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Abstract

In this work, we are interested in the small time local null controllability for the viscous
Burgers’ equation y; — yYze + yy» = u(t) on the line segment [0, 1], with null boundary conditions.
The second-hand side is a scalar control playing a role similar to that of a pressure. In this setting,
the classical Lie bracket necessary condition [f1, [f1, fo]] introduced by Sussmann fails to conclude.
However, using a quadratic expansion of our system, we exhibit a second order obstruction to
small time local null controllability. This obstruction holds although the information propagation
speed is infinite for the Burgers equation. Our obstruction involves the weak H —5/4 norm of
the control u. The proof requires the careful derivation of an integral kernel operator and the
estimation of residues by means of weakly singular integral operator estimates.

1 Introduction

1.1 Description of the system and our main result

For T > 0 a small positive time, we consider the line segment = € [0, 1] and the following one-
dimensional viscous Burgers’ controlled system:

Yt — Yoz T YYo = u(t) in (OvT) X (07 ]‘)ﬂ
y(tﬂ 0) =0 in (OvT)v
y(t,1)=0 in (0,7), ()
y(o, T) = yO(x) in (O’ 1).

The scalar control u € L2(0,T) plays a role somewhat similar to that of a pressure for multi-
dimensional fluid systems. Unlike some other studies, our control term u depends only on time and not
on the space variable. It is supported on the whole segment [0, 1]. For any initial data yo € Hg(0,1)
and any fixed control u € L?(0,T), it can be shown (see Lemma 8 below) that system (1.1) has a
unique solution in the space X7 = L?((0,7); H2(0,1)) N H'((0,T); L?(0,1)). We are interested in the
behavior of this system in the vicinity of the null equilibrium state.

Definition 1. We say that system (1.1) is small time locally null controllable if, for any small time
T > 0, for any small size of the control n > 0, there exists a region § > 0 such that:

v|7J0|H5 < 5; Ju € LQ(Oﬂ T)ﬂ |u|2 <n such that y(Tv ) = 0’ (12)
where y € X is the solution to system (1.1) with initial condition yo and control u.

Theorem 1. System (1.1) is not small time locally null controllable. Indeed, there exist T,n > 0 such
that, for any § > 0, there exists yo € Hg(0,1) with [yolrz < & such that, for any control u € L?(0,T)
with |ula < n, the solution y € X1 to (1.1) satisfies y(T,-) # 0.

We will see in the sequel that our proof actually provides a stronger result. Indeed, we prove that,
for small times and small controls, whatever the small initial data yo, the state y(¢) drifts towards a
fixed direction. Of course, this prevents small time local null controllability as a direct consequence.
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1.2 Motivation: small time obstructions despite infinite propagation speed

As an example, let us consider the following transport control system:

ye + My, =0 in (0,7) x (0, L),
y(t,0) = vo(t) in (0,T), (1.3)
y(o,l') = yO('T) in (O’ L),

where T > 0 is the total time, M > 0 the propagation speed and L > 0 the length of the domain.
The control is the boundary data vg. No condition is imposed at « = 1 since the characteristics flow
out of the domain. For system (1.3), small time local null controllability cannot hold. Indeed, even if
the initial data yq is very small, the control is only propagated towards the right at speed M. Thus,
if T < L/M, controllablity does not hold. Of course, if T > L/M, the characteristics method allows
to construct an explicit control to reach any final state y; at time 7. In this context, the obstruction
to controllability comes from the fact that the information propagation speed is bounded. Indeed, let
us modify slightly system (1.3) into:

Yt — VWaw + My, =0 in (0,7) x (0, L),
y(t,0) =wvo(t) in (0,7),
y( ) ) =0 in (OvT)v (14)
y(va) = yO(x) in (07 L)v

where v > 0 is a (very small) viscosity. This system is small time globally null controllable, for any
v > 0. Of course, the cost of controllablity must explode as v — 0 if T is too small (see [22] for a
precise study of the cost of controllability for (1.4)). What we want to underline here, is that the
infinite information propagation speed yields (at least in this context) small time local controllability.

Therefore, there is a strong interest for systems where small time local controllability does not
hold despite an infinite information propagation speed.

An example of such a system is the control of a quantum particle in a moving potential well (box).
This is a bilinear controllability problem for the Schrédinger equation. For such system, it can be
shown that large time controllablity holds (see [4] if only the particle needs to be controlled or [5] to
control both the particle and the box). For small times, negative results have been obtained by Coron
in [18] (when one tries to control both the particle and the position of the box), by Beauchard, Coron
and Teissman in [6] for large controls (but smooth potentials) and by Beauchard and Morancey in [7]
(under an assumption corresponding to a Lie-bracket condition [fi,[f1, fo]] # 0). This last paper is
related to ours since their proof relies on a coercivity estimate involving the H~! norm of the control.
This is natural as we will see in paragraph 1.5. We refer the reader to these papers for more details
and surveys on the controllability of Schrédinger equations.

Theorem 1 can be seen as another example of a situation (in the context of fluid dynamics) where
small time local controllability fails despite an infinite propagation speed.

1.3 Previous works concerning Burgers’ controllability

Let us recall known results concerning the controllability of the viscous Burgers’ equation. More
generally, we introduce the following system:

Yt — Yoz T YYo = u(t) in (OvT) X (07 1)
y(£.0) = wo(t) in (0,7),
y(t.1) = ui(t) in (0.7), (15)
( ) = yO(x) in (O’ 1);

where vg and v; are seen as additional controls with respect to the single control u of system (1.1).
Various settings have been studied (with either one or two boundary controls, with or without ). Once
again, here u only depends on ¢ and not on . Some studies have been carried out with vg = v; =0
and a source term u(t, z)x[q,5 for 0 < a < b < 1. However, these studies are equivalent to boundary
controls thanks to the usual domain extension argument. Up to our knowledge, Theorem 1 is the first
result concerning the case without any boundary control and a scalar control u.



We start with results involving only a single boundary control (either vy or v; by
symmetry) and u = 0.

In [31], Fursikov and Imanuvilov prove small time local controllability in the vicinity of trajectories
of system (1.5). Their proof relies on Carleman estimates for the parabolic problem obtained by seeing
the non-linear term yy, as a small forcing term.

Global controllability towards steady states of system (1.5) is possible in large time. Such studies
have been carried out by Fursikov and Imanuvilov in [30] for large time global controllability towards
all steady states, and by Coron in [20] for global null controllability in bounded time (ie. bounded
independently on the initial data).

However, small time global controllability does not hold. The first obstruction was obtained by
Diaz in [24]. He gives a restriction for the set of attainable states starting from 0. Indeed, they must
lie under some limit state corresponding to an infinite boundary control v; = 4o0.

Fernandez-Cara and Guerrero derived an asymptotic of the minimal null-controllability time 7'(r)
for initial states of H' norm lower than r (see [27]). This shows that the system is not small time
globally null controllable.

We move on to two boundary controls vy and vy, still with v = 0. Guerrero and Imanuvilov
prove in [32] that neither small time null controllability nor bounded time global controllability hold in
this context. Hence, controlling the whole boundary does not provide better controllability properties.

When three scalar controls (namely u(t), vo and v;) are used, Chapouly has shown in [17]
that the system is small time globally exactly controllable to the trajectories. Her proof relies on the
return method and on the fact that the corresponding inviscid Burgers’ system is small time exactly
controllable (see [19, Chapter 6] for other examples of this method applied to Euler or Navier-Stokes).

When v; = 0, but u and vy are controlled, the author proved in [35] that small time global
null controllability holds. Indeed, although a boundary layer appears near the uncontrolled part of
the boundary at x = 1, precise estimation of the creation and dissipation of the boundary layer allows
to conclude.

Concerning the controllability of the inviscid Burgers’ equation, some works have be
carried out. In [2], Ancona and Marson describe the set of attainable states in a pointwise way for
the Burgers’ equation on the half-line > 0 with only one boundary control at = 0. In [33], Horsin
describes the set of attainable states for a Burgers’ equation on a line segment with two boundary
controls. Thorough studies are also carried out in [1] by Adimurthi et al. In [39], Perrollaz studies the
controllability of the inviscid Burgers’ equation in the context of entropy solutions with the additional
control u(-) and two boundary controls.

1.4 A quadratic approximation for the non-linear system

Starting now, we introduce € = T' to remember that the total allowed time for controllability is small.
Moreover, we want to use the well-known scaling trading small time with small viscosity for viscous
fluid equations. Therefore, we introduce, for ¢t € (0,1) and z € (0,1), §(t,x) = ey(et,x). Hence, § is
the solution to:

Ut — €Uzz + UY= = u(t) in (0,1) x (0,1),
g(tﬂ 0) =0 in (07 ]‘)ﬂ
g(t, 1) =0 in (0,1), (16)
gj(O,x) = go(l') in (Oa 1))

where (t) = e2u(et) and §o = eyo. This scaling is widely used for controllability results since small
viscosity developments are easier to handle. As we will prove in section 6, system (1.6) can help us
to deduce results for system (1.1). To further simplify the computations in the following sections, let
us drop the tilda signs and the initial data. Therefore, we will study the behavior of the following



system near y = 0:
Yt = €Yaz + Yy = u(t) in (0,1)
y(t,0) =0 in (0,1),
y(t,1) =0 in (0,1)
y(0,2) =0 in (0,1).

(1.7)

Properties proven on system (1.7) will easily be translated into properties for system (1.1) in Section 6.
Moreover, since we are studying local null controllability, both the control u and the state y are small.
Thus, if n describes the size of the control as in Definition 1, let us name our control nu(t), with w of
size O(1). We expand y as y = na + n*b + O(n?), and we compute the associated systems:

a; — eaz, = u(t) in (0,1) x (0,1),
a(t,0) =0 in (0,1),
a(t,1) =0 in (0,1), (1.8)
a(0,2) =0 in (0,1)
and
by — ebyy = —aa, in (0,1) x (0,1),
b(t,0) =0 in (0,1),
b(t,1) =0 in (0,1), (1.9)
b(0,z) =0 n (0,1).

It is easy to see that system (1.8) is not controllable. Indeed, the control u(t) can actually be written
as u(t)X[o,1], and X[p,1] is an even function on the line segment [0, 1]. Thus, the control only acts on
even modes of a. In the linearized system (1.8), all odd modes evolve freely. This motivates the second
order expansion of our Burgers’ system in order to understand its controllability properties using b.
Given systems (1.8) and (1.9), we know that a is even and b is odd.

1.5 A finite dimensional counterpart

Systems (1.8) and (1.9) exhibit an interesting structure. Indeed, the first system is fully controllable
(if we consider that a lives within the subspace of even functions), while the second system is indirectly
controlled through a quadratic form depending on a. Let us introduce the following finite dimensional
control system:

{ @ =Ma+u(tym in (0,7), (1.10)

b= Lb+Q(a,a) in (0,T),

where the states a(t),b(t) € R™ x RP, M is an n x n matrix, m is a fixed vector in R™ along which the
scalar control acts, L is a p X p matrix and @ is a quadratic function from R™ x R™ into RP. Moreover,
we assume that the pair (M, m) satisfies the classical Kalman rank condition (see [19, Theorem 1.16]).
Hence, the state a is fully controllable. We consider the small time null controllability problem for
system (1.10). We want to know, if, for any 7" > 0, for any initial state (a°, "), there exists a control
u: (0,T) — R such that the solution to (1.10) satisfies a(7") = 0 and b(T") = 0. As proved in [11] for
the case L = 0, the answer to this question is always no in finite dimension, whatever M, m, L and Q.

System (1.10) is a particular case of the more general class of control affine systems. Indeed, if we
let z(t) = (a(t),b(t)) € R"*P we can write system (1.10) as:

= fo(z) +u(t) f1(z), (1.11)
where fo(z) = (Ma, Lb+ Q(a,a)) and fi(x) = (m,0). The controllability of systems like (1.11) is

deeply linked to the iterated Lie brackets of the vector fields fo and f; (see [19, Section 3.2] for a
review).

Let us give a few examples with n = 3. We write a = (a1, a2, a3) and we consider the system:
(il = az, d2 = as, (ig = Uu. (].].2)

Although the strong structure of equation (1.12) can seem a little artificial, it is in fact the general
case. Indeed, up to a translation of the control, controllable systems can always be brought back
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to this canonical form introduced by Brunovsky in [12] (for a proof, see [15, Theorem 2.2.7]). The
resulting system is flat. We can express the full state as derivatives of a single scalar function. Indeed,
if we let & = a1, we have ay = ¢/, a3 = 0” and u = . If we choose an initial state (a",b°) with
a’ = 0, we obtain 6(0) = 6’(0) = 6”(0) = 0. Moreover, if we assume that the control u drives the state
(a,b) to (0,0) at time T', we also have 0(T) = ¢'(T") = 0”(T) = 0. These conditions allow integration
by parts without boundary terms.

To keep the examples simple, we choose p = 1 (hence b = b; € R) and we let L = 0.

First example. We consider the evolution b = a2 + ajas. If the initial state is (a°,b°) where
a’ = 0, we can compute b(T) = b° + fOT 0%(t) + 0(t)0" (t)dt = b°. Hence, null controllability does not
hold since any control driving a from 0 back to 0 has no action on b. This obstruction to controllability
is linked to the fact that dim£(0) = 3, where L is the Lie algebra generated by fy and f;. The system
is locally constrained to evolve within a 3 dimensional manifold of R%. Indeed, the evolution equation
can be rephrased as b= %(alag). Thus, the quantity b — ajas is a constant (conservation law of the
system).

Second example. We consider the evolution b = a3. Thus, b(T) = b° + fOT 0”(t)?dt. This is
also an obstruction to null controllability. Indeed, all choices of control will make b increase. In this
setting, we recover the well known second order Lie bracket condition discovered by Sussmann (see [43,
Proposition 6.3]). Indeed, here, [f1,[f1, fo]] = (Ogrs, @(m,m)) = (Ogs,1). System (1.11) drifts in the
direction [f1, [f1, fo]] and the control cannot prevent it because this direction does not belong to the
set of the first order controllable directions (m,0), (Mm,0) and (M?m,0) (Lie brackets of fy and f;
involving f1 once and only once).

Third example. We consider b = a2. Thus, b(T) = b° + fOT 0’%(t)dt. Again, b can only in-
crease. Here, the first bad Lie bracket [fi,[f1, fo]] vanishes for z = 0. However, we can check that
[f1, [fo, [fos [f1, foll]] = (Ogrs, Q(Mm, Mm)) = (Ogs,1). Compared with the second example, the in-
crease of b is weaker. Indeed, in the second example, we had b(T) = b° + |u|§1,1(07T). In this third

example, b(T) = b° + |U|%172(0,T)‘

Although these examples may seem caricatural, they reflect the general case. In finite dimension,
systems like (1.10) are never small time controllable. Either because they evolve within a strict
manifold, or because some quantity depending on b increases. Moreover, the amount by which b
increases is linked to the order of the first bad Lie bracket and can be expressed as a weak norm
depending on the control. One of the goals of our work is thus also to investigate the situation in
infinite dimension, where Lie brackets are harder to define and compute.

Therefore, the first natural question is to compute the Lie bracket [f1, [f1, fo0]](0) for systems (1.8)
and (1.9). As we have seen in finite dimension, this Lie bracket is (0, @(m,m)). In our setting, m is the
even function xjo.1) and Q(a,a) = —aa,. Thus Q(m,m) is null. This can be proved computationally
using Fourier series expansions. Let us give a much simpler argument inspired by the formal fact that
9,1 = 0. For any a € L?(0,1) and any smooth test function ¢ such that ¢(0) = ¢(1) = 0, we have:

1 1 1 )
/0 Qla,a)6 = / @(2)s (). (1.13)

Hence, even if ¢ := Q(1,1) was defined in a very weak sense, (1.13) yields:

@.0) =5 [ or= 500~ 30(0) =0 (114

Since (1.14) is valid for any smooth ¢ null at the boundaries, we conclude that indeed, ¢ = Q(1,1)
is null. Therefore, the classical [f1,[f1, fo]] necessary condition by Sussmann does not provide an
obstruction to small time controllability for our system. This also explains why the coercivity property
we are going to prove is in a weaker norm than H~!.

1.6 Strategy for the proof

Most of this paper is dedicated to the asymptotic study of systems (1.8) and (1.9) as the viscosity
¢ tends to zero. In Section 6, we prove that this study is sufficient to conclude about the local null
controllability for system (1.1). In order to prove that system (1.1) is not small time locally null



controllable, we intend to exhibit a quantity depending on the state y(¢,-) that cannot be controlled.
For p € H'(0,1), we will consider quantities of the form (p, y(t,-)).
Looking at system (1.9) when ¢ is very small, we get the idea to consider p(z) = x — 1. Indeed,
we obtain:
d /1
dt J,
Formally, if we let e = 0 in equation (1.15), it is very encouraging because it shows that the quantity
(p, by can only increase, whatever is the choice of the control. Moreover, since we can compute the
amount by which it increases, we have a kind of coercivity and we can hope to be able to use it
to overwhelm both residues coming from the fact that ¢ > 0 and residues between the quadratic
approximation and the full non-linear system. Sadly, the second term in the right-hand side of
equation (1.15) is hard to handle. However, as a depends linearly on u, and b depends quadratically
on a, we expect that we can find a kernel K*(s1, s2) such that:

p(2)b(t, 2)da = % /O 2t 2)de +  (halt,1) ~ ba(1,0)). (1.15)

<p,b(1,~)>:/0 /0 K*(s1,s2)u(s1)u(sz2)dsidss. (1.16)

Thanks to equation (1.15), we expect that (1.16) actually defines a positive definite kernel acting on
u, allowing us to use its coercivity to overwhelm various residues.

In Section 2, we recall a set of technical well-posedness estimates for heat and Burgers systems.

In Section 3, we show that formula (1.16) holds and we give an explicit construction of the ker-
nel K¢. Moreover, we compute formally its limit K° as e — 0.

In Section 4, we prove that the kernel K is coercive with respect to the H~°/4(0,1) norm of the
control u, by recognizing a Riesz potential and a fractional laplacian.

In Section 5, we use weakly singular integral operator estimates to bound the residues between K¢
and K° and thus deduce that K¢ is also coercive, for £ small enough.

In Section 6, we use these results to go back to the controllability of Burgers.

In Appendix A, we give a short presentation of the theory of weakly singular integral operators
and a sketch of proof of the main estimation lemma we use.

2 Preliminary technical lemmas

In this section, we recall a few useful lemmas and estimates, mostly concerning the heat equation and
Burgers equation on a line segment. Throughout this section, v is a positive viscosity and 1" a positive
time. To lighten the computations, we will use the notation < to denote inequalities that hold up to
a numerical constant. We will not attempt to keep track of these numerical constants. We insist on
the fact that these constants do not depend on any parameter (neither the time 7', nor the viscosity
v, the control u, or any other unknown).

2.1 Properties of the space Xr

We recall the definition given in the introduction and state without proof the following classical lemmas
which can be proved using either interpolation theory or Fourier transforms with respect to time and
space.

Definition 2. We define the functional space:

Xr=L*((0,T),H*(0,1)) nH" ((0,T),L*(0,1)) . (2.1)
We endow the space X1 with the scaling invariant norm:

2l o= T2 l2lly + T2 Nzaally + T2 2l (2.2)
Lemma 1. X7 < C°([0,T], H*(0,1)). Moreover, for any function z € Xr,

sup |z(t, ) (0,1) S 2llx, - (2.3)
te[0,T)

In particular,
2l S ll2llx - (2.4)



Lemma 2. For any z € X, the boundary traces of z, satisfy:

T |22 (-, 0)|H1/4(0,T) +T |22 (-, 1)|H1/4(O,T) S llzllx, - (2.5)

2.2 Smooth setting for the heat equation

We start by recalling standard estimates in a smooth (strong) setting for one dimensional heat equa-
tions that will be useful in the sequel. We state all results for standard forward heat equations, but
the same results hold for backwards heat equations with final time conditions.

Lemma 3. Let f € L?((0,T) x (0,1)) and 2° € H}(0,1). We consider the system:

2t — V2ge = [ in (0,T) x (0,1),
2(t,0) =0 mn (0,T),
(£,0) . ©.7) (2.6)
z(t,1) =0 in (0,7),
2(0,z) = 2°%x) in (0,1).
There is a unique solution z € Xr to system (2.6). Moreover, it satisfies the estimate:
v lzaslly + V7 2ol + 1zl S 11l + V7120 (2.7)

Proof. The proof of the existence and uniqueness is standard. Let us recall how we can obtain
estimate (2.7). We multiply equation (2.6) by z., and integrate by parts over € (0,1). Thus,

d 1 1 1 1
Tt |9 Zg + V/ Zix = _/ fzacac (28)
dt |:2 /0 :| 0 0

For any 7" < T, we can integrate (2.8) over ¢t € (0,7”). Hence, we obtain:

1 ) T /1 ) T ,l 1 5
gy [ e [0 e 5180 (29)

From (2.9), we easily deduce that:

vlzaally S 1fllg2 + VP12, (2.10)
VU lzall poo 2y S I llpe + Vol (2.11)

Eventually, we obtain estimate (2.7) from estimates (2.10) and (2.11) since we can write z; as f +
Vigg- O

Lemma 4. Let 2° € H}(0,1) and consider z € X the solution to system (2.6) with a null forcing
term (f =0). It satisfies:
Izl < 12°] - (2.12)

Proof. Although (2.12) is not a direct consequence of the combination of (2.4) and (2.7) (which would
yield a weaker conclusion), it can be obtained via a standard application of the maximum principle,
which can be applied in this strong setting. O

2.3 Weaker settings for the heat equation

Let us move on to weaker settings for the heat equation. Moreover, we introduce inhomogeneous
boundary data as we will need them in the sequel.

Definition 3. Let f € (X1), vo,v1 € H-Y4(0,T) and 2° € H='(0,1). We consider:

2 — Vg = f in (0,T) x (0,1),
z(t,0) = vo(t) in (0,7,
2(t, 1) =wvi(t) in (0,7), (2.13)
2(0,z) = 2°%x) in (0,1).



We say that = € L*((0,T) x (0,1)) is a weak solution to system (2.13) if, for all g € L*((0,T) x (0,1)),

<2,9>L27L2 = <f, 90>(XT)/,XT + (ZONP(O, '))H*l(o,l),Hé(O,l)
+ v{vo, x (-, 0)) g-1/4(0,1), 11/4(0,1) (2.14)
= v{v1, 02 (1)) -1a0,1), 11/4(0.7)
where p € X1 is the solution to the dual system:
Pt + Vpae = —g in (
©(t,0) =0 in ( (2.15)
o(t,1) =0  in (0,T), '
e(T,z) =0 in(
(

Lemma 5. There exists a unique weak solution z € L?((0,T) x (0,1)) to system (2.13). Moreover:

2l S 772070 (1 ll gy + 12001 ) + T4 (ol gr-sa + ol g174) (2.16)

Proof. For any g € L?((0,T) x (0,1)), Lemma 3 asserts that system (2.15) admits a unique solution
¢ € X such that |l¢||x, < T7?v7Yg||12- Moreover, thanks to estimates (2.3) and (2.5), the
right-hand side of equation (2.14) defines a continuous linear form on L2?. The Riesz representation
theorem therefore proves the existence of a unique z € L? satisfying estimate (2.16). O

Lemma 6. Let f € L*((0,T) x (0,1)). We consider the following heat system:
2t — VZgg = fo i (0,1) x (0,1),
2(t,0)=0 in (0,1),
z(t,1)=0 in (0,1),
z2(0,2) =0 in (0,1)

(2.17)

There is a unique solution z € L*((0,T) x (0,1)) to system (2.17). Moreover, it satisfies the estimate:
2 2l e g2y + v 20l e S 12 (2.18)

Proof. For f € L?, it is easy to check that f, € X}. Hence, we can apply Lemma 5 and system (2.17)
has a unique solution z € L2 In fact, this solution is even smoother. Estimate (2.18) is obtained as
usual by multiplying equation (2.17) by z and integration by parts. O

2.4 Burgers and forced Burgers systems

We move on to Burgers-like systems. For the sake of completeness, we provide a short proof of the
existence of a solution to system (1.1) and a precise estimate for forced Burgers-like systems that will
be necessary in the sequel.

Lemma 7. Let w € Xr, g € L*((0,T),H'(0,1)) and y° € H}(0,1). We consider y € Xt a solution
to the following forced Burgers-like system:

Yt — VYza = —YYz + (wy)z +9: in (OvT) X (Oﬂ 1)7
t,O = 0 Zn O,T I
y(t,0) . (0,7) (2.19)
y(t,1)=0 in (0,7),
y(0,2) = y°(z) in (0,1).
Then,
_ 2
el + Vel + el S 90l + €7 el ey (=72l + 5712
2
+ (14 A wll g (v gl + v 72 o))
v ° ¥l (2.20)

+ (14 V7€) € llglla ey (V72 lglly + v 01,
+ (1 + ﬁee"y) ,1/2 ’yo‘i 4 /2 ’ygyr

where we introduce v = 1 ||w||2Lz(Loo)-



Proof. L? estimates for y and y,. We start by multiplying equation (2.19) by y, and integrate by

parts over (0,1):
1d [, L 1 1
N Yy +v Yo = — WYYz — 9Yz
0 0 0

2dt
0 ) . . ) (2.21)
<£ w2y2+z y2+3 92+5 y2
- 2v 0 4 0 ® 2v 0 4 0 z
From (2.21), we deduce:
d ! 1 9 1 9 fl
G [t [l [ (222)
dt 0 0 14 0 14 0
We apply Gronwall’s lemma to (2.22) to obtain:
2 < (21912 + 1o 2.23
||y||L°°(L2) >e€ > ||9||2 + |y ‘2 . (2.23)
Plugging (2.23) into (2.22) yields:
2 2
ol < (1 296) (2l + ). (221)

L? estimate for yy,. We repeat a similar technique, multiplying this time equation (2.19) by y3.
Using the same approach yields:

1

d . 12 1 12 1
G [t [ < Dok [ ot otk [ v (225)
0 0 v 0 v 0

We apply Gronwall’s lemma to (2.25) to obtain:

4 12 9 2 4
Iy < €2 (2 Mol Il oy + 14012 (2.26)

Once again, plugging back estimate (2.26) into (2.25) gives:

2 12 2 2 4
6v ||yyz||2 < (1 + 1276127) <7 ||9||L2(L°°) ||y||L°°(L2) + ‘y0’4 . (2.27)

Conclusion. To conclude the proof, we use Lemma 3, with a source term f = g, + W,y + WYy — YYsz-
Estimate (2.20) comes from the combination of (2.7) with equations (2.23), (2.24) and (2.27). O

Lemma 8. For any initial data yo € H(0,1) and any controlu € L*(0,T), system (1.1) has a unique
solution y € Xp. Moreover:

[Yaally + 1yelly S ulz + [ul3 + 15°[F + lyzl2, (2.28)
19lloe < 19%lo0 + Jul 1. (2.29)

Proof. This type of existence result relies on standard a priori estimates and the use of a fixed point
theorem. Such techniques are described in [34]. One can also use a semi-group method as in [38]. The
quantitative estimate is obtained by applying Lemma 7 with w = 0 (hence v = 0) and g(¢, x) = zu(t).
Equation (2.20) yields (2.28). The second estimate (2.29) is a consequence of the maximum principle,
which can be applied in this strong setting. O

3 From Burgers to a kernel integral operator

3.1 A general method for evaluating a projection

As we mentionned in the introduction, we are going to consider a projection of the state b against some
given profile p(z) at the final time ¢ = 1. Since a depends linearly on u and b depends quadratically
on a, it is natural to look for this projection as a quadratic integral operator acting on our control .
Indeed, let us prove the following result.



Lemma 9. Let p € L?(0,1) and ¢ > 0. There exists a symmetric kernel K¢ € L*°((0,1)?) such that,

for any u € L*(0,1), the solution to system (1.8)-(1.9) satisfies:

[ vaiptwae = | [ K st utsa)asydss

(3.1)

The key point of the proof is to convert the pointwise in time projection of b into an integrated
projection over the time interval (0,1). Indeed, we start with the proof of the following lemma.

Lemma 10. Let f € L*((0,1)?), e > 0 and z € X be the solution to:

2zt —€zzx = f in (0,1) x (0,1),
2(t,0)=0 in (0,1),
z(t,1) =0 in (0,1),
z(0,z) =0 in (0,1).

Take p € L?(0,1). The final time projection of z against p satisfies:

/01 z(1, z)p(z)dz = //(011)2 (1 —t,2) f(t, x)dzdt,

where ® € X1 is the solution to:
by —ed,, =0 in (0,1)
®(t,0)=0 in (0,1),
®(t,1)=0 in (0,1)
®(0,2) = p(x) in (0,1)

Proof. Let us introduce ¥ € X7, the solution to:

U, —eP,, =p in (0,1) x (0,1),
U(t,0)=0 in (0,1),
U(t,1)=0 in (0,1),
¥(0,z) =0 1in (0,1)

(3.2)

(3.4)

(3.5)

Using this system, we can convert the time punctual projection of the state z against p into a projection

of the source term f onto the full square:

/Olz(l,x)p(:c)dz // (t,2) - pla)dadt
= // (t,z) AW — eWer }(T

d T 1
=37 / / {2t — €z4u }(t, ) - U(T — t,x)dadt
o Jo

—t,z)dxdt

:%/T/lf(t,x)-\ll(T
//ftz\llt

T=1

,x)dadt.

t,x)dxdt

The integrations by parts performed above are valid because of the null boundary and initial conditions
chosen in systems (3.2) and (3.5). Equation (3.3) is a direct consequence of (3.6) since ¥y = ®. O

Let us come back to the proof of Lemma 9. We apply Lemma 10 to the state b. Thus, from (1.9)

and (3.3) we deduce that:

/01 b(1, 2)p(x

a’(t, x)dxdt.

3 [

10

)da = / 1 / 1<I>(1—t,:c)[—aaz](t,z)dxdt

(3.7)



In order to express our projection directly using u, we need to eliminate a from (3.7). This can easily
be done using an elementary solution of the heat system. Therefore, we introduce G the solution to:

Gy —eGpp =0 in (0, 1) X ( )7
G(t,0) =0 in (0,1),
G(t,1)=0 in (0,1), (3.8)
G(va) =1 in (0, 1)

Using the initial condition a(¢ = 0,-) = 0 from system (1.8), we can expand a as:

a(t,z) = /0 G(t — s, z)u(s)ds. (3.9)

Pluging (3.9) into (3.7) yields:

/Olb(l,:z: // (1-1) (/Gt—sl u(s: d31> (/Gt—32 )d32>dt
:5/0 /0 u(s)u(ss) (/V/O @w(l—t)G(t—sl)G(t—SQ)dt) dsi dss.

Finally, equation (3.10) proves (3.1) with:

(3.10)

(51, 82) / / VG(t — s1,2)G(t — 2, z)dzdt. (3.11)
S$1Vsa

Thus, we have proved Lemma 9 and we have a very precise description of the kernel that is involved.
This kernel depends on the projection profile p(z) by means of ® defined in (3.4). This kernel
also strongly depends on the viscosity ¢ which is involded in the computation of both ® and of the
elementary solution G.

Moreover, it is clear that K is a symmetric kernel and since all terms are bounded thanks to the
maximum principle, we know that K € L*°. In fact, K is even smoother as we will see later on.

3.2 Choice of a profile p

As we have seen in the introduction, a natural choice in the low viscosity setting would be p(z) = z— 3.
We think that our proof could be adapted to work with this profile. However, the computations are
tough because it does not satisfy null boundary conditions. Thus, we are going to make a choice which
is more intrinsic to the Burgers system.

For any fixed control value % € R, we want to compute the associated steady state (a(z), b(x)) of

systems (1.8) and (1.9). Thus, we solve the following system:
(3.12)

with boundary conditions @(0) = a(1) = b(0) = b(1) = 0. Integrating (3.12) with respect to x yields
the following family of steady states:

1 1 x® xt a3 T
a = —x(1 — T R TR 1
a(m) 2590( x)u and b( ) 33 ( 5 5 3 3()) U (3.13)

Of course, b depends quadratically on @. Thus equation (3.13) gives the idea of considering:

505 SC4 .CCB X

=———4+ = - —. 3.14

=5 -5+3 5 (3:.14)
This choice of p may seem strange because is has been obtained using an infinite viscosity limit.
However, since both p and p,, satisfy null boundary conditions, the computations of the different
kernel residues turn out to be easier. In the sequel, we assume that p is defined by (3.14).

11



3.3 Rough computation of the asymptotic kernel

In this paragraph, we apply Lemma 9 to compute the kernel associated to the choice of p given
in (3.14). More specifically, we are interested in computing a rough approximation of K¢ when & — 0.
This approximation will serve as a motivation for the following sections where we will need to estimate
all the residues that will be leaving aside for the moment. Since formula (3.11) defining K* involves
both ® and G, we need to choose approximations of these quantities as e — 0. Looking at system (3.4)
defining ®, we choose to use:

D, (t,x) = pg(z). (3.15)

Moreover, for G defined by (3.8), we will use the approximation G =~ 1 inside (0,1). Stopping here

would not yield anything useful. Indeed, since fol pz = p(1) = p(0) = 0, we would obtain K¢ = 0.
Hence, we need to choose an approximation of G that is more accurate near the boundary, eg:

x
Glt,x) ~erf | —— |, 3.16
() et (=) .16)
which we will use near z = 0. Note that equation (3.16) corresponds to the solution of a heat equation
on the real line with an initial data equal to —1 for x < 0 and +1 for > 0. Thus, it satisfies the
boundary condition G(¢,0) = 0 and serves as a boundary layer correction. We compute the integrand
inside equation (3.11):

1 1
AS(t, 81, 82) = 5/ O, (1 —t,2)G(t — s1,2)G(t — s2,x)dx
0

1
%/ O, (1—1t,2) (Gt —s1,2)G(t — s2,x) — 1)dx since/tl)I:O
0

D, (1—t,2) (Gt —s51,2)G(t — s2,x) — 1)dx by parity,

/
%/0 Pz () (erf <m> erf <m> - 1) dz using (3.15), (3.16),
e x x
~ 24/ ; Pz (2V/Ex) (erf (ﬂ) erf (ﬂ) - 1) dz
~ —24/2p.(0) o 1—erf |~ | erf [ —— | | da.
[ (-orm) (7))

To carry on with the computation, we need the following integral calculus lemma.

(3.17)

Lemma 11. Let o, 8 > 0. Then,

—+00 B L o? + 52
/0 (1 — erf(ax)erf(Bz)) dx = of 1/ - (3.18)

Proof. We can find an explicit primitive for the integrand. Indeed, for any X > 0,

/0 (1 — erf(az)erf(Bx)) da =X (1 — erf(aX)erf(5X))
_erf(aX)exp(=f2X?)  erf(BX) exp(—a’X?)

3.19
NG oy (319
O[Q +ﬂ?
VST (ST ).
+ NG er a’+ 6
Equation (3.19) can be checked by differentiation. Taking its limit as X — +oo yields (3.18). O
We return to the computation of the asymptotic kernel as ¢ — 0. We note that p,(0) = —%.

12



Combined with (3.11), (3.17) and Lemma 11, we obtain:

1
KE(Sl,SQ) = / As(t,ShSQ)dt
S1Vsa

\/E 1
T Jo g, VET S0 F ()

Q

(3.20)
371
~ Ve . {(215 — 5] — 52)%}
45ﬁ s1Vs2
VE 0
~——K
Bymk (s1s2)
where we introduce the asymptotic kernel:
KO(Sl, 82) = (2 — 81 — 82)3/2 — |81 — 82|3/2 . (3.21)

At this stage, equation (3.20) is not rigorous. The meaning of the ~ sign has to be made precise.
This is the goal of Section 5 where we prove that this asymptotic formula does make sense. Indeed,
we estimate the kernel residues between K¢ and 1/2K°. They turn out to be both small (with respect
to €) and smooth (with respect to the spaces on which they define continuous quadratic forms).

4 Coercivity of the asymptotic kernel

In this section, our goal is to prove the coercivity of the kernel K°(z,y). This is a symmetric real-
valued kernel defined on (0,1) x (0,1). Note that, since no confusion is possible, we will use (z,y)
instead of (s1, s2) for the variables of the kernel to lighten notations of this section. We will prove the
following theorem.

Lemma 12. The integral operator associated to K° is coercive in the space H_5/4(0, 1). There exists
v > 0 such that, for any f € L?(0,1), the following inequality holds:

1 1
/ / KO, 9) f (@) ()dady > 7 | FIy /a0y (4.1)
0 0

where F' is the primitive of f such that F(0) = 0.
Thanks to the change of variables (z,y) — (1 — 2,1 — y), the kernel K° behaves exactly like:

N(z,y) = (x +y)** — |z — y[*/*. (4.2)

In this section, we will thus study the properties of N whose expression is easier to handle.

4.1 The kernel N is positive definite

This section uses results and notions from [9]. We will say that a matrix A is positive semidefinite
(psd) when (Az|z) > 0 for any € R™. We will say that A is positive definite if the inequality is
strict for any = # 0. We will say that A is conditionnaly negative semidefinite (cnsd) when (Az|z) <0
for any x such that Y x; = 0. We will use similar definitions for operators.

Lemma 13. For any f € L?(0,1),

11
| [ Neas@iwasy o (43)
o Jo
Proof. All necessary arguments can be found in [, Chapter 3]. Indeed, the kernel —(x +1)3/? is cnsd.
as is proved in [9, Corollary 2.11]. Moreover, the kernel |z — y|>/? is also cnsd. (see [9, Remark 1.10]
and [9, Corollary 2.10]). Hence, letting:

Wley) = — (@ +9)"? + o -y (4.4)
defines a cnsd. kernel. Thus, since:
this kernel is psd. thanks to [9, Lemma 2.1]. This proves inequality (4.3). O

13



Even though it is true that the kernels involved in the proof of Lemma 13 are striclty negative (or
positive), we cannot adapt the proof to prove that N is definite. Indeed, Mercer’s theorem (which
allows us to take the step from matrices to continuous kernels) doesn’t preserve strict inequalities.
Thus, we have to look for another proof.

4.2 Some insight and facts

Our main insight is that the kernel N is made up of two parts. The most singular one should explain

its behavior. Indeed, kernels which can be expressed as a function r (| — y|) have been extensively

studied. For example, [46] and [40] prove asymptotic formulas for the eigenvalues of the — |x — y|3/ 2

part of our kernel:
A, 3V2 (_) _ (4.6)

472 \(n

Moreover, some papers have also studied the eigenvectors of such kernels. For example, in [37], one
can find asymptotic developments for eigenvectors of kernels of the form |z — y|™, where a € (0, 1).

Combining the insight that the eigenvectors of N should asymptotically behave like oscillating
sinuses and formula (4.6), we expect that it should be possible to prove Lemma 12 by means of such
an asymptotic study. However, we have not been able to prove it using this method. Instead, we give
below a proof based on Riesz potentials.

4.3 Highlighting the singular part of N

The kernel N(z,y) is rather smooth. In order to prove its coercivity, we will need to isolate it’s most
singular part. In the following lemma, we use integration by parts twice to show that studying the
behavior of N is equivalent to studying a more singular kernel. By choosing adequatly the primitive,
we show that we can also cancel boundary terms.

Lemma 14. Let f € L?(0,1) and F be the primitive of f such that F(1) = 0. Then:

(NF.P = // (e +9)7F + e~y 1) F)F(y)dndy. (47)

Proof. Let f € L?(0,1) and F be the primitive of f such that F(1) = 0. We start with:

- / / o — y|? f(2)f(y)dady
/Olf(:c){/or(zyff( )dy+/1( )

F()/Ozzf 2)de + 2 // & — ul* sg(y — ) (@) (y)dady (48)
=r0) [ etrwarsd [ ro{ [0t >dx—/1<x—y>%f<x>dx}dy
=r0) [ (450) - Sotr@)ar+ 2 [ [ ool @ a0y
We continue with the other half of the kernel N(z,y):
// (z+ )2 f(z)f(y)dzdy
— _F(0) / $ fla)de — 2 / / & +y)} f(2)F(y)dady (4.9)
:F(o)/ol(;x%F()—xz )dx—i— // 2+ )" F(2)Fy)dady.

Summing the two previous equalities proves Lemma 14. O

[N

iy )dy}dz
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4.4 Riesz potential and fractional laplacian

In this section, we focus on the most singular part of the kernel. We recognize a Riesz potential of
order % Using the fractional laplacian, we can compute the quantity as a usual norm.

Lemma 15. There exists C > 0 such that, for any h € L*(0,1),

[ [ = n@niasay = € 1y (110)
Proof.
1
[ [ = n@miasay = [ [ oot sy
- (( AV h)
_ ~1/8 ~1/8
= ((—A) h, (—=A) h) (4.11)
fesr
= [|Pl-1/4
> [|Pl3-1/4
More information on such techniques can be found in [412] or posterior works. O

4.5 Positivity of the smooth part

To conclude the proof of Lemma 12, we show that the smooth part of our kernel is of positive type.
We could also rely on smoothness arguments to prove that its behavior doesn’t modify the asymptotic
behavior of eigenvectors and eigenvalues of the singular part.

Lemma 16. For any h € L?(0,1),

1 1
/ / (z +y) "2 h(z)h(y)dzdy > 0. (4.12)

0 Jo
Proof. We use definitions and theorems found in [9, Chapter 3]. Thanks to [9, result 1.9, page 69],
the kernel given on (0,1)% by (x,y) — z + y is conditionnaly negative semidefinite (cnsd). Hence,
using [9, corollary 2.10, page 78], the kernel given by (z,y) — /x +y is also cnsd. Eventually, [9,

exercise 2.21, page 80] proves that the kernel (x,y) — 1/y/z +y is positive semidefinite. This means
that, for any n > 0 and any ¢1,...c, € R and any x1, ...z, € (0,1),

3 zn: _ G4 >, (4.13)
. — VT + T
Using Mercer’s theorem (see [36]), we deduce that, for any h € L?(0,1),

/O /O (@ + )% h(z)h(y)dedy > 0. (4.14)

4.6 Conclusion of the proof

Now we can prove Lemma 12. Indeed, combining Lemmas 14, 15 and 16 proves that there exists
C > 0 such that, for any f € L?(0,1),

(Nf,f)=zC ||F||§{fl/4(0,1) ; (4.15)

where F' is the primitive of f such that F(1) = 0. Thanks to the change of variables already men-
tionned, the same property holds true for Ky with the symmetrical condition F(0) = 0.
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5 Exact computation of the kernel and estimation of residues

In this section, we give a detailed and rigorous expansion of the main kernel K¢. Our goal is to be able
to estimate with precision the size and the smoothness of all the residues that build up the difference
between the asymptotic kernel \/eK° and the true kernel. As above, we write:

1
K*®(s1,82) = / A(t, s1,892)dt, where (5.1)
s1Vs
1%2
Alt,s1,59) = /@I(l—t,x)G(t—sl,x)G(t—SQ,x)dx. (5.2)
0

In equations (5.1) and (5.2), it is implicit that A, ®, and G depend on . Moreover, in equation (5.2),
we use the fact that G and @, are even to write the integral over z € (0, ). This breaks the symmetry
but will allow us to use a one-sided expansion of G, thereby focusing on its behavior near x = 0.

5.1 Smoothness of weakly singular integral operators

We know that the asymptotic kernel K is coercive with respect to the H—5/% norm of the control .
Thus, in order for the full kernel to remain coercive for ¢ > 0, we need to prove that the residues can
be bounded with the same norm. In this paragraph, we give conditions on a kernel residue L that are
easy to check and imply that:

Vue L2(0,1),  |(Lu,u)| S U G-1/a0,1) (5.3)

where U is the primitive of u such that U(0) = 0. In the following paragraphs, we will check that
these conditions are satisfied by our residues. We start with the following lemma, which allows us to
express (Lu,u) directly as a function of U.

Lemma 17. Let T be the triangular domain {(x,y) € (0,1) x (0,1), s.t. x <y}. Let L € W>1(T).
We see L as the restriction to T of a symmetric kernel on (0,1) x (0, 1) that is smooth on each triangle
but not necessarly accross the first diagonal. Assume that L(-,1) = 0. Let u € L?(0,1) and U be the
primitive of u such that U(0) = 0. Then:

/ L(z,y)u(z)u(y)dedy = / O12L(z, y)U(2)U (y)dady + % / (O1L — 0oL (z,2)U?(x)dz.  (5.4)
r r 0

In equation (5.4), it is worth to be noted that &1L and 02L are evaluated on the first diagonal and
must thus be computed using points within T'.

Proof. We use integration by parts and the boundary conditions U(0) = 0 and L(-,1) = 0.
/FL(:E, y)u(z)u(y)dzdy = /O U(:E)/I L(z,y)u(y)dydz
— [ uto) (10wl - [ Uy ds
= /0 L(z,2)U(x)u(z)dx — /0 U(y)/o 0o L(z,y)u(x)dx

1y 2 (5.5)
_ / —{L(@2)} ()
0
- [ v (w@outtelt - [ o) ay
= [ouLeV@Uwiny + 5 [ (OiL - L) (2. )V ).
Equation chain (5.5) concludes the proof of equation (5.4). O

Equation (5.4) includes a boundary term evaluated on the diagonal, which looks like the L? norm
of U. This would forbid us to prove any estimate like (5.3). However, all our kernel residues satisfy
the condition 91 L — 0L = 0 along the diagonal and this term thus vanishes. Hence, our task is to
check that the new kernel 912 generates a bounded quadratic form on H~1/4(0,1).

16



Lemma 18. Let L be a continuous function defined on Q = {(z,y) € (0,1) x (0,1), s.t. x # y}.
Assume that there exists k > 0 and % < § <1, such that, on Q:

|L(z,y)| < kle —y|™2, (5.6)
1 1

\L(z,y) — L(2',y)| < Klz — 2’|z —y|727°, for |z — 2| < §|w—y|, (5.7)
1 1

|L(x,y) = Lz, y)| < sly =y le —y| 757, for ly—¢/| < Sl —yl. (5.8)

Then L defines a continuous quadractic form on H=1/*(0,1). Moreover, there exists a constant C()
depending only on & (and not on L) such that, for any U € L?(0,1):

(LU, U)] < COAIU G150, (5.9)

This technical lemma is very important for our proof because it gives a quantitative estimate,
through k, of the action of kernels against controls. This Lemma can be deduced from the works of
Torres [44] and Youssfi [17]. We give a proof skeleton in Appendix A. The starting point is to prove
that a kernel satisfying estimates (5.6), (5.7) and (5.8) defines a weakly singular integral operator,
which is continuous from H /4 to H*+1/4, Indeed, such kernels are smoother then standard Calderon-
Zygmund operators and it is reasonable to expect that they exhibit some smoothing properties.

We end this section with two useful formulas. Let a : (0,1)> — R be a function such that
a(t, s1,82) = a(t, s2,51). We consider the kernel generated by a:

1
L(s1,82) = / a(t, s1, s2)dt. (5.10)
S$1Vsa

Lemma 17 can be applied to such kernels because they satisfy the condition L(-,1) = 0. We compute:
O L(s,s) — 02L(s,s) = a(s, s, s), for s € (0,1), (5.11)

T
O12L(81, 82) = —0s,a(82, 81, 52) +/ 05, 0s,a(t, 81, $2)dt, for s1 < so. (5.12)

Formulas (5.11) and (5.12) will be used extensively in the following sections. Moreover, as soon as
a(s, s, s) =0, we see that the boundary term 9; L — 0> L vanishes.

5.2 Asymptotic expansion of K*

In this section, we make our rough expansions more precise. Therefore we decompose G and ® using
the same first order terms as for the heuristic, but this time we introduce and compute the residues.
5.2.1 Expansion of G as ¢ — 0

Recall that we only need to approximate G for x € (0,1/2). Keeping our approximation introduced
n (3.16), we expand G as:

G(t,z) = erf (\/Z_EJ + H(t, ), (5.13)

where H € C*((0,1) x (0,1/2)) is the solution to:

Hi —eHy =0 in (0,1) x (0,1/2),
H(t,0)=0 in (0,1),

H,(t,1/2) = o(et) in (0,1), (5.14)
H(O,.T)ZO (O 1/2)

where the source term o comes from the boundary condition G.(¢,1/2) = 0 and balances out the
trace of the erf() part:

)

1 L (5.15)
=———exp|—— ). .
z=1 VST P 16s
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Lemma 19. Let 0 < < 5. There exists C(y) > 0 such that:

15| oo + 1 Heolloo + [1Hetlloo + | Hetallo < C(y)e™ /e, (5.16)

Proof. This lemma is due to the exponentially decaying factor within the source term o defined
by (5.15), which allows as many differentiations with respect to x or ¢ as needed to be done. Esti-
mate (5.16) could in fact be derived for further derivatives. Let us give a sketch of proof.

First, note that H®) := Hy, is the solution to a similar system as (5.14) with the boundary
condition H¥ (t,1/2) = e30(3) (et). We can convert this boundary condition into a source term by
writing H®) (t,2) = 2e36®)(et) + H®), where H®) is now the solution to a heat equation with
homogeneous mixed boundary conditions and a source term —ze*o(® (et). Applying the maximum
principle yields an estimate of the form ||[H®)|., < C(y)e™7/%. Since eHypr = H®), we obtain
an L*° estimate of the same form for Hi:;,. By integration with respect to time and space, we
obtain (5.16). O

5.2.2 Expansion of ¢ as ¢ — 0
Guided by our rough computations, we decompose ® € X, the solution to (3.4) as:
O(t,z) = p(x) + ep(t, x). (5.17)

Thus, we introduce the partial differential equation satisfied by ¢ € X;:

GOt — €Qry = Pzo N (0, 1) X (0, 1),

t,0) =0 in (0,1),
o(1.0) i (0.1) (5.18)

o(t,1) =0 in (0,1),

¢(0,2) =0 in (0,1).

Lemma 20. The following estimates hold:

[Palloe S 1, (5.19)
¢zl <1, (5.20)
[Ptalloe = lledtallo < e (5.21)

Proof. Estimates (5.19), (5.20) and (5.21) can be proved using a Fourier series decomposition for
heat equations. As an example, let us prove (5.21). We introduce the basis e, (z) = v/2sin(nrz).
Since ¢; is the solution to a heat equation with initial data p,, € H}, we have:

—+o0
Gt ) =D e T Hppa,en)en(x). (5.22)
n=1
Thanks to the choice of p in (3.14), we have p,(0) = pz.(1) = 0. Thus,
1 12v/2 . 1
(porsn) = =z paznesn) = 1505 (1" =1 =0 5 ). (5.23)
Combining equations (5.22) and (5.23) yields:
+oo +oo 1
I6tllog < D 1l {paz en)] S 5 (5.24)
n=1 n=1

Equation (5.24) concludes the proof of (5.21). A similar method can be applied to prove (5.19)
and (5.20). O
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5.2.3 Five stages expansion of the full kernel

Using expansions (5.13) and (5.17), and the fact that [®, = 0, we break down the generator
A(t, s1, s2) into 6 smaller kernel generators, A; through Ag, defined by:

Al (t,Sl, 82) = /O pm(()) (erf <m> erf (m) - 1> dSC, (525)
Ao (t, s1,80) = /Oi(px(x) — p2(0)) <erf (ﬁ) erf <ﬁ> - 1) dz,  (5.26)
Ag(t,Sl, 82) = /02 €¢z(1 — t,l’) (erf (m) erf <ﬁ> — 1) dZL', (527)

1
Ay(t,s1,82) = /2 O, (1 —t,x)H(t — s1,x)erf S dz, (5.28)
0 de(t — s2)
1
As(t, s1,82) = /2 O, (1 —t,x)H(t — s2,x) - erf S dz, (5.29)
0 de(t — s1)
Ag(t,s1,82) = /2 O, (1—t,x)H(t — s1,2)H(t — s2,2)dx. (5.30)
0

It can be checked that A defined in (5.2) is indeed equal to the sum of A; through Ag. For each
1 < i <6, we consider the associated kernel generated by A;:

T
Ki(t,s1,52) = / A;(t, s1,s2)dt. (5.31)

1Vs2
A first remark is that, for each 1 <14 <6, A4;(s,s,8) =0 on (0,1). Thus, equation (5.11) tells us that
there will be no boundary term involving |u|g-1.
5.2.4 Proof methodology

The six following paragraphs are dedicated to estimates for K; through Kg. In order to organize the
computations that will be carried out for each of these six kernels, we introduce the notations:

0A;
Ti(s1,82) = aT(taS1,S2)|t:32, (5.32)
1
0?A,;
Qi(t,s1,82) = M(t,sh 52), (5.33)
1052
1
Ri(s1,52) = / Qi(t, s1, s2)dt. (5.34)

Using formula (5.12), 012 K; = R; — T;. Therefore, thanks to Lemma 18 and Lemma 17, we need to
prove that each T; and each R; satisfies the conditions (5.6), (5.7) and (5.8). For a kernel L, we will
denote k(L) the associated constant in Lemma 18. In the following paragraphs, we investigate the
behavior of k(012K;) with respect to e. We end this paragraph with a useful estimation lemma.

Lemma 21. For any k > 0 there exists ci,. > 0 such that, for any A > 0, for any € > 0,

+oo 2 1
/0 zF exp <4:CE—)\) dz < ¢ (s)\)% . (5.35)
Proof. Use a change of variables introducing & = z/v4e\. (]

In the following paragraphs, similarly as we use the < sign, we will use the = sign to denote
equalities that hold up to a numerical constant (independent on all variables) of which we will not
keep track.
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5.3 Handling the K; kernel

The kernel K7 contains the main coercive part of K¢ discovered in Section 3. Starting from its
definition in (5.25), we decompose it using a scaling on x:

Aq(t, 51, 80) = pz(O)/O (erf <ﬁ> erf <m> - 1) dz
S
-5

wl=

|%

< erf—erf (5.36)

dx
)
( erf—erf \/_ (1 — erfierfi

|%

et 7)o ¥ et ) .

The first integral gives rise to the main coercive part of the kernel and has already been computed
exactly in Section 3. The second part is a residue and has to be taken care of. Let us name it A;:

Ay (t, 51, 80) = \g <erf (%) erf <%) - 1) dz. (5.37)

Therefore, equation (5.36) yields:

Kl(Sl,Sg) = 45\<_j7_TK0(81,82) +R1(81,82). (538)

Lemma 22. There exist ¢ > 0 and v > 0 such that, for any € > 0,

k(812K1) < ¢-exp (—g) , (5.39)

where H(algkl) is the constant associated to the weakly singular integral operator f(l in Lemma 18.

Proof. Recalling notations (5.32), (5.33) and (5.34), we compute:

400 2

T1(51, s2) = (851/11)|t:52 relPATIR /1 T exp (%) de, (5.40)
e
Q1(t, 51,82) = 05,05, A1 (t, 51, 59) = e/ () /2 JroOCEQeX 2 (Ll d 5.41
1\by 91,92 s1Usgo A1y 01, 92) ~ . p z a+6 &£, ()
4/
R1 81,82 / Ql t 81,82) ~ 51/2/ (aﬁ) 3/2/ 22 exp (—552 (é + %)) dzdt, (542)
So 4—\/5

where we introduce A = s — s1, that will also be used in the sequel. We claim that both Tl and
Ry are C* kernels on (0,1) x (0,1). Moreover, all their derivatives are bounded by e~7/¢ for any
v < 1/16, thanks to the exponential terms in (5.40) and (5.42). We omit the detailed computations
in order to focus on the tougher kernels. O

5.4 Handling the K, kernel
Using the definition of p given in (3.14), we rewrite Ay defined in (5.26) as:

Aalt,sns) = [ " (pul@)  pal0) et (=) et (5 ) @

1 (5.43)
z 9 x x
= x%(x — 1)%erf | —= | erf | —— | dx.
e (i) o ()
First part. Remembering that erf(4+o00) = 1, we consider the first order derivative:
To(s1,52) = (05, A2)|t=s, = 5_1/2A_3/2/ 23 (z —1)%exp ( " A) dz. (5.44)
0
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Using Lemma 21 and differentiating gives:
|T2(517 52)| 5 53/2A1/25
|851T2(81, Sg)l 5 53/2A_1/2, (545)
|05, Ta(s1, 82)| S e¥/2A712,
Estimates (5.45) prove that x(Ty) < &3/2. In fact, T is a smoother than the weakly singular integral
operators studied in Lemma 18, since such operators allow degeneracy like A~'/2 along the diagonal.
Moreover, we proved that T5 is Lipschitz continuous, whereas Lemma 18 only requires C? with p > %

Second part. Now we consider the second order derivative. Let us compute:

1

b 2
Q2(t, 51, 82) = 05,05, Aa(t, 51, 82) = g1 (aﬁ)_3/2/ z4(:c - 1)2 exp <z_ <l + l)) de.  (5.46)
0 de \ao  f

Thanks to Lemma 21, we estimate the size of Q2:

—5/2 3/2
< .3/2 32 (1 1 __e7ap
Qi S @) (Lo 5) = (5.47)
Writing o« = A 4+ 7 and § = 7, we can estimate:
1 1
A
|Ra(s1,52)| = / Qa(t, 51, SQ)dt‘ < 53/2/ ﬁdf <A (5.48)
S2 0 T

We should now move on to computing J,, R2 and 0s, Ra, to establish the missing estimates on Rs.
However, the computations associated to Ry are very similar to the ones that we carry out for Rjs.
Since Rj3 is a little harder, we skip the proof for Ry and refer the reader to the proof of Rs, which is
fully detailed in the next paragraph. Therefore, we claim that:

n(aqu) 5 63/2. (549)

5.5 Handling the K3 kernel

In this section, we consider:

As(t,s1,82) = 5/0 oz (1 —t,x) (erf ( e 81)> erf ( e 52)> - 1) dz. (5.27)

First part. Remembering that erf(400) = 1, we consider the first order derivative:

3 2
Ty(o1,52) 3= (O An)limss = 12872 [ 6,0 = s.0) ey (””—) . (350
0 4€A
Thanks to Lemma 20 and Lemma 21, we have:
i 2
o s0) £ 2072 ol [ ey (=05 ) ao g 92471 (5.51)
0 4eA
Moreover,
1
105, Ts(s1,52)| S €/2A752 ¢, | -/Exexp o dz
s143 ) ~ || oo 0 de
3 g8 2 (5.52)
1/2 A—3/2 [ R '
te 19200 /0 4e A2 exp< 4e A .
< 53/2A73/2.
and
1
1/2 A —3/2 2 a?
0uTisn )l S e PA7 R ol - [Twenn (5 ) o
1/2 A —5/2 ) _ "\
e Izlloc /0 xeXp( 45A) * (5.53)

+e2A732 |6, | ./Ez_gexp 7 da
© Jo 4eA? 4e A

,S 53/2A73/2.
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Putting together estimates (5.51), (5.52) and (5.53) proves that x(73) < €3/2.
Second part. Let us move on to the second order derivative part. We compute:

H 271 1
Qs(t, s1,52) = 05,05, Ag ~ (af)~3/? ’ 22p. (1 —t,x) exp N + =] | de. 5.54
1 2
0 de \a f
Combining Lemma 21 and Lemma 20 yields:
£3/2
|Q3(ta51532)| 5 (Oé +ﬂ)3/2 (555)
Writing = A + 7 and 8 = 7, we can estimate:
1 1 c 3/2
|R3(517 52)| = /52 Q3(t7 S1, 52)dt‘ S /0 (A T 27_) dr 5 53/2A71/2. (556)

Now we will prove similar estimates for the first order derivatives of R3. Differentiating equation (5.54)
with respect to s; (or similarly «) yields:

271 1
05, Qs(t, 51, 82) ~ — 75/2ﬁ 3/2/ 3¢, (1 —t,2) exp P2 2) ) dx
s 1 [Fat 22 (1 1 '
= — o (1 —t, — | =+=)]d
a0y [P taew (< (54 5) )
Combining Lemma 21 and Lemma 20 gives:
3/2
|05, Q3(t, 81, 82)| S a_5/2ﬁ_3/273 + a_7/25_3/257 <2075/, (5.58)
1, 1)Y? 1, 1)Y?
(2+3) (2+3)
Integration with respect to ¢ yields an estimate of Js, R3:
1 Loy
|05, R3(s1, 82) S / |05, Q3(t, 51, 52)[dt < 53/2/ 5a S S eMPATR (5.59)
From this, we deduce that:
|R3(81, 82) — R3(S~1, Sg)l 5 53/2A73/2 |81 — S~1| . (560)

Eventually, we finish with the smoothness of R3 with respect to s;. We compute the difference for
51 < 89 < §9 with §5 — 59 < % (s2 — 81):

|R3(s1,82) — R3(s1, 82)| =

1 1
/ Q3(t, Sl,Sg)dt — / Qg(t,sl,s})dt‘
S2 52

So 1
=/ Qs(t,81,82)dt—[ (Qs(t, 51, 52) — Qs(t,s1,82))dt

So e

(5.61)

1 S~2
/ / 05, Q3(t, 1, s)dsdt

< A3/2 |2 52|+/ / |05, Q3(t, 51, 5)| dtds.

The first term is already in the correct form. We need to work on the second term. Proceeding as
above, differentiating equation (5.54) with respect to s (or similarly ), then combining Lemma 21
and Lemma 20 gives:

1 1
t=5(t—s+t—s1)

104, Qs(t, 51, 5)| S &%/? (5.62)

3/2°
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We compute:

S5 1 S5 1
2 2 1 1
3/2 - -
/52 /s~2 |05, Q3(t, 51, 8)| dtds < ¢ /52 /s~2 - 51)3/2dtd8

55 1
§53/2A73/2/ 2/ dt ds
sy Ja t—8

< 53/2A_3/2/ [In (s2 — s)|ds

S2

<e3PATI2 sy — S| (1+1In|sy — $2)) .

(5.63)

This last estimate does not give Lipschitz smoothness, but it does provide C? smoothness for any

p < 1, which is enough. Together, estimates (5.56), (5.60) and (5.63) prove that x(R3) < &%/

5.6 Handling the K, kernel

In this section, we consider:

Ay(t, s1,52) :/
0

First part. We consider the first order derivative:

Ty(s1,52) = (0s, Ad)lt=s,

Nf=

O, (1 —t,x)H(t — s1,x)erf (%) dz.

4€(t — 82

1

3
= / D,.(1 — s9,2)Hi(s2 — s1,)dz,
0

where we used the fact that erf(+o00) = 1. The following estimates are straight forward:
Ta(s1,82)] <[P floo [ Hlloo
|Ta(s1,82) — Ta(81, 82)| <[s1 = S1] - [|Pall o [ Hetll -
Ta(s1, 52) — Ta(s1, 52)| <[s2 — 52| - |Pal oo [ Hitll o
+ [s2 = 8o - [ Prall oo [1Hel o -

Second part. We move on to the second order derivative part. We compute:

»lk‘g

Q [

N——
ol
8

2
Qa(t, 51, 82) = 05,05, Au(t, 51, 52) ~ 571/2573/2/ @, (1 —t,2)Hi(a, z) exp <— 5
0

Since H(t,0) =0, [H¢(t,z)| < 2 ||Hiz| - Using Lemma 21, we obtain:

1

_1/24- 2 z?
Qutt.sr,sa)| 207 Ll [l [ e (<15 )
0 ep
S €[ Hiolloo 1P o -
By integration over ¢t € (s3,1), we obtain:

|Ra(s1,82)] S € [[Hiall o [|Pall o -

(5.28)

(5.64)

(5.69)

(5.70)

(5.71)

Now we establish the smoothness of Q4 with respect to s;. Differentiating equation (5.69) with respect

to s1 (or a), and applying the same techniques yields the estimate:

05, Qa(t, 51, 52)| S €[ Hitar | oo [Pl . -

This proves that:
[Ra(s1,52) — Ra(s1,52) S € [ Huta |l oo |9l - |51 — 511

Finally, we consider the smoothness of Q4 with respect to s3. We know that:

S~2 S~2 1
|R4(s1,52) — Ra(s1,82)] < / |Q4(t, 51, 52)|dt +/ / |0s,Qa(t, 51, s)| dtds.
2 S2

S2 S
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This first part obviously gives rise to a Lipschitz estimate. As for the second part, we compute 0s, Q4

by differentiating (5.69) with respect to 5. We obtain
3 3 x?
0s,Q4(t, s1,8)(t,81,8) ~ — 5571/2575/2 / 2@, (t, z)He (o, ) exp <—> dz
0 e

1 (3 2
~1/2 5—3/2 3
+e"V2373/ @/@ 2Py (t, v)He(ar, ) exp (T) dz.

Similar estimates yield:
1
90, Qa(t51,9)| S & | Hoa oo |12l =

5 1 2 b deds
[ [ oaquesiolaas sma e [
S2 So S2 S2 t—s

< | Hel 0] / In( — )| ds

52

Therefore:

S e Hialloo P2l - 152 — 2| (1 +In |55 — s2]) .
Therefore, for any fixed p < 1, we have:

|Ra(s1,52) — Ra(s1,52)| S € [Htall oo [|Pall o - |52 — 52/

L

Thanks to Lemma 19 and Lemma 20, this proves that, for any v < 15,

R(O12K0) S exp (=),

5.7 Handling the K5 kernel
Recall that A5 was defined by:

As(t,51,52) :/
0

First part. The first order derivative T} is null. Indeed,

T5(s1,52) = (05, As)|t=ss

1 3 T z?
[T e, — s ) H(0, ) —E—exp([——C Vdz =0
2\/775/0 ( 20)H(0,) (59— 51)2 p( 45(32—51)>

Second part. We consider the second order derivative:

=

O, (1 —t,x)H(t — s2,x)erf <m> dx.

-
no

Qult.51,52) = 0y Anlt1,52) = =202 [, b,0) H9.) e <z—> da.

0 dea

Since H(t,0) =0, [H¢(t,z)| < 2 ||Hiz| . Using Lemma 21, we obtain:

_ _ 2 1.2
|Qs5(t,51,82)| S € 1278/ ||Htac||oo ||q)z||<>0/ z* exp <4—> dx
0 EQ

S e il [Pl -
By integration over t € (s2,1), we obtain:
[R5 (51, 52)| S € [[Hiall o [|Pallo -
Differentiating (5.81) with respect to « and proceeding likewise yields:
1

«

105, @5(t, 51, 82)| S € [[Hialloo [ Pallse -
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Thus,

|Rs(s1,52) — Rs(51,82)| S € [ Healloo [Pallo - A7 51— s1] . (5.85)
Differentiation with respect to 3 is even easier and gives:
|05, Q5 (t, 51, 52)| S € | Httall oo [Pl » (5.86)

from which we easily conclude that Rs is Lipschitz with respect to sa.

Thanks to Lemma 19 and Lemma 20, this proves that, for any v < -

16>
K(012K5) < exp (—g) . (5.87)
5.8 Handling the K¢ kernel
Recall that Ag was defined by:
Ag(t, 51, 82) = /5 O, (1 —t,x)H(t — s1,2)H(t — s2,x)dx. (5.30)
First part. The first order derivativeO Te is null. Indeed:
T(s1, 55) = (s, Ag)|i—s, = /0 ®,(0,2)Hi (55 — 51,2)H(0,z)dz = 0, (5.88)
Second part. We consider the second order derivative:
Qo(t, 51, 85) = s, D, Ag(t, 51, 85) = /0 B, (1 — 59, 2)Hy (£ — 51,2)Hy (t — 59, 2)dz. (5.89)

For any ¢ € (0,1), we estimate:

Qo (t, 51, 82)| < || @] o [1H]| .
|Qe(t, 51,52) — Q6(t, 81, 82)| <ls1 — 81| - | Pall oo [ Hetll o 1 H el oo 5

- - 5.90
Qult51,52) — Qult51,532)| < [s2 = ol - [0 .. [ Hello 1 (520
- 2
+ [52 = Sof - [[Prall oo [ Hell -
Hence, we can extend these estimates to:
1
R6(517 52) = / QG(t; S1, Sg)dt (591)
s2

The only non immediate extension is:

1 52
|Re(s1,s2) — Re(s1,52)] S/ |Q6(t, 51,52) — Qo(t, s1,352)| dt +/ |Qs(t, 51, 52)| dt
s2

S2

<55 — 5o (1@ oo [ Eollow |l (5:92)
2 2
1@t 2 + 1 I

L
16

K(012Kg) < exp (—g) . (5.93)

Thanks to Lemma 19 and Lemma 20, this proves that, for any v <

5.9 Conclusion of the expansion of K*

Lemma 23. There erists €1 > 0 and k1 > 0 such that, for any 0 < & < 1 and any u € L?(0,1),
(Ku,u) > kiveE|U |3 14 (5.94)
Proof. Thanks to the previous paragraphs, we have shown that K¢ = 43/\%[( O+ R, where R =
Ky + Ko + K3 + K4 + K5 + Kg is such that x(d12R) < /2. From Lemma, 18, we deduce that there
exists Cy such that, for any u € L(0,1), [(Ru,u)| < Coe®/?|U[%,_,,,. Moreover, thanks to Lemma 12,
there exists co such that (K%u,u) > ¢o|U|3,_,,,. Hence, for any ki < co/(45y/7), equation (5.94)
holds for ¢ small enough. O

Equation (5.94) gives a very weak coercivity, both because the norm involved is a very weak H~5/4
norm on the control u, and because the coercivity constant k14/ decays when € — 0. However, this
is enough to overcome the remaining higher order residues, as we prove in the following section.
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6 Back to the full Burgers non-linear system

In the first part of this work, we studied a second order approximation of our initial Burgers’ system.
Thanks to the careful study of an integral kernel, we proved that the projection (p, b) of the state is
coercive with respect to the control u, for a given norm. Now, we want to prove that the same fact
holds true for the full non-linear system, ie. for the projection (p,y). In order to do this, we need to
provide estimates showing that the projections of the higher order terms in the expansion of the state
are smaller than the coercive quantity obtained above. Therefore, we need to prove estimates of a, b
and the higher order residues involving the weak |u|g-s/4 norm.

6.1 Preliminary estimates on a and b
6.1.1 Estimating the first order term a

In order to compute a (defined by system (1.8)), a natural idea is to introduce U the primitive of u such
that U(0) = 0. Neglecting the impact of the boundary Dirichlet conditions gives the approximation
a(t,x) =~ U(t). To make this exact, we introduce a which is the solution to:

at — €Gzy =0 in (0, 1) X (O, 1)’
a(t,0) = —U(t) in (0,1),
a(t,1)=-U(t) in (0,1), (6.1)
a(0,z) =0 in (0,1)

Hence, a(t,z) = U(t) 4+ a(t, x), without any approximation. This decomposition is useful because we
write a as the sum of a term which does not depend on « (thus, a, = a,) and a term whose size is
controlled by the desired quantity |U|;-1/4. Indeed,

Lemma 24. The following estimates hold:

lally S 1Ulg-1/a s (6.2)
lallee + llalloe < luly (6-3)
€ ||am||L2(Loc) < lulz. (6.4)

Proof. The first inequality (6.2) is a direct application of estimate (2.16) from Lemma 5.

The second inequality is a consequence of the maximum principle. Indeed, thanks to equation (6.1),
lla]| ., is smaller than |U|«. Since a = U + a, ||al|, is smaller than 2 |U|.. Estimate (6.3) follows
because |Uls < |ul2.

The third inequality stems from Lemma 3. Since a is even, a,(-,1/2) = 0. Thus:

2
1
ez = [ <sup |az<t,x>|> dt
0 z€(0,1)

1 x
:/ sup / Ay (t, 2" )da’
z€(0,1)
/ / "dz'dt.

Combined with (2.7), this proves (6.4). O

) » (6.5)

6.1.2 Estimating the second order term b

Lemma 25. The following estimate holds:

€2 bl o 12y + € Noill 2 S ful o - (U] (6.6)
&2 [bll < Jul2, (6.7)
&2 |[ba o ey S lul3- (6.8)
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Proof. For the first inequality, we want to apply Lemma 6. Hence, we want to write the source
term in equation (1.9) as a spatial derivative. Writing —aa, = —0,(a?/2) would not lead to the
required estimates. In order for the weak H /4 norm to appear, we need to introduce a. Indeed,
using the decomposition a(t,x) = U(t) + a(t, z), we can write:

_ d [ . 1
— G = 0y = —— [aa - 50 ] . (6.9)

The term under the derivative can easily be estimated in L?:

2

=

<llallge - (lall +llallo) S Tulpz - [Ulg-1/a, (6.10)

1
a——a
2

LZ

where the last inequality comes from Lemma 24. Thus, we can apply Lemma 6 to prove (6.6).
For the second and third inequalities, thanks to Lemma 3, ||a|l, < e7/2|uls. Moreover,
thanks to Lemma 24, ||a|_ < |ul2. Thus, |laas|l, < e '/2|u2. We can apply Lemma 3 to show that

ollx, < g3/2 |u|§ Inequality (6.7) follows from the injection X; < L (see (2.4) from Lemma 1).
Moreover, since fol by (t,x)dx = b(t,1) — b(t,0) = 0 for any ¢t € (0, 1), the mean value of b,(¢,-) is
0. Thus, [bz(t,)[ec < |bza(t,-)|2- Hence, [|bs|[2(fo0) < [|baall,. This proves estimate (6.8). O

6.2 Non-linear residue

Let us expand y as a + b+ r, where a stands for the first order linear approximation, b stands for the
second quadratic order and r is a (small) residue. Therefore, r is the solution to:

1
Tt — ETge = —1T5 — [(a + b)7], — [ab + 51)2] in (0,1) x (0,1),
r(t,0) =0 in (0,1), (6.11)
r(t,1) =0 in (0,1),
r(0,2) =0 in (0,1)

Lemma 26. System (6.11) admits a unique solution r € X1. Moreover, under the assumption:
july < %2, (6.12)

the following estimate holds:
- 2
71l + [lelly S €72 ulg [Ulg-1/a (6.13)

Proof. The existence of r € X7 can be deduced directly from the equality » = y — a — b. To prove
the estimate, we will use Lemma 7 with a null initial data, w = —(a + ) and g = —ab — %bQ. To

apply estimate (2.20), we start by computing the norms of w and ¢ that we need. We start with
w = —(a +b). Combining (6.3), (6.7) and (6.12) gives:

ol oo < lallg + 10l S uly + &7 ul < Jul, (6.14)
In particular, (6.14) and (6.12) yield:
1 2 1 2 _ 1 9
1= ol < 1 Jlll < T3S 1. (6.15)
Finally, combining (6.4) and (6.8):
_ - 2 _—
el ooy < laallpaqpoey + 1ol poroey S €7 fuly + 72 uly e ul, . (6.16)
We move on to g = —ab — 3b%. Combining (6.3), (6.6), (6.7) and (6.12) gives:

lglla < Ulallo + bllc) 151,
< (July + 72 ul}) €™/2 fuly [U] -1/ (6.17)

<2l U] o
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Combining (6.3), (6.6), (6.7) and (6.12), we obtain:
9l z2(zoe)y < (lallo +110lloc) - 101l 200
< (lall + 110l o) - [1b21l (6.18)
Se M uls Ul g-/a -
Lastly, mixing (6.3), (6.4), (6.6), (6.7) and (6.12) gives:
192112 < llazll p2(pocy 101l oo 22y + el [1B2]ly + 1Dl 1Bzl
S e uly [Ulg-ssa + e uly Ui + €2 July [Ul-1/a (6.19)
S e U2 U e
Eventually, plugging estimates (6.14)-(6.19) into the main estimation (2.20), yields:
Irelly S €22 Jul3 |U /s - (6.20)
From (6.20) and the initial condition r(0,-) = 0, we conclude (6.13). O
Lemma 27. Under the assumption (6.12), we have:

o, (1, )] S e |ul3 |U 31/ - (6.21)

Proof. This lemma is not a direct consequence of Lemma 26. Indeed, estimate (6.13) only involves
|U|g-1/4 with an exponent of 1. To obtain estimate (6.21), we need to work a little more. Using
Lemma 10 and equation (6.11), we can compute:

/1/1% [ab+1b2+(a+b)r+1r2]
// YU (t)r tzd:cdt+// [ +b)r+%7ﬂ

We used the fact that a = U 4+ a and the fact that ®,ab is an odd function, whose space integral is
thus null. The second term is easy to estimate, because we know how to estimate @, b and r in L2
using |U|z-1/4. Thus, we know it will be smaller than |[U]3, ,,,. The first term needs more care.

(6.22)

/1 U(t) /1 (1 —t,2)r(t,z)dzdt = (U,v) g1 m;, (6.23)
0 0

where we introduce v( fo r(t,x)dz for ¢ € (0,1). Since ®(0,-) = 0 and r(0,-) = 0,
v(0) = v(1) = 0. Now we compute 1ts H0 norm:

2

/01“t<t>2dt / 1 ( / 1%0tw)r(t,z)wm(lt,x)rt@,z)dx) at

o [
(6.24)
2 2 2
2 (I19eall% Il + 190212 lrel3)

2 2

<& el + 3
2

< 3.

where we used estimates (5.19) and (5.21) to estimate ®. Let us finish the proof.

o, (L, )] < (U 0) =1 gy | +

1
( a+b)yr+ 57“2)‘ using (6.22) and (6.23),

S UL frelly + ||<1>z||oo (||b||2 +lall Irll, + Ir3)  using (6.24).
(6.25)
From (5.19), we know that ||®,||., < 1. Moreover, |U|g-1 < |U|g-1/4. Thanks to (6.2), (6.6), (6.13)

and (6.12), we conclude from (6.25) that |(p,7(1,-))| < e=3/2|u|} |U|?_1/s- This concludes the proof
of Lemma 27. O
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6.3 A first drifting result concerning reachability from zero

The null reachability problem consists in computing the set of states that can be reached in time T,
starting from y(0, z) = 0 using a control u. Of course, when dealing with viscous equations like (1.1),
one may only hope to reach sufficiently smooth states. Theorem 2 tells us that, if the time T is too
small, we can never reach a state y'(x) in time T if (p,y!) < 0, whatever the control u (and the
smoothness of y!). In some sense, the state drifts towards the direction +p, as a result of the action
of the control.

Theorem 2. There exist Ty, ka > 0 such that, for any 0 < T < Ty and any u € L*(0,T) such that
|ulp20,1) < 1, the solution y € X1 to system (1.1) starting from the null initial condition y(0,x) =0
satisfies:
2
(psy(T,-)) = k2 |U =130,y » (6.26)
where U, as above, is the primitive of u such that U(0) = 0.

Proof. We are going to use the scaling argument introduced in paragraph 1.4. Thus, from now on, we
reintroduce the tilda signs for functions defined on the scaled time interval (0,1). From Lemma 23,
we know that, for e < €1, (K®a,u) > kzl\/E|U|§{,1/4. From Lemma 27, we know that there exists cy
such that, as soon as ||z < %2, |(p,7(1,"))| < c26*2|U|%,_,,.. Hence, if we consider § the solution
to (1.7), write § = a+ b+ r, for any 0 < ko < ki, there exists €3 > 0 such that, for ¢ < e,
(p.5(1,)) > k2v/E|U|%, .. Recalling that @(t) = e?u(ct) and §(t,z) = ey(et, ), we obtain:

1._ _ -
(p,y(e, ) = <gy(1, ~),p> > ko™ PO 100y 2 kel ULR /s 0,005 (6.27)

under the assumption:
il 20,0) <€¥2 & Julpae <1 (6.28)

Theorem 2 follows from (6.27) and (6.28) with Ty = 5. Equation (6.28) is obtained via a direct change
of variable. To establish (6.27), one can compute the weak H ~'/4 norms using Fourier transforms. [J
6.4 Persistance of projections in absence of control

We start by remarking that, when no control is used, the projection of the state against any fixed
profile 1 € L?(0,1) remains almost constant in small time.

Lemma 28. LetT > 0, p € L?(0,1) and y° € H}(0,1)NH?(0,1). Assume that |y°| g2 < 1. Consider
y € Xr the solution to system (1.1) with initial data y° and null control (u =0). Then,

(1) = 1) + O (T2 ulaly 1) (6.29)

Proof. We decompose y = y° + 2. Hence, z is the solution to:

2= Zow + 222 = (¥02)0 + y0, —y%y) in (0,7) x (0,1),
t, 0 = 0 i 05 T 9
#(t,0) - (0,7) (6.30)
z(t,1) =0 in (0,7),
2(0,2) =0 in (0,1).

Thus, we can apply Lemma 7 with w(t,z) = y°(z) and g(t,z) = y2 — 3(y°)? to system (6.30).
Estimate (2.20) tells us that [|2¢]|, < |y°|g2. Here, we need the assumption that |y°|g2 < C, where
C' is any fixed constant, in order to avoid propagating non-linear estimates (involving exponentials).

Since z(0,2) = 0, we can write:
T 1
/ / 2t
o Jo

The conclusion (6.29) follows from (6.31). O

[, 2(T, )| = < T2 |z, |ule- (6.31)
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6.5 Proof of Theorem 1

Let us finish the proof of Theorem 1. We consider an initial data of the form y® = §p, where § > 0
can be picked as small as we need and p is defined in (3.14). Please note that many other initial data
cannot be driven back to zero in short time with small controls. However, to prove Theorem 1, it is
sufficient to exhibit a single sequence.

For T > 0, u € L*(0,T) and § > 0, we consider y € X7, the solution to system (1.1) with initial
data y° and control u. To isolate the different contributions, we decompose y as § + y* + z, where:

Yt — Yz T YYz = 0 in (Oﬂ T) X (Oﬂ 1)7
g(t,00=0 in (0,7),
J(t,1) =0 in (0,7), (6:32)
7(0,2) =y° in (0,1),
Y — Yaz + ¥ Yz = u(t) in (0,7) % (0,1),
yu(t, 0) =0 in (OvT)v
y“(t,1) =0 in (0,7), (6.33)
y"“(0,2) =0 in (0,1),
2t — Zgpx t 225 = _[(g + yu)z]l - [gyu]z in (05 T) X (0’ 1)?
2(£,0) =0 in (0,7),
2(t,1) =0 in (0,7), (6.34)
2(0,2) =0 in (0,1).

Hence, § captures the free movement starting from the initial data 3’ while y* corresponds to the

action of the control starting from a null initial data. Systems (6.32)-(6.34) allow us to decouple these
two contributions. The term z is a small residue with homogeneous boundary and initial data.
First, let us apply Lemma 8 to system (6.32). Estimates (2.28) and (2.29) yield:

1Gazlly + 192 + 1712 < 9,

- (6.35)
[9/l0 < 19°]00 S 6.

Similarly, we apply Lemma 8 to system (6.33). If we assume that |u|, <1 and T' <1, we obtain:

”yngQ + ||y;‘||2 + Inyllg S |U|2 )

$ (6.36)
19/ oo < Jul, -

Next, we look at system (6.34). We apply Lemma 7 with w = —(§ + y*), ¢ = —gy* and a null initial
data. Combining (6.35) and (6.36) yields the necessary estimates:

glls +lgallo + 9l 2oy S 0 ulz (6.37)
[l + l[wll L2 pocy [0l 2oy S 6+ July - (6.38)

Hence, (6.38) yields v < 1. Therefore, plugging (6.37) and (6.38) into (2.20) gives:
zzally + [|2elly S 6 fuly - (6.39)

Once again, we use the initial condition z(0,-) = 0 and (6.39) to compute:

T .1
/ / Ztp
o Jo

Now, assuming T < T5, we can combine Theorem 2 and Lemma 28 with (6.40) to obtain:

[(p, 2(T, )| = STY25 ul,. (6.40)

(T, ). p) = 8lpl3 + ko U310 + O (T26(1 + [uly)) (6.41)

From (6.41), we deduce that {p,y(T,-)) > 0 as soon as T is small enough and under the assumption
|uly < 1. Thus, we have proved Theorem 1 with n = 1.
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Conclusion and perspectives

We expect that the methodology followed in this paper can be used for a wide variety of non-linear
systems involving a single scalar control. Indeed, when studying small time local controllability
for some formal system y = F(y,u(t)), the first step is always to consider the linearized system,
a = 0yF(0)a + 0, F(0)u. When this system is controllable, fixed point or inverse mapping theorems
often allow us to deduce that the non-linear system is small time locally controllable. When the
linearized system is not controllable, we can decompose the state y as a + b, where the (linear)
component ¢ is controllable and the second component b is indirectly controlled through a quadratic
source term involving a (and/or, sometimes, u).

What our proof demonstrates, is that it is possible, even for infinite dimensional systems, to express
projections of the second order part b as kernels acting on the control. The careful study of these
kernels can then lead ever to negative results (like it is the case here, because we prove a coercivity
lemma), or to positive results (if the kernel is found to have both positive and negative eigenvalues,
we can hope to prove that the system can be driven in the two opposite directions).

It is worth to be noted that the coercivity used in this paper, although it involves a weak H~5/4
norm of the control u, is in fact pretty strong. Indeed, it was obtained for any small € L2. It would
have been sufficient to prove the coercivity of the kernel K¢ on the strict subspace:

Ve ={ueL*0,1), a(t=1,)=0, wherea is the solution to system (1.8)}. (6.42)

For other systems, it may be easier (or necessary) to restrict the study of the integral operator K¢ to
the subspace V. in order to obtain a conclusion.

As a perspective, an example of such an open problem is the small time controllability of the non-
linear Korteweg de Vries equation for critical domains. Indeed, in [11], Rosier proved that the KdV
equation was small time locally controllable for non critical domains using the linearized system. Then
in [21], Coron and Crépeau proved that, for the first critical length, small time local controllability
holds thanks to a third order expansion. In [15] and [16], Cerpa then Cerpa and Crépeau proved
that large time local controllability holds for all critical lengths. It remains an open question to know
whether small time local controllability holds for the second critical length. Maybe our method could
be adapted to this setting or inspire a new proof.

The author thanks Sergio Guerrero for having attracted his attention on this control problem and
his advisor Jean-Michel Coron for his support and ideas all along the elaboration of this proof.

A Weakly singular integral operators

This appendix is devoted to an explanation of Lemma 18. Although a full proof would exceed the
scope of this article, we provide here a brief overview of a general method introduced by Torres in [44]
to study the regularization properties of weakly singular integral operators. Our presentation is also
inspired by a posterior work of Youssfi, who states a very closely related lemma in [17, Remark 6.a].

Let n > 1. Singular integral operators on R™ have been extensively studied since the seminal works
of Calderon and Zygmund (see [14] and [13]). These integral operators are defined by the singularity
of their kernel along the diagonal by an estimate of the form:

|K(2,y)] <Cloz—yl™". (A.1)

In estimate (A.1), the exponent —n is critical. Indeed, the margins of such kernels are almost in L{. ..

Here, we are interested in a class of integral operators for which the singularity along the diagonal is
weaker. Thus, we expect that they exhibit better smoothing properties. Throughout this section, we
denote Q = {(z,y) € R” x R", z # y}.

Definition 4 (Weakly singular integral operator). Let0 < s < 1 and 0 < § < 1. Consider a kernel K,
continuous on 2, satisfying:

|K(‘Tay)| <K |$ - y|—n+5 ’ (AQ)
0 —n+s—0 1
K (2, y) = K(z,9)| <kl —a|" [ —y[ "7, for o —a| < 5l =l (A.3)

n+s—4§

5 _ 1
|K(x,y") — K(z,y)| < kly' —y|" |z =yl ,  for Iy'fylégleyl- (A.4)
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We introduce the associated integral operator Tk, continuous from D (R™) to D’ (R™), by defining:

Vi e DR, Ve € R, Ti(f)(a) = / K(z,y)f(y)dy. (A.5)

Under these assumptions, we write T € WSIO(s, 9).

Definition 4 can be extended for s > 1. Conditions (A.2), (A.3) and (A.4) must then be extended
to the derivatives 8;‘05[( for a + 8 < s. We restrict ourselves to the simpler setting 0 < s < 1 as it
is sufficient for our study. Note that we define the operator Tk from its kernel K (as this is the case
for our applications). Proceeding the other way around is possible but would require more care in the
sequel (namely, the so-called weak boundedness property to ensure that (A.5) holds; see [47]).

A.1 Atomic and molecular decompositions for Triebel-Lizorkin spaces

We recall the definitions of classical functional spaces involved in this appendix. Let ¢ € S (R"™) be
such that ¢(¢) = 0 for [£] > 1 and (&) = 1 for [¢| < 5. We introduce 9 (&) = ¢(£/2) — ¢(€). Hence,
¢ € S (R™) and is supported in the annulus {1 < [¢| < 2}. We will denote A; and S; the convolution
operators with symbols ¥(277¢) and ¢(277¢).

Definition 5 (Homogeneous Besov space). For a € R, 1 < p,q < oo, the homogeneous Besov space
B is defined by the finiteness of the norm (with standard modification for ¢ = c0):

1/q
Il = | 320 [Asr| ) (4.6)
JEZ P

Definition 6 (Homogqneous Triebel-Lizorkin space). For a € R, 1 < p,q < oo, the homogeneous
Triebel-Lizorkin space F-? is defined by the finiteness of the norm:

1/q

1o = ||| D201 8,017 | | (A7)
JEZ
P

Frazier and Jawerth introduced atoms and molecules both in the context of Besov spaces ([26]) and
Triebel-Lizorkin spaces ([27] and [28]). They proved that the norms on these spaces are then translated
into sequential norms on the sequence of coefficients of the decomposition. A linear operator will be
continuous between two Triebel-Lizorkin spaces if and only if it maps smooth atoms of the first to
smooth molecules of the second. The following definitions are borrowed from [44]. For simplicity, we

restrict them to the case 1 < p,q < +o0.

Definition 7 (Smooth atom). Let a € R and Q be a dyadic cube in R™ of side length {g. A smooth
a-atom, associated with the cube Q is a function a € D (R™) satisfying:

supp(a) C 3Q, (A.8)
/gﬂa(m)dx =0, V)| <max{0,[—q]}, (A.9)
03a(z)| < €, v|y| < max{0,[a]} + 1. (A.10)

In condition (A.8), 3Q denotes the cube with same center as @ but a tripled side length. Tt is
worth to be noted that multiple normalization choices are possible for condition (A.10). We choose
to only include the decay corresponding to the smoothness of the atom. This choice only impacts the
formula to compute the size of a function from its decomposition on atoms. We have the following
representation theorem:

Lemma 29 (Theorem 5.11, [29]). Let « € R, 1 < p,q < oco. Let f € F;‘vq. There exists a sequence
of reals (sq)geo indexed by the set Q of dyadic cubes of R"™ and a sequence of atoms (ag)geo such
that f =3 "q sqQaq. Moreover, there exists a constant C' independent on f such that:

1/q
> 05 sel Ixa (@) < Clfllpoa- (A.11)
Q

p
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The reciprocal inequality to (A.11) is true even for a wider class of functions, the class of molecules.

Definition 8 (Smooth molecule). Let « € R, M > n and a — [o] < § < 1. Let Q be a dyadic cube in
R™ of side length Lo and center xg. A (6, M) smooth a-molecule associated with Q is a function m
satisfying:

—max{M,M—a}
Im(z)] < (1 45 o — xQ|) , (A.12)
/x”m(:z:)dx =0, Vv <[-q], (A.13)
=l -1 M
m(@)| < 6" (1465 o —aql) . V<o), (A14)

-M
gm(@) - ma)| < 6" e o)’ s (1465 2= (@ —wg)l) . Vhl=la]. (A15)

|z|<|z—='|

In the definition of a molecule, conditions (A.14) and (A.15) are void by convention if a < 0.
When a > 0, condition (A.14) implies (A.12). When « > 0, condition (A.13) is void. We have:

Lemma 30 (Theorem 5.18, [29]). Let « € R, M > n and o — [a] < 0 < 1. Consider a sequence of
reals (sq)geo indexed by the set Q of dyadic cubes of R™ and a sequence of (§, M) smooth a.-molecules
(mqQ)geo. Let f= ZQ sgmq. There exists a constant C' independent on f such that:

1/q
1 llgme < € ||| 3 %50l a@)l? | || - (A.16)
Q

p

A.2 Circumventing the 7'(1) = 0 condition

When dealing with singular integral operators, difficulties arise when T'(1) # 0. Most regularity results
involve some smoothness condition on T'(1) (see, for example the early paper [23]). To circumvent
this difficulty when handling weakly singular integral operators, we will write Tx = Tk + 7 where
Ty satisfies the same regularity estimates as Tk but is such that Tx (1) = 0 and 7 is defined as a
paraproduct, for which we can get direct smoothing estimates in the appropriate spaces. For two
functions f, g, we introduce the following paraproduct =, inspired by ideas of J.-M. Bony (see the
seminal work [10], the nice introduction to paraproducts [8] for a quick overview or [3, Section 2.6.1]
for a complete detailed presentation):

mo(f) =>_Aj(9)S;-2(f). (A.17)
JEZ

Lemma 31 (Lemma 4, [47]). Let 0 < s < § < 1 and Tx € WSIO(s,68). Then, Tx(1) € BS™.
Moreover, there ezists C = C(s,0) such that: || Tx(1)| s~ < Cr(Tk) where r(Tk) is the constant
associated to Tk in Definition /.

Lemma 32 (Remark 2, [17]). Let 1 <p,q < oo, t <0 and s € R. There exists C = C(p,q,t,s) such

that, for any b € B, m, is continuous from Fzﬁ’q to F1§+s,q and the following estimate holds:

Vf € ELlmy(£)] s < C 0]

g I fll e (A.18)

Lemma 33 (Lemma 2, [47]). Let 0 <5< 1 and 0 < § < 1. Take b € B>®. Then, the operator m, €
WSIO(s, ). Moreover, there exists a constant C(s) independent of b such that, r(m) < C(s)[[b|[ 5.,
where k() is the constant in Definition J associated to the operator .

Combining these lemmas allows us to circumvent the 7'(1) = 0 condition. Indeed:

Lemma 34. Let 0 <s<d<1and1<p,q<oo. Lett € R be such that —s <t < 0. There ezists a
constant C' such that, for Tx € WSIO(s,0), Tk is continuous from F}f’q into F;"’S’q and we have:

Vi€ Ept, T (f)llprees < OR(TR) 1l (A.19)

where k(Tk) is the constant associated to Tk in Definition /.
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Proof. Let Trr € WSIO(s,d). Thanks to Lemma 31, Tk (1) € B2 and 1Tk (Dl s S 5(Tk)-
Thanks to Lemma 33, w7, (1) € WSIO(s,0) and x(7mr, 1)) S #(Tk). Hence, we can define Tk =
Tk — 7, (1) and Tx € WSIO(s,4), with a constant k(Tx) < x(Tk). Moreover, since m,(1) = b for
any b, Tk (1) = 0. Thanks to Lemma 32, proving the continuity of Tk is sufficient to obtain (A.19).

Let ag be a smooth t-atom. We consider mg = Txk(ag). The next step is to prove that mg is
almost a (§, M) smooth (¢ + s)-molecule, with M = n + s — J > n. As noted above, since ¢t + s > 0,
we only need to check (A.14) and (A.15). Indeed, lengthy computations and the essential condition
Tr (1) = 0 provide the existence of a constant D independent on the atom ag such that:

1 -M
Imq(x)| < D, (1 + 5! |z - xQ|) , (A.20)
Img(z) —mg(2')] < DEZ’QKE?‘S |z — 2| | |<s;up . (1 +lgtz = (2 - xQ)|) : (A.21)

Hence mg = Dilﬁést is a molecule. For examples of proof techniques to prove (A.20) and (A.21),
we refer the reader to [14] and [17]. To conclude the proof, we use Lemma 29 and 30. For f € Flf’q, we

write f(z) = > g sqaq(x) and each mq = D’lﬁésTK(aQ) is a molecule. Thus, thanks to Lemma 29
and Lemma 30,

ITs (D)l o = | S (Dys) - )
Q Fptea
1/q
< ZEC_Q(H_S)quEg”SQ|q|XQ(1')|q
Q (A.22)
p
1/q
S D2 @ sal e (@)
Q
P
Sl -
Equation (A.22) concludes the proof. O

Triebel-Lizorkin spaces offer a natural framework for atomic and molecular decompositions. Of
course, setting p = ¢ = 2 in the results above also yields results for the more classical homogeneous
Sobolev spaces H®. Thus, Lemma 34 tells us that operators of WSIO(s, d) continuously map H into
H+s for —s < t < 0. In particular, this is valid for s = 1/2 and t = —1/4.

A.3 Kernels defined on bounded domains

Most results involving singular integral operators concern kernels defined on the full space R™ x R™.
Here, for finite time controllability, we need to adapt these results to a setting where the kernels are
defined on squares, eg. [0,1] x [0,1]. Atoms and molecules are localized functions. Thus, it would
be possible to carry on the same proof as above for bounded domains, providing that the analogs of
the representation lemmas 29 and 30 exist for Triebel-Lizorkin spaces on bounded domains. In this
paragraph, we give another approach, which consists in proving that a kernel defined on a bounded
domain can be extended while satisfying the same estimates.

Lemma 35. Letn =1,0< s <1 and 0 < § < 1. Consider a kernel K, defined and continuous on
0 = {(xay) € [Oa 1]2,£C #+ y}, satisfying:

K (,y)| < ko —y| 7", (A.23)
’ 7 o —14+s—0 / 1 A
|K(2',y) — K(z,y)| < k2" — 2| |z -yl ., for Ix*xléglw*yl, (A.24)
5 —14s—6 1
K (2,y) — K(z,9)| <wkly =y la—y| 770, for |y —y| < 5l =yl (A.25)

Then there exists a kernel K on R x R, continuous on , such that:
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e K is an extension of K: K|, = K,
o K is a weakly singular integral operator of type (s,0) on €,
e K is associated a constant k(K) < Ck(K), where C is independent of K,s and §.

Proof. We start, by defining K(x,y) on the infinite strip —1 < y — 2 < 1. For (x,y) € Qy, we set
K(z,y) = K(x,y). Outside of the initial square, we extend by continuity the values taken on the
sides of the square and we choose an extension that is constant along all diagonal lines. Therefore, we

define K(z,vy) as:

Kl+z—y,1) for 1<y, O0<y—z<l1,
KO,y—z) for <0, O0<y—z<1,
0y -2) Y (A.26)
Kl,1+y—=z) for 1<z, O0<z—y<lI,
K(zx—y,0) for y<0, 0<z—y<l.
Outside of the strip, we set:
K(z,y) = K(0,1)|z —y|~'T%, fory—az>1,
(z,y) (0,1)]z —yl y—x> (A.27)

K(z,y) = K(1,0)|z —y|~'T%, forz—y>1.

This completes the definition of K on €. By construction, it is easy to check that K is continuous
on Q. By construction, K also satisfies (A.23) on Qi, on the whole strip —1 < y — z < 1 thanks
to (A.27) and on the half spaces y —x > 1 and y — 2 < —1 thanks to the decay chosen in (A.27).

The Holder regularity estimates (A.24) and (A.25) are a little tougher. First, note that, by
symmetry, one only needs to prove, for example, (A.24) on the half place H = {(z,y) € RxR, y—z >
0}. We write H = HUH,UH_ U ‘H ., where:

7:L: (‘r)y)eﬂa y_$>1}a
= 0<zandy<1
Hi={(z,y) € H, <z and y < 1}, (428
Hy={(z,y) €H, y—a<landl<y},
Ho={(v,y) €H, y—=x<1landx <0}

Let (z,y) € H and (2/,y) € H with |z — 2| < $]a —yl. If both points belong to the same subdomain,
then the Holder regularity estimate in the x direction for K is a direct consequence either of (A.27)
on H, of (A.26) on H+ and of the hypothesis on K on #;. If the two points belong to different
subdomains, we use a triangular inequality involving a point at the boundary separating the two
subdomains. As an example of such a situation, if z < 0 < 2’ and y < « + 1, then (z,y) € H_ and
(2',y) € Hi. We have:

|K(z,y) - K(2',y)| = |[K(0,y — 2) — K(,y)]
< |K(0,y —z) — K(0,y)| + [K(0,y) — K (2", y)|
< H|:L'|6|:L' . y|71+sf§ + H|:L'/|6|JS/ . y|71+sf§

< Sklr — 2/ |°|lz — y| 10,

(A.29)

The last inequality comes from the fact that |2'|, |z| < |z — 2| and |2’ — y|7'T°% < 4| — y| 7170
for |x — 2’| < 3|z — y|. The details of the other situations are left to the reader. O
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