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richness of influence based on perceived hierarchy
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Irstea, UR LISC Laboratoire d'ingénierie des systémes complexes,
9 avenue Blaise Pascal, F-63178 Aubiére, France

sylvie.huet@irstea.fr, guillaume.deffuant@irstea.fr

Abstract. This paper studies a simplified version of the Leviathan model, with-
out gossip and vanity processes. During dyadic meetings, the agents change
their opinion about themselves and about their interlocutor. Speakers highly
valued by their listeners are more influential. Only due to the asymmetry of the
influence function, the model produces several patterns depending on the pa-
rameter values, some of which not yet identified in the first Leviathan model
study. In particular, in some cases the leaders have a high opinion of other
leaders whereas in other cases they have a low one.

The recently proposed Leviathan model [1] considers a population of agents, each
characterized by its opinion (a continuous number between -1 and +1) about each of
the agents (including itself), and dynamics of these opinions through processes of
opinion propagation and vanity, taking place during random dyadic encounters. This
model is very rich in terms of emerging behaviors, and [1] focuses only on a limited
set of parameter values. To go further, we propose here a more complete study of one
of the model’s basic processes which is the direct opinion propagation (without gos-
siping). Whereas in many opinion models, the influence increases with the similarity
between the agents (homophily [2] [3-5] [6]), in the Leviathan model, the influence
increases with the superiority of the speaker as perceived by the listener (difference
between listener’s opinion about the speaker and listener’s self-opinion). This model-
ling choice can be grounded in the research in social psychology considering for ex-
ample [7] or [8] who has experimentally shown that people feeling high in power
tends to discount other’s advice on the contrary those feeling low.

Indeed, complementary to the classical approaches based on homophily, a large
body of work considers the influence in terms of credibility of the source [9-11]. The
influence function of the Leviathan model is a sigmoid logistic model. This model is
more classically used as a probabilistic version of a threshold model [12] [13].

Surprisingly, and even in the absence of vanity and gossip, the model generates a
rich variety of patterns and this paper aims at identifying and characterizing them. It is
organised as follows. We start by a description of the dynamics. Then, we describe
the observed patterns and offer some generalised definitions of their characteristics as
well as how they appear during trajectories of the model. We especially point out the
link between the influence function parameters, the level of agreement of agents about
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their respective order and the average sign of the opinion of the population. Finally,
we discuss our results and identify some complementary studies to carry out.

1 Opinion propagation depending on perceived hierarchy

We consider a set of N agents, each agent i is characterised by her list of opinions
about the other agents and about herself: (ai,)1 <ij<v . We assume a;,; lies between -1
and +1 , or it is undefined (equal to nil) if the agent i never met j and nobody has
talked to i about j yet. At initialisation, we suppose that the agents never met, there-
fore all their opinions are undefined. When opinions change, we always keep them
between -1 and +1, by truncating them to -1 if their value is below -1 after the inter-
action, or to +1 if their value is above +1. The individuals interact in uniformly and
randomly drawn pairs (z, j) and at each encounter they try to influence each other on

their respective values. We define one iteration, i.e. one time step ¢t —¢ + 1, as IN/2
random pair interactions (each individual interacts I time on average during one itera-
tion). To be more precise, one iteration involves the following steps:

Repeat N/2 times:
Choose randomly a couple (i,j)
Save the opinions which are going to change in temporary variables to ensure
the update during the i and j meeting is synchronous
Influence(i,j)
Influence(j,i)

The influence(i,j) process is:

Influence(i,j)
ifai,- = nll, aji < 0
ifa;=nil, a; 0
ajj <& + op;j (@ —a;; + Random(-6,+9))

a;; < a;; + op;j (@ —a;; +Random(-5,+6)) +Vj;

We recognise the equations of opinion influence (or propagation) in which opin-
ions attract each other, but with two differences. The first difference is that the
strength of the propagation of opinion is ruled by a parameter p multiplied by a func-
tion p;;. Function p;; implements the hypothesis that the more i perceives j as superior
to itself, then the more j is influential on i. It is a logistic function (with parameter o)
of the difference between the opinion of i about j (a;;) and the opinion i about herself
(ai'i):

1

Pi= 1 exp(— ((a'j _aii)/o-))
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pi;j tendsto 1 when a;;- a;; is close to 2 (i values j higher than herself), and tends to 0
when it is close to -2 (i values j lower than herself). When o is small, p;; rapidly
changes from 0 to 1. When ¢ is large, this change is progressive.

If a;; = nil (j is unknown to i), we assume that i has no opinion because he has not
met or hear about j. At the first meeting, we suppose that the a priori about j is neutral
and we set a;j «<— 0. Let us also observe that, at the initialisation, an agent has no opin-
ion about herself thus we also set a;; < 0 at the first discussion.

The second difference with simple attraction dynamics is the introduction of varia-
ble 6. This variable models the idea that an agent i has no direct access to the opin-
ions of another one (j) and can misunderstand it. To take into account this difficulty,
we consider the perception of the agent i as the value a;, more or less a uniform noise
drawn between —dand +6 (5'is a model parameter). This random addition then corre-
sponds to a systematic error the agents make about the others’ opinions. It can be seen
as a noise that distorts the perception that i has about j 's opinions. The parameter ¢
rules the amplitude of this noise.

Note that the update is synchronous: every opinion changes occurring during a
meeting are computed on the same value of opinions taken at the beginning of a pair
meeting.

Finally, the model has 4 parameters:
e N, the number of individuals;

e g, the reverse of the sigmoidal slope of the propagation coefficient;

e 4, maximum intensity of the noise when someone is alluded to;

e p, the parameter controlling the intensity of the coefficient of the influence.
2 Exploring the emerging patterns in the parameter space

This section begins by presenting the emerging patterns we can observe from the
variation of the parameter values. These patterns can be seen as emerging social or-
ders from the agents’ interaction. Then, their properties are studied further using a
large experimental design showing they are coupled to form specific trajectories of
simulation. A last part point out the relation between parameters of the influence
function, the level of agreement of agents on how they order each other, and the sign
of the average opinion in the population.

2.1  The emerging patterns

The following figures presenting the patterns use a representation in which the
opinions of each agent is represented as the row of a NxN square matrix. The element
a;j from line i and column j is the opinion of agent i about agent j. We use colours to
code for the opinions: blue for negative and red for positive opinions with light col-
ours meaning that the absolute value is close to 0. In the tests, we consider N=20
agents and p=0.8. We distinguish patterns with the following criteria:
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e The presence of leaders: they are agents about which all agents have a very posi-
tive (close to +1) opinion; they are recognizable by the strength of the positive
view they benefit from. In our matrix representation, they appear as a red col-
umn;

e The level of agreement about the agents: agents agree more or less about their
peers (the average value of opinions about an agent is called its reputation for
sake of simplicity). In our matrix representation, when all the values in a column
are close (colors are homogeneous), the level of agreement about the agent of this
column is high.

e The distribution of reputations represents a more or less skewed hierarchy.
Moreover, we have characterized patterns using the sign of the average opinion of

the population as well as the level of agreement on how they perceive each other (do

they perceive each other in the same hierarchy), especially when they are leaders. In
this latter case, we talk about disagreeing leaders or agreeing leaders.

Using these criteria, we have observed three main groups of patterns: dominance
and crisis; disorder; and hierarchy. They are presented in the following.

Dominance and crisis. Dominance is characterized by the presence of one or two
agents with a reputation close to +1, that we call leaders (it can very temporarily in-
crease up to 6 but it does not last) while every other agent has a significantly lower
reputation. Fig. 1 shows the various types of dominance we observed plus the crisis in
which there is no leader. Crisis (fig. 1a) never appears alone; it alternates with the
dominance (fig. 1b). Moreover, various types of dominance can be observed, from
negative (fig. 1 b and c) to positive (fig. 1d) as well as some in which leaders agree
their respective positions (fig. 1b and d) or disagree (fig. 1c). Fig. 1c illustrates the
disagreement between leaders: one can see the most positive leader (more dark red
squares) in the center has a neutral opinion (white squares) about the second leader on
the right ; the second leader has also an opinion about the first leader which is close to
0 but it has a positive self-opinion.

Disorder. This pattern is characterized by a very weak agreement on each other
values of opinion. Fig. 2 shows the two types we observe: (a) the negative disorder;
and (b) the positive disorder. The positive disorder seems to exhibit a larger number
of positive self-opinion (see the red square on the diagonal from the top left to the
bottom right).

Hierarchy in which the distribution of reputations is less bimodal than in domi-
nance patterns and the agreement on reputations is higher than in the disorder. How-
ever, as shown in fig. 3, different types can be identified: it can be more negative than
positive as in (a) and (b), or more positive than negative as in (c) and (d); leaders can
agree as in (b), (c) and (d), or totally disagree and have a negative opinion of each
other as in (a). This latter case is not so easily differentiable from dominance with
disagreeing leaders.
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a (0.05;0.01) b (0.05;0.01) c (0.4;0.03) d (0.1;0.035)
Fig. 1. Dominance. For various (d,0) couples of value given below the graph and from left to
right: Crisis in which no agent has any positive opinion; Negative dominance in which leaders
agree; Negative dominance with disagreeing leaders about their respective leadership; Positive
dominance with agreeing leaders. For low values of & and o, periods of crisis alternate with
periods of dominance, even if less frequent. For larger values of values of 6 and o, crisis does
not appear anymore and the level of agreement is lower due to the noise. N=20, p=0.8.
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a (0.2;0.01) b (0.4.0.01)
Fig. 2. Disorder: negative on the left; positive on the right. They correspond to (J;0) couples of
values given below the graphs. N=20, p=0.8.

a (0.4;0.035) b (1;0.05) ¢ (0.01;0.05) d (0.4;0.05)
Fig. 3. Hierarchy patterns from left to right: (a)with disagreeing leaders and a majorly negative
population; (b) a majorly negative population with agreeing leaders; (c) a positive hierarchy
with agreeing leaders; (d) a majorly positive hierarchy with agreeing leaders. They correspond
to (,0) couples of value given below the graphs. N=20, p=0.8.

Starting from the various characteristics and types of pattern we observe, we de-
velop a procedure for automatically detecting the patterns and a large experimental
design aiming at exploring the parameter space.
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2.2 Systematic exploration of the parameter space

221 An algorithm detecting the pattern types

We build a pattern type detection algorithm based on a minimum number of indica-
tors:

o the average opinion for the definition of the main sign of the pattern ;

o the bimodal properties of the distribution of opinions; the number of positive
reputation to diagnose the absence of leader;

o the average distance between the maximum and the minimum opinion for an
agent that we compare to 26 in order to diagnose the disorder corresponding
to a disagreement level higher than the noise ¢ ;

e the global difference between the maximum and the minimum opinion to
qualify the length of the opinion distribution, particularly to distinguish dom-
inance from hierarchy.

The pattern identification algorithm is finally the following:

if (average opinion < 0) {
if (average max-min distance > 28) pattern = disorder
else {
if (average opinion >= -0.5) {
if (nb of positive reputation = 0) pattern = crisis
else pattern = dominance } }
else {
if (average max-min distance > 28) pattern = disorder
else {
if ((max opinion - min opinion)> 1) pattern hierarchy

else dominance } }

Then we compute an experimental design running this diagnosis. The model in-
cludes 4 parameters. We fix N, the number of agents to 40, and p ruling the intensity
of the opinion propagation coefficient to 0.8. This is in order to make tractable results
of our study. We vary the other parameters as follows:

e 0, the intensity of noise disturbing the evaluation of other's opinions takes two
different values: 0.01, 0.03, 0.05, 0.1, 0.2, 0.3, 0.4;

e o, ruling the slope of the logistic function determining the propagation coefficients
takes the values 0.01, 0.03, 0.05, 0.07, 0.1, 0.2, 0.3;

For each set of parameter values, we run the model for 200,000,000 iterations (one
iteration corresponding to /2 random pair interactions), and we repeat this for 10
replicas. We measure every 100,000 iterations a group of values allowing us to make
conclusions about the properties of our patterns. The measured values over 10 replicas
are averaged into indicator that is used in the next subsection to characterise our pat-
terns.
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2.2.2 The properties of patterns

We consider the complementary following indicators: the type of relations between
leaders; the average agreement rate; the number of positive reputations; the number of
agents thinking they are the best over the whole population. The type of relation be-
tween leaders is defined by a minimum disagreement about the leadership between
the leaders. The disagreement occurs when they disagree on their respective order
(who is the first, who is the second; in most cases the two think they are both the
first). If more than 10% of the leaders disagree, we say this is a disagreement (D) type
of leadership; on the contrary it is called (A) agreement. The average agreement rate
on order corresponds to the average percentage of dyadic meetings over all the meet-
ings during which the two agents disagree about how to order them. Table 1 presents
the results we obtained over our experimental design. We globally identified again
what we have observed in figures 1 to 3. Few configurations appear in only one exe-
cution of the model while we did 10 replicas of the 49 parameter sets. We decided to
omit them in the table for sake of clarity.

Table 1. The colours of the patterns are defined by the sign of the average opinion of the popu-
lation (blue for negative; red for positive). Quantities are averages over all times and replicas
and parameter values for which the diagnosis of pattern and the related relation type between

leaders has been identified as described in the table.

Pattern Relation | Average Average Average num- Fre-
between | number of agreement | ber of agents quency
leaders | positive repu- | rate on thinking being

tations order the best

Crisis - 0,0 0,62 13| 1,77%

Dominance | A 2,2 0,63 1,3 | 10,73%
D 14 0,60 1,3 | 4,48%

Hierarchy | A 8,6 0,85 12| 537%
D 1,0 0,84 1,1 | 0,05%

Disorder A 2,5 0,72 12| 2,40%
D 7,9 0,66 6,6 | 7,65%

Dominance | A 28,8 0,93 1,0 | 14,23%

Hierarchy | D 33,0 0,93 1,1 | 51,78%

Disorder A 24,2 0,47 23,2 | 0,03%
D 20,8 0,55 20,4 | 1,52%

The table 1 confirms that the pattern dominance has one or two leaders even if a
negative Hierarchy with disagreeing leaders also appears with 1.0 leader but it is
probably a false diagnosis and it appears rarely (0.05%).

The disorder in its positive form is very specific in terms of agreement on order but
also in terms of number of agents thinking that they are the best; the two subcatego-
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ries “Agreeing” and “Disagreeing” leaders are not really relevant since there is no
leaders; they do not vary from each other and the “A” modality is very rare, probably
due to the threshold chosen for the agreement. The disorder in its negative form is
softer; it differs less from the other negative patterns.

Crisis always corresponds to disagreeing leaders (even if they are not positive in
this case as for the other patterns).

Hierarchy, whatever its signs is characterized by a higher level of agreement rate
on order during meetings. It is more characterized by disagreement between its lead-
ers when the average opinion is positive while it is the contrary for the negative aver-
age opinion. Overall, and except the case cited earlier, it shows more leaders than the
dominance.

The “disagreement” between leaders corresponds to a smaller number of leaders in
case of dominance and negative hierarchy. The negative patterns, crisis, dominance
and disorder, whatever the type of relation between leaders, show a lower average
agreement rate (between 0.6 and 0.7) than the positive ones.

Table 2. Trajectories (set of patterns appearing during one execution of the model). Regarding
the trajectory sign, we put altogether “positive” and “positive and negative” (*pAndN) when
they represent less than 5% of the runs.

Set of patterns appear- Relation between
ing in one trajectory Trajectory sign leaders % of runs
Disorder Negative 3,88%
pAndN* and positive 2,24%
dominance disorder Agree and disa-
crisis Negative gree 12,04%
dominance disorder Negative Agree and disagree 1,84%
dominance disorder
crisis hierarchy Negative Agree and disagree 3,06%
dominance crisis hierar-
chy Negative Agree and disagree 0,82%
dominance disorder
hierarchy pAndN and negative | Agree and disagree 2,24%
Dominance Positive Agree 3,88%
] ) Negative Agree and disagree 0,41%
dominance hierarchy
pAndN Agree 7,55%
Positive Agree 37,14%
dominance hierarchy
disorder Positive Agree 0,82%
Hierarchy positive or pAndN Agree 19,80%

From our results we also confirm that some patterns are only observable coupled to
others in trajectories. Table 2 breaks down these observations.
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We need 4.9 % of the runs to represent a total parameter set. Let consider the pat-
tern appearing more than 4.9 % and see the average parameter values required to
reach them. We distinguish clearly in table 2 three areas: “dominance-disorder-crisis”,
“dominance-hierarchy” and hierarchy corresponding to the most frequent trajectories.

2.2.3 Trajectories in the parameter space

In order to understand the richness of the model, we locate these three trajectories
into the parameter space in table 3 with colour codes.

From the figures 2, we know that the empty bottom left cases of the table 3 corre-
sponds to Disorder (negative for ¢ 0.01 and ¢ 0.2; positive for ¢ 0.01 and ¢ 0.4). Dis-
order has not been identified as a main trajectory in the previous phase due to its low
frequency of appearance. However, it is probably due to the diagnosis which is very
demanding on the level of disorder: that is probable this level changes a lot during a
simulation and only a part of measures satisfied the threshold of 26 as the minimum
average difference of opinion about one agent.

Table 3. Main trajectories in the parameter space: light orange is Dominance-Hierarchy positi-
ve; blue is Dominance-Disorder-Crisis; brown is Dominance-Hierarchy positive and « positive
and negative »; rose is Hierarchy and Dominance-Hierarchy positive; red is Hierarchy. The
white bottom left area corresponds to the pattern disorder in its negative shape then in its posi-
tive shape when 9§ increases.

6/0 | 0,01 | 0,03

0 01 DH+ DH+

0,03 DH+ DH+ DH+ DH+

H/DH+ DH+

o
0,3
0,4

2.3 The link between agreement and sign

We observed in table 1 that the average rate of agreement is a good indicator to
distinguish negative from positive patterns. Fig. 4 shows this indicator in the parame-
ter space represented on abscissa for the positive (red) versus the negative diagnostics
(blue). We observe that a strong change in the value of the indicator between positive
and negative diagnosis is located in the space value of parameters as the frontier be-
tween the trajectory Dominance-Disorder-Crisis shown in table 3. We observe again
the various areas observed in the table 3, especially regarding the sign (always posi-

9
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tive or negative, or positive as well as negative and the level of agreement, weaker for
low values of ¢ if ¢ is large enough. This is then relevant to understand how two
agents became disagreeing on their perceived hierarchy.
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Fig. 4. Value of the average agreement rate order (size of the circle) for various & (ordinate)
and o (abscissa) and for globally negative patterns (blue) or positive patterns (pink)
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Fig. 5. Computation of the influence weight by the influence function for various values of ¢
and different distance between opinions (the peer one minus the self-opinion) for the listener

That can be understood from the shape the influence function pij. Fig. 5 reminds
how it is for various values of 6. We observe for low values of ¢ (0.01, 0.05) that the
weight becomes very quickly (ie for a small distance) 0 or 1. Then, when ¢ is close or
higher than the distance making the weight close to or equal to 0 or 1, this means that
an agent is susceptible to consider her peer from influential to not influential (or al-
most) in just one meeting and just due to the noise varying from —J to + 4. Since an
agent became not influential (or almost) for another one, she is not listened by her
anymore (or almost). Then, it cannot change its image in the other’s mind even if it
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gains a very high reputation, higher than one of the agent which is not able to listen to
it. In such a situation, these both agents think they are better than the other. We call
the agents who are not anymore able to consider the opinion of a peer an agent blind
to this peer.

Considering a it is possible to compute the smallest difference d between the self-
opinion an agent and its highest opinion for one of its peer (a;-a;;) s for which the
corresponding influence is a value & which is small enough for neglecting the possible
opinion changes. Derived from the influence function, the equation is:

1 1
a;; —ai]- = ln(;— 1)0’ ~ O'ln;

0,00
0,05 4

0,10 4
0,15
0,20
0,25
0,30
0,35
0,40
0,45 i
0,50

Minimum difference (a;-a;) with €=0.01

0 0,025 0,05 0,075 0,1 0,125

Fig. 6. Difference (aj-a;;) on ordinate between peer and the self in terms of opinion which im-
plies that an agent are not influenced by others for various o (abscissa) and ¢=0.01.

We observe comparing the fig. 6 to the table 3 that the result is close to define the
frontier in the parameter space between the trajectory Dominance-Disorder-Crisis and
the other trajectories, if we consider that & is the typical distance between aii and the
highest aij. This gives us some information about the frontier between negative and
positive patterns.

For the parameters implying numerous disagreements on perceived hierarchies, the
population tends to become negative and to show a dominance pattern. In the worst
case, when o is very very small for large values of ¢, a significant number of agents
consider themselves as superior to all the others: that is the case in the disorder pat-
tern. In case of low disagreement, the observed patterns become positive and have
the characteristics of the hierarchy.

3 Discussion - conclusion

In this paper, we study a simplified version of the Leviathan model, without the
processes of vanity and gossiping, keeping only the direct opinion propagation. Like
in the complete Leviathan model, we observe patterns representing social orders but
some of them are different as well as some new identified properties. This is very

11
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surprising such a richness of social orders emerge of the simple fact that the influence
function is asymmetric. This is for example the case of two different types of leader-
ship depending if leaders agree on their respective position on not. Overall we diag-
nosed several patterns organized in trajectories: dominance in which one or two lead-
ers have a low opinion about all the other agents who have negative opinion about
each other except about the leaders ; it alternates during a simulation with a crisis
pattern in which every agent has a negative opinion about all others, including itself.
Disorder is a particular pattern in which the agents have different perceived hierar-
chies. During simulations several regular sequences of patterns appear. The main ones
are: dominance-disorder-crisis, dominance-hierarchy, and hierarchy. Moreover these
patterns/ sequences exhibit different average sign of opinions: most of them, except
crisis can be of both signs but while the hierarchy is more often positive, dominance
is more often negative. This work is a base for developing a new insight onto some
behaviors of the Leviathan model by comparing the patterns emerging or not from the
processes taking place in the model (ie opinion influence, vanity and gossip).

The patterns of the model can be discussed in light of some sociopsychological re-
searches.

The charismatic leaders at the beginning in the model are the individuals who are
viewed as positive by every other. Similarly, the charismatic leadership [14] in the
socio-psychological literature is defined as the one who benefits from a high esteem
of the larger number of the others. For these same authors, the leadership derives its
effectiveness from its influence on follower self-concept which is in turn a moderator
of the leadership effectiveness. Identically, for [15] and [16], "Leadership is a rela-
tional term. It identifies a relationship in which some people are able to persuade oth-
ers to adopt new values, attitudes and goals ...". We have seen in the model that over-
all leaders have a greater influence and tend to determine the value of everyone.
However the criteria to define a leader, as well as the process of their emergence, are
not so clear. Our modelling study has shown that in some cases leaders have the same
perceived hierarchies whereas in other cases their perceived hierarchies are different.
So what is more important: the popularity and the capacity to be open to others; or on
the contrary, the stubbornness and strong resistance to influence? These results can
feed the debate in “leadership” research.

The agents tend to have positive opinions on average when the influence function
is smooth (o large), meaning that the differences of influence according to the per-
ceived hierarchy are small, for a not too large noise (8). For a sharp influence function
and a large noise, agents tend to put themselves high in their perceived hierarchy, and
for extreme values, the highest. This is due to the asymmetrical property of the influ-
ence function and does not require vanity. This echoes the self-enhancement biases
identified long ago in social psychology. [17] particularly stresses the "illusory of
superiority" : when subjects estimate their relative position on a number of attributes,
they typically report that they possess positive characteristics to a higher, and negative
characteristics to a lower, degree than average or most others. This bias is often pre-
sented as an inner characteristic of the individual. The model suggests that it is social-
ly built from noisy interactions between agents with strong perceived hierarchies.
This explanation deserves some proper experiments to define its relevance.
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