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We investigate the elastic wave dispersion by a phononic metamaterial plate containing low
frequency resonator stubs arranged periodically over the plate. We show that this system not only
provides stop bands for wavelengths much larger than the periodicity but also displays negative
behavior of its effective mass density under the homogenization assumption. A numerical method
is used to calculate the plate’s effective dynamic mass density as function of the frequency where
the metamaterial is considered as homogeneous plate for these large wavelengths. Strong
anisotropy of the effective mass density matrix is observed around the resonance frequencies where
the gaps are opened. In these regions, we demonstrate that the effective matrix density components
take negative values. For each of these components, the negative behavior is studied by taking into
account the polarization of the involved resonant modes as well as their associated partial band
gaps opened for each specific Lamb symmetry modes. We found that coupling between Lamb
waves and resonant modes strongly affects the effective density of the whole plate especially in the

coupling frequency regions of the gaps. © 2014 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4901462]

I. INTRODUCTION

During the past two decades, intensive works have been
devoted to the control of acoustic/elastic wave propagation by
the design and fabrication of highly dispersive systems.
Particular attention was drawn to the so called phononic crys-
tals (PCs) which display unique dispersive properties. PCs are
periodic structures constructed by spatial repetition of two or
more different media having different acoustic/elastic wave
velocities."* They can then provide frequency ranges called
band gaps where the acoustic wave propagation is prohibited,
which can be very useful for acoustic/elastic wave filtering,
sensing, waveguiding, as well as for energy harvesting appli-
cations.” Recently, new designed kind of PCs called acoustic
metamaterials (AMM) attracted even more interests as they
can have unprecedented special dispersive properties.
Considered as effective media by homogenization theory,
AMM can display particular or anomalous behaviors in term
of their effective physical properties while having acceptable
size for the operating wavelength ranges. One of the largest
investigated properties is the acoustic wave focusing using the
negative refraction by an AMM.*” This behavior provides
the possibility of fabricating a “superlens” that can overcome
the diffraction limit encountered in conventional lenses.
Membrane-shape AMM have been investigated both theoreti-
cally and experimentally for their interesting performance on
wave attenuation and sound insulation in low frequency.®’
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0021-8979/2014/116(18)/184504/7/$30.00

116, 184504-1

These metamaterials are generally consisting of an elastic
membrane supported by a rigid grid and centrally decorated
with rigid disks or masses. Very recently, Mei ez al.'” reported
on significant progress conducted on AMM membrane based
on silicone rubber for airborne sound attenuation at frequen-
cies ranging from 100 to 1000 Hz. Plate type AMM are the
promising structures to achieve light and non-bulky systems
for efficient sound control, which can be very useful for both
air and structure borne insulation in aerospace applications for
example.

AMM are usually equipped with periodic distribution
of low frequency resonators causing band gaps opening for
large wavelengths compared to the structure periodicity.'’
These resonators are basically made of heavy core coated
with soft stiffness material units arranged in a rigid hosting
media. The soft material allows then low frequency reso-
nant modes to occur inside the AMM where the wave-
lengths in the hosting media are larger by several orders of
magnitude than the periodicity of the structure. Then, for
large wavelengths, the whole structure can be seen as a con-
tinuum media having negative effective mass density and/
or elastic modulus around the resonance frequencies.'>"?
Liu e al.'" pointed out the negative behavior of the effec-
tive mass density in a 3D structure consisting of lead
spheres units coated with soft rubber, periodically distrib-
uted in cubic configuration inside a stiff hosting epoxy.
Their study was followed by setting up an analytical
method to demonstrate this negative density behavior in 2D
periodic structures for bulk elastic waves.'* Li and Chan
have analytically demonstrated the concept of a double-
negative acoustic medium which presents simultaneously

© 2014 AIP Publishing LLC
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negative effective bulk modulus and density.'? Ding ez al."?
designed a 3D structure providing the same property of
double negativity by combining in the same time monopo-
lar and dipolar resonances which gives the negative effec-
tive bulk and density, respectively. Short after, and based
on the pioneer works of Liu et al.,11 Milton and Willis"?
proposed a simple 2D model based on spring-mass resona-
tors to make a simple system displaying anisotropic behav-
ior of the effective mass density. Other works have been
devoted to build-up new AMM, which can provide aniso-
tropic effective mass density by introducing geometrical
asymmetries into the design of the structure.'® In all these
works, either analytical or numerical method has been used
for simple AMM structures to demonstrate these “left
handed” behaviors.'*!'” Very recently, a new numerical
method was proposed by Zhu ez al.'® to study the effective
properties of an AMM plate with complex design. They
have applied their numerical model to an AMM plate with
elliptical embedded low frequency resonators and estimated
the effective matrix density of the structure to highlight its
anisotropy behavior.

Recently, there have been a great interest in the study of
the low frequency gaps provided by thin plate supporting an
array of pillars (stubs) as resonators, in particular in view of
their great potential for sonic applications.'”** In our previ-
ous works, based on periodically distributed soft rubber
pillars on thin aluminum plate (stubbed plate), we demon-
strated that the AMM plate can produce controlled band
gap for wavelengths much larger than the periodicity of the
structure.'”** We have also shown both theoretically and
experimentally that this kind of system not only can provide
resonant band gaps for Lamb waves but also gives a new
way for confinement and waveguiding applications in low
frequency range which can be interesting for energy
harvesting. >’

As metamaterial plates with pillars are of growing in-
terest in low frequency waves’ shielding and waveguiding,
we discuss in this paper the effective mass density of such
system to understand how our structure behaves in the vi-
cinity of the resonant band gaps. More specifically, this pa-
per is about the investigation of the effective mass density
of the stubbed plate considered as a homogeneous media
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for wavelengths much larger than the periodical structura-
tion of the system. To do so, we set up a numerical method
introduced by Zhu et al."®*® who used it to study metamate-
rial plates with anisotropic effective mass density. In our
study, we have applied this same method to the stubbed
plate. To the best of our knowledge, no study has dealt with
the effective mass density of metamaterial plate with
pillars.

This paper is organized as follow: the following Sec. II
gives a brief presentation of the AMM plate and discusses its
dispersion behavior for Lamb waves, especially near the
coupling phenomena responsible for band gaps opening.
Section III is about the effective mass density matrix calcula-
tions and results along with detailed discussion regarding the
behavior of each of its components for the AMM plate. We
end up this paper by making general conclusions about the
obtained results.

Il. BAND STRUCTURES AND DISPLACEMENT FIELDS
IN THE METAMATERIAL PLATE

The investigated AMM plate is made of soft homoge-
nous rubber cylindrical pillars squarely arranged in a thin
aluminum plate (Figure 1(a)). The band gap opening and the
physical behavior of the structure was discussed in our previ-
ous works.?' The density, the longitudinal and shear wave
velocities for the soft rubber are taken to be 1300kg/m?,
1000 m/s, and 22 m/s, respectively. We have shown recently
that these parameters are to describe closely the longitudinal
and shear mechanical behavior of common rubbers in the lit-
erature.”’ The elastic parameters of the material used for the
plate, i.e., aluminum are Cy;=107.3 GPa, C, =60.8 GPa,
Ca4=28.3GPa, and its density is 2702 kg/m?>.>° Figure 1(b)
presents the unit cell of the structure used for our calcula-
tions with the periodic boundary condition for the dispersion
behavior. All the geometrical parameters of the structures
chosen in our study are presented in Figure 1(b) where the
periodicity is denoted a and fixed to 1 cm. We have demon-
strated before that this kind of structure displays complete
band gaps for Lamb waves for wavelengths much larger than
the periodicity of the structure. The gap is created by the low
frequency local resonance of the soft rubber pillars which
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couple with the plate’s modes to give rise to the gaps. This
behavior can be seen in the band structure by the presence of
flat modes, a sign of zero group velocity caused by the local
resonance phenomena (Figure 1(c)). We have highlighted the
complete band gap in the band structure of Figure 1(c) by the
gray region, which extends from 2.1 to 2.3 kHz. In what fol-
lows, we will only focus on the waves’ dispersion along the
I'X direction as the same physical behaviors are observed for
the other propagative direction of the AMM structure.

To understand the vibrational motion of the plate, espe-
cially near the resonant frequencies of the rubber stubs where
the coupling occurs, we have taken a closer look into the
dominant displacement field components inside the plate.
The objective here is to see more clearly how the first order
antisymmetric (A0), symmetric Lamb (S0) modes, as well as
the shear horizontal (SH) plate mode couples with the reso-
nant modes of the stubs for the gaps creation. This will help
us to understand better the effective mass density behavior
presented later in Sec. III. We remind that for our frequency
domain study up to 3 kHz, only these three first order propa-
gative Lamb waves exist for the single aluminum plate of
thickness 0.5 mm. So, to have a general idea about the vibra-
tional motion of the plate, and more precisely about the
modes behavior inside the plate especially near the coupling
resonances, we define the normalized quantity #; associated
with each displacement component u; as follows:

J. Appl. Phys. 116, 184504 (2014)

As the integral in Eq. (1) is only taken over the plate,
the value of #; will then indicate the dominant displacement
field magnitude in the plate which will help understand its
vibrational motion. More precisely, the i; parameter is
defined to describe how the vibrational motion is set in the
plate when coupled with the resonant modes (flat bands). At
these resonant modes, the magnitude of the displacement in
the plate is too small compared to the one of the stub.
However, the parameter it; does not give a comparison of the
vibration amplitude between the stub and the plate.

In Figure 2, we have reproduced three times the band
structure along I'X direction to display each component i;
with specific color for each mode (blue for i, green for i,
and red for i,). The gray color dots means that the compo-
nent have zero ii; value or close to zero while the blue
(Figure 2(a)), green (Figure 2(b)), or red (Figure 2(c)) color
dots mean that the mode have dominant i, i, or i value,
respectively, over the other components. For frequencies
lower than 0.75 kHz (just before the first resonant flat modes
denoted «; and o), one can easily distinguish the SO, the SH,
and the A0 modes of the plate which have dominant u,, u,,
and u, displacement field magnitude, respectively. At this
range of frequency, the wavelengths are at least 100 times
greater than the thickness of the plate (either AO, SO, or SH).
We have also plotted in Figure 2 the wave displacement field
of the unit cell for the main resonances and anti-resonances
in the studied frequency range.

|uj|*dv After a close look into the vibrational motion behavior

Unit cell plate of the cylindrical stubs in Figure 2, we can mainly distin-
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followed by the corresponding resonances (1, 7'»).
The anti-resonances are defined by the fact that the
vibrational amplitude at the bottom of the pillar
becomes zero, which means that the transmission along
the plate will become prohibited, whereas the resonan-
ces correspond to maximum of the transmission.
Modes with indices 1 and 2, respectively, correspond
to vibrational motion along x and y directions. The
degenerated modes o; and o, located at the frequency
of 847 Hz are the first order LV modes, whereas 7, and
7, correspond to LV modes of second order.

(i)  The torsional resonant modes (TM) denoted f (Figure
2(c)) where the stub cylinder has torsional motion
around the z axis of revolution.

(iii)) The vertically elongation resonant mode (VEM) of
the stub which manifests itself by the anti-resonance o
followed by the resonance ¢'. Here, the vibrational
motion corresponds to a successive stretching and
compression of the stub resonator along the vertical
direction z as highlighted in Figure 2. Again, at the
anti-resonance, the displacement field vanishes at the
bottom of the pillar.

These modes couple with the plate modes SO, SH, and
AO to give rise to low frequency band gaps. In fact, by look-
ing closely into the displacement components in Figures 2(a)
and 2(b), one can see that we can distinguish two partial
band gaps (cyan regions) for mainly in-plane modes of the
plate. These two gaps are created by the coupling of the SO
and SH modes with the LV family resonant modes. In fact,
the first order LV modes o; and o, couple, respectively, with
the SO (which has dominant u, component at this operating
frequency range) and SH Lamb modes (which has dominant
u, component) to open a first partial gap (cyan region) from
847 to 1080 Hz. The upper edge of the gap at 1080 Hz is
defined by the resonances o' and o/, associated with the
anti-resonances «; and o,, respectively, accompanied by a
large shift of the oscillation phase. The same physical cou-
pling is observed for the second order LV modes y; and 75,
which give rise to the second partial gap (cyan region)
opened from 2104 to 2306 Hz for mainly in-plane modes.
Also in this case, the upper edge of this second in-plane gap
at 2306 Hz is defined by the resonances y’; and 7', associated
with the anti-resonances y; and y,, respectively. Meanwhile,
when we look at the out-of plane vibrational behavior of the
plate modes in Figure 2(c), one can clearly see that the VEM
mode J couples with the mainly out of plane mode of the
plate (i.e., the AO mode) to open a partial gap (red dashed
region) from 2000 to 2535 Hz. The resonance ¢’ located at
2535 Hz delimits the upper edge of this partial gap for the
out-of-plane mode. The overlapping of this partial gap for
out-of-plane mode and the one related to in-plane plate
modes (cyan region) gives the complete band gap (gray
region in the band structure of Figure 1(c)).

The distinction of the family resonant modes and their
coupling with Lamb modes to give rise to out-of-plane and
in-plane partial gaps will help us to understand the effec-
tive mass density behavior of the AMM in the following
study.

J. Appl. Phys. 116, 184504 (2014)

lll. DYNAMIC EFFECTIVE MASS DENSITY

We have investigated the effective dispersion behavior
of the stubbed plate considered as a homogeneous medium
for the propagation of elastic waves. We have used a numeri-
cally based method to calculate the effective mass density of
the structure at low frequency under the condition of large
wavelengths compared to the AMM period. The method con-
sists of applying a specific fixed external displacement field
perturbation on the four lateral boundaries of the plate for
the unit cell while leaving the other boundaries free. We esti-
mate then the induced forces exerted on these boundaries by
evaluating the stress average over the four boundaries of the
unit cell considered as a homogeneous media. The calcula-
tions are performed using finite element method with fre-
quency response analysis, and the effective mass density
matrix is then deduced using the formula:

Fy Pii P2 P13 Uy
Fy | ==V | po pn P vy, @
F, P31 P32 P33/ offective \UY

where (U], ) is the applied displacement field, (Fi.,..)

are the induced forces on the unit cell boundaries, which are
obtained by averaging the stresses over the boundaries, V
is the unit cell volume, w the angular frequency, and
(Pij)ij=125 1s the dynamic effective mass density matrix.
More details about the calculation method are well described
in the recent work of Zhu et al.”® In the case of our structure,
each effective matrix density component is calculated along
the frequency range [0.1 kHz — 3 kHz]. The results are given
in Figures 3-5.

Figure 3 displays the three first component pq, p,;, and
p31 of the effective matrix, which are deduced by a fixed dis-
placement excitation along the x direction (U, 0, 0) over the
plate four lateral boundaries of the unit cell. This kind of ex-
citation gives rise to the in-plane modes inside the plate with
mainly dominant u, polarization. So, in addition to these
three effective density components, we plotted in the left
panel of Figure 3 the band structure along I'X direction
where we highlight the modes wavelength with mainly u,
polarization in blue color. We also have indicated the two in-
plane partial gaps with (cyan color regions) as well as the
gap for out-of-plane modes (dashed red region). In addition,
and for the sake of clarity, we have divided the effective
mass density components by the average density of the unit
cell p,,. From Figure 3, one can see that far from the reso-
nant partial gaps, the density p;; is close to the average den-
sity of the unit cell p,, (as the ratio p;;/p., becomes close to
1). However, p, displays diverging negative values inside
the two partial band gaps (cyan colors) related to in-plane
plate waves. In fact, the effective mass density component
p11 describes the inertia behavior of the AMM for in-plane
modes with polarization along the x direction so that it
becomes negative inside the in-plane partial band gaps (cyan
regions) related to these modes. Meanwhile, the two p,; and
p31 have zero value except in the resonant frequencies where
they become infinite positive and/or negative values in very
narrow frequency band domains. This can be explained by
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the complex vibrational motion shape of the stub at reso-
nance, which induces non negligible deformations on the
plate along the other directions y and z.

Figure 4 displays the components pi,, p2s, and p3, of
the effective matrix density, which are deduced by a fixed
displacement excitation along the y direction (0, UQ,O)
over the plate boundaries. This excitation gives rise to
in-plane plate modes inside the plate with dominant u,
polarization this time. As the unit cell has n/2 rotational
symmetry revolution with respect to z axis, the y direction
behavior excitation is the same as in the case of x direction
case discussed before. So, the same behavior is observed
along x and y directions so that p;; = p>1, P20 =p11, and
p32=p31. This explains the results obtained in Figure 4
when they are compared to those of Figure 3. Like p;1, p2>
displays then negative values inside the two in-plane parti-
als gaps (cyan regions) also and becomes close to p,, far
from the gaps, while the other components have zero

3.0 : L -

values except in the resonant frequencies where they have
anomalous behavior.

We have plotted also in Figure 5 the last three compo-
nents pi3, P23, and psz3 of the effective matrix density calcu-
lated by mean of displacement excitation input along the z
direction (0,0, U%) over the plate boundaries. This specific
condition promotes the excitation of mainly out-of-plane
modes inside the plate. We have also reported in the left
panel the band structure along I'X direction where we high-
light the plate modes wavelengths with mainly u, polariza-
tion in red color dots. One can see from Figure 5 that the
effective density ps3 is close to the average density of the
unit cell p,, far from the resonant frequencies, but displays
negative values inside the partial band gap related to out-of-
plane modes (red dashed region) opened by the coupling
with the VEM . This effective mass density component
describes the inertia behavior of the AMM for out-of-plane
vibrational motion of the plate, so it becomes negative inside
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FIG. 4. Same as Figure 3 but the
modes with mainly in-plane displace-
ment components along y direction are
highlighted in green dots (left panel).
(Three right panels) Dynamic mass
densities: pj» (blue solid line), pi»
(green solid line), and p;, (red solid
line).




J. Appl. Phys. 116, 184504 (2014)

184504-6 Qudich et al.
30 T 1 " l L 1 1 11,1
2 5 _m}' - N = N N <

n
L
T

— 2.0 -~ S : -
E K \ FIG. 5. Same as Figure 3 but the
~ ] ..' 1T | ‘ modes with mainly out-of-plane dis-
= 154 . 1 L 1L 1L i placement components are highlighted
8 N ; in red dots. (Three right panels)
[ ) o 1 Dynamic mass densities: p;3 (blue
g. ";_’ : solid line), p,3 (green solid line), and
O 1.0 o 4 kE d = = ; 4 p33 (red solid line).
L “‘w ;
054 4+ 4k H{F i -
) ..' 0.0 -10 -p13/pa I p23/pa 1 p33/pa §
00 i I ' I ' I I ' I I rerere ; L L B |
r X A 0 1 -1 0 1 6420246

the out-of-plane band gap. Meanwhile, the two components
p13 and p,3 have zero value except in the resonant frequen-
cies where they become infinite positive and/or negative val-
ues in very narrow frequency band domains. Furthermore,
p13 and p»3 have the exact same behavior in the whole stud-
ied frequency domain, which is logical because of the struc-
ture symmetry as it behaves identically along x and y
directions.

Regarding the TM resonant mode denoted f§ in Figure
2(c), it does not affect the wave propagation in the plate so
that it does not manifest itself in the effective mass density.

Finally, we want to point out that the main subject of
this paper is to discuss the effective mass density behaviors,
especially its singularities near the resonant modes coupling
with the plate modes. These behaviors are consistent with
the existence among the dispersion curves of different gaps
associated with either flexural or compressional resonances
of the pillars, without the necessity of having a singular
behavior of the effective elastic constants and in particular a
double negativity. However, a detailed calculation of the lat-
ter quantities is out of the scope of the present paper and will
need further work in the future.

IV. CONCLUSION

We used a numerical model to study the dynamic effec-
tive mass density of a stubbed acoustic metamaterial plate
containing low frequency resonant stubs. A frequency
response analysis was conducted to calculate each compo-
nent of the effective mass density matrix and figure out its
behavior especially around the resonant band gaps. We
found out that the three effective diagonal components p;,
P20, and p3; take the average value density of the system
while they display anomalous behavior in the resonant gaps.
p11 and py, have the same behavior and take negative values
inside the partial gaps related to in-plane modes while p33
becomes negative in the gaps region associated with out-of-
plane modes of the plate. The other matrix density compo-
nents take zero value but have divergence behavior at the

resonant frequencies due to the complex vibrational motion
of the stub at resonance, which introduces small but non neg-
ligible deformations into the plate along all directions. In
addition, due to the symmetry of the structure, we have
P11=P22: P12=P21> P32= P31, and pi3=pr3. Meanwhile,
the effective mass density matrix is not symmetric: p;3 is not
equal to p3, for example, as the first describes the plate iner-
tia along z direction (for out-of-plane modes) while the sec-
ond gives its inertia along x direction (for in-plane modes),
which are different in the resonant frequencies.

The stubbed AMM plate is proven to display negative
effective mass density with anisotropic behavior which
makes it suitable for wave manipulation to achieve sub-
wavelength focusing for biomedical imaging or energy har-
vesting for instance.
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