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Long wave asymptotics for the Euler-Korteweg system

David Chiron* & Sylvie Benzoni-Gavage!

Abstract

The Euler-Korteweg system (EK) is a fairly general nonlinear waves model in
mathematical physics that includes in particular the fluid formulation of the NonLinear
Schrodinger equation (NLS). Several asymptotic regimes can be considered, regarding
the length and the amplitude of waves. The first one is the free wave regime, which
yields long acoustic waves of small amplitude. The other regimes describe a single
wave or two counter propagating waves emerging from the wave regime. It is shown
that in one space dimension those waves are governed either by inviscid Burgers or by
Korteweg-de Vries equations, depending on the spatio-temporal and amplitude scalings.
In higher dimensions, those waves are found to solve Kadomtsev-Petviashvili equations.
Error bounds are provided in all cases. These results extend earlier work on defocussing
(NLS) (and more specifically the Gross—Pitaevskii equation), and sheds light on the
qualitative behavior of solutions to (EK), which is a highly nonlinear system of PDEs
that is much less understood in general than (NLS).

Key-words: Euler—Korteweg system, capillary fluids, Korteweg de Vries equation, Kadomtsev-
Petviashvili equation, weakly transverse Boussinesq system.

MSC (2010): 35Q35, 35Q53.
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1 Introduction

The Euler-Korteweg system is a dispersive perturbation of the Euler equations for compress-
ible fluids. In its most general form, it reads

Op+V-(pu)=0
(eEK)
Ju+ (u-Viu+V(©.F[p]) =0,

for a compressible fluid whose velocity field is u, whose energy density .# is allowed to depend
on the fluid density p and on its spatial gradient Vp, and 0.7 [p] denotes the variational
derivative of .% at p. The standard Euler equations correspond to .# = F(p) only, so that
0.F p| = F'(p) (and the pressure of the fluid is p(p) = pF'(p)— F(p)). We are most interested
in the classical form of the Euler—Korteweg system, which corresponds to

1
F = F(p) + QK(p)IVpF,

where the so-called capillarity coefficient K = K(p) is allowed to depend on the density p
in an arbitrary way, provided that K is smooth and takes only positive values. In this case,
(gEK) ‘reduces’ to

Op+V-(pu)=0
(EK)

o+ (u-V)u+ V(g(p)) = V(K (p)Ap+ K ()] Vo)

where ¢ ' Would K be zero, the system (EK) would of course reduce to the standard
Euler equations again, in which the sound speed is given by +/pg’'(p) as long as g is a
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nondecreasing function of p. In the special case when K(p) = 1/(4p), the system (EK) can
be derived from the (generalized) NonLinear Schrodinger equation (NLS) via the Madelung
transform. An even more special case is g(¢) = ¢ — 1, which corresponds to the Gross—
Pitaevskii equation. In fact, (EK) is a ubiquitous system in mathematical physics, with
various choices of K and g, see for instance [3] for more details.

Associated with (gEK) is a local conservation law for the total energy 1plul?+.% (p, Vp).
However, the Cauchy problem for (gEK) has never been addressed for general energy densities
% . Because of analytical difficulties inherent in all systems involving high order derivatives
(namely here, third order derivatives), the Cauchy problem analysis has been concentrated
on (EK). The local well-posedness of (EK) is shown in [5] (one space dimension) and [4]
(arbitrary space dimension). Our purpose here is to investigate the behavior of solutions of
(EK) on longer times, by considering small perturbations of constant, thermodynamically
stable states. By small we mean small amplitude perturbations that are significant on large
space-time scales. By thermodynamically stable we mean reference densities ¢ such that
¢'(0) is positive. For any p, the condition ¢'(9) > 0 is equivalent to the hyperbolicity of the
Euler equations at (9,0) (or (o,u) for any velocity u, by Galilean invariance) - and when
applied to the fluid formulation of (NLS), it corresponds to what is known as the defocussing
case. This paper aims at justifying several asymptotic limits regarding small amplitude, long
wave solutions to the Euler-Korteweg system (EK), thus extending a series of recent work
on (NLS) - and similar results known for the water wave equations.

The starting point is as follows. Constant states (p,0) are obviously global solutions to
(EK) - and even (gEK). Small amplitude perturbations (p, )) of (g, 0) are formally governed,
at leading order, by the acoustic equations

0p+ 0oV -t =0
o+ g'(0)Vp=0.

For (gEK), it suffices to replace ¢'(0) by %’f(g, 0). We are only interested here in the case
when these equations are well-posed, which amounts to requiring that ¢’(¢) > 0. From now
on, we assume that g is as smooth as necessary near ¢ # 0 - vacuum being excluded from
our analysis -, that ¢’(¢) > 0, and we denote by
¢ = Vog'(0) > 0

the sound speed at p. The acoustic equations admit particular solutions that are planar
traveling waves (p,0) = (p,u)(z — ent) propagating with speed ¢ in any direction n. A
natural idea is to seek genuine solutions to (EK) that are of small amplitude about (p,0)
and vary slowly in the frame attached to this linear wave.

In one space dimension, a prominent asymptotic regime corresponding to a weakly non-
linear limit can easily be identified by rescaling the solutions to the one D version of (EK) -
or even (gEK) - as

(1) plta)=o+p06,Y),  ult)=0(0,Y),  6=c%, Y —cle—c),
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for a small parameter £ > 0 (here above, the scalar, fluid velocities are denoted by u instead
of the bold letter u). Using that 0, = €30y — ecdy and 9, = £dy, we see that for (p,u) to
solve (gEK) in one D we must have

.o, .1 NS
Dop — 50 p+ 50 ((0+7p)a) =0

1
Dyt — ~5 0y + @yt + — 0y (5F [0+ %)) = 0.
S 9

Furthermore, by Taylor expansion we have

PF 1 ,03F . PF N
(0,0) p+ ze*—==-(0,0) p* —¢&* 02 (0,0)85p + O(%),

0F
a 2~ 2

dp

which enables us to rewrite the system above as
- ¢ - Y ~ s
op — —0vp + =0yt + Oy (pu) =0
€ €

2
Dyt — g—Zaya + G0y T+ ;TQ@yﬁ +0pdvp— K& p = O(e)

with PF i BT i BT
0 §= 2= (0.0 K= =-"(0.0).
apz (Q) ) bl = 8p3 <Q7 )7 = api <Q7 )

If we go on at a formal level, we find by inspecting the O(g72) terms that necessarily ¢p ~ oi,

and by taking a linear combination of the O(1) terms in the system above, we see that
def q

Z=p

w = 5(p + ¢u) should approximately satisfy the Korteweg-de Vries (KdV) equation
Ogw + I'woyw = K;af;w
with 5 5 %
paade od  an oK
20 2¢ 2¢

When dealing with (EK), we merely have § = ¢”(p) and K = K(p). Of course, if K =0 we
recover the well-known Burgers equation

Opw + I'woyw = 0

as an asymptotic equation for the weakly nonlinear wave solutions to the Euler equations.
The parameter I is nonzero provided that the characteristic fields are genuinely nonlinear in
the neighborhood of . Indeed, both characteristic fields of the Euler equations are genuinely
nonlinear in the neighborhood of g if and only if 9,(p/pg’(p))|, # 0, and by definition of ¢

we have )

9o\ g (p))jo = ¢ + Q—Qc (% + QQN(Q)> = oI,
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In fact, the dimensionless number oI'/c measures nonlinearity of pressure waves, and is
positive in standard fluids.

More generally, in order to find relevant asymptotic regimes, we seek solutions to (EK)
of the form

(2) p(t, l‘) =0+ 77/5(% 537) ) U.(t, 56) = nﬁ(gtv 51:) )

with n > 0 and € > 0 some small, a priori independent parameters. The former gives an
order of magnitude for the amplitude of solutions, and 1/¢ is a spatio-temporal scale on which
solutions are supposed to vary significantly. The distinction between the time evolution scale
and the spatial scale comes later in the analysis.

After the linear wave regime considered in Section |3| the Korteweg-de Vries and the
Burgers regimes described above - which correspond to the special case n = ¢ and n = &2
in (2) - are fully justified in Section [ for solutions to (EK) with well-prepared initial data,
along with alternate regimes in which dispersive effects are weaker - i.e when €2 < 7. Section
is devoted to more general initial data, and asymptotic regimes obtained by decoupling
left-going and right-going waves. Finally, multidimensional, weakly transverse effects are
taken into account in Section [0, in which we justify the so-called Kadomtsev-Petviashvili
regime for (EK).

2 Preliminary material

2.1 Statement of uniforms bounds

The ansatz obviously transforms (EK) into the rescaled system
Orp+ Vx - ((e+np)a) =0
(EKe,) Ort+ (@ - V)i +g'(0 +1p)Vxp

=e*Vx (K<Q +np)Axp + gK'(@ + nﬁ)lvxﬁ|2> )

where T' = et, X = ex. Note that the acoustic equations are formally obtained by setting
n=0,e=0in (EK.,). For n > 0, ¢ > 0, the local well-posedness of the Cauchy problem
associated with (EK, ,) follows from the following result.

d o
Theorem 1 ([4]) Let us take s > 1—|—§, and (p™, ™) € (p,0)+ H**H(RY) x (H*(R%))? such

that p™ is positive and bounded by below in RY. Then, there exists a time t, > 0 such that
the system (EK) possesses a unique solution

(p: ) € (0,0) + € ([0, 4], H*H(RY) x (H*(R)") N € ([0, ], HH(R?) x (H**(R")))

such that (p,u)(0) = (p™,u™). Moreover, the mapping (p™,u™) — (p,u) is continuous.



However, we need refined estimates of solutions that: 1) keep track of the parameters
(n,€); 2) take into account the nonlinear term ¢'(o + 7p)Vxp - and not as a source term as
in [4] -, which will be possible thanks to the positivity of ¢’(9). Furthermore, the following
result implies that, as expected, the smaller the initial data, the longer the time of existence
of the solution.

d
Theorem 2 Let s be a real number greater than 1+ 3 andn € (0,1]. Fore >0 and M > 0,

we consider

def ~A oA s s ~ oA ~
B, (M) = {(p, 1) € H(RY) x (H'R)"; [[(5, )| e ayyrs + €]l

H5+1(Rd) < M} .

Ifo>0, ¢(0) >0, and (p™,0™) € Bs (M), then there exists T, > 0, depending only on M,
s and d, such that the mazimal solution to (EK.,) in H*™(R?) x (H*(R?))? with (p,0)(0) =
(p™,a™) exists at least on [0,T./n], and (p,0)(T) € Bs(2M) for all T € [0,T./n].

A similar result is shown in [6, Theorem 1] for the hydrodynamical formulation of the
Gross—Pitaevskii equation obtained with the Madelung transform. However, it is stated in
terms of [|(p, Q) ||gs+1xps instead of ||(p, )|z + €l|p]| gs+1 (With our notations), which seems
to be a slight mistake. A priori estimates rely indeed on Proposition 1 in [6], in which
some quantity denoted by z is controlled in H*, but the imaginary part of z is 2% with

p = 1+ ep, so that only €l|p| gs+1 is controlled. The estimate in [6, Theorem 2] should
certainly be modified accordingly. Apart from this harmless correction, the main novelty
here compared to [6] is twofold. First, the capillarity is arbitrary, which means in particular
that it is not assumed to be proportional to 1/p. As already known from [4], the a priori
estimates are much trickier when pK(p) is not constant. The other point is that we do not
assume the vector field u to be potential - unlike what happens when dealing with the fluid
formulation of (NLS). This is again known to make a priori estimates more complicated.
However, it is important to deal with general capillarities and velocity fields for various
applications.

Remark 1 The special case n = &2 is called the Boussinesq regime. If, in addition, the
capillarity K is a positive constant and ¢ is a convex, quadratic polynomial (i.e. ¢ =
constant > 0), then (EK. .2) belongs to the (a,b,c,d)-class of Boussinesq type systems as
introduced in [9] and [10], with a = b =d = 0 and ¢ = —K < 0. In this case, the existence
and uniqueness of (strong) solutions on the time scale e7? has been shown in [24], using
hyperbolic techniques (see Theorem 1.1 in [24], case (12) in the sense of their definition 1.2).
Our own result (Theorem [2| here above) applied to = €2, K = constant > 0, ¢’ = constant

> 0, provides an alternate proof of theirs in that case.

Theorem [2] is a building block for the rigorous justification of asymptotic regimes. We
need some material in order to prove it.



2.2 Basic tools for the proof of uniform bounds

As in [], we shall derive uniform Sobolev bounds through an extended formulation of the
system (EK). The idea is to introduce the complex-valued unknown z = u + iw that is
naturally involved in the global energy

1 1
o= (§p|u|2+F<p>+§K<p>|w|2) da
Rd

P
This integral is indeed well defined provided that we redefine F'(p) dof / g, which merely

4
amounts to adding a constant to F' so that F'(g) = 0, and conserved along (smooth) solutions
(p,u) to (EK) that tend to (g, 0) sufficiently fast at infinity. In addition, we can write

1 1 1 %
591“’2+§K( P)IVpl® = plz]2 with z = u +iw, w & —<p)Vp.

Then, if we introduce

by differentiating the first equation in (EK) we obtain the following, equivalent system for

(p,2),
Op+V-(pu)=0
(ES)
Oz+ (u-V)z+i(Vz)w + b(p)w + iV (a(p)V - 2z) =0

in which the notation (Vz)w stands for the standard product of the matrix-valued function
Vz = (0;21)1<jk<d and the vector field w, so that

d
Z@zkwk— (0z) - w,
k=1

where we use the notation u-v = Zd u;v; for u, v € C% The scaling in ([2)) urges us to

j=1
define

~ ~ def A © A
Vxp, zZ = 0+1iw,

—

o (B
(3) W= P

so that z(t,z) = n(a+iw)(T, X) = nz(T, X), and (ES) equivalently reads

Orp+nVx - (pa) =0
(Essm)

~

1
orz+n(a-Vx)z+in(Vxz)w + - b(p)Ww +ieVx(a(p)Vx -2) =0.



Our main purpose here is to derive some a priori estimates for solutions to (ES.,) that are
valid uniformly in (e, 7). In this respect, we are going to use a modified version of the energy

n? 2, 2
= — z|°+ s F(o+mnp) | dX.

[ (slae+ 2 rtesnn)
Recalling that we have redefined F' so that F'(9) = 0, omitting the linear term in p in the
Taylor expansion of F' about p, which is justified by the fact this term does not contribute
- at least to the lowest order - to a priori estimates since p is conserved, and removing the
factor n%e~?, we arrive at the modified energy

oy def 1 . . .
Eo(p,2) = 3 /dp|Z!2 +g'(p)p" dX,  p=o+up.
R
Clearly, even though Ej depends on 1 through p, the assumption ¢’(g) > 0 ensures that
Folp, z] is equivalent to the L? norm of (p,z) as long as p and ¢'(p) remain bounded and
bounded away from zero. Moreover, going back to , we may see Fj as a functional applied
to (p, 1), and, as such, Ey[p, u] enjoys the following estimates.

Proposition 1 Let r € (0, 0/2] be such that ¢'(p) > 0 and K(p) > 0 if |p — o| < r. Then
for all (p,0) € H* x L? such that ||p||r~ < 7, for all n € (0,1], for all e > 0,

co([[allz2 + 1pll72 + €%(1l17) < Eolp, 4] < Co(([all72 + 1pll72 + €llpll7n)
where cog > 0 and Cy > 0 depend only on r (and the functions g, K ).

Proof. We have these inequalities with, explicitly,

o déf% min min <p7 J(p), \/W) , Co dgé max max (p, J(p), \/W> -

lp—el<r lp—ol<r

Now, the following, zero-th order a priori estimate is reminiscent of the fact that the
exact energy & is conserved along solutions of (EK).

Proposition 2 Let n € (0,1]. Assume that (p,0) € €([0,t.], HST1(RY) x (H*(R?))4) N
[0, t.], HHRY) x (H*2(RY))?) is a solution of (EK.,) for some s > 1+ d/2, such that
15|l 2= < 7, where r is as in Proposition ] Then there exists C > 0 depending only on r

such that p

7 Eolp, 0] < Cnl[(Vxp, V)| = Eo[p, 4] -
Proof. Of course, we are going to use that (p,z = 0+ iw) solves (ES, ) if pW = ca(p)Vxp
- this equality just being a different way of writing ([3). Recall also that a(p)b(p) = pg'(p)-
The notation (-, -) will stand everywhere for real-valued inner products, and more precisely



(z,¢) = %Z?Zl(ijcj +2;¢;) for all z, ¢ € C? (whatever d, including d = 1). Using (ES. ),
we find by straightforward differentiation that

2 Ealpy i = = [ Vi (p)lal —n [ o Vxlal? 20 [ pli(V)en2)
=2 [ o)) -2 [ pliVxlalp) Vi -5).2)

€

+ /fl -Vx(2pg'(p)p +nlpg"(p) — 9'(0)P") -

By the relations recalled above and an integration by part, this reduces to

2 Ealp.il = = 22 [ alp)(i(Vx2) - Vixp. )

9 / 0 (9) (8- V) + 22 / a(p)(iVx -2, Vxp)
+ / 8- V(200 () + 1(pd" () — 9 (0.

Now, using that a(p)Vp is potential, we see that the e-terms cancel out, and simplify-
ing/integrating by parts the remaining terms we obtain

d . R . .
25 Eolp, o] = 277/8 pg'(p)) pa-Vxp— n/(pg”(p) —d'(p)) p* Vxu.

The claimed inequality thus holds true with

€= = max (1,000 + log"(0) ~ o (p)]) =

Co lp—ol<r

Since it involves the W* norm of the solution (p, ), the estimate in is clearly not
sufficient to get a priori estimates without loss of derivatives. In order to close the estimates,
we need higher order ones. If s is a large enough integer, we may use

~ a7 def I A A
Es[ﬂ; Z} = ZEU[p Z]
o=0

0SS %[5 alor (lo*a + /(00" 9)) dX ., o= o .
eNd
\a|:o
where 0% stands for 91l /0 X7 ...0X$¢. The coefficients ZT: here above, as well as the weights
a?, are chosen so as to eliminate bad terms in our a priori estimates, as we shall see. The
usefulness of these estimates will be based on the following, in which E, is viewed as a
functional applied to (p, @), by using as for Ej.
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Proposition 3 Let s be a positive integer. Let r € (0, 0/2] be as in Proposition . Then for
all (p,0) € HTHRY) x (H*(R))? such that ||p|lwr.~ < 7, for alln € (0,1], for all e > 0,

i+ €2 [plleer)

B+ lp15e0) < Edlp,a] < C(laflg: + 117

is + 1101

c(lla|
where ¢ > 0 and C > 0 depend only on r, s, d (and the functions g, K ).

Proof. As in the proof of Proposition [T} we readily see that
co(10°2)| 22 + 10°p]1Z2) < /Rd a(p)” (plo*zl* + ¢'(p)(0%p)%) dX < Co(l|0”2ll7> + 10%Al1Z2)
with

¢ ™ min (a(p)" min(p. o/ (0). VE)/0))) . Co * mas (ap)” max(p.q'(p). VE(p)/7))).

lp—ol<r lp—ol<r

By summation we thus find ¢, > 0 and C, > 0 such that
i) < Eq[p, 0] < Cs(||2] ) -

So the only point is to check that ||z]|%,s + || pl|%- is equivalent to ||a||%. + ||p]|%- + 2|7

ire +110]

i+ 110]

cs (|||

2
Hs+1
when z = 0+ 1w, W = ec(o + 1np)Vxp for some smooth function ¢ - here ¢(p) = \/K(p)/p.
This comparison relies on rather standard estimates, which are stated in the appendix
(Proposition [A.1]) for convenience. Indeed, we have

lc(o+10)Vxpllas < c(o)IVxpllas + Y [[wsee(omrotr]) (L4 (16l L) [V xpll e 1| 5]] 25
+29ell oo (lo—r.o ) |V x Pl 125
< C([|pllwre) |11

Hs+1l,

and in a similar way, using the notation d for 1/c,

we < d(0)||w]

elVxpl #s A lwsoe (jor o)) (1A (|l ) W[ o= (1]
+29lell e (to-ro+r) | W]

< O w)llzoe) 1pllazs + C(r) (W

HS

HS

HS.

Here above, 7 stands for a ‘universal’ constant (depending only on s and d), and C'(q) stands
for a positive number depending only on ¢, whatever the quantity ¢. We can thus conclude
that

i < max(L, C([|pllw)?) (lallfs + 1Ml + *1llEs) .
e < max(1+20([[ (6, W)l|z)?, C(r)?) (12l + 6]

1217+ + 1141

is + 1917 + %10l ) -

[l
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2.3 Proof of uniform bounds in the potential case

In this section, we are going to prove that for any integer s > 1+ d/2, E; enjoys an a priori
estimate that is similar to the one in Proposition [2 for Ey, at least when the velocity vector
field u is potential. We start with this simpler case for the sake of clarity - all computations
below are detailed enough to be readable without a pen. As was noticed in [4], the fact that
u is potential or, equivalently, that u is curl-free is preserved along (smooth) solutions. So
it is sufficient to assume that the initial velocity field is curl-free for these computations to
be valid.

Proposition 4 Assume that (p,0) € €([0,t,], H*FH(R?) x (H*(RY))HNE ([0, t.], H* 1 (RY) x
(H*"2(R%))?) is a solution of (EK.,) for some integer s > 1+ d/2, such that ||p|jz=~ < 7,
where 1 is as in Proposition ] Assume moreover that 0(0) is curl-free. Then there exists
C > 0 depending only on r, s and d such that

d

dT
Proof. Let 0 < 0 < s be given and a € N& such that |a| = 0. We work in the X variable
only, and use the simplified notations 9; = dy,;, V. = Vx. We recall that when z is related
to (p,u) through (3), if the latter satisfies (EK.,) then (p = o + np,z) satisfies (ES.,).
Applying 0% to the second equation in (ES. ), we obtain

Eylp,u] < C??(H(Vxﬁ, Vx|~ + 6||D§¢ﬁ|\m<>)(1 + el Vxpllee) Eslp, a -

1
(4) 0ro®z+ n(u-V)0°z + in(Vo*z)w + - b(p)0°*W + ic0*V (a(p)V - z)
. L A A 1 . de
—pla -V, 0%z + m((V@az)W - aa(<vz>w)) + — [blp), 0
Here above, the notation [-, -] stands for a commutator, that is,

~ def ~ def

0% 0 V]z = 9%((0- V)z) = (0-V)(0%2), [0 b(p)lw = 9%(b(p)W) — b(p)0"W .

All three commutators in the right-hand side R of can be estimated by using the inequal-
ity (A.4) recalled in the appendix, and by noting in addition that [0%, b(p)] = [0%, b(p) —b(0)]
(since p is constant), and, by definition of w and since s — 1 > d/2, that

[Wlzs1 < Cr)el|Vollus < Clr)el|plls < C(r)ev/ Eslp, 2]
(by definition of Ey). We then infer that

. . L. - | S -
IRz < C(T,S7d)?7<||VZ||Loo||Z| me + Pl [Wllzoe + 21V Lo [ W]

H571>
< O(T‘, 5, d)UH(Vi’ Vﬁ)”L“ \% Es{ﬁ7 i] :
Here above and in what follows, C'(q) stands for a positive number depending only on ¢,
whatever the quantity ¢. For convenience, the actual value of C'(¢) may change from line to
line. Therefore, using that
0

a—T(a”(p)p) +nt - V(a®(p)p) +npd,(pa’(p))V -1 =0

11



by the first equation in (ES.,), we obtain after integrations by parts that

d

6
ar /. a®(p)|0°z|? dX < ZIHC r, s, d)n||(Vz, V)| L~ Eslp, 2],

(5)

by
II%
&

- / (@1~ V(pa® (p)))|0°2]2 dX
Rd
Y / p0,(pa® (0))(V - 0)|0°2[2 dX

Yy [ (V- (e (o)) |oaf dx.
Rd

7,9 oy / pa® () (i(V(6°2) )W, 0°%) dX ,
Rd
def 2 - Gs Ao
%2 [ e rw. o) dx.
€ Jrd

def

7, 9z /R 0 (p){i0°%, 07 (V(a(p)V - 2))) dX

We can expand the divergence in Z3 and notice that the term involving G- V(pa?(p)) cancels
out with Z;. As a consequence,

T+ Tot T [ (p07(0) = p0p(pa () (V- ]0°2? X

== [ B0 ()T Ia aX < Clrs. Y -l B 2.

Concerning Zg, an integration by parts and the Leibniz formula give
7=~ 2 [ (V- (pa7()0"). 0" (a(p)V - 2)) X
R4
=2 [ (ipa()V - %) + V(o () - 0,
R

a(p)V - (0°2) + > (O‘)aaﬁ(a(p))v-(a%)+L> ax
B<La,
|Bl=0—1

where the lower order terms in L are such that
(6) SIVL| 2 < Cr,5,d)n |2
< O(r,s,d)n||(Vp, Vz)|| L~/ Es[p, 2] .

eDp| = + ]l

HS

e V2] 1 )

We now expand the big inner product involved in Zg, and notice that:

e the term (ipa’(p)V - (0°z),a(p)V - (0°z)) vanishes point wise (recall that (-,-) stands
for a for real-valued inner product);

12



e by @ and an integration by parts, the contribution of L to Zg is bounded by
eC(r,s,d)nl|(Vp, V2)|lL= (1 +nlIVpllL) Eslp, 2] ;

e the contribution of derivatives of z of order o, coming from the inner product of the
second term in the left factor and the sum on 3 in the right factor of the integrand, is
bounded by eC(r, s,d)n?||Vp||3||Z]|3;s by the Cauchy-Schwarz inequality.

This in turn gives

T < — 2 /Rd <ipa"(p)V (0°2), Y

B<a,
|Bl=0—1

+ S8+ C(r s, d)nel|(Vp, V)| 1o (1 + [Vl 1) Es[p, 2]

(8) oty - @) ax

def

SU g / iV (pa(p))) 0%, alp)V - (9°2)) X

By we readily have that V(pa?(p)) = il 0,(pa’(p))w, and integrating by parts once

ea(p)

more we see that
S <2 [ o )iV (0" 2)5%,575) X -+ 200y p0” ()W)~ B[]

We now use that

W1V (00, (0)0)) 1= < O s ) (nl[vll i [V + [V )
< C(rys, d)en(nlVll3~ + D] )
to infer
S <2 [ ppa )iV 2)56,5°%) X +Clrvs. den(al] Vil + 1Dl ) Bl 1.
Since 0,(pa’(p)) = a’(p) + pd,(a’(p)), the addition of

Ty =—2n /Rd a’(p)p(i(V(0°z))w,0%z) dX

to Zs cancels out the term involving a?(p) in the bound found above for S, so that

(7)  Ta+Ts < Clr,d)en (|| (Y5, V2, D)1 +0ll(V5, V&)1 V5] 1 ) Eolp, 2

e
5% o /R Pa"(p)<¢v - (0°2), (g) 9° P (a(p))V - (aﬂi)> dx,

def

K= 2ny / p*0,(a’ (p))(i(VO*2)W,02) dX .
Rd

13



If, for any smooth enough mapping Z : R — C? we denote by curl Z the matrix-valued
function defined by
(Curl Z)]k = @Zk — 8kZ] y

we see that for W, Y any other smooth enough mappings R? — C¢,
(VW) Y) =(W-V)Z,Y) + ((curl Z)W,Y) .

In particular, we can write
(8) K =20n /Rd p*a’ (p)d (p)(iw - VO“%,0°2) dX
+ 2077/ p’a” (p)d (p)(i(0%curl 2)Ww,0°z) dX .
On the other hand, using that 9*#(a(p)) = a'(p)0*"p when o — 3 has length one, we have

Ty =2 [ s (D) (0)@ )iV ('), Y - (0°9) dX

which gives, after integrating by parts and using (A.4)),

Ty <2 [ o () ()0 0658, (Y - (0°2)) dX
+C(r,s,d)e]|V(pa” (p)a' ()07 p) | L= Elp. 2]
Now, observing that for any smooth enough mappings Z,Y : R? — C¢,
(Z,V(V-Y)) =(Z,AY) + (Z,V - (curlY)),
(where we have used the notation V-M for the vector field defined by (V-M); = S0 9, My,

associated with the matrix-valued function M = curl Y), we find that

Ts <Crys, d)en(n| Vil + 1Dl ) Bul 2] + 22 / pa” (p)a () (9°~Pp) (10°2, A2y dX

Rd

+ 28/ pa’(p)a' (p)(0° P p)(i0°2,V - (0°curl 2)) dX .
R4
To finish with the estimate of J3, we integrate by parts again, and arrive at

(9) Ty <C(r,d)en(nl| VplE + 1 D*l1 ) Eulp. 2]
d
— 2% / pa®(p)d (p) (0> p ) (i0°%9;0°2,0,0°2) dX
R4

=1

R / pa® (p)a (p)(8°~° <18°“Dz 8P curl z> dx |
Rd Md((c)
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where (A, B) m,(c) o Re(Tr(AB*)) is the usual real inner product on My(C), and Dz o

(Vz)".

The remaining term Zs will turn out to cancel out, up to a remainder term, with the time
derivative of [, ¢'(p)a”(p)(9*p)* dX. In order to see this, we differentiate the first equation
in (ES.,) and obtain

Or0°p + (- V)0 + pV - 0%t = —n[0*, 4 - V]p — [0%, pV 1
By , the commutators in the right-hand side here above have an L? norm bounded by
C(r,s,d)nl|(Vp, V)| L=/ Es[p, 2] .
Furthermore, by the first equation in (ES.,) again, we have
Or(g'(p)a”(p)) +mu- V(g (p)a”(p)) + 1pds(g'(p)a’ (p))V - 4 =0.
Arguing as for Z; + Zy + I3, we thus find that

d 1N (N (A% Ut 55
T .9 (p)a”(p)(0%p)* dX < C(r,5,d) 0| (Vp, V)| = Es[p, 2]

—/Rdngm *(0)0° PV - (0710) dX .

Integrating by parts, using again that

Hs-1 < Cs,de V Es[pAa i]

oW = calp)Vp, W]

and combining this with (A.4)), we arrive at

d / o oA ~ ~ A A
(10) == | d'(p)a”(p)(@ p)? dX <C(r,s,d)n||(Vp, V)| L~ Ey[p, 2]
Rd

2 P9 () o0\ naw Aan
w2 [ P () s, o) ax

Since a(p)b(p) = pg’ (,0) the integral in the right-hand side of ([10) here above cancels out
with the integral Zs in ([5)). Therefore, using (8)) and @ in (7)), and combining ((10)) with (5 .
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we obtain

(1) == | pa”(p)|0°2)" + g'(p)a” (p)(9°p)* dX
<C(r,5, (V5. VD)= (1 + 0l V=) + 2| Dl ) Eulp. 2
+ 207]/ p*a’ (p)d (p)(iw - VO“z,0°2) dX
Rd

+ 2077/ p*a® Y (p)d'(p)(i(0%curl 2)W,0°2) dX
Rd

d
-2 ) ( )/ a’(p)a'(p)(0° P p) Y (i0°70;0°%,0;0°2) dX

B<La, Jj=1
|B]l=0—1

-2 "(p) (0% P p){i0*Dz, 0°curl 7 ax.
> - (3) [ por oo (ioraoranz)
|Bl=0—1

At this stage, we use the hypothesis that z is a gradient vector field, so that the two terms
involving the curl operator in cancel out. Summing over « with |o| = o then gives

d . .. e . .
—=Eo(p.2) <C(r, s, d)nl|(Vp, V)| L= (L +1el[Vpll L) Es[p, 2]

(12) + 2no! Z %/ p*a® Y(p)d (p)(iw - VO°%,0°2) dX

d
€ (o o o a— . -
201 ) ) J(ﬁ) /dea( )(0°Pp §1j (i0°7P0;0°2,0;0°2) dX
- 7 .]:

1 1
In the double sum, there holds — (a) = —, since a — [ has length one. Exchanging the

al\ s Bl

order of summation on « and 3, then summing at fixed o’ = 8 + e;, and using again that
ea(p)Oxp = npwy, we can rewrite this double sum as

d
c Z Bl Z/Rd pa’( (P)%PZ(%’@@@%,@@%} dX

|Bl=o—1 j=1

=1 ) 5,/ 207 (p)d! (p) > _(i¥ - V0,;0°%,0,0°2) dX

|Bl=0—1 Jj=1

/ 207 (p)d (p)(iw - VO¥ 2,0 2) dX

U
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since the integral does not depend on j and > i oy = 0. Therefore, the two sums in (112))

cancel out (this is due to the coefficients 1/a! in the definition of ). The conclusion then
follows by summation over o. [

2.4 Proof of uniform bounds in the general case

In this section, s is any real number greater than 1 + d/2. Our aim is to prove Theorem
in the general case. As we have seen in the a priori estimates above, there remain some
‘bad’ terms when the velocity field u is not potential. This is why, as in [4], the solenoidal
and potential parts of u require different weights. In fact, our proof of Theorem [2| will
parallel very closely the proof of Proposition 3.4 in [4], except that we pay attention to the
parameters (7, ¢), and insert the contribution of the nonlinear function ¢'(p).

As in the proof of Proposition [d] V stands for Vx in what follows. As a preliminary step,
we rewrite the second equation in (ES.,) as an equation for 7Y V/pz instead of z. Using
that pnw = ea(p)Vp (which is just a reformulation of (3)), the first order term in(Vz)w
can combined with the second order one eV (a(p)V - z) to obtain

A A 1 A ~
orZ +n(a-V)Z + B b(p)W +1ieV(a(p)V - Z) +ica(p)(VoZ)Vlog \/p =
. Z
1 A .
—sn(V-0)Z +1ieV(a(p)V/p)— ,
(V1) (alp) \/_)\/ﬁ
where the operator Vj is defined by

(VoZ)ju = 0,7 — (V- Z) 6;x, or equivalently, VoZ < VZ — (V- Z) 1.

The advantage of this formulation is that it trivializes the proof of zeroth order estimates
(Proposition [2)), since
/ (i(VoZ)W, Z) = 0
R4
for all potential vector fields W, and in particular for W = a(p)Vlog,/p. The idea is

to keep this nice structure for higher order derivatives, which means writing equations for
77 .= ,/pA°z instead of A°z, where A® denotes the Fourier multiplier operator

A (1= A2
However, we have to cope with a ‘bad’ commutator, namely in V]a(p), A*]V-, which already
appears in the equation for A®*z. Pointing out its principal part, we can write as in [4]
 def

Via(p), N°]V - 2 = Ry + sV(Va(p) - A2V (V - 2))

L' Ry + Rop — sValp) - V(OA2),

where
IRollze S 1D%a(p)llgs1 IV - 2| + | D*alp)| oo IV - 2] o1
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Roollz2 < IValp)llwre|2]

Hs »

and Q is the L?-orthogonal projector onto potential vector fields. Consequently, by applying
A?® to the second equation in (ES. ), multiplying by /p, and using also the first equation in
(ES:,,), we see that

A A 1 A
orZ® +n(a-V)Z° + B b(p)/pA*W +ieV(a(p)V - Z°)+
+ica(p)(VoZ®)V log \/p + ies\/pVa(p) - V(QA’z) =

—In(V - Q)Z* +ieV(a(p)V/p) 3; p(Ro + Roo) + /PR

with
R - v, A%z + m((vm)vv - AS((V@)W)) + é b(p), A°]W

being bounded as in the proof of Proposition [4] by

R[22 < C(r, s, d)nll(V2, V)| < | (5, 2)|

s

and also
[ie(Ro + Roo)l[z2 < C(r, s, d)n||(V2, V)| < (D, 2)| s

by the estimates mentioned above and the fact that ¢||p||gs+1 < C(r,s,d)||(p,2)| gs. There-
fore, apart form the term ¢! b(p)/pA°W that we will deal with afterwards, the only trou-

blesome term regarding the time derivative of ||Z*||,2 is the one involving V(QA®z), which

corresponds to derivatives of order s + 1. This is where the use of an appropriate weight

comes into play. In fact, whatever the positive-valued weight (or gauge) ¢ = 1(p), the

equation above for Z® and the first equation in (ES.,) give, after some manipulations,
(as( )

’)
¥*(p) )

—LIn(V - a)(1 + pd, log(¥?(p)))Y*
+ie (V(a(p)vﬁ) | Valp)Vele) | a(p)(Vlogy(p)) ® Vlog ( 5 5 ) Y

VP ¥(p)
+iey/p¥(p) (Ro + Roo) + /oy (p)R

8TYS+n(ﬁ-V)YS+§b( )R (p) AW + eV (a(p)V - YV7)+
Vpa'(p
@/J(p

p

+ica(p)(VoY*)V log

—ies\/pb(p)(VPA2)Va(p) + ica(p)(V - Y*)V log

with Y* & W(p)Zs = VP (p)AN°z, and P = ©' [ — Q. From this expression and previous

estimates, we see that the loss of spatial derivatives in the time derivative of ||Y*||.2 is only
due to the terms in the third row. Of course, these terms vanish when 1, and thus also

18



z, is potential (hence PA*z = A*Pz = 0), if we choose ¥?(p) = a*(p). Provided that the
term ¢! b(p)/pA*W is properly handled, this gives a shorter proof, compared to that of

Proposition [, of uniform bounds in the potential case. In the general case, the idea is to
€

estimate separately ||QY#| .2 and ||[PX?||;2 where X* o o(p)Z* = VPe(p)Az for some
other weight . These estimates will be based, as in [4], on a preliminary observation using
only integration by parts and the properties V - P = 0, curl @ = 0, which gives that

FHIOV I = [ @V @i+ V)Y aX +y [ (V-@)(QY" 10X +PY?) ax
—n / (PY*. (Va)QY*) dX

Rd

d

dTZIIPXSHLz:/ (PX*, (0 +nia- V)X*) dX +1 / (V- 0)L(PXe, PX?) dX
Rd

Rd

+1 / (PX®,(V)QX®) dX
Rd

Using the equations satisfied by Y* and X - the latter being identical to the former if we
substitute X* for Y* and © for ¢ -, and summing the equations here above, we are left with
harmless remainder terms, bounded in by C(r, s, d)n||(Vz, V)| 1= |[(p, Z)||%-, plus a number
of terms that must be handled carefully. Among these delicate terms is

def 1

T2 [ QY b)) + (PX.blp) VFe(pIAW) dX
R

Noting that both e~'b(p),/p¥(p)A*W and ~'b(p)/pe(p) A*W are ‘almost’ potential, that is,

equal to a gradient up to a remainder term bounded in L? by C(r, s, d)n||(Vz, V)| 2= ||(p, 2)|

(like R), we see that Z reduces to

HS

7= [ (o) VBopAw) dX + R =~ [ bpp?(p)hu- A ax + R
Rd R4

€ 9

with |R| < C(r,s,d)n||(Vz, V)| lL=|l(p,z)|%s. Similarly as what is done in the potential

case (in the previousA section), this remaining O(¢7!) in Z can be cancelled out by adding to
4 L1(|QY*|2, + | PX?|2,) the time derivative

/R L) (D) (AP dX = = / (0 V(2 (0)g'(9)) + 00,0 (p)g/ ()Y - D)(A*)* dX

wu [ V@R X~ [ g plg ()T A ax -

S| = ﬂl

721+/ p(p)g (p)V(A%) - A" dX
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with [Ry] < C(r, s, )l (V2, V5) || =1 (5. 2)]

2. Now, observing that

) 1 PW p .
V(A) = —A° = P
(A%p) . (a(p)) () w+ R,

with ||Rq|[ze < C(r, s, d)n||(V2, V)| < || (D, 2)[|g= (like R again), and recalling that b(p) =
pg'(p)
a(p)

, We arrive at

d / CBA ~ A~ A A
‘I+ — [ 30 (p)g (p)(A°p)? dX‘ < O(ry s, d)nl|(V2, V)l |5, 2)]

2
Hs -
dT Rd2

Appropriate choices of 1) and ¢ will enable us to get rid of the other tricky terms, exactly
as in [4]. Of course, there is no reason to change v, and we set ¥?(p) = a*(p) as in the
potential case. As regards ¢, it turns out that a good choice is given by

o) = 22 with A(p) = a(p) - p0,(a"(0).

For convenience, we keep abstract notations for ¢» and ¢ in what follows, and use only that
¥?(p) = a*(p) to simplify the equation satisfied by Y*. Since V - P = 0, we have

A

@V iV alp) YY) = [ (ViValp) T X)) 0.

Rd

/ (PX,iV(a(p)V - X*)) = 0.
R4
From our previous computations this implies

d 1

(13) —> <||QYS||%2 PR+ [ o) (o)) dx) =R,
Rd

+ [ (@Y, ~izap) (VoY) Vlog (VEL(p) +iEsy/(p)(VPA'E) Valp) dX

+ /R d <PX8,—i5a(p)(V0XS)Vlog (\@C(L;gp ) ) +i68\/ﬁg0(p)(VPAsi)Va(p)> X

_ /R d <PXS,i5a(p)(V-XS)V10g (ZQ((’;))» X

with |Ra| < C(r, s,d)n||(VZ, Vp)||L=|(p,2)||F:- Let us concentrate for a while on the second
line in here above. By the same computations as in [4, pp.1516-1517], which heavily use
that 1*(p) = a*(p) and rely on successive integrations by parts together with commutator
estimates, it is found to be equal to

Rs +§ / pa*(p) <QAsi,i(V7?Asi)Vlog (#» dx
Rd
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with |R3| < C(r,s,d)ne||D?p||1= ||z]|%.. Furthermore, by a similar approach - as in [4,
p.1518]-, the last two lines in (13)) can be written as

Ri- / )P () QN2 I(TPA2)V log(pg () dX

with |Ry4| < C(r,s,d)ne||D?p||r= ||z||%s. Therefore, the appropriate choice of ¢ is dictated
by the fact that we want to get rid of the terms involving s + 1 derivatives of z. If we set ¢
so that

a*(p)

a*(p)V log (7> — ©*(p)V log(pp*(p)) = 0,
which is merely equivalent to
V(pe*(p) = (a*(p) = pd,(a*(p)))Vp,
we deduce from that
d 1
dl' 2
On the one hand, the right-hand side has been estimated above by
Ro+ Ry +Ra < C(r,s,d)n ([[(V2, Vo)l (5, 2) |7+ + 1D?pl e [|2][7+) -
On the other hand, the expression

1OY I + IPXCIE: + | 0*(0)a/()(A°5)* axX

is equivalent to (||al|3. + || pl| 5 +€%[|A]|5441) as long as ||p]|w1.= remains bounded, as shown
in Proposition 5| below. In addition, ||p|/w1. is controlled by the Sobolev embedding H*® —»
Wb which is valid since s > 1 + d/2. We can thus complete the proof of Theorem [2| by a
standard, Gronwall-type / bootstrap argument. [l

(1Y + PRI + [ 200 (A9 X ) = Ra 4 Ra+ o

Proposition 5 Let s be a positive real number. Let r € (0,0/2] be such that ¢'(p) > 0 and
K(p) > 0if|p—o| <r. We denote by ¢ and ¢ the positive functions defined for |p — o] < r

by

a*(p) =pK(p),  V(p)=a(p),  pp’(p) = 2/p a® +2 max (fa*(9)) — pa*(p),

|0—ol<r

by A* the operator (1 — A)*/%, by Q the L*-orthogonal projector onto potential vector fields,
and by P = I — Q the L*-orthogonal projector onto solenoidal vector fields. Then for all
(p, 1) € HH(RY) x (H*(RY))? such that ||p||wie <7, for alln € (0,1], for all e > 0,
e+ 1615 + [l 7s01) <
1Q(vPU(p)A2) |72 + 1P (VP (p)A°2) 122 + 1V g (p)2 () A°BlI72 <

Cllallz. + l1ll7- + (1]

([l

?{s«‘ﬁl ) 9

where p = o0+np, z =1+ ig@v,ﬁ, and the constants ¢ > 0 and C' > 0 depend only on r,
s, d (and the functions g, K ).
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The proof is to some extent similar to that of Proposition [8] We just have to check that
1Q(/pY(p)A°z) |52 + [|P(/pe(p)A°Z)||3. is ‘equivalent’ to ||z]|%., i.e. there exist ¢ > 0 and
C > 0 depending only on r, s, d such that

(14) cllzlz < 1A (P A 2|12 + [P (Voe(p)A2) 12 < Cllzlls. -

The inequality on the right is straightforward since Q and P are projectors in L?, and p,
¥(p) and ¢(p) are bounded for |p — o| < r, which is the case for p = ¢ + np as soon as
1P|l < r and n € (0,1]. Furthermore, since p, ¥(p) and ¢(p) are positive and bounded
away from zero for |p — o| < r, there exists C'(r) such that

e = [|A°2]| 2 < |QA°Z|[ 2 + [PA*2]| 2 < C(r) (VP (0) QA2 | 12 + (| pp(p) PA*2| 2) -

Finally,

||

IVpe(p) PNz 2 < [[P(Vpe(p)A2) |2 + [I[Vee(p), PIAZ] L2,
and the commutator here above enjoys an estimate of the form
IlVee(p), PIN 2|2 < C(r, s, d)||2]

(See Lemma A.4 in [4]. This estimate has in fact already been used, in a hidden way, in the
estimate of R4 above.) We can proceed in a similar manner for ||QA®z|| 2, and thus prove

the inequality on the left in . O

Hs—1.

3 Free wave regime

d
Theorem 3 We choose a real number s with s > 1+ 5 and a positive real number M. For

n >0, >0, any initial data

(5", 6") € Boo (M) = {(5,0) € H (R (H (R (5, 0)]| s oy +ell5)

H5+1(Rd) < M}

is associated with the solution (p,0) € €([0,T./n],Bs:(2M)) of (EK.,) given by Theorem
[ Let (v,u) € G(Ry, H*(R?) x (H*(RY))?) solve the acoustic equations

Oort+oVy -u=0
(W)
oru+g'(0)Vxer =0,

with initial data (v, u)r—g = (p™,0™). Then at each time T € [0,T,/n] we have

(15) 1(p, 1) = (v, u) | re-2rayx (rs-2(rayye < Cn+€)T',
and
(16) (P, @) — (v, W)]| o3 (mayx (ars-3(mayye < C(n+ )T,

where C' depends only on M, s and d.
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Remark 2 For solutions (t,u) of (W) it is clear that the divergence-free part of the velocity
field u remains constant in time.

The difference between the estimates in (15) and is the regularity index. When
e < n, both estimates and provide an O(nT') error. By contrast, when €2 <7 < ¢,
they yield respectively an O(eT') and an O(nT') error, so that the second one is smaller.
Therefore, n ~ ¢ appears to be a threshold at which we lose one derivative. The estimates
and provide an L* error bound only for s > 2+ d/2 and s > 3 4 d/2 respectively.

In the special case corresponding to the Gross—Pitaevskii equation (K(p) = 1/(4p),
g(o) = o — 1), the first rigorous justification of the free wave regime was given by Colin
and Soyeur [16] in a bounded domain in terms of weak convergence. Strong convergence was
proved much more recently by Béthuel, Danchin and Smets [0].

Proof of Theorem [ By (EK.,) and (W), we see that (p — v, — u) solves
Or(p—t)+oVx-(a—u) =-nVx-(pu)

Or(a—1)+4¢(0)Vx(p—t) =-—na-Vxa—I[g(o+np) —ng’(@)]Vxﬁ
+e2Vx (K(Q +np)Axp + §K/(Q + nﬁ)lvxﬁl2>

with null initial data. As in [6], the proof of Theorem [3] amounts to estimating the source
terms in this system. By Theorem 2] we have

[NV - (pu)|

gs—1 < C(s,d, M)n,

H—nﬁ -Vxua—[g'(o+np) — g (0)]Vxp+ eV (K(Q +np)Axp + gK’(@ + nﬁ)lvxﬁF)

< C(s,d, M)(n+e+e°n) < C(s,d, M)(n+e),

‘HS—Q

where we have used the bound on £p in H**! for the term £2V xAxp, and

|- Vxi—[g/(e+np) = g/ (@) Vxp+ 2V (Klo+np)Axp+ TK (0 +np) Vil )|
< C(s.d, M)(n+€* + %) < Cls,d, M)(n + %),

using this time that e2VxAxp in H*~2 is bounded by €?||p||zrs. The conclusion follows from
Duhamel’s formula and the fact that the wave group is unitary on H*. O

In one space dimension (d = 1), solutions to the acoustic equations in (W) are exactly
combinations of left-going and right-going waves. More precisely, there exist w and v such
that

%(t—i—%u)(T,X):W(X—CT) and %(t—%u)(T,X)ZV(X-FCT).

In what follows, we aim at characterizing the counterpart of these linear waves at the weakly
nonlinear, and possibly weakly dispersive level.
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4 One-way propagating waves

In this section, the space dimension is d = 1, and the fluid velocity is denoted by u instead
of the bold letter u. We are going to show that the evolution of the two weakly nonlin-
ear / weakly dispersive counter propagating waves is governed by Burgers equations if the
parameters 1 and € are of the same order, by weakly dispersive Korteweg—de Vries (KdV)
equations if €2 < 7, and by regular KdV equations if n and &2 are of the same order. What
remains of the reference density ¢ in these equations lies in the two quantities pointed out
in the introduction and defined by

aef 3¢ 049" (0) def 0
p o 2t f 0
20 2 K=o (0),

which already appeared in a special form in earlier results on (NLS) by the first author

15, 14, 12, [11].

4.1 Statement of errors bounds in various asymptotic regimes

A first, simpler result holds when the left-going wave v is negligible, so that ¢p ~ ot (at
least for small enough T') by and . More precisely, we are going to show that, if the
initial norm of the difference p — pu/c is small enough, then both p and pt/c are either close
to solutions 3 to the (inviscid) Burgers equation

O3 +T30x3=0

if e <nore? <, or close to solutions ¢ to the KAV equation
£2
9pC + I'COx( = g“ag’(g

if e2 = O(n). Note that this equation is clearly weakly dispersive if ¢2 < 7, and reduces to
99 + TCOxC = kD% C
when 7 = 2. Precise error bounds are given in the following.

Theorem 4 We assume d = 1, and take two real numbers s > 4 and M > 0. Forn € (0,1],
e € (0,1], any initial data

(p", ™) € B (M) = {(p, &) € H*(R) x H*(R); [|(p, W)l r=wyy2 + ellll 1wy < M}

(0) =
*(R))

is associated with the solution (p,u) € €([0,T./n], Bs:(2M)) of (EK.,,) such that (p,u)
(p™, u™), as given by Theorem [ in the case d = 1. We also introduce 3 € €([0,6.], H
a smooth solution of the inviscid Burgers equation

(17) 863 +T30x3 =0
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such that 3(0) = p™™, where the time of existence 0, depends continuously on M, and ¢ €
% ([0, +00), H*(R)) the global solution of the KAV equation

(18) 0pC +T'COx(¢ = 677—2/@?((

such that ((0) = p™. Then there exists a constant C, depending only on s and M, so that
for 0 < T < min(T,, 6,)/n, the following hold:

(i). If o0 € 0,5 —3], orif (s>7/2 and o € [0,s —2]),

N Q.
9= 3T = T yoguy + || S0 = 30T = eT)|

H (R)
2
<C( 8_ ﬁin_gain ) 7
n ¢ Ho+1(R)
If s>4 and o €[0,s —4]), orif (s >9/2 and o € [0,s — 3]),
. 0.
— 3T, — <) s H T, T‘
16— 3(n D) o) + 3T, - —<T) .
2
<C<n+€—+ pr— Lan )
n A )
(i1). For all o € [0,s — 4],
. 0.
— (T, = T H— — (T, — T‘
16— ¢(n ) oy + || 70— ¢ D e
2
<C<1+€—)<n+a+ pr — L )
’]7 C Ho'+3(]R)
If, in addition s > 5, then for all o € [0,s — 5],
o 0.
— (T, = <T)| o +H— _ T,~—cT’
1p—C(n Mae@ + || = ¢ ) -
2
<C<1+8—) (n+€ + || — Cain )
Ul ¢ lgorsm

Observe that both 3 and ( are shifted to the right at speed ¢ in the estimates above.
This theorem provides various types of errors, depending on the relation between 7 and e.
Roughly speaking and neglecting the term [|p™ — @™ /¢|| = (r), which will be small enough
provided that the initial data are well-prepared, Theorem 4| ensures that p ~ ot/c is close,
up to a rescaling in time and space shifting, to the solution to

e the Burgers equation (17)) if ¢ <n < 1, with an O(n) error;

e still the Burgers equation if e2 < n < e < 1, with an O(g?/n) error;
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e but also the KdV equation if e2 < 7 < € < 1 (which makes weakly disper-
sive), with a smaller error O(n) (because n < €2/n) if we use [(ii)}

e and the KdV equation if e2 ~ n < 1, with an O(n) error.

When 7 < &2, the comparison with the solution 3 of the Burgers equation given in the

inequalities of (¢) are clearly meaningless. In the first statement of (i}, we have in the error
2 . .

term 2e < n + %, so that the term € seems superfluous, but we have kept it in order to see

the % gain in the second statement, which is the dispersive term (g2/n)kd%( of the KdV
equation.

Note also that both statements and hold true if s > 5. For instance in the case
e <n <1, both and yield O(n) errors, but the advantage of the second statements
are that they control one more derivative. However, this advantage is lost in the case
g2 < n <K € < 1, for which the first statement in |(3) and provides O(e) errors instead
of the ‘natural’ O(n). In this sense, the case ¢ ~ 1 corresponds to a threshold across which
the natural, O(n) estimates lose the control of one derivative.

The coefficient €%/n in the dispersive term in may be removed using the scaling
invariance of (KdV). Indeed, if ¢ solves (18), then the function

G(0.X) = Z¢ (6. X)

solves

DGy + T¢0x G = KO

with associated initial datum ¢4(6 = 0,X) = (n/£?)¢(0, X), which may be large or small
depending on the ratio n/e?. In particular, ||(;(0 = 0)||x= = (n/€*)]|¢(0 = 0)| g+ for any s.

Our results subsume those of [§] and [I1] as particular cases. Notice that in Corollary 1
of [I1], there are two misprints: the correct conclusion is SUp(g yin(r,7, ) |1 4e = Cll -5 + | U —
Ca‘ Ho—5 < K(HA? — Uén’ Hs—2 + 82).

4.2 Proof of error bounds for right-going waves

Concentrating on right-going waves, we can work in a moving frame, and introduce

HTY) Y H(T,Y +¢T) WT,Y) S (T, Y + 7).
This changes (EK.,) into
Orp —cOyp+ 0y ((o+np)a) =0
(19) Orii — Oyt + nudyd + g'(o + np)dy p
= 20y (K(o+np)op+ 3 K (o +np)(0rp)?)

In a first step, we estimate the L? norm of p — oc~ 4.
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Lemma 1 We assume that s > 3. Then, in the framework of Theorem [}, there exists a
constant C', depending only on s and M, so that

~in

~in 0
P ——U
C

<

p—fa‘ O+,

sup

0<T<Tx /7 L

Proof. We argue as in the proof of Proposition 14 in [§] (see also Proposition 2 in [I1]).
Throughout the following computations, C' will denote a positive constant depending only
on s and M that may change from line to line. From , we see that the difference

def ~ —1~
V=p—0C U

satisfies

(20) Orv — 2¢0yv — név@yv =ovG,

where
(21)
~2
def 0O ~ ~ 0 ~ -~ .M - - cp
G= aletnp) —alo) - ng'(0)p) —*< (K(@ +np)0yp+ 5K (0 + np)(ayp)2> TR
The terms vOyv and dyv in do not contribute to the time evolution of ||v||zz, and more
precisely, (20)) implies that

d 1
— [ v dYIQ/VayG dY:——/(Qcayv) G dY .
dTl’ R R CJRr

Using again (20)), we can substitute Opv—nco~'voyv—0y G for 2¢dyv in the previous identity,

which gives after integration in time,

Ain gain
c

2 2 1" ¢
(22)  Ivlze = s [ [ (o +nivoey +0vG) G ay dr.
Lz ¢Jo Jr 0

Of course the integral fRG Oy G dY vanishes at all times. Moreover, since s > 3, we have
10y G|l < C||G|lgs by Sobolev embedding, and |G|lgs < C(n +¢%) < C. Thus, by

integration by parts,

[ o) G ay = =1 [ ¥ 0yG ay < Culor Gllux VIR < Colv .
R R

Therefore, integrating by parts in time the remaining integral in , we deduce, for 0 <

= /R [V(O)G(O) —V(T)G(T)] dy

¢

L2
1 T T
+—/ /vaTGdeT+on/ V|22 dr.
¢Jo Jr 0
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Combining the L? bound (since s > 3) ||G||z2 < C(n+ €?) with Young’s inequality, we infer

1

¢ | OG0 —v)Gm)] av <+ )T e + [¥O) 1)

1 ~ ~in 2
<<IVIE + Cp+ 22 +C || = Lam|| .
4 ¢ L2
As a consequence, putting the term }||v||7, in the left-hand side,
32 sin Qi
Z||V||L2 <C|p -G +C(n+ &%) V(?GdeT—i—Cn ||V||L2 dr .
2

Now, notice that from the first equation in we have 0,p — cOyv = —ndy (ﬁﬂ) with s > 3,
thus

(23) [0-p — cOyv| w2 < Cn,

and this implies
0 _ N S
0,G = (d'(e+1p) = g'(0))0rp — n;p&p
— 22 (K (o +1p)030,p + ni (0 + )0, 0%

2
+ 1K (o +np)y 50y 0, + 5 K" (0 + 1) (0 §)*0:p)
/ ~ / C2 -
=o0(g'(0+np) — ¢'(0))Oyv — ngpayv — 20K (0)03v + Ore(o.1, /.02y (n(€2 + 1)) -

We then deduce, by another use of Young’s inequality,

2

Lt et on [ i dr

—U

_||V||L2 <

2
/ / "(o4+np) — ¢'(0)0yv — Uzﬁ(aYV — E2QK(Q)8§’/V>V dY dr.

An integration by parts gives

/ / (o+mp)— ))VaydedT———/ /ng (o+np) Oy pv* dY dr < Cn/ 1v[17 dr

and similarly

Tre ne (1 '
[ [Spovevarar=1 [ [voparar<cn [ vl dr.
0 R O 2@ 0 R 0

Furthermore, [, v 9jv dY =0 for all times, hence

. 0 2 T
jin — Qgin L2+C(n+52)2+0n/0 IvI2. dr.

3
Slviz < c||o - La
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By Gronwall’s lemma this implies

2
Ain 0 ~in

Ivliz: < o [} - 2

+ (n+ 52)2>eC"T ) d
L2
We can also estimate higher order, Sobolev norms of j — o¢~'@. The natural idea is to
differentiate the equation with respect to Y and argue as for Lemma [1| (see Proposition 4
in [§], but here we lose three derivatives instead of six, which seems to be a misprint in [§]).
However, we shall see that this does not yield an optimal result in terms of loss of derivatives

(see Lemma (3| below).

Lemma 2 We assume that s > 7/2. Then, in the framework of Theorem 4], for any 0 <
o < s— 3, there exists C', depending only on s, o and M, so that

sup < C( ﬁin o Qain

0<T<T:/n

-2 462
¥ He He

Proof. We apply A to both sides in :

OrA7y — 260y A%V — ngA”(Vﬁyv) — 9y A°G,

which implies

L[ Az ay = oS / ATVA? (vOyv) dY + 2 / AVA? (9yG) dY .
dT’ Jr 0 Jr R

Of course here the term ‘vOyv’ does have a contribution, which we can control in the usual
way of dealing with Burgers’ equation. Namely, we have

(A°V) v Oy (A%v) dY + /R(AUV) [A7,vOy|v dY

/R (A7) A% (vdyv) dY = /

R
1

(24) <-3 /R(aw)(/\"v)2 dY + C||0yv| < vlFe < CllvIze
where we have integrated by parts the first term, and we have used (A.4)) to estimate the
commutator and the uniform bound on (p,a) in H® < Wh*™ (for s > 2). For the last
integral, we integrate by parts in space, substitute d7v — nco~vdyv — 9y G for 2cdyv and
integrate in time. This yields

. o2 T
IA7V]2: < (A7 = Za™)| T +on [ vIg. dr
C L2 0

1 [T ¢
(25) + = / / A"( — 0v + n—vOyv + ayG) A°G dY dr,
¢Jo JRr 0
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and here again [, A°(0yG) A°G dY = 0. We use the commutator estimate (A.4)) and
Young’s inequality to deduce

Z/A”(Vayv) A°G Y < g / v (A7Byv) A7G dY + Col|dyv| oo ]| e [|A° G 12
R R
<OV z2||A? Oy v Lo [| A G 2 + Ol || o || G || 1o
<On||v||ue(n+*) < Cnllvl|Fe +n(n+e)?>.

Here above, we have also used that o < s — 3, so that A?0yv is uniformly bounded in
Hs=o=! C L* and |G|/ < C(n+€?). Therefore, integrating by parts in time the remaining
integral in , we deduce, for 0 < T < T./n,

41 / [AV(0)AG(0) ~ A(T)AG(T)| ay

He ¢

1 T T
+ E/ /A"v A°O.G dY dr + Cn/ IV||%e dr + C(n + &%)
0 R 0

~in gain

<C|p

~in % ~in
— —U

AVl < [ - 4

1 o
+ ZHA v|[%e

1 T T
+ E/ /A”v A°0.G dY dr + C’n/ V|50 dr + C(n +€%)?,
o Jr 0

where we have used that ||G||ge < C(n+ €?), since ¢ — 3 < s. From the first equation in
(19) we have 0.p — cOyv = —ndy (pt), thus

(26> HaTﬁ - caYV|

Hs—1 < On,
and this implies, since H*™3 is an algebra (recall that s > 7/2) and o < s — 3,
0 ~ ~ C .4 -
0:G =—(g'(e+np) = 9'())0p = ", Pop
4% ~ ~ A a2 ~
- (K(Q +1p)0y0-p + 0K’ (0 +np) 0 pOy p

2
A - . a2 ~
+ 0K (0 +np)Oy pOy 0-p + K" (0 + np)(ayp)Qafp)
2
N ¢ _
=o0(g'(0 +np) — ¢'(0))Oyv — 5 POV~ 20K (0)0%v + O (0.1, ju, 117y (1(€* + 1)) .
We then deduce by Young’s inequality again that

2

_||A0V||L2 gc ~in g,ain . _|_C’(7]—|—5 +CT}/ ||V||H" dr
2
/ / A" "(e+np) —g'(0)dyv — nEﬁﬁyv - 82@K(@)3§V) A7v dY dr
<Cﬁm——“}{+0m+¥f+0¢/ﬂﬂ%dﬂ
g 0
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by computations similar to those of Lemma (1| and by using the tame estimate (A.4). The
conclusion then follows from Gronwall’s lemma. [

Our next result is an improvement of the previous one in terms of loss of derivatives. The
idea is to apply Or to the equation and estimate dr(p, @), as in [I1]. Since the equations in
are formally of the form drp — ¢dyv = O(n) and Ori + co ' dyv = O(n + ), where
the remainder terms involve at most three derivatives, this will allow to establish a better
estimate, losing only two derivatives instead of three.

Lemma 3 We assume that s > 7/2. Then, in the framework of Theorem |4, the following
estimates hold true.
For any 3/2 < 0 < s — 2, there exists C, depending only on s, o and M, so that

sup ﬁ—%)a <C< ﬁm—%ﬂm U+77+€2>.

0<T<Ty/n

He H

For every 3/2 < 0 < s — 1, there exists C, depending only on s, o and M, so that

p—2a
o

X 0 .
sup pm — Zgin
0<T<Tx/n ¢

<o

—|—17+€>.

He H

Note that the second estimate here above may be poorer than the first one (if n < €) in
terms of the error value, but it controls one more derivative.
Proof. The starting point is the system ((19)) written with the complex extended formulation,
namely

Or% — Oy 3 + niidy  + in(Oy 2)i + é b(p)ib + iy (a(p)Dy3) = 0.
Using the uniform bounds for (@, dy Z,w) in the algebra H*™! (s > 7/2), we infer
[nady z +in(Oy 2)w|| o1 < Cn.
In addition, since H? is an algebra (o > 3/2),

€0y (a(p)y ) || o1 < €[lalp)dv (g (p)Ov 5/b(p)) || 1=
< CE|g (p)0yp/b(p)l| o+s
< OOy pll o

Ce? ifo+2<s
Ce if o+1<s.

N

We pursue the computations in the case o < s — 2 and point out the modifications to make
when 0 < s — 1. Then, we have

. .1 - .
0=07% —cOy2+ . b(p)w + iedy (a(p)Oy @) + Ores (o1, m o1y (1 + €%)

~—

=07z — Oy + g'(p)dyp — i€dy (cb(p) g (p)Oyp — a(p)dy ) + Or(or. jp,re—1y (0 + €
=07z — Oy + ¢'(0)0yp — i€dy (cb(o) g (0)0yp — a(0)dy ) + Or (o1, jp,re—1) (0 + €

~—

)
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using that, since H*~! is an algebra, we have
1(g'(p) — 9'(0))0v pllae < [[(d'(p) — g'(0))v ]

I(a(e) — alp))dyullu- < [[(ale) — alp))dyil

Hs—1 < Ona

Hs—1 < 0777

and finally
1(cb(p) "9 (p) — cbl0) "¢ (0)) Oy ttl| = < Cy.
(If 0 < s — 1, the error n + €2 is replaced by 7 + ¢ and the term

ledy (cb(e)~"g'(0)0y p — al)Oy )l < ellcb(0) "9 (0)dyp — ale)dyill -1 < Ce

can be incorporated into the remainder.) Since a(0)b(g) = 0g'(0) = ¢?, we deduce

ca(o)

1) — z’gTa§ (p— oc7'a) + Opoe(o,r jp, o1y (0 + €7)

0=0rZ+ o 0y (p— oc”

Q) —0p3+ 2g-l0yy — iet U

affv + OLoo(m’T*/n]?Hafl)('r] + 62) .

In particular, for T'= 0,
10r2) =0l e+ < CllOyvir=olle—1 + Cel|OfVir=olluo— + C(n + %) .
Since 0 < s — 2, we may now use the interpolation and Young’s inequalities
el B vllmo < ellvlia vl < Cllvllae + Ce?
to infer
1(072) r=oll o1 < Cllvir=ollme + Cn +%).
When o < s — 1, the error is O(n + ¢) and €||02v|| go—1 = O(e) since o + 1 < s.
Applying Or to the equation for Z, we see that Zr o OrZ solves
(28) Op3r — cdy 2 + iy 5 + in(Dy 5r)1b + % b(p)ir + 20y (alp)dy 1)
= —nZplyZ — Zb,<p)aT/3 W — iendy (a'(p)Orp Oy Z),

and we wish to perfom an H°~! estimate, with ¢ — 1 > 1/2. We first easily bound some
source terms by using that H°~! is an algebra:

Iy 2o < Cnllzl e 10y 2o < CllZzllio

In view of the equation drp = cOyv — ndy (pu) we obtain (o + 1 < s) on the one hand

2
n ~ ~ <~ -
Hgb'(p)(ﬁTp— cOy V) wHHU?l < C—8 | pii]| zre || @] o1 < C0?,
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and on the other hand
lendy (' (p)(0rp — €0y V) Oy 2)| jros < Cen?||pitl| o1 |0y 2| e < Cenp?
We now express, by the second equation in , Jdyv in terms of the real part of Zp:
0 = it — Dyt + iy + g (o +np)dy f — 20y (K (o +np)O}p + S K (0 + 1) (0 )°)
=Re (2r) + o 'OV + O o o1y (0 + €2,
since 0 4+ 2 < s (the error is O(n+¢) if 0 + 1 < s), and infer
—g V' (p)orp 0 = CQg b'(p)Re (21) @ + Opeo(o,1. /o1 (1(1 + €))
= Opno-1(nl| 21|l go-1) + Oroe(iozu o1y (0(1 + €%))
since w = O(g) in H*~!. Concerning the term
endy (a'(p)Orp Oy z) = endy (a'(p) Oy 2)0rp + ena'(p) Oy 20y Orp
in (28), the first term in the right-hand side satisfies
lendy (a'(p) Oy 2)0rpllue— < Cenlldy(a'(p) Iy Z)Re (2r)|| o1 + Cen®

< CnlRe (2r)|| o1 + Cen .

For the second one, we write

end(p) Oyz OyOrp =na'(p) dyZ Or(\/p/K(p)w)

=na'(p) Ovz \/p/K(p) Im (2r) +nd'(p) dvz w Or(v/p/K(p))
= Opa-1 (1|27 || 1) + Opa=r (%) .

Gathering all these estimates and inserting them in (28]), we arrive at
- - o s . N | - . -
(29) OrZr — Oy Zr + nudy Zr + in(dy Zr)w + B b(p)wr + iedy (a(p)Oy Z7)
= Ono—1(nl|Zr || mo-1) + Oreo o1 /o1y (00 + &%),

Therefore, following the lines of the proof of Theorem , we infer, for 0 < T < T../n,
1075, 20) | 5o-1 < C|[(9rp, 20)(T = 0)|[ o1 + C(n + %) < C[|7r(T = 0)|| o1 + C(n + %),

since (Orp(T = 0) = —nox (pu) = Ogo-1(n). As a consequence, considering the real part of
(27)), we obtain

10y vl o1 < ClRe(Zr)||ge—1 + C(n +€%) < C||p™ — oc™ @™ || e + Cn + %),

which completes the proof (since the L? norm of v is already estimated in Lemma . O
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Proof of Theorem |4 completed. We focus first on (i7) in the case s > 5 and 0 < 0 < s — 5.
In particular, we may apply Lemma 3| with 3/2 < 0 +3 < s — 2 to deduce

V][ o+ < C(n+ €+ [|p™ — oc 0™ || o) -

Combining the two equations in , we infer that

def1< g)
W—2 p+c

satisfies

207w + 2qTwdyw — 2%k w = — 2 [9 (0+mnp) —g'(e) —ng"(0) } Iy p

(30) + n(é - %g"(g))v@yw = 77(2 f "(o ))p@yv + 2e% KDYV
&0 (K0 np) — K (0635 + 5K (0 + 07) (9r0)°)

From the H°*3 bound on v and the uniform bounds of Theorem [2, we infer consistency with
the KdV equation by using (A.1)). Our consistency estimate reads
HU+3 > )

for 0 < s— 5, and allows by very standard estimates on the KdV equation - like the one
in - to conclude that
Ha+3(R)> '

|0rw + nT'wdyw — 52/<58§5/W||H0 < C(n+ 52)< ;ain

A 0 .;
pm —_ Zgin
¢

82
W = T, — T oy < © (1 i g) (n pett

Then it suffices to write

vEw and ﬂ:i(w—v)
2 20

p=

and use Lemma [3| to complete the proof of the second statement of (i7). If s > 4, we use the
second estimate in Lemma [3]
We now turn to (¢) in the case s > 4 (or s > 9/2), and write under the form

207w + 2l woyw = — 2 [9 (0+mnp)—g'(0) —ng" (o) } Oy p
Q Vi c Q 1
+n(- = 20" )vovw (7~ ¢9'(0)) v
+ 52%(%/ (K(Q +np)05p + gK’(Q + nﬁ)(ﬁyﬁ)Q) ,

with the dispersive terms in the source terms. Note also that if (s > 4 and o € [0, s —4]), or
if (s >9/2 and o € [0, s — 3]), then Lemma 2] or Lemma [3| with 3/2 < o + 1 < s — 2 gives

[Vl[gos < O+ +[1p™ — oc™ @™ || o) -
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From this, we infer the consistency estimate

2
£ ~in ~in
|Orw + nI'woyw|| o < Cnn+—+|[p" — 24
" n ¢

Hcr+1) ’

In the case (s > 3 and o € [0,s — 3]), or (s > 7/2 and ¢ € [0, s — 2]), we have

HO'+1> ’

||V”HU’+1 < 0(77 +ée+ ||,5in — Qc_lﬂinHHoﬂ)

and
2 lam O
|0rw + nI'woyw|| ye < Cn(n+e+ o +[|p" — Eum

which completes the proof. [

4.3 The KdV regime for travelling waves

Under fairly general assumptions on the energy density .%, (gEK) admits rich families of
planar travelling wave solutions. Indeed, for (p,u) = (R,U)(x — ot) to solve the one D
version of (gEK) the profile (R, U) must solve the ODEs

(R(U — o)) =0

(%(U o) +87[R)) =0,

which is equivalent to the existence of three constants (j, A, pt) such that

RU-0)=j
(31) . ,
F J
R R R)—ZF ! ~— + AR =
(R~ F(RR) + L4 AR =

(see [3] for more details). If p > 0 and (j, A) are such that (p,0) is a strict local minimum of
2

the mapping # : (R, R) — R ZL@(R, R) — Z(R,R) + ;—R + AR then the level sets
. . 0F . . 52
. _ J_ I \R=—
{(R’R)’Rﬁpz(RR) Q(R,R)—l—QR—l— R ,u}

consist of closed curves for u greater than, and close to —% (g, 0)+ g +Ap. These correspond
to periodic travelling wave solutions to (gEK) oscillating around p. Note that, since the
Hessian matrix of 5 at (p,0) is given by
PF 2 .
—62(970)+]—3 0 i
Hess#(0,0) = P 0 2T = ° o ’
0 (0,0) 0 K
op3
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the strict local minimization condition for # at (p,0) is ensured by the inequalities K > 0,
j% > 0%c?, provided that (p,0) is a critical point of ., which requires that
0.F 52

A=—(0,0)+ =—.

This means that (gEK) admits periodic travelling waves solutions with large enough mo-
mentum in the frame attached to them. Solitary waves with endstate o arise when (p,0)
is a saddle-point of 7. They are of small amplitude if this saddle-point is close to local
minimum of 7. This happens only if (g, 0) is close to a critical point of .7 where the Hes-
sian of 7 is singular. In other words, small amplitude solitary waves occur when p?c? — j2
is positive and close to zero. Note that for small amplitude waves around (p,0), we have
j=R(U —0) ~ —g0, so that ¢?c? — j2 being close to zero is equivalent to o being close to
c2.

Let us consider a travelling wave (p, u)(z,t) = (R, U)(z — ot) solution to (gEK), of small
amplitude around some reference state (p,0). Assume moreover that its speed o is close to
¢, say 0 = ¢ + £26 with € > 0 small. Then of course we can write

x — ot = (e(x — ct) — 5) /e,
so that if we use the KdV rescaling in ,
(o, u) () = (0,0) + (5. W) (= — ct), %)

we have

.00 = 5 (R0)(*27) - (00)) = (RO - 50)

if we set
(R,U)(z) = (0,0) + %R, U)(ex) .

As far as (EK) is concerned, we know by Theorem [4| that (p, ) is such that w o

%(ﬁ + o¢711) approximately solves the KdV equation
Oow + Twoyw = k03w .

Therefore, W def %(ﬁ’,—i— oc U ) is close to the profile of a travelling wave solution to this KdV
equation with speed &. This can also be seen on the profile equations themselves, which is
especially interesting for (gEK), for which we do not have a result like Theorem 4| at hand.

Theorem 5 Let o > 0 be such that %27'?(9, 0) >0 and %27";2(@, 0) > 0. We denote as before

PF

2T 3¢ 0 OPF 0
2¢ 0p?

— o Jo=—Z(0.0). T="2y4 5 22

(0,0), k=

(0,0),
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and assume that T' > 0 (which is the case in ‘standard’ fluids). Let w = W(Y — &0) be a
travelling wave of speed & > 0 solution to the KAV equation

Ogw + 'woyw = H&%W ,
and more precisely such that

of 26°
LW — ITW3 4+ 16W? = m € (0,mq), mo & 3;;2 .

Then there exists ¢g > 0 such that for all € € (0,e0], there is a periodic traveling wave
(p,u)(x,t) = (R, U)(x — ot) solution to (gEK) with 0 = ¢ + 25, verifying with

. i 0.F 2 0.7 2 2%
=— 1e26), A= =—(0,0) + ==, p=0—(0,0) — F(0,0) + = + —&°
J o(c +5€70), 9 (o, )+292, =0 (0,0) (0,0) + - + ;e
and o
(R,U)(z) = (0,0) + £*(R,U)(ex)
with

inf || R(- + &) = Wllwie = O().
£eR

From a straightforward phase portrait analysis of the KdV travelling wave ODEs, using
that & is positive we see that the wave profile W is indeed periodic for m € (0,mg), and

homoclinic to pg Lhos /T in the limiting case m = my. As explained above, there is no hope
to get a solitary wave solution to (gEK) that is homoclinic to g if j2 > ¢?c?. This explains
why the KdV regime for solitary waves requires ¢ < 0, so that j = —o(¢ + 3¢25) implies
j2 < 0*c? for € small enough. The KdV regime for solitary waves is a little simpler than for
periodic waves, and can be justified as follows.

Theorem 6 With the same notations as in Theorem [3, we consider a travelling wave for
(KdV) of speed & < 0, w = W (Y — &0) such that

sEW? — dTW? + 16W? = 0.

Then there exists g > 0 such that for all € € (0,g0], there is a solitary traveling wave
(p,u)(x,t) = (R, U)(x — ot) solution to (gEK) with 0 = ¢ + 2, verifying with

, . 0F 52 0F 52
_ 1.2 _ 97 J =T _z J-
j=—o(c+3e%), A ap(9’0)+292’“ Qap(g,O) J(Q,O)Jr@,
and o
(R, U)(x) = (0,0) + &*(R, U)(ex)
with

inf [ R(Y +) = W(¥) s = OF).
This result was already known for the KdV regime associated with (NLS), see [12].
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5 Approximation by counter propagating waves

5.1 Statement of error bounds for counter propagating waves

For the extension of Theorem [4] to left and right-going waves, we can no longer change frame.
In order to secure the interaction between those two waves, we shall assume an additional
bound on the initial data, ensuring some kind of decay at infinity for the solutions of the KdV
equations. For the similar issue concerning water waves, some control on (1 + X?2)?((p™" +
ou™/¢)) in L? was required by Schneider and Wayne [25]. Béthuel, Gravejat, Saut and Smets
[8] replaced this assumption by a weaker one, expressed in terms of the M-norm defined by

b
[
Theorem 7 We assume d = 1, and take an integer s > 3, and a real number M > 0. For
n € (0,1], € € (0,1], any initial data

def
[Fllm = sup
a,beR

(0™, ™) € Bso(M) = {(p, ) € H*(R) x H*(R); [1(5, @)l 1= ryy2 + el ]

Hetir) < M}

(0) =
*(R))

is associated with the solution (p,u) € €([0,T./n], Bs.(2M)) of (EK.,) such that (p,u)
(p™, a™), as given by Theorem@ in the case d = 1. We also introduce 3* € €([0,0%], H
solutions of the uncoupled, inviscid Burgers equations

(32) 9p3* £T3%0x3F =0

such that 3%(0) = (p™ + 0™ /¢)/2, where the times of existence 0= depend continuously on
M, and ¢* € €([0,+00), H*(R)) the global solutions of the uncoupled KAV equations

2
(33) DoC* £ TCHOxC* = i%naici

such that ¢£(0) = (p™ + o /c)/2. If, in addition,
1™, ™) [l < M

then there exists a constant C, depending only on s and M, so that for 0 < T < min(Ty, 0},60,)/n,
the following hold:

(i).
0

. (;3+ ;ﬂ> (T) = 3"(nT,- - cT)‘

+
Hs—3

(et (oo

(ii). If in addition s > 6 and n < €2, then

o+ Sy~ ¢t )|+




The proof in [§] relies on a careful (and lengthy) estimate of the interaction terms, such

as those involving
. 0. ~ 0.
ox (5 (p+ 1) 1 (- 20))

We use instead a systematic approach, and prove an error estimate between the solution
and an approximate solution involving the two counter propagating waves, as well as terms
associated with these interaction terms. This simplifies the energy estimate performed in [§],
and gives a natural explanation for introducing the M-norm. The drawback of our approach
is that we lose one more derivative.

5.2 Detailed proof of error bounds for counter propagating waves

Construction of an approximate solution in case (ii) (s > 6, n < £?). The aim of this
paragraph is to construct an approximate solution to (19) up to a sufficiently small error,
namely O(n(n + &?)). We consider ¢*, solutions of the KdV equations in (33]) associated
with the initial data (p™ + o™ /¢)/2, and seek approximate solutions of the form

def

PP, X) = CP(nT, X — <T) + ¢ (T, X +<T) +np'(nT, T, X),

@ (7, X) S
0

where (p',4') will be defined later but have to be thought of order one in 7. Then

(CT(T, X —<T) — ¢ (0T, X +¢T)) +nia' (nT, T, X),

Err, & 975 + Ox (0 + 1))
=n0pCt (T, X — <T') +n0e¢~ (nT, X + ¢T')

+ nf) (Ox([CF (T X = D)) — Ox (¢ (T, X + <T)]2)
+ 90rp (0T, T, X) + nodx i (T, T, X) + n*09p (nT. T, X)
+ 120 (3" (T, T, X )@ (nT. T, X))
and
Err, % 007 + it ox i + g/ (0 + 1p™P)Ox H™
— 20x (K (0 +np™P) %™ + 2K (0 + nﬁapp)(axﬁapp)Q)

2
=S+ nort'(nT, T, X) +ng'(0)0xp' (T, T, X) + n°0ptt* (nT, T, X) + R,
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where § contains the terms of formal order 7, namely

def

§ € 00C (0T, X — <T) =y D¢ (9T, X+ €T)
77C2 + + ne* _
+ Q_C (T]T, X — CT)an (T]T,X — CT) -+ ?C (T}T, X + CT)@)(C (UT,X —+ CT)
nc

x[CT (T, X — <T)¢ (T, X + T)]
+ 779,( )aXlé (77T7 Tv X)
+¢"(0)n <C+(T]T, X —oxCt(nT, X —<T)+ ¢ (0T, X + ¢T)0x¢ (nT, X + cT))
+ 9" (0)nx[CT (T, X — <T)¢~ (T, X + <T)]
— 2K (0)d%¢ (T, X — ¢T) — *K(0)05%¢~ (nT, X + <T),

and R contains terms of formal order O(n(n + £2)), namely

2
e ¢
RIS

Ox | (¢H(IT, X = ) = ¢ (T, X + 1)) @ (4T, T, X))
+n*a' (nT, T, X)oxa' (nT, T, X)
+ n(g (04 np™®) — (@)>3Xf31(77T, T,X)
+ (g’(g +np™P) — ¢'(0) — 9”(0)nﬁapp> Ox(CT(NT, X —T)+ ¢~ (nT, X + ¢T))
+¢"(o)n*p' (T, T, X)0x (¢t (T, X — ¢T) + ¢ (nT, X + <T))
— nK(0)0%p' (T, T, X)
~a ~a, 7752 / ~a, ~a, 2
~ <0x (K (o) = Ko+ np™)]ok o™ ) — -0 (K'(o + ni™) (0x)?).

At this stage we see the interaction terms, like Ox[¢(nT, X — ¢T)¢~ (0T, X + ¢T)], ap-
pearing in S. We wish to define (p',4') so that the terms of formal order n and &2 cancel
out, that is as the solutions of

( 0:p'(0,T, X) + 00x0' (0, T, X)
= —89<+(0, X — CT) - 89(_(9, X + CT)

X =5 (Ox([CH(0, X = <T)]*) = Ox([C™ (6, X + cT)]*))
07! (0,7, X) + ¢'(0)9xp"(0,T, X) = %

Here, 0 is seen as a parameter, and for T = 0, we set zero initial data. In addition, § is
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evaluated at 0 instead of nT. The system above equivalently reads
[8T + Cax](ﬁl + QC_lﬂl)(g, T, X) =

2
9 [aw +TCHax (T — %w;ﬁ (0, X — cT)

(34) = (590 + ) (o). X +eT)
~ (50 = )OxICH (6. X — )¢ (6, X + 7))
+ 2’;”752 8¢ (0, X + ¢T)
and
(Or — cOx](" — 010, T, X) =
_ Q[agg— T Ox( — %Qw;’yg— 0, X — cT)
(35) + (590 =)o), X +eT)
+(59(0) = % )Ox[C (6, X — T)C (6, X +T)
2Ke?

0%¢H(0, X +¢T)

Notice that the second line in and ) vanish since ¢ and (™ satisfy KAV equations.
The next lemma will allow us to derive estimates for the solutions associated with the
remaining interaction terms in the transport equation , which have a specific form.

Lemma 4 (i) For F € H*(R) the solution h of
[Or + Oxh(T, X) = dxF(X + ¢T), hir—o = 0
satisfies, for any T =0, ||(T)||grs < || F||m=/c.

(i1) Assume that s is a nonzero integer, that F*, F~ € H*(R) and that |F~||m < +oo.
Then the solution h of

[0 + cOx] (T, X) = Ox[F*(X — T)F~ (X + ¢T)], hir—o = 0

satisfies

[A(T)]
for all' T > 0, where C' depends only on s and c.

Hs—1 < C||F+|

o

s ( ms +[F7 ]| m)

When the source term is not an exact spatial derivative, we refer to Proposition 3.2 in
[20], where a norm growing like v/Z is in general unavoidable. This growth is prevented by
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our assumption on the boundedness of the M norm of the left-going part of the right-hand
side.

Proof. The estimate (7) is a direct consequence of the explicit formula h(7, X) = (F(X +
¢I") — F(X —¢T))/(2¢). For the proof of (ii), we obtain by the method of characteristics the
explicit formula

T, X) = /T Ox[FHX — IF (X — T + 2c7)] dr

T T
—/ OxFH(X —cT)F (X — T + 2¢7) dr +/ FH(X —T)0xF~ (X — T + 2¢7) dr
0 0

1 X+cT
= 5 OxFH(X = T) / F~ 4+ FHX — D) [F~ (X +¢T) — F~(X — ¢T).
X—T
Since X — [§ ] X+CT ~ is bounded in L* by ||F~||sm (independently of T'), we immediately

conclude that
WD)z < CIF N (1F N2 + 1F [lm) -

The higher order estimates follow the same lines - alternatively, we may differentiate our
transport equation, and observe that if ' € H', then [|[0xF||m < 2C||F || g1, by Sobolev
embedding. [J

In order to apply Lemma , we need a bound on the M norms of (* for 0 < 0 < 6F.

Lemma 5 Let s be a real number, s > 3, and ¢ € €([0,0.], H®) be a solution of the KAV
equation

5
£
Op¢ +T'COx( = E@(C -

Then, for any 0 < 0 < 6,, we have

0 82
[[SCHFVES ||C(0)I|M+C/O (IIC(w)I?{ +g||€(w)|

where the constant C' depends only on T'.

Hs) dw s

Proof. We consider two real numbers a < b and simply write

/bC(Q,X) dX—/bC(G:O,X) X

//aggwx ) dwdX = — / /C@XQdde+—//83(dde

-7 / () = Cw,a)) dw+ = / (0 10,8) — el (w.0)) do

We then obtain

b
/ (0, ) dX‘ <

b 0 €2
[ co=0x) dX' +0 [ 16~ + 1R o do
a 0 77
2
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and use the Sobolev embedding to conclude. [J
Lemma [5| implies in particular that, for 0 < 6 < 67,

IOl < C(M)

provided €2 < 1. As already mentioned, only three terms remain in the right-hand side
of and , since (™ and ¢~ solve the KdV equation in with the + and — sign
respectively. The first and last terms fall into case (i) in Lemma [4] while the second one
is as in case (u). By the superposition property of transport equations, we can add the
contributions of these terms given by Lemma [l Thanks to the estimates of ¢(* resulting
from Lemma [5] this eventually yields

sip [+ o @ e 2 < C(M)
0<nT,0<min(T%,07 ,0;7)
and
sup 1p" — oc | g2 < C(M)
0<nT,0<min(T,07 ,07)
hence
sup 10", @) || o2 < C(M) .

0<nT,0<min(T,07 ,0;7)

Consistency error and comparison estimate. To control the consistency error, we have
to bound dyp* and dpai!. Differentiating with respect to § we obtain

0 = [0 + cOx]0(p" + oc 'a")(0,T, X)

+((0) = 2 )ox(CaC) 0. X +7)
+ (fg”(g) - g)ﬁx [0CT (0, X — ¢T)¢ (0, X + T) + (0, X — ¢T)0p¢ (0, X + <T)]
2Ke?

0% 0pC (0, X +¢T).

Noticing that 9y¢* is bounded in €([0,60%], H*~3(R)) by a constant depending only on M
(since €2 < n) and that the M norm of 94¢* is also bounded by a constant depending only
on M (see the proof of Lemma [5)), we infer once again from Lemmas [4] and |5| that

wp [0+ oc s < O(M)
0<nT,6<min(T%,0%,07)
Arguing similarly with p! — oc7ta!, we deduce
sup H(agﬁl,agﬁl)HHs—s g C(M) .

0<nT,0<min(Tx,07 ,07)

It then follows that (p*PP, 4*PP) is an approximate solution to (19)) with inital datum (p™, ™)
and a consistency error
|(Err,, Erry)| gs-s < Cn(n +&2) .
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Proposition 6 Let o and o' be two integers such that 0 > 2 and 0 < o/ < 0 — 2. Assume
that (p, ) € €([0,T), H"t'(R) x H?(R)) solves
(36)

Orp + 0x((o + np)u) = Err;

S K0+ np)(0xp)?| + Brry,
R)x H?' (R)). Let us denote by (p, ) € €([0,T], H"+1(R) x
,)(0) as initial condition. Assume that M > 0 is
oc(2M) as long as 0 < T < min(7,T). Then, for

Ortl + nudxi + g'(0 +np)oxp = 0x | K (o +1p)0%p +

—~

where (Errj, Errg) € L([0,T], H'*+!
H?(R)) a solution of (EK., ) with
such that (p,u)(T) and (p,a)(T) €
0<TKL min(T,T),

‘3’8

1(p = p, i — tt,20x (p = )| g

1
C(o,r, M)+/nTec e nT <EH (Errs, Erra, e0xErrs)|| poc (o.min( 2y, 107y T 1+ €2> .

Proof. The difference (p, @) dof (p, ) — (p,u) satisfies the system

Orp + 9x((0 + np)u) + ndx(p) = —Err;

37 > / v ~ . . ~ " ~ v " o ~
(37) Irt+ ¢'(0)0xp + nudxa + nudxt + ng" (0)pOxp + ng" (0) pOx p
),

=’ K(0)0%p — Errg + OLOO([O,min(T,T)},H“—Q)(77(82 +1)

with null initial condition. In the second equation, the error term contains the remainder
associated with the expansion of the nonlinearity g(o+mp), the term £2ndx (K'(0+np)(0xp)?),
the difference £20x (K (0+np)0%p) —e*K (0)0% p and the corresponding terms with np. Then,
the complex vector field

o e K R K B
zd:fu—i—zw o e (Q>A8Xp—5 (Q)J‘?Xp:
o+np o+ mnp

is a solution, with zero initial datum, of

K(o) , .
a O o—1
P xp + Opo-1(en)

Orz + naaxz + nidx z + in(Ox 2)w + in(dx 2)w
+ bﬁ(@ +np)w + — (bu(g +1p) — bs(o+ np))

+ '“faX(aﬁ(Q +1p)0x %) + icdx ((ag(0 + np) — az(0 + np)) Ox )

K
<Q)A8XErr,; ,
o+ np

= —FErr; — ic

where




The terms nudx Z and in(0x2)w are easily estimated in H', using (A.2), by
C(o)nl|Zl| o [10x 2o .00 < Clo, M| 2| gor | 2]l e < Clo, M)nl|Z] o

since 0’ + 2 < o by assumption and by Sobolev embedding. We write similarly that the H°'
norm of the term =1 (by(0 + np) — by(0 + np))w is

< Clo. el o 8l < Clo,r MYl 1o 0= < Colory 7 M| o
By (A3) and (A1), since o’ + 2 < o,

liedx ((ay(e +np) — az(e +1p)) Ix2) || g
< Clo,r)ell(ag(e +np) — ag(e +1p)) Ox Z|| gor+a
< Clo,m)enl|pll goral|0x 2| o < oy M)n|[(p, €0xp) | o -

Therefore, Z is a solution of
ia B RS U
Orz +nudxz + in(0x2)w + gbﬁ(g +np)w +ic0x (ay(0 +np)0x 2) = G,
with zero initial datum and where, for 0 < T < min(T , T),

G(T) 5o < o, M) (I (Bra, 0By s + 10 + ) + 15,203 o ) -
Letting
EL(p,2) =D E(p,2),
k=0
where

B3, ™ [ Sekte+np) e+ ni)lo52F + (¢(0) + 9" (0hni) 0k ax.

and arguing as in the proof of Proposition ] we arrive at

iE“,(p, 2) < Clo,r, MnE:, (p, 2)

ar °
+ C(o‘, T, M) V Eg’(ﬁ’ 2) <||(Err,3,Errﬂ,sﬁxErrﬁ)HH[ﬂ + 7](77 + 52) +n V Eg,(ﬁ, 2))

1
< Clor MER (.2) + (o M) (S Bre, Brrs O ErngFy + 1o+ 21

for 0 < T < min(T,T), since dx 2 and dxp are uniformly bounded in L (¢ > 3/2). Indeed,
there is only one place where we have to pay attention to the extra terms in the first equation
in , namely when we compute

d 1

a | 59 (0) +mpg”(0))az (0 +np)(0"p)* dX
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and handle the term [, 5[¢'(0) +npg"(0)]af (o + np)dr[(0¥p)?] dX, which produces the extra
term

/ [9'(e) + npg"(0)lat (o + np)d*p0"Erry X < Clo,r, M)\ Exi(p, 2) | Errs| o -
R
We complete the proof of Proposition [6] by a Gronwall-type argument. [

To complete the proof of Theorem (7] (ii), we choose 0 = s > 2 and 0’ =s—6 € [0,0 — 2]
in order to apply Proposition |§| (notice that the term edxErr; induces the loss of one more
derivative). Therefore, for 0 < T' < min(7%, 6,1, 0, )/n,

1577 — p. @™ — a, 20x (5" — )]

and this concludes the proof in case (ii).

oo < Clo,r, M) (n+¢€%) ,

Proof of Theorem [7|in case (7). We argue in a similar way and look for an approximate
solution under the form

PPP(T, X) = 35 (0T, X — <T) + 3~ (0T, X + T) + 1p* (4T, T, X)

and

@ (T, X) g (3" (T, X = <T) = 3~ (T, X + <T)) + ni*(nT, T, X).

Now, we include the dispersive terms in R instead of S, since we want to prove a comparison
result with Burgers equations. We thus define (p', 4') as the solutions of

0 = [0r + cOx](p" + oc 10 ) (0, T, X)
+2 [893+ + r3+ax3+} 6, X — cT)

(38) + (500 =) (370x37)(0, X +e7)

¢

b (200~ £)ox[3+ 6. — )3 (6. + )

_*
o
and
0= [0 — cdx](p' — oc™0")(0, T, X)
+2 [893- - ra-axa-] (6, X — cT)

(39) ~(59'(0) =) (3 ox3 ) (0. X +eT)

¢

~ (@) = 2)ox[37(0. X — 137 (6, X +T)]

It follows from the above arguments that

sup (" @)l < C(M)

0<nT,0<min(T%,07 ,0;7)
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and

sup 1(0ap", Optt")|
0<nT,0<min(T,07 ,0;7)

Hs—2 < C(M) .

This implies the following estimate for the consistency error

|(Err,, Err,, )| gs—2 < C(n* +&2) .

Using Proposition @ with 0 = s > 2 and 0/ = s — 3 € [0, s — 2], this finishes the proof of
Theorem (7] (7). O

6 The KP-I asymptotic regime

In one space dimension, we have obtained as asymptotic equations a single KdV equation for
well-prepared initial data, and two decoupled KdV equations for more general initial data.
In higher dimensions, if one considers a weakly transverse perturbation, we expect to obtain
Kadomtsev-Petviashvili (KP-I) type equations

e 3 ¢ 62 1
(KP_I) 89< + FC8Z1C = "igazlg - 5?A2L821 C
Throughout this section, we shall assume that the vector field u is curl-free, which is a
natural hypothesis for the KP-I asymptotic regime.

6.1 Main results

We replace the long wave ansatz by the weakly transverse long wave ansatz
(40) p(t,z) = o+np(T, 2) u(t,z) = n(ay,0u,) (7, 2), T=ct, z=(exy,e0x)),

where ¢ is another small parameter (we have changed X to z to keep in mind that the
scaling is now weakly transverse). Usually, we take n = &2 = 6% to derive (KP-I) but we
may consider weakly dispersive KP-lequations similar to weakly dispersive KdV equation
we have already obtained. Then, the Euler-Korteweg system (EK) becomes

( Orp+ 0., ((0+np)y) +6°V., - (e +np)ar) =0

aTﬁl + nﬁlazlﬁl + 7752ﬁj_ . szﬁl + g,<Q + nﬁ)521/5

~ ~ n ~ ~ ~
(41) = £%0,, (K<@ F POz, + 0% A ]p+ S K (0 +0p)(9:0)° + 52|VM’2])
Orty +nty 0,0, +né*a, -V, 4 + ¢ (0+np)V., p

=2V, (K(o+np)l2 + 0°0u,)p+ LK (o +mp) (9,9 + 8|V, 7))
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We first state a result providing uniform bounds on the time scale T ~ n~! (that is
t ~ e 'n7!) and need to define, for s > 0 and M > 0, the set

Bocs (M) % {(p ) € HH(RT) x (HP(R)";

H (/37 ﬁ? 881167 Eavl_ﬁﬂ

Hs(Rd)X(HS(Rd))dXHS(Rd)X(HS(Rd))d*1 < M} .

Theorem 8 Let s be an integer greater than 1 + d/2 and n € (0,1]. If o > 0, ¢'(0) > 0,
and (p™,0") € 5’576,5(M), then there exists T, > 0, depending only on M, s and d, such that
the maximal solution to such that (p,0)(0) = (p™, ™) ezists at least on [0,T./n|, and
(p, 0)(T) € By 5(2M) for all T € [0, T, /7).

In this asymptotic regime, one might expect an approximation by the two counter prop-
agating waves described by the two uncoupled KP-I equations

A 8_1 +

21 Yz

N o

2
pC* + TCHO, (T = %f«ua;& _

S|

(42)
2 2
0 = TC 0,6 = =Sw 4 5 %Aﬁa: -

instead of the two KdV equations. However, Lannes has shown in [I9] that, in the case
n = e = §? to fix ideas, the natural O(g?) error estimate does not hold. This is due to
the singularity of the symbol associated with the operator A, La;ll, unless we impose the
Z€ro mass assumption fR A(z1,21) dzy = 0 for every z; € R4 which is not physical.
This is the reason why Lannes and Saut have proposed in [21] weakly transverse Boussinesq
type systems for which we can prove the natural error estimate and for which no zero mass
assumption is made. This weakly transverse Boussinesq type system is formally equivalent
to the system of two uncoupled KP-I equations , and it can be shown to converge to (42)
(without optimal error estimates) under extra regularity and zero mass type hypothesis. In
our context, a natural weakly transverse Boussinesq type system is the following:

( aTﬁ + Qazlﬁl + 77821(ﬁﬁ1) + 52vZL ’ ((Q + nﬁ)ﬁL) =0

Orty + ¢'(0)0., p + N0, 4y + nd*ay -V, 4y + npg” (0)0, p
(Besn) =e’K(0)0.,02, +6°A.,1p

Ora + ¢ (0)Vs, p+ 00,0y +nd*ar - V. a +npg"(0) Vs, p
= EQK(Q)VZL [831 + 52AZL]pA

\

Let us observe that system (B.s,) may be seen as a particular case of system (41) when
g is a quadratic polynomial and the capillarity K has constant value K(g). The weakly
transverse Boussinesq system (B, 5,) may also be seen as the weakly transverse analogue to
the systems of the (a,b, ¢, d) class introduced in [9] and [10] when a =b=d =0 and ¢ < 0.
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Theorem 9 Let s be an integer such that s > 1+ d/2 and n € (0,1].

(i) If 0 > 0, ¢'(0) > 0, and (p™, @) € B, 5(M), then there exists T, > 0, depending only
on M, s and d, such that the system (B.s,,) with initial datum (p™, @™) has a unique solution
(p,0) € €([0,T,/n), HT(RY) x (H*(R))4). Moreover, we have (p,a)(T) € By 5(2M) for
allT € 10,7, /n).

(i) Assume that (5™ belongs to 9., H**T(R?) and that A, (5™ € 02 H**3(RY). Then,
there exists 0, > 0, depending only on s, d and the initial data (™ such that the uncou-
pled system has a unique solution ¢t € €([0,0.], H*T(R?)) N Lip([0, 6.], H*T3(R?)).
Moreover, one has (¥ € L>([0,6,],0., H**(R?)). Let us also assume that

1 ~ln 0 ~in in 1 ~in 0 ~in —.,in 0 ~in — in —,in
(3) S(pn+Sur) = ¢ S(pm-Sa) =t Sar = VLot (¢ o)
and that
(44) 52 < n and 2 <.

Then, the following comparison estimate with the uncoupled system holds as n — 0:

Ly, .
sup ’—(p + gm) (T) — ¢t (nT, - — T — 0
0<T<min(0«,T%)/n 2 ¢ Hs—1(R4)
and
Lo o, _
sup —(p—— 1>(T)—C (nT, -+ <T) —0.
0<T<min(0«,T%)/n 2 ¢ Hs—1(R4)

Remark 3 The properties of the solution ¢(* to the KP-Iequation given in (i4) come from
[27] and [23] and use (44). The compatibility condition (3] on 4T is natural since the vector
field 1 is curl-free.

Remark 4 Statement (i) is a consequence of Theorem |8 in the particular case where g is
quadratic and K = K(p) is constant. An alternate approach would be to use the result
given in Theorem 1.1 of [24] with a = b = d = 0 > ¢. However, this result is stated in the
Boussinesq scaling and not the weakly transverse one. It is plausible that the method of
Saut and Xu extends to the weakly transverse case, but we have not checked this fact.

Remark 5 The proof of Theorem [J] consists in constructing an approximate solution and
then proving that the error remains small. The first point requires to be able to compare ¢,
0 and 7, which is the reason for assuming .

Remark 6 In [I1], we have proposed (in the case n = € = §%) another weakly transverse
Boussinesq system adapted to the case where one wave, say the left-going one, is negligible.
This system has the structure of a symmetrizable hyperbolic system plus a constant coeffi-
cient skew adjoint term - not affected by the symmetrization, which is simpler than (B, s,).
One may think that the dispersive terms £26°A, 9., p and £20%°A, V., p in the last two equa-
tions in (B, s,) should be removable in view of their formal order O(n?) behavior (by (44)).
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However, our existence and uniqueness result relies on a nonlinear symmetrization type ar-
gument which breaks down without these terms. Moreover, our estimates provide a uniform
control on p, €dyp and e6V,, p in H*, so that the high order derivatives of £26°A, 9., p and
e20°A, V., p are not that small.

Our last result gives a quantitative comparison estimate between system and the
weakly transverse system (B. ;).

Theorem 10 Let s > 2+ d/2 (s integer), n, €, 6 € (0,1] and assume that 0 > 0, ¢'(0) > 0,
and let (p™,0™) € 357575(M). Then, there exists T, > 0, depending only on M, s and d, such
that the two systems (1)), resp. (Bes,), with initial datum (p™,0™) have a unique solution
(p, 1), resp. (p,), in € ([0, T./n], HTH(RY) x (H*(R%))?). Moreover, for any T € [0,T,/n],
(p,0) and (p, 1) belong to By 5(2M). Then, there exists a constant C, depending only on s,
d and M, such that, for 0 < T < T./n, we have

H(ﬁa ﬁlaéﬁj_) - (ﬁ, ﬁl,éﬁj_)’ Hs—2(Rd) < 0(77 + 5)7

and, for s >3+d/2,

15, 1, 001 ) = (p, 0y, 00L) || e-s(may < Cln+ %) .

6.2 Uniform bounds in the weakly transverse scaling

Proof of Theorem[§. The complex vector field z is now

| K
(45) 2= (21,02.) = 0+ iw = (A, 60,) + e %(81[), SV 1 p),

and the assumption that the vector field 0 is curl free now reads
(46) oa; =V, ;.
The L2-type functional E; becomes

~ a7 def 1 A ~ A A
B0 a5 [ ool olal + o (0) 2o o= ok,
R

and the H*-type functional F, becomes

~ ~7 def i . A A
Elp,2] = )Y ENp.2),

o=0
where we have denoted
Shra o7 def o! 1 o g ag a A
Blp )™ 3 % [ Salor (ol + #ploranl + o (0)00)) dz
IR

aENg,
la|=0

20



with p = 0 4+ np. Under the assumptions of Proposition (3| and setting V° o (01,0V 1), we
now have

e + VD)) < Efp,a) < C(||4] e+ VO3

he + [10] he + [10]

where ¢ > 0 and C' > 0 depend only on r, s, d (and the functions g, K).
The system (ES. ) yields

([l

1
(47) Orz +n(t- VO)z +in(V°z)Ww + ~b(p)W + ieVo(a(p)V°-2) =0,
and by applying the operator 0%, where |a| < s, we obtain
1
(48) Or0°z + n(t - V°)0°z + in(V°2)0°W + B b(p)0°W 4 ic0°Vo (a(p)V° - 2) = R,

where

R = (R;,6R,) ¥ nla-V°, 0%z + é [b(p), 0°W + m((vﬁaaz)w — 80‘((V52)W)> :

In view of (A.4)), we have
IRy, R[22 < C(r, 5, d)E([(V2, V) || 1o/ Eélp, 2,
since, recalling that 6> <7 <1 and £2 <7 < 1 by (44),

nll[a-v°, 0%z 2 <C(s, d)n(IIVﬁI 11|V e + V2]

e [V )

< C(s,d)n|| V| 1=/ E[p, 2],

n|[(V°0°2)W — 0*((V°2)W)

[ < CC (VW [V°2 1 + 9% s [0
< O(s, |Vl i/ Eilp. 2

we < C(r,s,d)er/EX[p,2] and that ||W|i~ <

-1 < C(r, s, d)el|pl

and, using that |w]|
C(r, 5, )l V3pl| e,
1

- [b(p). 0"l

UNETE A . .
<Cs, )2 (Wl [Vl o + [ 1Vl o)

<C(r,s,d)n||Vjl| <) ES[p, 2]

Then, following the same lines as in the proof of Proposition 4] but working with the variables
and the operator V° = (9;,6V 1), we infer

d o, . N ) .
d—TEi[p, 2] <C(r,s,d)n||(Vp, V) || o= (1 + en| V| =) B[, 2]

This completes the proof of Theorem [§ O
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6.3 Proof of Theorem [9] (ii)

As already mentioned, the argument follows the lines of the proof of Theorem 1 in [2I]. We
briefly recall the ideas.

Construction of an approximate solution. We look for an approximate solution (p*PP, G*PP)
to (B.s,) under the form

(49) (PP 4*PP)(T, z) = (p°, 0°) (T, T, z) + n(p", a' ) (T, nT, z)

where 0° and @' are curl free. We set § = nT. Recall that 62 < 1 and €% < 7, and we wish
to construct an approximate solution so that the consistency error is o(n), since we consider
T < n~!. Notice that we simplify the computations by assuming an expansion in powers of
€2, but an expansion in powers of ¢ is also possible (see [21] in this case and also [I1] if one
considers only one wave propagating to the right). Then we compute

Err, €Orp™ + 0., 0™ + 0., (F7PW) + 62V, - (o +np™P)a?)
= (0rp° + 00.,0°) 4+ 1 (Orp" + 00., 01 + 9pp” + 0., (p°0)) + 0(8*/n)V., -0}) + R,

Err, —8Tu WP 1 ol(0)0,, 5P + 2P, 4P + 64uapp V., 0P 4 24" (0) P20, pPP
— ?K(0)0,[02 + ° A, ]p™P
= (00} + ¢'(0)0.,07) + Sy
e (0ru] + ¢'(0)0., 0] + 9ot} + 0}0., 0] + ¢"(0)0.,0° — K(0)2 p°) |,

and

Err _aTuapp +g (Q)Vszapp 4e uappa uapp 4l ? app V., PP é729//(Q)/3at1:>pvﬂﬁapp
— 2K (0)0.,102 + *A,, ]p™P
= (0ra} + ¢'(0)0.,0]) + S1
2 (0ra} + ¢'(0)0., 01 + 0p0] + )., 0] + ¢"(0)0., 0" — K ()92 0°)

where the error terms R and S will be explicited later on. The point is that we are not able
to prove that G} remains of order one on the time intervals we consider.
Cancellation of the terms of formal order n° yields

aTﬁO + QaZ1ﬁ(1] = aTﬁ? + g,(Q)azlﬁO =0,

with general solution (p°, oc ™' Q9)(T,0,2) = Z%(0, 21—¢T, 2, ) (1, 1)+ Z7 (0, 21 +<¢T, 21 ) (1, —1)
for some functions Z*.
Cancellation of the terms of formal order n provides

Orp + 00.,01 + 0., (p°0]) + 99p” + 0(6°/n) V., -4 =0
aTﬁ% + g/(9)821ﬁ1 + 8911(1) + 1Al(l)amﬁ(l) + 9”<Q)az“60 - K(Q)(€2/77)8§1ﬁ0 =0.
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Therefore, using the expressions for p° and gc™1a?,
or (ﬁl + %ﬁ}) +ed., (ﬁl + %ﬁ})
N 0q A0 A N 0. N
= = 0pp" = 20y} — 0.,(p"0) — (6% /) V-, - U] — —030 4y

= 29(0)§"0.. 7" + £ (/) K ()32, 1°
=(—20p2% — 2270, 2" — «(6° /) A, 0., 2T + 2k(e* /)02 Z27) (0,21 — T, 21)

zZ1 Yz

+ (=20 = 2¢/0) 270, 2~ + ¢(8° /) A, 0. 27 + 2k(e /)02 27) (0, 21 + T, 21)

zZ1 Yz

- (g + 2/{(52/7])) 8:61 [Z+(0> 2 — T, ZL)Z_ (9’ S ZL)] ’

Then, p* + oc~ i} solves a transport equation with source terms. Notice that the first source
term is a function of z; — ¢7', thus is a solution to the associated homogeneous transport
equation. Therefore, it has to vanish in order to remove secular growth (by the characteristic
method). Hence,
c
0p2T +T2%0., 2" + 5((52 /mMA, 02 — k(e?/n)02 2T =0,

which is precisely the right-going KP-I equation: we then choose ZT = (*. In a symmetric
way, we shall take Z~ = (7. Recall that we assume A,, (¥(0 = 0) € 92 H***(R?). There-
fore, 9p¢* € L>([0,0.],0., H**3) and A, ¢* € L>([0,0,],0% H*™3), as it follows from the

» Y

arguments in [22] (see (3.9) and (3.10) there). Indeed, 95¢* solves
BO0CE) + T, (CHOCH) + S8/ mA,05(00C) — K ), (3C) =0

and 9p¢*(0 = 0) = —T0.,((¢*)*(0)/2) — (¢6%/(2n))A:, 971 (¢F(0)) + (ke2/n)E, (C(0)) €

9., H*™ by assumption. Hence

F(06¢*)(0) = exp (—if(k(e?/n)&} + c(6%/n)|ELI/(261))) F(0eC*(0))
0
— il /0 exp (—i(0 — 0)(k(e?/m)&; + (8% /m)|ELI*/(261))) F(CT(0e¢F))(0) O,

where F denotes the Fourier transform. It then follows that 9y¢* € L*([0,0,], 0., H*"3)
(and the argument does not depend on the space dimension). Consequently, we may rewrite
the source term in the equation for p! + pc™'al as a z;-derivative:

A1, Q. A1, 9.
3T<p + cu1> + <0, (p + cu1>
= azl{ — (T —2¢/0)[C (0,21 +¢T,zy) + 2%(82/7])831C_(8, 21+ T, z))
— (é + 2/@(52/77)) CH(0,20 — T, 2.)¢C (0,21 + T, 21)

+ (0 )AL, O (0,2 + Ty z1) }
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The characteristics method then yields
1 0.1 _(~1in , @aAlin
p +Eu1 (T,0,z)=(p" —i—;ul (21— T, 21)

+ %(r = 2¢/Q)[C 20, 21 — T, 1) — 2ic<r —2¢/0)[C 20, 21 + T, 21

o + 2 (0,5 + ) = SO (0,2~ T)
z1+¢T
_ <2ig + §(52/77)> 0., [C+(9,21 — T, z)) /Zl_cT C(0,y,21) dy
5 52

+ %Aﬂ@,—f _(0, z1 + CT, ZL) - %AMGZZQ _<9,Zl - CT, Zl) .

All the terms in the second, third and fifth lines in belong to L>([0, 0,], H*™3). For the
term in the last line, we do not use (as in [2I]) Proposition 3.6 in [20] for an estimate by
o(v/T), but write it under the form
(51)

1

= (g5 5 ) 0[O = €T, 22) (G505 4 T2) = 060,20 — T, 2) .

to see that is is bounded in H*™ by a constant uniformly for 0 < 6, 7T < 0,. This allows us
to derive the estimate

<C.

sup
Hs+3

0<T <0/

N 0 .
(pl + ;lﬁ) (T, T, ~)‘
In a similar way, we show that

<O,

Hs+3

~ 0 .
sup H <p1 - _u}> (Tv nTa )‘
0<T<O4 /7 ¢

from which we deduce

(52) sup |’(ﬁ1>ﬁ%)(Tv nT, )| s < C.

0<T<0«/n
As a consequence, the approximate solution enjoys the estimate

(53) sup ||(p*P, a*P)(T)||gs < C'.

0<T<b. /0

The error terms R and S contain -derivatives of p' and @i that we wish to control.
Let us observe that we have 9,¢* € L>([0,6.],0., H**3) N L>([0, 0,], H*™°), but the direct
differentiation of with respect to 6 would require to have 9,¢* € L>([0,6.], 0% H**?),

)’ zZ1

or at least A, 9p¢* € L>([0,6,],0% H**?). This is by no way possible if d = 2 or 3 since

» Y2

the term A, 07[(¢*)?] appearing in 9p¢* is meaningless. Indeed, ((*)? € L' has a Fourier

217z
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transform which is continuous in R? and positive at £ = 0 (unless (* = 0), but is not

&
61
integrable near the origin for d = 2, 3. We thus proceed to the estimate for 9y(p*, a}) by
first rewriting the term A, 9.%¢ (0, 21 +¢T', 21 ) — A, 9.2¢ (0,21 — T, z1 ) in the right-hand
side of under the form f el A 91 _(9 y, z r) dy. Consequently, by differentiation
of . Wlth respect to 6, we obtaln by using

AGEEY
:%{ — (F — 2C/Q)C+89C+(0, 21 + T, ZL) + (F — QC/Q)Q‘_aeC—(Q’ 2 — T, ZL)

+ k(&2 /) 2,09C (0, 21 + T, 21) — k(€% /)02, 06¢ (0, 21 — T, Zr)}

B (% + §<52/n>) 0,00 ¢ (0,21 — €T, 20) (92}¢ (0,21 + ¢T20) =0,/ (0,20 —<T21) |
+cT

+ ¢(6%/n) A, 0. 00C (0, y+ 21,21) dy,

—T
thus the estimates on (* we have at hand and Proposition 3.6 in [20] for the last term yield
|00 (5 + 2at) (@nt )| < C4o(@) = o).

Since a similar estimate holds true for 9p(p* — pc™a7), we deduce

(54) sup ||9y(p", a1)(T, 0T, )|
0<T <0« /n

e =071,

On the other hand, the formula provides, since 0! is curl free,
<VZU§1 + %(%ﬁi) (T,0,z)

1 0 ~1,in
= (v, p"m+ ;aﬂuL ) (z1 — T, 21)
z1+c¢T

1
{0 =20/00. V.. [ [P0z dy
¢ zZ1— T

Z1+CT
+ ¢(6%/n) 8Z1/ A, Zl ¢ (0,y,2z1) dy

1tT

P2 /M., [ (0.2 +<T) — ¢ (0.2~ eT)] }

z1+¢T
— (i + %(52/77)) aZIVZJ_ [C+<0? 21— CT’ ZL)/;

2@ e Ci(eaya ZJ_) dy]

and a similar equality holds for V, p' — oc™'9,, 0} . Thus, taking the difference of the two

equations and integrating in z;, we obtain

(55) sup |4 (T, 07|
0<T<0./n

<C+o(T)=o(n),
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using once again Proposition 3.6 in [20] for the terms involving f IHT

Let us now write more explicitly

R =n*0pp" + n°0.,(p' u1 + p"01) + 6°nV., - (ot}
+ 77252sz ) (p uJ_ +p uJ_) + 77352sz ) (ﬁlﬁ-

It follows from , and that

(56) sup | e < sup  [|R]
0<T<Ty /7 0<T'<04/n

s = o(n).

Similarly, from the explicit relations
S1 =0ty + 772(921(111111) +no*al - V., a4y +n°g"(0)0.,(p'°) + 0’9" (0)p' 0. p"
— K (o )83 — 20K (0)0., A, p° — n*0°K (o )@lAZLp
+nPar0,, a7 +né*al - v, ad +?0%aY - v, 4 +nPefal - v, g,

we infer

(57) sup ||Erry[|gs = o(n),
0<T<T:/n

and from

S| =n*0pt} + n*010,,05 + n*alo., a4l +ne*aY - V., a5 + %" (0)V., (p'p")
_5277[(( )Vzla?l 252 ( )v AZJ_p

+1 ulazluL + 77252 Vo, 0] +970%aY - Vo a4 0% (0)p' V., pt — 28K (0) V., A,
+nPotal - v, b,

we deduce

(58) sup |leErr |

0<T<Ty /e

s =o(n).

Comparison estimate. We shall follow the lines of the proof of Proposition 6l From
and the uniform bounds (p,0) € B, 5(2M) for any 0 < T' < T/, we infer that the

difference (p, 1) o (p, 1) — (p*P,0*PP) satisfies the system
Arp+ V0 - ((0+np)a) +nV° - (pi) = —Err,

59 . . . . . -

(59) Ort+ ¢'(0)V°p + nia- Vou +ni - VOa+ng"(0)pV°5 + 19" (0)pV
= 52K(Q)V6[62 + 52AZL],O EI'I'u + OLOO ([0,min(T%,04)/n],H5+3) ( ( )) .
Similarly as in the proof of Proposition [6 we deduce that 0 < 7' < min(T%, 6,)/n, there holds
d . o

_Eg—l(pa Z) g C(Sa Ty da M)UE§—1(P> Z)

+ C(s,r,d, M)\/E*_|(p,2) (l(Errz, Errg, e V°Erry)|

w10 +€%))
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Gathering the consistency errors , , we have established, we finally arrive by
the Gronwall lemma at

Ef \(p.2) < C(s,r,d, M)(n+ > + o(1)),
as wished. O

6.4 Proof of Theorem [10
From and the uniform bounds (p,0) € B, . 5(2M) for 0 < T < T/n, we infer that
[ Orp+ V- ((0+mp)h) =0
Ort+na-Voa+g(0)V°p+ng"(0)pV°p — €K (0)V°[02, + 0°A.,]p

= — (g’(g +np) — ¢'(0) — 779”(@)[3) V°p

2
. . € . .
+e2V (K (0 +np) = K(0)[02 + 8*A,)o+ S K (0 +1p) V51
= Ops (0,1 /), 13y (N1 + e*)) and Ors (0,1 /), 1o-2y(N(1 + €)).

\

The conclusion then follows from the same arguments as those used for proving Theorem 9
Notice that here, the error Err, vanishes. [

Acknowledgements: This work has been supported by the ANR project BoND (Bond-
ANR-13-BS01-0009-02).

Appendix

The estimates listed in the following proposition are rather standard for integer regularity
index (see, e.g., [20], chapter 13, § 3) and for fractional regularity index, we can found: (A.1))
n [I8] (Lemma X4 in the appendix there) or in [4] (Lemma B.1 in the appendix there);
in [4] (Lemma B.4) in the appendix there); in [I§] (Lemma X1 in the appendix
there) or in [4] (Lemma A.2 in the appendix there).

Proposition A.1 o Fors >0, for all u,v € H*(RY),
(A1) vl < C(d, s) ([lullze[v]

e+ ol ol ).

o Fors €N, for allu € H*(RY), v € W>®(RY),

(A.2) luv||gs < C(d, s) ||v]|wsee ||ul| ms -

e Fors >0, if F € WIsl>([—r,r]) vanishes at zero, for all v € H*(RY) taking values in
[_7"7 7“],
(A-3) 1E @)z < O(dy 5,7) 1 lwisi s gy (14 0]l o) T 0] s

Here, [s] is the smallest integer m such that m > s.

o7



o Fors >0, for all u,v € H*(RY), for a € N¢ such that |a| < s,

(A.4) |0%(uv) — ud*v||L2 < C(d, s)(||Vul

ms—1|[v]|zoe 4[|Vl oo 0] o) -

This is also true when 0% is replaced by A® = (1 — A)*/2.
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