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Geometric Weil representation in characteristic two

Alain Genestier and Sergey Lysenko

ABSTRACT Let k be an algebraically closed field of characteristic two. Let R be the ring
of Witt vectors of length two over k. We construct a group stack G over k, the metaplectic
extension of the Greenberg realization of Sp,,,(1?). We also construct a geometric analog of
the Weil representation of G, this is a triangulated category on which G acts by functors.
This triangulated category and the action are geometric in a suitable sense.

1. INTRODUCTION

1.1 Apparently, a version of the Weil representation in characteristic two first appeared in 1958
paper by D. A. Suprunenko ([22], Theorem 11) (before the celebrated 1964 paper by A. Weil
[24]). This representation and its character were also studied in [I6], I5]. Being inspired mostly
by [14] and [I7], in this paper we propose a geometric analog of this representation.

Let k£ be a finite field of characteristic two. Let R be the ring of Witt vectors of length
2 over k. Given a free R-module V of rank 2n with symplectic form @ : V x V. — R, set
V =V ®p k. Write Sp(V) for the group of isometries of the form &. Plck a bilinear form
B:V xV — Rsuch that 5(z,79) — B(§,%) = @(&, ) forall Z,§ € V. Let 3: V xV = 2R C R
be the map (z,y) — 2,5’(:%,@) for any Z,5 € V over z,y € V. It gives rise to the Heisenberg
group H (V) =V x R with operation

('Ul,Zl)('UQ,ZQ) = (U1 + v9,21 + 22 + ,B(Ul,UQ))

The reason for using R instead of 2R in the definition of H (V') is that in this way it acquires a
larger group of automorphisms acting trivially on the center. The group Sp(f/) maps naturally
to this group.

Fix a prime ¢ # 2 and a faithful character ¢ : Z/4Z — Q}. A version of the Stone-von
Neumann theorem holds in this setting giving rise to the metaplectic extension of Sp(f/) and its
Weil representation #,, (cf. Section 2 for details). According to [14], it can be seen as a group
Mp(V) that fits into an exact sequence

1 = 7/27 — Mp(V) = Sp(V) — 1 (1)

In the geometric setting, assume k to be an algebraically closed field of characteristic two.
We propose geometric analogs of Mp(V) and Hy. Let V be a free R-module of rank 2n with a
symplectic form. Write G for the Greenberg realization of the R-scheme Sp(V). View H(V) as
a group scheme over k, an extension of V' by the Greenberg realization of R.
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Though we mostly follow the strategy of [17], there are new difficulties and phenomena
in characteristic two. To the difference with the case of other characteristics, the metaplectic
extension (I]) is nontrivial. The geometric analog of (1) is an algebraic group stack G over k
that fits into an exact sequence

1= B(Z/AZ) - G — G — 1 (2)

of group stacks over k. Here for an algebraic group H over k we write B(H) for the classifying
stack of H over k. Actually, from our Remark [ ii) it follows that there is a group stack Gy
over k included into an exact sequence 1 — B(Z/2Z) — Gy — G — 1 such that @) is its
push-forward via the natural map B(Z/2Z) — B(Z/4Z). More properly, Gy is the geometric
analog of Mp(V), but G will not appear in this paper.

We don’t know if G admits a presentation as the stack quotient G7/Gq for a morphism
Gy — G of algebraic groups over k, where Gy is abelian and maps to the center of G; (we
would rather expect that G corresponds to a nontrivial crossed module).

We have not found a relation with the K-theory (or the universal central extension of Sps,
by K3 constructed by Brylinski-Deligne [8]). Instead, our construction of G goes as follows.

Let £(V) be the Greenberg realization of the R-scheme of free lagrangian submodules in V.
First, we define a certain Z/47Z-gerb

LV)— L(V)
via the geometric Maslov index (cf. Section 6). It turns out that the corresponding class in
H2(L(V),Z/4Z) is invariant under G, but the gerb itself is not G-equivariant. Then G is defined
as the stack of pairs (g,0), where g € G and o : g*£(V) = L(V) is an isomorphism of Z/4Z-gerbs
over L(V).

We generalize the theory of canonical interwining operators from [I7] to the case of charac-
teristic two (cf. Section 7). This allows us to come up with a construction of the Weil category
W (V), which is a geometric analog of Hy. Here W (V) is a category of certain perverse sheaves
on L£(V) x H(V). The group stack G acts on W (V) by functors. This action is geometric in the
sense that it comes from the natural action of G on £(V) x H(V).

Similarly to the case of other characteristics, we also construct the finite-dimensional theta-
sheaf Sf,ﬂp, which is a geometric analog of some matrix coefficient of the representation H,,. It

serves as the key ingredient for the construction of W (V).

ACKNOWLEDGEMENTS. We are very grateful to P. Deligne for his comments and suggestions
about the first version of this paper.

1.2 NOTATION Let A be a commutative ring and V' a free A-module of rank d. As in ([12],
Section 5.1), denote by Sym'?(V) € V ® V the submodule of Sy-invariant vectors. It is the
submodule spanned by the vectors of the form v ® v, v € V. Let A2(V) € V ® V be the
submodule spanned by the vectors of the form v ® u — u ® v. Let Sym**(V) be the quotient of
V ®V by A2(V). For any n let



For any n write Sym'™ (V) ¢ V" for the submodule of S,-invariant tensors and Sym*” (V")
for the A-module of S,,-coinvariants of V. We have canonically

Sym™(V¥) T3 (Sym™ (V)" and A" (V¥) S (A"V)"

The space Sym!2(V*) can be seen as the space of symmetric bilinear forms on V. This is the
space of A-linear maps ¢ : V — V* such that ¢* = ¢.

Let V be a free A-module of rank 2n. Say that V is a symplectic if it is equipped with a
non-degenerate bilinear form w : V' x V' — A such that in a suitable base (e;,e_;,1 <i < n) we
have w(e;, e—;) = d;5, w(e;, ej) = w(e—i,e—j) =0fori,j € {1,...,n} and w(z,y) = —w(y,x). We
call such base a symplectic base. If V is a symplectic A-module then we trivialize wn : det V= A
by e — 1, where e = e; A...Aey ANe_1 A...ANe_y does not depend on a symplectic base (e;,e_;).
For w™ € A?"M* we have nle = +w™.

The pairing between a free A-module and its dual is usually denoted by (-,-). If A is of
characteristic p, write V®) = V @4 A, where A — A, a — a? is the Frobenius map.

1.3 GENERALITIES ON QUADRATIC FORMS Let k be a field of characteristic two, which is either
finite or algebraically closed. Let R be the ring of Witt vectors of length two over k.

Let L be a finite-dimensional k-vector space. Let B,(L*) C (L ® L)* be the subspace of
bilinear forms ¢ on L satisfying ¢(z,x) = 0 for all z € L. We call them alternating bilinear
forms. Write Q(L*) for the k-space of quadratic forms on L. By definition, it is included into an
exact sequence 0 — B, (L*) — (L ® L)* — Q(L*) — 0, where the second map sends a bilinear
form ¢ to the quadratic form = — ¢(z, x).

Write Q,(L*) for the k-space of additive quadratic forms on L. The map L* — Qu(L*)
sending y* to the quadratic form y — (y,y*)2, y € L yields an isomorphism (L*)?) = Q4 (L*).
One has an exact sequence 0 — By (L*) — Sym2(L*) — Qu(L*) — 0 of k-vector spaces. One
also has an exact sequence

0= Qu(L*) = Q(L*) — By(L*) — 0,

where the second map sends ¢ to the the bilinear form (z,y) — q(z +y) — q(z) — q(y).

Assume given a free R-module L with an isomorphism L ®g k= L of k-vector spaces. Note
that B,(L*) C Sym'?(L*) can be seen as the R-submodule consisting of ¢ satisfying ¢(Z, %) = 0
for all # € L. Let Q'(L*) be the quotient of Sym'?(L*) by B,(L*), this is an R-module included
into an exact sequence 0 — Qq(L*) = Q'(L*) — Sym'?(L*) — 0 of R-modules. The action of
GL(L) on Q'(L*) factors through an action of GL(L).

Equivalently, one may define Q'(L*) as the R-module of maps ¢q : L — R such that

e the map b, : L x L — R given by by(x1,22) = ¢(x1 + z2) — q(x1) — q(z2) is bi-additive,
and by(az1,x2) = aby(z1,x2) for any a € R over a € k;

e g(az) = a®q(x) for z € L and @ € R over a € k.

These R-valued ‘quadratic forms’ on L have been considered, for example, in [14] 25] [I§].



1.4 We refer the reader to Section 2 for motivations, in Section 3 we give a detailed description
of the main results and explain the structure of the paper.

2. CLASSICAL WEIL REPRESENTATION AND MOTIVATIONS

2.1. In this section we remind the construction of the Weil representation in characteristic two
following essentially [14]. This is our subject to geometrize.

2.2. Let k be a finite field of characteristic two with ¢ elements, R be the ring of Witt vectors of
length two over k. Let V be a free R-module of rank 2n with symplectic form & : V@ V — R.
Set V=V ®pk. Let w:V xV — 2R be given by w(x,y) = 2&(%,§) for any Z,§ € V over
z,y€eV.

Pick a bilinear form 5 :V x V — R such that

B(z,9) - B(5,7) = &(z,9) (3)
for all , € V. Let :V x V — R be the map (z,y) — 2B(,§) for any #,j € V over z,y. It
gives rise to the Heisenberg group H (V) =V x R with operation

(v1,21)(v2,22) = (v1 +v2, 21 + 22 + B(v1,v2)), vi €V, €ER (4)

Its center is Z(H(V)) ={(0,z) € H(V) | z € R}.

Gurevich and Hadani consider the group of all automorphisms of H(V') acting trivially on
the center Z(H(V')). For the purposes of geometrisation, we modify their definition slightly as
follows. Let ASp(V') be the set of pairs (g, «), where g € Sp(V') and « : V — R satisfies

o a(v; +v3) — av)) — a(vy) = B(g(v1), g(v2)) — B(v1,va) for all v; € V;
e a(av) = a*a(v) for any v € V and @ € R over a € k.

An element (g, ) € ASp(V) yields an automorphism of H (V') given by (v, z) — (gv, z + a(v)).
In this way ASp(V) maps injectively into the group of automorphisms of H (V') acting trivially
on Z(H(V)). The composition in ASp(V) is given by

(97 O‘g)(h, Oéh) = (gh7 h_l(ag) + Oéh)

with h™1 () (v) = ag(hv) for all v € V. We will refer to ASp(V) as the affine symplectic group.
For a k-vector space L write

FQu.(L*) ={a:L = R|a(z;+r2) = a(z1)+a(rz) and afaz) = a*a(x),a € Rover a € k,x € L}

An element of F'Q,(L*) writes in Witt coordinates as (0, ), where o : L — k is additive and
a1 (az) = a*aq(z) for all a € k,z € L. So, FQq(L*)= (L*)*. The group ASp(V) fits into an
exact sequence

1 = FQ.(V*) — ASp(V) = Sp(V) = 1



Though it is not reflected in the notation, ASp(V') depends not only on @ but also on .
Let G = Sp(V'). We have a surjective homomorphism ¢ : G — ASp(V') sending g to (g, o),
where g € Sp(V) is the image of g, and o : V — R is given by

ag(v) = B(30,§0) — B(9,0)
for any o € V over v € V.

2.3 Fix aprime ¢ # 2. Let ¢ : Z/4Z — @2‘ be a faithful character. We denote by the same symbol

1) the composition R LY 7/A7 — @2‘ A version of the Stone-von Neumann theorem holds in
this setting, namely there exists a unique (up to isomorphism) irreducible Q,-representation of
H (V') with central character ¢ ([14]).

Given an irreducible Q-representation (p, Hy) of H(V') with central character 1, one gets
in the usual way a version of the metaplectic group

Mp(Hy) = {(9, M]g]) | g € ASp(V'), M[g] € Aut(Hy)
p(gh) o Mg] = M[g] o p(h) for all h € H(V)}

included into an exact sequence
1 —Qf — Mp(Hy) = ASp(V) — 1 (5)

It comes together with the Weil representation of Mp(#,) on H,, given by (g, M|g]) — M|g] €
Aut(Hy).

Among various results of [22] 16, 15 14] let us cite the following two, which are our main
motivation for geometrisation.

Proposition 1 ([I4]). 1) There exists a group AMp(V') included into an exact sequence
1 — ps(Qp) — AMp(V) — ASp(V) — 1

such that [3) is its push-forward via pu4(Qq) — Q;. )
1) There is a group Mp(V), which is an extension of G by pu2(Qg) and a morphism of exact
sequences extending &

1= ua(Q) — AMp(V) — ASp(V) —1
) T Te¢

11— w(Q) — Mp(V) — G —1

2.4 MODELS OF THE WEIL REPRESENTATION

2.4.1 Write L£(V) for the set of lagrangians in V. We modify slightly the notion of an enhanced
lagrangian from [14] as follows. An enhanced lagrangian in V is a pair (L,«), where L € L(V)
and « : L — R satisfies

Oé(ll + lg) — Oé(ll) — Oé(lQ) = ﬁ(ll, l2)



for I; € L and a(al) = a®a(l) for | € L,a € k and @ € R over a. Sometimes we will refer to it
as the enhanced structure on L. Let ELag(V') be the set of enhanced lagrangians in V. Then
ELag(V) is a torsor under the vector bundle on £(V') whose fibre at L is F'Q,(L").

Given L € L(V), the subgroup L x R C H(V) is abelian. The novelty in characteristic two
(compared to the case of other characteristics) is that this is not a direct product of subgroups.
This is an extension of L by R in the sense of commutative unipotent group schemes over k,
and an enhanced structure on L yields a splitting of this extension.

Let (L, o) be an enhanced lagrangian in V. Then 7: L — H (V') given by 7(z) = (z, a(z)) is
a group homomorphism. One associates to the enhanced lagrangian (L, ) a model of the Weil
representation

He={f:H(V) = Q| f(27(2)h) = 9(2)f(h),x € L,z € R,h € H(V)},

on which H(V') acts by right translations. Write p : H(V) — Aut(#y) for this action.
The group ASp(V) acts on the left on ELag(V'), namely g € ASp(V) sends 7: L — H(V)
to Ady7: gL — H(V) given by

(Ady7)(z) = g7(9 "),

x € gL. This action map is denoted by act : ASp(V') x ELag(V') — ELag(V'). The projection
ELag(V) — L(V) is ASp(V)-equivariant. Set

Mp(Hz) = {(9, Mlg]) | g € ASp(V'), M[g] € Aut(HL)
p(gh) o M[g] = M([g] o p(h) for h € H(V)}

It fits into an exact sequence
1— QF — Mp(Hr) — ASp(V) = 1 (6)

Remark 1. Each g € ASp(V) yields an isomorphism Hp—H,;, of Qg-vector spaces sending f
to gf. Here (gf)(h) = f(g~'h) for h € H(V). Write St;, for the stabilizor of the enhanced
lagrangian L in ASp(V'). Then Sty acts naturally in #Hy, namely g € Stz sends f to gf. This
is a splitting of ([Gl) over Str.

2.4.2 Write £(V) for the set of free lagrangian R-submodules in V. Write € : £(V) — ELag(V)
for the map sending L to (L,aj), where aj : L — R is given by aj(x) = B(i,%) for any & € L
over x € L.

The surjection £ : G — ASp(V') is compatible with €, namely the diagram

G x L(V) L)
L& xe }e (7)
ASp(V) x ELag(V) 3 FELag(V)
commutes, where the top horizontal map sends (g, L) to gL. For L € £(V) set also H i =Hr,
where L = €(L). Let P(L) be the stabilizor of L in G. Then £ resticts to a homomorphism



¢ : P(L) — Str, and Remark [ yields a canonical splitting of the pull-back of (@) under

the composition P(L) = G 5 ASp(V). The group P(L) fits into an exact sequence 1 —
Sym'?(L) — P(L) — GL(L) — 1.

2.5 INTERWINING OPERATORS

For a pair Ly, Ly € ELag(V') consider the non-normalized interwining operator Fr,r, : Hp, —
‘Hr, given by

(FLlfD(h) = > f(m(m)h) (8)

meLl

for f € Hr,,h € H(V), where 7; : L; — H(V) is the enhanced structure for L;. It commutes
with the actions of H(V'). It is easy to check that F, 1, does not vanish iff 71 and 7» coincide
on L1 N Lo, and in this case it is an isomorphism.

Let now Ly, Lo, L3 € ELag(V') with Ly N Ly = Ly N Ly = 0. We write 7; : L; — H(V) for
the enhanced structure for L;. Let r : Ly — Ly be the k-linear map such that Ls = {r(z) —z €
L1 ® Ly | x € Ly}. Let us calculate

Fr,0oFro0, : Hoy, — Hi,
Define the quadratic form Qr, 1,.1, : L2 — R by the following equality in H (V)
73(r(m) — m)ra(m)m(=r(m)) = (0, QL L,,5(m)) (9)
for any m € Ls. In other words,
QLy,Ly,Ls (M) = az(m) + a1 (r(m)) — az(m —r(m)) + B(m,r(m)) (10)
Then Qr,.1,,15 € Q’(L;), and (I0) implies for my, mg € Lo
QrLy,Lo,Ls (M1 +m2) = QLy Ly, L5 (1) — QLy Ly, 15 (M2) = w(r(m1), m2)

This is a symmetric bilinear form Ly X Lo — 2R.
Define the Gauss sum of Q1 1,.15 by

O(Ll’L2’L3) = Z ¢(QL1,L2,L3(m)) (11)

meELsy

Lemma 1. Assuming only L1 N Ly = L1 N Ls =0 one has
Fry0,F1,,0, = C(L1, Lo, L3) Fr, 1

So, C(L1, Lo, L3)Fry 1, Fr, 1y = ¢"FrLy L5



Proof Let f € Hr,. For h € H(V') we get

(FroroFrars ) () = Y flrmn@h) = > f(m(r(m) —m)m(m)r (uh)

u€Li,meEL> u€L1,mELo

We make a change of variables replacing (u,m) by (v, m), where v € Ly is given by v = r(m)+u.
The above sum equals

> fasr(m) —m)ma(m)mi(—r(m))ri(v)h)

UGLl ,m€L2

Our first assertion follows now from (d). The second assertion follows from the fact that
Fro 0. Frn, =q" U

Remark 2. Given Ly € ELag(V), the variety {L € ELag(V) | L N L; = 0} is naturally a
homogeneous space under Q!(Ll). Namely, given Ly and L3 in this variety one gets Qr, 1,1,
as above. Identify further Ly with L3 via the form w, so Qr, 1,,1, € Q'(L1).

Conversely, given Ly in this variety and Qr, 1,1, € Q'(L3), let ¢ be its image in Sym!Q(L’z‘).

Define r : Ly — Ly by w(r(mq), ma) = ¢(mq, mg) for all m; € Lo. Let Ly = {r(x)—xz € L1 B Lo |
x € Lo}. Now there is a unique 73 : Ly — H(V), 13(y) = (y,a3(y)) such that (@) holds. The
fact that this 73 is a homomorphism is checked using (I0).
Remark 3. For any pair of enhanced lagrangians Li,Ls € ELag(V) define the interwining
operator le L, P HL, — Hi, as follows. There is w € V' (its image in V//(L1 + L2) is uniquely
defined) such that for all x € Ly N Ly we have ag(z) — a1(x) = Fr(w(z,w)), here Fr: R — R is
the Frobenius.

Write Ly for the subgroup Ly x R C H(V), similarly for Ly N Ly C H(V). Let ¢y : Ly — Q;
be the unique character such that 11 (71(2)(0,2)) = 9(z) for all € L1,z € R. Given f € Hp,,
the function sending v € L; to

£ ((w, 0)uh)yy (u)
actually depends only on the image of u in L N Ly\L;. Then we set
(FLa, D))= > f((w,0)uh)yy (u) (12)

u€elq mLQ\El

To see that FELM is non zero, take f # 0 supported at Lo then (leLQf)(w, 0) # 0. Finally, if
LiN Ly =0 take w = 0 then (I2)) coincides with (8]). The operator (I2)) does depend on a choice
of w.

3. MAIN RESULTS

3.1 NOTATION From now on k denotes an algebraically closed field of characteristic two. Write
Wy for the k-scheme of Witt vectors of length 2 over k. Let R = W3 (k) be the corresponding
ring of Witt vectors. Fix a prime ¢ # 2. Let ¢ : Z/4Z — Q} be a faithful character. For a

8



k-stack of finite type S write D(S) for the bounded derived category of Q-sheaves on S. Write
P(S) c D(S) for the full subcategory of perverse sheaves. Write D : D(S) — D(S) for the
Verdier duality. Since we are working over an algebraically closed field, we systematically ignore
the Tate twists. (Certain isomorphisms that we call canonical actually contain the Tate twists,
for example those of Lemma [I8)). Write jp for the group scheme Spec k[z]/(x? — 1) over k.

Remind the definition of the Artin-Schreier-Witt local system Ly, on W5 ;. One has the Lang
isogeny La : Wy — W3 sending x to Fr(z) — x, where Fr : Wy — W5 is the Frobenius morphism
([21], section 0.1.2). It can be seen as a Z/4Z-torsor over Wa. Denote by Ly, the smooth Q-sheaf
of rank one on W5 obtained from this torsor via extension of scalars v : Z /47 — @2‘ This is a
character sheaf, for the sum s : Wy x Wy — W5 we have s*L,; — Ly X L, canonically, and Ly,
is canonically trivialized at 0 € Ws.

For a scheme Z over R we denote by the same symbol Z its Greenberg realization over k
[13] (the precise meaning being understood from the context).

For an R-module of finite type M the same symbol M stands for the k-scheme whose set of

k-points is M. It can be defined as follows. Pick a resolution M_1 i> My of M by free R-modules
of finite type. The k-scheme associated to M is defined as the cokernel of the corresponding
morphism between the Greenberg realizations of M;. One checks that k-scheme so obtained is
defined up to a unique isomorphism.

For a morphism f : Y3 — Y5 of irreducible k-schemes of finite type write dim.rel(f) =
dim Y1 — dim Yg.

3.2 In Section 4 we study the geometric analogs of Gauss sums attached to R-valued quadratic
forms on a finite-dimensional k-vector space L. Namely, we introduce an irreducible perverse
sheaf S'w on Q'(L*), whose fibre at ¢ € Q'(L*) is the Gauss sum attached to ¢ and the character
1. The scheme Q'(L*) is naturally stratified, we describe the restriction of Sy to each stratum
(Proposition B)). Generically, Sy is a (shifted) local system of rank one and order four, and
we describe generically the Z/47Z-covering, on which the corresponding local system trivializes
(cf. Section 4.5). The sheaf Sy is GL(L)-equivariant, write Sy, for the perverse sheaf on the
stack quotient Q'(L*)/ GL(L) equipped with an isomorphism pr* Sy [dim. rel(pr)] =5 S, for the
projection pr: Q'(L*) — Q'(L*)/ GL(L).

In Section 5 we generalize the results of Thomas [23] on the Maslov index (of a finite collection
of lagrangian subspaces in a symplectic space) to the case of characteristic two. More precisely,
we consider a free R-module V of rank 2n with a symplectic form. To a finite collection of free
lagrangian R-submodules L1, ..., L, C V we attach R-modules with symmetric bilinear forms
Ki,. m and T1, . g, here Ty ., is the quotient of K ., by the kernel of the form. This is
the Maslov index of the collection {f/l} In addition to the standard properties of the Maslov
index (Propositions [l and [l), we also obtain some new isometries in the case m = 4, which
actually hold also in other characteristics. (These new isometries are used in Section 6.3.2 for
the construction of the gerb f/)

Let £(V) be the Greenberg realization of the R-scheme of lagrangian free R-submodules in
V. In Section 6 we use the Maslov index to construct a Z/4Z-gerb L(V) — L£(V). Let G be the
Greenberg realization of Sp(V). The gerb £(V) is not G-equivariant, but rather gives rise to a



central extension X
1— B(Z/AZ) - G — G — 1,

of group stacks over k. We call G the metaplectic group (in a sense, this is a geometric analog
of Mp(V) from Proposition [J).

Set Y = L(V)XL(V). Let Y — Y be the Z/4Z-gerb obtained from £(V)x £(V) by extending
the structure group via Z/4Z x Z/AZ — Z./AZ, (a,b) — b — a. We show that Y is naturally
G-equivariant, that is, can be seen as a gerb over the stack quotient Y/G. We construct an
irreducible G-equivariant perverse sheaf SV,w on Y, which we call the finite-dimensional theta
sheaf (cf. Definition [7]).

Let Usg be the scheme classifying (ﬂl, Lo, l~}3) € E(V)?’ with L1NLy = LiNLs = 0. We define
a morphism o3 : Usg — Y extending the projection vog : Usg — Y, (L1, Lo, L) — (Lg, L3) (cf.
Section 6.3.1).

Let L be a free R-module of rank n, set L = L ®p k. The Maslov index of a triple of
lagrangians yields a morphism to the stack quotient my : Usz — Sym'?(L*)/ GL(L) (cf. Sec-
tion 5.4).

The key property of 5‘77 18 Corollary I, which is the main result of Section 6. It establishes

a canonical isomorphism of perverse sheaves on Uss
0 Sy ldim. rel(pr, o m7)] 5 73Sy, [dim. rel(vas)],

where pz, : Sym'?(L)/ GL(L) — Q'(L*)/ GL(L) is the natural map. So, similarly to the case
of other characteristics, the Gauss sum of the Maslov index of (l~}1,l~}2,l~}3) € Usg is ‘almost
independent’ of L.

Let V =V ®p k. The Heisenberg group H = H(V) = V x R with operation (@) is viewed
as an algebraic group over k (an extension of V' by the Greenberg realization of R).

In Section 7 we generalize the theory of canonical interwining operators ([I7]) to the case
of characteristic two. Main result here is Theorem [I, which establishes the existence of an
irreducible perverse sheaf F' € P(£(V) x L(V) x H) of canonical interwining operators between
the Heisenberg models of the Weil representation. The proof follows the strategy from [17].
However, a new technical point is that we need to consider an action of an algebraic group stack
on an algebraic stack (our perverse sheaves are equivariant under the action of a group Stac).
Generalities on such actions are collected in Appendix A. The theta-sheaf S‘va is one of the
main ingredients in the construction of F.

Finally, we construct a category W (V) of certain perverse sheaves on £(V) x H, which
provides a geometric analog of the Weil representation H, from Section 2.3. The group stack
G acts on W (V) by functors. This action is geometric in the sense that it comes from a natural
action of G on £(V). As in [I7], we also construct the non-ramified Weil category W (L(V)),
which is a category of certain perverse sheaves on ﬁ(V) This is another geometric realization
of the Weil representation (one has an obvious functor W (V) — W(£(V)), we don’t know if
this is an equivalence).

!The actions we consider are ‘free’ in a suitable sense, so that the quotient could be defined as a 1-stack ([I0],
Section 2.4.4).
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In Appendix B we turn back to the classical setting and show that the Weil representa-
tion from Section 2 is obtained by some reduction from the Weil representation over the non
archimedian local field of characteristic zero and residual characteristic two.

3.3 COMMENTS ON OPEN PROBLEMS. From our point of view, the following problems would be
interesting to solve. Find an interpretation of the construction of G in terms of K-theory (as
for characteristics different from two). Find a description of £(V') and of ¥ as the moduli stack
classifying some geometric objets related to V. Geometrization of the Howe correspondence in
the case of characteristic two. If there could be one, find a description of G by a crossed module.

4. THE SHEAF Sy,

4.1 Let L be a free R-module of rank n, set L = L ®p k. Let 7 : L — Sym*2(L) be the
map sending z to x ® z, here Sym is taken over R. The map 7 is constant along the fibres of
the projection L — L, so yields a map 7 : L — Sym*z(i). The latter map induces a closed
immersion of k-schemes 7 : L(?) — Sym*?(L).

Since Sym*2(L) and Sym'?(L*) is a dual pair of commutative unipotent group schemes over
k, one has the Fourier transform functor

Foury : D(Sym**(L)) — D(Symm(ﬂ*))

introduced in [21]. In this particular case, one also has the evaluation map ev : Sym*?(L) x
Sym'?(L*) — Wy, and Four,, is given by

Foury (K) = proy(pr] K & ev*Ly)[n(n + 1)]

for K € D(Sym*?(L)). By [21], Foury is an equivalence, commutes with Verdier duality and
preserves perversity.

Remark 4. Let Z be an algebraic stack locally of finite type, G — Z be a group scheme of finite
type and smooth of relative dimension m over Z. Let f : )Y — Z be a G-torsor over Z. Then
the functor K — f*K[m] is an equivalence of the category of perverse sheaves on Z with the
category of G-equivariant perverse sheaves on ) ([19], A.2).

Definition 1. As in ([19], Section 4.1) set

Sy = Foury (mQq[n])

Since T Qy[n] is an irreducible perverse sheaf, so is Sy. The sheaf Sy is naturally GL(L)-
equivariant (by GL(L) we mean here its Greenberg realisation over k). Let qi Sym'?(L*) —
Sym'?(L*)/ GL(L) be the stack quotient. Write S, for the perverse sheaf on Sym'?(L*)/ GL(L)
equipped with an isomorphism

qESd, [dim. rel(q; )] = Sy

By Remark @], the perverse sheaf S, is defined up to a unique isomorphism.
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Set Q*(L) = Homp(Q'(L*),R). So, Q*(L) C Sym*?(L) is the R-submodule of those A €
Sym*?(L) which vanish on B,(L*). The map 7 : L — Sym*?(L) factors as

L8 Q" (L) — Sym*™(L)

Again, Q*(L) and Q'(L*) is a dual pair of commutative unipotent group schemes over k, one
has the evaluation map ev : Q*(L) x Q'(L*) — R and the Fourier transform

Foury, : D(Q*(L)) — D(Q'(L*))
as above. Let S, be the irreducible perverse sheaf on Q'(L*) defined by
Sw = FOllI‘¢(7TQ1@g[n])

Clearly, Sy is GL(L)-equivariant. We have canonically DSy, = Sy-1. We write ,,Sy if we need
to express the dependence on n. One has a canonical isomorphism

pr* Sy[n(n+1)/2 — n] = Sy,

where pr : Sym2(L*) — Q'(L*) is the projection.
_ We say that the Gauss sum for q € Q'(L*) is the *-fibre of S,ZJ at g. The Gauss sum for
¢ € Sym'?(L*) is the Gauss sum for its image in Q'(L*).

4.2 Let Qh(L*) C Q'(L*) be the open subscheme of ¢ € Q'(L*) whose image in Sym'?(L*) is a
non degenerate symmetric bilinear form, that is, a symmetric isomorphism L — L* of k-vector
spaces.

Lemma 2. QOuver QE(L*) the sheaf S,ZJ is a rank one local system placed in usual degree —n —
n(n+1)/2 = —dimQ'(L*). One has canonically over Q4 (L*)

Sy ® Sy-1 = Qg[—3n — n’]

Proof Let us explain the argument at the level of functions, its geometrization is straightforward.
Let ¢ : L — L* be a symmetric isomorphism of R-modules. For [ € L write [ for any lifting of {
to an element of L. Let us calculate

> w({l o) — (@ (@) (13)

For f(I,4) := (I, p(I)) — (@i, p(@)) and © € L we have
fl+5,a+0) = f(l,a) +2(o(I — @),0)

First, summate along the fibres of the map L x L — L, (I,u) — [ —u. The above formula shows
that the result is supported by {0} C L. So, (13) equals

S wih o) — (@ e()) =31

leL leL
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O

The group scheme Wy of invertible elements with respect to the multiplication identifies
canonically with G,, x G,. Let By be the k-stack classifying a rank one free R-module W with
a bilinear form W @ W — R. This is the stack quotient Wa/W5, where b € Wy acts on a € Wy
as b%a. Let By C By be the open substack given by the condition that the bilinear form in non
degenerate. Recall the group scheme po from Section 3.1.

Lemma 3. There is a canonical isomorphism of k-stacks By — B(uz x G4) x Al

Proof An S-point of By is a Wy-torsor on S with trivialization of its tensor square. A Wy-torsor
is a pair: a G,-torsor F; and a G,-torsor Fs. Since k is of characteristic two, for any G,-torsor
Fa, its tensor square is canonically trivialized, and the additional trivialization yields a point of
A'. Our assertion follows. O

Lemma 4. There is a natural map Disc : Q'(L*) — By, its restriction to Qy(L*) C Q'(L*)
factors as QB(L*) Dige By — Bs.

Proof The map sending a symmetric bilinear form <;~S~: L — L* to det <;~S~: det L — det L* factors
through Sym'?(L*) — Q'(L*). Indeed, fix a base in L, so view Sym'?(L*) as symmetric n x n-
matrices B over R. Then B,(L*) becomes the set of zero-diagonal symmetric matrices C' with
entries in 2R. For such B and C' we claim that det(B + C') = det B. To see this, one must prove

n

> (signo)> ciogy [ biew =0
7j=1 7

in R. If 0 # 0~! then the contributions of ¢ and ¢~! are the same, so there remains the sum
over o € S,, such that o> = id. We claim that for o € S,, with 02 = id we have

Y oty 11 biow =0
j=1

i=1,i#j

Indeed, the above sum is actually over those j which are not fixed by o. Such j are divided into
pairs (j,0(j)), and the contribution of each pair vanishes. [J

We will refer to Disc : Q'(L*) — Ba as the discriminant map. Write disc : Q)(L*) — Al for
the composition QB(L*) Dige By — A', where the second map is the projection.
4.3 Remind the classical result of Albert ([1]). If n is odd then GL(L) acts transitively on the
variety of non-degenerate symmetric bilinear forms ¢ on L. If n is even then GL(L) has two
orbits on this variety: they are distinguished by the fact that the image of ¢ in Q,(L*) vanishes
or not.

For any n let Sym'?(L*)y € Sym'?(L*) be the open subscheme given by the condition that
the image of ¢ € Sym!2(L*) in Qu(L*) does not vanish, and ¢ is non-degenerate. This is the
open orbit of GL(L) on Sym'(L*).
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Let U(L*) C Q'(L*) be the open subscheme classifying ¢ € Q'(L*) such that its image
¢ € Sym'2(L*) lies in Sym'2(L*)y. For u € k denote by Qh(L*), C Q4(L*) the closed subscheme
given by the condition that the discriminant equals u. Write also U(L*), for the fibre of the
disriminant map disc : U(L*) — Al over a k-point u.

Let ¢ € Sym'?(L*)g be a k-point and let r(y) = ¢(y,y), y € L be the corresponding additive
quadratic form. Let y* € L* be such that 7(y) = (y,y*)2. Write L; for the kernel of y* : L — k.

If n is odd then the restriction of ¢ to L; is non-degenerate, so ¢ is a non-degenerate
alternating form on L;. Writing Ly = L{ we get L= L; @ Lo. The stabilizor O(¢) of ¢ in
GL(L) is Sp(L1, ¢) X s, it is not reduced, and its reduced part identifies with Sp(Lq, ¢).

If n is even then Ly = L C Ly. Again, the group O(¢) is not reduced (it acts on Ly via a
quotient po). Its reduced part is an extension of Sp(Li/La,¢) by a unipotent group Ug. The
group Uy fits into an exact sequence 1 — L%M — Uy — Hom(L1 /Lo, Ly) — 1, so Uy looks like a
Heisenberg group. Actually, the latter exact sequence splits, because k is of characteristic two.

Lemma 5. i) Let ¢ € Sym'?(L*) be a lifting of ¢ € Sym'?(L*)g. Let ¢ € U(L*) be the image of
¢. The stabilizor O(q) of q in GL(L) is as follows.

1) If n is odd then this is O(L1,q) X pa C Sp(L1,d) X pa.

2) If n is even then we have two cases. First, if q is nonzero on Ly, then O(q) fits into
an eract sequence 1 — Z/27 — O(q) — Sp,,_y — 1. Second, if q vanishes on Lo then
q yields a quadratic form q : L1/Ly — 2R, and O(q) fits into an exact sequence 1 —
Hom(L; /Ly, Lo) — O(q) — O(L1/La,q) — 1. The bilinear form on Li/Ly associated to q
is symplectic.

ii) If n is odd then we have a transitive action of GL(L) x A' on U(L*), and the map disc :
U(L*) — Al is Al-equivariant, where Al acts on itself by translations.
Assume n even. Then q vanishes on Lo iff the discriminant of q equals

0, n=0 mod4
1, n=2 mod4

Besides, for any u € k and any n > 0 the action of GL(L) on U(L*), is transitive.

Proof i) For z,y € L one has

gz +y) —q(x) — qly) = @E + 5, & + ) — 6(&, %) — 6(7,7) = 26(&,9) = (0,(z,9)*), (15)

the last expression being written in Witt coordinates.

1) Let n be odd. Then ¢ yields a decomposition L = Ly & Lo as above, and ¢ is alternating
on Lp. The restriction of ¢ to L; is a map ¢; : L1 — 2R. By (3], we see that the symmetric
bilinear form associated to ¢ is ¢. It follows that O(L1,q) C Sp(L1,¢). The stabilizor of (L3, q)
is po.

2) Let n be even. Then ¢ yields a decomposition Ly C L; C L as above. The restriction of
q to Ly is a map ¢q1 : L1 — 2R. First, assume ¢ nontrivial on Lo, then the intersection of the
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unipotent radical of O(¢) with O(q) is isomorphic to Z/2Z (realized as a closed subgroup of G,).
So, dim O(q) < dim Sp,,_5 = (n —2)(n —1)/2. It follows that dim(0(¢)/O(q)) > n — 1, because
dim O(¢) = n(n — 1)/2. Let Yy be the preimage of ¢ under Q'(L*) — Sym'Q(L*) Let YV, 4 be
the closed subscheme in Y, given by the condition that the discriminant equals the discriminant
of ¢. Since dim Yy, = n — 1, we learn that each orbit of O(q) on V4 is open. So, one gets an
exact sequence 1 — Z/27 — O(q) — Sp,,_y — 1.

Now consider the case when ¢ vanishes on Ly. Then for x € Lo,y € L1 we get from (I3
that ¢(x +y) — ¢(y) = 0. So, ¢ yields a map ¢ : L1/Ly — 2R given by g(y mod Lg) = ¢(y) for
any y € Ly. Tt is easy to see that Q(q) N LY? = 0. Since dim Q(q) = (n — 2)(n — 3)/2, we get

dim O(q) < dimHom(L;/Ls, L2) +dimO(q) =n — 2+ (n — 2)(n — 3)/2

So, dimGL(L)/O(q) > (n — 1) +n(n+ 1)/2. On the other hand, GL(L)/O(q) is contained in
the locus of Qj(L*) with fixed discriminant, which is of dimension < (n—1)+n(n+1)/2. Thus,
1 — Hom(L;1/La, Ly) — O(q) — O(q) — 1 is exact.

ii) If n is odd we let a € A act on ¢ € U(L*) sending it to (1,a)q € U(L*), here (1,a) € R is
written in Witt coordinates. For any ¢ € U(L*) the GL(L) x A'-orbit on U(L*) through ¢ is
of dimension equal to that of U(L*). Since U(L*) is an open subscheme of an affine space, it is
irreducible. So, the action of GL(L) x A! on U(L*) is transitive.

Now let n be even, let ¢, ¢, ¢ be as in i). We have the corresponding flag Ly C Ly C L on L.
Pick I € L — Ly with ¢(I) mod 2 = 1. Adding to [ a suitable element of Ly we may assume that

q(l) = 1. Let [ € L be a vector over I. Pick any Iy € L such that its image Iy in L lies in Ly and

é(l2,1) = 1. We have in Witt coordinates ¢(la,l2) = (0,€) for some € € k. The bilinear form ¢
is non degenerate over Rls ® RI, so we get an orthogonal (with respect to <;5) decomposition of
L into a direct sum of free R-submodules (Rly @ RI) @ W. Let W be the image of W in L then
Li=Lo®W. So, q: W — 2R.

The bilinear form ¢ on W is symplectic, this is the bilinear form associated to ¢ on W. So,
g can be seen as a non-degenerate quadratic form on W with values in k. It follows that the
determinant of ¢ lw equals (—1)(“_2)/ 2 Indeed, there is a base e;,e_; of W in which the form
q on W writes in Witt coordinates

le xZ;) € 2R

for x = > ,(xse; + x_je—;). Actually, we have proved that in a suitable base of L the form ¢
writes as

(n—2)/2
q(y7 Y2, T, ‘T—i) = (07 G)g% + 2:&:&2 + g2 +2 Z ‘%Z‘%—Z (16)
i=1
in n variables {y,ys, x;,x_;} with 1 < i < (n — 2)/2. Here g, 92, Z;,Z—; are any liftings of the
corresponding variables with respect to R — k. In particular, for each u the action of GL(L)
on U(L*), is transitive.
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Since the determinant of ¢ over Rls & RI equals (1,1 4 €) in Witt coordinates, we get that
the discriminant of such ¢ equals

€, n=0 mod4
e+1, n=2 mod4

Our assertion follows. [

Remark 5. i) For n even the normal form (I6]) can be seen as a section s : Al — U(L*) of
disc : U(L*) — Al

ii) For any ¢ € U(L*) the stabilizor of ¢ in GL(L) has two connected components (cf. also
Section 4.4). So, for any u € k the shifted local system 5’52 over U(L*),, is constant. It follows

that there exists a local system W, on A! together with an isomorphism over Qf(L*)
51%2[—371 —n?] = disc* W,

here disc : QB(L*) — Al. One checks that for any n the local system W, on A! is of order two,
it becomes constant on the covering A' — A', b+ b? +b.

Actually, for n even we can say more. The restriction S*Sw under the section s : A! — U(L*)
is of order 4 and can be calculated using the formula (I6). Let ig : A' — W5 be the map sending
z to (z,0) in Witt coordinates. There exists an isomorphism over A!

§*Sy[— dimU(L*)] = iz Ly
This follows easily from the fact that, at the level of functions, for €,y € k the sum

> ((0,0)5 + 2552 + 7°)
y2€k

vanishes unless € = 3.

Definition 2. For n = 1 and L = k one has canonically Q'(L*)— R. In this case write
& € D(Speck) for the fibre of Sy[—2] at 1 € Q'(L*). Then € is a 1-dimensional Q-vector space
placed in usual degree zero.

Proposition 2. For any n we have canonically over Qh(L*)

o4 21~ c®4
Proof 1) Assume n even. Set u = 0 € k. By Remark[5] 55?2[—371—712] is a constant local system
on Qf(L*)y- Choosing a base in L, we get a k-point in QL(L*), the image of the symmetric

bilinear form ¢ € Sym'?(L*) with the identity matrix. The fibre of S'ff *[—3n—n? at this k-point
is £2". This yields an isomorphism

5’1%2[—371 —n?=Erm
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over Q4(L*).. . L
2) Considering the map QB(L*) — Qb(L* @ L"), sending ¢ to p®d ¢ : LB L — L* @ L*, we are
reduced to 1). O

If n = 1 then the local system 5’1‘?2 |Q6 (L+) is nonconstant. Indeed, consider the closed
immersion kg : A — W3 sending z to (1,x) € R* in Witt coordinates. Then RT (Al “*RS$2)
is easy to calculate, which shows that /{*Rgfz is nonconstant. Actually, /1}5?52 trivializes on the
covering A! — Al z — 22 + 2. This is a consequence of the following lemma.

Lemma 6. Let ir : A* — Wy be the map sending x to (x + 1,0) € R in Witt coordinates. For
n =1 one has an isomorphism B
iply = KR(15y[-2])

Proof Consider the quadratic form q(z,y) = (1,a)#? + §* with Z,§ € R over z,y € k. Consider
a new base {u,us} of k? given by u = (0,1) and uz = (1,1). The value of ¢ at yu + yous € k? is

(0,a+1)(y3,0) + (0,9%93) + (4%, 0) = (0,a + 1)73 + 25 + §°
So, the assertion follows from Remark Bl [J

Definition 3. Fix once and for all an isomorphism €= Q. Then Sy[—n —n(n +1)/2] is a
local system on QE)(L*) whose 4th power is trivialized canonically by Proposition 2l In view
of the homomorphism ¢ : Z/47 — @2‘ we have fixed in Section 3.1, Sw yields a Z/47Z-torsor
Cov(QH(L*)) — Qb(L*). The restriction of Sy to Cov(Qh(L*)) is equipped with a canonical
trivialization.

Definition 4. Let Qo(L) C Sym'(L*) be the open subscheme of ¢ : L — L*, which are
isomorphisms of R-modules. Write Cov(Qo(L)) — Qo(L) for the Z/4Z-torsor obtained from
Cov(Qh(L*)) by the base change Qo(L) — Q(L*).

4.4 ARF INVARIANT OF QUADRATIC FORMS This subsection is independent of the rest of the
paper.

4.4.1 Let S be a scheme and E a vector bundle on S. A quadratic form on F is a morphism of
sheaves q : E — Og such that for local sections s € Og,e € E one has q(se) = s%q(e) and the
map b, : E x E — Og, (e1,e2) — q(e1 + e2) — g(e1) — q(ez) is Og-bilinear. Then the Clifford
algebra C'(E) is a sheaf of Og-algebras on S defined as the quotient of the tensor algebra T'(E)
of E by the two-sided sheaf of ideals generated by local sections of the form e®@e—q(e). Thisis a
Z/2Z-graded sheaf of Og-algebras, write C'(E)* and C(E)~ for even and odd parts respectively.

For example, if ¢ = 0 then C(F) is Z-graded and C(E) = @,>0 A"(E) (the Z/2Z-gradation
is given by the parity of n).

Write Z[C'(E)™] for the center of the sheaf of Og-algebras C(E)*. By ([2], Theorem 3.6, p.
39), if E is of rank 2n for some n and b, is non-degenerate then Z[C(E)*] is a sheaf of quadratic
separable algebras over S, that is, Spec(Z[C(F)™]) is an étale two-sheeted covering of S. This
is the Arf invariant of the quadratic form ¢ : £ — Og.
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4.4.2 Assume that S = Speck with k algebraically closed of characteristic two. Let FE be a
k-vector space of dimension 2n. A quadratic form ¢ : £ — k is called non-degenerate if the
bilinear form by(z,y) = q(z +y) — q(z) — ¢(y) on E is non-degenerate. The group GL(E) acts
transitively on the variety of non-degenerate quadratic forms on E ([3]), and the bilinear form
by is symplectic. Let ¢ : E — k be a non-degenerate bilinear form on .

Lemma 7. The stabilizer O(q) of q in GL(E) has two connected components. We write SO(q)
for the connected component of unity, although O(q) C Sp(by) C SL(E). The group O(q) acts
naturally on C(E), so on Z[C(E)*]. The action of SO(q) on Z[C(E)"] is trivial, and the group
0(q)/ SO(q) induces a unique nontrivial k-automorphism of the k-algebra Z|C(E)™].

Proof This follows from ([4], exercice 9 on p. 155). Namely, if {e;,e_;} (1 <i < n)is a symplectic
base in E then {1,z} is a k-base of Z[C(E)"], where z = > e;e_;. If W is the Weyl group of
O(q) for the corresponding torus, we have an exact sequence 1 — S, —» W — (Z/2Z)" — 1.
The image of 0 € S,, in W sends e; to ey; and e_; to e_y; (1 < i@ < n). The group W contains
also the elements w; permuting e; and e_;. Let W™ be the subgroup of those w € W whose
image a in (Z/27)" satisfies Y = ;a; =0. Let W~ =W — WT. Then

SO(q) = Uyew+BwB and O(q) — SO(q) = Uyew-BwB

Since any w € W™ acts on the base {1,2} as {1,z + 1}, we are done. [J

Now if S is a k-scheme, let ¢ : £ — Og be a vector bundle of rank 2n with a non-degenerate
quadratic form. This is nothing but a torsor for Q(qp), where g is the split quadratic form of
rank 2n. So it induces via extension of scalars O(qy) — O(qo)/SO(qo) a Z/2Z-torsor, which
identifies canonically with Spec Z[C(€)T]. Another way is to say that GL(E)/O(qo) is the
stack classifying non-degenerate quadratic forms of dimension 2n , and (€, ¢) is a datum of a
map 7 : S — GL(E)/O(qp). Then the Arf invariant of (€, ¢q) is the restriction under 7 of the
Z/2Z-torsor GL(E)/SO(qo) — GL(E)/O(qo)-

4.5 DESCRIPTION OF Cov(Qh(L*)) GENERICALLY

4.5.1 Use the notations of Section 4.3. Let ¢ € Q!(L*), so ¢ : L — R. Say that a 1-dimensional
k-subspace £ C L is multiplicative if for any nonzero e € E we have in Witt coordinates
q(e) = (a,0) for some a € k. This condition does not depend on a choice of e.

For a point ¢ € U(L*) let r be the image of Fr(q) in Q,(L*), where Fr : U(L*) — U(L*) is
the Frobenius map. Let the hyperplane L1 C L be the kernel of r. As ¢ varies these hyperplanes
form a vector bundle over U(L*).

If n is odd, we consider the vector bundle & over U(L*) whose fibre at ¢ is Ly for the
corresponding r. It is equipped with the quadratic form ¢ : Ly — 2R, which organize into a
quadratic form on &;. As in Lemmal[d] the bilinear form (z,y) — q(z+y) — ¢(x) —q(y) on L; is
symplectic. The corresponding Clifford algebra over U(L*) is denoted C(&;). Write U(L*) for
Spec Z[C(&1)], this is a Z/27Z-Galois étale covering over U(L*). The group GL(L) acts naturally
on U(L*), the projection 7 : U(L*) — U(L*) is GL(L)-equivariant.
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By Remark [5] the local system 7*Sy[— dim U(L*)] descends with respect to the composition
U(L*) 5 U(L*) 45 AL More precisely, there exists an isomorphism over U (L*)

n*Sy[— dim U (L*)] = n* disc* k5 (154[-2]),
where kg is the map from Lemma [6l

4.5.2 Now consider the case of n even. For ¢ € U(L*) write r € Qq(L*) and ¢ € Sym'?(L*)g
for its images in Q,(L*) and Sym'(L*)y respectively. We also have the corresponding flag
Ly C Ly C L, where L is the kernel of r, and Lo = Lf with respect to ¢.

Assume that ¢ is nonzero on Ls, then there is a unique subspace W C L; such that Lo W =
L and W is preserved by the stabilizer O(q) of ¢ in GL(L). The bilinear form ¢ |y is symplectic.
Let W+ C L be its orthogonal complement in L, so Ly C W+ and W+ /Ly = L/L; naturally.

Then the form ¢ |,o lies in U((W)*), that is, it has the same properties as ¢ itself but
now for dimension two. One checks that there are exactly two 1-dimensional multiplicative
subspaces in W+ for ¢. The stabilizer O(q) C GL(L) of q in GL(L) acts transitively on these
two multiplicative subspaces.

Let (A!)? ¢ Al be the open subscheme given by the condition that a € A! is not the critical
value given by ([4)). Let U(L*)? C U(L*) be the preimage of (A!)? under disc : U(L*) — Al

We get a 2-sheeted étale covering

n:U(L*)" = UL,

which classifies a point ¢ € U(L*)? together with a one-dimensional multiplicative subspace
E C W*. The section s : A — U(L*) from Remark [f extends to a section 5 : (AN — U(L*)°,
namely, in the notation of formula (I6) we have a distinguished multiplicative subspace given
by yo = z; = x_; = 0.

By Lemma 5l 7*Sy, descends with respect to the composition

0(rL° % () 4 al
More precisely, there is an isomorphism over U(L*)O
n*Sy = n* disc* s*(Sy)
Remind that the shifted local system s*(Sy) is of rank one and order four, it is described in
Remark

4.6 DESCRIPTION OF Sy ON STRATA

Write Sym!2(L*) € Sym'?(L*) for the locus of symmetric bilinear forms on L whose kernel is of
dimension i. Let Q'(L*) be the preimage of Sym;?(L*) under the projection Q'(L*) — Sym'(L*).
Write 'Q;(L*) C Qi(L*) for the closed subscheme classifying those ¢ € Q}(L*) which vanish on
the kernel of ¢, where ¢ € Symi?(L*) is the image of ¢. Then 'Q;(L*) can be seen as a scheme
classifying an i-dimensional subspace M C L and ¢ € Qb((L/M )*). The corresponding map
L — R is then the composition L — L/M % R.
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Proposition 3. For any i the x-restriction of Sy to Q}(L*) is the extension by zero from'Q;(L*).
The corresponding sheaf

G . n(n+ 1)

Sd, ‘/QZ(L*) [Z —n — 72 ]
is a local system of rank one and order four (except for the last stratum 'Q,(L*) = Speck, over
which it is a trivial local system of rank one). If M C L is a subspace and q € Q4((L/M)*) then

the fibre of 5’¢ at L — L/M 2 R is the shifted Gauss sum for q.

Proof Let ¢ € Q}(L*) and ¢ be its image in Sym>(L*). Let M C L be the kernel of ¢. Then
for x € L,y € M we have q(z + y) = q(z) + q(y). At the level of functions, for any = € L the
sum »_, cpr¥(q(z + y)) will vanish unless ¢ € 'Q;(L*). The geometrization is straightforward,
our assertion easily follows. [J

5. MASLOV INDEX IN CHARACTERISTIC TWO

In Sections 5.1-5.3 we generalize the results of [23] to the case of characteristic two.

5.1 Let O be a discrete valuation ring, I C O be a non zero ideal and O = O/I. Let V be a
free O-module of rank 2n with a symplectic form w : V ® V' — O. For a submodule M C V let
M+ ={z €V |w(x,m)=0for allm € M}. One checks that (M+)+ = M.

For a O-module M set M* = Homg(M,O) in the category of O-modules. The functor
M +— M* is exact on the category of finite type O-modules. For any O-module of finite type
M one has (M*)* = M canonically. If K is a bounded complex of free O-modules of finite type
then H(Homp (K, 0)) = Homo(HO(K), O) canonically.

For any submodule M C V we have an isomorphism of exact sequences of O-modules

0— M - V. = V/M =0

o 4 \:
0— (V/MY)* — V* — (MYH)* =0

5.2 Keep notation of Section 3. Let L be a free R-module of finite type with symmetric bilinear
form ¢ : L — L*. We say that ¢ is hyperbolic if there is a base {ei,e_;} of L in which the form
is given by ¢(e;,e;) = 0 unless i = —j, and ¢(e;, e—;) = Pple_;, e;) = 1.

Lemma 8. If ¢ is an isomorphism then

1) for _any free submodule N c L its orthogonal complement N+ c L is free.

2) If N is a free isotropic submodule in L then the induced symmetric bilinear form é on Nl/N
is non_degenerate, and we have an isomelry (NL/N) ® (N @® M)= L for any free submodule
M C L such that N- @ M = L. Here N & M is equipped with the form induced by ¢ (and
N @& M s not necessarily hyperbolic ).

Proof 2) We have an orthogonal decompositon (NeM)®(NeoM)*=L,and (N M)+ c N*
maps isometrically onto N*+/N+. O
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Remark 6. If ¢ : L — L* is non degenerate of rank 2r, and N C L is a free isotropic submodule
of rank r (it is automatically a direct summand), then (L, $) is not always hyperbolic. At the
level of matrices the reason is that one can not in general present a given symmetric matrix
B € Mat,(R) as B = A+"A for another matrix A € Mat,(R). However, the Gauss sum of such

(L, ¢) is canonically trivialized.

5.3 Let V be a free R-module of rank 2n with symplectic form & : V x V — R. Write £(V) for
the variety of free lagrangian R-submodules in V. We view it as a k-scheme via its Greenberg
realization.

For any submodule M C V we have (M1Y)+ = M. If M C V is a free isotropic submodule
then M* is free, and M=+ / M is equipped with a symplectic form with values in R. For a family
of submodules M; C V we have N;(M") = (32, M;)*.

Let m > 2. As in [23], think of Z/mZ as the vertices of a graph whose set E of edges is the
set of pairs of consecutive numbers {i,7 + 1}, i € Z/mZ. For

V= Vg4 S (&) V
( {’+1}) {ii+1}€E

its derivative is

ov=(0vy;)e @ V, OV = Vg i1y — Vfiz1
v = (0v;) . Ui = Vii+1} ~ V{i-1,i}

Conversely, for w = (w;) € @ V its antiderivative is
1€EZ/MmZ

W= (Wgit1y) € @V suchthat O(w)=w
{i,i+1}€E

An anti-derivative exists if >, Jmz Wi =0 and is unique up adding a constant function.

Definition 5. For Lq,...,L,, € £(f/) let K12, m be the kernel of

i€Z/mZ.

The surjectivity of the above X is equivalent to requiring that ﬂiI:Z- = 0, and in this case K1y n,
is a free R-module.

As in [23], K . is equipped with the R-valued symmetric bilinear form

N2..m(vw) = > @(v;, G i11y)
i€EZ/MmZ

for any anti-derivative w € @y;;411egV of w. The derivative restricts to a map

0 : D Ez N I:i—i-l — Kl,...,ma
{i,i+1}€E
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whose kernel is ﬂiﬂi, and its image is contained in the kernel of g1 2 . . Set
Ti2,.om = K1, n/Im O

This is an R-module, which is not necessarily free, it is equipped with the induced symmetric
bilinear form ¢; 2, . For a R-module of finite type M write M* = Hompg(M, R).

Lemma 9. The form q1,..m induces an isomorphism of R-modules Tlm’—v>T1*m
Proof Consider the complex placed in degrees —1,0,1

® Efg ©  (LinLiy)", (17)
i€L/nZ {i,i+1}€E

dia,
liag

where 9* is the transpose to 0 : @{i’i_i_l}eE(f/i N f/i“) — @iez/mzii. The proof of ([23],
Proposition 3) goes through in this situatign and yields in an isomorphism betw_een Ky . m/Imo
and H® of (7). The cokernel of 0* is (N;L;)*. To finish the proof use 5.1 for O = R. O

Assume that ﬂZ;I:Z- = 0. Then T1, ., is free iff for any {i,i+1} € E, L;n I:i+1 is free (this is
also equivalent to L; + L; ;1 being free). A straightforward analog of ([23], Proposition 5) yields
the following.

Lemma 10. For any L; € £(f/) there are canonical isometries Ty, — T3, m1 and

(TI,...,ma q1,...,m) — (Tm,...,ly _Qm,...,l)
One can also replace T by K in the both above isomorphisms. [

If N is an R-module of finite type with a non degenerate symmetric bilinear form ¢ : N = N*
and M C N is an isotropic submodule, let M+ = {n € N | (n, ¢(m)) = 0 for all m € M}. Then
the R-module M~ /M is equipped with a non degenerate symmetric bilinear form, and we say
that M+ /M is a quadratic subquotient of N. The proof of ([23], Proposition 6) applies without
changes in our situation and yields the following.

Proposition 4. Let Li,...,Lyy € L(V) and k € {2,...,m}.
1) If Ly N Ly, = 0 then there is a canonical isometry Kio 1 ® Ky m— Ki2,.. m and also

Tio, k@ Tk .m—T12, . m

2) Without conditions, Ti o1 ® Thk, ..m 5 a quadratic subquotient of Ti 2, m. O

5.4 MASLOV INDEX IN FAMILIES

Let lNLN be a free R-module of rank n. Let U,z be the variety of triples Ly,Lo,Ls € E(V) such
that L1 N Ly = L1 N Ly = 0. Define a morphism of k-stacks

7 : Uss — Sym'2(L*)/ GL(L) (18)
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as follows (it is understood that we first take the Greenberg realizations of Sym'?(L*) and of
GL(L) and then the stack quotient of one by the other).
Given (L1, Lo, L) € Usg let r : Ly — Ly be the R-linear map such that

Ly={r(z)—ax e Li® Ly |z e Ly}
Let ¢ € Sym'?(L3) be given by ¢(Z, ) = @(r(Z),§) for Z,§ € Lo.

Lemma 11. For (l~}1,l~}2,l~}3) € Usg there is a canonical isometry (ﬂg,(ﬁ):KLm. It identifies
Lo N Lg with the kernel of (K1,273, q172,3).

Proof The map Ly — Ki 23 given by z + (—r(z),z,7(x) — x) is the desired isometry. O

We let 7y send (Ly, Ly, L3) to (L2, ¢). Note that the variety {N € £(V) | NN L; = 0}
admits a free transitive action of the R-module Sym'?(L1).

Write Us C Uss for the open subscheme of triples (ﬂl, EQ,Z;},) € Uss such that L; N ﬂj =0
for ¢ # j. We also denote by the same symbol

Ty . U3 — QO(.Z/)/GL(.Z/) (19)
the restriction of ;. Let Cov(Us) — Us be the Z/4Z-torsor obtained from
Cov(Qo(L))/ GL(L) = Qo(L)/ GL(L)

by the base change 7. o o
Given a k-scheme S and a S-point (L1, Lo, L3) € Us, write C(Ly, Lo, L3) for the Z/4Z-torsor
over S obtained by restricting Cov(Us) under S — Us. This notation agrees with ({Il) and [I4].

Proposition 5. There is a canonical isomorphism
C(Ly, Ly, Ls) ® C(Lo, L1, L3) = C(Lo, La, L3) ® C(Lo, L1, L2)
of Z/AZ-torsors on the variety Uy classifying Lo,...,Ls € £(f/), which are paiwise transverse.

Proof The Gauss sum takes a direct sum to the tensor product of Z /4Z-torsors. So, it suffices
to show that, given Lg,...,Ls € Uy, there is a canonical isometry of R-modules with the
corresponding symmetric bilinear forms

Ti23®To1,3—To,1,2DTo23

And these isometries naturally organize into a family over Uy. Indeed, by Lemma and
Proposition @], one has canonical isometries

Ti23®T1 3011230710123 To1,2DTo23

To finish, use the dihedral isometry Tj 30— 1p,1,3 of Lemma O
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Remark 7. Let (ﬂl,f/g,~ l~}3)~ € Uy and L; = e(ﬂ,) be the corresponding enhanced lagrangians.
Then the image of n7 (L1, Lo, L) in Q’(L;) is the form Qr, 1,1, : L2 — R defined by (@).
5.5 NEW ISOMETRIES FOR THE MASLOV INDEX

The following result will be used in Section 6.3.2.

Lemma 12. Let El,...,I:m € E(f/) There is a canonical isometric inclusion Ky, ;,—1 <
Ky . m.

Proof Write v € Ky masv=(vi,...,vp) with ) . v; =0, v; € L;. Then the desired isometry
is given by the map (v1,...,vm-1) = (V1,...,Vp—1,0). O

Proposition 6. Let (N, N’,N") and (L, M) be two collections of lagrangians in L(V). Assume
that each lagrangian from the first collection is transverse to each lagrangian from the second
one. Then

Ko xr i i ® Kooar 81 (20)
admits a free isotropic R-submodule D such that one has a canonical isometry D+/D = Kgn i ni

Proof By Lemmas[I0land 12, (20)) is canonically isometric to Ky, 1 7 0 @ K; 50 gy v and admits
canonically the isometric subspace K ; 5/ 7 © Kj 5/ ;- By Lemma[I0, one has an isometry

o (K 5 i@ 5.2) = (Ki 5o i — 45,57 11)

Then D = {z+o(x) € Ky 5y ©K; 50 3 | © € Ky 5 7} is the desired free isotropic R-module
of rank n. Indeed, one checks that D+ ¢ K i1 5 i © Ki jp yp v 18 the submodule

{(mlvn,bllvn?[/) € KM7N/,[~/7N//7 (l27n/27m27n2) € Kﬂ,N’7M,N | nll = n,2} (21)

and D = {(mqy,n},11,0),(l1,n},m1,0) | (my,n},l1) € Ky it C D+, The map sending a
collection (2I)) to
(nll/,ml — Mo, —Ng,l1 — lg) S KNH’M7N7E

yields the desired isometry. [J
6. CONSTRUCTION OF THE GERB L(V) oVER L(V)

6.1 Use notation of Section 5. Our aim now is to construct a Z/4Z-gerb L(V) — L(V) (cf.
Appendix A for a definition of a Z/4Z-gerb).

For L € L(V) write U(L) = {M € L(V) | LN M = 0}. Note that U(L) depends only on
the image of L under £(V) — £(V). We want to construct £(V) by gluing the trivial gerbs

U(L) x B(Z/AZ) over the open subschemes U(L).
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Definition 6. For m > 1 say that a finite family of lagrangians L; € ﬁ(V), 1 € I is m-sweeping
if they are pairwise transverse and

Uier U(Zi)m = E(V)m7

here Y™ denotes the m-th cartesian power of a scheme Y over k. Since £(V)™ is quasi-compact,
for any m a m-sweeping family exists.

Pick a l-sweeping family L; € £(V), i € I. The Z/4Z-torsors C(L;, Lj, Ly) (with 4,j,k € I)
over Speck satisfy the cocycle condition given by Proposition Bl So, we may and pick Z/4Z-
torsors B;j over Speck together with isomorphisms Bji:?Bi;l and

C(Li, Lj, L) = Bi; @ Bji, @ By (22)

for all i,5,k. We call an enriched sweeping family a collection {L}Ze 1 together with B;; and
isomorphisms (22]).

Set Z/{Z = U(Lz) and
Z/[Z’j :L{Zﬂuj, uijk :L{Zﬂuj N U,

Let Cov(U;;) be the Z/4Z-torsor over U;; obtained from Cov(Us) by the base change U;; — Us,

L (L, L, Lj). The gluing data consists of
o the Z/4Z-torsor Cov(U;;) ® B;j over U;; giving rise to the automorphism
O34 1“2']‘ X B(Z/4Z)f—\>/u2] X B(Z/4Z)

sending (L, F) to (L, F @ Cov(Ui;) ® B;j). To be presice, for a scheme Z it sends a Z-point
(f, F) on the left to the Z-point (f, F @ f* Cov(U;;) ® B;;) on the right. Here f : Z — U;;
is a morphism, and F is a Z/4Z-torsor on Z.

e a 2-morphism dy;; : op; 0 0j;i — ok; making the following diagram 2-commutative

Uje x B(ZJAZ) 5 Uy x B(Z/AZ)
\‘ Oki \L Okj
Uiji x B(Z/AZ)

It is given by the Z/4Z-torsor C (L, lNLj, ﬂk) over Speck together with the isomorphism of
Z/AZ-torsors over Uijy,

C(i, IN/Z',Z]') ® C(i,zj,zk):C(Z,Z“ ik) & C(ZZ, i/j, IN/k) (23)

(when L runs through U;;i, the above isomorphisms of Z/4Z-torsors over Speck organize
into an isomorphism of Z/4Z-torsors over Z/{ij) So, dyj; can be seen as a trivialization of
the Z/4Z-torsor over U,ji, whose fibre at L is

C(Z,Ei, Ej) ® Bij ®C(I~/,Ej, f/k) ® Bjk
C(L,L;, Ly,) ® By,
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It is understood that (23]) is the isomorphism given by Proposition Bl Finally, the 2-
morphisms § satisfy the following compatibility property: over any Ui, the diagram of 2-
morphisms commutes

Ok i
Osk ©O)j O 0ji —+ Ogsk OOk

\lf 6skj \lf Oski
E
0500 v O

Though this is not reflected in our notation, the gerb £(V) depends on the family {L;},i € I.

Remark 8. Call an elementary transformation of an enriched 1-sweeping family the procedure
of adding or throwing away one lagrangian L € E(V) such that the obtained family is still 1-
sweeping (together with a compatible change of the family B;;). Clearly, the gerb associated to
the enriched 1-sweeping family obtained from the original one by an elementary transformation
is isomorphic to the initial gerb ﬁ(f/) over £(V). One can pass from one 1-sweeping family to
another by a finite number of elementary transformations. So, the isomorphism class of the gerb
L(V) does not depend on a choice of {L;},i € I and of Bi;.

This also shows that the corresponding element of H?(L(V),Z/4Z) is invariant under the

action of (the Greenberg realization of) Sp(V).

Remark 9. i) Remind the variety ELag(V) from Section 2.4.1. A similar Z/4Z-gerb can be
defined over ELag(V'). It is not used in this paper.

ii) Consider the WJ-torsor over L(V) whose fibre over L is the set of generators of det L. Since
W35 =Gy, % Al canonically, it can be seen as a pair: a G,,-torsor and a Al-torsor over E(f/)
Denote the corresponding Al-torsor by £(V)er — L(V). Let £(V)er be the Z/2Z-gerb over

L(V') obtained from L(V')., via the exact sequence

0= Z/2Z — Al "75F AL

One may show that £(V)., identifies with the extension of l(f/) under the surjective homo-
morphism of structure groups Z/47Z — 7 /27. In particular, £(V')., admits a Sp(V')-equivariant
structure. This will not be used in the present paper.

6.2 Set Y = L(V) x

V) /), the product being taken over k. Let Y be the Z/4Z-gerb over Y
obtained from £(V)

L(
x L(V) via the extension of the structure group

ZJAZ x ZJAZ — TJAZ, (a,b) — b—a
Let Yy C Y be the open subscheme classifying (El, Eg) €Y such that L; N Ly = 0.

Lemma 13. There exists a canonical section s of the gerb Y =Y over Y.

Proof Assume that the collection ({L;};er, Bi;) giving rise to L(V) is such that {L;}ics is
2-sweeping.
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Define s by gluing. Over the open subscheme Yo( i) = {(L,M) € Yo | L, M € U(L;)} we
consider the Z/4Z-torsor, whose fibre at (L, M) is C(M, L, L;). For any i, j over Yy(L;) N Yo(L;)
we glue the corresponding sections of our gerb via the isomorphism (given by Proposition [])

C(M,Li,L;) _

C(M,L,L;) ®
( ) C(L,Li, L;)

=C(M,L,L; ;)

The fraction in the above formula is, according to 6.1, exactly the gluing data for the gerb Yy.
It is understood that we have chosen the same B;; in the numerator and the denominator, so
they have disappeared. [J

Definition 7. Define a perverse sheaf Sy, , on Y as follows. The section s yields an isomorphism
Y |y, = Yo x B(Z/AZ). Let Wy, be the rank one local system on B(Z/4Z) corresponding to the
representation ¢ : Z/4Z — Q. If p : Speck — B(Z/4Z) is the quotient map then Wy is the
direct summand in p)Q, on which Z/4Z acts via 1. Let S " be the intermediate extension of

QX Wy, from Y ly, to Y. We refer to Sy » 88 the finite-dimensional theta-sheaf.

6.3.1 Remind the variety Uss defined in Section 5.4, it classifies triples (N, L, M) in £(V) such
that NNL=NNM =0. Our purpose now is to define a morphism of stacks o3 : Usg — Y
extending the projection o3 : (N, L, M) — (L, M).

Assume that the collection ({Ei}ieI,Bij) is such that {Ei}iel is 3-sweeping. Define the
section o3 of the gerb Y over Uss by gluing sections on the open subschemes

Uss(Li) := {(N,L,M) € U3 | N, L, M € U(L;)}

Namely, over the open subscheme Usz(L;) we consider the Z/4Z-torsor whose fibre at (N, L, M)
is

C(M,N,L;)
C(iv Na Ez)
Over the intersection Usz(L;) N Ugg(ij) we glue the above sections via the isomorphism
C(L,N,L;) ~ C(L,L;,L;) C(L,N,L;)

obtained from the two isomorphisms (of Proposition [
C(N,L;)®C(- Li, Lj) S C(N, L;, L;) ® C(-, N, L;),
where - is M or L. This completes the definition of Dog : Usg — Y.
Proposition 7. The Z/4Z-coverings of Us defined by the following two cartesian squares

Yo < YoxyUs Cov(Us3) — Cov(Qo(L))/GL(L)
bs I 1 b
y & Us Us  —  Qo(L)/GL(L)

are canonically isomorphic.
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Proof Over Yy we trivialize the Z/47Z-gerb Y — Y via the section s. Then the map o3 : Ug —
Yo x B(Z/AZ) is given by some Z/4Z-torsor, say J, over Us. Note that Yy xy Uz — Us is the
total space of F.

We identify F with the Z/4Z-torsor Cov(Us) — Us by gluing. First, F itself is constructed
by gluing. Over the open subscheme

Us(L;) :=={(N,M,L) € U3 | N, M, L eU(L)},

C(L,N,L;)®C(M,L,
The fibre of Cov(Us) — Us over (N,L,M)is C(N,L,M
torsors over Us(L;) is the isomorphism
C(Mv N) INJZ)
C(L,N,Li)®C(M, L, L;)
given by Proposition [l These isomorphisms are compatible with the gluing data, so they yield
the desired isomorphism over Us = U;c; Us(L;). O

For any L € L(V) there is an isomorphism Yy — Sp(V % 7)/ GL(L L), s0 Yy is affine. Note that Uz
can be seen as a variety of triples (N, L, ¢), where (N, L) € Yy and ¢ € Sym'?(L*). Therefore,
the map (I8) is smooth, and Usg is affine. Proposition [7] immediately yields the following.

The desired isomorphism of Z/47-

= (N, L, 1)

Corollary 1. There is a canonical isomorphism
TSy[dim. rel(my)] = 0335y, [dim. rel(v23)]
of perverse sheaves on Usg. [J

6.3.2 AN ALTERNATIVE DESCRIPTION OF Y

For the map 193 : Usg — Y consider the scheme Uy := Us3g Xy Usg, it classifies collections
(N,L, M) € U3, (N',L, M) € Ug3

For such a point of Uy consider the ordered collection of lagrangians (N ''M,N ,I:). Let

K N NN L be the corresponding free R-module with the symmetric bilinear form given by Def-

inition Bl It is crucial that in the collection N ! M ,]\7 , L indexed by Z /47 each lagrangian is
transversal to the next one, so the bilinear form on K, ;; 5 ; is non degenerate. Let K be a
free R-module of rank 2n. This gives a morphism

nuyy Uy — Qo(K)/GL(K)
sending (N, M,N,L) to K & 1.5, With the corresponding bilinear form.
Let Cov(Uy) be the Z/4Z-torsor over Uy obtained from Cov(Qo(K))/ GL (K) by the base

change 7yry. For a scheme S and an S-point (N’, M, N, L) of Uy write C(N', M, N ﬂ) for the
Z/AZ-torsor over S obtained from Cov(Uy) by the base change S — Uy
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Lemma 14. Let S be a scheme and
(N,L,M) € Ups,(N',L, M) € Usz, (N",L, M) € Ups
be an S-point of Usg Xy Uas Xy Uss. One has a canonical isomorphism of Z/4Z-torsors on S

C(N",M,N',L)y®C(N',M,N,L)=C(N",M,N,L) (25)

In particular, for (N, L, M) € Uss it yields a trivialization of the Z)4Z-torsor C(N, M, N, L).
Proof Combine Proposition [l and Remark [6l [J

Let Y, be the Z/4Z-gerb over Y obtained as the descent of the trivial gerb Uss x B(Z/AZ)
with respect to the morphism vo3 : Usg — Y for the descent data given by

e the isomorphism
oyy - Uy X B(Z/4Z) — Uy X B(Z/4Z)

over Uy sending a given Z/4Z-torsor F to F @ Cov(Uy);
e the isomorphism (25]) of Z/4Z-torsors over Uss Xy Uas Xy Uss.

The gerb Y, is naturally Sp(f/)—equivariant~7 thus it can be seen as a Z/47Z-gerb over the stack
quotient Y/ Sp(V'). It is understood that Sp(V') acts on Y diagonally.

Lemma 15. 1) There exists a canonical isomorphism VY of Z./AZ- gerbs over Y.
2) The restriction of Yy to the diagonal L(V) < Y admits a canonical Sp(V)-equivariant section
t: E(V) — Yd

Proof Remind the original definition of }A/' One first picks a 2-sweeping family ({L;}ic1). For
i€l let Y( D)={(L,MeY |L,MecU(L;)}. ThenY is obtained by gluing the trivial Z/4Z-
gerbs Y (L;) x B(Z/AZ) over the open subschemes Y (L;) NY(L;) via the isomorphism sending
a Z/AZ-torsor F; over Y (L;)NY (L;) to the Z/4Z-torsor whose fibre at (L, M) € Y (L;) NY (L;)
is o
C(M,Li, L))
.F‘i . ® _ ) ~ ) ~ j
o)L C(L,L;, L;)

From Proposition Ml and Lemma [I0] one gets an isomorphism

hz

C(M

_ L) ~ =C(Lj,M,L;, L)
C(L,

J

b“ hz
b«z

2) For (N,L,M) € Uy the trivialization of C(N, M, N,L) given by Lemma [I4 shows the
following. After the diagonal base change £(f/) — Y, the tautological section of the gerb
(Usz xy L(V)) x B(Z/AZ) is compatible with the descent data with respect to w3 x id :
Uz Xy L(V) — L(V). Tt yields the desired section. [
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Remark 10. The section 5 :NYO - YO can now bg dgscribed as follows. Consider the Z/4Z-torsor
over Us whose fibre at (N, L, M) € Us is C(M,L,N). It is compatjble with the descent data for
Yy with respect to the morphism vo3 : Us — Yp. Thus s : Yy — Yy is Sp(V)-equivariant. This

implies that S‘yﬂb is also Sp(V')-equivariant.
6.4 THE METAPLECTIC GROUP Let G be the Greenberg realization of Sp(V). It acts naturally
on L(V). According to Appendix A.2, the gerb ﬁ(f/) vields a group stack G over G. From
Remark B we conclude that the homomorphism G — G is surjective. We refer to G as the
metaplectic group.

In the rest of Section 6.4 we prove the following

Proposition 8. Any Z/2Z-torsor over L(V) is trivial.

By A.3, this implies that G fits into an exact sequence 1 — B(Z/4Z) — G — G —1andis
algebraic. Besides, G acts naturally on £(V), and the projection £(V) — L(V) is equivariant
with respect to G — G.

Lemma 16. Let Z be a k-scheme, q : W — Z be the total space of a vector bundle W on Z.
One has a canonical isomorphism of sheaves of Oz-algebras ¢.O = g Sym*(W*). O

Lemma 17. Let W be a vector bundle on IP’I,lf of the form W = @&_,0(n;) ® W;, where n; > 0
and W; are fized finite-dimensional k-vector spaces. Let W be the total space of W. Then any
Z./27-torsor on W is trivial.

Proof Let ¢ : W — P! be the projection. By Lemma [I6, H(W,©) = k. One has the exact
sequence of groups 1 — Z/27 — Al 4 A' — 0 over Spec k, where a(z) = x?+x. So, it suffices to
show that HY(W,0) % HY(W, O) is injective. The space HY(W,0) = ©gsoH! (P!, Sym*d(W*))
is graded by d > 0. Let € H'(W, ©) non zero, let x4 be its non zero component of the biggest
degree d > 0. It suffices to show that 22 € H! (P!, Sym*??(W*)) does not vanish. One has

Sym* (W= > O(= ) ding) © Sym™ (W) @ ... ® Sym™ (W)
d1+---+dr:d i

So, our assertion follows from the fact that for 7m > 0 the map HY (P!, O(—m)) = HY(P!, O(-2m))
is injective, where v : O(—m) — O(—2m), x — 22 is a homomorphism of sheaves of abelian
groups on ]P’}t. We also used the property that for a finite-dimensional k-vector space U and
u € Sym*? U the condition u? = 0 in Sym*?¢ U implies v = 0. O

Proof of Proposition
Let £ be the vector bundle over £(V) whose fibre at L € £(V) is Sym'?(L*). The projection

L(V) — L(V) is a torsor under F*E, the inverse image of £ by the Frobenius map F. For n =1
one has £(V) =Py}, and F*£ is isomorphic to the line bundle O(4) on Pj.

Let F be a Z/2Z-torsor over L(V). It suffices to show that F is constant along the fibres of
L(V)— L(V).
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Step 1. Pick an isometry V —V; & Vs, where V; are symplectic vector spaces, dimV; = 2,
dimVy = 2n — 2. Pick a k-point Ly € L(V32). It yields a closed immersion £(V1) — L(V),
Li— L& Ly. Let Z7 = ﬁ(‘/l) X L) ﬁ(V)

Let £ be the vector bundle on £(V;) whose fibre at Ly is Sym'?(L}) @ (L; ® Ly)*. Then
Zy — L(V1) is a torsor under the vector bundle F*(£; @ Sym'?(L3)). Any such torsor is trivial.
Let Z be the total space of F*&; then Z; — Z x U, where U = F* Symlz(LE) is an affine space
over k. By Lemma [I7] the *-restriction F |z, descends under the projection Z x U — U to a
local system on U.

Step 2. Pick a k-point L € L(V). Let T be the fibre of L(V) — L(V) over L. For any
decomposition L — Li & Lo into a direct sum of vector subspaces with dim Ly = 1, the torsor
F |r is equivariant under the action of the vector space F*(Sym'?(L}) @ (L; ® Ly)*). Indeed,
this follows from Step 1. Since the decomposition L= Ly @ Ly was arbitrary, the Z/2Z-torsor
F |7 is trivial. O

6.5 CASE n =1.
6.5.1 Let us give some explicit formulas for ﬁ(V) in the simplest case n = 1. Take V to be the

free R-module with a symplectic base ey, ep such that &(eq, ep) = 1. Then £(V) is the Greenberg
scheme of P,.

Let L; C V be the R-submodule generated by e;. Set U; = L{(EZ) then U; Uy = E(f/) We
have the isomorphism R =, sending a € R to the R-submodule in V generated by ae; + es.
We have the isomorphism R — Us sending b to the R-submodule generated by e; + bes. So,
Uy N Uy = R* and the corresponding identification is given by b= a™".

View L € U2 as a R-submodule in V generated by e; + bes with b € R*. In this notation
the Z/4Z-torsor Cov(Ui2) — U2 becomes the Z/4Z-torsor over R* whose fibre over b = (bg, by)
is {z € R|Fz—z=(bby?,0)}, here b is written in Witt coordinates. Indeed, this follows from
Lemma [0l and the fact that C(E,El,ig) is the Gauss sum for the quadratic form = — —bi?
(here & € R is any lifting of = € k).

Consider the R-torsor TL(V) — L£(V) defined as the gluing of the trivial R-torsors over ;
by the 1-cocycle h : Ujp — R sending b = (b, b1) to (b1by?,0). The R-torsor TL(V) over L(V)
is nontrivial (even its extension of scalars via R — k is a nontrivial A'-torsor over £(V)). The
gerb ﬁ(V) is obtained from this R-torsor via the exact sequence 0 — Z/4Z — R = R

Set Sp*(V) = {g € Sp(V) | g = id mod 2}. Tt is easy to check that T£(V) admits a
Sp!(V)-equivariant structure.

6.5.2 Following [I4], consider the variety £°(V) classifying L € £(V) together with a generator
oj of the R-module det L. A point L0 = (L, o7 ) of LO(V) is called an oriented lagrangian.

Let TL£%(V) — L£%(V) be the R-torsor obtained from TL(V) — L(V) by the base change
LOV) = L(V).

Let V; C Eo(f/) be the open subscheme classifying oriented lagrangians L generated by
o;j = (a,b) € R x R such that b € R* (resp., a € R*) for i = 1 (resp., for i = 2).

Let 7O(V) — £°(V) be the 2R-torsor defined as the gluing of the trivial 2R-torsors over V;
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via the cocycle over Vi = V1 NV, sending (a, b) to

aiby

[ MLy c9R
25

0

The R-torsor TLO(V) — L£°(V) is isomorphic to the extension of scalars of 7°(V) under the
inclusion 2R — R.

One checks that the Sp(V)-orbit in H!(£%(V), ©) passing through the 2R-torsor 7°(V) is not
a point. For example, take v € R and g € Sp(V) given by g(e1) = e; and g(es) = e + vey. The
2R-torsors ¢*T°(V) and T°(V) are not isomorphic over £(V) unless vy = 0, here v = (vg, v1)
is written in Witt coordinates.

Actually, there exists a 2R-torsor, say T (V) — L£(V), whose restriction to £°(V) is isomor-

phic to TO(V) — L£O(V).

7. CANONICAL INTERWINING OPERATORS

7.1.1 Our purpose now is to generalize the theory of canonical interwining operators ([17],
Theorem 1) to the case of characteristic two.

Remind that V is a free R-module of rank 2n with symplectic form @ : V ® V. — R, and
V =V Qg k. Pick a bilinear form 3:V x V — R satisfying @).

Let 5:V x V — R be defined as in 2.2. It gives rise to the Heisenberg group H = H(V) =
V' x R with operation (). We view it as an an algebraic group over k (the Greenberg realization
of the corresponding R-scheme). The center of H is Z(H) = {(0,z) € H(V) | z € R}.

The affine symplectic group ASp(V) is defined as in 2.2 (it is understood that for (g, a) €
ASp(V') the map a : V' — R must be a morphism of k-schemes), it is an algebraic group over k
acting on H by automorphisms.

Let G be the Greenberg realization of Sp(V) over k. As in 2.2, one defines a homomorphism
€ : G — ASp(V) of algebraic groups over k. Let ELag(V') be defined as in Section 2.4.1. The
map € : L(V) — ELag(V) defined as in 2.4.2 is a morphism of schemes over £(V'), the action of
ASp(V) on ELag(V) is algebraic, and the diagram (7l) commutes.

Given a k-point (L,7) € ELag(V), write Hy, for the category of Q-perverse sheaves on H,
which are equvariant with respect to L acting on H by the left multiplication via 7, and also
(Z(H), Ly)-equivariant. This is a full subcategory in P(H). Write D H; C D(H) for the full
subcategory of objects whose all perverse cohomologies lie in H ..

For a k-point L € L(V) set H j = Hp for the enhanced lagrangian L = e(L). For a k-point
g € G the inverse image under the map H — H, h — ¢~ 'h yields an equivalence g : H i —H g
which we denote by g by some abuse of notation.

7.1.2 Write 1; for a point of £(V) over L € L(V). For g € G, L € L£(V) we write gL for the
image of (g, L) under the action map (defined in A.2)

Gx L(V)—= L)

Write (L : M) for the image of a pair (L, M) € L(V) x L(V) in Y.
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For a pair of points ﬁ, M € ﬁ(f/) we will define a canonical interwining operator
‘Fﬁ,M:H]V[—),Hi (26)

depending only on the image (f/ M ) € Y. They will be equipped with isomorphisms

o F ﬁ, i = id

* FrioFim =~ Far

e for g € G one has goF; ur og~! A—ngﬁ,gM
satisfying natural compatibility properties. As in [I7], the functor F; ;; will be defined as a
convolution with a suitable complex on H, and as i}, M vary, these complexes will organize into
a perverse sheaf F' on L(V) x L(V) x H.

Denote by C' — L£(V) the vector bundle whose fibre at L € £(V) is L = L ®p k. Consider
the maps

pr,acty. : C x C x H— L(V)x L(V) x H,
where act;, sends (lNL,l eL,M,me M, h) to (ﬂ, M, 7; (1)h7y;(m)), and pr sends the above point
to (L, M,h). Say that a perverse sheaf K on L(V) x L£(V) x H is acty,-equivariant if it admits
an isomorphism
act), K — pr* K

satistying the usual associativity condition and whose restriction to the unit section is the identity
(such isomorphism is unique if it exists). One has a similar definition for £(V') x L(V') x H. Let

actg 1 G x LV)x L(V)x H— L(V) x L(V) x H

be the map sending (g,Aﬁ, M, h) to (gﬁ,gM, gh). This is an action map in the sense of A.2.1, so
one has a notion of a G-equivariant perverse sheaf on L(V') x L(V) x H (cf. A.4).
For a scheme S and K, K’ € D(S x H) define their convolution K * K’ € D(S x H) by

K+ K' = multy(priy, K @ pris K')[n + 2 — 2dim £(V)],

where pryg, pri3 : S x Hx H — S x H are the projections, and mult : H x H — H is the product
map sending (hi, hy) to hihy. The above shift is chosen to that the formula (BI) below holds
without any shift.

Let

IA (ﬁ(V) X H)A — ,C(V) x H
be closed subscheme of (L, h) € £(V)x H such that there exist z € L,z € Z(H) with h = 77 (2)z.

Let ap : (L(V) x H)a — Z(H) be the map sending the above point to z € Z(H).

Theorem 1. There exists an irreducible perverse sheaf F' on ﬁ(f/) X ﬁ(V) x H with the following
properties:
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for the diagonal map i : L(V) x H — L(V) x L(V) x H the complex i*F identifies
canonically with the inverse image of

(iahah Ly[2dim L(V) +n + 2]
under the projection £(V) x H — L(V) x H;

F' is acty,-equivariant and (Z(H), Ly)-equivariant;

F is G-equivariant;

convolution property for F' holds, namely for ij-th projections

Gij : LOV) X LV) X L(V) x H — L(V) x L(V) x H
inside the triple L(V) x L(V) x L(V) one has (¢}oF) * (¢35F) = ¢i3F canonically.
The proof of Theorem [l is given in Sections 7.1.3-7.1.5.

7.1.3 Remind that Yy C Y is the open subscheme classifying (E, M) €Y such that L N M = 0.
Define a perverse sheaf Fjy on Yy x H as follows. Let

ap: Yo x H— Z(H)

be the map sending (L, M,h) to z, where z € Z(H) is uniquely defined by the property that
there exist [ € L,m € M such that h = 75 (I)7;;(m)z. Set

Fy = ajLy[dim(Yo x H)

Let Uiz be the scheme classifying (L N, M) € L£(V)? such that NNL=NNM=0. Let
v13 : U1z — Y send (L N M) to (L M) Define vq9,193 : U3 — Yy by

Vu(L,N,M) ( ,N) Vgg(i,N,M):(N,M)
Let iy : Yy — Uys send (N ﬂ) to (L L.N, ﬂ) The open subscheme Us C U3 classifies triples of

pairwise transverse lagrangians in £(V). Let py, : Yy — £(V) send (N, L) to L. Remind the
map 7y defined by (19).

Lemma 18. 1) The complex .
(V12 Fo) * (vg3 Fo)[dim L(V)]

s an irreducible perverse sheaf on Uiz x H. For the map py, x id : Yo x H — £(f/) X H one
has canonically

ity (ViaFo) * (133F0)) = (pyy X id)* (in )op Ly[2dim L(V) + 1+ 2]

over Yo x H.
2) There is a canonical isomorphism

(V2 Fo) * (V33 Fo)[dim L(V)] = 73Sy © viz Fp[2n?]
of perverse sheaves over Us x H. Here, by abuse of notation, 113 : Us — Yy is the restriction of

3.
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Proof 1) Let us give an argument at the classical level (of K-groups) and explain the changes
needed for geometrization. For a point (L, M) € Yy write F; ; for the restriction of Fyy to this

point, so F; - is a ‘function’ on H. Given (E, N, M ) € Uys, let us calculate the convolution

(Fi 5 *Fg i) (h) = /h . Fi 5 (hhy F g i (h1)dhy (27)

as a function of h € H, here dhy is a ‘Haar measure’. Write N = N ®p k, and similarly for
L, M. Because of equivariance properties of ([27), we may assume h = 75 (z) for x € N. Write
hy = 75(y)7(w)z with z € Z(H),u € M,y € N. Then 1) equals the volume of N x Z
multiplied by

/ Py (s ()7 () du = / F; s (ry () (z, u)du (28)
ueM

ueM

We have used the equality 75 (2)7,;(u) = 75 ()75 (2)(0,w(z,u)). The formula (28) shows that
the resulting complex on N is the Fourier transform of a rank one local system on M (the
symplectic form induces an isomorphism M* = N). So, our first assertion follows from the fact
that the Fourier transform preserves perversity and irreducibility.

Assume further that M = L then (28) equals

|0, forx # 0
/ueL (e, u))du = { vol(L), forxz=0

The geometrization is straightforward, our second assertion follows.
2) Assume that (L, N, M) € Us. Take € N and continue the calculation of [28) from 1) as
follows. Let r : N — L be the k-linear map such that M = {r(w) —w € L& N | w € N}.
Consider Q := Q; 5 7 € Q'(N*) defined by (@), that is, Q : N — R is given by

T (r(w) —w)mg (w73 (=r(w)) = (0, Q(w)) (29)
for any w € N. Now (28) equals

/ Fi (i (r(w) — w)d(w(z, r(w) —w))dw = /EN Y(Q(w) +w(z,r(w)))dw  (30)
Remind that for w,w; € N one has

Q(w+wy) = Q(w) + Q(wy) + w(r(w),w)

(cf. Section 2.5). After the change of variables w =t + x, t € N the expression (30) rewrites as

P(Q(z) +w(z,r(x))) P(Q(t))dt

teN
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Now ([29) with w = z also yields
Fi (7t (@) = 9(Q(z) + w(,r(x)))
Remind the notation C(L, N, M) = Jien (Q(t))dt given by (). Combining with 1) we get
(Fi x5 *F)(h) = vol(N x Z)C(L, N, M)Fy y(h)

Because of equivariance properties, the latter formula holds for all h € H. By Remark @ Q
is the image of my (L, N, M) in Q'(N*). The above proof goes through also in the geometric
setting. [

7.1.4 Let ©,, be the rank one local system on Y defined by 6, = Sy 4 |y, [ dimYp]. The map
93 has been defined in Section 6.3.1. Consider the diagram
n e U Y,
Ai 23
Yo,
where D19, 013 are defined by ﬁlg(ﬂ, N, M) = 1923(N,l~1, M) and ﬁlg(f}, N, M) = 23(]\2,5,]\7) for
(L,N,M) € Us. From Lemma [I0] one derives the following.

>

Lemma 19. One has canonical isomorphisms 0750y, — U350y — 19{3@;1 over Us. O

Definition 8. Let Fj be the perverse sheaf on Yo x H given by Fy = pri @;1 ® Fy. It is

understood that we take the inverse image of Fy under the projection Yo x H — Yy x H. Let
F be the intermediate extension of Fo under YO x H < Y x H. The restriction of F under the
natural map £(V) x L(V) x H — Y x H is also denoted by F. Note that Fpy is G-equivariant
(cf. Remark [10).

Combining Lemmas [I8], [9 with Corollary Il one gets the following.
Corollary 2. There is a canonical isomorphism over Us x H
(5, F0) * (035 Fp) = (’953@12/;) ® UisFy (31)

Denote also by 213 : Uis — Y the map 013(L, N, M) = D93(N, L, M) for (L, N, M) € Uis.
The cartesian square
U3 X H < U13 x H

A J p1axid A J p1axid
YoxH — Y xH

together with Lemma [I8] yield a canonical isomorphism over Uz x H

(13 x id)*F = (vi9Fo) * (v33Fo) (32)
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obtained by the intermediate extension from Us x H. This gives an explicit formula for F.
Further, the diagram is canonically 2-commutative

)

Yo — U
1y, 1 s
vy & v

Restricting ([82) under iy x id : Yy x H — Uy x H, one gets an isomorphism
(py, x id)*(t x id)*F = (py, x id)* (ia)1h Ly[2dim L(V) +n + 2]

Since py, has connected fibres, the latter isomorphism descends under py, x id : Yo x H —
L(V) x H to an isomorphism

(t < id)*F = (ia)ah Lp[2dim L(V) +n + 2]
By construction, Fy is act;-equivariant, (Z(H), Ly)-equivariant, and G-equivariant (this
property holds over Yo x H and is preserved by the intermediate extension).
7.1.5 Consider the scheme Y x /) Y classifying ((L,N) € Y,(N,M) € Y). Define the gerb

Y X () Y over it as the Z/4Z x Z/4Z-gerb obtained from £(V) x L(V) x L(V') by extension of
the structure group

7JAT. x TJAZ x 7.JAT. — T.JAZ x Z.JAZ, (a,b,c) — (b— a,c — b)

So, a point of ¥ X () Y is a collection (L : N) € Y, (N : M) € Y). Extending further
the structure group with respect to Z/4Z x Z/4Z — Z/AZ, (u,v) = u + v, one gets the gerb
Y x L(V), the corresponding morphism of stacks

sends ((L : N),(N : M)) to ((L : M),N). Write y:Y X () Y — Y for pr, oy. A straightfor-
ward calculation yields the following.

Lemma 20. Consider the diagram

Vxge V2 7 By
T Diaxdes D3
U37

where p is the structure map sending (I: : M) to (L,M). The two maps thus obtained from Us
to Y coincide, but the triangle in the above diagram is not 2-commutative. More precisely, the
two sections so obtained of the gerb Y over Us differ by the Z/AZ-torsor C(ﬂ,N, M)2, where
(L, N, M) € Uy.0
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For ¢+ = 1,2 let ~; : Y x % Y — Y denote the projection to the i-th term. To finish the
proof of Theorem [ it remains to establish the convolution property of F. We actually prove it
in the following form.

Proposition 9. There is a canonical isomorphism over (Y X £(7) Y) x H

(NE) * (F)=~"F (33)

Proof
Step 1. Let (V X () V) C (Y Xr(i Y) be the open substack obtained by the base change
Us CY x % Y. In view of Lemma m the isomorphism of Corollary 2] descends under the
covering R

1/12 XV23 Ug—) (Y XLZ( )Y)

to the desired isomorphism (B3) over (¥ ) Y)o x H.

%
Step 2. It suffices to show that (7 F) * (73 F) is perverse, the intermediate extension under the
open immersion

0% xE(V)Y)OxHC(Y xﬁ(f/)Y)xH

Let us first explain the idea informally, at the level of ‘functions’. For (ﬁ M ) € Y write F: X0

for the restriction of F' to this point, this is a ‘function’ on H. For (L, M) € Y; write F; j for

the restriction of Fy to this point, this is also a ‘function’ on H (as in the proof of Lemma DEI)
Let (L:N),(N:M))eY X () Y. Pick any S,T € £(V) such that

e (L,S,N),(N,T,M) € Uss,

o 013(L,S,N) = (L:N), ing(N, T,M) = (N : M),
e SNT=S5nM=0.
By ([B32), we get (up to some explicit volumes that we omit)

Fig*Fyp = Freg*Fgr)* Fyp«Fp

where (L : M) = v13(L, S, M). Now we turn back to the geometric setting.

Step 3. Consider the scheme X classifying (lND, 5,]\7) € Uys, (N,T, M) € Uy such that SNT =
SNM=0. Let R R
(: X =Y x £V Y
be the map sending the above collection to (13(L, S, N),in3(N,T,M)). It is smooth and

surjective. It suffices to show that

C(F) * (2 F))
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is a shifted perverse sheaf on X x H, the intermediate extension from ¢~'((Y x £V Y)o) x H.

Let p: X — U3 be the map sending a point of X to (lND, S, M) Applying (B32]) several times
as in Step 2, we learn that there is a rank one local system J on X such that

CNF) * (2F) =T @ o F
over X x H. Since F is an irreducible perverse sheaf, our assertion follows. [
Thus, Theorem [ is proved.

7.1.6 Given k-points L, M € ﬁ(f/), let F; ; be the s-restriction of F' under (ﬁ,M) xid: H —
L(V) x L(V) x H. Define the functor Fi xp: DHy — DH by
By Theorem [ for L, N, M € £(V) the diagram is canonically 2-commutative
Fo -
DH,; % DHy
N Fia v Fin
DH;

To see that F; ,, preserves perversity, pick N e E(V) such that NN M = NN L =0 and use

the commutativity of the latter diagram. This reduces the question to the case LN M = 0, in
the latter case F LT is nothing but the Fourier transform between the dual vector spaces L, M
for the perfect pairing w : L x M — 2R. Here L = L®p k, M = M ®p k. This completes the
definition of (20]).

7.1.7 For a k-point M € L(V) let iy LV) = L(V) x L(V) x H be the map sending L to
(L, M,0). Let

‘FM : D’HM — D(L(V)) (34)
be the functor sending a complex K to i}, (F x prj K)[dim L(V) — dim H]. For any k-points
M,N € L(V) the diagram commutes

DH; N DLW
N Fea Ty
D'HN

Lemma 21. The functor Fy is exact for the perverse t-structures.

Proof Let V= M & M* be a decomposition of 1% into an orthogonal sum of two free lagrangian
submodules. Remind the open subscheme U(M) = {L € L(V) | LNM = 0} C L(V), it identifies
naturally with Sym!2(M ). It suffices to show that for any above decomposition the composition

Ho 8 DL(V)) = DU(T)) (35)
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is exact, where the second arrow is the restriction under the canonical section U(M) — ﬁ(f/)

Let M = M ®g k. The functor H,; — P(M*) sending K to K = (7;7.)*K[-n — 2] is an
equivalence. Remind the map 7 : M* — Sym*?(M*) from Section 4.1. One checks that (B3)
sends K to Foury(mK) € P(Sym'?(M)). We are done. O

Definition 9. The non-ramified Weil category W(L(V')) is the essential image of the functor
(B4)). This is a full subcategory in P(L£(V')) independent of the choice of a k-point M € L(V).

The group G acts naturally on L(V), hence also on P(£(V)). This action preserves the full

subcategory W (L(V)).

7.1.8 Let pr: C — :/E(V) be the vector bundle whose fibre at L is L, where L = L®pk. Let
act; : C x H — L(V) x H be the map sending (L,h,z € L) to (L, 7;(x)h). A perverse sheaf

K € P(L(V) x H) is act;-equivariant if it is equipped with an isomorphism
act; K= pr* K

satisfying the usual associativity property, and whose restriction to the unit section is the iden-
tity.

Definition 10. The Weil category W (V') is the category of pairs (K, o), where K € P(£(V)x H)
is act;-equivariant and (Z(H), Ly)-equivariant, and

o: Fxprys K= pris K

is an isomorphism. Here prys,prog : L(V) x L(V) x H — L(V) x H are the corresponding
projections. It is required that o is compatible with the associativity constraint and the unit
section constraint of F.

The group G acts on £(V) x H sending (g € G, L,h) to (gL, gh). This action extends to
an action of G on the category W (V). One has a natural functor W (V) — W (L(V)), we don’t
know if this is an equivalence.

APPENDIX A. GENERALITIES ON H-GERBS

A.1 The notion of a group stack on an arbitrary site is essentially given in [5], where it is called a
gr-champ. Here is its algebro-geometric version. Let S be a scheme, G be an algebraic S-stack.
Call it a group stack over S if we are given an action map v : G Xg G — G, a unit section
i:S — G over S, and the associativity 2-morphism « : v o (v x id) — v o (id xv) making the
following diagram 2-commutative
GxsGxsG "B Gxs¢
didxv v
gxsG 5 g
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The morphism « should satisfy the following pentagone axiom. For a scheme T and T-points
C1,C5,C5,C4 € G the diagram commutes

((0102)03)04 ai;d (01(0203))04
la la
(C1C2)(C5Cy) S C1(Ca(C5Cy)) & C1((CaC5)Cy)

We should also be given 2-morphisms 7; : v o (i x id) — id and 7, : v o (id xi) — id making the
following diagrams 2-commutative

¢ = gxgg ¢ ' gxgg
N\ id dv N\ id v
G g

Writing O for the unit object of G, the restrictions 7, 7. : OO — O should coincide. Further,
the morphisms «, 77, 7 should be compatible, namely, for a scheme T and T-points C;,Cy € G
the diagrams commute

C1(0Cy) & (C10)C, O(C1Cy) & (0C1)Cy C1(CR0) & (C102)0

\I/Tl 1/77‘ \I/Tl /Tl \I/Tr /Tl
0102 Clcz, C'1027

where O is the unit section of G. Finally, we require that for any scheme T and any T-point
C € G, writing Gp for the category fibre of G over T', the functors G xgT — G xgT, D — CD
and G xg T — G xgT, D — DC are isomorphisms of T-stacks. (We do not explicitely choose
a quasi-inverse under multiplication, as we are interested only in actions of G).

A.2.1 The notion of a torsor over a group stack is defined in ([5], Definition 6.1). Let us formulate
its version for algebraic stacks.

Let S be a scheme, G be a group stack over S, write v : G Xxg G — G for the product
morphism, let ¢ : S — G be the unity morphism.

Let Y be an S-scheme and Y — Y be an algebraic stack over Y. An action of G on'Y over Y is
a data of an action map m : GxgY — Y over Y, and a 2-morphism s : mo (v xid) — mo(id xm)
making the following diagram 2-commutative

GxsGxsV "8 GugY
\L id xm \L m (36)
g xg Y it }A/
The 2-morphism g should satisfy the pentagone axiom. Namely, for any test scheme 7' and
T-points C1,Co,C5 € G, D € Y the diagram commutes

((C1C2)C3)D — (C1(CyC5))D
Lo Lo
(C1C2)(CsD) 5 C1(C2(C3D)) & C1((C2C5)D),
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where the top horizontal arrow is the associativity constraint for the group stack G. We further
should be given a 2-morphism A : mo (i xid) = id making the following diagram 2-commutative

Y Zx—i>d gXSY
N\ id Im

The monhisms 1 and A should be compatible, namely, for a test scheme T and T-points C' €
G,D €Y the diagrams commute

coD) & (co)D oDy & (00)D
Ix PN
CD CD,

where O is the unit object of G, and 7, 7, are parts of data for the group stack G.

A G-torsor over an S-scheme Y is a data of an algebraic stack Y =Y over Y, an action of
G on Y over Y such that two additional conditions hold. First, m x pry : G Xg Y Y Xy Y
should be an isomorphism. Second, after localization in fppf topology in Y there should exist an
isomorphism Y =Y x4 G such that the action map becomes isomorphic to the left translations
on G.

Now let Y and Y’ be two G-torsors over Y. A morphism of such G-torsors is a pair (f,h),
where f : Y — Y’ is a morphism over Y, and h : m o (id xf) = f om is a 2-morphism making
the following diagram 2-commutative
g XS}A/ ld—X)f g XS}A//

Im \L m

Y ER Y’
Besides, p, ¢’ and h should be compatible, namely, for a test scheme T and T-points C1,C5 € G,
D €Y the diagram commutes

(L0 F(D) 5 Ci(Caf (D) B Ci(F(CoD))
In In
F((C1Co)D) ) F(C1(CoD))

Civen two morphisms (f1,h1) and (fa,hs) from Y to Y’, a natural transformation from
(f1, hl) to ( f2,h2) is a 2-morphism ¢ : f; — fo such that ¢ is compatible with the actions of G
onY and Y’ , namely, for a test scheme T and T-points C' € G, D € Y the diagram commutes

CchD) M f(eD)
Lo 1o
C f2(D) J2(CD)
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A.2.2 Now assume that H is a commutative group scheme over S and G is the S-stack B(H),
the classifying stack. Remind that for a morphism of schemes S’ — S, the S’-points of B(H) is
the category of H x g S’-torsors on S’. Then B(H) is a commutative group stack over S.

For this particular G the notion of a G-torsor becomes nothing but a H-gerb over Y. The
definition simplifies considerably as follows ([6], Definition 2.9, p. 49). An H —gerlH over Y is
astack Y - Y together with a 2-morphism p : pry — pry, where pry : H Xg Y — Y is the
projection. It is subject to the following condition. For a scheme T and a T-point D € Y
write Aut D |p for the sheaf of groups on T of automorphisms of D. It is required that for any
S-scheme T the map p: H |p— Aut D |7 is an isomorphism of sheaves of groups on 7' (in fppf
topology).

Given an H-gerb Y — Y, a T-point D € Y yields an isomorphism Y xg T—=B(H) xsT,
then the action map m : B(H) xg (Y xgT) — Y xg T becomes the morphism

B(H) Xs B(H) XgT — B(H) xXgT

sending (F1, F2,t) to (F1 ® Fa,t). Here F; are H-torsors over 7.

Given two H-gerbs Y and Y’ over Y, a morphism of H-gerbs is a 1-morphism f : Y — Y’ such
that for any scheme T', any T-points D € Y, o € H we have f(py (o)) = py.(0). We strengthen
that there is no need to provide in addition a 2-morphism h as in A.2.1 (it is constructed uniquely
out of the other data).

A.3 Assume in addition that G is a group scheme over S, and G acts on an S-scheme Y over
S. The H-gerb Y — Y then gives rise to a group stack G over G defined as follows. For an
S-scheme T' the T-points of G is the category of pairs (g, f), where g € G(T') and

f:g*(Y XsT)/;)/y xgT

is an isomorphism of H-gerbs over Y xg T. A morphism from (g1, f1) to (ge, f2) exists only
under the condition g1 = g» and it is a natural transformation from f; to fs.

The product morphism G x sG — G sends a T-point (91, f1), (92, f2) to the T-point (g1 g2, f),
where f is the composition

GtV xsT) 2 s (V xsT) BY x5 T,

Assume that the element of H*(Y, H) corresponding to Y is stable under G, so that G—Gis
surjective. Assume also the following condition:

(x) For any geometric point s € S any H-torsor on Y Xg s is trivial

Then G is algebraic and fits into an exact sequence of group stacks over k

15 BH)-G—=G—1

%in loc.cit. it is called an abelian H-gerb
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Besides, G acts naturally on }A/', and the projection Y 5 Yis equivariant with respect to the
homomorphism G' — G. The action map G xgY — Y sends a T-point (g, f) € G(T'),D € Y(T)
to p(f~'D), where p is given by the diagram, whose square is cartesian

~ -1 ~ ~
YXST f—) g*(Y ><5T) £> YXST
N il 1
Y xgT % YxgT

A.4 Let G be an algebraic group stack over S. Assume that Y is an algebraic stack over S, and
G acts on Y over S. Assume that for any scheme T and T-points g € G,y € Y the natural map
Autg, (9) — Autf,T (gy) is injective. Here G is the category fibre of G over T', similarly for Y7p.

According to ([10], Section 2.4.4), in this case one might define the stack quotient Y /G, which is
a priori a 2-stack, it turns out to be representable by a 1-stack (we don’t claim anything about
algebraicity of the latter).

Assume that G is smooth of finite type over S. Let K be an f-adic perverse sheaf on Y (here
¢ is invertible on S). Say that K is G-equivariant if we are given an isomorphism

&:m"K= prs K
of shifted perverse sheaves for the maps m,pry : G Xg Y — Y, where m is the action map. It

is subject to the following conditions (in the notation of A.2.1). The diagram of morphisms (of
shifted perverse sheaves on G xg G xgY') induced by (B86) should be commutative

) -
(v xid)*m*K (VX%) ¢ pri K —  pryspro K
1w Tprss €

d ) -
(id xm)*m*K (dxm)e (idxm)*prs K = prism*K

This means that for a scheme T and T-points C7,Cy € G, D € Y the diagram commutes

3
Kc,co)p — Kb
4w te¢
3
Kec,c,py = Kop

where K with a subscript denotes the corresponding *-restriction.
We used the following. Given two stacks Y, Z and an f-adic complex K on ), the inverse
image of K is a functor

{category of 1-morphisms Z — Y} — {the derived category of ¢ — adic sheaves on Z}

Further, for any T-point D € Y, writing O for the unit section of G, the diagram of f-adic
complexes on 1" should commute
Kop % Kp

Nee
Kp
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APPENDIX B. COMPARISON WITH THE LOCAL FIELD CASE

B.1 In this section we show that the Weil representation considered in Section 2 is obtained by
some reduction from the Weil representation over the non archimedian local field of characteristic
zero (and residual characteristic two).

Let F' be a finite unramified extension of Qo, @ C F' be the ring of integers and k be the
residue field of O. Set R = O0/40, so R is the ring of Witt vectors of length two over k. Let ¢
be the number of elements of k.

Let W be a F-vector space of dimension 2n with symplectic form (.,.) : W x W — F. Write
H(W) for the Heisenberg group W x F with operation

(w1, 21)(wa, 22) = (w1 + wa, 21 + 22 + %(wl,ua))
The symbol x will refer to the above product.

As above, [ # 2. Fix an additive character yo : Q2 — Q’g whose conductor is Zy. Assume
that the restriction g : %Zg /Lo — @z is the character ¢ : Z/47 — @zﬁ we fixed in Section 1.
Let x : ' — Q} be given by x(z) = xo(tr z), here tr : ' — Qg is the trace.

A subgroup in A C W is closed iff ZoA C A (cf. [20], p.32). For a closed subgroup A C W
let At = {w e W | (w,a) € O forall a € A}. Say that a O-lattice M C W is a symplectic
lattice iff M+ = M.

For a closed subgroup A C W with At = Alet A= AXF C H(W), this is a subgroup. The
group AX (%(9 /O) is abelian. The whole difficulty comes from the fact that there are no natural
way to extend the character y from F' to A.

Let M C W be a symplectic lattice. Consider the group (M/2M)x(30/0), it is abelian
(and naturally has a structure of a commutative unipotent algebraic group over k). Let ¢ :
M/2M — $0/O be a quadratic form such that

(m1, mz)

P(m1 +ma) — ¢(m1) — d(ma) =

N =

for all m; € M/2M. Tt yields a splitting of the exact sequence of abelian groups
1 -1
0— 5(9/(9 — (M/2M)><(§(’)/(’)) — M/2M — 0
given by m ~ (m,$(m)). Once such ¢ is chosen, we get a unique character x, : M — Q

extending x. Namely, for (m, z) € M xF we set x4(m,z) = x(¢(m) + 2).
Then we get a model of the Weil representation of H (W)

Hurg ={f : HW) — Q¢ | f(wh) = x4(w)f(h),w € M;
there is an open subgroup M; C W such that f(h(w,0)) = f(h),w € My,h € HW)}
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Let G(F') = Sp(W)(F') and G(O) be the stabilizor of M in G(F'). The group G(F') acts
on H(W) by automorphisms, namely g € G(F) sends (w, z) to (gw,z). Write p : HW) —
Aut(Hr,4) for the action by right translations. The model H ;4 yields the metaplectic extension

1-Q = G(F)— G(F) — 1, (37)
where
G(F) ={(9:€) | g € G(F),& € Aut(Har); p(gh) 0 & =E o p(h), for h € HW)}

Let G4(O) be the group of those g € G(O) whose image in Sp(AM/2M) preserves ¢. Then
for all g € G4(O),h € M we have x4(gh) = xs(h). It follows that G4(O) acts on Hyy 4, namely
g € Gy(O) sends f € Hyr g to gf given by (gf)(h) = f(g~*h), h € H(W). This is a splitting of
1) over G4(O).

The space H pz, has a distinguished vector vy, which is extension by zero under M < H (W)
of the function x4 : M — Q. It also has a distinguished linear functional ey : H Mo — Qy
sending f to f(0).

Remark 11. For any ¢ as above there is a lattice 2M C N C M such that N/2M C M/2M is
a lagrangian, and ¢ vanishes identically on N/2M.

B.2 If M; C W is a O-lattice such that M; C Mj- then we get the induced symplectic form (., .)
on Mj-/M; with values in F/O. If moreover, M; C M C Mj- then M/Mj is a lagrangian in
Mi- /M.

Lemma 22. Let My C M be a O-lattice. The space H%1¢ =A{f € Hug | f(R(w,0)) =
f(h), for allw € My} is as follows.

1) If ¢ vanishes on My /(My +2M) C M/2M then ’H%lqb identifies (via extension by zero) with
the space

{f: Mi-xF — Q¢ | f(wh) = x(w)f(h),w € M}

The latter space is

{f: M- = Q| f(w+y) = x(pw) + %<y,w>)f(y), for allw € M,y € Mi"}
2) We have ’H%#’ =0.

Proof 1) Assume that f € H%1¢ does not vanish on (w,0) € H(W). Then for any m; € M;
we have f(w,0) = f((w,0)(m1,0)) = f((m1, (w,m1))(w,0)) = x(p(m1) + (w,m1)) f((w,0)). So,
for any m; € M; we have x(¢(m1) + (w,m1)) = 1.

2) is easy. O

Let 2M C N C M be a O-lattice such that N/2M C M/2M is lagrangian, and ¢ vanishes
on N/2M. Note that N+ = %N and dimg, ’H%(ﬁ = ¢". The action of N*XF on Har,e preserves
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the ~subspace Hj\v/l,df The symplectic form (.,.) : N L x Nt > %(’) is non degenerate, and
NLX%(’) C N1 XF is a subgroup. Besides,

NiOCNLiiO

is a normal subgroup, and the quotient will be denoted H(N=/N), it acts naturally on ”Hﬁ &
We have an exact sequence of groups

1— %0/0 — H(N‘t/N) - N+/N =1

Its push-forward under i(’)/ O — i(’)/ %(’) admits a splitting. Let ]\jJ N~ be the image of M >~<%O
in H(N+/N). Then X yields a character still denoted x4 : My — Qj, and ’HJ]\V/[ " identifies with
the representation of H(N+/N) in

{f: H(N*/N) = Q¢ | f(wh) = xg(w)f(h), for allw € My, h € H(N*/N)} (38)

acting in the latter space by right translations. In this way ’Hﬁ & becomes the Schrodinger

model of the oscillator representation of H(N~/N) for the enhanced lagrangian M/N C N+ /N.
The enhanced structure 7 : M/N — H(N*/N) is as follows. First, we have a natural surjective
homomorphism

5 Nli(iO/O) s H(NY/N),

then for m € M we have 7(m mod N) = d(m, —¢(m)).

Now let Gy C G(F) be the stabilizor of N. Let Gy be its preimage in G(F). Since Gy
preserves N x {0} € H(W), it follows that Gy acting on H 4 preserves Hf\v/[ - The group Gy
acts naturally on N li%@, and the action of G on H(N*/N) factors through an action of
Sp(N+/2N). Set V = N+/N and V = N+ /2N.

One gets the ‘finite’ metaplectic extension 1 — @Z — éf/ — Sp(V) — 1, where

Gy ={(9,%) | 9 €Sp(V), &0 € Aut(H] 4); polgh) o &o = &o 0 po(h), for h € H(N*/N)}

Here pg is the action of H(N+/N) by right translations in (38]), and & is an automorphism of
the corresponding Qg-vector space.

Let G 1 be the kernel of Gy — Sp(f/). Then Gn,1 C G(O), and the composition Gy, —
Gy(0) — G(F) realizes G N,1 as a normal subgroup in G . This normal subgroup acts trivially
on H(N*/N), hence a morphism of exact sequences

1—- Q — Gy — Sp(V) —1
Tid 0 0

1- Q — Gy — Gy —1

yielding an isomorphism (Gy)/Gn1— éf,.
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