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Abstract

In this paper, we extend the Holmstrém and Milgrom problem [30] by adding uncertainty
about the volatility of the output for both the agent and the principal. We study more
precisely the impact of the "Nature" playing against the Agent and the Principal by choosing
the worst possible volatility of the output. We solve the first-best and the second-best problems
associated with this framework and we show that optimal contracts are in a class of contracts
similar to [9, 10], linear with respect to the output and its quadratic variation. We compare
our results with the classical problem in [30].

Key words: Risk-sharing, moral hazard, principal-agent, second-order BSDEs, volatility un-
certainty.
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1 Introduction

By and large, it has now become common knowledge among the economists, that almost everything
in economics was to a certain degree a matter of incentives: incentives to work hard, to produce, to
study, to invest, to consume reasonably... At the heart of the importance of incentives, lies the fact
that, to quote B. Salanié [53] “asymmetries of information are pervasive in economic relationships,
that is to say, customers know more about their tastes than firms, firms know more about their
costs than the government, and all agents take actions that are at least partly unobservable”.
Starting from the 70s, the theory of contracts evolved from this acknowledgment and the fact that
such situations could not be reproduced using the general equilibrium theory. In the corresponding
typical situation, a principal (who takes the initiative of the contract) is (potentially) imperfectly
informed about the actions of an agent (who accepts or rejects the contract). The goal is to design
a contract that maximizes the utility of the principal while that of the agent is held to a given
level. Of course, the form of the optimal contracts typically depends on whether these actions
are observable/contractible or not, and on whether there are characteristics of the agent that are
unknown to the principal. There are three main types of such problems: the first best case, or risk
sharing, in which both parties have the same information; the second best case, or moral hazard, in
which the action of the agent is hidden or not contractible; the third best case or adverse selection,
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in which the type of the agent is hidden. We will not study this last problem, and refer the
interested reader to, among others, [8, 11, 14, 54, 65]. These problems are fundamentally linked
to designing optimal incentives, and are therefore present in a very large number of situations.
Beyond the obvious application to the optimal remuneration of an employee, one can for instance
think on how regulators with imperfect information and limited policy instruments can motivate
banks to operate entirely in the social interest, on how a company can optimally compensate its
executives, on how banks achieve optimal securitization of mortgage loans or on how investors
should pay their portfolio managers (see Bolton and Dewatripont [3| or Laffont and Martimort
[32] for many more examples).

Early studies of the risk-sharing problem can be found, among others, in Borch [4], Wilson [68] or
Ross [52]. Since then, a large literature has emerged, solving very general risk-sharing problems,
for instance in a framework with several agents and recursive utilities (see Duffie et al. [20] or
Dumas et al. [21], or for studying optimal compensation of portfolio managers (see Ou-Yang [41]
or Cadenillas et al. [6]). From the mathematical point of view, these problems can usually be
tackled using either their dual formulation or the so-called stochastic maximum principle, which
can characterize the optimal choices of the principal and the agent through coupled systems of
Forward Backward Stochastic Differential Equations (FBSDEs in the sequel) (see the very nice
monograph [15] by Cvitani¢ and Zhang for a systematic presentation). One of the main findings in
almost all of these works, is that one can find an optimal contract which is linear in the terminal
value of the output managed by the agent (a result already obtained in [52]) and possibly some
benchmark to which his performance is compared. In specific cases, one can even have Markovian
optimal contracts which are given as a (possibly linear) functional of the terminal value of the
output (see in particular [6] for details).

Concerning the so-called moral hazard problem, the first paper on continuous-time Principal-
Agent problems is the seminal paper by Holmstrom and Milgrom [30]. They consider principal
and agent with exponential utility functions and find that the optimal contract is linear. Their
work was generalized by Schéttler and Sung [57, 58], Sung [62, 63|, Miiller [36, 37|, and Hellwig
and Schmidt [29], using a dynamic programming and martingales approach, which is classical in
stochastic control theory (see also the survey paper by Sung [64] for more references). The papers
by Williams [67] and Cvitani¢, Wan and Zhang [12, 13| use the stochastic maximum principle
and FBSDEs to characterize the optimal compensation for more general utility functions. More
recently, Djehiche and Hegelsson [18, 19] have also used this approach. A more recent seminal paper
in moral hazard setting is Sannikov [55], who finds a tractable model for solving the problem with a
random time of retiring the agent and with continuous payments, rather than a lump-sum payment
at the terminal time . Since then, a growing literature extending the above models has emerged,
be it to include output processes with jumps [2, 7, 43, 69|, imperfect information and learning
[1, 16, 26, 25, 28, 49|, asset pricing [42], executive compensation [27], or mortgage contracts [44]
(see also the illuminating survey paper [56] for more references).

Compared to the first-best problem, the moral hazard case corresponds to a Stackelberg-like game
between the principal and the agent, in the sense that the principal will start by trying to compute
the reaction function of the agent to a given contract (that is to say the optimal action chosen
by the agent given the contract), and use this action to maximize his utility over all admissible
contracts'. This approach does not always work, because it may be hard to solve the agent’s

'For a recent different approach, see Miller and Yang [35]. For each possible agent’s control process, they



stochastic control problem given an arbitrary payoff, possibly non-Markovian, and it may also
be hard for the principal to maximize over all such contracts. Furthermore, the agent’s optimal
control, if it even exists, depends on the given contract in a highly nonlinear manner, rendering the
principal’s optimization problem even harder and obscure. For these reasons, and as mentioned
above, in its most general form the problem was also approached in the literature by the stochastic
version of the Pontryagin maximal principle. Nonetheless, none of these standard approaches can
solve the problem when the agent also controls the diffusion coefficient of the output, and not
just the drift. Building upon this gap in the literature, Cvitani¢, Possamai and Touzi |9, 10| have
very recently developed a general approach of the problem through dynamic programming and
so-called BSDEs and 2BSDEs, showing that under mild conditions, the problem of the principal
could always be rewritten in an equivalent way as a standard stochastic control problem involving
two state variables, namely the output itself but also the continuation utility (or value function) of
the agent, a property which was pointed out by Sannikov in the specific setting of [55], and which
was already well-known by the economists, even in discrete-time models, see for instance Spear and
Srivastrava [61]. An important finding of [9], in the context of a delegated portfolio management
problem which generalizes Holmstrom and Milgrom problem [30] to a context where the agent can
control the volatility of the (multidimensional) output process, is that in both the first-best and
moral hazard problems, the optimal contracts become path-dependent, as they crucially use the
quadratic variation of the output process (see also [33] for a related problem).

Our goal in this paper is to study yet another generalization of the Holmstrom and Milgrom prob-
lem [30], to a setting where the agent only controls the drift of the output, but where the twist
is that both the principal and the agent may have some uncertainty about the volatility of the
output, and only believe that it lies in some given interval of R;. This is the so-called situation of
volatility ambiguity which has received a lot of attention recently, both in the mathematical finance
community, since the seminal paper by Denis and Martini [17], and in the economics literature,
see for instance 23, 24]. From the mathematical point of view, everything happens as if both the
principal and the agent have a "worst-case" approach to the contracting problem, in the sense
that they act as if "Nature" was playing against them by choosing the worst possible volatility of
the output. Mathematically, this means that the principal and the agent utility criterion incorpo-
rates the fact that they are playing a zero-sum game agains "Nature". Furthermore, we put no
restrictions on the beliefs that the agent and the principal have with respect to the likely volatility
scenario, in the sense that their volatility intervals can be different.

Under this framework, which has not been studied so far in the literature?, we start by solving the
risk-sharing problem. Surprisingly, this problem is much more involved than in the classical case,
since it takes a very unusual form, as a supremum of a sum of two infimum over different sets.
Nonetheless, we solve it completely by first focusing on a sub-class of contracts similar to the ones
obtained in [9, 10|, and then using calculus of variations and convex analysis to argue that the

characterize contracts that are incentive compatible for it.

2 After the completion of this paper, we have been made aware of the paper in preparation [66] by Sung, where
the author studies a problem similar to ours. The main difference between the two papers is that [66] does not
consider the risk-sharing problem, and that when it comes to the moral hazard case, we solve the maximization
problem of the principal over all feasible contracts (the only restriction being integrability), while [66] concentrates
on a subset of contracts similar to our class €52 (see (4.10)), without showing that this restriction is without loss
of generality. Furthermore, [66] imposes as an admissibility condition that the (random) volatility of the output
process is Lipschitz in w for the sup topology, a restriction which is not present at all in our study, and whose
interpretation is, in our view, not clear at all.



optimal contracts in the sub-class are actually optimal in the class of all admissible contracts. We
also highlight a very surprising effect, since in the case where the volatility intervals of the principal
and the agent are completely disjoint, the principal can actually reach utility 0 using an appropriate
sequence of contracts (we remind the reader that the exponential utility is —exp(—Rpx), so that
it is bounded from above by 0).

Next, we concentrate on the second-best problem. Our first contribution is to use the theory of
second-order BSDEs developed by Soner, Touzi and Zhang [60], and more precisely the recent
wellposedness results obtained by Possamai, Tan and Zhou [47], to obtain a probabilistic represen-
tation of the value function of the agent, for any sufficiently integrable contract. In particular, this
representation gives an easy access to the optimal action chosen by the agent. Then, following the
ideas of [9, 10|, we concentrate our attention on a sub-class of contracts, for which the principal
problem can be solved by hand, and then show using appropriate bounds that this restriction is
actually without loss of generality. We emphasize that though this approach is similar in spirit
to the one used in [10], we cannot use their method of proof, since our problem is fundamentally
different, because the agent himself does not control the volatility of the output, but rather en-
dures it. Our arguments are actually quite less involved and only require to obtain tight enough
upper and lower bounds for the value function of the principal. For simplicity, we present the
arguments in the case of a quadratic cost of effort for the agent. Once more, some of our results
are quite surprising, since in the case where the volatility intervals of the principal and the agent
are completely disjoint, the principal can actually reach utility 0, so that there is no loss of utility
due to moral hazard. This is a completely different situation from the classical problem [30] where
the second-best problem never coincides with the first-best one.

The rest of the paper is organized as follows. We introduce the model and the contracting problem
in Section 2. Then Section 3 is devoted to the risk-sharing problem, while Section 4 treats the
moral hazard case. We next present some possible extensions in Section 5, and finally conclude
our study in Section 6.

2 The model

2.1 The stochastic basis

We start by giving all the necessary notations and definitions allowing us to consider the so-called
"weak" formulation of our problem.

Let Q := {w € C([0,T],R) : wp = 0} be the canonical space equipped with the uniform norm
|lwl||L, := supgc;<r |wi|. F will always be a fixed o-field on € which contains all our filtrations.
We then denote B the canonical process, Py the Wiener measure, F := {F; }o<;<7 the filtration
generated by B and FT := {F,",0 <t < T}, the right limit of F where F;" 1= Ng=¢Fs. We will
denote by M(Q) the set of all probability measures on . We also recall the so-called universal
filtration F* := {F} }o<i<r defined as follows

= ) A

PEM(Q)

where F} is the usual completion under P.

For any subset E of a finite dimensional space and any filtration X on (£, F), we denote by
H°(E,X) the set of all X-progressively measurable processes with values in E. Moreover for all



p > 0 and for all P € M(Q), we denote by HP(P, F, X) the subset of H'(E,X) whose elements H
satisfy EP [ fOT | Hy|P dt} < +00. The localized versions of these spaces are denoted by HY (P, E, X).

loc

For any subset P C M(), a P—polar set is a P—negligible set for all P € P, and considering a
P—polar set, we say that a property holds P—quasi-surely if it holds outside of this P—polar set.
Finally, we introduce the following filtration G* := {GF Yo<t<r which will be useful in the sequel

G =F VNP, t<T,

where A7 is the collection of P—polar sets, and its right-continuous limit, denoted G¥>7.
For all a € Hlloc(]P’o, R%, ), we define the following probability measure on (€2, F)

t
P := Py o (XY) ™! where X2 := / al/2dB;, t €[0,T], Py — a.s.
0

We denote by Pg the collection of all such probability measures on (2, F). We recall from [31]
that the quadratic variation process (B) is universally defined under any P € Pg, and takes values
in the set of all non-decreasing continuous functions from R, to R%. We will denote its pathwise
density with respect to the Lebesgue measure by @. Finally we recall from [59] that every P € Pg
satisfies the Blumenthal zero-one law and the martingale representation property.

By definition, for any P € Pg
¢
wE ::/ a;'2dB,, P—a.s.,
0
is a (P, F)—Brownian motion. Notice that the probability measures in P € Pg satisfy
FF = (F")F, (2.1)

where FW” is the natural (raw) filtration of the process WF.

Moreover, using the result of [39]3, there actually exists an aggregated version of this family, which
we denote by W, which is F*-adapted and a (P, F¥)—Brownian motion for every P € Pg.

Our focus in this paper will be on the following subsets of Pg.

Definition 2.1. (i) Py, is the sub-class of Pg consisting of all P € Pg such that the canonical
process B is a P—uniformly integrable martingale, with respect to IF.

(ii) For any 0 < a <@, Plaq) is the sub-set of Pr, consisting of all the measures P € Py, such that
a<a<a, P-a.s.

The actions of the agent will be considered as F-predictable processes a taking values in the
compact set [0, amax] (for every w). We denote this set by A. Next, for any subset P C Pg and
any a € A, we define

dQ T
P i=1Q, s.t.ﬁ =& asa; '“dWs |, P—a.s., for some P e P ;.
0

3We emphasize that this result actually requires to assume that certain set-theoretic axioms holds, which we do
implicitly here. For instance, it is sufficient to work under the usual ZFC framework, and assume in addition the
continuum hypothesis.



We also denote PA := UgecaP® In particular, for every P € P4 there exists a unique pair
(af,a?) € HL (P, R%,F) x A such that

t t
B, = / ads +/ (af)l/de;”P, P—a.s., (2.2)
0 0

where dWS = dW,—(af)"1/2aEds, P—a.s. is a (P*, F**)—Brownian motion by Girsanov theorem.

More precisely, for any P € P4, we must have

dP T 1
il 5-1/2
o E </0 G500 st> ,

for some (o, a) € Hi (Po,R*%,F) x A and the following equalities hold
a®(B.) = a(B.) and of (B.) = a(W.), dt x P — a.e.

For simplicity, we will therefore sometimes denote a probability measure P € 77§‘ by P¢. For any
subset of P C P, we also denote for any (¢,PP) € [0,7] x P

PP, 1) = {P eP, P =P, on fj} .

2.2 The contracting problem in finite horizon

We consider a generalization of the classical problem of Holmstréom and Milgrom [30] and fix a
given time horizon T' > 0. Here the agent and the principal both observe the outcome process
B, but the principal may not observe the action chosen by the agent?, and both of them have
a "worst-case" approach to the contract, in the sense that they act as if "Nature" was playing
against them by choosing the worst possible volatility of the output. More precisely, a contract
will be a Fr—measurable random variable, corresponding to the salary received by the agent at
time T only, and the utility of the agent is then, given a contract &, a recommended level of effort
a € A and an ambiguity set P4 C P,

T
w60 = g 5° s (6= [ rtaas) .

where Uy (x) := —exp (—Rax) is the utility function of the Agent and k(z) is his cost function,
which, as usual is assumed to be increasing, strictly convex and superlinear.
The value function of the agent at time 0 is therefore
T
U (&) := sup inf EF [uA (g— / k(as)ds>] .
acA PEPR 0

Similarly, the utility of the Principal, having an ambiguity set Pp C P,,, when offering a contract
¢ and a recommended level of effort a € A is

uy (§,a) := inf EF [Up (Br - £)], (2.3)

where Up(z) := —exp (—Rpx) is the utility function of the Principal. From now on, we assume
that
PP = IP[QP7EP] and PA = IP[QA7EA},

“He observes it in the risk-sharing problem of Section 3, but not in the moral hazard case of Section 4.



for some 0 < o <@ and 0 < a? <@,

Let R < 0 denote the reservation utility of the agent. The problem of the Principal is then to offer
a contract £ as well as a recommended level of effort a so as to maximize his utility (2.3), subject
to the constraints

ugx({,a) >R (2.4)

The first constraint is the so-called participation constraint, while the second-one is the usual
incentive compatibility condition, stating that the recommended level of effort a should be the

optimal response of the agent, given the contract &.

Furthermore, we will denote by C the set of admissible contracts, that is to say the set of
JFr—measurable random variables such that

sup  EF [exp (p|€])] < 400, for any p > 0,
PePLUPH

and we emphasize immediately that we will have to restrict a bit more the admissible contracts
when solving the second-best problem.

3 The first-best: a problem of calculus of variations

In this section, we start by solving the first-best problem for the principal, since it will serve as our
main benchmark and has not been considered, as far as we know, in the pre-existing literature.
Moreover, we will see that the derivation is a lot more complicated than in the classical setting. So
much so that, quite surprisingly compared with the classical Holmstrom and Milgrom [30] problem,
the optimal contracts are in general not linear with respect to the final value of the output Br,

and are even path-dependent.

Recall that for any contract £ € C and for any recommended effort level a € A
P,FB . P
’ = inf E Br —¢)].
uy (& a) = Jinf BV [tdp (Br — &)
The value function of the principal is then

UOP’FB = sup sup {u(lf(f, a)} ) (3.1)
£eC acA

where the following participation constraint is satisfied

Pign%\EP [uA <§ - /0 ' k(as)dsﬂ > R. (3.2)

The value function of the principal defined by (3.1) can be then rewritten

T
P,FB : P : P
FB fE Br — fE — | k(ay)d : 3.3
O g 0 (¢ [T [} 6

where the Lagrange multiplier p > 0 is here to ensure that the participation constraint (3.2) holds.



3.1 A particular sub-class of non-linear contracts

It has been pointed out recently in [9] that in contracting problems where the agent can control
the volatility of the output process, non-linear contracts involving the quadratic variation (B) of
the output appeared naturally. Though the problem we consider here is different, since it can
be interpreted as if the agent was actually playing a game against another "player", who is the
one controlling the volatility of the output, we expect that these non-linear and path-dependent
contracts will play an important role. We therefore introduce the set

Q= {gec, §:zBT+%<B>T+6, (2,7,0) 6R3}.

From now on, noticing that any contract £ in Q is uniquely defined by the corresponding triplet
of reals (z,7, ), we will abuse notations and make the identification £ = (z,7, ).

3.1.1 Degeneracy for disjoints Pp and Py

Our first result shows that if the sets of ambiguity of the principal and the agent are completely
disjoint, then there are sequences of contracts in @ such that the Principal can attain the universal
upper bound 0 of his utility, while ensuring that the agent still receives his reservation utility R.

Theorem 3.1. (i) Assume that a” < o®. Then, there exist a sequence of contracts (€™)pen+ and
a recommended effort a* := a™*, with

1 T
&= §n<B>T — EngA + 6%, 0 :=Tk(a™*)

_ log(—R)
Ry '

such that hg-l uOP’FB(fn,amaX) =0 and uf(£",a™™) = R, for any n > 1.
n——+0oo

(ii) Assume that o > @A, Then, there exist a sequence of contracts (€™)nen+ and a recommended

effort a* := a™* where

log(—R)

1 T
&= —=n(B)p + =na’t + 6*, 6 := Tk(a™*®) —
2 Ra

2

such that lim u(I)D’FB(S",amaX) =0 and uf (", a™) = R, for anyn > 1.
n—+o00

Before proving this result, let us comment on it. We will see during the proof that when the sets
of uncertainty for the principal and the agent are completely disjoint, the principal can use the
quadratic variation component in the contract in order to make appear in the exponential a term
which he can make arbitrarily large, but which is not seen at all by the agent in his utility, as
it is constructed so that it disappears under the worst-case probability measure the agent. This
is therefore the combination of this difference between the worst-case measures of the principal
and the agent, as well as the fact that their uncertainty sets are disjoints which make the problem
degenerate. This is, from our point view, quite a surprising result, all the more since we will prove
later on that this phenomenon also happens in the second-best problem.

Proof. (i) First case: a® >aF. Let

1 T
& = §n(B>T — EngA + 6%, neN¥,



with 6* = Tk(a™®) — W. We aim at showing that the sequence of contracts (£") is a max-

imizing sequence of contracts, allowing the principal to reach utility 0, when recommending in
addition the level of effort a™®*. We have

uf (€7, a™>) = Pe;)nafr.naxEP Up (Br —£")]
P

T
— inf EF|_eBr(Br—3nj a§d8+§ng“‘—6*)]
Pepg’max

T
_ e_RP(%NQA—(S*) inf EP [_e—Rp(BT—%nfO afds):|
Pepg™™

* T amax x T
e—Rp(Enat=6%) s ¢ RP [_e—Rp(fO ()1 2aw ™™ pramax Ly [ asds)]
Pepg™™

—Rp(Tamax T A_(;* P T P\1/2 max
= —¢ Bp(Ta™™+gnat—6%) sup E° |€ —Rp/ (o) 2qwe
0

Pepl%max
1 T R T
X exp <—R§3/ ol ds + —Pn/ afds)]
2 0 2 Jo
T
= —exp <—Rp (amaXT -0+ En(gA —ah) - —RPTEP>> ,

where we have used the fact that for any P € Pj%max, we have

1 r R r T R
exp <§R%/ ofds + TPn/ afds) < exp <§R%6P + TPnTEP> , P—a.s.,
0 0

max

and that the stochastic exponential appearing above is clearly a P—martingale for any P € Py,
so that the value of the supremum is clear and attained for the measure ]P)gxﬁax.

Hence, we obtain ué) (&", a™**) — 0 when n — +o0. Since UOP < 0, we deduce that the sequence
(&™) approaches the best utility for the principal when n goes to +00. It remains to prove that for
any n € N* " is admissible, i.e., £ satisfies

inf EP [uA (g” . K;m“>>] >R, ne N,

Pepg™™*
Indeed,
inf EF [ty (&7 — Th(a™™))]
Pepy™™*
= inf EF[—exp(—Ra (" — Tk(a™™))]
Pepq™™*

: P 1 4 P T A * max
= inf E' |—exp|—Ra|zn agds — —na’ + 6 — Tk(a™™)
Pepg™ 2 Jo 2

T T
= —exp | —Ra (6" — Tk(a™) — Zna? sup EF |exp —M/ ofds
2 Pepam 2 Jo

— _e—RA(5*—Tk(amaX)) = R.

(ii) Second case: @® < of. Similarly, let

T log(—
e = "By + Lot 4 5%, n e N, 5% = Th(ame) - P8R
2 2 Ra



Assume that n > Rp, the same computations as above lead to

uf (", ™) = inf E” Up (Br — €]
P

T
— _e—RP(Tamax_%naA_é*) sup E]Pa |:g (—RP/ (af)l/2dW§maX>
]Pe,PlaDmaX 0
1 T T
X exp <—R§3/ ofds — &n/ afds)]
2 0 2 0
T 1
= —exp <—RP <Tamax — 0+ §n(gp — @A) — §RPT5P>> .

Hence, we obtain again ug(ﬁn, a™®*) — 0 when n — +o00. Next, we have

E" [Ua (€" — Tk(a™™))]

PEPZIH&X
= inf EF[—exp(—Ry4 (£" — Tk(a™)))]
Pepg™e
. P 1 T T —A * max
= inf E' |—exp|—Ra|—2=n asds + —na” + 0* — Tk(a™™)
Pepﬁimax 2 0 2

T
=—exp|—Ra (0" —Tk(a™™) + ZnEA x sup EF |exp M/ asds
2 PePY 2 Jo

_ o~ Ra(*=Tk(a™>)) _ p.

3.1.2 Optimal contracts in @ with intersecting uncertainty sets

We study now non-degenerate cases. Let us define the subset Aget C A of actions which are
deterministic. The following maps, defined for any (a, 2,7, 9, ap,as) € AxR3x o, @] x [a?, @],
will play an important role in what follows

F(aa 27, 57 ap, OZA) = FP((I, 27, 57 OZP) + ,OFA(CL, 277757 OZA), (34)

where

T )2
I'p(a,z,7,0,ap) := —exp <Rp <(5 - (11— z)/ asds + <w + %) apT>> ,
0

T T 2
Ta(a,z,7,0,aq) := —exp <RA </ k(as)ds — z/ asds — 6 + <R2Z - %) ozAT>> .
0 0

We also define

Ry
_Rp RA + RP RA _RA+RP RARpP T(k(lls)—as)ds
G(a,z,v,ap,ay) = — pRathp 2= [ = eRattp Jo
RP Rp
RAR
% eRAAJFRPP (%T(O‘P_QA)‘F%(aPRP(1—2)2+aARA22)) '

When ap = a4, by noticing that G(a, z,7v,ap,a4) does not depend on v we will simply write
without any ambiguity

G(a,z,ap) = G(a,z,v,ap,ap).

10



To alleviate later computations, we partition the set Q into

oY .= {f =(2,7,0) € Q, v < —Rp(1 — 2)2},

ohl .= {5 =(2,7,0) € Q, —Rp(1—2)?<y< RAz2},
Q"= {¢=(2,7.0) € Q, —Rp(1-2)* =7},

Q" :={¢ = (2,7,0) € Q, v=Raz’},

QT :={¢(=(2,7,0)€Q 7> RAZ2},

and define for any (a,£) € Ax C

T
W 0.6) = ing B W (B~ )+ g B fua (6 [ anas)]

The following lemma computes the principal utility 175 ’FB(a, €) for a recommended level of effort

in Aget and any contract £ € Q. Its proof is relegated to the Appendix.
Lemma 3.1. Let us fix some a € Ager and some £ € Q, with £ = (z,7,0).
(i) If§ € QF
ﬂg’FB(a,ﬁ) = F(a, z,7,5,gp,6‘4).
(i3) a) If € € Q4, then for any P € P4,
E" Up (Br — )] = inf B Up (Br — )],
PEPE
and in particular

~P FB — _
u07 ((1,5) = F(CL, Z7/7757 aP7aA)7 fOT’ any ap € [QP,OZ

P]-
b) If ¢ € QN

iy B (a,€) = F(a, 2,7, 6,a’,a?).

c) If £ € Q“, then for any P € P%,

EPP“<5_kaW9“>]ZPB%EPF“<5_%kaQ“>y

and in particular

a§7FB(a7€) = F(CL,Z,’Y,(S,@P,()&A), fOT any a4 € [QA7a

A
].
(iii) If € € Q7,

T8 (a,6) = F(a, 2,7,6,a", a™).

The next lemma computes the supremum of F' with respect to . Its proof is also relegated to the
Appendix.
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A A

P al] x [a?,a?] we have

Lemma 3.2. For any (a,z,v,ap,as) € AXRXR X [a",

sup F(CL,Z,"}/,(S, OéP,OéA) = F(CL?Z?fYy(S*(Za’Ya CYP,CYA),()(P,CYA) = G(aﬂZ?’% aPaaA)a
JER

where

N 1 R T
(2,7, ap, ) = m [log <%> +/0 ((Rp(1 = 2) — Raz)as + Rak(as)) ds
_Rp

R
5 (Rp(1—2) +7)apT + TA (Raz® =) aaT)| .

The following lemma gives the optimal contracts and efforts in Age; and each subset of our partition
of Q for the principal problem, for a fixed Lagrange multiplier p.

Lemma 3.3. Let a* be the constant minimiser of the strictly convex map a — k(a)—a and define

o* Rp
" Ra+Rp-

(1) Optimal contracts in Q7.

a) If o < @4,

sup sup 4y D(a,€) = F(a*, 2%, ~*, 0%, o at),
G/EAdet EE Ql

where v* := —Rp(1 — 2*)? and

1 Ra R2RpT _
5 = —— |log [ p=A ) + RaTk(a*)ds + —ATL~__gA|
RA+RP[Og<pRp>+ ATk(@)ds + 5 7 ©

b) If a”

I
]
I
2

sup sup up Bla,€) = F(a*, 25,7, 6%, @, &),
aeAdet fte

for any v* < —Rp(1 — 2*)? and

1 R4 v

F o= |log [ p2A Tk(a*)| — LarT.
RA+RP|:Og<pRP>+RA (a )} 5 &

In these two cases

sup sup ﬁg’FB(a,f) = G(a*,z*,aA).
aEAdet EEQl
(ii) Optimal contracts in Q%. For any ap € [af,a’]

sup sup ﬂg’FB(a,g) = F(a*,2*,7%, 6%, ap,a”) = G(a*, z*,a"),
G/EAdet fegd

with v* := —Rp(1 — 2*)? and

1 Ra RARpT _,
e —— log [ p2A Th(a*) + —APL_gal
Ra+t Rp {Og <”RP>+R“‘ @)+ SRy B

(#3i) Optimal contracts in QM.
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a) Ifal <a4

sup  sup u(I)DFB(a,g): F(a*, 2*,v*, 6%, a’, at) = G(a*, z*,ab),
a€Ager £l

where v* := Ra|2*|? and

1 R4
= =1 — Tk(a*)| — —alT.
RA+RP[Og<pRP>+RA (a)] 5 @
b) Ifal =at = a,

sup sup Uy (a,€) = F(a¥,2%,7", 8%, @,a) = G(a*, 2%, @),
a€Aqer £cOl
for any v* € (=Rp(1 — 2*)%, Ra|2z*|?) and

*

5 = ﬁ [log( gp) + RaTk(a )} %ET.
o) Ifal” > a4,
sup  sup uo (a §) = F(a*,z",v*, 0", @ al, A) G(a*,z*,aA),
a€EAger €0
where v* := —Rp(1 — 2*)? and
5% = 7RAiRP [l < §P> + RATk(a™) + 7(2‘3?3;}))#} .

(iv) Optimal contracts in Q*. For any as € [a?, @],

sup sup uo (a ) = (a*,z*,y*,é*,ap,ozA) = G(a*,z*,ap),

aE-Adct é‘eQu
with v* := Ra|2*|? and
N 1 Ry N RAR%;T _p
0= ——— |1 — RATEk - .
Ra+ Rp [og <pRP> + BaTk(@) Z(RA+RP)a

(v) Optimal contracts in Q7.
a) Ifa’ = ot =: a,
sup sup uO (CL g) (CL*, Z*, /7*7 5*7 d) d))
G/EAdet §€Q'Y

for any v* > Ral|z*|? and

*

* 1 Ra * .
=1 — | + I — —aT.
1) TR [og ('OR > RTk(a )} 5 &
b) Ifal” > oA,
5* —P A)

sup sup Uy (a,§) = Fla*, 2%, 7%, a”),
aeAdet 5697

with v* := Ra|2*|? and
. 1 R RARLT _P}
0 i=———llo + RATE _ .
Ra+ Rp [ ( RP> aTk(a™) - Z(RA+RP)a
In these two cases
sup sup Uo Bla,&) = Gla*, 2%, a").
G/EAdet §€Q’Y
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3.1.3 Are contracts in Q optimal?

The question now is obviously whether the optimal contracts in Q that we have derived in the
previous section are optimal among all the admissible contracts in C. We will show in this section
that this is actually always true. We insist on the fact that such a situation is different from
the original Holmstrom-Milgrom [30] problem, where the first-best contract was linear in Br, and
is thus much closer to its recent generalization in [9] where the agent is allowed to control the
volatility of the output, where optimal contracts are shown to be linear in By and its quadratic
variation (B)7. Nonetheless, in the setting of [9], moral hazard arises from the dimension of the
output process, while it comes from the worst-case attitude of both the principal and the agent in
our framework

Let us consider the so-called Morse-Transue space on (€2, F,Pg) (we refer the reader to the mono-
graphs [50, 51| for more details), defined by

M? .= {f = Q — R, measurable, E [¢(a&)] < 400, for any a > 0} )

where ¢ is the Young function
¢(z) == exp(|z]) — 1.
Then, if M? is endowed with the norm

l€lly := sup {E™[gg], with E®[o(g)] <1},

it becomes a (non-reflexive) Banach space. For any a € A and (ap,a4) € [0, @
consider the map Zg7"*4 : M? — R defined by

1
—Rp (fOT as(X.a’ap)ds-i—oc}%BT—S(X.a’P))

Egp,ocA (5) = EPO [6 + pe—RA(ﬁ(Xfl’&A)_fOT k(aS(Xfl,aA))ds)]

with
X®OP (B = / as(B.)ds + (ap)2 B, X“®A(B.) := / as(B.)ds + (a4)2 B..
0 0
Notice that if £ = (z,7,0) € Q, and a € Aget

EngaA(é') = —F(CL,Z,"}/,(S, OéP,aA). (35)

It can be readily checked that Zq7'*4 is a strictly convex mapping in &, which is in addition proper
and continuous. However, since M? is not reflexive, we cannot affirm that its minimum is attained.
Nonetheless, we can still use the characterization of a minimizer in terms of Gateaux derivative.

Indeed, a random variable ¢ which minimizes Zg7"“4 necessarily satisfies the following property
DEGP4(&)[h— €] > 0, (3.6)

for any h € M?, where DE3"“4 denotes the Gateaux derivative of 2474 given by

~ _ Ta‘ a,x sta 1 _ a,o
Daraa(e)[n) = EPo[Rph(xmar)e e (0 a:(X""isarBr-gx?0)

— Rah(X®0a)peRa(6X=Jy k(as<xf”“*“>>ds)} .

The following lemma studies when (3.6) holds for contracts having the form of the optimal contracts

in Q. Its proof is postponed to the Appendix.
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Lemma 3.4. Fiz some a € A and let &, :== z*Br + %(B>T + 6*(a) where v* € R, and

o= Rp §*(a) ._#<10 <&>+R /Tk‘(a )d8>—|—/\ AeR
" Ra+ Rp’ T RatRp \ 2\"Rp o ’ ’ '

Then,
e if Ry = Rp, Property (3.6) is satisfied for &, if ap = a4.

e if Ry # Rp, Property (3.6) is satisfied for &, if ap = aq =: a and the following condition
holds .
%aT +A=0. (3.7)

We can now give our main result, which states that the optimal contract in the first best problem
belongs to Q.

Theorem 3.2. We have

(i) Assume that o* = @P. Then, the set

S Rp
5 .— * — * *5* * x> * |2
0= &= (71,0 € Q #* = g 7 2 Rl P
Rp alT RAR? 1
6 = Tk(a*) — ——X—Ta* P _ ) — —log(—R
@) - vt ((RA+RP)2 ) Ry ol )}’

is the subset of optimal contracts in Q for the first best problem (3.1) with the optimal recommended
level effort

a* := argmaz (k(a) — a) .
(i) Assume that o <a” < @?. Then, an optimal contract is given by
*

§ = 2"Br + o(B)r + ",

where v* = Ra(2*)?, and

* Rp * * Rp * 1
== 6§ :=Tk ———Ta" — —log(—R).
: Ra+ Rp’ (@) Rai+Rp ' Ra os(~8)
(iii) Assume that @® = @’. Then, the set
QFl = (€= (7",5) € @ =" = 12 3 € [-Ro(1 — ) Rl
7 b b RA —I—RP’ 9 )
Rp al’T [ RaR} 1
0 =Tk(a*) — =————Ta* P _4*) - —log(—R
O N L ((RA+RP)2 ")~ Ry el )}’

is the subset of optimal contracts in Q for the first best problem (3.1) with the optimal recommended
level effort

a* := argmaz (k(a) — a) .

(iv) Assume that o =@?. Then, the set

_ Rp
Y . — * = (% A §F * * < _Rp(1 = 2* 2
Q {5 (Zy/?/’ )GQ,Z RA"‘RP’/Y > P( Z) s
Rp oPT [ RuR% 1
* -7 *\ T * = A% = 1 _
O =Tha) = o T+ =5 ((RA+RP)2 7 ) TRy el R)}’
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is the subset of optimal contracts in Q for the first best problem (3.1) with the optimal recommended
level effort

a* := argmaz (k(a) — a) .
(v) Assume that o <@t <a®. Then, an optimal contract is given by

*

§ = 2"Br + - (B)r + ",
where v* = —Rp|1 — 2*|?, and

* . Rp

—A
_ | Rp o, @T RaRp 1
Ra+ Rp

5 = Th(a™) — — P oL RP
@)= Fiv ar 2 Rat Rp Ra

og(—R).

Proof. We begin by proving (i). Assume that o* = @”. First notice that

_p oA T
Uy < sup sup {Epg [Up (Br — €)] + pE"* [UA (5 B / k<a5)ds>] }
0

£eC acA

=P A
= —inf inf=% <
£€C acA @ (&),

where we have used the fact that by definition, the law of B under P¢ is equal to the law of X*“
under Py. Let us then define for any a € A

*

§a 1= Z*BT + T

5 (Bl +0"(a),

where 7* € [Ra(2*)?, +00), and

* Rp * 1 Ra /T 7*—P
==, 0 =11 — R k(as)ds | — —a" T.

Then by Lemma 3.4, we know that

inf inf = _gp al (&) = inf EEP’QA (&a)-

£eC acA acA
We then have
R ~Fatis SPp_ FARD
=a’ .l &) :pTJfRP & atBp Rp+ Ra & Tz(RA+Rp)2
¢ RP RP
RaRp _ FARP (T (X)) —ay (XOO ))ds
« EPo | g -2 (gP\1/2RB >eRA+RP 0 s 8 ,
[ ( Ra+ RP( ) r

so that we clearly have

inf 2572 (¢,) = 252" (6,0).

acA

Thus we have obtained
UOP,FB < _’—a Cl{ (ga*)

Conversely, we have from Lemma 3.3 (iv) and (v) a.,

P,FB _ _aP.aA
Uvo7 > sup sup u(] (CL g) (a 2%, aP) = _‘—‘2{* “ (ga*)'
£€Q7 a€Adet
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Therefore
UéD,FB

—p A
= —53* o (ga*)'

Finally, it remains to choose p so as to satisfy the participation constraint of the agent. Some
calculations show that it suffices to take p such that

g (,o&> =—— log( R) + LT [k‘(a*) —a*+a’T Ralp

_ _ fvafip
Rat+ Rp Rp Rs+ Rp 2(Ra + Rp)

Thus,

Rp aPT< R4 R? > 1
0(a*) =Tk(a") — =———=Ta* P __ ) - —1 R
(@) (@) Ra+Rp " M (Ra+ Rp)? v R og(—R).

We now turn to (ii). Since we have o < @’ <@, we deduce that

_p il T
Uy""™P < sup sup {Epg Up (Br — €)] + pE"= [UA <€ - / k‘(as)dsﬂ }
0

£eC acA

— —inf nfET T (¢).
égc ggA ()

Let us then define for any a € A

*

§a = 2"Br + - (B)r + *(a),
where v* = R4(2*)?, and
* Rp * 1 Ra /T 7*—P
=90 =1 — R k(as)ds | — —a" T.
S Rt my O @ RA+RP<°g<pRP>+ Af, Hasds | =5

Then by Lemma 3.4, we know that

inf inf=d @ (€) = inf= Ha =" (€a)-

a

£eC acA acA
We then have
Rp 2 p2
Ry \ RatRp R P Fallp
Ha o (&) = (PR—£> ar (1 + R—Z) e T 2RatRp)?

9

aal aal
< BT [5 (‘%@P)Wm) ARE 7 500 (X ) (00 s
A P

so that we clearly have

. .—aP &P _aP &
mfEG Y (Ga) = Ea ™ (&ar)-

Thus we have obtained
P,FB —al al
U07 < _:a o (fa*)'

Conversely, using Lemma 3.3(iv) we have

—P —
Ué)’FB > sup sup ué)FB(a £) = G(a*, 2", al) = —B% % (&4+).
a€Ager EEQY

Therefore
7P —
)



Finally, it remains to choose p so as to satisfy the participation constraint of the agent. Some
calculations show that it suffices to take p such that

Ra 1 Rp _p RaRp
. og [ pA) = — = log(—R) + —L T |k(a*) — a* + aP T——AT
Ra+ Rp 8 ('ORP> Ry o8 R)+RA+RP [k(a) @ ra 2(Ra + Rp)
Thus,
Rp al'T RAR?D 1
§(a*) = Th(a*) — —L _ Tqa* o) - e
(%) = Tk(a") m+ma+'2Qm+mﬂv R, oe(=h)
Rp
=Tk(a* 7T — —l
k(a*) — Rat R a s og(—R).

We now turn to (v). Since we have of < @4 < @”, we deduce that

_A —A T
Uy < sup sup {Epg Up (Br — €)] + pE™ [UA (5 N / k(%)ds)] }
0

£eC acA

—A —A
= —inf inf =¥ " (¢).
inf, nf=a " (©)

Let us then define for any a € A

*

§a = 2"Br + - (B)r + 8*(a),

where v* = —Rp|1 — 2*|2, and

* Rp * 1 Ra /T /7*—14
==, 0 = —— 1 — R k(as)ds | — —a"T.

Then by Lemma 3.4, we know that

—A A
£ inf =000 (¢) = inf =0 (&),
%Ielc 52,4 @ (&) 52,4 (&)

We then have
R Fatar Rp\ aAr_TARR
r—~a al (&) = 114 ) rATER 1+_P e Tz(RA+RP)?
“ Rp Ry

RARp ,_ FARP (T (1, (X9 )) —ay (X)) ds
« EPo |:5 <_ (aA)l/2BT> R +Rp Jo
RAo+ Rp

)

so that we clearly have

o A-aA _oAA
inf 207 (6) = Zg % (€ar)-

*
acA a

Thus we have obtained
P,FB —ata
UO7 < _‘:a o (ga*)’

Conversely, using Lemma 3.3 (ii) we have

UPTB > sup sup @y "P(a, &) = Gla*, 2%, @) = =207 (,0).
0 0

aE-Adct §€ Qd

Therefore

A = A
e =5 )

a/*
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Finally, it remains to choose p so as to satisfy the participation constraint of the agent. Some
calculations show that it suffices to take p such that

1
1
Ra+Rp °\"Rp Ra+ Rp 2(Ra + Rp)

Thus,

Rp aAT< RAR? > 1
§(a*) = Tk(a*) — ————Ta* P _ %) — —log(—R
(a*) (a®) RA+RPa+ 7 \1 i og(—R)

Rp adT RuRp 1

= Th(a*) — —2 _tAnp
@) - v m Y S Rat R Ra

We now prove (iii). Assume that @* =@’ and notice that

_p A T
Uy "P < sup sup {Epg Up (Br — &)] + pE"« [UA (5 - / k‘(as)d3>] }
£eC acA 0

_ f f‘_‘OlP aA
?éc inf=g 6),

where we have used the fact that by definition, the law of B under P¢ is equal to the law of X%“
under Py. Let us then define for any a € A

*

§q 1= Z*BT + T

C(B)r + 5" (a),

where v* € [-Rp|1 — 2*|2, Ra|2*|?], and

Rp 1 Ry /T v _p
o= = |1 — R k(as)ds | — —a' T.
* T Ra+Rp (a) RA+RP<Og<pRP>+ “Jo (a:)ds 2"

Then by Lemma 3.4, we know that

=P =A
finf=0 7 (6) = inf =0 7 (&,).
Inf Inf =g (&) = Inf = (&)

We then have
R\ atrn Rp\ aPT_ FARE
=2 e = (2 ) (14 B T
a RP RA
P

RaRp _ ARE [T (h(a (X)) —as (X2F))ds
% FPo [5 <_7(QP)1/2BT> e Rathp Jo
Ro+ Rp

)

so that we clearly have

Thus we have obtained

Conversely, we have from Lemma 3.3 (i4), (ii)b), (iv),
—P —A
UPTP > sup  sup ap"P(a,€) = G(a*, z,a’) = =% ™ (€,0).
geQhl €A
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Therefore
P,FB __ r—~a al
UO - (ga* )

Finally, it remains to choose p so as to satisfy the participation constraint of the agent. Some
calculations show that it suffices to take p such that

1 Ry 1 Rp . +«  _P RARp
= log (pA) = ——log(—R) + —L 7 |k(a*) - T AR
Ra+ Rp (pR > TP ey [(a) S Ra+ Rp)

Thus,
Rp alT RAR? 1
8(a*) = Th(a*) — —L  7g* P ox) _  log(—R).
(@) = Tha) = e+ T (T ) - o)

We finally prove (iv). Assume that o = @4, and notice that

P —A T
UOP’FB < sup sup {EP% Up (Br — &)] + pE"« [UA <§ - / k(as)ds>] }
0

£eC acA

P =A
= —inf inf=¢ @
£€C acA @ (&),

where we have used the fact that by definition, the law of B under P¢ is equal to the law of X%“
under Py. Let us then define for any a € A

*

§a = 2"Br + - (B)r + 8*(a),

where v* € (—o0, —Rp|1 — 2*|?], and

* Rp * 1 Ra /T 7* P
=P ) = —— (log [ 022 + Ry [ K(a)ds) — LaPT.
St my 0@ RA+RP<Og<pRp>+ A, (as)ds | = —-a

Then by Lemma 3.4, we know that
: o zalat — i (4

We then have

R\ Fatrs R pp_ FARD
E*P EA(ga) = ( A> o <1 + _P> eg T2(RA+RP)2

RP Ry
RaRp | p1 RARE [T ((ay (X5 ))=as (x> ))ds
EPo g — 2B Ra+Rp Jo
X |: ( RA+RP (Q ) T € A P bl
so that we clearly have
inf =6 (6) = 25T (&)

Thus we have obtained
P,FB —aP ol
UO < _:g “ (ga*)'

Conversely, we have from Lemma 3.3 (¢) b., (i) and (i) c.,

P,FB ~P,FB —al @t
Uy " = sup sup iy (a,€) = Gla*, 2%, a") = =5 (o)
feQ"/ aE.Adet

Therefore

P A
)

a*
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Finally, it remains to choose p so as to satisfy the participation constraint of the agent. Some
calculations show that it suffices to take p such that

1 Ra 1 Rp . . P RaRp

— log [ pPA) = - = log(—R) + — T | k(a*) — T AP |
R+ Rp Og<pRp> TR Ty [(“) “Ta

Thus,

Rp af'T RAR2P 1
0(a*) =Tk(a") — ————Ta" + = —~*) — =—log(—R).
(@) = Tha") = g Ta + S50 (AT = os(~B)

3.2 Comments and comparison with the case without ambiguity

All the results obtained above are summarized in Section 6. Using Theorem 3.2, we recover the

P P

classical result that when o =@’ = a4 = @ =: a (that is to say when there is no ambiguity),

the optimal first-best contract is given by

RaR%a Rp 1
*B — T+ Tk(a") - ——+Ta" — — log(—R 3.8
T S Rat Rp? @) T m T R, e R (3:8)
which provides the principal with utility
_Rp N . «a RjpRp
—(— R Tk — —_— . 3.9
(—R) Aexp(RP <(a) a+2RA+RP>> (3.9)

Therefore, as mentioned above, the first main difference with the ambiguity case is that in our
framework, one has in general to rely on path-dependent contracts using the quadratic variation

A

of the output. There is nonetheless an exception. Indeed, in the case where @? = @’, the choice

v* = 0 is allowed, so that there is a linear optimal contract in this case (which coincides with (3.8)
above), and in this case only. Furthermore, in the three cases ad =al’, et = o, al = o, we
have identified uncountably many optimal contracts in the class Q. This is really different from

the case without ambiguity, where the optimal contract is basically unique.

Finally, let us compare the utility the the principal can get out of the problem (since the agent
always receives his reservation utility, there is nothing to compare for him). Again by Theorem
3.2, whenever we have a? < @’ < @?, the principal receives
_Ep al RARp
—(—=R) Eaexp| RpT | k(a™) —a"+ ————
(R exp (R (ha) - + G AR,

which is always less than (3.9), for any a € [af,@"], which means hat, as intuition would dictate,

the principal is worse-off compared to the case where he would not have any aversion to ambiguity.

Then, when we have o <@ < @”, the principal gets

_fp a’ RuRp
—(—=R) Baexp | RpT |k(a")—a"+ ———— ],
(1) exp (o (bla) -+ G A0
which is actually larger than (3.9) if o > @4. In other words, compared to a situation where the
principal would have no ambiguity, but were more pessimistic than the agent and believed in a

level of volatility higher than @?, the ambiguity averse principal actually obtains a larger utility.

4 < aP, since the

The situation is the same, though even more extreme, when a” < a4 or @
principal can reach utility 0 and is therefore always better off compared to the case without
ambiguity. We believe that such results are the most striking consequences of our new modelization

of the contracting problem.
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4 Moral hazard and second-best problem

We now study the so-called second best problem, corresponding to a Stackelberg-like equilibrium
between the principal and the agent. Now, the principal has no control (or cannot observe) the
effort level chosen by the agent. Hence, his strategy is to first compute the best-reaction function
of the agent to a given contract, and to determine his corresponding optimal effort (if it exists)
and then use this in his own utility function to maximize over all the contracts. Obviously, the
above approach can only work if the principal can actually find the optimal effort of the agent.
Therefore, the set of admissible contracts in the second best setting must at least be reduced to
the contracts £ such that there exists (possibly several) a* € A with

T
R<UM¢) = inf EF [uA (g _ / k(a;)dsﬂ .
PePy” 0
As we will see below, this set of contracts is actually equal to C, so that the above restriction is

without generality.

4.1 The agent’s problem

Let us start by looking at the dynamic version of the value function of the agent. Fix some a € A.
The fact that there is an infimum with respect to a family of non-dominated measures makes things
a bit technical, however, we refer to the papers [40, 38| for the proofs that, for any Fr—measurable
contract ¢ € C, one can define a process, which we denote by uf(£,a) (denoted by Y; in [38]),
which is cadlag, GP4 T —adapted (recall that for any a € A, GP4 = GP4, since the polar sets of
P4 are the same as the polar sets of P4) and such that

, T

ul(€,a) = essinff EF [L{A <§ —/ k‘(as)d8> ‘ ]:t} , P—a.s., for all P € Pg. (4.1)
P'ePq (Ptt) ¢

Notice that since & € C, it has exponential moments of any order, so that since in addition the

effort process a is bounded, we have that v (£, a) has moments of any order, in the sense that

sup EF [ sup |uf(§,a)|p < 400, for all p >0, (4.2)

PePy  |0<t<T

where we have used the generalized Doob inequality for sublinear expectations given in Proposition
A.1in [45].

Moreover, by [38] (see in particular step 2 in the proof of Theorem 2.3), ef4 Jo k(as)ds,, A, a)is a
(P, GP4+)—submartingale for every P € P4, and by step 3 in the proof of Theorem 2 3 in [38],
there is a GP4—predictable process Z and a family of non-decreasing processes (K P)]}Depa which
are F¥ —predictable, such that, for all P € P¢% 1

T _ 1 . .
eRafg bas)dsy A (e gy — Ra fy kas)dsyy, (¢) — / Za2dWe — Kp + K[, P — a.s.
t

Notice also that since every probability measure in P4 is equivalent, by definition, to a probability
measure in P4 (and conversely), the above also holds P—a.s., for any P € P4, with the convention
that we will still denote by KP the non-decreasing process associated to P € P4 or P4. Moreover,
using again the aggregation result of [39], we can actually aggregate the family KP into a universal
process, which is GP4 —predictable, and which we denote by K
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We deduce that

T T
uit(€,a) = Ua(€) — / Raul(€,a) (asZ2 — k(as)) ds + /t Raul(€,a)Z0ak2dw,

/ RAu (&,a)dK?, a.s., for all P € Py,
where .
40 e—Ra Jo Ek(as)ds Z K /t e—Ra Jo k(ar)dr d}%
P Raw(a) TV TN Ty Rau(€,a) "
Define

We therefore have for all P € Py

Yi=¢- / < 2P &, + klas) — aszg>ds— / Z96V2aw, /dK“ s
t

Now notice that by (4.2), we immediately have

sup EF |exp [ p sup [V}
PePy 0<t<T

Moreover, remember that by (4.1), we also have for every P € P4, by the exact same arguments

< 400, for every p > 0.

as above applied under any fixed measure P € P4, that

Y= essinft V% P—as., (4.3)
P'ePq (Ptt)

where for any P € P4, (YPe, 2Pa) is the unique® solution to the following BSDE defined under P

T
a R a2
v —e- [ <—2“‘\Z§”’
t

Then, using (4.2), we can follow the proof of Lemma 3.1 in [48]% to obtain that Z® actually belongs
to the BMO space defined in [48] (see Section 2.3.2). Then, we can follow exactly the proof of
Theorem 6.1 in [48] to obtain with (4.3), that for any P € P%

T
Qs + k(as) — aSZSP’“> ds — / ZPagl2qw,, P —a.s.
t

K= essinf® EY [K?| F], P—a.s.
P ePs (P,tt)

Therefore, (Y, Z{) is the unique solution to the (quadratic-linear) 2BSDE with terminal condition
¢ and generator R4 /22205 + k(as) — asz (see for instance Definition 2.3 of [48]).

SWellposedness is clear here, since we have easily that

y]tp’a - M7 P—a.s.,

|

uf (&, a) = EF [uA (s - /tT k(as)ds>

6Tn this result, £ and Y are assumed to be bounded, but the proof generalizes easily to our setting where Y
satisfies (4.2).

where

P—a.s.
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Let us now denote by (Y, Z, K) the maximal solution to the following 2BSDE

T T
Vi =¢— /< 1Z]* & inf {k‘(a)—aZs}>ds—/t Zsa;ﬂdws—/t dKs.  (4.4)

ae [07(11!\&)(]

Before proceeding, let us explain why such a 2BSDE does indeed admit a maximal solution. First
of all, the corresponding quadratic BSDEs admit a maximal solution, because, since the infimum in
the generator is over a compact set, the generator of the BSDE is bounded from above by a function
with linear growth in z. The existence of a maximal solution is then direct from Proposition 4 of [5].
Furthermore, since this maximal solution is obtained as a monotone approximation of Lipschitz
BSDEs, it satisfies a comparison theorem. Hence, we can apply first Proposition 2.1 of [47] to
obtain the existence of a maximal solution of the 2BSDE, in the sense of Definition 4.1 of [47], and
then use Remark 4.1 of [47] to aggregate the family of non-decreasing processes into K (we remind
the reader that all the measures in P4 satisfy the predictable martingale representation property).

In particular, we have the following representation for any IP € P4,

Y, = essinft ¥, P—a.s., (4.5)
P'ePs (P,t+)

where for any P € Pg, (YF, Z%) is the maximal solution of the quadratic BSDE

T R 9
v=e- [ (B
t

Now it is a classical result dating back to [22] (see also [34] for a similar result using 2BSDEs)

T
as+  inf | {k‘(a) - aZf}) ds — / ZFal2aw,, P — a.s.

a€[0,amax t

that, using the comparison theorem satisfied by the maximal solution of the 2BSDEs (which
automatically inherited from the one satisfied by the BSDEs), that

T
o= 5 = g 95 = it =gt (<87 (5= [ o))
so that
Ug(€) = — exp(—RaYp).
Furthermore, it is then clear, since the function k is strictly convex that there is some a*(Z.) € A
such that
inf  {k(a) —aZs} = k(a*(Zs)) — a*(Zs) Zs, s € [0,T).

ac [07(11!\&)(]
This implies that

. P.a*(Z.
Yo= inf YoU#)
a*(2.)
PeP,

We have thus proved the following result.

Proposition 4.1. For any £ € C, the value function of the agent verifies

Ug'(€) = — exp(—RaYp),
and the optimal effort of the agent is given by a*(Zs) which satisfies
inf  {k(a) —aZs} = k(a*(Zs)) — a*(Zs)Zs, s € [0,T],

aG[O,amax]
where (Y, Z) is the mazimal solution to (4.4). Furthermore, £ € C if and only if

log(—R)

Yo > —
0= Ra

=: Ry. (4.6)
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We have thus solved the problem of the agent for any £ € C. Along the way, we showed that any
& € C had the following decomposition

T T T
g:yo+/ (%\Zﬁ&s—i— inf {k(a)—aZS}> ds+/ Zsa;/2dws+/ dK,,  (4.7)
0 ac

»@max 0 0

for some GPA—predictable process Z, Yy € R and some non-decreasing process K satisfying the
same minimality condition as in (4.3).

4.2 The principal’s problem

From Equality (4.7) in the previous section, we know that we can associate to each contract & a
GP4—predictable process Z¢, which determines completely the optimal effort of the agent a*(Z.5 )
given by Proposition 4.1. We also denote by Y¢ and K¢ the other components of the maximal
solution to the 2BSDE (4.4). For technical reasons, we need to assume some integrability on Z¢.
More precisely, we define

_— ) ;
CoF = {f ecP ¢ <_RP/ az(l—Z8dwe (Z§)> is a P—martingale, VP € P, (Z'é)} .
0

The principal’s problem then becomes

UOP = sup inf EF [Up (B —§)]
§ECSE pepar(25)

T ~
= sup inf EF [—8 (—Rp/ a§(1 - Zﬁ)dWS“*(Z-é)> eRP<KT+Yo£_foT f(ngvas)“)] , (4.8)
geCSB ]P)E,P;*(Z'E) 0
where
o
f(z,@) :=a*(2) — k(a*(2)) — o) (RAZ2 + Rp(1 —2)%).

In order to continue our computations, we actually need to have more information on the non-
decreasing process K. Using similar intuitions as the ones given in [9, 10|, we expect that when
the contract ¢ is sufficiently "smooth", we can find a GPA—predictable process I' such that

t
K; :/ lasfs — inf {lafs} ds. (4.9)
0 2 ae[gA,EA] 2

However, in general, such a decomposition for K is not true for every & € C55. We will therefore
start by solving the principal problem for a particular sub-class of contracts in C°? such that the
process I' exists, and then show that the principal’s value function is not actually affected by this
restriction.

4.2.1 A sub-optimal problem for the principal

Building upon (4.7) and (4.9) we consider the class €58 < C%B of contracts ¢ admitting the
decomposition

Tl 1 R
=Yy + / <§5¢st — inf {—afs} + TA 1Z? G+ inf  {k(a) —aZ} | ds
0

a€lay ,EA] 2 a€l0,amax

T
+ / 2612w, (4.10)
0
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for some Yy > Ry, some GP4—predictable process Z such that
! . (7,
& <—Rp/ ai(l—Zg)dwd (Z')> is a P—martingale, VP € Pp, (2 ),
0

and some GP4 —predictable process I'. The set of corresponding processes (Z,T') will be denoted
by 4. A contract ¢ € €98 will be identified with the triplet (Y, Z,T).

We define now the following sub-optimal principal problem
U) = sup inf EF[Up(Br—¢).
¢eeSE pepy (Z)

Let us also denote for any & € ¢5B

Uo(€) = _inf B Wp (Br =6,
€Pp

By the above calculations, we immediately have that

T
U(I; = sup inf EP [—5 <—Rp/ a;/2(1 - ZS)dWS‘I*(Z')> eRP(RO_foT H(aS’ZSvFS)dS)} 7
(zT)eu peps (%) 0

where

1 1
H(a, z,7) :=a*(2) — k(a*(2)) — e (Raz® + Rp(1 — 2)?) — zay+ inf {—a’y} . (411)
2 2 OCE[QA,aA] 2
In order to pursue the computations, we need to specify a form for the cost function k. Namely,
we will assume in what follows that

Assumption 4.1. The cost function of the agent is quadratic, defined, for some k > 0, by

a?

k(a) := k:?, a>0.
We deduce from Proposition 4.1 that the agent chooses the control a*(z) = 7. Hence, Equality
(4.11) can be rewritten

H(a,z )—E—ﬁ—g(R 22+ R (1—z)2)—1a + inf 1oz (4.12)
SV T T 2V d 27 aclapan 127 '
= H*(a,2) + H" (o, ),

where )

H(a,2) := — — S_k: — = (Raz* + Rp(1 — 2)?)
and

H(a,7) := —lcw +  inf {lay} .
2 acla,a] 2

Notice that for any a@ > 0

H(@",2,0) = H(o, z,—Raz* — Rp(1 — 2)?). (4.13)

The following lemma studies computes the maximum of the map (z,v) — H(«, z,7), depending
on the value of a € Ry.
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Lemma 4.1. We distinguish three cases.

(i) If o < a <@?, then (2,7) — H(a,z,7) admits a (global) mazimum at

* 1 —i—kaRp
Z(a):

= , A= 0. 414
1+ ak(Ra+ Rp) | (4.14)

(ii) If a < a?, then v — H(w, z,7) is increasing and attains its mazimum at v* = +oo, for
which H (o, z,v*) = +o0.

(iii) If @ < a, then v — H(a,z,7) is decreasing and attains its mazimum at v* = —oo, for
which H (o, z,v*) = +o0.

Proof. We have

o0H O0H* 1 =z
E(@, z,7) = W(a’ z) = Pl a(Raz — Rp(1 — 2)),
so that OH 1+ kaR
—(,2,7) =0 <= z=2"(a) : +hakip

0z " 1+ ak(Ra+ Rp)’

Since z — H*(a, z) is concave for any a > 0, we deduce that the maximum of H? is attained at
2* ().

Furthermore, for any v # 0

oOH OH" 1 1,
W(@, 2,7y) = 8—7(%7) = 5(@‘4 —a)l,5o + 5(0/4 —a)ly<o

If a? < o <@, then (z,7) — H(a, z,7) admits a global maximum at (2*(a),0) which proves
(). (it) and (éi7) are clear. O

We can now state the main result of this section, which gives the optimal contracts for the second-
best problem, when contracts are restricted to the class €55,

Theorem 4.1. Let Assumption 4.1 hold. Define for any o >0

(o) = 1+ kaRp
" 14+ ak(Rs+ Rp)

(2) If ot <af <a@?, then an admissible optimal contract is given by
"= (Ro, 2" (@), 0),
where Ry is defined by Relation (4.6). In this case,
Ty = —exp (~Rp(TH(@", 2*(@"),0) — Ro)) .
(ii) If oF <@t <aP, then an admissible optimal contract is given by
& = (Ro, 2" (@"),7"),
where Ry is defined by Relation (4.6) and
V= —Ra(z"(@")? - Rp(1 — 2" (@)
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In this case,
7P — * (—. *
Uy = —exp (—Rp(TH(@",2*(@"),7") — Ro)) -

(iii) Assume that @¥ < a?. Let €* = (Ry,0,n), then

T) = lim T, (€") =o0.

n—-+00
(iv) Assume that @ < af’. Let " = (Ry,0, —n), then

U) = lim T, (") =0.

n—+oo
Proof. We recall Definition (4.14) for any oo > 0

Z*(Oé) L 1+kaRp
" 14+ ak(Ra+ Rp)

We begin with the proof of (7). Assume that o <@’ < @4, then

—P T 1 * (% T ~ * (=
UO > inf EP |:—5 <—RP/ asz(l _ Z*(as))dWS (= )> eRP(Ro—fo H(as,z (as),O)ds)
Pep;*(z*(a-)) 0

Then we have for any a > 0

* * 2
H(a, 2*(a),0) = —%Rp 42 ](;‘) (1+ akRp) — 2 ;Z‘” (1+ ak(Ra + Rp))
__ap (14 akRp)? B (14 akRp)?
2" T k(14 ak(Ra+ Rp))  2k(1 + ak(Ra + Rp))
o (1 —|-041€Rp)2
= ——R .
2" T (Lt ak(Ra + Rp))
Hence,
OH —R4 (1+ 2kaRp + k*o?Rp(Ra + Rp)) P _p
98 4 - <0,V all.
Ha (a,z (a)70) 2(1 —|—Oék?(RA +RP))2 — 07 o€ [Q ) & ]
Therefore,

— T 17/—P % (—
UéD > _RpRo,—Rp Jo H@P z*@"),0)ds

Indeed, z*(a;) is bounded so that the stochastic exponential is trivially a true martingale. We

now turn to the converse inequality, we have
P T _
Ué) < sup Elax(z.) [_5 <—RP/ (ap)l/Q(l _ Zs)de*(Z')> eRP(Ro—foT H(@",Zs,T's)ds)
(z ey 0
According to Lemma 4.1(7), we obtain

—P _ —P (=P
UO < _eRpRoe RpTH(a" z*(a ),0)‘

_ T 17/ P _x/—
Hence, if o < @ < a@?, then UOP = —eRpRog=Rp [y H@"2*@").00ds  \We now prove that the
contract £ = (Rp, z*(a’),0) € €35 is indeed optimal. We have

T
inf EP [—5 (—RP/ aé(l — z*(ap))dwg*(Z*(aP))> eRp(Ro—fOT H(as,z*(@"),0)ds)
PG'P;*(Z*(EP)) 0

=P
=T,,
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since by definition (4.12) of H, a +— H(a, z*(@!), 0 is decreasing, so that the above infimum is
attained for the measure ]P’f* (+(aP))"

We now turn to the proof of (ii). Assume that o <@ <@”. On the one hand

T
inf EF [—5 <_ Rp / az(1— Z*(aA))dWsa*(z*(aA») oBp(Ro—Ji H(@s,2"(@),7)ds)
0

where v* := —Ra(z*(@4))? — Rp(1 — z*(@?))?. Thus, using Relation (4.13), we have

Ué’ > _RpRo,~RpTH(@"2*(@*),0)
On the other hand, since @ € [of,@"]

A T _
U(J; < eRrRo sup E]P’a*(z_) |:_g <_RP/ aA1/2(1 N ZS)dWsa*(Z.)> e~ BP foT H@",Z5,I's)ds )
(Z,N)eu 0

By using Lemma 4.1(7), we obtain

Uéj < _eRPROe—RPTH(aA,z*(aA),O)_

We deduce that
Ué’ — _RpRo,~RpTH(@"2*(@"),0)

We consider now a contract £* = (Ry, z*(@?),v*) and we show that Uéj (&) = Uéj . We have

T
inf  E [—5 <—Rp / a1 - z*(aA))dWs“*(Z*(aA”) P (Ro— [} H(@s,2* (@) *)ds)
pepy <" @ 0

— _eRPRoe—RpTH(EA,z*(aA),O) _ U(I)D,
since H(a, 2* (@A), ~*) is actually independent of .

We now prove (iii). Assume that @’ < . First notice that UéD < 0. Let £&" = (Rp,0,n).
—P _ =P r T Hia
Uy > Uy (€") = el inf B [—5 (—RP / a;/%zws) e Fr Jo H(@,0n)ds
cPp 0

Notice that H(a,0,n) = %(a” — a). Hence,

and since @’ < o, taking the limit when n goes to 400 we deduce that

U) > lim T, (") =0.

n——+o0o

We finally prove (iv). Assume that af > @?. The proof is similar to the previous case by
choosing £" = (R, 0, —n). O
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4.3 The principal sub-optimal problem is equal to UY

In this section, we prove the following result.

Theorem 4.2. Let Assumption 4.1 hold. Then
vl =T, .

. . —P
Proof. First of all, notice that when @’ < o or @ < af’, we have Uy =0, so that UéD =0 as
well. Let us now assume that o <@’ < @4. By (4.8), since K7 > 0, we easily have
=

T _
U < sup E =@ {_5 <‘RP / (ap)é(l—zﬁ)dWS*(ngeRP(RO—foTﬂngaPWS)
£ecsB 0

Then, we easily have that the map z — f(z,@") attains its maximum at z*(a’), where it is

actually equal to H(a”, z*(a@”),0). Thus

_ —P _* (=P —P
UéP < eRpR()e RpTH(a" ,z*(@"),0) U07

by Theorem 4.1(i).
Assume now that o < @4 < @”. Then, we also have by (4.8) that, with the same arguments
al T . T &
U < sup E oz [_5 (‘RP / @) (1 - 28)dwy (Z'é)> fir (R~ 1(75)is)
£ecsB 0
< eRPROe—RPTH(aA,z*(aA),O) _ Uéj,

by Theorem 4.1(ii). O

4.4 Comments

The comparison with the case without ambiguity is actually very similar to the first best problem.
First, notice that when @” € [o4,@"], an optimal contract can be chosen to be linear in the
terminal value of the output, and it is actually the exact same contract as the optimal one for a
principal who would only believe in a constant volatility process equal to @’. Since the utility of
the principal is then a decreasing function of the volatility, this means that the principal always
gets less utility than in a context without ambiguity.

However, as soon as a” € [of, @], the second-best optimal contract makes use of the quadratic
variation of the output and is therefore path-dependent. Besides, as in the first-best case, the
principal may get an higher utility level than in the case without ambiguity.

Finally, in the degenerated cases (i7i) and (iv) of Theorem 4.1, we have seen that the optimal
effort for the agent is equal to 0 since z* = 0 and a*(z*) = 0, on the contrary to the first-best
problem where, in the same case, the optimal level of effort for the agent, chosen by the principal
to obtained his best utility 0, was aya.x. Hence, to solve the second-best problem, the agent does
not provide any effort and attains his reservation utility. It can be explained by the fact that in
the second-best problem, an optimal contract is a Stackelberg equilibrium, where the principal has
to anticipate the reaction of the agent given an admissible contract, unlike the first-best problem
for which the principal chooses the level of effort for the agent.
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5 Possible extensions

In this section, we examine several potential generalizations of the problem at hand, and we try

to explain how to tackle it in each case.

5.1 More general dynamics

The first possible extension would be to consider an output with more general dynamics. Typically,

one could have a general model where

¢ ¢
B, :/ bS(BS,a]f,af)ds—i—/ () 2aw e P —a.s.,
0 0
that is to say that the impact of the effort choice of the agent on the drift of the output is now
non-linear, and the value of this drift may also depend on the current value of the output itself,
which could model some synergy effects. Furthermore, b should be assumed to have linear growth

in @ and to be continuous.
Furthermore, the cost function k could also take the form k,(Bs,al).

In the first-best problem, if the map b actually only depends on a, and not on B and «, and if
k does not depend on B, then it is not difficult to see that our approach will still work, albeit
with more complicated computations. Notably, the optimal effort of the agent will either be amax
or any (deterministic) minimizer of a — ks(a) — bs(a) (which exist since k is superlinear). It is

however not clear to us how to handle the general dynamics.

In the second-best problem, the representation of the value function of the agent in terms of
2BSDEs will always work, provided that one can indeed check that it is wellposed (which requires
obviously some assumptions on k and b). Then, following [10], we can always associate to the
suboptimal value function of the principal U, an Hamilton-Jacobi-Bellman-Isaacs (HJBI) equation
in the two state variables B and Y% defined by

t R R
vl = R0+/ <7A|Zs|2ozs+ inf {ks(Bs,a)—bs(Bs,a)Zs}> ds
0

(IE[Oyamax

t 1 1 t
+ / —a,I's — inf {—afs} ds + / ZaM 2w,
0 \2 a€la,,a4] | 2 0

which one can then interpret as controlled diffusions processes, with controls (Z,I"), chosen by the
principal, and «, chosen by the "Nature". The HJBI equation then writes

( R 1
ou(t,x,y) + sup inf {bt(aj,a:(az, 2))0v(t, x,y) + <—Aozz2 + ki(x, af (x, 2)) + —ary
(2,7)eR2a€lal af] 2 2
— inf {ld } Oyu(t,x,y) + 1oz@ v(t,z,y)
dE[gA,aA} 2 Y Y y Ly Y 2 X y Ly Y

1
—|—§az28yyv(t,:n,y) + ozz@myv(t,x,y)} , (t,z,y) €[0,T) x R?,

U(T7$7y) :L[P(ﬂj - y)7 (gj,y) € R27

(5.1)
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where af(x, z) is the unique (for simplicity)” minimizer of the map a — k¢(z,a) — bs(z,a)z. We
then expect to have the link U(J; = (0,0, Ry). We could next try to study the above equation, and,
for instance, find a smooth solution which would allow us to use a verification type argument to
identify it with the value function of the principal. We believe nonetheless that such an approach

should probably be used on a case by case basis.

5.2 More general utility functions

Another possible generalization would be to go beyond the case of exponential utility functions
for the principal and the agent. As usual, if the utility of the agent is separable (that is to say if
the cost comes out of the utility), then the 2BSDE characterization of his value function would
still hold. The main problem would then be to solve the principal problem. Once again, one could

write down an HJBI equation similar to the one above and try to study it.

6 Conclusion and summary table

Q= {g €C, € =2Br + L(B)yr +3, (2,7,9) 6R3}

2
v .— * = (5 A* §F * x> *|2
Q= {e= ("0 € Q # = e v 2 RaleP,
* % Rp * GPT RAR2P * 1
T T R T <(1’v‘fA+Rp)2_7 _R_Alog(_R)}
_ R
ohl = {g* = (2*,9%,0") € Q, 2* = RATPRP’ v* € [-Rp(1 — 2%)2, Ra|2*|?],
* % Rp * GPT RAR2P * 1
O =T - TR T <(1’v‘fA+Rp)2_7 _R_Alog(_R)}
_ Rp
Y= & = (25,95, 6F Y= ———— < —Rp(l-2")?
Q {g (27/77 )GQ,Z RA"‘RP”Y_ P( Z)’

Rp aPT< RAR2P > 1
5 = Th(a*) — —L __Tg* + & ) = = log(—R) L.
O - w2 T ) R )}

We set a* := argmin {k(a) —a}.

"If the minimizer is not unique, then we assume as usual that the principal has sufficient bargaining power to
make the agent choose the best minimizer for him. This means that one has also to take the supremum over all
minimizers in the Hamiltonian above.
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6.1 Summary table for the first-best problem

Opt. contracts | Uniqueness | Effort | Worst Pp | Worst Py

al < a4 nonlinear £" s.t. No Amaz al ot
Th (i Pn

eorem 3.1(2) | Uy (&™) Ko 0

QA — aP 5 NO a* ap QA
Theorem 3.2(7)
at <al <@t Qv Yes a* al [, @]
Theorem 3.2(i7)

al =a4 ol No a* al a’
Theorem 3.2(ii7)

af =a4 or No a* ol ad
Theorem 3.2(iv)
of <@t <al o Yes a* [af &P at
Theorem 3.2(v)

at <ol nonlinear £" s.t. No Amaz ol ot

Theorem 3.1(i7)

UGy — 0

n—+00

6.2 Summary table for the second-best problem

For any a > 0 we set

and

For any z € R,

2 (@) :

1+ kOéRP

T 1+ ak(Ra + Rp)’

7' = —Ra(z*@)? - Rp(1 — 2" @)

a*(z) ==

ac [07amax]
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argmin {k(a) —az} = %




Opt. contracts | Uniqueness Effort Worst Pp | Worst Py
al’ < o4 Nonlinear £" s.t. No 0 al’ a?
o P n
Theorem 4.1(i47) Uy (£™) el 0
at <al <@ Linear contract Yes a*(z* (@) al [a4, @]
Theorem 4.1(7) (Ro, z*(@"),0)
al’ =a (Ro, z*(@"),0) No a*(z*(@h)) a’ at
Theorem 4.1(i), (ii) | (Ro,z*(@’),v*)
of <@t <al Non linear Yes a*(z* (@) | [of,a’] a’
Theorem 4.1(17) (Ro, 2" (@1),7*)
at <alf nonlinear £" s.t. No 0 of a’
i Pi¢en
Theorem 3.1(i7) Uy (£™) T 0

A Appendix

Proof of Lemma 3.1. Let a € A% and € = (2,7v,9) € Q. We compute on the one hand

inf EP Up (By — €)] = inf EP [_S—RP(BT(l—z)—g s aﬂ;ds_a)]
PePy PP,

:__eRp@—(bﬁﬂﬁfayk)suplEP

PePS

T
£ (~re(1=2) [ (ahytaws ) e (o) ]
0

Hence, using the fact that the stochastic exponential appearing above is a true martingale under
any P € P§, we deduce easily that

Bt (B -0 =

Fp(avzvlyvévgph if 7 < _RP(l - Z)2
I'p(a,z,7,6,@"), if y > —Rp(1 — 2)*

EF [Up (Br — €)], VP € P& if y = —Rp(1 — 2)%

We compute on the other hand

D)

— mePPfJM@&+gﬁﬂ%H@4§u%mg}

PEPY

_ _eRA(fOT k(as)ds—0—z fOT asds)

sup EF
PePY
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(A1)

T RAZ2_7 T \Bds
5<—RAz/ (af)édm“) S (1) Sd].
0




Hence,

La(a,z,7, (5,6A), if v < Raz?,
mf E |: ( / k‘ as >:| = FA(aa'Zu’Yu 67QA)7 lf’Y > RAZ27

PeP .
EPP44<5—1/ k&@ﬁk)},vpezpﬁifyzzRAz?
0
A.2)
By combining (A.1) and (A.2) and using the definition (3.4), we conclude the proof of the lemma.
U

Proof of Lemma 3.2. Let (a,z,v,ap,a4) € AxR xR x [af @f] x [a?,@4]. First notice that the
map 6 — F(a,z,7,0,ap,ay) is clearly concave (we remind the reader that p > 0). Using the
first order condition for §, we obtain after some calculations

oF
%(’%7757 aPaaA) =0

R
— FP(Z,’)/,& OZP) = pR—ﬁFA(Z/%(S) OéA)

1 RA> /T ./T
<—d=——lo — |+ (Rp(1—2) — Raz asds + R k(ag)ds
m+h[g@h (o1 -2) - ) | o [ b

R R
——P(Rp(l — z) +v)apT + TA (RAz2 — 7) ozAT} ,

which ends the proof. O

Proof of Lemma 3.5. (i) From Lemma 3.1(i) together with Lemma 3.2, we have

T
sup sup inf EF [Up (Br —€)] + pPiEHgXEP [UA <£ —/0 k‘(as)ds>]

a€Aget §€Q’Y EPP

= sup sup sup  Fl(a, 27,6 (z,7,a", @), o at),
a€Aget 2€ER '\/<—RP(1—Z)2
where
6*(z,7v,af @) = _ [log ( Ra > + /T ((Rp(1 — 2) — Raz)as + Rak(as)) ds
- Ra+ Rp RP 0

R R
—TP(Rp(l — z)2 + W)QPT + TA (RAz2 — 7) adT ,
and where we recall that then

F(a,2,7,0"(2,7,a" @), ol at)

R
Ra+ Rp <@>‘RA+ARP RARP (71 (0,)ay)dst 1T (o —a))

— _pRA+R R R eRA+RP
P P
RARp T(,Pp FAR 422
XeRA+Rp2( p(1=2)?+a'Raz )

a) Assume that o < @4 Then v = F(a,z,7,6*(z,7,a",@%),a”, @) is increasing for

v < —Rp(1 — 2)? and is thus maximal at v*(z) := —Rp(1 — 2)2. Hence, by setting

1 RA> T T
0*(z) .= ——— |lo — )+ (Rp(1l—=z —Rz/ asds + R / k(as)ds
)= g e (o) + (o1 = 2) — Ras) [ o [ bt

RaT (RAZ + Rp(1—2) ) o/ﬂ ,
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we have

sup sup  sup  F(a,z,7,6%(z,7,a",@
aEAdet zeR ’y<—Rp(1—Z)2

= sup sup F(a,z,7(2),0"(2),a @),
aEAdet zeR

with

F(a,z,7v"(2),6"(2), aof, EA)

__RJrR
=—p

__BRa
- <&> RATRE  FARE ([ (kas)-as)ds+ St (Rp(1-2)2+ Raz?))
Rp \Rp '

Hence, by choosing 2* := 5 iR , a* the constant minimiser of k(a) — a, v* = —Rp(1 — 2z*)? and

5o () = R4 RpT )_A}

Ry
S [y (] Th(a*) + ——APZ__
RA+RP[Og<pRp>+RA @)+ SRt Bp)C

we have

sup sup iy B (a,€) = Fa*, 2,7, 0% o a)
aeAdct €€QW

— _pRA+R

Rg
Ra+Rp (Ra\ FatRp RaRp ) T RYRL _,
Rp (RP> P <RA + Rp (k(@”) =) + 2 (Ra+ Rp)? “ )

b) Assume that of = @ =: a. Then v — F(a, z,7,0%(2,7,&,@&),a&, &) is constant for v <
—Rp(1 — 2)2. Hence for any v < —Rp(1 — 2)?

A) P

ol at)

sup sup  sup  F(a,z,7,6%(z,7,a",@
a€Ager 2€ER y<—Rp(1—2)2

= sup sup F(a,z,7,0%(2,7, &, &), a),
a€Aget 2€ER

where

~ 1 RA T T
§(2,7,@) = ——— |log [ p22 ) + (Rp(1 - 2) — R /sd R/ksd
(2,7, Q) RA+RP[0g<pRP>+( p(l—2) — Raz) ; asds + Ra ; (as)ds

T
(R%2% — R3(1 - z)2)d§] ~Jar,

2
and
F(a,z,7v,0"(2,7), &, &)
_ pRA+Rp Ras+ Rp <@>_% eRIZAfI’fp (J (k(as)—as)ds+ T a(Rp(1-2)2 +RAz2)).
Rp Rp
Hence, by choosing z* := %, a* the constant minimiser of k(a) — a, for 4* any value in

(=00, —Rp(1 — 2*)?) and
1 Ry -

* . * * * 1 Cl * _ /l

0" =) RA+RP[Og<’ORP> Ba k(a)] 9 ¢
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we have

sup sup uo (a §) = F(a*,2*,v*, 6", &, &)
a€Aget SEQ'Y

Ry
Ry+ Rp [ Ra\ RatEp RARpT RsRp .
— _pRas+Rp +R —— " (k(a*)—a"+ —F— .
pre Rp (Rp> xp <RA+RP ( (@7) —a”+ 2(RA+Rp)a>>

(i1) From Lemma 3.1(ii)a), together with Lemma 3.2, we have for any ap € [af, @]

sup sup uO (CL g) sup sup F(CL?vaY*a6*(27'7*75‘4)7@]37614)
a€Aget £€Qd a€Aget zER

where v* = —Rp(1 — 2)?, and
6 (z, ", at) = ! lo o2 +(Rp(l—2)—R z)/Tads—i—R /Tk(a)ds
v . Ra+ Rp g PRP P A 0 ] A 0 s
+TA (Raz® + Rp(1 — 2)?) aAT} ,
with also

F(a,2,7%,0(z,7v,@"),ap,a%)

— _pRA+Rp R
= pAJF ’

__Ra
Ra+ Rp <RA> Ra+Rp eRRAAfRPP (Jif (k(as)—as)ds+LZa? (Rp(1—2)2+Raz?))
Rp Rp

which does not depend on ap. Hence, by choosing z* := a* the constant minimiser of

k(a) —a, v = —Rp(1 — 2*)? and

Rp
Ra+Rp~’

1 Ra RARpT _,
= —— log [ p=2 ) + RATk(a*) + —APZ
Ra+ Rp [Og<pRP>+ A (“)+2(RA+RP)O‘

we have

sup sup U(I)JFB(CL?S) = F(a*72*7fy*75*7apaaA)
a€Aget £€Qd

Ra
Ra+Rp (R4q\ EatRp RARpT N N RaRp 4
_ _ matmp Bat Be (Ra L S S S :
p Rp <Rp> P <RA+RP ( (@) =+ S T R’y >>

(797) From Lemma 3.1(i7)b) together with Lemma 3.2, we have

sup sup Uo (a §) = sup sup sup F(a,z,7, (5*(2,7,6P,6A) EP,EA),
a€Ager €0 a€Ager 2€R —Rp(1—2)2<y<R 22
where
5 (2, @ @) = L[l <@>+/T((R (1—2) — Raz)as + Rak(ay)) ds
Y5 RA +R pRP 0 P A s A s
Rp

R
—5 (Bp(1=2)* +9)a"T + TA (Raz? — ) a’T|,
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and with

A) aP aA)

F(a7 27 ’Y? 6*(27’.}/7 aP7a

— pRA+R

__Ra
o <&> o eRRAAJrRRPp (fo (as)—as)ds+3T(a"—a"))
Rp Rp

RyR _ _
% eRAA+R},3p 3 (a”Rp(1-2)*+a*Ra2%)

a) Assume that @ < @*. Then v — F(a,z,7,6*(z,v,a’’,ad),a”,a?) is increasing for

—Rp(1 —2)? <y < Raz? and is maximal at v*(2) := Raz2. Hence by setting

e Al G f o]
) =1 — Rp(l—2)—R sds+ R k(as)d
= g e (o) + (o= 2) = Raz) [ ads b R [ )i

_R% (RAZ + Rp(1—2) )Ozp:| ,

we have
P A\ =P —A
Sup sup sup F(CL,Z,’Y,(S*(Z,’Y,O( y & ),Oé , (X )
a€Aget 2€R —Rp(1—2)2<y<Ra2?
_P A
= sup sup F(a,z,7(2),0"(2),a ,a”),
aEAdet z€R

with

F(a,2,7"(2), 8" (2),a”, @)

Rp

— pRA+R eRA+RP
Rp

R
Ra+ Rp <RA>——RA+ARP RARE ([T (1(0)a,)dst DaeP (Rp(1—2)"4 Raz2))

*|? and

Hence, by choosing z* := ﬁ, a* the constant minimiser of k(a) — a, v* = Ralz

1 R4 RAR:LT
5 =0 () = ——— |1 A Thia*) — AL P
) = ez e (P2 ) + Ralh(a") - gt ar|
we have
P A)

sup  sup uo Bla,&) = F(a*,z*,v*, 6%, @
a€Aget €€l

Ra
T RA+R T 2 P2
Ra+ Rp <RA> ATEp exp( RAaRp T(k(a") — a*) + = R5 Ry ) 6P> ‘

g —pR +RP
Rp Rp Ra+ Rp 2 (Ra+ Rp)?
b) Assume that @’ = @t =: @ Then v — F(a,z,v,0*(z,7,@,a),@, @) is constant for
—Rp(1 — 2)* <y < Raz% Hence for any v € (—Rp(1 — 2)?, Raz?)
sup sup sup F(a,z,7,6"(z,y,a”, @), a", at)

a€Ager 2€R ye(—Rp(1—2)2,R422)

= Ssup sup F(CL?Z?’Y? 6*(27’7)7676)7
aEAdet zeR

where

1 RA /T /T
5 (z,7) = ——— |log [ p2A ) + (Rp(1— 2) - R ds+Ra | klawd
(1) = g (18 (P2 ) + (Re1 =) = ) [ s+ R [ btaas

T
+(Raz? — Rp(1 — z)2)a§} - %aT,

38



and with

F(a7 27 ’Y? 6*(27 ’Y)? a? a)

= —pRA+RP

R
R4+ Rp <RA>_RAJ;43P RaRp (fo (as)—as)ds+3 a(Rp(l 2)2 +RAZ2))
Rp ’

eRA+RP
Rp

Hence, by choosing z* := %, a* the constant minimiser of k(a) — a, any v* € (—Rp(1 —
2)%, R42?) and

0 =6 (25,7") = =——— |log p& + RATk(a®)| — lET,
P Rp 2
we have

sup  sup ugFB(a7£) = ((1 Z* ’7 5*7675)
aE-Adct feg'y

Rp

= pRA+RP

R
R4+ Rp (RA>_RA_+ARPe (RARPT <(k:(a*)—a*)—|— RaRp @))
Rp Ra+ Rp 20Ra+Rp) )]

c) Assume that @” > @4. The proof is exactly the same as in the case @’ < @4, and we obtain,

with 2% = 7= +RP’ v* = —Rp(1 — 2*)?, and
1 R4 R2RpT
Fi=——lo + RATk Ai—ﬂ ,
Rs+ Rp [ < RP> ATk(a™) + (RA+RP)a
that

sup sup U(I)DFB(ayf) = F(a*vz*afy*aé*aapaaA)
a€EAger £EEQY

__Ra
_ pRA+R Ra+ Rp <RA> RAo+Rp exp< RARp T(k:(a*) )_’_Z RARP) aA>.

Rp R_p R4+ Rp (RA + Rp)?

(iv) The proof is similar to the case (i4). It suffices to change @* into @’ and choose v* = R4|2*|2.
(v) From Lemma 3.1(i77) together with Lemma 3.2, we have

~P,FB _ _
sup sup Uy "(a,€) = sup sup sup F(a,z,7,8(z,y,a,a’),a’,a?)

Y

a€Ager £€Q7 a€Adet 2ER y>R 422
where
6 (z,v,al’, o?) = 1 [ o <p@> + /T ((Rp(1 —2) — Raz)as + Rak(as))d
Ry+R Rp 0
—%(Rp(l —2)2 4@’ T + == (Raz? — ) T,
and with
F(a,z,7,6"(z,v,@", a%),a", o)

— pRA+R

__Ra
o <&> o eRRAAJrRRPp (fo (as)—as)ds+3T (@ —a"))
Rp Rp

RAR _
% eRAA+R},3p %(QPRP(1_2)2+QARAZ2)
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a) Assume that @’ = o4 =: & Then v — F(a,z,7,6*(2,7, &, &), d,d) is constant for

v > Raz?. Hence for any v > R 422
sup sup sup F(a,2,7,0%(z,7,@",a"),a", 0
a€Aget 2€ER y>R 422

= Sup Sup F(a7 Z7 /77 5*('27 /7)7 d? d)?
aEAdet z€R

~—

where

1 RA> /T /T
0 (z,7) i= —— |lo — | + (Rp(1 —2) — Raz asds + R k(as)ds
) = g o (7 ) + (Re(l =2~ Ra) | o[
F(Raz? — Rp(1 — z)2)aﬂ ~Lar,
and
F(a727fy75*(27fy)7d7d)

__Ra
_ pRA+R Rs+Rp <@> R +ERp CRIZA+RI%DP(‘[0 (a5)—as)ds+Za(Rp(1-2)2 +RAz2)).
Rp Rp

*|2 and

Hence, by choosing z* := a* the constant minimiser of k(a) — a, any v* > R4lz

Rp
Ra+Rp?’
1 Ra 7L
=0 (") = —— |1 — Tk(a*)| — =—aT
(z5,7%) T [0g<pRP>+RA (a )] 5T,

we have

sup sup B (a,6) = Fla*, 2, 7", 6%, )

aE-Adct fe Q’Y

Ra
Ra+Rp ([ R4\ TRatBEp RARpT RaRp
_ Rao+Ep +R 7 | (k(a*) — a* _— .
T Ry ( > eXp<RA+RP <( @) a)+2(RA+RP)a>>

b) Assume that @’ > a?. Then v — F(a,z,7,0(z,7,a",@t),a”, @) is decreasing for
v > R42? and is maximal at 7*(z) := Ra2?. Hence, by setting

) 1 RA /T /T
) =1 — Rp(l—2)—R sds + R k(as)d
= g o8 (o) + (o= 2) = Raz) [ ads b R [ a)as

_R% (RAZ + Rp(1 — Z) )Ozp:| ,

we have
sup sup sup F(a,z,7,0"(z,v, @ ,at),a”, o)
a€Aget zER 'y>RAz2
= sup sup F(a,z,7%(2),0%(z),a@",a?),
a€Ager 2€ER
with
F(a,z,7*(2),0*(z),a", a®)
__Ra
_ —pRARfPRP Ra+ Rp <E> RatRp eRRAA+RRPP (fo (as as)ds—i- a (Rp(l—z)z"rRAZz))‘
Rp R
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*|? and

Hence, by choosing z* a* the constant minimiser of k(a) — a, v* = Ralz

Rp
RA+R ’

1 R RAR%JT _p
=0 = — |1 — RATE _
(=" RA+RP[Og<pR>+ ATHG") — 5 at
we have
sup sup uo (a §) = (a*,z*,y*,é*,ap,gA)

aE-Adct fe Q’Y

Ra
TR IR T 2 R?
R4+ Rp <RA> At+Ep eXp( RaRp T(k(a") — a*) + = R5 Ry ) aP) ‘

Rp Rp Ra+ Rp 2 (Ra+ Rp)?

g pRA+RP

Proof of Lemma 3.4. For any a € A, let us define &, := 2*Bp + %(Bﬁ + 6*(a) where v* € R,

so_fBr (5*((1)'—# lo Ra +R /Tk(a)ds +A AeR
" Ra+Rp T RatRp \ S\PRp) A M ’ '

Then, for any h € M?

DEGP*4 (&) (]

— EP [Rph(X,“’“P)e‘RPU s (X F )dsapd Br—ta(X7°0))

— RaR(X004) e A (6087 )= k(X))

R T a,a 1 R *
= B Ry (g B s 67 et b = 0r 70

1
R R N * a,
— RAh(Xa’aA)Pe_RA(R‘AERPO‘ZBTJFRAERP Ji as(X M) ds+ 3 aaT+5* (a)— [ k(as(X aA))dS)]

2 p2
RpRY

RaRp P
2(RA+RP)2

<EP8P [h( X@ar) e Rathp

ST (as(XOP)—k(as (X2P)))ds+Rp (—aPT—i-)\) apT

RLR%

Bitathp)? AT) . (A3)

RARp

_ EP* [h(XflvaA)e‘W S (@s (X —k(as (X 4)))ds Ra (5 aa T+ ) +

where

dPy” o ReRa(ap)? o\ dPG* o RpRa(aa)? o
dPy Ra+Rp 1) dry Ra+Rp )

Assume that ap = a4 =: a. Then, if R4 = Rp or if R4 # Rp and Property (3.7) holds then we
automatically have

DESPA(€)[h — &) = 0,

which proves the first result.
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