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Synopsis

We study the rheological behavior of suspensions of noncolloidal spheres in yield stress
fluids (concentrated emulsions). These are good model systems for understanding, e.g., the
rheology of fresh concrete or debris flows, and more generally the behavior of particles dis-
persed in any nonlinear material. We use magnetic resonance imaging (MRI) techniques
to investigate the flows of these yield stress suspensions in a concentric-cylinder Couette
geometry. We extend the theoretical approach of Chateau et al. (2008), valid for isotropic
suspensions, to describe suspensions in simple shear flows, in which an anisotropic spatial
distribution of particles is induced by flow. Theory and experiments show that the sus-
pensions can be modeled by a Herschel-Bulkley behavior of same index as their interstitial
fluid. We characterize the increase of their consistency and their yield stress with the particle
volume fraction φ in the 0-50% range. We observe a good agreement between the experi-
mental variations of the consistency with φ and the theoretical prediction. This shows that
the average apparent viscosity of the sheared interstitial material is correctly estimated and
taken into account. We also observe shear-induced migration with similar properties as in a
Newtonian fluid, which we predict theoretically, suggesting that particle normal stresses are
proportional to the shear stress. However, the yield stress at flow stoppage increases much
less than predicted. We also show that new features emerge in the rheology of the yield
stress fluid when adding particles. We predict and observe the emergence of a nonzero nor-
mal stress difference at the yielding transition. We observe that the yield stress at flow start
can differ from the yield stress at flow stoppage, and depends on flow history. It is likely a
signature of a shear-dependent microstructure, due to the nonlinear behavior of the intersti-
tial fluid, which makes these materials different from suspensions in Newtonian media. This
is confirmed by direct characterization of shear-rate-dependent pair distribution functions
using X-ray microtomography. This last observation explains why the theory predictions
for the consistency can be correct while failing to model the yield stress at flow stoppage:
a unique microstructure was indeed assumed as a first approximation. More sophisticated
theories accounting for a shear-dependent microstructure are thus needed.
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I Introduction

Dense suspensions involved in industrial processes (concrete casting, drilling muds, foodstuff
transport...) and natural phenomena (debris-flows, lava flows...) are usually very polydisperse
systems. Many of these systems are yield stress fluids, in which the yield stress primarily arises
from the colloidal forces between the smallest suspended particles1 (Mewis and Wagner, 2012).
When scale separation is possible between these last particles and the largest – noncolloidal
– particles in suspension, these materials can be considered in a first step as suspensions of
noncolloidal particles embedded in a yield stress fluid [e.g. fresh concrete ≈ sand and granulate
in cement paste (Geiker et al., 2002; Erdogan, 2005; Toutou and Roussel, 1996; Joumana et al.,
2008; Mahaut et al., 2008b); debris-flows ≈ rocks in mud (Coussot, 1997; Ancey and Jorrot,
2001)]. Substantial progress in the understanding of the behavior of such materials can thus be
made by studying the impact of adding noncolloidal particles to a yield stress fluid of known

1We do not consider here the case of frictional materials.
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properties (Mahaut et al., 2008a; Chateau et al., 2008; Vu et al., 2010). From a more fundamental
point of view, these systems, viewed as rigid inclusions in a nonlinear material, may provide
crucial tests for micromechanical approaches developed to describe the behavior of composite
materials. Model materials with a simple behavior (e.g., close to the ideal elastoplastic behavior)
can indeed be designed experimentally (Mahaut et al., 2008a).

Most studies of suspensions of noncolloidal particles have focused on the case of a Newtonian
suspending fluid (Stickel and Powell, 2005; Denn and Morris, 2014). Similar to the interstitial
fluid, such suspensions have a viscous behavior. Their shear viscosity η(φ) is an increasing
function of the particle volume fraction φ that diverges at the approach of the maximum flowing
packing fraction φdiv. This divergence comes from the divergence of the local shear rate and
thus of viscous dissipation in the interstices between the particles, which get infinitely small as
φ approaches φdiv (Frankel and Acrivos, 1967). For an interstitial fluid of viscosity η(0), the
experimental results are usually well fitted to the phenomenological Krieger-Dougherty law

η(φ) = η(0) (1 − φ/φdiv)
−2.5φdiv (1)

consistent with the theoretical value in the dilute limit η(φ) = η(0) (1+ 2.5φ). The value of φdiv

depends on the particle shape and on the polydispersity (Vu et al., 2010). Even for monodisperse
spheres, there is no consensus on its value (e.g. Boyer et al. (2011b) find 58% whereas Ovarlez et
al. (2006) find 60.5%) which may indicate strong dependence on the details of particle interaction
at close distance (Sierou and Brady, 2002).

Suspensions in Newtonian fluids also exhibit non-Newtonian behavior, in particular normal
stress differences (Zarraga et al., 2000; Boyer et al., 2011a; Couturier et al., 2011; Dbouk et al.,
2013; Dai et al., 2013) proportional to the shear rate, which become significant at high shear
rates. The γ̇ dependence of normal stresses originates from hydrodynamic interactions, whereas
the emergence of normal stress differences may be related to a shear-induced anisotropy of the
microstructure (the particle spatial distribution) (Parsi and Gadala-Maria, 1987; Morris, 2009;
Blanc et al., 2013) that is generated by hard sphere repulsions (Brady and Morris, 1997; Blanc
et al., 2011a). At a macroscopic scale, these materials are often found to develop volume fraction
inhomogeneities (Abbott et al., 1991; Phillips et al., 1992; Tetlow et al., 1998; Shapley et al.,
2004; Ovarlez et al., 2006; Altobelli et al., 1991, 1997). E.g., in wide-gap concentric-cylinder
Couette flows, particles migrate from the inner to the outer cylinder. Migration is related
to shear-induced diffusion (Leighton and Acrivos, 1987a; Acrivos, 1995) in the Leighton and
Acrivos (1987b) and Phillips et al. (1992) model: gradients in shear rate generate a particle flux
towards the low shear zones (i.e. the outer cylinder in the case of the concentric-cylinder Couette
geometry), which is counterbalanced by a particle flux due to viscosity gradients. Steady state
is then characterized by an excess of particles in the low shear zones of the flow geometry.
There are other models (Nott and Brady, 1994; Mills and Snabre, 1995; Lhuillier, 2009; Nott
et al., 2011) in which particle fluxes counterbalance the gradients in particle normal stresses.
Although migration is usually slow at low concentration, it can be very rapid and unavoidable
at the approach of φdiv (Ovarlez et al., 2006; Fall et al., 2010, 2015); this poses experimental
problems, since the determination of rheological properties with classical (macroscopic) means
of investigation requires that the material is homogeneous (Ovarlez et al., 2006).

Noncolloidal particles suspended in yield stress fluids have been the subject of few studies
and less is known about their behavior. Moreover, Mahaut et al. (2008a) have shown that
the few existing experimental studies do not provide consistent results. Since previous studies
have focused on specific materials [generally in link with applications, e.g., particles in a clay
dispersion (Coussot, 1997; Ancey and Jorrot, 2001), a cement paste (Geiker et al., 2002), or
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coal slurries (Sengun and Probstein, 1989a,b)], discrepancy between the results may originate
from physicochemical interactions between the specific particles and suspending fluid used in
each of theses studies. A first problem one has to face when studying these systems is thus the
design of model systems that can be described theoretically as rigid particles in a yield stress
fluid interacting only through hydrodynamical interactions mediated by the fluid viewed as a
continuum. Mahaut et al. (2008a) showed that, provided scale separation is ensured between
the particles and the suspending fluid microstructure, and that special care is taken to avoid
physicochemical interactions and experimental artefacts, such model materials can indeed be
designed and characterized. They have studied the elastoplastic behavior of several suspensions
(monodisperse glass or polystyrene beads suspended in concentrated emulsions, Carbopol gels or
bentonite suspensions) and found similar rheological behaviors in all systems, thus showing the
generic nature of the observed behavior. The results, obtained on model systems, have also been
shown to be applicable to more complex systems such as model mortars made of rigid spherical
particles in cement pastes (Mahaut et al., 2008b). A major result is that the dimensionless
elastic modulus G′(φ)/G′(0) and the dimensionless yield stress τy(φ)/τy(0) of these systems are
related through a simple relationship with no fitting parameter, derived by Chateau et al. (2008)
using a micromechanical approach, thus leading to a simple theoretical expression for τy(φ) in
agreement with experimental data (more details are given in Sec. II). It thus seems sufficient
to characterize only one rheological property of these materials (the elastic modulus) to predict
the value of the other one (the yield stress).

The generic viscoplastic properties of such model systems have not been studied experi-
mentally. As for the yield stress, they could be expected to be described by an equation with
no fitting parameter once the elastic modulus is known (Chateau et al., 2008), provided the
microstructure is not significantly changed by the flow. However, the spatial distribution of par-
ticles is known to depend on flow history in suspensions (an anisotropic distribution is induced
by shear), which has an impact on their properties (Morris, 2009; Blanc et al., 2011b, 2013).
Since the Chateau et al. (2008) and Mahaut et al. (2008a) works have dealt with isotropic
suspensions only, there is thus first a need to extend the theoretical approach to the case of
sheared (thus, likely anisotropic) suspensions, and to characterize the material shear-dependent
microstructure. We emphasize that, by contrast with a Newtonian interstitial fluid, the particle
distribution in space can now be expected to depend on the shear rate due to the nonlinear
behavior of the interstitial fluid.

When dealing with the flow properties of a suspension of noncolloidal particles, an exper-
imental difficulty may occur: shear-induced migration. As far as we know, migration in yield
stress fluids has not been studied in the literature and remains to be investigated. In rheological
studies, it is usually considered as an artefact that has to be avoided when possible. As it may
not always be avoided, in particular at high particle volume fractions, one has to find a way to
take it into account; a possible way consists in measuring the local velocity and volume fraction
fields (e.g., with rheo-NMR methods [Callaghan (1999)]) and in using this information to infer
the rheological properties values as a function of the locally measured volume fraction (Ovarlez
et al., 2006).

In this paper, we investigate the flow behavior of suspensions of particles in yield stress fluids.
Following Mahaut et al. (2008a), we use polystyrene beads in a concentrated emulsion as a model
system. Flows are studied with the use of a rheometer inserted in a magnetic resonance imager
which allows the measurement of velocity and volume fraction fields, and accounting for shear-
induced migration when determining the rheological behavior of the suspensions. We also use a
rheometer coupled to a X-ray microtomograph to characterize the suspensions’ microstructure.

In Sec. II, we discuss the theoretical behavior of suspensions of rigid particles in linear and

4



nonlinear media; we extend the theoretical approach of Chateau et al. (2008) to describe suspen-
sions in simple shear flows, which are anisotropic. In Sec. III, we present the model system used
in this work, the experimental setups and the methods. The experimental results are presented
in Sec. IV: we study the evolution of the flow properties with the particle volume fraction,
and we discuss the emergence of flow inhomogeneities and of a shear-dependent microstructure;
throughout this part, we compare the experimental results and the theoretical predictions.

II Theory

In this section, we follow the same steps as Chateau et al. (2008) to obtain theoretical estimates
for the viscoplastic properties of suspensions of spherical particles in yield stress fluids. The
estimates derived in this previous work are theoretically valid for isotropic suspensions only.
They were validated on such model materials (Mahaut et al., 2008a), which was possible only
for properties at rest (elastic modulus) and at flow start (static yield stress). To deal with
steady-state flow properties, we must investigate the case of anisotropic materials, since sheared
suspensions are known to develop an anisotropic microstructure (anisotropic particle spatial
distribution [Morris (2009); Blanc et al. (2013)]), the signature of which are normal stress differ-
ences in simple shear flows (Zarraga et al., 2000; Morris, 2009). In the following, we show that
the same approach can be conducted as in Chateau et al. (2008) for an anisotropic suspension,
but only in the case of a simple shear flow, and for an isotropic interstitial material. This allows
us in particular to derive expressions for normal stress differences and to propose predictions for
the steady state volume fraction profiles in a concentric-cylinder Couette geometry.

In the following, the stress tensor is denoted σij , the deviatoric stress tensor is denoted τij,
the strain tensor is denoted εij , and the strain rate tensor is denoted dij . The shear stress is

τ =
√

1
2τijτij , the shear strain is γ =

√

2εijεij and the shear rate is γ̇ =
√

2dijdij . In the case of

a simple shear flow, the flow is described only by γ and γ̇, the stress is described by τ and by
two normal stress differences N1 = σ11 − σ22 = τ11− τ22 and N2 = σ22− σ33 = τ22− τ33; indexes
1, 2, and 3, correspond, respectively, to the velocity direction, to the velocity gradient direction,
and to the vorticity direction.

We consider monodisperse2 rigid particles of diameter d dispersed in a fluid at a volume
fraction φ. Our approach describes the general case of a nonlinear suspending fluid (which
includes yield stress fluids). As will be discussed in the following, the theoretical approach
works strictly for an isotropic suspending fluid only. We thus assume that it can be described
by a generalized Newtonian behavior

τij = 2η(γ̇)dij (2)

i.e., τ = η(γ̇)γ̇ in a simple shear flow, where η(γ̇) is the shear-rate-dependent apparent viscosity
of the material. In the case of a suspending yield stress fluid, we will consider that the material
flow behavior is described by the Herschel-Bulkley behavior for applied shear stresses τ above a
yield stress τy(0) (which correspond to a von Mises criterion):

τij = 2
τy(0) + η

HB
(0)γ̇n(0)

γ̇
dij when τ ≥ τy(0) (3)

where η
HB

(0) is the consistency, and n(0) the index; in simple shear, this yields:

τ = τy(0) + η
HB

(0)γ̇n(0) when τ ≥ τy(0) (4)

2Some aspects of the linear and nonlinear behavior of polydisperse suspensions are discussed in Vu et al. (2010).
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This corresponds to the behavior described by Eq. 2 with η(γ̇) = (τy(0) + η
HB

(0)γ̇n(0))/γ̇.

A Homogenization approach

In order to predict the behavior of a composite material such as a suspension, one usually
computes the stresses at the particle scale, which requires the evaluation of the local strain rate
field d local

ij (~x) in the fluid around the particles when a homogeneous strain rate dij is applied to
the suspension; here ~x denote the 3D position vector in the suspension. Instead of trying to infer
all properties from the (difficult) computation of d local

ij (~x), the method used by Chateau et al.

(2008) consists, first, in assuming that the overall properties of the suspension can be accurately
estimated from an average estimate ¯̇γ local of the local shear rate γ̇ local(~x) over the suspending
fluid domain, second, in using one of the material properties determined experimentally to
estimate the value of ¯̇γ local, and finally, in using this last value to predict the other properties.
These various steps are described more precisely in the subsections below.

1 Choice of a local strain rate estimate

It is shown in Chateau et al. (2008) that accurate estimates of the overall properties of the
suspension are obtained by using

¯̇γ local(φ) =
√

< γ̇2local(~x) > (5)

as the local strain rate estimate in the interstitial material. Here, < A > denotes the average of
A over the suspending fluid domain. This nontrivial choice is not arbitrary and is an essential
step in the derivation of the suspension behavior. Indeed, as discussed in Chateau et al. (2008),
this choice has been shown to be optimal in the framework of a variational approach to the
solution of the nonlinear homogenization problem under consideration. A simpler and a priori

more natural choice would have been to use ¯̇γ local(φ) =< γ̇ local(~x) >= γ̇/(1 − φ), but Suquet
(1997) has shown that estimates of the overall properties of the heterogeneous material obtained
using this effective liquid strain rate are less accurate than those obtained using Eq. 5. It should
be noted that the fact that Eq. 5 is an optimal choice has been shown theoretically for isotropic
composite materials; in the absence of such a result for anisotropic materials, we will consider in
the following that this remains the best possible estimate of the local strain rate in the interstitial
fluid in anisotropic suspensions.

2 Computation of the local strain rate estimate

The second step consists in assuming that, for a given microstructure for the suspension, the
solution of the linear problem is known, and to use this information to compute ¯̇γ local(φ). The
linear problem is the estimation of the overall properties of a dispersion of particles in a Hookean
material, or, equivalently, of a suspension of particles in a Newtonian material.

For a suspension of particles in a Newtonian fluid of viscosity η(0) in a simple shear flow of
shear rate γ̇, the suspension is a priori characterized by stress components that vary linearly
with γ̇:

τ = g(φ) η(0)γ̇ (6)

N1 = h1(φ) η(0)γ̇ =
h1(φ)

g(φ)
τ (7)

N2 = h2(φ) η(0)γ̇ =
h2(φ)

g(φ)
τ =

h2(φ)

h1(φ)
N1 (8)
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The functions g(φ), h1(φ), and h2(φ), depend on the microstructure. They are known for
isotropic suspensions: in this case, h1(φ) = h2(φ) = 0, and g(φ) is the so-called dimensionless
high frequency dynamic viscosity (Sierou and Brady, 2002); g(φ) for isotropic suspensions has
also been characterized experimentally by Mahaut et al. (2008a). For a steadily sheared sus-
pension, data for g(φ), h1(φ), and h2(φ) can also be found in the literature (Boyer et al., 2011b;
Dbouk et al., 2013; Dai et al., 2013; Denn and Morris, 2014); in this last case, the (anisotropic)
suspension microstructure is fixed by shear.

One can a priori imagine any microstructure for the suspension: the ‘instantaneous’ behav-
ior of the suspension would then be characterized by different functions g(φ), h1(φ), and h2(φ),
which could be measured by applying infinitesimal nonperturbative oscillations to the material.
The multiplicity of possible g(φ), h1(φ), and h2(φ) values is seen, e.g., in shear reversal exper-
iments where suspensions see their microstructure changing continuously (Blanc et al., 2013)
together with their macroscopic properties (Narumi et al., 2002; Blanc et al., 2011b). At this
stage, we will make no hypothesis on their value for the considered suspensions; we simply note
that g(φ), h1(φ), and h2(φ) bear some information on the suspension microstructure that can be
used to predict the behavior of suspensions of particles in non-Newtonian fluids with the same
microstructure.

With this knowledge, the local strain rate estimate ¯̇γ local(φ) in a suspension of given mi-
crostructure can be computed in some cases by matching the density of energy e dissipated at
the macroscopic scale in the suspension in a Newtonian fluid, and that dissipated at the local
scale in the Newtonian interstitial fluid, e local. It is thus assumed here that there is negligible
dissipation from particle direct contacts (sliding friction or collisions). It seems to be a reason-
able assumption for particle volume fractions φ . 0.4; at larger volume fraction, one has to be
cautious since, as shown by Gallier et al. (2014), contact forces provide the main contribution
to the suspension shear stress; with a nonzero interparticle coefficient of friction, there is thus
likely non-negligible frictional dissipation. In dense suspensions, close to jamming, the presented
approach can thus probably not be conducted as is.

The density of energy dissipated at the local scale in the interstitial fluid, e local, is

e local = (1− φ) < τ local
ij (~x) d local

ij (~x) > = (1− φ) < η(0)γ̇2local(~x) > (9)

= (1− φ)η(0)¯̇γ2local(φ) (10)

This quantity is here computed easily due to the fact that the interstitial material has an
isotropic behavior (Newtonian), which is thus an important assumption. For a linear anisotropic
interstitial fluid, due to the complexity of the strain rate field in the interstitial fluid, τ local

ij d local
ij

would not be simply proportional to γ̇2local but would be also a function of another invariant of
the strain rate tensor.

The density of energy e dissipated at the macroscopic scale can also be computed as a
function of γ̇ only, in two situations: (i) for an isotropic suspension, in which case τijdij =
2η(0) g(φ) dijdij = η(0) g(φ) γ̇2 for any prescribed strain rate dij ; (ii) for an anisotropic suspension
in a simple shear flow only, in which case normal stress differences do not produce any mechanical
work, and τijdij = η(0) g(φ) γ̇2 is independent of h1(φ) and h2(φ). In both cases, we finally get

e = η(0) g(φ) γ̇2 (11)

By matching the density of energy dissipated at the macroscopic scale, and its microscopic
origin, that is, the density of energy dissipated in the interstitial fluid, we finally obtain a simple
relationship between the macroscopic shear rate γ̇ and the estimate of the local strain rate:

¯̇γ local(φ) = γ̇
√

g(φ)/(1 − φ) (12)
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All the useful information on the material microstructure and on the way the material is sheared
locally is thus supposed to be encoded in g(φ).

3 From linear to nonlinear properties

The next step consists in using the information obtained on ¯̇γ local to predict the value of the non-
linear properties. Chateau et al. (2008) have linearized the suspending fluid behavior (Eq. 2) at
each prescribed macroscopic shear rate γ̇, and have used Eq. 5 to estimate its apparent viscosity
which is thus η(¯̇γlocal). Using Eq. 12, the suspending fluid apparent viscosity is then estimated as
η
(

γ̇
√

g(φ)/(1 − φ)
)

, which is used to predict the behavior of the linearized suspension behavior
associated to a shear rate γ̇.

Two situations shall then be distinguished, as above. For an isotropic suspension, the macro-
scopic apparent viscosity is simply g(φ) times the suspending fluid apparent viscosity, and the
full tensorial behavior of the suspension can be estimated as:

τij = 2 η
(

γ̇
√

g(φ)/(1 − φ)
)

g(φ) dij (13)

For an anisotropic suspension, the behavior in simple shear can be estimated as

τ = g(φ) η
(

γ̇
√

g(φ)/(1 − φ)
)

γ̇ (14)

N1 = h1(φ) η
(

γ̇
√

g(φ)/(1 − φ)
)

γ̇ (15)

N2 = h2(φ) η
(

γ̇
√

g(φ)/(1 − φ)
)

γ̇ (16)

Within this approach, the ratios of shear to normal stresses remain naturally unchanged
when changing the suspending fluid, which comes from their independence on the interstitial
fluid viscosity, i.e.:

N1 =
h1(φ)

g(φ)
τ and N2 =

h2(φ)

g(φ)
τ =

h2(φ)

h1(φ)
N1 (17)

This will be shown to have important consequences when modeling migration in Sec. IIC.
An important assumption that has been made above is that the same functions g(φ), h1(φ)

and h2(φ) can be used to estimate the linearized suspension characteristics independently of γ̇. In
other words, it is assumed that the microstructure does not vary significantly with γ̇. Although
it has no reason to be true for nonlinear suspending fluids, this has been somehow validated for
particles in power-law fluids by Liard et al. (2014), who have shown that distributions of shear
rates in the interstitial fluid are similar for power-law and Newtonian interstitial fluids. One has
to keep in mind, however, that this might not be true for other complex fluids, as will be shown
below for the yield stress fluids we study (see Sec. IVC); changes in the microstructure as a
function of the shear rate specific to nonlinear interstitial fluids might then have a significant
impact on the value of the rheological properties. Nevertheless, even in such cases, it is possible
to use the above estimates in ranges of shear rates characterized by a similar microstructure;
different g(φ), h1(φ), and h2(φ) functions shall then be used in these different ranges.

4 Application to yield stress fluids

In the case of a suspending fluid described by a Herschel-Bulkley behavior (Eq. 3), for both
isotropic and anisotropic suspensions, the shear stress τ in the suspension is found to be:

τ =
√

(

1− φ
)

g(φ)

[

τy(0) + η
HB

(0)

(

g(φ)

1− φ

)n(0)/2

γ̇n(0)

]

(18)

= τy(φ) + η
HB

(φ)γ̇n(φ) (19)
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It is then first seen that

n(φ) = n(0) (20)

i.e., the suspension shear stress is that of a Herschel-Bulkley material of same index n ≡ n(0)
as the interstitial fluid3. The dimensionless yield stress is

τy(φ)/τy(0) =
√

(1− φ)g(φ) (21)

and the dimensionless consistency is

η
HB

(φ)/η
HB

(0) =
√

(g(φ))n+1 (1− φ)1−n (22)

which can also be rewritten as

η
HB

(φ)/η
HB

(0) = (τy(φ)/τy(0))
n+1 (1− φ)−n (23)

It is worth noting that, within this approach, the knowledge of a single mechanical property
is sufficient to help predicting the value of all other properties. Eq. 23 shows in particular that
the validity of the homogenization approach can be tested without the knowledge of the linear
properties of the material.

For an isotropic suspension, the material tensorial behavior is an isotropic Herschel-Bulkley
behavior (Eq. 3) of index n, and yield stress and consistency given by Eqs. 21 and 22. For an
anisotropic suspension in simple shear, the shear stress is given by Eq. 18, and the material is
also predicted to be characterized by normal stress differences

N1 = h1(φ)
τy(0) + η

HB
(0)¯̇γ local(φ)

n

¯̇γ local(φ)
γ̇ (24)

=
h1(φ)

√

g(φ)/(1 − φ)

[

τy(0) + η
HB

(0)
(

g(φ)/(1 − φ)
)n/2

γ̇n
]

(25)

and

N2 =
h2(φ)

√

g(φ)/(1 − φ)

[

τy(0) + η
HB

(0)
(

g(φ)/(1 − φ)
)n/2

γ̇n
]

(26)

It is predicted in particular that these suspensions exhibit ‘yield normal stress differences’.

5 Domain of validity

It is worth reminding the main assumptions made in all the above derivations, in order to better
understand the domain of validity of the developed equations:

• Eq. 5 has been chosen as a local strain rate estimate. It has been shown to be an optimal
choice for isotropic suspensions only. The same results remains to be shown rigorously for
anisotropic suspensions.

• The interstitial fluid has been assumed to have an isotropic behavior. This assumption is
necessary to compute the suspension stresses by using Eqs. 6, 7, and 8 when linearizing
the fluid and suspension behaviors. It is also used when calculating the density of energy
dissipated in the complex flow at the local scale (Eqs. 9 and 10) to compute the local
strain rate estimate. In the absence of baseline results for suspensions of particles in linear
anisotropic fluids, the case of a nonlinear anisotropic interstitial fluid cannot yet be treated
with the same approach.

3For simplicity, we will use n to denote the index of both the suspending fluid and the suspension in the sequel.
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• In computing the energy dissipated at the local scale, it was also assumed that there is
negligible dissipation from particle direct contacts (sliding friction or collision). A con-
sequence is that the presented approach may not work at high volume fraction. A finer
micromechanical description of the suspensions would probably be necessary to describe
cases where interparticle dissipation is not negligible.

• The case of anisotropic suspensions has been handled here only in the case of simple shear
flows. In this case, normal stresses do not produce any mechanical work, which makes it
possible to derive equations depending on a single function (g(φ)). It would a priori be
possible to develop the same approach for other flows, provided the behavior of suspensions
in Newtonian fluids is well known for these flows; this would, however, probably yield more
complex and less tractable expressions.

• It should also be noted that our prediction for τy(φ) concerns the limit shear stress of
the material in simple shear, and not its ‘true’ yield stress (as would be defined from a
yield criterion based on the full stress tensor). Indeed, the yield criterion of the suspension
should probably take into account its normal stress differences (which are different from
zero at γ̇ = 0); this might have important consequences on the flow properties of the
material at the solid/liquid transition (Cheddadi et al., 2012). Building a 3D yield criterion
for yield stress suspensions remains a challenging question.

• g(φ) has been assumed to be uniquely defined for anisotropic suspensions, independently
of the fluid and of γ̇, which seems to be a good approximation for power-law fluids (Liard et

al., 2014). This is useful to get simple equations such as Eq. 23 and to derive all quantities
from the sole knowledge of g(φ); this is useful also because g(φ) is well characterized
for sheared viscous suspensions, which allows deriving phenomenological expressions for
nonlinear interstitial fluids (see Sec. II B). γ̇-dependent g(φ) can nevertheless be handled
in Eqs. 14, 15, and 16. Their determination remains however challenging.

B Phenomenological expressions

For both isotropic and anisotropic suspensions, the development of phenomenological expressions
for the yield stress and the consistency relies on the existence of phenomenological expressions
for the linear response g(φ). The yield stress fluids we study have a linear elastic behavior below
their yield stress: τij = G′(0)γij when τ < τy. The best way to get g(φ) thus seems to determine
it directly on the materials we study as g(φ) = G′(φ)/G′(0), G′(φ) being the elastic modulus
of the suspension at particle volume fraction φ. g(φ) can also a priori be obtained from the
response of any suspension of particles in a linear (Hookean or Newtonian) material with the
same structure as the studied yield stress suspension.

From now, we will distinguish giso(φ) and ganiso(φ) for, respectively, isotropic and anisotropic
suspensions.

1 Isotropic suspensions

Mahaut et al. (2008a) have measured both the elastic modulus (Fig. 1a) and the yield stress
(Fig. 1b) of isotropic suspensions of particles in yield stress fluids; measuring their consistency
is not possible as the isotropic structure is destroyed by flow. The dimensionless elastic modulus
of the suspensions is found to be well fitted to the Krieger-Dougherty equation up to φ = 50%
(see Fig. 1a), as classically found for the dimensionless viscosity of suspensions in Newtonian
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Figure 1: Dimensionless elastic modulus G′(φ)/G′(0) (a) and dimensionless static yield stress
τy(φ)/τy(0) (b) measured in isotropic suspensions of monodisperse spherical particles in yield
stress fluids by Mahaut et al. (2008a) (data are averages over 13 different suspensions). The line
in Fig. 1a is a Krieger-Dougherty equation (Eq. 27), the line in Fig. 1b is the equation derived
by Chateau et al. (2008) (Eq. 28).

fluids [this is due to the similarity of the elastic and viscous problems (Torquato, 2002)]:

giso(φ) = G′(φ)/G′(0) = (1− φ/φdiv)
−2.5φdiv with φdiv = 0.57 (27)

Combining Eqs. 21 and 27 then yields a simple phenomenological law for the yield stress:

τy(φ)/τy(0) =
√

(1− φ) (1 − φ/φdiv)−2.5φdiv with φdiv = 0.57 (28)

This expression is in very good agreement with the observations of Mahaut et al. (2008a,b) for
the static yield stress of isotropic yield stress suspensions, for φ ≤ 50% (Fig. 1b). This validates
Eqs. 12 and 21, and shows that the yield stress of these suspensions can be derived from the
sole knowledge of their elastic modulus.

2 Anisotropic suspensions

In principle, we could use the same approach as above to determine directly ganiso(φ) on the
studied suspensions from the measurement of the suspension elastic modulus after flow cessation
or by using parallel superposition (Vermant et al., 1998). This cannot be done easily, however,
at volume fractions φ & 40%, due to volume fraction inhomogeneities (see Sec. IVA); parallel
superposition poses other problems in yield stress fluids, such as accounting for possible flow
inhomogeneities.

Another possibility consists in studying the same particles in a Newtonian fluid of viscosity
η(0) and to assume that the suspension microstructure is the same as in the yield stress fluid
in order to get ganiso(φ) as ganiso(φ) = η(φ)/η(0). This is the approach chosen by Liard et al.

(2014) and Dagois-Bohy et al. (2015). This approach poses several problems. First, we will
show in Sec. IVC that the suspension microstructure depends on the shear rate in a yield stress
fluid, which contrasts with the case of a Newtonian interstitial fluid. Second, for given particles,
the function ganiso(φ) depends on the (Newtonian) interstitial fluid that is chosen, as can be
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Figure 2: Dimensionless viscosity ganiso(φ) = η(φ)/η(0) obtained in steady-state simple shear
flows of monodisperse spherical particles in Newtonian fluids: data replotted from the literature
(see legend). The black line is Eq. 29; the dotted line is a correlation proposed by Thomas
(1965). The grey line is Eq. 30.

seen from a survey of the literature. E.g., the same PS particles (same size: 40 µm, same
provider: Dynoseeds) lead to (1− φ/φdiv)

−2 scaling for the viscosity divergence in a silicone oil
(Bonnoit et al., 2010) whereas Fall et al. (2010) report a (1 − φ/φdiv)

−1 scaling in water. In
addition, for similar PS beads as those that we use (same provider: Dynoseeds), the viscosity was
observed to diverge at φdiv = 60.5% for particles dispersed in a silicone oil (Ovarlez et al., 2006)
and in water (Fall et al., 2010), whereas φdiv = 58% was obtained by Boyer et al. (2011b) in
polyethylene glycol. These differences likely come from the strong dependence of the suspension
behavior on the short range interactions between the particles (Brady and Morris, 1997; Sierou
and Brady, 2002), which affects the cut-off on lubrication forces, and on the interparticle friction
coefficient (Sierou and Brady, 2002; Gallier et al., 2014). Friction and interparticle interactions
most probably depend on the physicochemical properties of the interstitial fluid.

We emphasize that this implies that one cannot rely on measurements performed with beads
in a given Newtonian fluid to predict quantitatively the behavior of the same beads in another
material. Instead of trying to study the range of possible viscosities for our beads in Newtonian
fluids by using many different fluids, we have thus chosen to rely on results of the literature.

To describe the possible linear response of sheared viscous suspensions, we thus use the sets
of data shown in Fig. 2, which seem to provide lower and upper limits for values observed in the
literature; e.g., at φ = 50%, the data of Zarraga et al. (2000) and those of Thomas (1965) differ
by a factor 3. The data reported by Thomas (1965) come from his analysis of many works of the
literature; they are consistent with the simulations of Sierou and Brady (2002), and may thus
correspond to cases where interparticle friction does not contribute much to dissipation. The
correlation proposed by Thomas (1965), plotted in Fig. 2, does not diverge at high φ. We thus
chose to describe these data with the Krieger-Dougherty equation (Eq. 29), with φdiv = 0.605
consistent with the finding of Ovarlez et al. (2006), in fair agreement with the Thomas (1965) and
Sierou and Brady (2002) data. Zarraga et al. (2000) have proposed another equation (Eq. 30)
which provides a good fit to their data and to those of Dai et al. (2013).

In the following, we will thus test two expressions for ganiso:

ganiso,1(φ) = (1− φ/φdiv)
−2.5φdiv with φdiv = 0.605 (29)
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and

ganiso,2(φ) = (1− φ/φdiv)
−3 e−2.34φ with φdiv = 0.62 (30)

These expressions yield, respectively

τy(φ)/τy(0) =
√

(1− φ) (1 − φ/φdiv)−2.5φdiv with φdiv = 0.605 (31)

η
HB

(φ)/η
HB

(0) =
√

(1− φ/φdiv)−2.5(n+1)φdiv (1− φ)1−n with φdiv = 0.605 (32)

and

τy(φ)/τy(0) =
√

(1− φ) (1− φ/φdiv)−3 e−2.34φ with φdiv = 0.62 (33)

η
HB

(φ)/η
HB

(0) =

√

(1− φ/φdiv)−3(n+1) e−2.34(n+1)φ (1− φ)1−n with φdiv = 0.62 (34)

C Normal stress differences and shear-induced migration

Normal stress differences are particularly important when dealing with shear-induced migration.
Shear-induced migration is indeed driven by a gradient in particle normal stresses (Nott and
Brady, 1994; Mills and Snabre, 1995; Morris and Boulay, 1999; Lhuillier, 2009; Nott et al., 2011).
Noting Σp

ij the particle stresses, the particle normal stresses are

Σp
11 = α1(φ)η(0) γ̇, Σp

22 = α2(φ)η(0) γ̇ , Σp
33 = α3(φ)η(0) γ̇ (35)

in a Newtonian fluid of viscosity η(0), where αi(φ) are the dimensionless particle normal stress.
Recent experimental values for particle normal stresses can be found in Boyer et al. (2011b);
Dbouk et al. (2013); Garland et al. (2013). We recall that indexes 1, 2, and 3, correspond,
respectively, to the velocity direction, to the velocity gradient direction, and to the vorticity
direction. This can be rewritten as:

Σp
11 =

α1(φ)

g(φ)
τ, Σp

22 =
α2(φ)

g(φ)
τ, Σp

33 =
α3(φ)

g(φ)
τ (36)

In the linearized yield stress fluid, Eq. 36 should remain valid with τ given by Eq. 18.
Fully modeling shear-induced migration and its kinetics is far out of the scope of the present

paper. Nevertheless, as we are interested here in steady flow properties of suspensions of particles
in yield stress fluids, we need to understand the steady volume fraction profiles generated by
migration in these suspensions.

Steady-state volume fraction profiles can easily be predicted by ensuring stress balance at
both the suspension and the particle phase scale: φ(~r) profiles are found from solving ∂iσij = 0
and ∂iΣ

p
ij = 0, with φ(~r) a free function (Morris and Boulay, 1999; Lhuillier, 2009; Nott et al.,

2011).
For the concentric-cylinder Couette flow studied here, the relevant equations are (Morris and

Boulay, 1999)

∂r(r
2τ) = 0 (37)

∂rΣ
p
rr =

Σp
θθ − Σp

rr

r
(38)

Thanks to Eq. 36, Eq. 38 can be changed into

τ ∂r

[α2(φ(r))

g(φ(r))

]

+
[α2(φ(r))

g(φ(r))

]

∂rτ =
α1(φ(r)) − α2(φ(r))

g(φ(r))r
τ (39)
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Yield stress fluids: Particles:
Concentrated emulsions Spherical beads

Rheo-NMR CaCl2 water solution (72%) in dodecane PS particles
and droplet size: 1 µm; dispersity: 20% diameter: 250 µm; dispersity: 5%

macroscopic behavior: τ = τy + ηHB γ̇
0.5 vol. fraction: from 10 to 50%

measurements with τy = 22 Pa, ηHB = 5.3 Pa.s0.5

NaI water solution (77.5%) in dodecane PS particles
Rheo-X-ray droplet size: 1 µm; dispersity: 20% diameter: 140 µm; dispersity: 5%
tomography behavior: τ = τy + ηHB γ̇

0.5 vol. fraction: 37%
with τy = 26 Pa, η

HB
= 5.1 Pa.s0.5

Table 1: Model suspensions of particles in yield stress fluid used in the experiments.

When combined with Eq. 37 this finally yields

∂r

[α2(φ(r))

g(φ(r))

]

=
α1(φ(r)) + α2(φ(r))

g(φ(r))r
(40)

which, once the material properties α1(φ), α2(φ) and g(φ) are known, allows one to determine
the steady-state inhomogeneous volume fraction profile φ(r).

It is striking here is that it is the exact same equation as for particles suspended in a
Newtonian medium (Morris and Boulay, 1999). In other words, it is predicted that steady
volume fraction profiles in a concentric-cylinder Couette geometry should be the same in yield
stress fluids and in Newtonian materials, under two conditions: (i) if α1(φ), α2(φ) and g(φ) are
the same in the yield stress fluid as in a Newtonian material, i.e., if the microstructure is similar
in both cases; and (ii), if the yield stress suspension is sheared in the whole gap of the Couette
geometry, which cannot be the case near the yielding transition, where shear localization occurs
(see Sec. IVA): in such case, the volume fraction in the unsheared region cannot change.

Note that this result cannot be generalized to other flows. Indeed, it is due to (i) the
proportionality between the particle normal stresses and the suspension shear stress for both
suspending fluids, which implies that the particle stress balance equation has the same form
when expressed as a function of the suspension shear stress for both suspending fluids, and (ii)
the independence of the shear stress profile on the material behavior in a concentric-cylinder
Couette flow. Both equations being independent of the fluid behavior finally implies that the
particle volume fraction at equilibrium is the same in both fluids (and in any nonlinear fluid
in which the same approach can be conducted). One would thus expect the same features in a
Poiseuille flow (as long as the plug region is of negligible extent in the yield stress suspension),
where the shear stress profile is also independent of the fluid behavior, but not, e.g., in a parallel
plate geometry.

III Materials and methods

A Materials

Model suspensions of particles in a yield stress fluid are prepared by suspending monodisperse
spherical particles in a concentrated emulsion (Tab. 1).

Batches of 2 l of oil-in-water emulsion are prepared by dispersing a 100 g/l water solution
of CaCl2 in a solution of Span 80 emulsifier (7%) in dodecane oil at 6000 rpm with a Silverson
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Figure 3: Flow curve of a concentrated emulsion used as a suspending fluid to prepare the
suspensions. Data obtained with the help of MRI methods (see Sec. IIIC) in a wide gap
concentric-cylinder Couette geometry. The line is a fit to a Herschel-Bulkley equation τ =
τy + η

HB
γ̇n with n=0.5, τy = 22 Pa, η

HB
= 5.3 Pa.s0.5.

L4RT mixer. The average droplet size is 1 µm (dispersity: 20%). The droplet volume fraction
is set at 72%. The emulsion density is ρ = 1.01 g.cm−3. This material is a simple yield stress
fluid (Mason et al., 1996; Ovarlez et al., 2008, 2013), i.e. it does not show shear banding nor
thixotropy. The flow curve of one of batches is shown Fig. 3. It is well fitted to a Herschel-
Bulkley law of index n = 0.5: τ = τy + ηHB γ̇

0.5, with a yield stress τy = 22 Pa and a consistency
η
HB

= 5.3 Pa.s0.5. From batch to batch, the reproducibility on the value of the rheological
properties is not very good, of order ± 20%. In the following, when dealing with suspensions,
only dimensionless data are provided to quantify the impact of the particles on their rheology:
the rheological properties of each suspension are then divided by those of its interstitial emulsion.

In principle, a model suspension could be prepared by dispersing any kind of particle in
the yield stress fluid, as long as scale separation is ensured. Indeed, Mahaut et al. (2008a) have
observed the same behavior for glass or polystyrene particles dispersed in concentrated emulsions.
However, sedimentation always occurs during flows of density-mismatched suspensions, even
those that are stable at rest (Ovarlez et al., 2010, 2012). This is illustrated in Fig. 4, where
vertical volume fraction profiles of a suspension of 275 µm glass particles (density 2.5) in a
concentrated emulsion in a concentric-cylinder Couette geometry are shown. The material is
stable at rest: elastic forces exerted by the yield stress fluid are able to counterbalance the net
gravity force, consistent with the theoretical yield criterion τy /∆ρgd ≥ 1 /21 (Beris et al., 1985;
Tabuteau et al., 2007). By contrast, when flow is enforced, sedimentation occurs: there are no
more particles on top of the material, and particles accumulate at the bottom of the geometry.
The sedimentation velocity in the dilute regime has been shown to be of order 0.1∆ρgd2/(τ(γ̇)/γ̇)
when a yield stress fluid is sheared at a γ̇ shear rate (Ovarlez et al., 2012). In the yield stress
fluid we study sheared at γ̇ =50 s−1, it is thus expected to be of order 0.1 mm.s−1 for 275 µm
glass beads, which would make it impossible to study the flows of a homogeneous material far
from yielding.

For quantitative studies of flow properties, this artefact should thus be avoided, even with
local methods such as MRI methods where the local shear rate is measured in the locally
homogeneous material: the torque still is an average over the whole height. Small glass particles,
for which settling would be slower, cannot be used because we need the particle diameter to
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Figure 4: Vertical volume fraction profiles observed with MRI techniques (see Sec. IIIC) in the
gap of a concentric-cylinder Couette geometry in a 5% suspension of 275 µm glass beads in a
concentrated emulsion of yield stress τy = 8.5 Pa, after a 24 h rest (empty squares) and after
15 min of shear at ¯̇γ = 4 s−1 (black line), and in a 20% suspension of 250 µm polystyrene beads
in a concentrated emulsion of yield stress τy = 20 Pa after 1 h of shear at ¯̇γ = 30 s−1 (grey line).
Data for the glass beads extracted from Ovarlez et al. (2012).

be much larger than the droplet diameter (1 µm) to ensure that the emulsion is ‘seen’ as a
continuous material (a yield stress fluid) by the particles (Mahaut et al., 2008a). We have thus
chosen to use polystyrene particles (d = 250 µm), whose density (1.05) is close to that of the
concentrated emulsion; this reduces the sedimentation velocities in the sheared material by a
factor 40 as compared to the glass particles. This is confirmed by volume fraction measurements:
a suspension sheared during 1 h at a 30 s−1 average shear rate remains homogeneous along the
vertical direction (Fig. 4), which makes it possible to study the flow behavior of the suspension.

The suspension used in the rheo-X-ray microtomography experiments (Sec. IIID) has a
slightly different composition from that studied in the other experiments, to allow for a good
compatibility with the X-ray setup. The polystyrene beads diameter is 140 µm (dispersity: 5%).
Iodine is added in the water phase of the emulsion to ensure a good contrast between the particles
and the concentrated emulsion in the X-ray images (NaI thus replaces the CaCl2 used in the
other prepared emulsions). The emulsion is composed of droplets of a water solution of sodium
iodide dispersed at a 77.5% volume fraction in a solution of Span 80 emulsifier in dodecane
oil. Its rheological behavior is well fitted to a Herschel-Bulkley behavior τ = τy + η

HB
γ̇0.5

with τy = 26 Pa and η
HB

= 5.1 Pa.s0.5, close to that of the emulsions used in the rheo-NMR
experiments.

As in Mahaut et al. (2008a), a suspension is prepared by simply mixing the particles and
the fluid in a cup with a spatula, with the goal of achieving a mixing close to chaotic mixing.
With this procedure, we aim to prepare a material that is homogeneous and isotropic. Homo-
geneity is confirmed by the MRI measurements (see below). Isotropy is confirmed by X-ray
microtomography (this will be discussed in Sec. IVC).
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B Rheometry

Since we deal with suspensions of large noncolloidal particles, we need to use a geometry with a
wide gap to ensure that the properties of a continuous medium (the suspension) are measured.
A geometry classically used to study the flows of such suspensions is the vane-in-cup geometry
(Koehler et al., 2006; Mart́ınez-Padilla and Rivera-Vargas, 2006; Jau and Yang, 2010), which
is supposed to avoid wall slip (Keentok, 1982; Dzuy and Boger, 1983; Saak et al., 2001): it is
assumed that the material in the gap of the geometry is sheared by the (same) material that is
trapped between the blades. However, Ovarlez et al. (2011) have shown that a thin layer made
of the pure interstitial yield stress fluid appears quickly at the interface between the sheared
material and that trapped between the blades. This layer acts as a slip layer, leading to shear
rate overestimations; moreover, flows are localized near the tool (and thus, in the depleted layer)
at low shear rates, which makes one underestimate the suspension yield stress.

We have thus chosen to use a wide gap concentric-cylinder Couette geometry of inner radius
Ri = 4.1 cm and gap 1.9 cm, and inner cylinder height H = 11 cm. In order to avoid wall
slip (Coussot, 2005), we glue sandpaper on the walls. Since the shear stress distribution is
inhomogeneous in this geometry, it can be expected that flow causes particle migration towards
the outer cylinder as in viscous suspensions (Leighton and Acrivos, 1987b; Phillips et al., 1992).
To take these possible inhomogeneities into account, we need to use techniques that provide the
value of both the local particle volume fraction and the local shear rate (Ovarlez et al., 2006).

C Rheo-NMR

The Couette cell is inserted in a MRI scanner, and proton NMR (Callaghan, 1991, 1999) is used
as a non-intrusive technique in order to get measurements of the local material velocity and of
the local particle concentration inside the gap. Experiments are performed with a 0.5 T proton
MRI scanner (Bruker Avance 24/80 DBX) operating at 20 MHz. It is equipped with a birdcage
rf coil (20 cm inner diameter) and a 3D gradient system (BGA26-Bruker). We use a home-made
NMR-compliant rheometer fully described in Raynaud et al. (2002).

All data are averaged over 4 cm in the vertical direction and 1 cm in the azimuthal direction,
and measured with a resolution of 110 µm in the radial direction. We checked the homogeneity
of the velocity and concentration profiles along the vertical direction in the gap, which justifies
averaging data. Note that in the sequences we use, only NMR signal originating from the
hydrogen nuclei belonging to the liquid phase of the sample is recorded (relaxation in the PS
particles is too fast to be observable with our setup: the particle do not give any signal).

Azimuthal velocity profiles V (r) are obtained with a combination of a spin-echo–spin-warp
imaging technique and a phase-encoded velocimetry (Callaghan, 1991, 1999); more details are
found in Raynaud et al. (2002); Rodts et al. (2004, 2010). A single velocity measurement may
take as little as 1 s. Particle concentration profiles φ(r) are obtained with a spin-echo sequence
(Callaghan, 1991); NMR data are recorded during a readout gradient and Fourier transformed
so as to get information about hydrogen density in the liquid phase along the radial direction;
more details can be found in Ovarlez et al. (2006). A concentration profile is obtained in 3 min.

In the experiments, we control the rotational velocity Ω of the Couette cell inner cylinder,
and we measure the torque T (Ω) with a Bohlin C-VOR 200 rheometer.

The local shear rate γ̇(r) at a radial position r in the gap can be deduced from V (r) as

γ̇(r) = V (r)/r − ∂rV (r) (41)

The derivative ∂xf with respect to coordinate x of experimental data f(xi) measured at regularly
spaced positions xi was here computed as: ∂xf(xi) = [f(xi+1)− f(xi−1)]/[xi+1 − xi−1].
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The stress distribution τ(r) within the gap is obtained from Eq. 37 which yields

τ(r) =
T

2πr2H
(42)

when the material is homogeneous along the vertical direction.
If the material is homogeneous in the radial direction, local data

(

τ(r,Ω), γ̇(r,Ω)
)

measured
at various r and various Ω can finally be combined to obtain the constitutive law τ(γ̇) consistent
with the observed flows (more details about this reconstruction technique can be found in Ovarlez
et al. (2008)). Local τ(γ̇) data measured with this method in a (pure) concentrated emulsion
are displayed in Fig. 3. Note that, as Eqs. 41 and 42 are valid whatever the boundary conditions
are, this analysis is not affected by a possible wall slip.

Of course, for a homogeneous simple yield stress fluid, this analysis is not necessary and
may seem uselessly complex since a simple rheometer with appropriate procedures provides the
same result (Ovarlez et al., 2013). However, in the case of suspensions, this methodology can
become indispensable. Indeed, as already mentioned, particles tend to migrate toward the outer
cylinder in a concentric-cylinder Couette flow, which can lead to strong particle volume fraction
inhomogeneities (Phillips et al., 1992; Morris and Boulay, 1999; Ovarlez et al., 2006). The
kinetics of this migration phenomenon is slow at low volume fraction, but gets more and more
rapid as the volume fraction increases. This is also at high particle volume fraction that the
impact of inhomogeneities is the strongest since rheological properties diverge at the approach
of φdiv; data obtained with a rheometer only may then lead to gross underestimations of these
rheological properties (Ovarlez et al., 2006; Hafid et al., 2015). It can take as little as a few units
of strains for the material to become inhomogeneous at high volume fraction (Ovarlez et al.,
2006). It may thus be impossible to characterize the flow properties of the homogeneous material.
E.g., for 50% of particles in the yield stress fluid, we found that a steady inhomogeneous volume
fraction profile is reached after less than 1000 units of strain.

It is worth noting that we found that, as long as all the material is sheared during migration4,
steady-state volume fraction profiles do not depend on the rotation velocity Ω, which is consistent
with the theoretical prediction Eq. 40. In such case, the above analysis to obtain the constitutive
behavior from local measurements can be conducted again. Indeed, since φ(r) is independent of
Ω, a change of variables can be performed between radial position r and φ. A local stress/strain-
rate relationship τ(γ̇, φ) at fixed and well-defined volume fraction φ is then obtained by collecting
all measurements of local stress τ(r) and shear rate γ̇(r) as above, for varying Ω, but for a single
fixed r. More details on this methodology can be found in Ovarlez et al. (2006); Fall et al. (2010,
2015). The main difference with the method used to characterize the pure emulsion is that now,
measurements for a single value of r are collected together to characterize a given φ. In practice,
to ensure that enough data are collected, we combined together data obtained in a region of the
gap where volume fraction variation is limited to ±0.75%.

In this paper, instead of trying to avoid migration, which would have not been possible
above 40% volume fraction, we chose to ensure that a steady-state is reached. We have thus
first presheared the material at a rotation velocity Ω = 100 rpm during 1 hour in all cases. The
rotation velocity was then decreased step by step from 100 to 1 rpm in order to collect data at
various local shear rates with the procedure described above; this procedure (decreasing sweep)
has the advantage of avoiding artefacts associated to transient shear banding behavior (Ovarlez
et al., 2013).

4This is true unless a dead zone, where γ̇ = 0, is present during the preshear. In such case, the material remains
homogeneous in the dead zone, the size of which depends on the applied rotational velocity. In the experiments
presented in this paper, we ensured that the whole gap is sheared during the preshear.
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D Rheo-X-ray microtomography

A few experiments have been performed to characterize the suspensions’ microstructure, i.e.,
the spatial distribution of particles in the suspensions. There is no room to detail the technique
and the results here; an in-depth study will be presented in a forthcoming publication. We only
provide below the main characteristics of the setup; additional details can be found in Deboeuf
et al. (2013).

We have used a parallel plate geometry (of gap Hpp = 2 mm and radius Rpp = 1 cm)
coupled to a X-ray microtomograph (Maire et al., 2001), which allows us to get 3D images of
suspensions and to determine the particles’ position. The measurements are conducted with
an Ultratom scanner from RXSolutions. The spatial resolution (voxel size of the images) is
12 µm. To characterize the suspension microstructure, a given shear history is imposed to the
suspension in the rheometric cell, and then stopped as long as needed for the complete scanning
of the sample (about 1 hour). The suspension microstructure is then assumed to be the same
just before and after the interruption of shear thanks to the fluid yield stress, although slight
relaxation of the interstitial fluid can be expected below the yield stress (Mohan et al., 2015).
The absence of blur in the images confirms that the particles do not move at rest during the 1 h
scan.

The suspension studied in these experiments has a slightly different composition from that
studied in the rheo-NMR experiments (see Sec. III A), to allow for a good compatibility with the
setup; it has, nevertheless, similar rheological properties. In particular, the polystyrene beads
diameter is 140 µm to ensure that the gap is more than 10 particles wide. Moreover, the contrast
between the particles and the concentrated emulsion in the X-ray images is increased by the
addition of iodine in the water phase of the emulsion. X-ray absorption being different between
the particles and the fluid, the particles are easily identified; the spherical shape of the particles
then allows us to determine the positions of particle centers with a subvoxel resolution of 1 µm.
Various quantities characterizing the particle distribution in space can then be computed to
describe the suspension microstructure. We will focus on pair distribution functions in Sec. IVC.

Since shear is inhomogeneous in a parallel plate geometry, we restrict the analysis of particle
distribution to the region of the gap of radial position 0.6Rpp ≤ r ≤ 0.84Rpp; in this region, shear
is roughly homogeneous, and the microstructure can be studied as a function of the average shear
rate γ̇ = 0.72ΩRpp/Hpp by changing the rotation velocity Ω of the upper plate of the geometry.

IV Flow behavior

A Main characteristics of the flows

The steady velocity profiles observed in a pure emulsion and in the same emulsion filled with
30% of particles are displayed in Figs. 5a and b. These profiles are typical of shear-thinning
yield stress fluids in a concentric-cylinder Couette geometry and have already been described
and commented in detail elsewhere (Coussot, 2005; Ovarlez et al., 2008). They can be explained
thanks to the 1/r2 decrease of the shear stress in the gap of the geometry. These profiles are
curved at high shear rate, due to shear-thinning. They get more and more curved as the velocity
decreases and a dead zone appears near the outer cylinder at the lowest velocities; this is due
to the existence of a yield stress, the shear stress being equal to the yield stress inside the gap
in these last cases.

At first sight, there is no qualitative change in the behavior when adding particles. This
is consistent with the prediction that a suspension of particles in a Herschel-Bulkley material
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Figure 5: (a) Velocity profiles of a pure emulsion in the rheo-NMR Couette geometry at various
rotation velocities Ω (see legend). (b) Velocity profiles of the same emulsion filled with 30% of
particles. (c) Velocity profiles at Ω = 100 rpm for the pure emulsion, and the same emulsion
filled with 10% and 30% of particles. (d) Same as (c) at Ω = 5 rpm.

behaves as a Herschel-Bulkley material. Looking more closely to the data, one observes that
the velocity profiles are shifted toward the outer cylinder when adding particles and seem less
curved. This is better seen in Figs. 5c and d, where profiles obtained at a same velocity are
directly compared. It is in particular observed that, for a same rotation velocity, in the presence
of shear localization, the size of the sheared zone increases when adding particles. For Herschel-
Bulkley materials of a given index n, this can be interpreted as being due to a sharper increase
with φ of the viscous stress η

HB
γ̇n as compared to the yield stress τy. The fact that profiles

are less curved at high rotation velocity has the same interpretation: when η
HB

γ̇n/τy increases,
the velocity profiles get closer from the asymptotic profile, which is that of a shear-thinning
material of power-law index n. Our observations are thus consistent with one of the predictions
of the model, which is that η

HB
(φ)γ̇n/τy(φ) is an increasing function of φ. Indeed, from Eqs. 21

and 22,
η
HB

(φ)τy(0)

η
HB

(0)τy(φ)
= g(φ)n/2

(1−φ)n/2 . This is an interesting feature of these suspensions: although

their yield stress increases, they are less prone to form dead zones under controlled flow rate;
the same is expected to be observed in pipe flows.

In Fig 6, we plot the concentration profiles obtained after 1 h of shear at 100 rpm in sus-
pensions of volume fraction ranging from 10 to 50%. As far as we can say, these are steady
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Figure 6: (a) Concentration profiles measured in the rheo-NMR Couette geometry in suspensions
of concentration (from bottom to top) 10%, 20%, 30%, 40%, 45%, and 50%. (b) Same data as
in (a): the deviation of concentration φ from its average < φ > is shown for each suspension.

concentration profiles, and they do not change when subsequently changing Ω: we checked that
after performing the velocity sweep to get velocity profiles, these profiles did not change. No
observable migration is obtained below a 20% volume fraction. On the other hand, significant
shear-induced migration from the inner cylinder to the outer cylinder is observed for volume
fractions ≥ 30%. These profiles will be analyzed further in Sec. IVF. At this stage, this ob-
servation justifies the use of advanced MRI techniques to obtain the constitutive law of these
suspensions. Indeed, at the highest concentrations, volume fraction variations within the gap
are of the order of 5%. Such variations have a priori a significant impact on the suspension flow
properties; e.g., from Fig. 2, it is seen that the linear response g(φ) increases by a factor of order
2 to 3 between 45% and 50%. To analyze the behavior of the suspension, in each case, following
the steps presented in Sec. IIIC, we limit the analysis of the local shear rate γ̇(r) and shear
stress τ(r) data to zones where φ(r) variation is less than ±0.75%. E.g., for the 30% volume
fraction suspension, only data obtained in the zone 4.7 cm< r <5.4 cm are combined to get τ(γ̇),
which characterizes a material of volume fraction φ = 30 ± 0.5%. For the 50% volume fraction
suspension, data combined in the zone 4.4 cm< r <4.7 cm characterize the material of volume
fraction φ = 48±0.75%, whereas data combined in the zone 4.9 cm< r <5.4 cm characterize the
material of volume fraction φ = 49± 0.75%. The results of this analysis are presented below.

B Constitutive behavior

In Fig. 7, we present the local constitutive behavior τ(γ̇) obtained from the analysis of MRI
data for a concentrated emulsion, and for suspensions of 10% and 30% particles in the same
emulsion, together with fits of Herschel-Bulkley laws to the data.

It is first observed that the yield stress increases only slightly when adding particles, whereas
a significant increase of the viscous effects is visible. This confirms our first observations based
on the velocity profiles only. To analyze quantitatively the data, a reference to a model is
necessary. Since the Herschel-Bulkley law provides a good fit to the emulsion behavior, we chose
to analyze all of our data in the framework of this model. In Fig. 7, we observe that the three
materials can be fairly modeled by a Herschel-Bulkley law of same index n (here, n ≃ 0.5) in all
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Figure 7: Local constitutive behavior τ(γ̇) measured using MRI techniques in a concentrated
emulsion, and in suspensions of particles in the same emulsion at volume fractions φ = 10%
and 30± 0.5%. The lines are fits of a Herschel-Bulkley behavior τy + η

HB
γ̇0.5 to the data with,

from bottom to top, τy = 22.1 Pa and η
HB

= 5.3 Pa.s0.5, τy = 24.1 Pa and η
HB

= 6.4 Pa.s0.5,
τy = 24.3 Pa and η

HB
= 11.25 Pa.s0.5.

cases, as predicted by the theory. This is a general feature, observed for all concentrations.
A definitive conclusion on the fact that the same index characterizes all materials would

require data at stresses much higher than the yield stress for a closer inspection of the asymptotic
behavior. Letting n as a free parameter, values between 0.44 and 0.52 were actually found;
nevertheless, fixing n = 0.5 provided fits with coefficient of determination R2 > 0.99 in all cases.
At this stage, we just choose to fix the value of n in order to be able to compare the values of
the consistencies η

HB
obtained at various φ ; the choice of n = 0.5 is made in agreement with

the literature of concentrated emulsions (Mason et al., 1996; Ovarlez et al., 2008; Seth et al.,
2011) and has theoretical justifications for such materials (Seth et al., 2011).

In the following, we study the evolution with the particle volume fraction φ of the dimen-
sionless consistency η

HB
(φ)/η

HB
(0) and of the dimensionless yield stress τy(φ)/τy(0) extracted

from the fit to the data of a Herschel-Bulkley behavior with n = 0.5.

1 Consistency

In Fig. 8, we observe that the consistency significantly increases with the volume fraction, this
increase being of a factor of order 5 for φ = 50%. The observed evolution is in very good
agreement with the prediction of Eq. 32, which is based on the linear response of suspensions
as observed by Thomas (1965) and Sierou and Brady (2002). By contrast, there is a strong
mismatch between our data and the predictions of Eq. 34, which is based on the linear behavior
observed by Zarraga et al. (2000) and Dai et al. (2013). This suggests that our suspension
microstructure is similar to that of suspensions of low friction particles in Newtonian media, as
this corresponds to the situation of the Sierou and Brady (2002) simulations; indeed, as discussed
in Sec. II B 2, it seems that the lowest possible ganiso(φ) are obtained when interparticle friction
is negligible (Sierou and Brady, 2002; Gallier et al., 2014).

Note that the equation used here for ganiso(φ) (Eq. 29) was validated only up to 50% in Fig. 2;
it is known, however, that the asymptotic behavior of ganiso(φ), at the vicinity of jamming, is
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Figure 8: Dimensionless consistency ηHB(φ)/ηHB (0) versus volume fraction φ for all the studied
suspensions of particles in concentrated emulsions, extracted from a fit of the τ(γ̇) data to a
Herschel-Bulkley law of index n = 0.5. The black line is the model (Eq. 32) based on the linear
behavior observed by Thomas (1965) and Sierou and Brady (2002); the grey line is the model
(Eq. 34) based on the linear behavior observed by Zarraga et al. (2000) and Dai et al. (2013).

different from Eq. 27 (Ovarlez et al., 2006; Boyer et al., 2011b). Our model for the consistency
(Eq. 32) is thus expected to be valid only in the range of volume fraction we have studied, from
0 to 50%. The behavior for φdiv > φ > 45% has been investigated in a recent paper (Dagois-
Bohy et al., 2015), published while our paper was under review. The authors have added a free
parameter to our relationship (Eq. 12) between the local shear rate and the macroscopic shear
rate in order to fit their data to our model; they report that, if the ganiso(φ) they measure in
a viscous suspension is correct, then ¯̇γ local(φ) ≃ 2 × γ̇

√

ganiso(φ)/(1 − φ), which is not at all
justified in the theoretical approach derived in Sec. II. As pointed out in Sec. IIB 2, this might
be due to the choice of PEG as an interstitial fluid to measure ganiso(φ); another choice would
have provided a different ganiso(φ). This might also come from two limitations of our theoretical
approach: direct interparticle dissipation was neglected, and the estimate chosen for ¯̇γ local(φ)
(Eq. 5) might not be relevant in the very dense regime, where most of viscous dissipation occurs
in the small volume occupied by the fluid between close particles. The behavior at the approach
of φdiv thus remains to be investigated theoretically; it will not be discussed further here.

2 Yield stress

We now turn to the analysis of the yield stress data. In Fig. 9, we observe a very moderate
increase of τy(φ) with the volume fraction φ, this increase being of less than 10% for φ ≤ 40%,
and the maximum observed increase being of a factor 1.6. The scattered data at the highest
volume fraction investigated, where the yield stress at 50% seems to be lower than the yield stress
at 45%, is likely due to the fact that yield stresses are here obtained from a fit to τ(γ̇) data
with a limited amount of data at low shear rates. Indeed, as discussed in Sec. IVA, η

HB
γ̇n/τy is

an increasing function of φ; an accurate determination of τy thus requires stress measurements
at lower and lower γ̇ as φ is increased. At the lowest rotation velocity reachable by the motor
(1 rpm), there is no shear localization in the 50% suspension, and the lowest value of the local
shear rate in the gap is of order 0.1 s−1, which is not sufficient to describe accurately the yield
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Figure 9: Squares: dimensionless yield stress τy(φ)/τy(0) versus volume fraction φ for all the
studied suspensions of particles in concentrated emulsions, extracted from a fit to the τ(γ̇) data
of a Herschel-Bulkley law of index n = 0.5. Full line: model (Eq. 31) based on the linear behavior
observed by Thomas (1965) and Sierou and Brady (2002). Crosses: dimensionless consistency
data plotted as [η

HB
(φ)/η

HB
(0)]1/(n+1)(1− φ)n/(n+1) with n = 0.5.

stress plateau. At all other volume fractions, there is shear localization, local shear rates of
order 0.01 s−1 are measured (see e.g. Fig. 7), and the yield stress is better estimated.

By contrast with the consistency data, the yield stress values are much lower than ex-
pected from the model (Eq. 31). The model can actually be tested independently of the pre-
vious results. Indeed, one of the predictions is that there exists an equation (Eq. 23) with-
out any fitting parameter linking the dimensionless consistency and the dimensionless yield
stress. To test this prediction, we plot in Fig. 9 the dimensionless consistency data in the form
[η

HB
(φ)/η

HB
(0)]1/(n+1)(1 − φ)n/(n+1) with n = 0.5, which should be equal to (τy(φ)/τy(0)) ac-

cording to Eq. 23. There is no agreement at all, whereas the [η
HB

(φ)/η
HB

(0)]1/(n+1)(1−φ)n/(n+1)

data match quite well the model for the yield stress (Eq. 31).
A partial conclusion is thus that the model presented in Sec. II fails to predict the flowing

behavior of the suspensions in the sense that there is no simple link between their yield stress
and their consistency. The consistency is fairly well modeled, but the dependence of the yield
stress on volume fraction remains a puzzle. As mentioned in Sec. II A, a key assumption to get
Eq. 23 is that the material microstructure does not depend on γ̇, i.e. that it is similar at low
and high shear rate, which is far from being obvious for a nonlinear interstitial fluid. To go one
step further, it is necessary to question this assumption. This is the subject of the next section.

C Microstructure

The spatial distribution of particles is known to depend on flow history in suspensions of non-
colloidal particles in Newtonian fluids, which has an impact on the material properties (Morris,
2009; Blanc et al., 2011b, 2013). In the case of a nonlinear interstitial fluid, the steady-state
particle microstructure under flow can moreover a priori be expected to be a function of the
shear rate, which contrasts with the case of a Newtonian interstitial fluid. To investigate this
point, as described in Sec. IIID, we use X-ray microtomography to determine the positions of
all particle centers for different shear histories in a simple shear flow.
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Figure 10: (a)-(b)-(c) Color maps of pair distribution functions g
2,r (ρ, φ) in the velocity-velocity

gradient plane of the simple shear flow imposed locally by a parallel plate geometry for a sus-
pension of 37% particles in a concentrated emulsion, in three different conditions: (a) after shear
at low shear rate (10−2 s−1); (b) after shear at high shear rate (10 s−1); and (c) after loading
the sample into the geometry. (ρ, φ) are the polar coordinates of a particle pair in the velocity
(horizontal axis)-velocity gradient (vertical axis) plane. (d) Polar plot of the pair distribution
function as a function of the pair angle φ for close neighbors: g

2,r is here averaged over pairs
of distance ρ equal to d± d/6, d being the particle diameter. The pdfs are computed from the
particle positions determined using X-ray microtomography for the different shear histories.
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A relevant quantity to describe the suspension microstructure is the pair distribution function
g
2
(~r) (Morris, 2009). g

2
(~r) is the probability of finding a pair of particles whose centers are

separated by the vector ~r normalized by the mean particle density, so that the asymptotic value
of g

2
for large values of ‖~r‖ is g

2
(‖~r‖ → ∞) = 1. To compute this function, all particles are

subsequently chosen to be the ‘reference particle’, the other particles being the ‘test particles’,
and we count the number of test particles whose centers are separated by ~r from the center of
the reference particle. Finally, the total number of particles separated by ~r from a reference
particle is normalized to give the pair distribution function g

2
(~r).

We focus on the microstructure of the suspension in the velocity-velocity gradient plane of the
simple shear flow imposed locally by the geometry, through the computation of the statistical
pair distribution function g

2,r(ρ, φ), with ρ and φ the polar coordinates of a pair of particles
located in the velocity-velocity gradient plane.

In Fig. 10, steady-state pair distribution functions (pdf) obtained in a suspension of 37%
beads in a concentrated emulsion are displayed; they correspond to three different conditions:
(a) after shear at low shear rate (10−2 s−1); (b) after shear at high shear rate (10 s−1); and (c)
after loading into the rheometer. As expected, the three pdfs are clearly different: the material
is isotropic after loading and anisotropic in the plane of shear under flow, and the details of the
anisotropy depend on the applied shear rate.

More precisely, after loading, the pdf g
2,r (ρ, φ) depends only on the distance ρ, and not on

the angular direction φ. We did not study in detail the conditions to get isotropy; we hypothesize
that it requires to achieve a mixing close to chaotic mixing when preparing the suspension, and
to avoid imposing a significant unidirectional flow to the material before any measurement.

Under flow, g
2,r (ρ, φ) now depends on both ρ and φ. For distances ρ close to the value of

the particle diameter, which correspond to near neighbors and possibly to particles in contact,
it is observed (Fig. 10d) that g

2,r(ρ, φ) has maximal values for the angles +170◦ and -10◦, and
minimal values for the angles +30◦ and -150◦, corresponding, respectively, to an increase of the
number of particle pairs roughly aligned with the flow, in the compressional region of simple
shear, and to a decrease of the number of pairs in the extensional region. Secondary maxima
and minima are observed too. These features are qualitatively similar to what is observed for
particles in Newtonian fluids (Morris, 2009; Blanc et al., 2013). We also observe in Figs. 10a
and 10b a ‘tail’ of large values of g

2,r roughly aligned with the flow direction in the extensional
region.

Importantly, the shape of the pdf g
2,r (ρ, φ) depends on the shear rate, which contrasts with

the case of interstitial Newtonian fluids: the depletion of particle pairs in close contact in the
extensional region is indeed enhanced by high shear rates (Fig. 10d), which is counter-balanced
by a growing tail (Fig. 10b). We thus propose to explain qualitatively the failure of Eq. 23
observed in Fig. 9, i.e. the apparent absence of a link between the dynamic yield stress value
and the consistency, from the differences in the particle microstructures. Indeed, the consistency
value is obtained from the suspension behavior at high shear rate whereas the dynamic yield
stress is obtained from the behavior at low shear rate. These two properties thus reflect two
different microstructures.

D Static yield stress vs dynamic yield stress: macroscopic measurements

To test further this idea, we have performed additional macroscopic experiments in a parallel
plate geometry (of 40 mm radius and 2 mm gap) in which we have presheared the suspension
at high shear rate; we have then stopped abruptly the rotation and left the material at rest
to relax during 5 minutes. With this procedure, we expect the particle microstructure formed
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Figure 11: Flow curves measured in a parallel plate geometry: (a) in a concentrated emulsion
(lower curves) and in the same emulsion filled with 40% of particles (upper curves); and (b) in
a concentrated emulsion (lower curves) and in the same emulsion filled with 50% of particles
(upper curves). After a 2 min presehar at 10 s−1and a 5 min rest, the shear stress is ramped up
(squares) and down (empty circles) linearly at a 0.5 Pa.s rate.

under shear to be gelled at rest; any measurement performed subsequently should then bear the
signature of this microstructure. In particular, if a shear flow at low shear rate is subsequently
imposed on the material, a transient stress response is expected before the material reaches a
steady-state stress corresponding to the steady-state microstructure characterizing a slow flow.
In the following, to account for such possible transient shear-history-dependent effects, we now
make the distinction between the static yield stress τy,s, which is the stress above which flows
start, and the dynamic yield stress τy,d, which is the stress below which flows stop.

After the preshear at high shear rate and the rest period, we have applied a linear shear
stress up-ramp to measure τy,s, followed by a linear down-ramp to measure the flow curve and
in particular τy,d. The results of such macroscopic measurements performed on a concentrated
emulsion, and on the same material filled with 40 and 50% of particles are displayed in Fig. 11.

Whereas the behavior of the pure emulsion does not show any significant dependence on
flow history, as classically observed for such simple yield stress fluids (Ovarlez et al., 2013), the
suspensions do display a static yield stress τy,s much higher than their dynamic yield stress τy,d
(upper curves of Figs. 11a and b). Indeed, when the shear stress τ is slowly increased from rest,
flow starts abruptly when τ reaches a value τy,s that is roughly 2 times higher than τy,d; the
shear rate γ̇ then increases rapidly until the steady-state flow curve τ(γ̇) is reached. The data
subsequently follow reversibly the steady-state flow curve of the suspension during the rest of
the up-ramp and the beginning of the down-ramp. During the down-ramp, the data continue
following this steady-state flow curve: γ̇ decreases smoothly when τ is below the τy,s, and goes
toward zero when τ approaches τy,d, below which there is no more flow. It is worth noting that
the flow curve τ(γ̇) is followed reversibly if the shear stress is ramped-up again just after the
down-ramp: in this case, the static yield stress is equal to the dynamic yield stress because the
microstructure gelled at rest is that formed under low shear rate.

We thus conclude that the static yield stress is the yield stress of the material which has
the microstructure formed during its preparation, whereas the dynamic yield stress is the yield
stress of the material whose microstructure is the steady-state microstructure formed under low
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Figure 12: Squares: dimensionless yield stress τy(φ)/τy(0) extracted from a fit to the τ(γ̇) data
of a Herschel-Bulkley law of index n = 0.5. Stars: dimensionless static yield stresses measured
after a preshear at high shear rate (from Fig. 13). Empty circles: dimensionless static yield
stress data from Mahaut et al. (2008a). Line: model (Eq. 31) based on the linear behavior
observed by Thomas (1965) and Sierou and Brady (2002). Crosses: dimensionless consistency
data plotted as [η

HB
(φ)/η

HB
(0)]1/(n+1)(1− φ)n/(n+1) with n = 0.5.

shear.
We now report the values of the dimensionless static yield stresses measured in these experi-

ments in Fig. 12, together with the dynamic yield stress, previous data of Mahaut et al. (2008a),
and the predictions of the model. Of course, these static yield stresses are macroscopic values,
possibly affected by migration effect and heterogeneities of the suspension microstructure; they
provide nevertheless relevant estimates of the impact of microstructure on the behavior.

It is remarkable that the observed static yield stresses for materials presheared at high shear
rate are now in much better agreement with the model (Eq. 31), and with the consistency
data replotted as [ηHB (φ)/ηHB (0)]

1/(n+1)(1 − φ)n/(n+1) with n = 0.5. In other words, there
seems to be a link between the consistency values and the yield stress values as predicted by
Eq. 23, provided the yield stress is measured for the microstructure formed at high shear, as
is the consistency, which makes sense. This allows us to provide a full consistent picture of
the behavior of the materials with the model presented in Sec. II. It also confirms that the
shear-dependent function g(φ) bears sufficient information on the microstructure for each shear
history as a first approximation.

It remains, however, that we have no prediction to make for the value of the dynamic yield
stress, and we cannot compare its value to any other property of the material. This seems to be
a specificity of suspensions in yield stress fluids. Indeed, in the spirit of the Chateau et al. (2008)
and Mahaut et al. (2008a) works, Liard et al. (2014) have recently shown that the behavior of
suspensions in power-law (shear-thinning and shear-thickening) fluids can be deduced for that
of suspensions in Newtonian fluids. This is interpreted by the fact that distributions of large
shear rates (those who bring the main contribution to dissipation) in the interstitial fluid are
similar in both cases, i.e. that the microstructure formed under shear in these fluids share some
similarities. At high shear rate, the behavior of yield stress suspensions should be expected to be
similar to that of shear-thinning suspensions, and the same conclusions as in Liard et al. (2014)
should apply. In this context, the agreement with the proposed model for the consistency values
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(Eq. 32) and for the static yield stress values (Eq. 31) comes from the fact that the g(φ) function
we have chosen for the linear response, namely the Krieger-Dougherty law, is in good agreement
with dimensionless viscosities of sheared suspensions of particles in Newtonian materials in the
range of volume fractions investigated. However, the fact that the values of the dynamic yield
stress cannot yet be predicted strongly suggests that the properties of shear in the interstitial
fluid are different at the onset of plasticity, and that the approach made for power-law fluids
cannot be fully generalized to the case of yield stress fluids. To characterize g(φ) for any shear
history, a solution could consist in using parallel superposition (Vermant et al., 1998) or to stop
abruptly the flow and to apply small oscillations to measure the suspension linear properties for
the gelled microstructure; this cannot be done simply, however, in the case of inhomogeneous
materials.

We also note in Fig. 12 that there is a good agreement between the model and the data of
Mahaut et al. (2008a). This is surprising and seems to be fortuitous. Indeed, the static yield
stress measurements of Mahaut et al. (2008a) where performed after loading into the rheometer,
on isotropic (unsheared) materials (see Fig. 10c), and there is a priori no reason why materials
with an isotropic microstructure and materials with the microstructure formed at high shear
rate should have the same properties. The link between the microstructure and the rheological
properties of yield stress suspensions has to be built to understand this puzzling observation.

E Static yield stress vs dynamic yield stress: velocity profiles

In order to confirm the above macroscopic observations at the local scale, we briefly investigate
the impact of shear history on the flows of the material. To do that, we study the steady-state
velocity profiles obtained with our rheo-NMR setup in a suspension in two cases, corresponding
to the histories investigated in Fig. 11: (i) when the rotation velocity is slowly decreased from
high to low velocities, and (ii) when flow is started after a preshear at high shear rate and a
resting period. These velocity profiles are shown in Fig. 13.

At low rotational velocities Ω, the profiles observed for these two histories are clearly different.
When slowly decreasing Ω, the velocity profiles have the shape classically observed in yield stress
fluids (Coussot, 2005): the velocity decreases smoothly towards zero; when it reaches zero inside
the gap, i.e. when there is shear localization, the slope of the velocity profile at the liquid/solid
transition is zero (Figs. 13a,c). This is because this slope is the shear rate γ̇, and because the
shear stress value τ is equal to the yield stress at this transition: indeed, γ̇ → 0 when τ → τy
for a simple yield stress fluid. On the other hand, at start-up after a strong preshear, when the
velocity profiles are localized, the velocity decreases abruptly towards zero, i.e. the slope of the
profile at the liquid/solid transition is now different from zero (Figs. 13b,c). The shear rate in
the flowing region is thus higher than a critical shear rate γ̇c, which is here of order 0.5 s−1. This
is reminiscent of the behavior of thixotropic materials (Coussot, 2005; Ovarlez et al., 2013).

The interpretation of this behavior is sketched in Fig. 13d. After the preshear, the material
has the microstructure formed under high shear, and its static yield stress τy,s is higher than the
dynamic yield stress τy,d. When flow starts at low Ω, flow is localized and stops where the shear
stress is equal to τy,s. In the liquid region, flow reaches quickly a steady-state τ = τy,d + η

HB
γ̇.

At the liquid/solid transition, in the flowing region, the shear stress is then τ = τy,d + η
HB

γ̇c,
which should equal τy,s, since the material in the solid region has kept its initial microstructure.
The difference between the shear history dependent static yield stress and the dynamic yield
stress thus explains the existence of the critical shear rate γ̇c 6= 0 and of flow hysteresis.

To further illustrate the impact of shear history on the microstructure gelled at rest and on
the material static yield stress, we have performed an additional experiment in which we have
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Figure 13: Velocity profiles in a suspension of volume fraction φ = 40% in the rheo-NMR
Couette geometry when velocity is slowly decreased from 100 to 3 rpm (a) or measured at flow
start at various velocities after a preshear at 100 rpm and a 5 min resting period (b). (c) Focus
on the behavior at 5 rpm: role of shear history (see legend). (d) Sketch of the behavior at the
liquid/solid transition for a flow restart after a strong preshear.

slowly ramped down the rotation velocity towards zero, left the material at rest to relax during
5 minutes, and restarted the flow at low rotational velocity. The resulting velocity profile, shown
in Fig. 13c, is similar to that observed during the down ramp, which means that γ̇c = 0 and
that the static yield stress is equal to the dynamic yield stress for this shear history. This is
consistent with the results of Secs. IVC and IVD: here, the microstructure is formed under
low shear rate, when τ ≃ τy,d before being gelled at rest; flow is thus restarted simply with
τy,s ≃ τy,d.

To conclude on this point, we have confirmed here that a shear-history-dependent static yield
stress emerges when adding particles in a yield stress fluid, due to the shear-history-dependent
microstructure (Sec. IVC). In particular, a preshear at high shear rate results in a static yield
stress much higher than the dynamic yield stress. At the local scale, this induces flow hysteresis.
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Figure 14: Steady volume fraction profiles versus dimensionless radial position r/Ri: in suspen-
sions of 40% (a) and 50% (c) particles in a concentrated emulsion; in suspensions of 40% (b)
and 50% (d) particles in a Newtonian oil. For the yield stress suspensions, the inner cylinder
radius is Ri = 4.1 cm, and the gap is 1.9 cm wide; for the viscous suspensions, Ri = 3 cm, and
the gap is 2 cm wide.

F Volume fraction profiles and normal stresses

We finally comment briefly on the volume fraction profiles. One of the predictions of the model
presented in Sec. II is that steady volume fraction profiles in a yield stress fluid, in the absence
of shear localization, should be similar to those observed in a Newtonian fluid. To test this
prediction, we have performed experiments with suspensions of monodisperse spherical particles
in a Newtonian oil (polyethylene glycol, as in Boyer et al. (2011b)), in which steady volume
fraction profiles were measured; note that the dimensionless viscosity g(φ) of this system is better
fitted by the Zarraga equation (Eq. 30) than by the Krieger-Dougherty equation (Boyer et al.,
2011b), which implies that perfect match between experiments performed with the Newtonian
interstitial fluid and with the yield stress fluid cannot be expected. Due to a change of the
rheo-NMR setup, these experiments could not be performed in the exact same geometries: the
concentric-cylinder Couette cell used to study the viscous suspensions is of inner cylinder radius
Ri = 3 cm and of gap size 2 cm. Nevertheless, these dimensions are comparable to those of the
Couette cell used to study the yield stress suspensions, which allows us to compare the profiles.
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Figure 15: Shear stress τ (a) and combination of normal stress differences N1 − N2 (b) vs.
shear rate γ̇, measured in a parallel plate geometry in an emulsion (open circles) and in the
same emulsion filled with 40% of particles (squares). The grey zone shows the range of possible
tension surface effects. The inset of Fig. 15b shows the ratio (N1−N2)/τ vs. γ̇ in the suspension.

The steady volume fraction profiles obtained in the two fluids are shown in Fig. 14 for two
particle volume fractions: 40% and 50%. It is observed that these profiles have the same shape
in both fluids, and are characterized by the same amplitude of volume fraction inhomogeneities.
There is thus no noticeable difference between steady-state migration in a yield stress fluid and
in a Newtonian fluid, as long as there is no plug zone in the case of the yield stress suspensions;
of course, things should be different for the kinetics of the phenomenon, which was not studied
here, as it can be expected to have a complex dependence on the shear rate in a nonlinear fluid.

As explained in detail in Sec. II C, this independence of the steady volume fraction profiles on
the fluid properties can be predicted from the assumption that the ratio of the particle normal
stress to the shear stress should be a function of φ only, as in a Newtonian fluid, and that this
function should not be affected by the nature of the fluid. To illustrate this point further, we
show the combination of normal stress differences N1−N2 measured in a parallel plate geometry
for a pure emulsion, and for the same emulsion filled with 40% of particles. The data are shown
in Fig. 15.

Before analyzing the data, it should be noted that normal stresses data are affected by surface
tension effects at the edges of parallel plate geometries (Hutton, 1972). This is particularly hard
to take into account for the yield stress fluids we study since the shape of the free surface is seen
to change with the shear rate. Assuming that the emulsion/air surface tension is the same as
the continuous phase (dodecane)/air surface tension (25 mN/m), we can estimate that there is
a 10 Pa uncertainty on normal stress differences due to changes in the shape of the free surface.

In Fig. 15, it is first observed that the flows of the concentrated emulsion seem to be charac-
terized themselves by a combination of normal stress differences N1 −N2 which tends towards
zero at low shear rate as expected theoretically (Seth et al., 2011). Nevertheless, in the range
of shear rates investigated, it is hard to say what is the true value of N1 − N2 because of the
shear-rate-dependent contribution of surface tension due to free surface shape changes. The
normal stress differences can nevertheless be expected to be relatively important at high shear
rates (≥ 100 s−1). They can thus be expected to play a role on the rheology of the suspensions at
high shear rate and at high φ (where the shear rate in the interstitial fluid is highly magnified),
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which remains to be investigated theoretically (we recall that the theory developed in Sec. II is
valid for an isotropic interstitial fluid). At this stage, we leave this point apart, and focus on
the suspension behavior.

It is particularly striking that, in the suspension, N1 − N2 is characterized by a nonzero
critical value [N1 − N2]y, which is its limit value as γ̇ tends toward zero (given its value, it
cannot be an artefact due to surface tension). This feature, absent from the interstitial fluid, is
in agreement with the theory (see Eq. 25), and comes from the fact that normal stress differences
are assumed to be proportional to the apparent interstitial viscosity, as in viscous suspensions.
To further check this point, we plot the ratio of N1 − N2 to the shear stress τ in Fig. 15c.
We observe, as predicted by the theory, and in line with the observations on shear-induced
migration, that this ratio does not depend much on the shear rate. It is here of order 1.2. For
suspensions of 40% particles in a Newtonian fluid, it was observed to be of order 0.3 by Dai et
al. (2013) and of order 0.5 by Dbouk et al. (2013). We cannot comment further this difference, a
detailed study of normal stress differences, with appropriate correction of shear-rate-dependent
surface tension effects, being out of the scope of the present paper.

We finally note that some conclusions of this part, namely the validity of Eq. 36 and the
existence of a yield particle normal stress, are supported by a recent paper, published while our
paper was under review, where shear stress and particle normal stresses have been studied in
detail for φdiv > φ > 45% (Dagois-Bohy et al., 2015). A notable result from this work is that the
apparent friction coefficient of the yield stress suspensions follows the same law as a function of
φ as in viscous suspensions.

V Conclusion

The main findings of our work are the following:

• We have shown that the steady flow behavior of the suspensions can be modeled by a
Herschel-Bulkley behavior of same index as the interstitial fluid, which is predicted by the
theory, in which the only source of nonlinearity of the behavior is in the interstitial fluid.
This should be strictly true only if the particle microstructure does not show significant
variations with the shear rate at high shear rate; the yield stress has no importance for
this property: this should hold for power-law materials. Note that our experiments are not
sensitive to small variations (smaller than, say, 0.1) of the index n. Finer investigations
might thus be useful to strengthen or invalidate this point.

• We have observed a good agreement between the increase of the consistency with the
particle volume fraction in the 0-50% range and the theoretical prediction (Eq. 32) based
on the works of Chateau et al. (2008) and Mahaut et al. (2008a). The similarity between
the function g(φ) used to model the behavior of the isotropic suspensions studied by
Mahaut et al. (2008a) and that used to model the suspension behavior under steady
shear at high shear rate remains to be understood, the microstructures being significantly
different. The fact that this function g(φ) is the same as for some viscous suspensions is
however consistent with the conclusions of Liard et al. (2014) for power-law fluids. The
similarity with the Sierou and Brady (2002) simulations suggests that the particles behave
as low friction particles; this might be due to the large size of the constitutive elements of
the yield stress fluid as compared to the particle roughness and to their high concentration,
which may hinder frictional interactions.
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• We have observed shear-induced migration with similar properties as in a Newtonian
fluid, which we have predicted theoretically. This suggests that particle normal stresses
are proportional to the shear stress as for suspensions of particles in Newtonian fluids;
this is a strong validation of the theoretical approach, which consists in linearizing the
interstitial fluid behavior: in this approach, a change of the apparent viscosity of the
interstitial material (due to a change of the shear rate) impacts similarly all components
of the suspension stress tensor.

• In line with this last observation, we have observed the emergence of a nonzero normal
stress difference at the yielding transition, which is absent of the interstitial fluid behavior.
This is a signature of the fact that the rheology is governed by the apparent viscosity of
the sheared interstitial material.

• Thanks to an original rheo-X-ray microtomography setup, we have shown that the steady-
state suspension microstructure (the particle spatial distribution) in a yield stress fluid
depends on the shear rate, which contrasts with the case of a Newtonian interstitial fluid.
This leads to an original shear-dependent macroscopic behavior. In particular, whereas
the emulsion is a simple yield stress fluid, the yield stress of the suspensions at flow
start can differ significantly from the yield stress at flow stoppage, depending on flow
history. We showed that the static yield stress is the yield stress of the material which
has the microstructure formed during its preparation, whereas the dynamic yield stress
is the yield stress of the material whose microstructure is the steady-state microstructure
formed under low shear. The existence of a shear-rate dependent microstructure also
explains the discrepancy between the theory prediction for the consistency and that for
the yield stress at flow stoppage, since a unique microstructure is assumed in the theory.
Further progresses in the modeling of suspensions of particles in yield stress fluids would
imply to model the dependence of microstructure on the shear rate, and to take it into
account in the modeling of the macroscopic properties. It remains that, at this stage, we
are unable to predict the value of the dynamic yield stress of the suspensions.

Acknowledgments

This work was supported by a grant from Agence National de la Recherche (ANR 2010 JCJC
0905 01 - SUSPASEUIL). The Laboratoire Navier microtomograph has been acquired with the
financial support of Région Île-de-France.
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