gaussian weight.
Therefore R — E,(z,,R) is smooth on (0, ,/t,) and we can perform the same computations as in
Proposition 2.1 in [[8]]; integrations by parts are allowed for the same reasons. This proves formula
(2:19), and the monotonicity property follows immediately. It remains to study the continuity at the
endpoints.

For the limit R — 0, the bounds show that |e, (u,)(x, t,—R*)| < C(t,, [|u?|| ) /€* uniformly for
R < t,/2, so that in that range

1 lx —x,|?
_p2 _p2y_—_ M Tl
E,(s..R) =R / eo(ue)(x, £, —R?) exp( IR2 )dx

<R*(4m)*2C(t,, W) ,)/e* > 0 asR— 0.

For the limit R — /T, let us recall that for any p < 400, u,(:,t) = ug strongly in Lﬁc(Rd) (see [[15]
Theorem 2]), and as |u,(x, t)| < max(llugllLoo, 1), we infer that

— 2 _ 9
/V(ug)(x’t*_Rz)eXP(_bcé‘T);*')dxe/V(ug)(X)eXP(——bc 4tx*| )dx.

For the derivative term, we use the Duhamel formula:
t
Vu () = G(£) x Vul + / VG(t—s)* (uo(1—|u [*)(s)ds = G(t) * Vul + D(x, t).
0
The Duhamel term D(x, t) is harmless, indeed

t
ID(x, 0)] < /0 IVG(t =)l e (1 = g |*) | oo ds

b ds
< Cmax(1, |[u® oo?’/ < Cmax(1, |[t0]] ) VE.
(1, llugll o) T (1, [lugll o)
Therefore .
|D(x, t*—RZ)IZeXp(—lx;R;C l)deC(t*—Rz)HO asR— +/t,.

The linear term requires to recall Claim 13 of [[15]. Due to assumption , for any a > 0,
vio e L2(e"**dx). Indeed, As f has mild growth, using with R = v/2/a, we see that,
flx) < C(\/Z/_a)e“"z/z; denoting Q, the cube of size 1 centered at k € Z¢, it can be covered by at
most C(d) balls of radius and center in Q, so that

/|Vu2(x)lze_“|x‘2dx = Z/ IVuglze_“‘x|2dx < Z e_“(lkl_l)z/ |Vul(x)[*dx
Qx Qx

kezd kezd

< Z e @kP+2akic(q)f (k| + 1)|Ine| < C(a,d)|Ine].

kezd
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Invoking [[15, Claim 13], we infer from Vug € Lz(e_“lxlzdx) that for f§ > 2a,
||ThVuf_:J - VUSHLz(e—ﬁlx\zdx) —0 ash—0
(where 7,¢(x) = ¢ (x —h)), and satisfies
T, Vul — VuSIILz(efmx‘z a0 S CeCPIN?
As a consequence, we can apply Lebesgue’s dominated convergence theorem and conclude that
1G(t) % Vu = Vul |l 2 przgey = O ast — 0.

Choose  =1/(8t,) and a = 1/(17t,). Then it follows, using Cauchy-Schwarz inequality, that

2 2
‘/(G(t*_Rz)*v”g)(")ﬁexp(—%)—/IVug(x)Izexp(——lx 4::*' )dx

< / |G(t, —R*) % Vul)(x) — Vul(x)|

2 0 0 |)('—X*|2
x (|G(t, —R*)* Vu,)(x) + Vi, (x)|) exp ——m dx

_ 2 _ 2
i o252 en{ 25 e

< [IG(t, _RZ) * Vu?)(X) - VUS(X)HLZ(e—ﬁ\x\ZdX)
% [1G(t, —R?) % Vu0)(x) + Vul ()|l 2ot gy +0(1)
—0 asR— /t,.

(The o(1) on the second last line comes from Vug € Lz(e_ﬁ"('zdx) and Lebesgue’s dominated conver-
gence theorem.) Hence, summing up, we proved thatR — E, (z,,R) is (left-)continuous atR = t,. [

We will often use the monotonicity formula for t, = t + R?/4, and between R, = R and R; = t +R?,
which yield the following inequality

lx—yl? R 0 Ix =yl
(2.22) /eg(ug)(y, t)exp (— R2 dy < m/%(us)(}’)exp TR dy.
2.3.2. Bounds on the energy.

Lemma 2.13. Let (V,).c(0,1/2) be a family of functions satisfying (H;(f)), then for any R > 0,

Ix —yI?
RZ

Ve €(0,1/2), Yx € RY, /eg(vg)(y)exp (— )dy < CR)f(2]x])|Inel.

Reciprocally, if (W,)ee(0,1/2) 1 a family of functions such that there exist R > 0 and a function f with
mild growth such that

12
Ve €(0,1/2), Vx € RY, /eg(wg)(y)exp (_chﬂ) dy < f(|x]|Ine],

then (w,),~¢ satisfies H;(g) where g(x) = C(1/R)f (x + 1) has mild growth.

Proof. We consider the case R = 1 (the case R < 1 is dealt with R = 1). For k in 74 denote Qy the
cube in R, of length R and centered at x + Rk € R?. Then

Vy€Qi, I|x—y|=Rkl—Rvd and |y|<|x|+RIk|+1.
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Also there exists a constant C(d) such that any cube Q, is covered by C(d)R? balls of radius 1.

Therefore,
o _ 2
[etome Fay< 3 e (—M) | enay

kezd R
< C(d)RYIne| Y e =YD (x| + RIK| + 1)
kezd

< C(d,R)C(2R)|Inelf (2lx]) D | e (K= galkh1y
kezd

< CR)|Inelf (2[x]).
(We used (1.4) with parameter 2R on the 3rd line). This is the first result claimed. For the second,

we clearly have
lx—yI? 1
[ ewormens (— aysL [ cwamay.
R e JB(x,R)

This means that the energy on B(x,R) is at most ef (|x|)|Ing|. If R = 1, then this is enough and we

get the result with g(x) = ef (x). If R < 1, then B(y, 1) can be covered by at most C(d)/R? balls of
radius R and with center at distance at most |y|+ 1 from 0, so that for all y € RY,

c(d)
/ ety < e

f (x| +1)|Inegl. O

The first consequence of the monotonicity formula is that (H;) is a condition which propagates in
time in the following way.

Proposition 2.14. Let u, be a solution of (PGL.) whose the initial data satisfies (H,(f)). Then for any
T >0, (x,t) > u.(x, T +t) is still a solution of (PGL,]), whose initial condition satisfies H,(gy) where
gr(x) = C(T)f (2x). More precisely there holds

(2.23) Ye,t,R>0, Yx € RY, / e.(u )y, t)dy < C(t,R)f (2]x])|Ineg|.
B(x,R)
s . R? R R2
Proof. We apply the monotonicity formula at the point | x, t + ) between 2 and \|t + e we get

2 d—2 |x—y|2 zd—Z |x—y|2
= t - |dy < —— 0 ——— |dy.
(R) /Rdeg(us)(y, )eXP( 2 Y RS Rdeg(us)eXP rrrea )Y

Hence, due to Lemma[2.13]

Ix —y?
e(u)(y,t)dy <e [ e, (u)(y,t)exp|— dy
B(x,R) Rd R2

d—2

R2 2
< (4t+R2) C(d,t +R*/4)f (2|x)|Ing| < C(t,R)f (2|x)|Ing|. O

As an immediate consequence, we infer an upper bound on the energy on compact sets. The bound
(2.24) below will be very useful in order to prove Theorem in the same way as in [8]].

Corollary 2.15. Let u, be a solution of (PGL,) satisfying the initial data (H,(f)). Then for any compact
K c RY x [0,+00), we have

(2.24) / e.(u)(x,t)dxdt < C(K)|Ineg|.
K
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Proof Being compact, K is bounded and we can assume that for some large T > 0, K C B(0, v'T) x
[0, T]. Therefore,

/ee(us)(x, t)dxdt</ e (u.)(x, t)dxdt
K B(0,V/T)x[0,T]

T
< / C(d,vT)|lne|ldt < C(T)|Ine|.
0

Whence (2.24). O

2.3.3. Space-time estimates. One crucial lack in relaxing (1.2]) to m is that the energy no longer
provides a bound on ||3,u,||;2, < E,(u,). To remedy this, we make use of the = multiplier.

Lemma 2.16. Let u, be a solution of (PGL,) whose initial data satisfies (H,(f)).
For any z, = (x,,t,) € RY x [0,+00), the following equality holds, for R, = ,/T,.

(2.25) / (V. (u,) +E(u,,2.))(x, t) G(x —x,, t —t,) dxdt
Rdx[0,t,]

1 _ 2
———— [ a0 (—M) dx = E,(3,R),
(4m)d/2¢.2 JRIx(0} 4t,

where Z is defined in (2.18).
Proof. Integrating equality (2.19) from O to R, (recall that E, (z*,0) = 0), we obtain

R,
(2.26) (4m)?%E (2,,R,) = / 2rdr / V. (u(x, t))G(x —x,,t —t,) dx
0 RAx{t,—r2}
R, 1 2
+/ 2rdr / —[(x—x*)-Vug—Zrzatu] G(x—x,,t—t,) dx.
0 Rdx{t,—r2} 47‘2

Expressing the integral on the right-hand side of (2.26) in the variable t = t, — r® (so that dt =
—2rdr) yields

0
(4m)*?E, (2,,R,) = — / dt / V.(u(x, ))G(x —x,,t —t,) dx
t, Rdx{t}

0

1

—/ 2rdr/ ((x —x,).Vu—2r?6,u)®*G(x — x,, t —t,) dx. O
t, Rdx{t} 4|t_ t*l

Proposition 2.17. Let u, be a solution of (PGLJ]) whose initial data satisfies (H,(f)).
For any compact K € R¢ x [0, +00), there exist a constant C(K) such that

(2.27) / |8,u,(x, t)]*dxdt < C(K)|Ine].
K

Proof. It suffices to prove the bound on the compacts K; = B(0,+/T) x [0,T] for all T > 1. Let
t, = 2T and x, = 0, then for (x,t) € B(0,/T) x [0, T], we have t —t, > T > |x — x,|? so that

1 | — x,|? e /4
Gx—x,t—t)> —— — >
(r=x,t=t) (4n(t—r*))d/zeXP( 4(t—t*)2) (4nT)irz2

and
1

1
du,(x, )P« ————
8, e, OF € 5

(2(t —t,)8,u.(x, 1))

2
t—t,

< =E(u,,2,)0x, t) + ((x —x,).Vu,(x, t))?

< ZE(u,, 2,)(x, £) + | Vu (x, 0.
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Therefore, using V,(u,) = 0, (2.25) and (2.24)), we get

T
/ / 18,1, (x,t)|*dxdt < C(T) E(ug,2,)(x, )G(x —x,, t —t,)dxdt
0 JB(0,¥T) Rix[0,t,]

+/ |Vu, (x, t)>dxdt
B(0,y/T,)x[0,t,]

< C(T) (Vs(ue) + E(umz*))(x: t)G(X — X, t— t*)dth
RIx[0,t,]

+/ e.(u.)(x, t)dxdt
B(0,y/T,)x[0,t,]

< C(T)E, (2., /t,)+C(t)|Ing| < C(T)|Ine|. O

2.3.4. Localizing the energy. In some of the proofs of the main results, it will be convenient to work
on bounded domains for fixed time slices. But since the integral in the definition of E,, is computed
on the whole space, we will have to use two kinds of localization methods.

The first one results from the monotonicity formula.

Proposition 2.18. Let u, be a solution of (PGL,) whose initial data satisfies (H(f ).
Let T > 0 x; € R? and r, A > 0. There holds

228 = [ etuix Mexp X5 ) ax < L e.(u)(x, T)dx
’ rd=2 Jpa P 4r2 T2 Jyan o
C(T+r%) A
e XP(—— fQ2lxzDlInel.
(T+r2)= 8
Proof. We split the integral between B(xy, Ar) and its complement. Now for x such that [x—x| = Ar,
we have
|x —x;? A? |x —xg?
exp (—T < exp —E exp —T .
Therefore

2
/eg(ue)(x,T)exp(—M)dx
Rd 4r2

—22/8 |x —XT|2
< e.(u)(x, T)dx +e e.(u)(x, T)exp| ————— |dx.
B(xy,Ar) Rd

8r2

Now, we apply the monotonicity formula to the second integral term of the right hand side, at the
point (xy, T + 2r?), and between +/2r and VT + 2r2. We get

1 |x — x7|?
= [ e (u)(x, T)exp (_T dx
1 | — x7|?
— 0 —— |4
(T+2r2)% R ee(ug)(x)exp( 4(T+2r2)) X
C(T +2r?
< IRk lne
r 2
and the conclusion follows. O

The second localization method, inspired by Lin and Riviere [27]] is based on a Pohozaev type in-
equality.
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Proposition 2.19 (|8, Proposition 2.4]). Let u, be a solution of (PGL,) whose initial data satisfies
(H,(F)), and E as in @2-18).

Let 0 < t < T. The following inequality holds, for any x; € R%:
|X_XT|2 |X_XT|2
t)———— ——|d
\/Rd e&‘(us)(x: )4(T _ t) eXp 4(T _ t) X
d |X_XT|2
< = t ——|d
3 [ e )exp( o )&

— 2
+/ (Vo(u,) + 32(u,, z1)) exp(_M) dx
R4 —

Asa consequence,

|X_XT|2) / ( |X_XT|Z)
e.(u,.)ex —_—— dx< e.(U,.)ex —_—— dx
/]Rdx{t} e(te) p( 4T —t) BCep,rp)x{T} () exp 4(T —t)

2

_ 2
+2 / (V.(u) + 35w, 27)) exp(—w)dx
d Jrix{t) -

where ry = 24/d(T —t).

2.4. End of the proof of clearing-out. In this paragraph, we complete the proofs of Theorems|[2.1]
and

Outline of the proof of Theorem The proof follows word for word that of Theorem 1 in [|8, Sec-
tions 3, p. 67-99]. Indeed, either calculations are made on bounded domains K x [Ty, T; ] (Where K
is a compact of R and T; > T, > 0), on which we have the same kind of bounds

o forthe energy: foranyt € [Ty, T |: / le.(u )|(x, t)dx < C(K, T;)|In €| (obtained in (2.23)),
K

e for the kinetic energy, in L?(dxdt): / |0,u,|(x,t)dx < C(K,T)|Ilne| (obtained in
]

Kx[0,Ty
@27
e pointwise: |u,|+ &|Vu,| + &2|0,u,|(x, t) < C for (x,t) € K x [¢2, T;] (obtained in and
useful as soon as ¢ is so small that T; > £2),

2
or we multiply the energy by a weight of the form exp (—ﬁ), for which we have the monotonicity

R2
formula and bounds (2.28).

For the convenience of the reader, we remind the main steps of the argument. We therefore consider
a family of solutions (u,), to (PGL,) such that for all £ € (0, %), ue L*°(R?) and

E,.((0,1),1) < nl|lne¢l,
where 1 > 0 is a small constant to be determined at the end of the proof.
Letr, =1—4/ %s and t, = 1—r€2 > 0. As |8,u,| < K/e? (in view of (2.6)),
K o
(2.29) 11— Ju (0, DI < 1 —[u (0, )] + 8—2(1 —t,)<|1—u.(0,t)| + 7

Now, as |V, u,| < K/e (again (2.6)), one easily deduces (see [5, Lemma 3.3 p.458]) that

fe
(230) |1—|u£(0, te)” < C(ld/ (1—'1,[8()(', ts)l)zdx) .
€% JB(0,e)
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This bound can be related to the weighted energy as follows:

|x?
T2

(2.31) id / (1—Jug(x, t,))*dx < % Vﬁ(ue)(x,te)exp( )dx <E,.((0,1),r,).
& ré—

B(0,¢) © B0s)
Let 6 € (0,1/2) to be fixed at the end of the proof. By considering the variations of the weighted
energy on time intervals of the form [1—6%¢,1—6%**D] for 0 < k < |In¢|/4 (so that 1—5% < 1—r£2
and E, .((0,1),r.) < E,.((0,1), &%) by monotonicity), at least one of these intervals (say for k)
shows a decay less than 87|In | (we gained a |In ¢| factor). One can actually perform a time shift
and rescaling (as k < |ln¢|/4), so that we can furthermore assume k, = 0:

(2.32) E,.((0,1),1)—E,.((0,1),5) < 8n|In5|, E,,((0,1),r,) <E,,.((0,1),1).
Gathering (2:29), 2:30), and (2:31)),
11— |u (0, DI < % +CE,,.((0,1),1)7=.

&€

The crux of the argument is therefore to bound E,, .((0, 1), 1) solely in terms of 7 and more precisely,
(2.33) E,,.((0,1),1) < C(8) /7.
To prove (2.33), the starting point is the observation that

lue P Vu, ? = |u, A Vgl + ug PV,
(which can be derived easily writing u, = |u,|e'%*). As |Vu,| < C/e from (2.6),

(= e P)IVu P < S IVu >+ CVw)
and we get the pointwise bound

e.(u,) < 2w, *|V|u||? + CV,(u,) + |u, A Vu,|*.

It is not so hard to obtain improved bounds on |u,| and its derivative. Indeed, write the parabolic
equation for 1 — |u,|?: using (2.25) (in particular to treat the d,u, terms) and an averaging in time
argument, one can infer that the set of times t such that

/B(O 5 (|V|u5||2 + Vg(us)) (x,t)dx < C(5)‘/ﬁ(EW((0, 1),1)+1)

is of large relative measure in [1—452,1— §2] (for some explicit C(5)).
It follows that the crucial term to estimate is u, A Vu,. For this term, one has the following Hodge-de
Rham decomposition

u, AVu, =d¢(t)+d*yp(t)+&(t) on B(0,3/2) x {t}

where d is the exterior derivative on R? (d* is its adjoint).
It is constructed as follows: define the Jacobian Ju, := d(u, A du,), and let 1(t) be such that

—AyY(t) = yJu,
where y is a cut-off function on B(0, 2). Observe that d*d)(t) is closed on B(0,3/2) x {t}; invoking
the Poincaré lemma, there exists £(t) such that d&(t) = d*dy(t), d*E(t) = 0. Then ¢ (t) is obtained
by invoking once again the Poincaré lemma.
Direct elliptic estimates show that ||£(t)||;2(5(0,3/2)) < CIIVY ()l 12(8(0,2))-
Noticing that u, A J,u, = —d*(u, A du,), we have the elliptic equation for ¢ (t): for any small § > 0,
x x . x
(a+ 55 ) 0 =t A (555 - Tt =Bt ) = (@ 9(0) + E(0) - 555
One can obtain weighted elliptic estimates for the operator

—A+i——ex E V-|ex —E \Y
252~ TP\ 452 P\ %82
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and from there obtain the bound

/|V¢(t)|2exp( |45|2)dx < ¢8%E,((0,1),8) + C(8) (R(t) + R(DE,((0,1),5)),

where R(t) only involves £(t) (already bounded), =(u,) and V,(u,) (taken care of by (2.25)) and
P(t):

_ |x|*
R(t) = ( (ue, (0, 1))(x, ) + Ve (u,)) exp | — 252 dx

+/ I, OF + 1€, ©) )exp( bx 'Z)dx
B(0,3/2) 462

The remaining task is to estimate 1(t), which is the most involved. A first ingredient is a refined
estimate on the Jacobian due to Jerrard and Soner [23]]: there exist 3, C > 0 such that for any smooth
w and test function ¢,

/ Iw,@)dx| < S gl / e.(w)dx
R4 |1 Sl Supp ¢

(2.34) +CePllolyreo (1 +/ es(w)dx) (1 + 52%(Supp p)?).
Suppy

(Observe the | In¢| gain). A second ingredient is to compare 1 with the solution v to the analoguous
heat equation

9 — A(1) = 2 Ju,.
One can get bounds on ) by the use of the monotonicity formula on u,, and then relate to v by

treating o 1,5 as a perturbation. After an averaging in time argument one can choose a right time
slice t € [1—462,1— 2] such that, using the bounds from (2.25) and (2.27)),

|In(1—t)|

= |x |2
m/w(:.(uw(o,l))(x, t)+ V. (u.))(x, t)exp(—4(1 ))dx Ct—znlne,

(a bound suitable for ¢(t) and &(t)) and

/ V(0)2dx < C(8)e/°E, (0, 1), 5)
B(0,2)
xP?
+ C(6)(E,((0,1),6)+1) V(ug)(t)exp 152 dx.

Combining all the above (and the monotonicity formula), one can choose & > 0 small enough (in-
dependent of 1 or u,) so that

E,((0,1),6) < W((O 1, 1)+Cym.
Then using the first part of (2.32), this proves dl and the proof is complete. O

From Theorem Proposition [2.2] follows immediately. We now provide a proof of Proposition
which also is a consequence of Theorem

R
Proof of Proposition[2.3} Let x, be any given point in B (xT, 5) The crux of the argument is the

following claim.
Claim 2.20. We can find A(T) > 0 such that, for every /Ty <1 < 4/T7,

1 -
d—2 e.(u.)(x, T)exp (_g
r R

a2 )dx < 1q|lneg|,
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. ~_ M . . -
provided that 1} < > (recall that A enters in the definition of 7).

To prove the claim, we use (2.28). Let A >0 and /T, <r < 4/T; =R, we have

1 lx — xo? 1 /
— 20 ldx<s —
iz [, es(u,)(x, T)exp ( a2 dx = e (u)(x, T)dx
B(xg,Ar)
C(T +2r? A2
(2.35) (¥)exp(——)f(2|xol)llnel.
(T +2r2) 8

As r <1, it follows that
C(T +2r?) C(T)
(T+2r)2 1%
We first choose a function A, continuous such that for T > 0, A,(x,, T) = 1 is so large that

c(T 2( T) o
(2.36) T(“) exp( )f(ZI Xol) < m( )
Finally define
A(xo T) _ 1+ suptE[T,l], x€B(x,,1) 2}«0()(, t) ifT<1 5
’ 1+ supte[l’ﬂ’ x€B(x,,1) 27(,0()(', t) ifT>1

Recall that C(T) is bounded (by C(1/2)) for T € [0,1/2], so that all this can be done under the
additional hypothesis that for some constant C = C(o),

YT €(0,1/2], %\/IlnTI +1n £ (2]x0]) < Alxo, T) < C/|InT| +1In f(2]x,]).

Then the function A is positive, continuous and satisfies the conditions of Proposition
Furthermore, since x, belongs to B(x;,R/2) and r < R < 1, it follows that

B(xg, Ag(xq, T)r) € B(xy, A(x7, T)R).

Therefore,
1 / R\ 1
—_— e.(u)(x, T)dx < (—) / e.(u.)(x, T)dx
42 JpGeoao(TR) r) R g amr
_ d—2
R)d 2 ( R ) i
<| - Ing| < Inegl.
(7) me<( =) lme
2
. 2 a2 ~2_ 9 .
Choosing Tp = — 72 R*, we obtain
h
1
(2.37) iz e (u)(x, T)dx < %I Ineg|.

B(xq,20(T)R)

We finally combine (2.35)), (2.36) and (2.37), and the claim is proved. The conclusion then follows
from Proposition O

The proofs of both Theoremsandare now exactly the same as in [8]] (see sections 5.2 to 5.4)
since computations are made on compact domains 2 ¢ R? x (0,400), where the bounds (@:23),
and hold. As in the proof of Theorem[2.1] (and explained at its beginning), these are the
only bounds which are made use of, along with the monotonicity formula and the identity (2.25).
For the convenience of the reader, we remind a few elements of the proofs.
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Outline of the proof of Theorem[2.5] One writes u, = |u.|e’?, and starts with the equation for the
phase ¢,. As |u,| = 1/2, it is a uniformly parabolic equation. After performing a spatial cut-off in
order to get rid of boundary conditions on A, one splits ¢, = ¢, o + @, 1, Where ¢, , is a solution
to the linear heat equation (which turns out to be the desired phase ¢,) and ¢, ; is a solution to a
nonlinear equation with 0 initial data.

¢¢.0 admits improved bounds due to parabolic regularity

HV(‘DE,O”isz*(AsM) + ”v‘»Ds,OH%OO(ASM) < C(A)/Aeg(us)-

.1 is shown to be essentially a perturbation (via a fixed point argument), and so ¢, enjoys integra-
bility bounds in Lqu(A3/4) for some q > 2 (depending on d).
Plugging this information in the equation for |u,|, one infers that

(2.38) e.(u,) < %IVnps,Ol2 +x,, where / k., < C(A)e?%,

Azyy
for some a depending only on d.
A key ingredient is provided by a result by Chen and Struwe [[14]] where the bound is proved
under an extra assumption of small energy (see also [8] Proposition 5.1]). Together with and
a scaling argument, one can relax the small energy assumption, and prove (2.3)).
Finally, inserting in the equation for |u,|, Lemma[2.11]allows to improve the estimates to

VIl + Ve (u.) < C(A)e?,
and from there, obtain L°° bounds on ¢, ;: this yields the bounds (2.4) and (2.5), and completes
the proof of Theorem 2.5 O

Outline of the proof of Theorem[2.7] It suffices to prove the estimates on any cylinder of the form
A =B x[T,, T,] where B is a ball and T; > T, > 0. Up to increasing slightly the cylinder (and due
to (2.24)), one can assume that

(2.39) /eg(ug)dxdt+/ e.(u)do(x,t) < C(A)|lnel.
A aA

Denote now & and &* the (space time) exterior derivatives on R%*!. The main step is a Hodge-de
Rham type decomposition with estimates:

(2.40) u, ANou, =69+ 6"V + ¢,
where a key feature is to prove that in addition to the expected bound
IVeIlL2ea) + IVEl1200) < C(A)]Inel,

1
one also has that for any p € [1, 1+ E)’

(2.41) ||V‘I’||Lp(/\) <C(p,A), and ||§||Lp(/\) < C(p, Mve.

In other words, ® completely accounts for the lack of compactness.
The argument for (2.40) is as follows: one starts with the usual Hodge-de Rham decomposition on
d A (which is simply connected: here we use that (d + 1) —1 = 2) so that

uE A 6us = daA¢aA + d;A\I’aA.
Then on dA, —Az V5, = 2J,u,: the Jerrard and Soner estimate on the Jacobian (2.34)) gives the
1/|Ing| gain

ITa At llcoacany < C(A),

from where a similar gain is derived on ¥, ,.
Let ®, be the harmonic extension of ®;, on A: we gauge away by considering on A
—i®,

e T=Uge
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One now considers on A the Hodge-de Rham decomposition v, A 6v, = 6®; + 6™, so that
U, ANou, = 5, + 6"V + 58, + (1 — [u,|*)5%,.

Define ¢ := (1—|u,|*)5®,: it satisfies using the bound on the energy (2.39), and (|, , as well.
For ¥, one has again —A¥ = 2Jw,, now with boundary conditions involving ¥,, and {|;,. A
Jacobian estimate similar to (and proven in [|7, Proposition I1.1]) thus yields the bound
on V. Finally defining ® := &, + ®; completes the decomposition.

With (2.40) and (2.41) at hand, we now define &, by writing ® = &, + ®,, where
0,8y — A®, = 5,8 —A® on A,
with the boundary condition &, =0 on B x {T,} U 9B x (T,, T;). In particular, ®, solves the (homo-

geneous) heat equation on A.
From parabolic estimates,

V@, [0 n) < ClIV e @l r2axiruaBx(Ty,m)) S C(A)|Inel,

which is the estimate (3). It remains to bound w, := u,e"'® in WP(A). First we separate between

Ay ={(x,t) e A: 1 —|w(x,1t)|| < €4} and B, = A\ A,. On B,, the rough estimate |Vw,(x, t)| <
C /¢ inherited from (2.6) yields

1 [ (@—fw,(x, )
P b
19wl s, < CN)— /A e dxdt

1— t)|?)?
< C(A)e? P12 / dedt < C(A)e*?P|lng| -0
A &

d+1 _3
(observe that |u,| = |w,|and p < 4 < E). We now work onA,. Then (with the same computation

as in the proof of Theorem [2.1)), we have
[Vw,[* < 2|lw, [2[Vw,|* = 2lw,[|V|w,|[* + 2[w, A Vw,[> < 2|V (Ju,[*)* + 2lw, A Vw,[*.

It follows from (2.41)) (writing w, in terms of u,) that ||[w, A Vw,|;,(n) < C(A). Then one actually
bounds ||V (|u,|?)| r(a)- for this, one writes the (uniformly) parabolic equation for p = |u,|?, from
which we get

/|Vp|2x </(1—p)|wg|2x+/(|Vp||v;c|+afp|x)|1—p|,

(where y is a suitable non negative cut-off function, y = 1 on A). To bound the right-hand side,
we split again between A, and B,: B, has small measure (arguing as before) and on A, one uses
smallness of |1 — p|. Gathering all the above yields a final bound

IV (e, 0y < C(M)e/* P8 ne — 0.

This gives estimate (4).

3. DESCRIPTION OF THE LIMITING MEASURE AND CONCENTRATION SET

Let u, be a solution of (PGL,) satisfying the initial data (H;(f)).

Our goal in this section is to study the asymptotic limit, as ¢ — 0, of the Radon measures u, defined
on R? x [0, +00) by

_ e(u)(x,t)

ue(x,t) = dxdt.
|Ine|

To that purpose, we will study their time slices ! defined on RY x {t} by

()0, 0)

py(x) = Ine]
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When ¢ — 0, these measures converge to u, and u! respectively (up to a subsequence), as it is shown
in the next paragraph.

Then we will study the evolution of u!, and show that it follows Brakke’s weak formulation of the
mean curvature flow. For this, we will of course heavily rely on the properties of u! obtained in the
previous section.

3.1. Absolute continuity with respect to time of the limiting measure. According to inequality
(2.23) , we have foralR>0and T > 0,

3.1) / du,.(x,t) < C(T,R).
B(O,R)x[0,T]

The bound (3.1) yields a limiting measure via a diagonal extraction argument. This can also be done
simultaneously for the time sliced measures: more precisely, following the proof in Brakke [[13]] word
for word, we have the following.

Theorem 3.1. There exist a sequence ,, — 0, a Radon measure u,, defined on R x [0, +00), bounded
on compact sets and, for each t = 0, a Radon measure y' on R? x {t} such that:
(3.2) Ue — U, asm— 00, andforallt>0, u, —u., asm— oo.
Moreover, the (), enjoy the bound
(3.3) Vx€RY VR>0, V>0, wpl(B(x,R))<C(T,R)f(2|x]).
and
p, = pdt.

For the proof of Theorem 3.1} we will need a few classical identites for the evolution of u;.
Before we dive into the study of the singular measure u!, let us state two useful following identities.

Lemma 3.2. Let u? € L°°(RY) and u, be the associated solution of (PGL)). Then, for all y € 2(R?)
and for all t = 0, we have
|atu€|2 —3tu£.Vu8

d
(3.9 —/ x(x)dut :—/ 7 () —=— dx+/ Vy(x)
dt Jra Rd x{t} [Ing| Rdx{t} |Ing|

We usually choose y = 0, and this choice makes the first term of the right-hand side non positive. To
handle the second term, we provide another identity which involves the stress-energy tensor.

Lemma 3.3. Let X € 2(R?,R?). Then forall t >0,

L (es(ug)5ij_3iuaajus) 9;X; :_/

|h‘1€| Rdx{t} Rdx{t} ’ |h’1€|

5 —0u,.Vu,

3.5

(Here we use Einstein’s convention of implicit sommation over repeated indices; &;; is the Kronecker
symbol which equals 1 if i = j and 0 otherwise.)

The proof of Lemma|3.3]is given in [[9], and involves the stress-energy matrix A, given by

(3.6) A, =A(u,) =e(u,)ld—Vu, ® Vu, = T(u,)+ V,(u,)1d,
where the matrix T (u) and the potential V, are given by

1 1—[ul?)?
(3.7) T(w) = =|Vul?Id—Vue® Vu, V,(u)= ﬂ.

2 4¢2

Combining Lemma and Lemmawith the choice X = Vy, we get rid of the time derivative of
the right hand side of (3.4). More precisely

Lemma 3.4.

duu,|? D%y Vu,.Vu, — A
= [ xtodui=- | 22l gy [, e AZCON
ot Jra R x{t} [Inel Rdx{r} |Ineg]
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Proof of Theorem It boils down to the following claim.

Claim 3.5. Let T > 0. We consider a sequence ¢,, — 0. Then there exists a subsequence &) such
that for every s € [0, T],

S

e u;, as m— o9, in the sense of measures.
olm

W

Indeed let us proof Theorem [3.1] assuming this claim holds. With T, = n, the claim let us dispose of
sequences &, ,, — 0 as m — +00 such that u; enjoys the desired convergence ons € [0, T, ]. By an

argument of diagonal extraction, we deduce that there exist a sequence ¢,, — 0 and, for each s > 0,
a measure u; on RY x {s} such that for every s > 0, ,uim — u;, as m — o0. (3.3) follows from (2.23),

and from there, the time variable absolute continuity u, = u'dt.
We now prove the claim. We use the following lemma, which is an easy variant of Helly’s selection
principle.

Lemma 3.6. Let I be an at most countable set, and let (f™),,en ie1 be a collection of real-valued functions
defined on some interval (a,b). Assume that for each i € I, the family (f/")ey is equibounded and
satisfies the following semi-decreasing property

For all 6 > 0, there exist T > 0 and m; € N such that, if s;,s, € (a, b)

(3.8) and s, — T < §1 < Sy, then for all m < m, f;l(sz) < fni(sl) +6.

Then there exist a subsequence o(m) and a family (f!),c; of real-valued functions on (a, b) such that
foralls e (a,b)andiel,

Fim®) = £i(6).

Let (¥;);ic; be a countable family of compactly supported non-negative smooth functions on R¢; as-
sume that for alli € I, 0 < y; < 1, and that Span(y;);¢; is dense in %CO(Rd). Let m, be such that if

1 .
m = m,, then ¢, < 5 We define for m € N, i € I the function f, defined on [0, T] by

£i6)= [ e,
R4 "

Step 1. We first show that (f")p, satisfies (3.8).
Let i € I. Recalling Lemma we have

d

adl dus
ds Xidl,
|atuem|2 1 P
=— xi(x) dx + (D*y;Vu, .Vu, —Ay;e, (u, ))dx.
Rdx{s} |1n£m| |ln8m| Rdx{s} mn mn m mn
Therefore

d 1

— [ xdu, < —— (D?y;Vu,, .Vu, —Ay; e, (u,)) dx.

ds Jra fm |Ine| Jrax(s) m m msEm

Let R > 0 such that Supp(y;) € B(0,R). We have, for s € [0, T]

d .. d e, (U )
—f,;(s)=—/ xidu;, <3||xi||<gz/ ——= dx
ds ds Jgd m B

OR)x{s) |Inepy]
(3.9) < 3 xill42C(T,R),

by Proposition [2.15]

Let 6§ >0. Weset T = —————,
3llxillc=C(T,R)
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If 51,55 €[0,T] and s, — T < 57 < s,, the inequality (3.9) leads to

. 4 6
Fn(s2) = f,(s1) < 3lxill42(s2 —51)C(T,R) < (s —51); <o.
Therefore
Ym<my, fL(sy) <fl(s))+86.

Now, we prove that Vi € I, the family ( frfl),,gm0 is equibounded.
Leti €. Let R > 0 such that Supp(y;) € B(0,R) and t € [0, T]. We have

/ xidu! </ du. <C(T,R).
Rd " B(O,R) "

Yym=mg, |fill~ <C(T,R),

i.e. the family ( fr;'l),n;m0 is equibounded. According to Lemma there exist a subsequence o(m)
and for all i € I, a Radon measure f! such that for alli € I, and s € (a, b)

Flm(®) = FiGs).

Hence, for all s € [0, T], u; ( )(xi) converges as m — +090.

Therefore,

Step 2.

Let sy € [0, T] be arbitrary but fixed, and y € CCO(]Rd). Let us show that (,uf;; (m)( X men is a Cauchy
sequence in R.

Let @ > 0. Since Span(y;) is dense in CCO(]Rd), there exist a finite subset J C I, and real numbers
(7Lj)je , such that

<2
3C(T,R)

Do Axi—x

jeJ

Let m = k be two integers, we have

e )= GOl |y ()= Z ,uf;;(k)(xj)+le(u§;(m)(x]) pe (i)
jeJ jeJ
+ DA - ().
jeJ
Recall that
e ()= Zkuem(x] /(x Zl,x,)du%(k)-
jeJ jeJ

Let R > 0 such that Supp(y)  B(0,R) and for all j € J, Supp(y;) € B(0,R). We can bound

Aix / du’
Z ! BOR) W

jeJ
C(T,R).

ZXJXJ

jeJ

e Q0= D A ()| <

jeJ

Lo

Therefore we have

ue =) A ue ()| <

jeJ
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and

a
s (k)(X) Z Jll'l/g (k)(X) < §

jeJ
Since the sequence ,uSE‘; (m)( ¥;) converges for all j € J, we have, for k large enough,

a
S (g < =.
JEGJ(MS()(XJ) b ()| S 3
Therefore, for k large enough,
e )= (IS e

This proves that the family (,uSEO( .

termines the measure u® and establishes the convergence for s = s,. Since s, was arbitrary, the
conclusion of Theorem [3.1] follows. O

(xnen is a Cauchy sequence in R, thus it converges. This de-

In the following proofs, we will only work on the sequence (u, )ney selected by Theorem but
for simplicity, we will use our notation for the whole family (u,)q<(0,1)-

3.2. The monotonicity formula on u!. The following result transfers the monotonicity formula on
u, to its singular limit u!. In the case where the initial energy on the whole space is bounded by
M,|Ingl, it is just an easy consequence of the monotonicity formula for u, ([8]). In our case, with
our initial condition (H;(f)), it requires some more elaborate computations.

Proposition 3.7. Foreach t >0, x € Riand0<r < v't, we have

|X—J’| —r2 x—yI 2
/Rdexp(— a2 dul™" (y)— Rdexp e dui"(y) ase—0.

Proof of Proposztlonm Let t >0, x € R? and 0 < r < 4/t fixed.

Since u.™"" — ul ~* as measures, we have for all ¢ e <€°°(Rd)
ly —x|? 2 ly —x[? t—r?
¢(y)exp| ———— |du, " ()= | d()exp| ————— |du, " (¥).
Rd 8r Rd 8r
d : ly =xI*),
For x € RY, t > 0, and 0 < r < 4/t fixed, the measures exp ez du, " (y) are bounded
r

independently of ¢: indeed, we apply the monotonicity formula at the point (x, t +r2) between +/2r

and vt +r2.
2 |y—X|2
ec(u)(y, t—ro)exp| ————— |dy
]Rd 87‘

d—2

2r? \° ly —xI*
< 0 —_ <
(t n rz) /Rd ee(ug)(y)eXP( a1 ) Sceninel,

by Lemma Therefore,

P2 i
(3.10) /exp(—'y f' )dug—’ ()< C(t,r).
Rd 8r

ly —x/|?
8r2

Hence, the measures exp (— )d,uf:_’z(y) are bounded independently of £. On the other

ly —x|?

a2 )d,uirZ(y). As a consequence, the measure
-

hand, they converge in measure to exp (—
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T
exp (— |y8r;€| ) dui_rz(y) is bounded on R? and for all ¢ € 6, ° (RY), there holds

|2

- 2 2 - 2
/Rd¢>(y)exp(—|y8r:| )dué‘r (y)—>/Rd¢(y)exp(—|y8rf )dui‘r ).

. ly —x|?
In particular, for ¢(y) =exp| — ez | we have
r

|.)/—X|2 2 |y_x|2 t—r?
/RdeXP(—T du, " (y)— e ey du, " (y).

Then, we can get an analogous of the monotonicity formula on u!.

Proposition 3.8. For each t > 0 and x € RY, the function 8,((x,t),-) defined on (0,+00) by

_ 1 |X_)’|2 t—r2
r— ébu((xr t): T') - m R €xXp (_ 472 du* " (y)

is non-decreasing for 0 < r < +/t.

Proof. It is a direct consequence of Proposition and of the monotonicity formula for u,.

Arguing as for (2.22)), we thus get

=y, R / Cx=yP 0

From there, we can get the following energy bound.

Proposition 3.9. For all x € R? and T > 0, we have

Ix—yI*Y,
(3.12) Vte(0,T], s €[0,T], exp| —— = | du: < C(T).
]Rd

Proof. Due to the monotonicity formula (2.21)) and Lemma|2.13]

d—2

_ly=xp T ly=xPY o
[ ew(-25 )eg(ug)(y,s)dy<(t+s)d22 [ (-2 ) ey
< C(t)|Inegl.

2
/exp(—u)dui<C(T).
Rd 4t

Letting £ — 0, the conclusion follows by Proposition [3.7]

Thus,

The remainder of this section is devoted to prove Theorem (1.1

3.3. Densities and concentration set. In order to analyse geometric properties of the measures u,
and u!, a key point is the concept of densities. For a given Radon measure v on RY, we have the

classical definition:

Definition 3.10. For m € N, the m-dimensional lower density of v at the point x is defined by

B
: =0 @™

where w,, denotes the volume of the unit ball B™. Similarly, the m- dimensional upper density

©r (v, x) is given by

. v(B(x,1))
e: (v,x) =1 2L
(v, x) im sup o, 1



LIMITING MOTION FOR THE PARABOLIC GINZBURG-LANDAU EQUATION WITH INFINITE ENERGY DATA 27

When both quantities coincide, v admits a m-dimensional density ©,,(v, x) at the point x, defined
as the common value.

Since the energy measure is expected to concentrate on (d — 2)-dimensional sets, our main efforts
will be devoted to the study of the density ©, 4_,(u.,-). Invoking the monotonicity formula once
more, we have

Lemma 3.11. For all x € R? and for all t > 0,
x Clxl ) _
e*,d—Z(AU/i)x) < ed_z(‘ui’x) = td 2 +00.
2

Proof. Only the middle inequality needs explanations. It is a consequence the bounds on ! derived
from Lemma 2.13} and Proposition Indeed fix t > 0 and x € RY; for r > 0, there holds

((B(x,r) 1 1/4 —yl?
M* - / d‘U,t < e exp| — |X J’| d‘U,t
rd—2 rd=2 fpo 00 T pd2 4r2 *

e!/t x—y?
t

Now, for any ¢ > 0, the mononicity formula yields

1/4 ) 1/4 —_vI2\e.(u®

e exp _lx=yl dut < e [ exp _x—yl e S)(J’)dy

rd=2 4r2 ¢ (t+r)F 4(t+r2) [Ing|

c(t+r?)

— 5 fQ2lx]).

(t+r2)F

As this does not depend on &, we infer that
w,(B(x, r)) C(t+r2)
S s

Taking the limsup in r — 0, we get

<

= f2lx]).

C(t) 0

0 _,(u,x) <

The previous lemma provides an upper bound. For regularity properties (of the concentration set) it is
well known that lower bounds play a key role. However, it seems difficult to work with ©, 4_,(u!,")
directly (since the equation depends on time); instead, we will first consider parabolic densities
(which involve space-time measures), whose definition is recalled below, and which is more natural
in view of the monotonicity for u, (Proposition [3.8).

Definition 3.12. Let ¥ be a Radon measure on R? x [0, +00) such that v = ¥'dt. For t > 0 and
m € N, the parabolic m-dimensional lower density of v at the point (x, t) is defined by

er, (v (x, t))—hmlnf—/ ( _yl )dvf ().

The parabolic upper density and parabolic density are defined accordingly, and denoted respectively
©% and ©F.

It clearly follows from the monotonicity formula that for v = u, and m = d —2, the limit in definition
is decreasing, so that @dp_z(u*, (x, t)) exists everywhere in R? x (0, +00). Another consequence,
is that the parabolic measure dominates the (d —2)-dimensional density for u, (see Proposition|[3.18]
for a precise statement). Motivated by this fact, we define

(3.13) %, = {(x,t) € R? x (0, +00) such that ©_, (u,, (x,t)) > 0},
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and for t > 0,
— d
(3.19) 2; =%, N(R x {t}).

We now state the properties we need on ¥, to conclude the proof of Theorem and postpone
their proofs to the end of this subsection.

3.4. Properties and regularity of 2,,.

3.4.1. Diffuse part of u. outside of the vorticity. Let us first state an important consequence of the
analysis carried out above in Section[2]

Theorem 3.13. There exist an absolute constant 1, > 0 and a positive continuous function A defined
on (0, +00) such that, if for x € RY, t > 0 and r > 0 we have

(3.15) L (B(x, A(x, £)r)) < nyr®2,

then for every s € [t + %rz, t+r2], ! is absolutely continuous with respect to the Lebesgue measure on

the ball B(x, %r). More precisely
1
u = |[V®.|>dx onB (x, Zr),
15

where ®. satisfies the heat equation in A% = B(x, %r) X [t + Erz, t+ rz].

Notice that the constant 1), and the function A are the same as in Proposition of the previous
section. Notice also that u, = |V®.|*dxdt on As, and that [V®,|* is a smooth function.

Proof. We briefly sketch the proof of Theorem [3.13] which is a direct consequence of Theorems|2.1
and [2.5] of the previous section.
Let x € R, t > 0,r > 0 be fixed such that l| is verified, then for £ small enough, we have

/ e.(u,) < mor®?|Inel,
B(x,A(t)r)

so that we may invoke Proposition This yields
e.(u,)=|vVe,*+x, in A,
where ®, verifies the heat equation in A% and we have the bounds
|[V®,]2 < C(A)|Ing|, and |x,|<C(A)eP in Ay
Extracting possibly a further subsequence, we may assume that

£

v |Ing|

Since ®, verifies the heat equation, it follows that for every k € N,

— & uniformly on As.

®
£ &, in %k(/\%),

v |Ineg|

and @, verifies the heat equation on A%. On the other hand,
K, — 0 uniformly on A%,

so that
e.(u,)
|Ineg|

— |V&.|*  uniformly on As. O
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3.4.2. Clearing-out. Following Brakke [[13]] and Ilmanen [[19]], the main tool in the study of geometric
properties of 3, is the following result.

Theorem 3.14 (Clearing-out). There exists a positive continuous function 15 defined on R? x (0, +00)
such that, for any (x,t) € R? x (0,400) and any 0 < r < /¢, if

— 1 |x _-y|2 t—r? 2
(3.16) &, ((x,t),r):= = eXP(—T) du, " (y) <nslx,t—r7),
then
(x,t) €2,

An immediate corollary is
Corollary 3.15. For any (x,t) € %, we have
@g_z(;u’*: (X, t)) = 7)3(3(; t)'

The remainder of this paragraph is devoted to the proof of Theorem [3.14] which is essentially a
consequence of Theorem We first need two preliminary lemmas.

Lemma 3.16. Let x € ZIL and 0 < r < 4/t. Then, we have
Pt (B, Alx, £ —12)r)) > ny,
where 1, is the constant in Theorem

Proof. Indeed, assume by contradiction that
rz_d,ui_rz(B(x, Alx, t —r)r)) < n,.
Then, by Theorem , for every 7 € [t - %67'2, t]
ul =|ve.*dx onB (x, g),

where ®; is smooth. We are going to show that

L2
(3.17) sz_d/ exp _|x Y| dMHZ —0 ass—O0.
Rd 4s2 *

Indeed, we write and compute

2 2
2—d |X—y| t—s? 2-d / |x_y|
S exp| — d <s V.|l o exp| — dx
/B(x,g) p( 452 ) b s Ve, (B(x,21)) - p 452

(3.18) SKIV®illpeoper,1rys? =0 ass— 0.
On the other hand,
—v]2 ,
(3.19) 527‘1/ exp (—M) dul™ —0 ass—0.
RI\B(x, ) 4s
Indeed,

s> / exp (—M) dut=" =2 / (exp (—M))Z dut="
RI\B(x,5) 4s2 * RI\B(x,5) 8s2 *
< 2 /Rd\B(X,g) exp (_8 xr62432-) exp (_ | E;Q/IZ ) d“i_sz
<s2dexp (_Slrzzsz ) /}Rd exp (_|X8—sz|2) dut™"
2
G R e T ey
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by the monotonicity formula at (x, t + 52) between v2s and vt +s2 (we can assume s < /1).
Since )

lx —yl 0
exp| ———=——— |du. < C(t
/Rd p( a(irs) )M SCO
by inequality (3.12)), we have

2 2
— C(t
szfd/ exp (_Ix Y| )duisz < 572) exp (— i ) —0 ass—0.
RO\B(x, %) 452 tT 512s2

Combining (3.18) and (3.19), (3.17) follows and hence ©%_,(u,, (x,t)) =0, i.e. (x,t) ¢ %, which

is a contradiction. O

Lemma 3.17. The function (x,t) — @5_2(,11*, (x, t)) is upper semi-continuous on the set R? x (0, +00).
Proof. Let (x,t) € RY x (0,+00), and let (x,,, t,,)mey b€ a sequence such that (x,,, t,,) — (x,t). We
are going to show that
(320) lim sup eg_z(u*’ (xm: tm)) < eg_z(nu’*’ (X’ t))'

m—+0Q

Llet0<r< %1/? be fixed for the moment. For m sufficiently large, let r,, = /12 +t,, —t, so that
t —r*=t, —r2. By the monotonicity formula, we have

1 |y —xml® tm—T
P m m— Ty
ed—Z(Au'*: (Xm; tm)) < T‘fffz /]Rd eXP(_ Ar2 ) d‘u* (y)
1 |.y _xm|2 —r?
<— 2l ) e,
2 o exp( e pm ()

We assert that, as m — +00,
1 y —xml) e 1 ly —=x)
Y —_—— d t=r _ _ d t—r .
2 o exp( . W= om | e T AT )

Indeed, since the sequence (x,,),, is bounded by a constant M > 0, we write

1 ly —x,,|2 2 1 / ly —x,, 2 2
—_—— d t—r = — - m d t=r
= exp ( o poo )= 7 0 exp| =5 |du. )

1 I.y _xm|2 —r2
+ — exp (—— dul™ (y).
¢B(0,2M) r

d—2
m

Passing to the limit in the integral on B(0,2M) does not raise any difficulty. For the second integral,
we have

1
ly =xml 2 [yl = lxpl =yl -M 2> Elyl,
so, if y € RY \ B(0, 2M),

ly — x| 2 ly[? 2
eXp(—y— du.™" (y) < exp — dul™ (y),

4r2 1612
and by the monotonicity formula at point (0, t + 3r2) between r; = 2r and r, = V't + 312,

/ exp —2L dut—fz(y)s(i)d_z / exp (2L awoi) <,
Rd 16r2 * VT +3r2 Rd 4(t +3r2) *

by (3.12)). We then get the result as a consequence of Lebesgue’s dominated convergence Theorem.
So if we let m — + 00, we obtain

Cly—=xP
4r2

) dut" ().

1
limsup©’ (%, )< — [ ex
im sup a—2(ther Cmy 6n)) S 775 g p(
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Now, let r — 0, and follows. O
Proposition 3.18. There exists an explicit constant K such that for all x € R? and t > 0,

(3.21) 04 ,(u,, (x,0) = KO} ,(ul,x).

In particular,

0 ,(ul,x)=0 on RY\ 2;.

Proof. Let (x,t) € R? x (0,+00) be given. Let 0 < r < t be fixed for the moment. We write, for
every 0 <s < +/t,

1, 1) 1 ly — x| .
ey <en(3) = [ ew( -2 aue

1 1 ly —x|? 2
< - | — - |du' s
exp(4) (rz +52)d%2 /]Rd eXp( 4(r2 +52) Au‘* (}’)

where we have used the monotonicity formula at the point (x, t + %) between r and v/r2 +s2 for
the last inequality. Next, we choose s = /7. This yields

L n_t _ Ay =P e
(3.22) rd_z,u*(B(x,r))<exp(4) Y= /Rdexp( 4(r2+r))d“* (¥).

In the last integral, we decompose

RY =B(x,1)U(R? \ B(x, 1)).

ly —x/? ly —x?
— X ) <Kexp| -1 ),
exp( 4(r2+r) P 4r

for some absolute constant K. On the other hand, on R¢ \ B(x, 1), we have

On B(x, 1), observe that

02 s [ s < e (i)
Indeed,
2
(3.24) m /Rd\B(X’l) exp (—%) dMi_r
S exp (_ 8(T21+ ’”)) (r2 +1r)dz2 Rd P (_gr;—j‘/l:)) d'ui_rz o)
a2
(3.25) S exp (_ 8(r21+ r)) (27‘2 +2r + t) Z /Rd xp (_4(2|:2+};|it)) duy)
(3.26) < (%)‘122 exp (—@) /Rd exp (—4(2&%};'10) dug(y)

where we have used the monotonicity formula at point (x,2r2 + r + t) between 4/2(r2 +r) and

V2r2+r +t for inequality (3.25). Then, (3.26) and Lemma lead to inequality (3.23). Going
back to (3.22), we infer

1, K lx—y|? _ (C(t)) ( 1 )
—ul(B(x,r)) < — — dut™ + —— .
rd—zu*( (x,r) o /]Rd exp( 4r He t 5 5P 8(r2+r)

Letting r go to zero, the conclusion follows. O

We can now complete the proof of Theorem [3.14]
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Proof of Theorem [3.14] Let (x,t) € R? x (0,+00) and 0 < r < /t. We have

2 _ .2
(3.27) rz’d,uffr2 (B(x, A(x, t —r?)r)) < exp (w) &,((x,t),1).
Consider therefore the function
2A2(x,s)
n3(x,s) =exp| — 4 M2,

and assume next that, for some 0 < r < V/t,
E,((x,t),r) < ms(x, t — r2).
Then, by (3.27),
rz_dui_rz (B(x, A(x, t —r*)r)) <m,
and the conclusion follows by Lemma [3.16 O

3.4.3. Consequences: regularity of ¥, and decomposition of u,. At this stage, we are in position to
derive the following conclusions, without invoking any further property of the equation (PGL,).

Proposition 3.19. (1) The set %, is closed in R? x (0, +00).
(2) Let x € RY. For t €(0,1/2], then
(3.28) A42(B(x,1)NE,) < C(lx])|Int] T

For t = 1/2, we have
#12(B(x,1)N %) < C(lxl, 0).

(3) For any t > 0, the measure u. can be decomposed as
pt = glx, )24 + ©,(x, t)%d_ZLZL,
where g is some smooth function defined on R? x (0,+00) \ %, and ©, verifies the bound
Clxl, 1)

d—2
t 7
The bound will actually be relevant in the proof of Theorem[1.3} for d = 2, it does not depend
on small times.
The function ©, is the Radon-Nikodym derivative of ‘U,iI_E; with respect to #%72; at this stage we
may just assert that it lies between the lower and upper densities.
Concerning g, it can be locally defined as |[V®;|* for some smooth &, verifying the heat equation.
The function ®. however is not yet globally defined.

0,(x,t) <

Proof. (1) In view of Corollary[3.15] we have

2, ={(x, ) e R x (0,+00) : 0, (u,, (x,)) = ns(x, )} .
Since 7n5(+) is continuous and since @g_z(u*, -) is upper semi-continuous by Lemma , we deduce
that @572 (U, ) —n3() is upper semi-continuous as well and the conclusion follows.

(2) We argue slightly differently for small and large values of t. Let us start with t < 1/2, where we
seek better estimates.

t
Let0< 6 < \/; . Consider a standard covering of B(x, 1) such that

B(x,1) cC UB(xj,JL(x, t)5), and B (xl-,l(x, t)g) NB (xj,l(x, t)g) =g fori#j.

jeJ
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Recall from Proposition [2.3| where the function was first defined that A is continuous and has slow
variations on B(x, 1) x (0, 1] in the sense of (2.2). It follows that there exists a function K continuous
on [0, +00) such that

(3.29) V(y,7)€B(x, 1) x[t/2,t], Aly,7) < (K(|x])—1)A(x,t).

(Observe that actually, if f has at most exponential growth, K can be chosen to be a constant inde-
pendent of x). Define

I ={i€J :B(x, Alx,)5)NB(x,1)NE, # 2}

For i € I5, there exists some y; € X, N B (x;, A(x, £)9). Hence, by Lemma

p (B Ay t = 5)8)) > 1,67
Due to (3:29) and as t — 52 > t/2, B(y;, A(y;, t —62)6) € B(x;, K(|x|)A(x, t)5) and
(3.30) w7 Bxs, K(IxDACx, )8)) > 1,672,
If & is so small that K(|x|)A(x, )6 < 1, the balls B(x;, K(|x]|)A(x, t)&) are included in B(x,2); since
the balls B (xi, Alx, t)g) are disjoint, the balls B(x;, K(|x|)A(x, t)5) cover at most C(d)K(|x|)? times
the ball B(x, 2). Therefore, using inequality (3.3),
5274 > % (Bx, K(IxDA(x, 0)8)) < C(d)8* K (|x[)pt = (B(x,2))

i€l,
< CK(|xD?8f (2lx]) < C(Ix&> .
With (3.30)), this implies that
n, CardI; < C(|x|)5%74.
Now by definition, we have

#72(B(x,1)N EL) < limsup(Card I5)(A(x, £)8)472 < A(x, £)2C(|x|) < +o0,
5—0

which yields the desired bound: indeed, observe that for all a,b = 0, va+b < v/1+a+v1+Db so
that

A(x,0) < C4/|Int| +1Inf(2x) < C4/1+|Int|/1+Inf(2x) < C(|x)4/|Int].
If we now consider the case t = 1/2, we can argue in the same fashion, except now A has no longer
slow variations, but is still continuous. Therefore, we can replace (3.29) with

(3.31) Y(y,t)€B(x, 1) x[t/2,t], Aly,7T)<(K(|x],t)—1D)A(x,1),

for some function K continuous on [0, +00)x[1,+00). The remainder of the argument is unchanged,
and yields a bound C(|x|, t) where we have no control in t.

(3) As ZL is closed, we have the decomposition
pt=pl (R 2;) + “i'—EL'

On the one hand, on ZL, and due to the bound (2), we can use the Radon-Nikodym theorem, which
provides a function ©, € L (#42(RY)) such that

loc
piLE =0, A%
Due to Lemma|3.11] we also have the bound
c(ixl. o)

d—2

t=

0,(x,t) <
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On the other hand, for x, ¢ ZLO, G)dp_z(,u*(x, t)) — 0 as (xg, tg) — (x, t) by Lemma From there,
and using the bound (3.21)), there exists 6 > 0 small enough such that
u o (Bx, Alx, t — 52)8)) < m,5972.
Then Theorem [3.13|applies and shows that
p, =[Ve,(x,s)*dx  onB(xo,50/4) x [t —5%/16,t],
where @, solves the heat equation and is smooth: this allows to define g locally. O

3.4.4. Lower bounds for ©, 4_»(u'). As already mentioned, lower bounds for ©, 4_, play an important
role for regularity issues: however, up to now we have only lower bounds for G)dp_2 (see Corollary

3.15). The next result provides the reverse inequality to (3.21).

Proposition 3.20. There exists a continuous function K : R? x (0,+00) — (0,400), such that for
almost every t > 0, the following inequality holds
(3.32) 0,42, x) = x(x, )0} _,(u,, (x, 1))
for #4972 almost every x € RY.
Combining Corollary [3.15|and Proposition [3.20] we are led to
Corollary 3.21. For almost every t > 0,
0, 4o(ut,x) = k(x,)ns(x,t)  for #9? ae. x eRL

Our goal in this subsection is to prove Proposition [3.20} but we need some preliminary tools first.
Our starting point is the estimate for the time derivative d,u, provided by Proposition 4.2} namely

1
YT >0,VR>0, — |8,u,|*> < C(T,R).
[Ineg| B(0,R)x[0,T]

Therefore, by a diagonal extraction argument, we may assume that there exists some non negative
Radon measure w, defined on RY x [0, +00) such that
1

(3.33) —|atu€|2 — w, as measures,

|In €|
so that w,(B(0,R) x [0, T]) < C(T,R).
In [8]], it is known at this point that 33, C R? x (0, T¢ +1) for some constant T;. In our case, we don’t
have the same result, and since we want to work on compact domains in R? x [0, +00), we will fix
T > 0, and then intersect our sets of R? with balls B(0,R).

Step 1. We fix T > 0.
We want to prove that for almost t € (0, T], inequality (3.32) holds for every x € R.
We define, for £ € N, and q > 0 to be fixed later, the set

1
Al(w*)z{(x,t)E]Rdx(O,T]: limsup — co*?l}
r—0 T4 JB(x,er)x[t—r2,t]

and its intersection with B(0,R)

A(0f) ={(x,t) €Ag(w,) : x| <R}.
The following shows that A,(w,) is small in some appropriate sense.
Lemma 3.22. For each { € N* and R > 0,

%;(Ag(a)f)) < 400,

where %}f denotes the g-dimensional Hausdorff measure with respect to the parabolic distance

dp((x, ), (x’, t)) = max(|x — x'|, [t — t'|2).
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Proof Let 0 < & < 1 be given, and fixed for the moment. For (x,t) € A[(COI:), there exists r =

r(x,t) < & such that
/ w, =i
B(x,lr)x[t—r2,t]

I/ (x, t,r(x,t)) =B(x,lr(x, ) x [t —r(x, £)*,t],

clearly, the reunion of the parabolic balls U(x,t)eAl( R) I‘[P (x,t,r(x,t)) covers Ag((l)f). Notice that

If we denote

diam(Fep ) < 24r. Since Ag(a)}:) C B(0,R) x [0, T], we may apply the Besicovitch covering theorem
(see for example [[16]). There exists an integer m(¢,d) depending only on d and £, and there exists
a sub-covering of the form

AP C U SR CTRIRNCIND))

i=1 ]€J5

where for fixed i, the sets I; = FP (x;, t;,7;(x;, t;)) are disjoint. Consequently, it follows that for each

ie[1,m(,n)],
Zr(x,, £)1 < Z/ /B(OM)X[O @ S CTRO.

Therefore,
m(¢,d)

> > diam(Ty)? < m(¢,d)IC(T,R, ).

J=1 jej?
Observe that the constant on the right hand side is independent of . Hence, letting 6 — 0, we
obtain

m(¢,d)
H(A (D) < hmsup( >0 > diam(T})?) < m(¢)IC(T,R, 0),
o= J=1 jeJj?
and the proof is complete. O

3
We fixq=d— > This choice has no specific geometrical meaning, but is convenient (as the following
shows).

Corollary 3.23. We have

-1 ( U Ae(co*)) =0

{eN*
Hence, for almost every t > 0,

2 ( U A;(w*)) =

LeN*
where A} (w,) = A(w,) N (R x {t}).

_2
Proof. Since, by Lemma , %’Pd 2 (Ae(cof)) < 09, it follows that

A A(D)=0

On the other hand, parabolic balls are smaller than euclidian balls of the same radius, so that the
parabolic Hausdorff measure dominates the euclidian Hausdorff measure. It follows that

P ( Uy A@}(w*)) -
{eN* REN*
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Since U A};(w*)) = A;(w,), we obtain that

ReN*
- ( U Ae(w*)) B

{eN*
and the proof is complete. O

Next, we introduce the set

o=@ x[0,TD\ | A(w,).

LeN*

Lemma 3.24. Let y € 6°° (RY). Then, for (x,t) €Q,,

i L y—x t _ 1 -y_x) t—r? _
11—I>I(1)(rd_2 /I;d x ( r )d'u*(y) rd—2 /Rd x ( r d‘u* (y) =0

Proof. We need to go back to the level of the function u,. For 0 < r < 4/t, by Lemma we have

[ ey [ ), rony,,
Rix{t} |Ine| r Rix{t—r2} |In€]l r

|atu6|2 y—X
3.34 =— _ ( )d dt
(339 /Rdx[t_rz,q el # U )
1 —
(3.35) — 8tu€Vug-Vx(y x)dxdt.
r|lns| Rix[t—r2,t] r

Let £ € N* such that Supp(y) C B(£). We set A = B(x,£r) x [t —r?, t], and estimate the last term in
the previous identity by the Cauchy-Schwarz inequality ,

K 2 % v 2 %
/au Vu,.Vy (y x) < 16| [Vu.| IV 2 lloo
r A |Ing| A T2 Ing|

We now let ¢ — 0 in (3.35), therefore obtaining the inequality for measures

(5t —aut )00

1 1
1 1 21 2
S(E/Awﬂr(rd—_z/j\w*) (r_d/,\du*) ) llx 1l
Lety € <€C°°(Rd x [0,4+00)) such that ¢) = 1 in A, and ¢ = 0 out of B(x,2¢r) x [t —2r?, t]. We have
1 / 1 /t / e (u,)
il du. < —— Zele)
rd ’Lp He rd—2 t—2r2 JB(x,20r) |1n8|

[ D0 it g,
R4

|1n€|

r|lne|

1

rd—2

t—2r2

d—2 0 ey |2
< l/ e (L) / ee(“s)e—mdm
rd Ji_ar Vs +402r2 re |Inel
where we used the monotonicity formula applied at point (x,s+4¢2r2) between 2{r and Vs + 4£2r2.
From there, we infer

Bl

d
/w <e (tsz 2; C(t +40%r2).
r 2

Letting € — 0, and then r — 0, we get

«M»—‘

hmsup—d/zpd,u* cl Z).
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Recall that

1
(3.36) if (x,t)eQ,, then limsup d—E/ w, < 1.
r—0 1972 JB(x,tr)x[t—r2,t]

el o) Gelw) |
(5 fo)ori (s o) G foan)

According to , and letting r — 0, we deduce that

fors([o (& ) ~o

and the proof is complete. O

Now we have

N

In Lemma we assumed that y has compact support. The following shows that the result still
2
holds for y(x) =exp (—%) which is of special interest in view of the monotonicity formula.

Corollary 3.25. We have, for any (x,t) €

1 |X_J’|2 t 1 |X_J’|2 t—r2 _
r_fj%(m /Rd exp (—T duw.y) = ] e du," () )=

In particular, for (x,t) € X, N Q,, the following limit exists and verifies the inequality

2
lim —— exp(—'x i )dui(y)>n3(x,t)-
Rd

r—0 rd—2 412

Proof. Let £ be a smooth cut-off function such that 0 < { <1, { =1 on B(1) and ¢ = 0 outside B(2).
For £ > 0, consider the function ¢, defined by {,(y) = {(y/£), and denote y, the function defined
on R? by
|y [?
1) =exp (—yT 5.

We apply Lemma to y,, so that

(3.37) hm(rjz/"xd =)dpl ()~ jzA;xAy:x)m£ﬂqy0==

On the other hand, we claim that, for r < %ﬁ and every s € [t —r?, t],

1 ly — x| y—x s C(t) e
(3.38) = JL, (exp(— a2 )—Xe( )) ()\t ( 8)'

(The implicit constant does not depend on £). Indeed, notice first that
ly —x/|? y—x\_ ly —x|? y—x
e*p (_ 4r2 _Xé( r )—exp(— 4r2 )(1_Cl( r ))
ly — x| ¢
< exp (_W exp 3/
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Second, due to the monotonicity formula, we have

1 ly —x/? s
T /R dexp( = ) ‘()

1 ly — x| ) 0 C(s +2r2)
S —— X o) < <22 o
(S+2r2)d%2 Rd exp( 4(s +2r2) ,U,*(y) (s+2r ) = f( |x1),

and as 25 > t > max(s, 2r2), the claim (3.38) follows. Observe that the right hand side of (3.38)
does not depend on r, for r < %\/? Combining (3.37) and (3.38), we conclude that

) 1 lx —y? . 2 C(t) 2
hT_?(l)lp(rd_—Z/Ra eXP(— 472 )(d,u*_d,u* )(.Y)) L2 f(2lx[)exp (__)

Letting £ — +00, the conclusion follows. O

We are now in position to prove Proposition
Proof of Proposition For (x,t) € Q,, define
1 x —yP?
O4—2(ul,x) = lim —— 2 [, P (—T du,(y).
In view of Corollary 3.25| ©,_,(u’, x) exists on £, and

(3~39) éd_z(‘ui, X) = @g_z(nu‘*’ (X, t))

If (x,t) ¢ X, then @dpfz(,u*, (x,t)) =0 so that (3.32') is obviously verified. Therefore, we assume in
the following that (x, t) € %, N Q,,. Arguing as for the claim in Corollary [3.25} we obtain

L ey K1 lx—yI? €0 1%
- > & 1 2
(€r)i=2 /B(x,er)d'u 0d=2 pd=2 [, exp( T ar2 du = —= [ (2]x[)exp g/

Hence, letting r — 0, and by (3.39),
K _
(3.40) 6*,d—2(.u':<> X) > edj (65_2(.“*: (X, t)) - Kd 2 eXp( 3 ) )

In order to obtain (3.32), we invoke the fact that on %, ®F_, > 15(t). We choose £ = {(x,t)
sufficiently large so that

ki 2exp( B)C(t)

Going back to (3.40)), with this choice of £, we obtain

C(t)

—7)3(.)(' t) edp 2(“*’(x t))

@g 2(:“’*: (X t))

K
9*,d—2(.ui,x)/ Zﬁd 2

so that inequality (3.32)) is true for all (x, t) € Q. Choose x(x,t) = then Corollary|3.23

__K
20(x, t)d-2’
allows to conclude. [l

3.4.5. 2; is (d — 2)-rectifiable. Now, we have to deal with the diffuse part, and different kinds of
arguments could then lead to regularity for Z];. One way is to prove the existence of the density
©4_, and then to invoke Preiss’ regularity Theorem [28]]. More precisely, we have:

Proposition 3.26. For almost every t > 0,
042U, x) = O, (ul, x) = n(x, t) :=k(x, )Ny (x, 1) #aex e

As a consequence, for almost every t > 0, the set EL is (d — 2)-rectifiable.
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Proof. The proof is as in [8] Proof of Proposition 8, p.155]. For the convenience of the reader, we
provide a brief sketch.

Fix (x,t) € Q,. Denote L>°([0,+00),R) the set of bounded, real valued functions with compact
support; for r > 0 and g € L°([0, +00),R), we define

L@ == o) awo.

Consider the set
F= {g € L>°([0,+00),R) : I(g) := lir%I,(g) exists and is ﬁnite}.
r—

Then F is a vector space, and the equality of upper and lower (d —2)-dimensional densities is equiv-
alentto 1jy,; €F.
Observe that F is stable by scaling g — g, where g,(x) = g(ax) for a > 0 and that

(3.41) I(gy) =I(g)a’T.

The starting point is Corollary It shows that x — e~®* belongs to F. By repetitively differenti-
ating with respect to a, one can then infer that for any k € N, ¢ : x — P belongs to F.
Denote V,, = Span(y;,k =0,...,m), and P,, the L? projection on V,,.

Using the Hermite polynomials, one can prove that for f € %CZ(R),

If = PPl < ‘/%(Ilf”llu +l1x*f1l2)-
From there, if g € <€C2([0,+00)) satisfies g’(0) = 0, we can symmetrize it into § € %Cz(R), and an
approximation argument shows that g € F.
Then one approximates 1, ;7 by the sequence of functions g, € %Cz([O, +00)) defined as follows.
Let y € ¥°°(R) be non increasing, and such that y(x) =1 for x < —1/2 and y(x) = 0 for x = 0;
we set for x > 0, g,(x) = y(n(x —1)). This allows to prove that 1y, € F, as desired.
Finally, we invoke Corollary[3.21] for the lower bound. O

3.5. Convergence in modulus outside %,.

End of the proof of Theorem|[I.1I] We can now complete the proof of Theorem We gather the
results obtained in Propositions and Only two points are left to clarify.

The first point is that the function , which appears in Theorem|[1.1]is global, whereas up to now the
function &, constructed in Theorem was only locally defined. Let us sketch how to overcome
this problem, we refer to [|8, Part II, Section 4, p. 131] for more details.

Fix (x,ty) ¢ X,. Recall that &, is defined on a neighborhood A(x,, to); of (x0, to) as the limit of

@,

V|Ing|
Now denote @, ,, the phase provided by Theorem on the compact K,,, = B(0,m) x [1/m, m]. Up

to changing @E’m by a constant, we can also assume that

, Where &, is the phase provided by Theorem

(342) Ve > O, Vm’ <f)e,m(XO: tO) = ¢£(x07 tO)'

The bounds given in Theorem [2.7] (and parabolic regularization) show the existence of ¢, such that

d’s,m NP

V|1lne| "

so that ®,, also satisfies the heat equation on K,,,_;.

in Km—l’
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On the other hand, using the bounds in Theorem (and also in the remark that follows) on the
gradient, one can prove that

ve, ., Vo,

Vel +/JIne|

Therefore, for m so large that A(x, to)% CK,_q,

—0 ase—0.

Lp (A(Xo:to)% )

V<I>m = V‘Pr on A(Xo, to)%

It follows from there and (3.42) that for m large enough, all the &,, coincide on A(x, to)%. By
analyticity, for all m, large enough, the (®,,),>p, coincide on K, _;. Letting m; — +00, we denote
&, their common value. By construction, it satisfies all the requirements of Theorem 1.1

The second and last remaining point is to show that |u,(x, t)| — 1 uniformly on every compact subset
K c R x(0,400)\ %, As X, is closed, up to doing finite reunions, it suffices to prove it for a family
of cylinders (which cover R? x (0, +00)\ & ). Therefore, we can furthermore assume that there exist
& >0, K; c R? convex and K, C (0,+00) a compact interval such that

{(x, ) : d((x,£),K) < 5} CK; x Ky CRY x (0,400) \ ..

Denote ¥ = K; x K,. We have, for every t € K,,

t
/ W0, [ \ge past < c().
K, |ln£| K,
Hence
(1= |ug)(x, )dx < C(A)e?| Ine],
Ky
and
|Vu,|2(x, t)dx < C()|Ineg|.
K

Let

A= {(x, t)EK:Ye>0, 1—|u(x,t)*> Kl(!:‘)},

where k(&) > 0 will be determined later.
We want to show that A is empty, and argue by contradiction. If not, let (x,t) € A. We try to find
v (&) such that
k1(€)
Vy €B(x,v(e)), 11—l (P> ——.

2
We have

y
|ue(x, ) —ue(y, t)|</ [Vu ()] < [[Vue (Ol 2 v/ [y —x[ < C(A)/ [Ine|y/ v (e),

and
lue (v, 1> =1 = (lu(y, Ol = Dy, Ol + 1) < 2(Ju (v, )] = 1)
< 2(Jue (e, ) —u (s ) + e (x, €)= 1)
<2(c)y/ el 7 + lu (x, 0] —1).
Since
1—lu,(x, )] > % > %Kl(s),

we deduce that

lue(y, ) —1 < 2C(AH)+/ | Ine|y7 — Ky (e).
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Then, assuming that B(x,v) C K;, we have

x1(€) )2 1

S h = .
o we choose y(¢) (4C(%) el

2

)2d+2 1 W4
[Ing|d 42d+2C (¢ )d”

_ 242 k1(e))? 2 9d d
/B G-l oPrdy > /B (W)( ) > i1 2 1(e)

= Kkq(e

Thus,
1 [OF]

2 2d+2
(3.43) C(A)e|Ine| = k() el #eCr)

This inequality leads us to define

42d+2c A d+1 2d1+2 C(x
K1(£)=2(—()£2|lns|d+1 =8 Qa‘\/|lns|.
w (OF]

d

Observe that in this case, y(¢) — 0 as ¢ — 0.

Let &, > 0 be so small that for ¢ € (0, ¢,), y(¢) < 6. Then B(x,y(¢)) C K;, so that the computation
(3.43) above holds: this is a contradiction. This proves that for € < g, the set A is empty. Arguing
similarly, we obtain that the set

B={(x,t)€K:¥e>0, 1—|u,(x,t)]> <—Ki(e)}

is also empty. Therefore, for ¢ < g,

11 =l Pll ooy < k1(€) < C(H e/ |Inel,

which means that [u,(x, t)| — 1 uniformly on K.
The proof of Theorem|[1.1]is complete. O

4. EVOLUTION OF THE LIMITING DENSITY

Our goal in this section is to provide a proof for Theorem (1.2
4.1. Mean curvature flows. Let us start by recalling some definitions on the mean curvature flow.

4.1.1. The classical notion. Let ¥ be a smooth compact manifold of dimension k, and y, : & — R¢
(n = k) be a smooth embedding, so that ° = y,(X) is a smooth k-dimensional submanifold of R¢.
The mean curvature vector at the point x of X:° is the vector of the orthogonal space (T, x°)* given
by

d—k [ k P d—k
4.1) Hyo(x) = —Z Z(’rj — | = —Z(divT 50 V)%,
— | & oT; — x
a=1 \_j=1 J a=1
where (74,...,7) is an orthonormal moving frame on T,.2°, (vy, ..., ¥" ) is an orthonormal moving
frame on (T, 2°)*, and divy 5 denotes the tangential divergence at point x. The integral formulation

of (4.1) is given by

(4.2) divy yo Xdo#* =— | Hyo-Xd ",

0 0
for all X € 2(R?,RY).
Next, we introduce a time dependance, and consider a smooth family {y,},c; of smooth embeddings
of ¥ in R, where I denotes some open interval containing 0. We set ¢ = y,(%). If y is a smooth
compactly supported function on R¢, a standard computation shows that
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@3) L rar = [ (200 0+ V() Pl
=t ot

- d
where Y (x) = d—ys(yt_l(x)) is the velocity vector at point x, and P denotes the orthogonal projection
s

on (T, =)t
The family (Z*),¢; is moved by mean curvature in the classical sense if and only if, for all m € & and
tel,

d .
(4.4) EYr(m) = Hy:(y,(m)).
In particular, if (£*),¢; is moved by mean curvature, (4.3) becomes
d ., .,
(4.5) = 2 (x)dsk = —/ 2 () Hy () 2d % + / Vy(x) - Hy (x)d k.
t it o

Now, y can be chosen arbitrarily, so that (4.5) is actually equivalent to (4.4).

4.1.2. Brakke’s flows. In the attempt to extend (4.4) or (4.5) to a larger class of (less regular) objects,
and in particular to extend the flow past singularities, Brakke [13]] relaxed equality in (4.5), and
considered instead sub-solutions, i.e. verifying the inequality

(4.6) % x(x)dx* < —/ 5 (00| Hy (x)|>d #* +/ Vy(x) - Hy (x)d 5%,
e e 5t

for all non-negative y € 2(R?). Following Brakke [13]], we are thus going to extend to less

regular objects than smooth embedded manifolds. Actually, we adopt the point of view of [lmanen

[[19]], which is slightly different from Brakke’s original one.

Recall that a Radon measure v on RY is said to be k-rectifiable if there exists a k-rectifiable set %,

and a density function © € L}oc(%’k._z) such that

y =05 3.

Since ¥ is rectifiable, for #*-a.e. x € %, there exist a unique tangent space T, % belonging to the
Grassmanian G, ;. The distributional first variation of v is the vector-valued distribution & v defined
by

4.7) svX) = / divy yXdv forall X € D(RY,RY).
x

In the case when the measure |§v| is absolutely continuous with respect to v, we say that v has a
first variation and we may write

Sv=Hp,

where H is the Radon-Nikodym derivative of & with respect to v. In this setting, formula (4.7)
becomes

(4.8) divy p Xdv=— / H-Xdwv.
»0 PN

We are now in position to give the precise definition of a Brakke flow. Let (v,),»o be a family of
Radon measures on RY. For y € %Cz(Rd, [0, +00)), we define

4.9) D,v"(y) = limsup v )=o) .

[—)[0 t - to
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If ¥'L{y > 0} is a k-rectifiable measure which has a first variation verifying ¥ |H|> € L*(»"), then we
set

%(vf,x)z—/x|ﬁ|2dvf+/vx-p(ﬁ)dvf.

(Here P denotes #*-a.e. the orthogonal projection onto the tangent space to ¥'.)
Otherwise we set

BV, y) =—o0.

Definition 4.1. (Brakke flow) Let (v,),~, be a family of k-rectifiable Radon measures on R?. We say
that (v,);>¢ is a k-dimensional Brakke flow if and only if

(4.10) D' ()< B, 1),
for every y € 2(R%,[0,+00)) and for all t > 0.

4.2. Mean curvature flow in Brakke’s formulation for vi.

4.2.1. Relating (PGL,]) to mean curvature flow. The starting point of the analysis is the formal analogy
of equality (4.5), namely

L[ xtoaset == [ @l oPaset + [ xeo- fase,
zt %t it

with the evolution of local energies for (PGL.) (see equation (3.5])

deu,|* —d,u, -V
(4.11) i/ X(X)d‘ug :—/ X(X)ﬂ dx+/ VX(X) tu€ us dX.
dt Jra Rdx{t} |Ing| RIx{¢} |Ineg|

We already know that as ¢ — 0, u! — u!. Therefore, the comparison of the two formulas suggests,
at least formally, that in the limit

d.u,|? "
(4.12) ot = 10l e S AP,
|Ing| *
and
—od,u,.V .
(4.13) o= M(x)dx — Hdu!.
[Ing| *

Actually, this is a little over optimistic for two reasons. First, we have to deal with the diffuse part of
the energy (this will be handled thanks to Theorem|1.1)). Second, since (4.12) involves the quadratic
term |H|?, only lower semi-continuity can be expected at first sight.

4.2.2. Convergence of o', and decomposition of the limit. In this section, we use the following estimate
of the time derivative d,u,, which requires some calculations, whereas it was straightforward in [8]].

Proposition 4.2. For all T > 0 and R > 0, there holds
1

|Ine| Jpeor)x[0,T]

|6,u,|* < C(T,R).

Proof By Lemma we have for all y € C° (RY),

d,u,|? D*yVu, - Vu, — A
= [ rtodus=— | p o2l gy [, e reee) 4.
ot Jrd Rdx{r} |Inel R x{t} |Ineg]
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Integrating the last equality between 0 and T, we get
(4.14) / x(x)du! —/ x(x)du
Rd Rd

:_/ X(x)latus|2 dX+/ DZXVUE'VUS—AXGE(UE) dx
RIx[0,T] |Ine] R4x[0,T] |Ine

We choose y such that y(x) =1 if |x| <R, y =0, Supp(y) C B(0,R+1) and ||D?y |00 < 1.
Then

/ szvus ) vus _Axee(us) dxdt < C/ es(ue)
RIx[0,T] |Ine| B(0,R+1)x[0,T] [Ineg|

(4.15) < C(T,R),
due to inequality (3.1)). Plugging (4.15) into (4.14), we get

a 2
[ el ar<emny+ [ gtoan- [ xtoau].
RIx[0,T] R¢ Rd

[Ing|
Let’s deal with the two last terms. Due to (H;(f)), we have

/ 7 (x)du? < / dp? < C(R).
Rd

B(O,R+1)
Finally,
/ x()dul = o0.
R4
So )
! |8,u |2</ )((x)M dx < C(T,R). O
lInel Jpopxior = RIx[0,T] |Ing] ’

Consider the measure o, = o.dt defined on RY x [0,4+00). By Cauchy-Schwarz inequality with
@-23) and [@2.27), for every T > 0, o, is locally bounded on R? x [0, T] uniformly in & > 0. Hence,
passing to a further subsequence, we may assume that o, — o, as measures. The Radon-Nikodym
derivative of o, with respect to u, verifies

dlo.| _ 10|

du, vee(u) '

Now, let T > 0 and R > 0 be fixed. We have

(4.16) M :/ M < C(T R)
veg(u,) LBORX0.Tds,) ° PORXOT] |Ing]

dlo|

so that TR is bounded in L2(B(0,R) x [0, T],du,) uniformly in & > 0. Since it is true for all T > 0

£
and R > 0, it follows that o, is absolutely continuous with respect to u, (see [[1, Remark 2.2] for
further details). Therefore, we may write

o, = fluid t,

7 2
where h € L;

(R? x[0,T], udt) and satisfies the bound
IRl 200,11 uear) S C(T,R).
Arguing as in Theorem [I.1]and its proof, we infer
Lemma 4.3. The measure o, can be decomposed as o, = o.dt, where for a.e. t >0,

ol=-3,, - V&,dx +h'.
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4.2.3. Mean curvature of v'. The next step will be to identify the restriction of hon ZL with the mean
curvature defined by (4.8)), that is:

Proposition 4.4. For t > 0 a.e., v, has a first variation and
t_Tat
ov,=hv,
ie. his the mean curvature of v..

Proof Notice that we already know by Theorem that v is (d — 2)-rectifiable for a.e. t > 0.
The starting point is formula (3.5)). Indeed, let X € 2(R?,R?). Then for all t > 0,

1 du, 0 oX; o
4.17) e.(u.)o;; — Ue OUe 1 920 Gy =—/ X ot.
[Ine| Jraxqe} dx; 9x; ) dx; R x{t} €

Formula (4.17) is already very close to (4.8]), in particular the right hand side. In order to handle
the diffuse energy, as well as to interpret the left-hand side as a tangential divergence, we need to
analyse the weak-limit of the stress-energy density tensor

Vu, ® Vu, )

e(u,)
(Recall that the stress-energy matrix A, was defined in (3.6).) Clearly, |a| < Kdu!, and we may
assume that

t
.

al :=Adx = (Id—

a, — a, =:Adu;,
where A is a d x d symmetric matrix. Since the symmetric matrix Vu, ® Vu, is non-negative, we
have
A<Id.
On the other hand,
Tr(e,(u,)Id—Vu, ® Vu,) = (d — 2)e,(u,) + dV,(u,).
Therefore, as the trace is a linear operation, we may take the limit € — 0 and obtain

(4.18) Tr(A) =(d—2)+d dV*,
du

*

where the non-negative measure V, is the limit (up to a possibly further subsequence) of V,(u,)/|In¢€|.
Going to the limit in (4.17)), and using the decomposition in Theorem [1.1] we obtain for t > 0 a.e.,

/Afi%dv“r/ |V<1>*|25“_3q,*& i i
R4 ax} * Rd 2 Y Bxi 3X] 8X]

(4.19) :—/ X-i’ldv;—/ X v®,0,®,dx.
Rd Rd

On the other hand, ®, verifies the heat equation

0,
(4.20) —A®, =0.
at
Multiplying (4.20) by X.V®,, we obtain
Ve, |? 0%, 0%, \ 9X; / S
21 —6;— — | —dx=—[ X-V®,0,9, dx.
(4 ) Ad( 2 Y 3xi 3x] ax] X R4 K X

Combining (4.19) and (4.21)) we have therefore proved
Lemma 4.5. For t > 0 a.e., and for every)_f € 9(RY,RY),

L 0X; 5 -
(4.22) / AV —d v, =—/ X -hdv..
Rd Xj Rd
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Recall that we already know that ZIZ is rectifiable for a.e. t > 0. Comparing || with li in order

to identify h with the mean curvature of v*, we merely have to prove that the matrix A corresponds
to the orthogonal projection P onto the tangent space T, Z;. We first have

Lemma 4.6 ([|8, Lemma 6]). For t > 0 a.e.,
(4.23) A(x)( Vx(y)d%’dz(y)) =0 for #9 %ae xe ZL ,
T2t

and for all X € (R4, R).
A straightforward consequence is
Corollary 4.7. For t and x as in Lemma
1
(7.25) CkerA(x).
With a little more elementary linear algebra, we further deduce

Corollary 4.8 ([8, Corollary 4]). For t and x as in Lemma[4.6] A= P is the orthogonal projection onto
the tangent space T, Z;.

Gathering (4.22) and Corollary (4.8)) proves the proposition. O
Remark 4.9. Corollaries and have many important consequences.

dv,
(1) Using (4.18), we deduce that 7 = =0, i.e. there is only kinetic energy in the limit.
v*

(2) Let (t4,...,7,) be an orthonormal frame such that TXZ; = Span(rts,...,T,). In view of
the expression of the stress-energy tensor in these coordinates, we infer that the energy
concentrates in the (74, 75) plane (i.e. (T, EL)L) and uniformly with respect to the direction.

In particular, since o is colinear to Vu,, this suggests strongly that h is perpendicular to
T, Z];. Such an argument is made rigorous in [[1, Proposition 6.2].

4.2.4. Semi-continuity of w!. It solely remains to show (4.10) to complete the proof of Theorem|1.2
We now prove that for a.e. t = 0,

d.u,|? -
liminf/ x@ >/ xlhlzdvi+/ 210,®,|* dx.
-0 Rdx{t} |1I18| Rdx{t} Rdx{t}

We recast the problem in the framework of Young measures, which turns out to be an appropri-

. I T Vu
ate concept to analyse the energies of the oscillations. In this direction, denote p, = — v €| , and
u&'
consider the measure (defined on R? x R??)
2
e AT
W, = 0p(x) |Ine| dx.

Extracting possibly a further subsequence, we may assume that &.dt — @, as measures. Arguing as
in Theorem|[1.1]and its proof once more,

Lemma 4.10. The measure &, decomposes as &, = &'dt, and for t 2 0 a.e.
o = l'Ii’X(p)|6’t<i>*|2 dx + .4,

where T1'_(p) is a measure on R*! (with support on the unit ball) and #! = cbil_ZL. Moreover,
m  (p)(R*) =1.

The main ingredient that we will borrow directly from the analysis by Ambrosio and Soner [[1]] can
be formulated as follows.
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Proposition 4.11 ([[I, Section 6]). For t = 0 a.e., and every y € 2(R?),

[ awaiepy> [ rlikas
Rd XRZH Rd
At this stage, we are in position to complete the proof of Theorem|1.2

Proof of Theorem[1.2} In view of [I Theorem 4.4], it suffices to establish the integral version of
(4.10). Let 0 < Ty < T;. We integrate (4.11) on [Ty, T; ], and let £ go to zero. Combining the results

of Lemma[4.3] Proposition [4.4] Lemma[4.10] Proposition [4.11] Theorem|[1.1] we obtain
0= P00+ [

RIx{T;

< —/ xlfllzd V, +/ VxP(?l)dv*
Rx[ T, Ty ] RIx[ T, Ty ]

(4.24) —/ 718,®,1? dxdt+/ VyV®,0,%,.
R x[T,T;] RIx[T,,T;]

x|ve,|? dx—/ x|Ve,* dx
} RIx{T,}

Since $, verifies the heat equation, we have the identity
(4.25) / 2|V®,|? dx —/ x|V, |? dx
RIx{T,} RIx{To}
=/ 218,®,12 dxdt+/ VyV®,0,8,.
RIx[ T, T;] RIX[T,,T;]

Combining (4.24) and (4.25) we obtain
)= < [

R x[T,,T;]

xlﬁlzdv*+/ VyP(R)dv,.

REx[Ty,T;]

As mentioned above, this integral formulation implies (4.10)), under suitable assumptions which are
fulfilled here, namely rectifiability of Z;, lower bounds on the density ©,, and orthogonality of the

mean curvature h with (T, Z;)L. The proof of Theorem is complete. O

5. POINT VORTICES IN TWO SPACE DIMENSIONS

Our goal in this last section is to prove Theorem[1.3] We start with the derivation of some pointwise
estimates, which actually hold in any dimension d > 2, and refine the estimates of Theorem
Indeed, we need a careful analysis on the set where |u,| is far from zero. For this purpose, we
consider, for T > 0, AT > 0, R > 0 given, the cylinder

A =B(xy,R)x [T, T+ AT] C R? x [0, +00),
and we assume that for some constant 0 < o < %,
(5.1) lu,|=Z1—0 onA.
In particular, we may write
u = p.exp(ip,) onA,
where p, = |u,| and where ¢, is a smooth real-valued map on A. Set
A, =B(xg,aR) x [T + (1 —a®)AT, T + AT].

The following higher-order regularity for u, holds.
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1
Theorem 5.1. Assume that holds. There exist constants 0 < 0y < = and 0 < a, 8 < 1 depending

N

only on the dimension d, such that if o < o, then

(5.2) Vo, ”L°°(A3) C(M)+/|Inegl,
(5.3) 1= pellimgay) < COOE (14198 By ).
(5.4) [18cpellgoaca,y + VPNl goaqa, y < C(A)EP.

2 2

In addition, there exists a real-valued function ®, defined on A%, and satisfying the heat equation, such
that

(5.5) 18: s — 0:®cllgoe(n ) + IV, — VO ||<€0“(A1) c(A)eP.
2

Proof. The proof is similar to the one given in [9, Theorem 2.1] since we have on A the same bounds
on the energy / (18,u,|* +e.(u,))dx < C(A)|Ineg|. It relies in particular (and improves) on Theorem
23 ! 0
From now on and throughout the rest of this section, we work in dimension d = 2. In order to prove
Theorem let us first recall Theorem In dimension 2, it asserts that ZL has locally finite #°

measure, i.e. Z]L is a discrete set. In particular, we can write
Z]; ={b;(t):i €I}, wherel is finite orI =N.

Also, %, = U0 Z}; is a closed set in R? x (0, +00) and |u,| — 1 locally uniformly on R? x (0, +00) \
%, Moreover, a.e. t = 0,
. |ve,?

b= ——(,t)dx+v,, where v = Zai(t)ébi(t),

i€l

where the function &, satisfies the heat equation on R? x (0, +00).

Off the singular set Z;, the main contribution to the time derivative J,u, stems from the phase ®,.
In this direction, the following proposition is motivated by Lemma [3.2]

Proposition 5.2. We have, as ¢ — O,

|0,u,|* 2 0 (12
Tine[ —16,®,* in 6, (R*x(0,+00)\ L)),
Jyu,..Vu

£ —0,8,.Vd, inE6

R? ).
ne] o R™ % (0,+00)\ Z)

Proof. As %, is open, it suffices to show uniform convergence on small cylinders (which cover R? x
(0,+00)\ ZI )+ This is then an immediate consequence of Theorern L which shows that

du, =iexp(i¢,)d,®, +0(e?), and Vu, =iexp(ip,)V®, +0(eP). O
We now need to establish some asymptotics for the measures
o, ou,.vV
el fge ana ZeVhe g,
lnel |Inel

For the first one, it suffices to have the inequality

a 2
(5.6) lirninf/ 10| ——y(x)dxdt = / 18,8, %y (x) dxdt,
20 JR2x[0,+00) |11‘1 | R2x[0,+00)
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which is a straightforward consequence of Proposition 5.2} For the second one, we need to be a little
bit more careful. We have

Lemma 5.3. Extracting possibly a further subsequence,

du,.Vu

(5.7) ot £ dxdt — o, =:—0,®,.V®,dxdt +hv,,

|Ing|
weakly as measures on R? x [0, +00), where v, = vidt = p, %, and h € L%(v,).

Proof. LetR> 0, and T > 0. We have

1 1
au 22\ 2 Yu 2\ 2
(5.8) / does(/ 10| ) (/ V| ) < C(T,R).
B(0,R)x[0,T] B(0,R)x[0,T] |In gl B(0,R)x[0,T] |In el

In view of (5.8)), and by an argument of diagonal extraction, we see that there exists a Radon measure,
defined on R? x [0, +00), bounded on compacts, such that, up to a subsequence,

o, — o, as measures in R? x [0, +00).

We claim that o is absolutely continuous with respect to u,. In order to prove this, we compute the
Radon-Nikodym derivative of o, with respect to u,, obtaining

(59) 'do's < |8tu5|'|vus|’
du, e.(u,)
and therefore for all T > 0 and R > 0,
do, [* d,u, |
(5.10) / Iel < / tel” e < o(T,R).
B(0,R)x[0,T] du, B(0,R)x[0,T] [Ineg|

Invoking a result of Reshetnyak [29] as in [9]], the claim is proved.
It follows from Propositionthat onR? x[0,+00)\ %, 0, =—0,9,.V® dxdt and the conclusion
follows. O

In the same spirit, we have

Lemma 5.4. Extracting possibly a further subsequence,

A
(5.11) £ dxdt — A, =: T(®,)dxdt +Bv,,
[Ing|

weakly as measures on R? x [0,+00), where T is defined in (3.7) and B € L°°(»,).

The proof is identical to the proof of Lemma|5.3] The next result expresses the fact that the points
have "zero mean curvature".

Proposition 5.5. The vector h and the matrix B given above are identically equal to zero.

Proof We rely again on equation (3.5). Let X € 2(R? R?) be a smooth, time independent, vector
field, we integrate (3.5) on the time interval [T;, T,] for 0 < T; < T,. Taking the limit £ — 0, we get

/ (A,)i9;X; :/ X-o,.
R2X[T},T,] R2X[T},T,]

From (5.11)), and as ®,, verifies the heat equation, we infer

R2x[T},T,] R2x[T},T,]
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Therefore letting T, T, — t, we infer thata.e t 2 0,

R2 R2

Now the support of v! is a discrete set: by using cut-off vector fields, we see that h = 0, and from
there, B =0. O

Proof of Theorem We claim that for any function y > 0 compactly supported on R?, we have for
ae. t>0,

4

dt R2x{t} x

Indeed, passing to the limit in (3.4) and using (5.6), Lemma Lemma and Proposition [5.5]
we obtain

(5.12) dv. <0.

t
*

d ve,|? d
(5.13) — !x(x)d)w—/ xdvt <—/ 10,8,y —2,8,.V®,.Vydx.
dt Jrexqy 2 dt Jrex{t R2x{t}
On the other hand, since &, solves the heat equation, we have
d Ve, |2
dt Jrexy 2
R2x{t}

R2x{t}

2(x)dx = / V(5,9.).V%.
R2x{t}

so that (5.12) follows. We deduce that

(5.14) vl < vl forany 0 < ¢y < t5.

It then follows as an easy consequence that for 0 < to < t1, &) C Z0. Let &) := U Z}/ k. then =
k>1

is countable, and we can enumerate it 22 = {b; : i € N}. Then for all t > 0, there exist an injective

function p(t) : N — N such that b;(t) = b, ;), and (up to permuting the (b;(t));) we can assume

without loss of generality that p(¢t,i) =i. This means that the b;(t) do not move.

Fix x € RY. As Card(EL N B(x, 1)) is uniformly bounded as t — 0 due to (3.28) for d = 2, we infer

that 22 N B(x,1) is a finite set. As a consequence, EZ is a discrete set.
Finally, the other consequence of (5.14) is that the o;(t) are non increasing. O
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