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Abstract. The present paper on invariant or covariant polynomials built from a set
of three dimensional vectors under the action of the SO(3) group is a follow—up to our
previous article [G. Dhont and B. I. Zhilinskii. The action of the orthogonal group
on planar vectors: invariants, covariants and syzygies. J. Phys. A: Math. Theor.,
46(45):455202 (27 pages), 2013.] dealing with a set of two dimensional vectors under
the action of the SO(2) group.

The goal is to show how to obtain Molien functions for SO(3) invariant and
covariant modules, how to recast them in an appropriate form when these modules
are not free, and how to use them to build integrity bases for free modules or their
generalization in the case of non-free covariants modules.

We also explain how to easily derive O(3) invariants and covariants basis from
SO(3) ones . However, applications of SO(3) invariant and covariant bases extends
to cases such as the modelling of potential energy or dipole moment hypersurfaces in
quantum chemistry, where O(3)-symmetry is expected to hold, unless parity violation
is considered, but where the use of the SO(3) invariant ring is more practical than that
of O(3).
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1. Introduction

The present work on the SO(3) invariants and covariants built from N vectors of the
three—dimensional space stems from two previous articles. The first one [1] dealing with
planar vectors and SO(2) symmetry, which put forward the problem of dealing with
non-free covariant modules that arise when dealing with non finite groups.

Our goal is to propose integrity basis for the set of SO(3) invariants and covariant free
modules and easy-to-use generating families in the case of non-free covariants modules.
The existence of such non-free modules is one of the noteworthy features unseen when
dealing with finite point groups, that we want to point out. As in paper [1], the Molien
function plays a central role in the conception of the generating families.

The article is organized as follows: In the next section the Molien functions for up to
5 spatial vectors are computed and checked by the use of two independent paths. The
first computation relies on the Molien integral [2] and requires the matrix representation
of the group action on the N spatial vectors. The second path explained in Appendix
A considers the Molien function for only one spatial vector as the elementary building
material from which are worked out the other Molien functions. In the third section, we
use these explicit Molien functions to make two conjectures of practical importance to
derive and employ families of generating functions in the perspective of fitting symmetry-
adapted quantum mechanical quantities. In the last section, we explain a general method
to actually build such generating families and apply it to the non trivial case of 3
spatial vectors. We provide results for both SO(3) and 0(3) groups. However, we
argue that despite the fact that molecular systems can be considered as invariant under
spatial inversion, it is usually more useful to fit molecular potential energy and dipole
moment hypersurfaces with SO(3)-covariant generating families. We conclude with our
perspectives for this work.

2. Construction of the generating function for N vectors

2.1. Molien general integral formula

2.1.1. Rotation parametrization A rotation of a point M that leaves invariant the origin
O of the three-dimensional space can be described as a rotation of angle w around a
rotation axis whose position is defined through the 6 and ¢ spherical angles with respect
to the (Ox1y121) system of axes, see Figure 1. As usual, the spherical angles are defined
to be in the 0 < # < 7 and 0 < ¢ < 27 intervals. A rotation with a negative angle of
rotation w < 0 around the rotation axis with (, ) spherical coordinates is equivalent
to a rotation with the opposite angle of rotation —w > 0 and the opposite axis of
rotation with (m — 6, ¢ + 7) spherical coordinates . The 0 < w < 7 interval of rotation
angle is enough to cover all possible rotations. This parametrization counts twice the
rotations with a rotation angle w = 7 (a rotation of 7 around the rotation axis with
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(m — 0, + m) spherical angles is identical to a rotation of m around the rotation axis
with (0, ) spherical angles) but this is a set of measure zero.

Figure 1. Parametrization of a rotation in three-dimensional space. The 6 and ¢
angles are the spherical angles of the rotation axis, the w angle is the rotation angle
around the rotation axis.

2.1.2. Definition of a basis vector attached to the rotation axis We construct a basis
vector attached to the rotation axis whose vectors €,,, €y, €,, are deduced from the
initial basis vector €, , €,,, €., through two successive rotations of the axes such that the
rotation axis coincides with the Oz3 axis, see Figure 2:

step 2
292, p 23

YoVYa

e
2,7, =

Figure 2. Definition of the (Ozsysz3) frame.
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step 1: rotation of the axes by an angle ¢ around the z; axis:
cosep —sing 0
( €uy €yp €y ) = ( € €y € ) sing cose 0 |, (1)
0 0 1
step 2: rotation of the axes by an angle # around the y, axis:
cosf 0 siné
( Crs o ) — ( G &, & ) o 1 0 |. (@
—siné 0 cosf

The relation between the initial basis €;,, €,,, €., and the final basis €,,, €,,, €, is
then:

cosp —singp 0 cosf 0 siné
( Crs Cys Cay ) = ( € €y € ) sing cosp 0 0 1 0
0 0 1 —sinf 0 cosf
cospcosf) —siny cosypsinf
= ( €ry €y €y ) sinpcosf cosp singsinf | . (3)
—sinf 0 cosf
) =MIEG,¢) ]

The matrix M; (0, ) is an orthogonal matrix:

M, (6,0) My (8, 0)" = My (8, 0)" My (6, ) = Is.s.

2.1.3. Rotation of the point M in (Oxsyszs) It is easy to describe the rotation of a
point M around the z3 axis by an angle w, see Figure 3:

Figure 3. Rotation of point M in the (Ozsysz3) frame.

xh cosw —sinw 0 T3
ys | = | sinw cosw 0 Y3 (4)
24 0 0 1 23

A - -

g

=Ma(w)
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2.1.4. Rotation of the point M in (Oxiy1z1) Let x1,y1,21 and x3,ys, 23 be the
coordinates of point M respectively in the (Ox1y121) and (Oz3ys2s) system of axes:

OM = L€y, + Y16y, + 2165 = T3€yy + Y3€y, + 23€5,. (5)

Relation (5) can be written as:

Zq
OM = < €, €y € ) Y1
21
x3

= < €3 6y3 €23 ) Y3
<3

€3
- ( é;:l gyl gzl ) Ml (9, 90) Y3 (6)

Z3

We deduce from (6) the relation between xq,y;, 21 and x3, ys, 23:

X1 T3

yo | =Mi(00) | s |, (7)
21 <3

X3 x1

ys | =M (0, SO)T yr |- (8)
23 <1

The primed variable are the coordinates for oM’

OM' = €y, + Y16y, + 2182y = 2485, + Yally, + %y (9)
Finally, we obtain that:
Z 2
T3
=My (0,9) Mz (W) | w3
<3
@) T
Y1 = M (0, ) Ma (w) My (0, @)T (1 (10)
Zi 21

The rotation matrix M (¢, 0, w) is
M((p,@,w) = Ml (97S0) M2 (w) Ml (97S0)T (11)
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2.1.5. Molien function theory The Haar measure for the SO(3) Lie group is given for
function f by the integral:

m 2T T
/ / / f (90,9,(,0) sin 9d9d<p SiIl2 gdw
0 0 0 9

with normalization factor:

2m
/ / / sin 8dfdyp sin® dw = 47r— =

Each rotation angle w € [0, 7] defines an equ1valence class, all the rotations with
the same angle but different rotatlon axes belong to the same class. The character y")
is equal to:
X(L) (w) — sin (L _‘;%) w'
sin 5
The Molien functlon for computing the number of invariants or covariants of
representation (L), L € N from N space vectors W is given by

() (
X (w)” . .y
0dod —d 12
o2 / / / det (I = AD (¢p,0,w)) S L R (12)
where D (p,0,w) is a 3N x 3N block matrix representation of the rotation operation:
M (p,0,w) 0 e 0
0 M (p,0,w) --- 0
D (p,0,w) = , . , (13)
: : K 0
0 0 o M (p,0,w)

One easily finds that
det (I — AD (¢,0,w)) = [(1 = A)(1 — 2A cosw + Az)}N. (14)
Collins and Parsons [3] computed the Molien function for the invariants using
the Euler angle parametrization of the rotations. The numerator in the integrand of
the Molien function is just 1 for the invariant and both parametrization (theirs and
ours) are equivalent. For covariants, the numerator in the integrand is the character
which depends only on rotation angle. For covariant, our parametrization gives a
straightforward integral over only one variable w while calculations would not be so
direct using Euler angles.

2.1.6. Generating functions for the (L) covariants For any L, denoting by I'y the
initial representation of SO(3) on N spatial vectors, we have,

g((L) < T'n; )
sm(L+2)

sing ~ sin 0dhdy sin? gdu)
272/ / / (1 —A)(1—2\cosw 4+ A2)|Y i 2

i [sm(L+ ) ]81115
W(l—)\) /0 (1 —2Xcosw + A2)N dw (15)
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the Molien function integral can be simplified by noting that,

{sin (L + %) w] sin% _ cos(lw) - C;’S (L+1) w], (16)

so that,

g((L) < Tn;A)

B 1 1 /7r cos (Lw) dw 1 /7r cos [(L + 1)w] dw
(=M 7Sy (1=2Xcosw+ AN 1 Jo (1 —2Xcosw + A2)N
1

e 0 () -7 (T h). o

where the tilde quantitites refer to the SO(2) group: (/77\1/), m € Z is an irreducible
representation of SO(2) and I'y is the representation generated by N two dimensional

vectors. General expressions for §50(2) ((1/) « Ty; )\) can be found in [1] or derived

from the following formula [4],
/ T cosnx dx
o (I1—2acosz+a?)"

g2mn—2. ™l 2m — k — 2 1—a2\" 9
= , a”<1. (18

k=0

2.2. One spatial vector

Combining the general Molien function formula (17) with Eq.(18) for the case N = 1,

we obtain,
)\L
Remark: The sum over L of gy ((L) < I'1; A) weighted with their order of degeneracy,
is equal to ﬁ:
- 1
Z(2L+1)91((L)<—F1;)\): 3 (20)
L=0 (1=2)
This relationship can be generalized for every value of N,
- 1
2L+ 1 L 'y )= ——. 21
> (LD (L) < IniY) = gy 21)

It simply means that by summing over all symmetry-adapted generating functions with
their order of degeneracy one recovers the generating function for the total number of
linearly independent polynomials in 3N variables of a given degree.
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2.3. Two spatial vectors

The six coordinates {1, y1, 21, T2, Y2, 22} of two spatial vectors span a six—dimensional
representation: {x1,y1, 21, T2, Y2, 22} that is a direct sum:

I'y =T'; & T'y. Rather than making use of Egs. (17) and (18), the generating functions
for two vectors can be deduced by coupling the generating functions for one vector
obtained in (19), see Appendix A. Distinguishing the two I'y Molien functions by their
variables, one obtains:

L , -1
ST AN DD AT
i=0

91 (L) = Ta3 A1, A0) = i:(01 — A (1=A3) (1= Ahg)

(with the convention that the second term in the numerator is zero for L = 0), or

(22)

indistinguishing the I'; representation origins by setting A\ = Ay = A,
(L + DAE + LALH
(1— A2

91 ((L) <= T3 A) = (23)

2.4. Three spatial vectors

The initial representation I's = I'y @ I'y @ I'; contains nine variables and is reducible.
Again, the generating functions for three vectors can be obtained by coupling the
generating function for one vector and the generating function for two vectors, according
to Appendix A. One obtains the following expression:

_ Ni((L) T35

g1 ((L) < T35 X) = Ty (24)
N ((L) < Tg5A) = L+ Q)Q(L LSV (L + 2) LA
— (L4 1)(L— 1A — @Am. 25)

The coefficients in the numerator (24) are greater or equal to zero if L = 0 or L = 1.
Negative coefficients appear for L > 2, however the Molien function can be rewritten
as (26).

(2L 4+ 1)AE + (2L + )AL+

92 (L) <= T35 A) =

(12
L(Lz—l))\L +(L+1)(L— 1))\L+1 + L(L2—1))\L+2 ’
(1 _ )\2)5 ) ( )

where all the coefficients in the numerators are positive coefficients for L > 2. The gen-
erating function suitable for a symbolic interpretation in term of a generalized integrity
basis are given in Table 1 up to L = 6.
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Table 1. Expressions of the symbolically interpretable g; Molien functions for three
spatial vectors and (L) final irreducible representations, 0 < L < 6.

7 Fﬁnal gi (Fﬁnal <~ F3; )\)

3
L (0) ﬁ
L2 (1)
5224503 A24323 40
2 (2) (I=X2)5 + (1_>\225
9 (3) TASH7AL | 3A348AY 43N0
(1—X2)0 (1—X2)5
9 (4) 9N 49N® | 6ATH150°4+6A°
(1-A2)C (1-x2)°
2 (5) 110541108 + 10A° 4242641077
(I=X2)0 (I—X\2)5
2 (6) 13X5413)\7 + 1525435074158
(I—X2)° (I—X%)5
5 .

We have proceeded in a similar fashion to obtain the generating function for four
and five spatial vectors given in Appendix B.1 and Appendix B.2 respectively. Any
number of spatial vectors can be achieved by recursion, in principle.

2.5. Eztension to O(3)

The block matrix representation of the inversion operation for the I'y initial
representation is —I3y, where I3y is the 3N x 3N identity matrix. So, denoting by

(L), e = 4, the irreducible representations of O(3), the corresponding Molien functions
are easily obtained:

g°P (D) TwiA) = 5 [9 (L) ¢+ TasA) +eg (L) « Dvs =)

N —
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3. Two conjectures around the Molien function

3.1. First conjecture

Based on the results of the previous section, we conjecture that for any number of three
dimensional vectors and any final representation of SO(3), there exists a positive integer
Imax (IV, L) with 1 < . (N, L) < 3N — 2, such that the Molien function g can be cast
in the form of a sum of rational fractions:

Imax(N,L) ; )

Y N,L
g((L) < T3 A) = ; (1— )\2)3N—2—l’ (27)
nmax(N7L7l)
with the lpax (N, L) numerator polynomials N, (A\) = > ci{,’?LALJF" having only
n=0

non—negative coefficients cl]’v’?L. The exponents on A in the numerator polynomials start
at L, since (L)—covariants built from vectors are at least of total degree L.

The ring of invariant polynomials (L = 0) under the reductive SO(3) group is a
free module over a subring of invariant polynomials [5, 6]. It admits an homogeneous
system of parameters or Hironaka decomposition and the Molien function for invariant
polynomials can be cast in the form (27) with a single rational fraction. Its symbolic
interpretation suggests 3N — 3 primary or denominator invariant polynomials of degree
2 and C}V’TLO secondary or numerator invariant polynomials of degree L +n with 0 <n <
Nmax (N, 0, 1).

If the module of (L)—covariants (L > 0) is free, the situation is similar to the ring
of invariant polynomials: the form (27) is a single rational fraction and the usual Molien
function interpretation in terms of integrity basis holds. If the module of (L)—covariants
is not free, and this can happen [7], then [y, > 1. The form (27) admits a symbolic
interpretation in terms of a generalized integrity basis already proposed in our previous
work on SO(2) [1]. The non free module is a sum of lyax (IV, L) submodules. Each of
these submodules is a free module that corresponds to the [* rational fraction symbolic
interpretation in terms of integrity basis (1 <[ < ljax (IV, L)): it is a module on a ring
of invariants generated by 3N — 2 — [ primary invariants and the minimal number of
covariant generators of degree L+n is given by cé{,iLL. So, this conjecture is in fact closely
related to that of Stanley: conjecture 5.1 of Ref. [8].

In practice, the numerators in the sum of expression (27) can be determined
algorithmically for a given pair (N, L) by starting with the ¢g; ((L) <= I'y; \) expression,
which is always a single rational fraction. If for the value of L considered, the numerator
N1 has only non—negative coefficients, then the form is the desired one and the algorithm
stops. Otherwise we perform a polynomial long division of the numerator by 1 — \2.
The division process is stopped not when the degree of the remainder r is less than 2
as one would do in the usual Euclidean polynomial division, but when the coefficients
of the remainder r; become non—negative for the L-value considered, which will happen
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according to the conjecture. Then the numerator is rewritten as:
Nl =T + (1 — )\2) qi-

The remainder r; serves as the numerator of the first rational fraction in (27). If the
quotient ¢; has only non—negative coefficients for the value of L considered, the algorithm
stops and the final form of the Molien function is then:

! 4 q1
(1 _ )\2)3]\7 3 (1 _ )\2)3]\7—4'

g((L) «Tx;A) =

Otherwise, the process is iterated, i.e. the quotient ¢; is divided in the same way by 1—\2
and the new remainder will constitute the numerator of the second rational fraction.
The procedure is repeated until the quotient has also only non—negative coefficients,
which will happen according to the conjecture.

For example, for N = 3, the single rational fraction (24) with its numerator (25)
is suitable for L < 2. For L > 2, we obtain successively by the division process of the
numerator (25):

(L+2)(L+1)
2

=(1-2)? (@AL“) + (L”)zﬂv + (L +2) LA+ — @)\L” — (L4 1)(L — 1)AE+3

L(L—1
A (L +2) LI — (L4 1) (L — DAET3 — %,\LH

=(1-2)? ((L + 1)L = DAEH 4 @,\L“) + WV + (2L + D)AFT — @,\L“

=(1-X? (LL; DAL 4 (L+1)(L - DAFH + LL; D AL“) + (2L + DAF 4+ (2L + DA H!

(28)

The remainder (2L + 1)AY + (2L + 1)AL*! has only non negative coefficients and
is the numerator of the first rational fraction we are seeking for. The quotient
@)\L +(L+1)(L—1)AE 4 @)\L” happens in this simple case to have only non
negative coefficients for L > 2. It will constitute the numerator of the second fraction
and we find again the expression (26) with two rational fractions for the Molien function.

For N = 4, the numerator expression N ((L) < I'y; A) is suitable for L < 3. For
L > 3, we obtain successively by the division process of the initial numerator:

(L+3)L+2)(L+1) v (L+3)(L+2)L AL 4 (L43)L+2)(L+1) A+2 (L+3)(L —2)(5L +4) AL+3
6 2 6 6
_(L43)(L —2)(5L +1) AL+ | L(L-1)(L-2) AL+S | CT+HEL-1)L-2) AL+E | L(L-1)(L-2) A\L+T
6 6 2 6

P (_ L(L — 1(2(L - 2) )\L+5) L CEEEDL Y, (L 3)(2L 2L gy, EADEADELAD) 1y,

6 6

(L 43)(L —2)(5L +4) AL+3 _ (L+3)(L-2)(5L+1) AL+ | L(L-1)(L-2) AL+ L+D)L - -2 \L+6

6 3 2
L+1(L—1 2)>\L+4_L(L—lg(L—2))\L+5)+(L+3)(L-61-2)(L+1))\L+ ¢

L+3) L+2)(L+1)/\L+2 (L+3)(L—2)(5L+4)/\L+3_ (L—2)(L2+8L+3))\L+4+L(L—l)(L—2))\L+5

6 3 3

2 6 6

—(1-22) (_ L(L - 13)(L 2) AL+3 _ L+1)EL-1)(L-2) AL+ _ L(L-1)(L-2) )\L+5) n (L+3)L+2)(L+1)

(LA3)L+DL 14

)\L
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(L+3)(L+2)L/\L+1 N (L+3)(L+2)(L+1)/\L+2 3 (L—2)(L2+7L+4))\L+3 3 (L—2)(L2+8L+3))\L+4

2 6 2 3
— (1) ((L—2)(L2+8L+3)/\L+2_ LIL=1)(L=2) p15 (L+DE=1(L=2) 144 L(L—l)(L—2))\L+5)
3 3 2 6
N (L+3)(L+2)(L+1)/\L N (L+3)(L+2)L/\L+1 _(LP+6L? —37L—18)/\L+2 (L=2)(L? +7L+4)/\L+3
6 2 6 2
—(1-2?) ((L —2)(L* +8L +3) ALA+2 L(L-1)(L-2) A\L+3 L+1)EL-1)(L-2) AL+ _ L(L-1)(L-2) )\L+5)
3 3 2 6
N (L+3)(L+2)(L+1)>\L+ (L+3)(L+2)L>\L+1 (L2 +6L? —37L—18)>\L+2 _(L=2)(? +7L+4)>\L+3
6 2 6 2
— 1Y) ((L—2)(L2+7L+4))\L+1 N (L —2)(L? +8L+3)/\L+2 _L(L - 1)(L—2)/\L+3_ (L+1)(L — 1)(L—2)/\L+4
2 3 3 2
_L(L— 12(L—2))\L+5) N (L+3)(L-61-2)(L+1))\L 4L+ A (L3+6L2g37L— 18)/\L+2 (20)
— (- ((L3+6L2 —37L — 18))\L+ (L—2)(L2+7L+4))\L+1 N (L—2)(L2+8L+3))\L+2 3 L(L—l)(L—2)/\L+3
6 2 3 3
_LH)E ; DE=2) \pa _ L= lg(L ~2 AL+5) +4(2L + VAT 420 + 1AFF! (30)

For L = 3 and L = 4, the algorithm stops at Eq. (29), where all coefficients of the
3 2

remainder are positive, whereas for larger values of L the coefficient — (L°+6L 6_37L_18) of

A2 i negative in the remainder of Eq. (29) and one must stop only at Eq. (30). Let

us consider first the cases L = 3 and L = 4. The quotient has negative coefficients and

must be divided again by (1 — \?),

(L —2)(L? +7L+4))\L+1 N (L —2)(L? +8L+3))\L+2 _L(L - 1)(L—2)>\L+3 (L)L - 1)(L—2)>\L+4 _L(L - 1)(L—2))\L+5
2 3 3 2 6
— (12 (L(L— 1)(L—2))\L+3) N (L —2)(L? +7L+4))\L+1 N (L — 2)(L? +8L+3))\L+2 _L(L— 1)(L—2)>\L+3

2 3 2
DT DT -2),
2
—(1-2%) ((L + 1)(L - 1)(L - 2) AL+2 4 L(L—1)(L —2) )\L+3) i (L—=2)(L? + 7L +4) A+ (L—2)(L? —16L —9) \E+2
2 6 2 6

_LEZDE=2) s
2
= (1-22) (WM“ 4 L DE 2 =Dy WMﬁ) AL 2)en D
(- 2)(L26— 16L —9) AL+2 (31)

This time both remainder and quotient have non negative coefficients, so we stop here
and retrieve the numerators of the second and third fractions of g» in Eq. (B.3). For
L > 4, we have to divide the quotient of Eq. (30) by (1 — \?),

(L3 +6L? —37L—18)>\L N (L—2)(L2+7L+4))\L+1 N (L —2)(L? +8L+3)>\L+2 _L(L - 1)(L—2)>\L+3
3

6 2 3
_LANE =D)L =2) \pyg WL =D)L =2) 145
2 6
— 1Y) (L(L —1)(L - 2))\“3) N (L3 +6L? 6—37L— 18))\L N (L - 2)(L22+ 7L+4))\L+1 N (L - 2)(L23+ 8L+3))\L+2
LD -2) gy LADEZ D@L —2) 14y
2 2
— (1Y) ((L+ 1)(L; (L — 2)/\L+2 N L(L — 16)(L— 2)/\“3) N (L3 +6L2 g37L - 18))\L N (L - 2)(L22+ 7L+4))\L+1
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(L=2)(L? =16L—9) 1 p LL—1)(L=2), ;4
6 2

— (123 (L(L— 1)(L—2))\L7L1 n (L+1)(L — 1)(L—2))\L7L2 n L(L - 1)(L—2))\L+3) n (L3 +6L? —37L — 18))\L
2

2 6 6

i1 _ (L= —16L—-9) 1,

+2(L—2)(2L + 1) .

6 2 2
+2(L - 3)(2L + DAL 4 2(L — 2)(2L + 1AL+

For 5 < L < 16 one stops at Eq. (32), where all coefficients of the remainder are positive,
whereas for larger values of L the coefficient of A\**? is negative in the remainder of
Eq. (32) and one must continue up to Eq. (33). In both cases, the quotient has only
non-negative coefficients, so the remainders and quotients of Egs. (32) and (33) gives
the numerators of the second and third fractions of g3 and g4 in Egs. (B.4) and (B.5).
We leave it to the reader to treat the case N = 5.

3.2. Conjecture 2

For the electric dipole moment hypersurface, the relevant covariant module corresponds
to the (1) irreducible representation and will always be a free module. This conjecture
is based on the observation that for a given N, g, ((L) < I'y; A) has the right form of
Eq. (27) forall Lif N=1or N=2andforall L<Nif5>N > 2.

4. Construction of the generating families for N vectors

The main goal of this section, is to propose a general method to obtain a suitable
generating family of SO(3) covariants in the case of non-free module. This method
takes advantage of the interpretable form of the Molien function seen in the previous
section. The simplest case of a non-free module occurs for N = 3 vectors and L = 2.
We will first provide explicit, natural basis sets for the free cases corresponding to
N e {1,2}L € {0,1,2} and N = 3,L € {0,1}. Then, we will show how to deal with
the simplest non-free case: N = 3, L = 2. Finally, we will explain how to generalize the
latter construction.

4.1. One spatial vector

The initial representation I'y contains the three variables x1, 1, 21, and Eq. 19 shows
that there is one basic invariant of order 2, and one set of (2L + 1)-degenerate auxiliary
covariants of order L spanning the (L)-covariant free module.

The basic invariant is of course the scalar product Qi1 = 2?2 + y? + 22, while the
auxiliary covariants are spherical harmonics. For example, for L = 1 one can take the

(32)

—(1-2?) ((L —2)(L? —16L —9) AL 4 L(L-1)(L-2) ALHL 4 L+DHL - -2 AL+2 4 L(L-1)(L-2) )\L+3)
6

(33)
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2 2 2
2z — a1 — Yy

I T1z
set | y1 |, for L =2, Y21 , and so on.
21 T1Y1
xi =yt

4.2. Two spatial vectors

The ring of invariant is well-known [9] and generated by the 3 scalar products:
Qu =] +yi + 27, Qo2 = 05 + 35 + 23, Q12 = 1122 + 1Yz + 2122.

For L =1,
AL+ A2+ A
(1 =27 (1= A9 (1= AAg)

T T2

g1 ((1) <= T3 A, Ae) =

The two first order (1)-covariant basis vectors can be taken as | y; | and | v |, and

21 )
Y122 — Z1Y2
the second order one as their cross-product | 229 — 2129
T1Y2 — Y172
@) ( 17) « 19®. >\> __ 35
91 (17) 2 (1— )\2)3 (35)

So the z-component of the electric dipole moment function of an ABC molecule will
have the form:

DMS[z1,y1, 21, T2, Y2, 22] = Ps, [Q11, Q22, Q12]21 + Psy [Q11, Q22, Q12] 22,
(36)

where P; are polynomials in the primary invariants. The other components are related
by symmetry which implies P,, = P,, = P,,. So, only two polynomials in three variables
need to be fitted on data to determine the DMS functions.

For L = 2,
A+ A2+ Mo+ A+ M3
(1 =AM =A3) (L= Aiho)

g1 ((2) < FQ, >\1, >\2) = (37)

2 _ .2 .2
221 — a1 — Y
T121
The three second order (2)-covariant basis vectors can be guessed as 21 ,

1l

2 2
Iy —u
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QZS - x% - y% 22120 — T1T2 — Y1Y2
L9229 T129 + 21%2
Yo 2o and Y122 + 2192 , by analogy with spherical harmonics
T2Y2 T1Y2 + Y172
55% - y% T1T2 — Y1Y2

and the two third order ones can be constructed by subtituting one set of coordinates
in the last expression by the (L = 1)-cross-product covariant,

221(T1y2 — Y172) — T1(Y122 — 2102) — Y1(2172 — T122)
21 (T1Y2 — 1172) + 21(Y122 — 21Y2)
Y1(T1y2 — 1172) + 21 (2172 — T122)
T1 (2179 — T122) + Y1(Y122 — 21Y2)
( )

T1\Y122 — Zlyz) - y1(21$2 — X122

2(x1y2 — y172) 22 — (Y122 — 21Y2) T2 — (2102 — X122)Y2
(Y122 — 2192) 22 + (T1Y2 — Y172) T2
(2179 — m122) 20 + (V12 — Y172) 12
(Y122 — 2192)y2 + (2172 — T122) T2
(Y122 — 2192)2 — (2172 — T122) Y2

4.8. Three spatial vectors

The ring of invariant is well-known [9] and generated by the 6 scalar products:
Qij = 2T + YilYj + ZiZj for 1 <1 S] < 3.

For L =0,
14+ A3
0) <~ I's; A, Ao, A3) = 38
910 = Taid de ) = 4 T T S ae) A A =) D)
Ty T9 XT3
the secondary invariants are the scalar 1 and the determinant | v, vyo 3
Z1 k92 23
For L =1,
AL 4 Ao+ A3+ Ao + A A3+ Ao)s
1) « T35 A1, Ao, A3) = ) 39
S i Ll oy vy v s B vy S v WY T W Wy (R W W R
Al )
The three first order (1)-covariant basis vectors can be taken as | y1 |, [ v2
21 29
T3 Y122 — 21Y2
and | y3 |, and the three second order one as their cross-product | zyx9 — 2129 |,
23 T1Y2 — Y122
Y173 — Z1Y3 Y223 — 22Y3
21T3 —T123 |, | %2%3 — X223

T1Ys — Y1x3 TaY3 — Y23
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So the z-component of the electric dipole moment function of an ABC molecule will
have the form:

DMSlx1,y1, 21, %2, Y2, 22, 23, Y3, 23] = Poy [(Qij)1<i< <5l X 21 + Poy[(Qig) 1 <j< 5] X 22
+ PZS[(Qij)1gi§j§3] X 23 + Priys—y12s [(Qij)lgigjgg] X (z1y2 — y122) +
Px1y3—y11‘3[(@ij)1§i§j§3] X (z1ys — y1@3) + szya—yzm[(@:’j)lgisjgg] x (r2y3 — y213),
(40)

where the P;’s are polynomials in the primary invariants. The other components are
related by symmetry.

For L = 2, when the representations are distinguished, the symbolic interpretation
of the numerator of the Molien function,

Nl ((2) < Fg; )\1, )\2, )\3) = )\% + )\g + )\g + )\1)\2 + )\1)\3 + )\2)\3 +
A2+ A2+ A A2+ A A2+ A2 + AoA2 + 20 Ao
SOAZA2); — A2AA2 — MAZAZ — AZA2)2 (41)

suggests that there are 6 linearly independent, auxiliary covariants of order 2 and 8
of order 3 related by 3 syzygies of order 5 and 1 of order 6. Then, the symbolic
interpretation of

A2+ 56X A4 3N+ N
@228 T (1 ap

specifies that only 5 auxiliary covariants of order 2 and 5 of order 3 should be used to

92((2) < T'g;0) = (42)

generate a free module over the whole ring (associative algebra) of primary invariants
A, denoted M7'. However, to generate the N = 3, L = 2 covariant module, this free
module should be completed by a second one, M{i, spanned by one auxiliary covariant
of order 2, three of order 3 and one of order 4, over a subring (subalgebra) A spanned
by only five primary invariants.

Let us exploit these pieces of information. For 1 < i < 5 < 3, we define

Dij = 227, * Zp — X5 — YiYy- (43)

From the well-known expressions of spherical harmonics, we deduce that the D;;’s are
the (my, = 0)-components of the 6 auxiliary covariants of order 2, we are looking for.
Let us further construct a similar expression by substituting an order 1 by an order 2
(L = 1)-covariant,

Vi, g,k € {1,2,3}  Tijw := 22 (xjye — Tryj) — @ (Y526 — Yuzj) — Vi (Tp2; — xj2) . (44)

The T}j;’s are the (my = 0)-components of order 3 covariants. However, only 8 can be
linearly independent, since Vi, j, k € {1,2,3} Tij, + Tix; = 0 and Tjjx + Tjg; + Thij = 0.
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For a given 7, we retain only those T};;, with j < k, and for 4, j, k all distinct, we decide
to discard

To13 = Ti23 + 312 (45)
The three syzygies of order 5 are found to be, by solving linear systems of equations:

Qa3 * Th19 — Qoo * Th13 — Quz * Toia — Q11 * Thog + Q1o % (2% Thag + T312) = 0 (46)
Q13 * Toog + Q33 * To1a — Q1o % Thoz + Qoo * Ts13 — Qag * (2% Tsy0 + Tho3) =0 (47)

Q11 * T3 + Qa3 * Ti13 — Q2 * Th13 — Q33 % L1120 + Q13 % (2% Th10 — Toy3) =0 (48)

the last one can be rewritten by using Eq.(45) as

Q11 * T3 + Qa3 * This — Qo * Ta1z — Q33 % Thia + Q1 * (T2 — Thaz) = 0. (49)

Similarly, the syzygie of order 6 is found to be:

(Q%g — Q22 * Q33) * D1y + (Q%g — Q11 * Q33) * Dag + (Q35 — Q11 * Q22) * Dyz+
2 x ((Qm * Q33 — Q3 * Q23) * Dyg + (Q13 * (Qag — Q2 * Q23) * Dz + (Qn * Qo3 — Q2 * le) * D23) =0
50)

—~

There is some arbitrariness in the choice of the primary invariant to be removed
from the invariant ring A to define M“;‘. Let us choose Qa3, so that A is the subring of
A spanned by {Q11, Qa2, @33, Q12, @13}. Then, the natural order 2 auxiliary covariant
to be eliminated from M# is Dy, since including it in M, together with the order 4
covariant, Qo3 x Dy is sufficient to obtain all the (@55 X D11)’s with n > 1. This results
from Eq.(50), which permits to reexpress Q3; X Dy in terms of other elements of the
./\/1“22l module. It remains to select the three order 3 auxiliary covariants to exclude from
M+t and include in M“ZZ‘. The natural choice is Ti12, (2 % Tiag + Th23) and i3, since
Qa3 * T112, Qo3 * (2% Tha3 + Tho3) and Qo3 * T113, are easily re-expressed with terms either
in M or in M4, by means of the syzygies Eqs.(46), (47) and (49) respectively. The 5
order 2 auxilliary covariants and the 5 order 3 auxilliary covariants spanning M3 can
be chosen to be Dyg, D13, Daa, D23, D33, T3, To12, Tao3, T313, T323.

4.4. Generalization to higher N and L values

The path followed in the previous section for N = 3 and L = 2 can be generalized to
higher values of N and L. The decomposition of non-free modules into a sum of free
modules on subrings of the ring of primary invariants will have more terms: Table B1
suggests 3-term decompositions for N = 4 and L > 3, while Table B2 suggests 4-term
decompositions for N = 5 and L > 4. One is tempted to conjecture that (N — 1)-
term decompositions will occur for N-vectors and L > N — 1, for all N > 2. The
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decompositions are not unique, since, as we have seen, there is some arbitrariness in the
choice of the generators of the primary invariant subrings and of the covariant generators
of the modules on these subrings (although some choices are more natural than others).
So, it is difficult to give a general and explicit construction. We only sketch the main
line.

The construction follows the steps of the algorithm of section 3.1. The number of
covariant generators of each degree for each free module in the decomposition: ./\/l“l‘io,
M“;‘l, /\/lgfp, ..., (where A° = A, A' = A in our previous notation) are given by the
successive rests of the divisions by (1 — A?) and the last quotient with only positive
coefficients. To find successive sets of syzygies, it suffices to solve linear systems in
the primary invariant ring and its successively selected subrings. The numbers of
independent syzygies to obtain and their degrees, are given by the negative coefficients
in the expressions of the numerator N and its successive quotients by (1 —\?) appearing
while following the algorithm of section 3.1. For example, for N = 4, L. = 3, Eq.(B.2)
tells us that there will be 19 syzygies of degree 6 and 16 of degree 7 to be used in order to
select A! and the 20 generators of degree 3, 28 generators of degree 4 and 48 generators
of degree 5 of M{‘O according to the rest in Eq.(29). This first set of syzygies is to be
obtained by solving a linear system in A. Then, the quotient of Eq.(29) tells us that a
second set of 2 syzygies of degree 6, 4 of degree 7 and 1 of degree 8 is to be obtained
by solving linear systems in the subring fll, previously selected. Finally, the rest in
Eq.(31), tells us that there are 14 covariant generators of degree 4 and 8 of degree 5 to
be chosen for ./\/lfl, and the quotient in Eq.(31) that, once A? has been selected, there
will be 3 covariant generators of degree 4, 4 of degree 5 and 1 of degree 6 to be found
for M.

Since the Sy permutation group action on vector indices preserves partial degrees,
one can take advantages of the Molien functions with distinguished representation
arguments, to obtain information about the partial degrees of the variables in these
syzygies. This reduces significantly the size of the linear systems to be solved. For
example, in the N = 3 and L = 2 case, the syzygie of order 6 is found to be of
partial degrees ny = ny = ng = 2 from the last term in Eq.(41). Though, we have not
systematically reported such detailed expressions for N > 2, because the closed formulas
we have obtained are not polynomial. For example, for N = 3, we have obtained the
following fraction

1

(A1 = A2) (A1 = A3) (A2 — A3)

Aoz (A3 = DA+ AT (L4 23)) + ATTE (A3 (14 X3) — A3 (1+A3) + Ao (L +A3) +
A2 (L+A3)) + A (AT AN = A3 (1 +A3)) + AT (A3TF + AT — A3TE (1 + A3))] (51)

Nl ((L) <— Fg; )\1, )\2, )\3) = [)\2)\3 (—)\é-i_L — )\2)\%+L + )\é—i_L (1 + )\3)) +

which we only managed to simplify into interpretable polynomial expressions such as
Eq.(41), when L takes specific values. Such interpretable, detailed expressions can also
be exploited to provide the partial degrees of the covariant generators of the modules,
after division by the factor in the denominator corresponding to the primary invariant
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excluded from the next subring in the decomposition.

5. Conclusion

We have derived general expressions of the Molien generating function for N vectors
of the three dimensional Euclidian space to compute the number of invariants and co-
variants of the SO(3) symmetry group. An extension to the O(3) group is easy. In the
case where the module of covariant is non free, an algorithm to transform the Molien
function into a form amenable to a symbolic interpretation in term of a generalized
integrity basis has been proposed. The same algorithm can serve to build step by step
such a generalized integrity basis, which consists in a collection of basis of covariants
for free covariant modules over subrings of the ring of primary invariants.

The case of the invariant (“L = 0 covariants”) module, is always free. In quantum
physics, an integrity basis can be useful to express SO(3)-totally invariant observables
such as the so-called potential energy hypersurface in quantum chemistry [10], when it
is not possible or appropriate to separate out rotational from internal coordinates. Note
that such an observable is actually O(3)-totally invariant, but for polyatomic molecules
of four atoms and more, it is more practical to use coordinates, such as dihedral angles,
that are SO(3)- but not O(3)-invariants.

We have conjectured that the L = 1 covariants module will always be free, as well.
We have provided explicit integrity basis up to N = 3. In quantum physics, these in-
tegrity basis can be useful to express observables such as dipole moment hypersurface,
used in quantum chemistry to calculate dipolar transition intensities. If, in addition
to the SO(3) action, there is a finite group action on the vector variables, it can be
taken advantage of in a second step as was argued in [10] for the particular case of
invariants. For example, for N = 2 which can be related as we have seen to the case of

a triatomic molecule ABC, if the origin of the two vectors is A and if B=C, then the
T T2

action of the permutation group Ss on the vectors | y; | and | y2 | can be exploited

1 z9
to simplify the expression of the physical observables such as the DMS functions. In this

particular case, we deduce for example that the polynomials of Eq. (36) must satisfy,

P, [Qh ()2, Qs] =P, [Q2, Q1 Q3], and Pmlyg—ylmz [Qh Q2, Q3] = _leyg—ylmz [Q2, Q1, Q3]-

The (L = 2)-case can be useful in theoretical physics and chemistry to expand
observables such as quadrupole moments. However, the elimination of some primary
invariants breaks the permutational symmetry of the subrings used for the modules
./\/1“2‘11, Mgp, ..., of the covariant module decomposition. So, unfortunately in such a
case, further permutational symmetry adaptation will be unpractical in general.
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Appendix A. Generating functions obtained by coupling

The Molien function with a direct sum initial representation g% (Unal <= Tinitiat1 @ Dinitial2; A)
can be calculated using Molien functions for the I'ijitia11 and I'ipitia2 initial representa-
tions, see Eq.(43) of [11]:

S Tin @i A) = >3 ! 1 0% (Tra < Tins A) g% (Ty < Tins A) (A1)
Tr1 Tp2

where the symbol n?i .., counts the irreducible representation of I'y in the product
Fp1 @Dy

This paper deals with the group G = SO(3). The initial representation I'y
originating from N spatial vectors is reducible:

I'y=T1®Tn_1,

and The Molien function g (I'guar; vy A) can be calculated using Eq. (A.1) with initial
representations I';; = I'y and I'; o = I'n_;.

g ((L) < T'n3 )

= 3 > w19 (L) T A g (L) i T ) (A2)

LA=0Lp=0

g (L) ¢ T'n; A)
LA+L
= Z Y g((La) < TN g((Lp) & Tnvi;A)
La=0Lp=|L—La|
L—-1 La+L
= > Y g((La) < TN g((Lp) « Tno1;A)
La=0Lg=L—Lx
La+L

+ Z Z ((La) < T1;0) g9 ((Lp) « Tn_1;A)

La=LLp=La—L
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Appendix B. Generating function for four and five vectors

Appendix B.1. Generating function for four vectors

Let us write the four spatial vector generating function in the form,

0 (1) Ty =N (ff )_;)F;“ Y,

By coupling the generating function for one vector and the generating function for
three vectors, the numerator is found to be:

(B.1)

Nl((L)§F4;)\)
_ (L+3)(L+2)(L+ 1))\L_|_ (LA3)L+2)L 1
6 2
N (L+3)(L ;r 2)(L+1) 4 (L+ 3)(L—62)(5L +4) 143
(L)L =2)5L+ 1) 4y N LIL-1)(L=2) 15
6
n (L+1)(L ; (L - 2))\L+6 n L(L—-1)(L - 2>)\L+7

(B.2)

The generating function (B.1) has positive or null coefficients in its numerators for
L =0, 1 or 2. Negative coefficients appear for L > 3. However, the Molien function can
be rewritten as (B.3), which has only positive coefficients for L = 2, 3 or 4, as (B.4),
which has only positive coefficients for L between 5 and 16, and as (B.5), which has
only positive coefficients for L > 17.

g2 ((L) < T3 M)
EAHEADNEID \L 4 g (2L + 1A 4 (=113 — [2 4 3T 4 3)AL+2
(1 —A%)9
2(L . 2)(2L + 1))\L+1 _ (L_Z)(LQG%ML_Q))\L"‘Z
+
(1 —\2)8
L(L—1)(L—2) (L+1)(L=1)(L—-2) L(L=1)(L=2)
7}\[1"1‘1 _I_ f}\L—i—Z _I_ f}\[ﬂi‘g

2
i 1)

g3 (L) < T's; A)
4(2L 4+ 1)AF 4+ 4(2L + 1)AEH
(1— A2y
(AP 4 L2 — 3L — 3)AL 4 2(L — 2)(2L + 1AL+ — EDLETI6029) j
* (1= A2)8
L(L—12)(L—2) AT (L+1)(Lg1)(L—2) A2 L(L—lg(L—Q))\L-H’)

(1—A2)7

_|_

(B.4)
ga (L) <= Ty; A)



Action of the SO(3) rotation group on a set of three dimensional vectors 24

4(2L 4+ 1)AF 4+ 4(2L + )N

(1—22)9
N 2(L — 3)(2L + 1)AE + 2(L — 2)(2L + 1)AEH!
(1—A2)8
. (L—2)<L2—16L—9> AL HEoDWe2) ypt EADED(E2) \L2 | L D(Eo2) \ Lt

(1—22)7
(B.5)

The generating function suitable for a symbolic interpretation in term of a gener-
alized integrity basis are given in Table B1 for selected values of L.

Table B1. Expressions of the g; Molien functions for four spatial vectors and selected
(L) final irreducible representations.

1 1—‘ﬁnal i (Fﬁnal — F4; )\)

1A% a3 A0S
1 (0) (1=22)
1 (1) ANE6AZHAN3 46014405
(1-22)?
100242023 +100%
172 (2) (1_)\2)9
2023 2871 4-8)° 1424 48)° 3AT AN NS
2 (3) (1—,\2??9 + (1-22)8 + (1-22)7
9 (4) 35204 4367° A6 + 360°+19)6 + 122541506447
g17,\2)9 (1—X2)3 (1—x2)7
3 (5) 44)0° 444X + 12X0° 466254327 + 3025 4+3677 41078
(1-22)° (1-X2)8 $1—>\2)7
3 (6) 522545207 | 3209410407 +46)0% | 60AT 47003 4+20)°
(1=x2)° (1—X2)3 g1f>\2)7
3 (7) 607746018 607 +1502°4+60)° 10525 412021°4-351°
(1-22)? (1-22)% (1-22)7
3 :
116M 116010 564214 +696A1° 474716 109225 +117071¢ 4364117
3 (14) (1=x2)° + (1—,\22 + 1-x2)7
3 (15) 12421° 4124716 + 692115 +806116 452217 + 1365641456117 4455718
(1—=x2)? (17>\228 (1—x2)7
3 (16) 1322164132217 + 837A6 4924017421218 + 1680117 4+1785718 456001
(1=22)° (1-X2) (1-22)7
4 17 140X17 4140218 980117 +1050\18 207174204018 +21607'°4-680A2°
(17) TR S L N ) L (-x2)7
4 (18) 148218 +148)\1° + 1110284118419 + 72218 12448019 42584220 18162121
(1=22)° (1=x2) (1=22)7
4 19 156A1° 4156120 12487194 1326)12° 13621° 4+2907A2° 4306012 4969122
(19) TR T L (S )L (i=a2)7

W~
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Appendix B.2. Generating function for five vectors

Let us write the five spatial vector generating function in the form,

N ((L) < T'5;0)
g1 ((L> «— I )‘) = (1 _ )\2)12 ) (B6)
By coupling the generating function for one vector and the generating function for four
vectors, the numerator is found to be:

N (L) < Ty: 2) = (L+4)(L+3§ELL+2)(L+ 1))\L N (L+4)(Lj;3)(L+2)L)\L+1
L LADEELALHD) gy LHDEA)L*=3L—5) 1y

8 3
L+ YLA3)EL =3)(TL + 2)AL+4 (L)L =3)2L+ I)AL+5

12
N (L +4)(L— 2)1(2L —3)(7L + 5>)\L+6 N (L —2)(L — 3;(L2 + 5L+ gww
CL(L-1(L=2)(L - 3))\L+8 DI =D)L =2)(L - 3))\L+9

8 6

_ L(L-1)(L—2)(L — 3))\L+10 (B.7)
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The following six alternative forms of the generating function provide at least one
expression with only positive coefficients for any L-values. In section 3.1, an algorithm
to derive them will be explained.

92 (L) < T's; A)
_ Noa (L) = Ts5;\)  Nao (L) <+~ Ts;A)  Nag((L) < T's; \)

(1 . )\2)12 (1 - )\2)11 (1 . )\2)10
N274 ((L) < F5; )\)
oy (B.8)
Noq ((L) < T's5; N)
_ (L+4)(L+3;ELL+2)(L+ D\t 4 30(2L + AL
1y 5.5 35,5 455 L+2
+ ( 24L 12L 24L + 12L+19)A
N2,2 ((L) ; Is; )\)
= (éL‘l + gL?’ + 1—33L2 —36L — 20) A"
_ (L= 3)(L® +13L° — 406L — 208) .,
24
(L3P 4120~ 58L—30)
6
./\/’273 ((L) < Fg,; )\)
__ (L-L-IP-8IL—40) ;. (L=2(L=3)(L*~10L—6) .,

24 6
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./\/’274(([/) < Fg,;)\)
L(L —1)(L - 2)(L — 3)

4 e (L+1)(L—1)6(L—2)(L—3)
L(L—=1)(L=2)(L—3) 144
+ o A
93 ((L); 53 )
B Ns1i (L) < Ts50)  Nso((L) «Ts55\) N3z ((L) « T's5 M)
- (1 _ )\2)12 (1 o )\2)11 (1 . )\2)10
N34 ((L) + Ts5;0)
(1—A2)°
Ns1 ((L) < T's5; 0)

R R R [ | JVANP e

AL+3

24
1 5 35 455
__L4__L3__L2 L 1 L+42
ul 24 12 24 + 12 +19)A

./\/’372 ((L) < Fg,; )\)
=5(2L + 1)(2L — T)AMT! —

JVig(([J < F5;A)
(L — 3)(L3 + 122 — 58L — 30)
6
(L=2)(L=3)(L* =81L—40) |,
24
(L—2)(L—3)(I* — 10L — 6)
6
N34 ((L) < T'5; 0)
L -D(L=2)(L=3) 14y, L+DEL-DL=2)(L=3) 14
= 1 AT+ 5 A
L(L — 1)(L — 2)(L — 3)
+ 24
94 ((L) < T'5; A)
. ./\/‘4,1 ((L) < F5; )\) N472 ((L) < F5; )\) N4,3 ((L) < F5; )\)
- (1 . )\2)12 (1 . )\2>11 (1 . )\2)10
N474 ((L) < F5; )\)
(1—-22)°
JVll(([J < F5;A)
= 20(2L + )AL +20(2L + 1)AF*!
JVAQ(([J < F5;A)
1 ) 35 455

(L — 3)(L? + 13L* — 406L — 208)
24

)\L+2

)\L—I—l

)\L+3

)\L+4

= (gL' + 50+ 5L = 15 L= 19)A" 4+ 5(2L + 1)(2L — A
_ (L —3)(L3+ 13L* — 406 — 208))\L+2
24

./\/'473 ((L);Ts5 M)

26

(B.10)
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_(L— 3)(L3 +12L% — 58L — 30)>\LJrl (L —2)(L —3)(L* - 81L — 40) \L+2
- 6 a 24
(L —2)(L—3)(L*—10L — 6)
6
Nia((L) < Ts5;0)
LL=DL=2(L=3) 1y, L+DL=DL=2L=3) .,
4 6
ML= =D
g5 ((L) < 55 \)
_ ./\/‘5,1 ((L) <— F5; )\) I N572 ((L) < F5; )\) i N5,3 ((L) <— F5; )\)

)\L+3

(1 . )\2)12 (1 - )\2>11 (1 . )\2)10
N574 ((L) <— F5; )\)

+ T (B.11)
./\/’571 ((L) <— Fg,; )\)
= 20(2L + )AL +20(2L + 1)AF*!
N52(( ) (—Fg,;)\)

(214L4 + 152L3 + %LQ - %L — 19)A" + 5(2L + 1)(2L — T)AF*!

(L= 3)(L® +13L% — 406L — 208) \L+2

24

Nss((L) < T's5; N)
= (L —3)(2L — 7)(2L + 1)AF+! — (L=2)(L - 3)2(52 —81L —40) 14
./\/’574 ((L) < Fg,; )\)
_ (L=2)(L - 3)éL2 —10L—6) sy | L(L— 1)(L4— 2)(L=3) 142

DL =D sy, HEZDE 2L =5),
g6 (L) < T'5;A)
NG (L) <= Ts53A)  Nea (L) <= Ts530)  Nes((L) < T's30)
- 12 + 11 + 10

(1 —\?) (1 —X?) (1—X?)
Noa ((L) < T5;\) (B.12)
(1-x2)°

N6,1 (L) < T's5;0)

= 20(2L + 1)AY +20(2L + 1)AF*
Noa (L) « T's550)

=5(2L + 1)(2L — 9" + 5(2L + 1)(2L — 7)AF*
Nis (L) < Ts5; \)

_ (L —3)(L* +13L% — 406L — 208)

o0 N (L —3)(2L + 1) (2L — 7)AEH?
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(L =L —3)(L2-81L—40) .,

24
Noa((L) < T5;0)
_(L=L =L =10L=6) 1y LL=DEL=2L=3) .,
- ; ALFL 4 . A
L B DEDE =) s HEZDE =2

g7 (L) < T'5; A)
N (L) T3 0)  Noo (L) <= T550) - Nrg((L) <= T's;\)
- (1 . )\2)12 (1 - )\2>11 (1 . )\2)10
Nza (L) < T3 0)
(1—x2)°
Nzi ((L) < Ts5; 0)
= 20(2L + D)AE +20(2L + 1)AEH
(

(B.13)

72 ((L) < I's; )
= (2 +1)(2L 9))\L—|—5(2L_|_1)(2L 7))\L+1
Nra((L) + Ts; \)
= 2(L — 3)(L — 6)(2L + DAL + (L — 3)(2L + 1) (2L — T)AFH!
Nza((L) < T's; A)
(L 2)(L — 3)2(52_81[/ 40))\ +(L_2)(L_3)éL2_1OL_6))\L+1
L L= 1)(L4_ D@L =3) \py | LA DL - 1)6(L ~2)(L=3) 1
L(L —1)(L = 2)(L = 3) | 114
* 24 A

The generating function suitable for a symbolic interpretation in term of a generalized
integrity basis are given in Table B2 for selected values of L.
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Table B2. Expressions of the g; Molien functions for five spatial vectors and selected
(L) final irreducible representations.

.

Ténal  9i Dfina < 53 A)

1 (0) 14322 +10A3+6A1+6A5 4102 +32A7 420
17}\2)12
1 (1) 5,\+10,\2+15,\i”+30,\"‘+30{\2"’+15,\6+10,\7+5,\8
(1-X2)
1 (2) 152244003 44524 445054400+ 157
(17)\2)12
1 (3) 350341050 +1051°+35)\8
(1_)\2)12
2 (4) 70A*4+180A°+110A° +44,\5+65A6+,\7 +29A6+10,\7 +6)\6+5)\7+>\8
17}\2)12 17}\2)11 )\2)10 17)\2)9
3 5 126A°+22076 49407 | 165254-149)\7 35,\‘”+105,\7+31,\8 3007 4+24284+5)°
( ) (17)\2)12 + (17>\2)11 + sl )\2 10 + (17>\2)9
3 6 21025426077 45078 32507 +245)8 135X +245)\8+60>\9 90\ 47022 +15)1°
( ) (1_>\2)12 (1_>\2)11 (1 )\2)10 + 1_)\2)9
4 7 300\7+3002% | 30A74+525284+345X° | 330A544652°4+902° | 210A° 41602104351
( ) (1—=22)12 + (1—-A2)11 + (1—-A2)10 + (1=x2)°
4 (8) 34078 4+340)° + 15528 4765)° +44011° +655>\9+780>\1°+110>\11 +420,\1°+315>\“+70>\12
(1-22)* (1-a2)'! (1-22)10 (1-22)°
4 9 3807°4+380A1° 33570° 41045210 452071t 1149294120421 4105212 756211 4560012 4126013
( ) 17)\2 12 + 17)\2 1T + (1 )\2 10 + (17>\2)9
4 10 420219442011 581210 +1365A1 4574212 185511 +1750>\12+56>\13 1260112492473 4210014
( ) (1_>\2)12 + (1_)\2)11 + (1 )\2)10 + (1_>\2)9
5 (11) 460Xt 4460112 9052 +1725 0124590013 2760212424303
17}\2)12 (17)\2)11 (17)\2)10
60)\12+1980)\13+1440)\14+330)\15
+
(1-x2)°
500124500113 1320112 2125,\1'* 555 14 3825212 4325514
5 (12) 17:2)12 + +1 A2 - + (17—;2)10
270A13+2970,\14+2145A15+495A16
N (A , ,
5 (13) 540A'3 454001 + 1840213 4256514 +455)\1° +5130,\14+4235,\1°
(17)\2)12 (17>\2)11 (17>\2)10
+605>\14+4290)\15+3080>\16+715>\17
(1-22)°
5 (14) 580114458011 248014 +304511° 427516 _,’_6699>\1‘)+5379>\16
(17)\2)12 (7 )\2 1T (17>\2)10
+ 1100X*° 46006718 +4290)" +1001,\18
(1-x2)?
620115 +620116 3255115 43565016 A2 48556018 +6695717
6 (15) (17;\r2 12 + 17;)11 + - (17A2)JEU
1794)0"° 4+ 8190717458242 '8 11365710
+ (1=a2)?
6 (16) 660A1°+660A'T | 3795M\104+4125A17 | 390A'0+10725)'7 +8190A'®
(1-22)™ (-2 (1-x2)™°
+ 2730,\1 +10920718 47735019 41820220
(1-22)?
6 (17) 700M'74+700A8 | 4375217 44725)'8 | 9101741323028 4987001
(1-22)™ (1-A2)tt (1-x2)1°
+3955,\1 +1428071° 410080120 42380121
(1-22)?
6 :
6 (79) 3180A7° 431808 + 118455X7° 412004530 + 171598577 +182468415° 44827981
17}\2)12 17)\2)11 (17>\2)10
+ 5310690259 4-9015006 13! 46086080152 41502501132
(1-22)°
6 (80) 3220280 4+3220A8! 121555250 4+123165)5! +1804726)\80+1896741>\81+30030)\82
17}\2)12 (17)\2)11 (17>\2)10
+ 5599594)\3! 1+ 0489480152 46405399233 11581580234
(1-22)?
6 (81) 326051 43260152 + 124695731 1126325152 + 1896830281 +1970670A52410270A%3
17}\2)12 (17)\2)11 (17>\2)10
4 59001 1528249982440283 +6737120754 +166374015°
(1—-22)?
7 82 33007832 4+3300232 127875732 412952532 1981320182 +2046495)%3
( ) (17>\2 12 + (17)\2)11 + (17>\2)10
+ 11060282 4621256032 +10494360A54 +-7081560A3° +1749060A%¢
(1-A2)°
7 83 3340>\83+3340)\84 131095732 4+132765234 2057440253 42124240234
( ) (1— ,\22 (1—-x2)1L + 1-)2)10
+ 34020,\8 +6537240,\84+11025720/\8"+7439040,\8‘”+1837620,\87
(1—X2
7 (84) 3380>\84+3380)\85 + 134355)\84+136045>\85 _,’_2135484)\84+2203929>\85
(1— ,\22 . (- A2yt (1-x2)10
+58671,\8 +687447028° 411577006186 47809885187 41929501 138
(1-22)?




