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I Laboratoire de Mathématiques Jean Leray, University of Nantes, France
2 Inria, Centre Rennes Bretagne Atlantique, France

Abstract

We study minimum contrast estimation for parametric stationary determinan-
tal point processes. These processes form a useful class of models for repulsive
(or regular, or inhibitive) point patterns and are already applied in numerous
statistical applications. Our main focus is on minimum contrast methods
based on the Ripley’s K-function or on the pair correlation function. Strong
consistency and asymptotic normality of theses procedures are proved under
general conditions that only concern the existence of the process and its reg-
ularity with respect to the parameters. A key ingredient of the proofs is the
recently established Brillinger mixing property of stationary determinantal
point processes. This work may be viewed as a complement to the study of Y.
Guan and M. Sherman who establish the same kind of asymptotic properties
for a large class of Cox processes, which in turn are models for clustering (or
aggregation).

Keywords: Ripley’s K function, pair correlation function, Brillinger mixing,
central limit theorem.

1 Introduction

Determinantal point processes (DPPs) are models for repulsive (or regular, or in-
hibitive) point processes data. They have been introduced by O. Macchi in [21] to
model the position of fermions, which are particles that repel each others. Their
probabilistic aspects have been studied thoroughly, in particular in [28], [27] and [13].
Recently, DPPs have been studied and applied from a statistical perspective. A de-
scription of their main statistical aspects is conducted in [I9] and they actually turn
out to be a well-adapted statistical model in domains as statistical learning [16],
telecommunications [8, 22], biology and ecology (see the examples in [19] and [18]).

A DPP is defined through a kernel C', basically a covariance function. Assuming
a parametric form for C, several estimation procedures are considered in [19], specif-
ically the maximum likelihood method and minimum contrast procedures based on
the Ripley’s K function or the pair correlation g. These methods are implemented
in the spatstat library [IL 2] of R [25]. From the simulation study conducted in [19]
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and [I8], see also Section 2.2 the maximum likelihood procedure seems to be the
best method in terms of quadratic loss. However, the expression of the likelihood
relies in theory on a spectral representation of C, which is rarely known in practice,
and some Fourier approximations are introduced in [19]. The likelihood also involves
the determinant of a n x n matrix, where n is the number of observed points, which
is prohibitively time consuming to compute when n is large. In contrast, the esti-
mation procedures based on K or g do not require the knowledge of any spectral
representation of C' and are faster to compute in presence of large datasets, which
explain their importance in practice.

From a theoretical point of view, neither the likelihood method nor the minimum
contrast methods for DPPs have been studied thoroughly, even in assuming that a
spectral method for C' is known. In this work, we focus on parametric stationary
DPPs and we prove the strong consistency and the asymptotic normality of the min-
imum contrast estimators based on K and g. These questions are in connection with
the general investigation of Y. Guan and M. Sherman [10], who study the asymp-
totic properties of the latter estimators for stationary point processes. However the
setting in [10] has a clear view to Cox processes and the assumptions involve both
a-mixing and Brillinger mixing conditions, which are indeed satisfied for a large
class of Cox processes. Unfortunately these results do no apply straightforwardly to
DPPs. We consider instead more general versions of the asymptotic theorems in [10]
and we prove that they apply nicely to DPPs. Our main ingredient then becomes
the Brillinger mixing property of stationary DPPs, recently proved in [4], and we
do not need any a-mixing condition. Our asymptotic results finally gather a very
large class of stationary DPPs, where the main assumptions are quite standard and
only concern the regularity of the kernel C' with respect to the parameters. As an
extension to the results in [10], it is worth mentioning the study of [32] dealing with
constrast estimation for some inhomogeneous spatial point processes, still under a
crucial a-mixing condition. We do not address this generalization for DPPs in the
present work.

The remainder of this paper is organized as follows. In Section [2, we recall
the definition of stationary DPPs, some of their basic properties and we discuss
parametric estimation of DPPs. Our main results are presented in Section [3] namely
the asymptotic properties of the minimum contrast estimators of a DPP based on
the K or the g function. Section Ml gathers the proofs of our main results. In the
appendix, we finally present our general asymptotic result for minimum contrast
estimators and some auxiliary materials.

2 Stationary DPPs and parametric estimation

2.1 Stationary DPPs

We refer to [6, [7] for a general presentation on point processes. Let X be a simple
point process on R% For a bounded set D C R? denote by X(D) the number of
points of X in D and let E be the expectation over the distribution of X. If there
exists a function p® : (R?)* — R*, for k > 1, such that for any family of mutually



disjoint subsets Dy, ..., Dy in R?

k
EHX(Di):/ / p W (zy, .. xp)dey . day,
i=1 D1 Dy

then this function is called the joint intensity of order k of X. If X is stationary,
p®) (1, ... xp) = p® (0,29 — 1, ..., 2 — 1) and in particular p(!) = p is a constant.
From its definition, the joint intensity of order k is unique up to a Lebesgue nullset.
Henceforth, for ease of presentation, we ignore nullsets. In particular we will say
that a function is continuous whenever there exists a continuous version of it.

Determinantal point processes (DPPs) are defined through their joint intensities.
We refer to the survey by Hough et al. [I3] for a general presentation including the
non-stationary case and the extension to complex-valued kernels. We focus in this
work on stationary DPPs and so we restrict the definition to this subclass. We also
consider for simplicity real-valued kernels.

Definition 2.1. Let C' : R? — R be a function. A point process X on R? is a
stationary DPP with kernel C, in short X ~ DPP(C), if for all k > 1 its joint
intensity of order k exists and satisfies the relation

p W (zy, .. xp) = det[C) (x4, . . ., 1)

for every (x1,...,x1) € R* where [C](x1,...,7x) denotes the matriz with entries

Conditions on C ensuring the existence of DPP(C) are recalled in the next
proposition. We define the Fourier transform of a function h € L'(R?) as

F(h)(t) = /Rd h(x)e* ™t dx, Vt € R?

and we consider its extension to L?(R?) by Plancherel’s theorem, see [30].

Condition K(p). A kernel C is said to verify condition IC(p) if C' is a symmetric
continuous real-valued function in L?(R?) with C'(0) = p and 0 < F(C) < 1.

Proposition 2.2 ([28,19]). Assume C satisfies K(p). Then DPP(C) exists and is
unique if and only if 0 < F(C) < 1.

In short, DPP(C) exists whenever C is a continuous covariance function in
L*(R?) with F(C) < 1. This makes easy the construction of parametric families
of DPPs, simply considering parametric families of covariance functions where the
condition F(C') < 1 appears as a constraint on the parameters. Some examples are
given in [19], [5] and in the next section.

By definition, all moments of a DPP are known, in particular the pair correlation
(pcf) and the Ripley’s K-function can explicitly be expressed in terms of the kernel.
For C satistying KC(p), let R(x) = C(z)/C(0) be the correlation function associated
to C. The pcf, defined in the stationary case for all z € R? by g(x) = p®(0,2)/p?,
writes

g(x) =1— R*(z).
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The Ripley’s K-function is in turn given for all ¢ > 0 by
Kit)= [ gla)de= [ (1= R a))de (2.1)
B(0,t) B(0,t)

where B(0,t) is the Euclidean ball centred at 0 with radius ¢. For later purposes,
we denote by cﬁd the density of the reduced factorial cumulant moment measures
of order k of X. We refer to [4] for the definition and further details, where the
following particular cases are derived. Assuming that the kernel C' of X satisfies
K(p), we have for all (u,v,w) € R3

cpsf' (u) = =C*(u), (2.2)
(

f?id(u, ) 2 C(u)C(v)C (v —u), (2.3)
cfﬁd U, v Q[C(u Clu—w)C(v—w)+ C(u)C(w)C(u—v)C(v—w)
C(v)C(w)C (u —v)C(u—w))|. (2.4)

2.2 Parametric estimation of DPPs

We consider a parametric family of DPPs with kernel C, 4 where p = C,4(0) > 0
and 6 belongs to a subset ©, of R?, for a given p > 1. To ensure the existence of
DPP(C,p), we assume that for all p > 0 and any 6 € ©,, the kernel C, g verifies
K(p), which explains the indexation of ©, by p. We assume further that for a given
po > 0 and 6, in the interior of ©,, (provided this interior is non-empty) we observe
the point process X ~ DPP(C,, 4,) on a bounded domain D,, C R%.

The standard estimator of the intensity pg is

n 1y, 2.5

zeX

where |D,,| denotes the Lebesgue volume of D,,. Since a stationary DPP is ergodic,
see [28], this estimator is strongly consistent by the ergodic theorem, and it is
asymptotically normal, cf [29] and [4]. In the following, we focus our attention on
the estimation of 6. As explained in [I8], likelihood inference is in theory feasible
if we know a spectral representation of C,y on D,. Unfortunately no spectral
representations are known in the general case and some Fourier approximations
are introduced in [I8]. Another option is to consider minimum contrast estimators

(MCE) as described below.

For p > 0 and 6 € ©,, let J(.,0) be a function from R? into R* which is a
summary statistic of DPP(C, ) that does not depend on p. In the DPP’s case, the
most important and natural examples are the K-function and the pcf g, that we
study in detail in the following. Consider .J, an estimator of J from the observation
of X on D, Further, let ¢ € R, ¢ # 0, be a parameter such that J,(t)¢ and J(t, 6)°
are well defined for all t € R and ¢ € ©,,. Finally, define for 0 < 7,55, < "0, the
discrepancy measure

U, (6) = / ::’”w(t) [0 — 71,0} at (2.6)
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where w is a smooth weight function. The MCE of 6 is

~

6, = argmin U, (6). (2.7)
9€®ﬁn

For example, let us consider the parametric family of DPPs with Gaussian kernels
z |2
C(z) = p67|5| , x€RY (2.8)

where |.| denote the Euclidean norm on R% p > 0 and o < 1/(\/7p"/?), the latter
constraint on the parameter space being a consequence of the existence condition
F(C) <1in K(p). Some realizations are shown in Figure [l For comparison, we
have estimated the parameter « of this model with the MCE (2.7) when J corre-
sponds to K or g, and with the maximum likelihood method (using the Fourier
approximation of the spectral representation of C' introduced in [19]). The estima-
tors of K and g, in place of J, in (277), are standard and recalled in Sections B.2H3.3]
see also [23, Chapter 4]. For the tuning parameters, we followed the standard choice
w(t) = 1, Tmin = 0.01, ryax as one quarter of the side length of the window and
¢ = 0.5 as recommended in [9] for repulsive point processes. This simulation study
has been carried out with the functions implemented in the spatstat library. Ta-
ble [l reports the mean squared errors of the three mentioned methods over 500
realisations of DPP(C') with p = 100 and a = 0.01, 0.03, ﬁ, observed on [0, 1]?,
[0,2]? and [0, 3]2.

Figure 1: Realizations on [0, 1]* of DPPs with kernel (Z.8) where p = 100 and from

left to right o = 0.01, 0.03, mlﬁ.

For all methods considered in Table [Il the estimators seem consistent and the
precision, in the sense of the mean squared errors, increases with the size of the
observation window. From these results, the maximum likelihood method seems to
be the best method in terms of quadradic loss, which agrees with the observations
made in [19]. However, MCEs, especially the one based on g, seem to perform
reasonably well. Moreover, their computation is faster than the maximum likelihood
method and do not rely on an approximated spectral representation of C'. For
instance, with a regular laptop, the estimation of o for 500 realizations on [0, 3]?
took about 30 minutes for the MCEs based on K and g against more than 7 hours



[0, 17 [0, 27 [0, 3?
K g ML | K g ML | K g ML
a=0.01 2.026 1.039 1.032 | 0.848 0.309 0.220 | 0.521 0.175 0.096
a = 0.03 1214 0.706 0.786 | 0.419 0.248 0.175 | 0.231 0.180 0.084
a=1/(10y/7) | 0.356 0.588 0.225 | 0.113 0.258 0.061 | 0.051 0.176 0.022

Table 1: Mean squared errors of the MCE (27) when J = K, J = g, and the maxi-
mum likelihood method estimator (ML) as approximated in [19]. These values are
estimated from 500 realizations of DPPs on [0, 1]2, [0, 2]* and [0, 3] with kernel (2.8,
p = 100 and a = 0.01, 0.03, ﬁ. All entries are multiplied by 10* to make the
table more compact.

by the maximum likelihood method. Finally, it seems that each estimator has an
asymptotic Gaussian behaviour, as illustrated in Figure 2 where we have represented
the histograms obtained from the estimations of o = 0.03 over 500 realizations
on [0,1]? as in Table [l The remainder of this paper is dedicated to proving the
asymptotic normality of the MCE (2.17) when J = K or J = g and X is a stationary
DPP. The asymptotic properties of the maximum likelihood estimator remain an
open problem. Note finally that a solution to improve the efficiency of the MCEs,
still avoiding the computation of the likelihood, is to construct an optimal linear
combination of the MCE based on K and the MCE based on g, see [20] for a general
presentation of the procedure and [I7] for an example in spatial statistics.

40
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Figure 2: Histograms of the estimations of o = 0.03 from 500 realizations of DPPs
with kernel (Z8) on [0, 1]2. From left to right : MCE (27) based on K, MCE (2.7))
based on g and maximum likelihood estimator.



3 Asymptotic properties of minimum contrast es-
timators based on K and g

3.1 Setting

In the next sections we study the asymptotic properties of (Z7) when J = K and
J = g, respectively. The asymptotic is to be understood in the following way. We
assume to observe one realization of X on D, and we let D,, to expand to R? as
detailed below. We denote by dD,, the boundary of D,,.

Definition 3.1. A sequence of subsets {Dy,}nen of R is called reqular if for all
neN, D, C D,y1, D, is compact, convex and there exist constants oy and oy such
that

an® < |D,| < agn?,

an®™t <Hy 1 (0D,) < agn!
where Hy_1 is the (d — 1)-dimensional Hausdorff measure.

Henceforth, we consider the estimator (27)) under the setting of Section [Z2 where
{D,}nen is a sequence of regular subsets of R?. Moreover, for any p > 0 and 0 € ©,,
we assume that the correlation function associated to C, 4, denoted by Ry, does not
depend on p but only on 6, i.e. Ry = C,9/p. Note that this is the case for all
parametric families considered in [I9] and [5], including the Whittle-Matern, the
generalized Cauchy and the generalized Bessel families.

For r > 0, we denote by ©%" := ©,, + B(0,7) the r-dilation of ©,,, where B(0,7)
denotes the closed ball centred at 0 with radius r. Further, for all € R?, denote
R((,l)(x) and Rf) (x), the gradient, respectively the Hessian matrix, of Ry(x) with
respect to . We make the following assumptions. Specific additional hypotheses in
the case J = K and J = g are described in the respective sections.

(H1) For all p > 0, ©, is a compact convex set with non-empty interior and the
mapping p — ©, is continuous with respect to the Haussdorft distance on the
compact sets.

(H2) For all 0 € ©,,, C,, ¢ verifies the condition K(py) and there exists € > 0 such
that for all § € %<, C, 4 € L*(R?) and F(C,,4) > 0.

po>
(H3) There exists € > 0 such that for all z € B(0, 7z ), the function 6 — Ry(z) is
of class C? on @;BOE. Further, for i € {1,2}, there exists M > 0 such that for
all z € B(0, 7'as) and 6 € 02, |RY (2)] < M.

PO ?

The first assumption is needed to handle the fact that the minimisation (2.7)) is
done over the random set ©, in place of ©,,. The two other assumptions deal with
the regularity of the kernel with respect to the parameters.



3.2 MCE based on K

Since for any p > 0 and § € ©, Ry = C,4/p is assumed to not depend on p, the
K-function (2.1) of DPP(C,y) does not depend on p. Consequently we denote it
by K(.,0). For all t > 0 and n € N, we consider the estimator of the K-function,
see [23, Chapter 4],

e L < Lja—yi<t)
" (z,y)eX? n
where p,, is as in (Z3) and for t > 0, DYt := {z € D,,, B(z,t) € D,}.
For all t € [Fymin, Tmae], denote by KW (¢,0) and K®(t,0) the gradient and the
Hessian matrix of K (,6) with respect to #. We consider the following assumptions.

(Hi1l) wis a positive and integrable function in [ryin, F'maz)-
(Hi2) If rppin = 0, then ¢ > 2.

(H3) For 6 # 6, there exists a set A € [Inin, Tmae] Of positive Lebesgue measure
such that

/ Ry, (v)*dx # / Rg,(7)*dx, Yt € A.
2€B(0,1) 2€B(0,t)

(Hx4) The matrix [ w(t)K(t,60)2* 2K W (¢, 00) KW (¢, 00)"dt is invertible.

Assumption (H1)|is not restrictive. The constraint on ¢ implied by [(Hx2)| in

the case 7,,;, = 0 tends to confirm the practice, which consists in the choice 7,,;, > 0.

(H 1 3)|is an identifiability assumption and [(H x4 )| turns out to be the main technical

assumption. Define for all ¢ € [rin, Tmaz],
Jre(t) = w(t) K (t, 60)* KV (¢, 60).

The following theorem states the strong consistency and the asymptotic normality
of the MCE based on K for stationary DPPs. It is proved in Section [£1]

Theorem 3.2. Let X be a DPP with kernel C, 9, = poRg, for a given py > 0
and 6y an interior point of ©,,. For alln € N, let U, be defined as in (Z6l) with
J =K and J, = K,. Assume that [[HIM(H3) and [(Hx I{(H4) hold. Then, the
minimum contrast estimator 6, defined by [2.7)) exists and is strongly consistent for
0g. Moreover, it satisfies

7 distr. _ _
[Dal (B = 00) = N[0, By, 'S 0 { By} |
with

By, = / WK (1 00)2 2 KD, 00) KN (¢, 60) T dt (3.2)

Tmin



and

Z:PO,GO = /r /r hpoﬂo (tlu t2>jK (tl)jK (t2)dt1dt2

min min

where hyy g, can be expressed in terms of Cpg,. Specifically, for all (ti,t2) €

[Tmins Tmaz)
Ppo00(t1, 2) == Q/Rd Lio<iz)<t y Lo<|z|<ta} (crf}d(x) + pg) dx
+ 4/]1{201 Lio<lel<ti} Ljo<ly—al<tz} (Cfgﬁd(x, y) + pocﬁd(y)) dzdy
+4po /de Lio<lei<tny Lo<ly|<ta) (Zszﬁd(y) + p%) drdy

R3d 1{0<|J1|§t1}1{0<\z—y\§t2}c7["éﬁd($v Y, Z)d!L’dde

+ 4po /Rgd 1{o<\x\gt1}1{o<|z_y|§t2}cf§d(y, z)dxdydz

+ 2 /Rgd 1{0<|$|§t1}1{0<|$+Z_y‘StQ}cfQﬁd(y)cEd(z)dxdydz
+4p; /Rgd L{o<al<tr} Lo<|o—yl<ta} o (y)dwdyd>

—4py [ Locturcen K (12, 00) (. ) + 2pucf'(y) ) dody
— 8po /Rd Lio<|ai<t} K (12, 60) (C[rze}d(fc) + /?3) dx

FARK (1, 00)K (12,00) (po = [ Conan()lo)

where cf;}d, cfgﬁd and cfﬁd are given with respect to C, g, in (Z2)-(24).

Let us notice that the finiteness of the integrals involved in the last expression
follows from the Brillinger mixing property of the DPPs with kernel verifying the
condition K(py), see [4].

3.3 MCE based on g

We assume in this section that all DPPs of the parametric family are isotropic, which
is the usual practice when dealing with the pair correlation function. In this case,
for all p > 0 and 0 € ©,, there exists Ry such that Ry(z) = Ry(|z|) for all z € R?
so that the pcf of DPP(C, ) writes

g(x,0) = 1 = Ro(|2])* =: g(|],6) (3.3)

and does not depend on p. In the following, to alleviate the notation, we omit the
symbol tilde and for all # € ©,, we consider that the domain of definition of Ry(.)
and g(.,0) is R*. Moreover, by symmetry we extend this domain to R. Denote, for
all d > 2, the surface area of the d-dimensional unit ball,

27Td/2
Od '— — 7=

T (d/2)



For n € N and ¢t > 0, we consider the kernel estimator of g, see [23], Section 4.3.5],

—~ 1 a 1 t—|r—vy
= — S 1aen e k( | ') (3.4)

PR, Sy } ba|D, N DEY] b

where for any z € R D? := {u,u+ 2 € D, }, p, is as in ([Z3) and b, and k are the
bandwidth and the kernel to be chosen according to the assumptions below. For
all t € [Pyin, "maz), denote by g(¢,0) and ¢ (t,0) the gradient and the Hessian
matrix of g with respect to . We consider the assumptions:

(Hgl) Toin > 0.
(H,2) w is a positive and continuous function on [Pmins Tmaz)-

(H,3) The kernel k is positive, symmetric and bounded with compact support in-
cluded in [T, T] for a given T' > 0. Further, [ k(z)dz = 1.

(Hg4) {bn}nen is a positive sequence, b, — 0, b,|D,| — +o00 and b} |D,,| — 0.
(H45) There exists € > 0 such that for all § € ©2, Ry(.) is of class C> on R\ {0},

(H46) For 0, # 0, there exists a set A € [Fmin, F'maz] Of positive Lebesgue measure
such that

|Ry, (t)] # |Re,(t)|, Vte A.

(Hy7) The matrix [/ w(t)g(t, 60)*2gW (¢, 0) gV (¢, 60)" dt is invertible.

The first four assumptions are easy to satisfy by appropriate choices of r,,;,, w, b,
and k. [(H,5)|is not restrictive and is satisfied by all parametric families considered
in [T9] and [3]. [(H,6)|is an identifiability assumption and as in the previous section,
the main technical assumption is in fact . The proof of the following theorem
is postponed to Section Put

]g(t) = ’lU(t)g(t’ 90)26729(1) (tu 90)7 te [Tminu Tmam]-

Theorem 3.3. Let X be an isotropic DPP with kernel C,, 9, = polRg, for a given
po > 0 and 0y an interior point of ©,,. For alln € N, let U, be defined as in (2.6)

with J = g and J, = §G,. Assume that |[(HIH(H3) and |(H,1)H(H,7) hold. As-

sume further that for all § € ©,,, Ry(.) is isotropic. Then, the minimum contrast
estimator 0, defined by (Z1) exists and is consistent for 0y. Moreover, it satisfies

N distr. _ _
VIDa| (B — 60) <=5 N[0, By, Sy 00{ B3, Y|
with

Buyi= [ wlyg(t,00) 2" (2. 00)g M (1, 00)"

Tmin
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and

- Jo(z))dg(lz]) ( rea
Yo 00 = Q/Rd 1{rmm§|x|§rmax}W ( ‘2] (z) + Po) dx

v ENAUET e

1{Tming|m|7|y71'|§7'maz} U§|x|d71|y _ x|d*1 [3] (x y) + pOC[Q} ( )) dl‘dy

EDV A A
+ 4po /RM 1{rmm§\x\,\y|§rmaz}w (QC[Q}d(fC) + /?3) dxdy

+ /RM L i<zl 2=yl <rmaz} jg&ﬁpﬁgz ;ﬂ“l Cfﬁd(x y, z) drdydz

490 [ Lo <iollesirnes) jé’fﬁ){j’i‘z y‘le iy, 2) dudydz

+2 /Rgd 1{7~mmg|x|v|z_y+zgrmw}jg‘(ﬂ}zg‘gz__y ?—J;di'—)l cist(y)cist(z) dadydz
+4p3 /R y 1{rmmsx,z—ygrw}c‘z§ |(:|ch1|2{7£|2 |Z|)1 cisi(y) drdydz

—4po (/ (e, Ho)jg(t)dt)
j!J(‘xD red
/Rgd 1{7’min§|$|§7"max} O'd|l’|d71 (0[3] ( y) + QpOC[ ] ( )) dl‘dy
f'maz . j!](‘xD red 2
— 8po </7’mm g<t7 90)]g(t)dt) /Rd 1{rmm§\:v\§rmaz}ad‘x|d,1 (C[Z] (.T) + pO) dzx
Tmax 2
+ 492 < [ gt.60) jg(t)dt> <p0 [ G (x)zdx)

where 0[2} c[rge}d and cﬁﬁd are given in (2.2))-24).

4 Proofs

4.1 Proof of Theorem

Since C,, g, verifies K(py), pn converges almost surely to py, so by for all
€ > 0, there exists N € N such that for all n > N, ©;, C @;‘?06 almost surely.
Henceforth, without loss of generality, we let ¢ > 0 and assume that ©,, C @@E
for all n € N. We apply below the general Theorems 2 of the appendlx to
prove that the estimator 6, defined in (5.2) with © = %, J = K and J, = K, is
consistent and asymptotically normal. As a consequence, almost surely, there exist
r > 0 such that B(6y,r) C ©,, and N, € N such that for all n > N,, 0, € B(fy,7).
From Lemma [5.4] in the appendix and , we deduce that for n sufficiently large,
B(fy,r) C ©;,. Hence, almost surely, for n large enough, the minimum of U, is
attained in ©,, C ©7F so that 0, in (5.2) and 6, in (Z7) coincide.

Let us now prove the strong consistency and asymptotic normality of 6, in E2)
when © = @@6 J=K and J, = K To that end, we verify all the assumptions of
Theorems . The general setting in Section B.], Assumptions [(H1)and [(Hx1)|

11



imply directly [(LA1)H(.A2)l For all 6 € ©, we have
K(t,0) = ogt? — / Ro(x)?dx (4.1)
z€B(0,t)

where F(Ry) > 0 by Further, by [26, Corollary 1.4.13], for all § € O, if for a
given x # 0, |Ry(x)| = 1, then Ry is invariant by translation of . Since for all § € O,
Ryp(.) € L*(R%), this is impossible so, for all  # 0 and 6 € O, |Ry(z)| < 1. Hence,
by @), K(t,0) > 0 on (min, Tmaz) X © and K (.,.) is continuous on [, "maz] X ©.
Consequently, K(.,.)¢ is continuous for all ¢ € R if r,;, > 0 and for all ¢ > 0
if 7y = 0. Therefore, under [(H1)H(H3) and [(Hx2), |(A3) holds. By the same
arguments, K(.,.)* % and K (., )2‘3*2 are continuous for all ¢ € R if r,,;, > 0 and for
all ¢ > 2 if 7,3, = 0. Thus [(A8)| holds. For all ¢t € [rmin, Tmaz], ?n( t) is bounded
by Ky (rmaes) and it follows from the ergodic theorem that K, (rmas) is almost st surely
finite as soon as n and so D, is large enough. Moreover, by Lemma [£.T] K, (t) is

almost surely strictly positive for ¢ > 0 and n large enough. Hence, under (H3)]
and |(Hx2)), [(A4)| holds. We have for all # € © and t € (0, 7paz)

0

00 2€B(0,t)

KW(t,0) = Ry()*d.

By [(H3)}, the function (z,0) — Rél)(x) is continuous with respect to 6 and bounded
for all x € B(0, ryq,) and 6 € ©. Thus by the dominated convergence theorem,

KW(t,0) = —2 Ro(2) RS (z)du. (4.2)

z€B(0,t)

We obtain similarly

K®(t,0) = —2 (R (2) Ry ()" + Ry (x) Ro(x) ) d.

x€B(0,t)

By , the terms inside the integral in the last equation are bounded uniformly
with respect to (z,6) € B(0,7ma) X ©. Therefore, K (t,0) and K®(t,0) are
continuous with respect to 6 and uniformly bounded with respect to t € [Fmin, F'maz)
and 0 € O so holds. Assumptions [(A6)| and ((LA9)| are directly implied by

and (Hx4), respectively. The assumption (.A45)" is proved by Lemma AT
below, while Lemmas are preliminary results for Lemma [£.4] which proves

the remaining assumption (7CL).

Lemma 4.1. Let K be the Ripley’s K-function of a DPP with kernel C' verifying
K(po) and K, the estimator given by BI]). Then, for all rper > Tmin > 0,

sup | (t) = K ()] === 0,

te[rminyrmaz} n—+4o0

Proof. Since a stationary DPP is ergodic by [28, Theorem 7], we have

ﬁn L Po (43)

n—-+4o0o
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and

sup [PRKa(t) = oK (1)] 22 0, (4.4)

te[rminyrmaz} n—+00

see for instance [12, Section 4.2.2]. Further, as K is an increasing function, we have

pr s |Ku(t) - K(1)]

te ['f'min 77'maz]

< swp |pERA(t) = pRK ()| + K (rma)  sup }\ﬁi—f%]-

te[rminﬂ"max te[rminvrmaac

Hence, by (43)-(Z£4) and the last equation, we have the convergence

o~

sup | (t) — K ()] === 0.

te[rminyrmaz} n—+4o0

Lemma 4.2. If|[(Hx 1 H(HKk2) and|(H3) hold, then for all rpae > Tmin > 0,

[ il dt < +oc.

Proof. By (@.2]), we have

[ irae =2 [ ‘w(t)K(t, 00 [ Ray(a)R{)(x)da| dt.  (45)

z€B(0,t)

Tmin Tmin

By |(H3)], the function defined for all t > 0 by

t Ro, () RSY () dx

x€B(0,t)

is continuous so bounded on [Fin, T'maz|. As already noticed after ([@1), K(¢,0) > 0
on (Tmin, Tmaz] X ©. Consequently, if r,,;,, > 0, the lemma is proved since w is

integrable on [Tmin, Tmaz] bY |(H 1)l Finally, if r,,;, = 0, the integrability at 0 of the
function t — |jk(t)| follows from O

To shorten, define for all n € N and ¢ € [roin, "maz),

Hy(t) := poKn(t) — 200K (£, 60) -

Lemma 4.3. If[(H1}(H3) and[(Hx 1) hold, for all s € RY, we have

lim |Dn|Var(/
n—+oo r

where hy, g, 15 defined as in Theorem [3.2

Tmax

Hn(t)sTjK(t)dt) -/ (b t2)s i (1)s i (t2) byt

min [rminvrmaac}

13



Proof. From (B.1I), we have
[ m@s it = X fulwy) = X hale)
Tmin (z,y)eX? rxeX

where for all n € N,
Tmazx 1

f (.T y) = 1{xeDn} , ‘DOt|1{y€DOt}1{O<|m y|<t}8 jK<t)dt

and

2 Tmax .
hn() = Dpo‘ 1iaen,) K(t,00)sTjxc (t)dt.

Tmin

Notice that for all n € N and # € R?, f,(z,2) = 0. Thus, we have from the last
equation,

Var (/:n.m Hn(t)sTjK(t)dt)
# #
= Var ( > fn(:p,y)> + Var (Z hn(x)> —2Cov ( S falzy), D) hn(x)> .
( (z,y)eX?

z,y)eX?2 reX zeX

These terms are developed in Lemmas 7.1-7.3 of [4], whereby we deduce the limit
by a long but straightforward calculus. O

Lemma 4.4. If[[HIJI(H3) and [[Hx IN[Hx2) hold, then

VIDal [ [Rat) = K (4,60)] dae(t)dt -2 N(0, Sp0)

where X, 9, is defined as in Theorem [Z.2.

Proof. For all n € N, we have

P 1Dl [ [Rut) - @%tht\/ " Ko (t)jic (1)

min Tmin

+|D / — 2K (t, 90)} jr(t)dt. (4.6)

Tmin

Since X is ergodic by [28, Theorem 7], p,, converges almost surely to py. Then, by
Taylor expansion of the function z — x? at pg, we have almost surely

(02— 2] =200 lpo — Pul + 0 (po — ). (4.7)

Moreover,

20010l [ o0 = ] Bl (00t

Tmin

= 2p0y/|D / [P0 — Pn] Kn(t) - K(t, 90)} Jk (t)dt

Tmin

+200/1Dal [ [0 = Bul K (1, 60)ixc ()t (4.8)

Tmin

14



Using the notation

Tmax —~

Aw=2001Dal lpo = 2] [ Kty

Tmin

By = 2p0\/|Dullpo = 2] [ [Ralt) = K (2.00)] (D),
@zMEMzXM—ﬂbme+W&m—@m%mM@w
we have by (&6)-[E@3),
p2\/1Dal / m’" [Ko(t) = K(t,600)] jic(t)dt = By + C +0(A,).  (49)

We prove that B,, + o(A4,) tends in probability to 0 and C,, tends in distribution to
a Gaussian variable. Then, the proof is concluded by Slutsky’s theorem and (Z.9).
By Lemma [£.T],

sup | () — K(t,60) —=— 0

te[rminvrmaac] n—+o0
SO
/ Rt =2 [T K 00) e (). (4.10)

Since K (., 6y) is continuous on [min, "maz], fre" K(t,00)jx (t)dt is finite by Lemma .2

Tmin

Hence, by Corollary .6, (£I0) and Slutsky’s theorem, we deduce that B, %) 0

and o(A,,) —L 5.

n—-+o0o

As to the term C,,, notice that
C, = /Dl < / " Ho () (0t {— / "R, QO)jK(t)dtD L @)

We prove the convergence in distribution of C',, by the Cramer-Wold device, see for
instance [3, Theorem 29.4]. For all ¢ € [rpin, "maz| and s € RP| we have

ST = /1Dy < / " ()T e ()t — [_ / e pgK(t,eo)sTjK(t)dtD.

min

By (B1]), we have

[ H@s it =Y fo, () (4.12)
Tmin (J:,y)EXQ
where
Tmax 1 ot K t, 0 .
fDn(ZL‘,y) = 1{x6Dn} - < T/Deg;] }1{0<\x—y\§t} — 2p0ﬁ1{$_y0}> sTjK(t)dt-
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Notice that for ¢ € [Fmin, Tmaz)s STix(t) < |jx(t)||s| and K(t,05) < K(rmaee,6o) so
we have

fp. (2. 9)|
sy 1 1 200K o)) [ i) d
< THommr 0. (%) (Loclo—pi<rmact + Lz—y=01 200K (Fmaz, 00)) | Lisc(t)] dt.

(4.13)

The right-hand term in (£13)) is compactly supported and is bounded by Lemma [£.2]
Moreover,

E < / mm [H, (1) jic (1) dt>

< Is [B (|p2Ra(t)]) + 200K (rmae. 00)E (2])] [ ()l

Tmin

Further, for n € N and t € [rpin, Tmaz), ﬁzf(\n(t) and p, are positive and unbiased
estimator of p2K (t,6y) and py, respectively, see for instance [12], Section 4.2.2]. Thus,

E (/ n.m Hn<t>STjK<t)‘dt) < 3|s|p3K(7’max,90)/ - ik (t)|dt,

Tmin

which is finite by Lemma 21 Then, by Fubini’s theorem, ([£I2]) and the last equa-
tion, we have

E( > fDn<x,y>) == [ R (. 60)s (2t

(z,y)€X? fmin

Moreover, by (£12)) and Lemma [£3],

n1—1>I—Poo Var <\/|Dn| Z fDn(llf,y)) = Sszoﬁos'

(z,y)€X?

Therefore, by ([@I1)-(#EI3)), the last two equations and Theorem [B.5], we have

distr.
sTC _distr. | N(0, STZpO’QOS).

n—-4o00

which proves that C,, d_is—fﬁ N(0, ¥p60)- -

4.2 Proof of Theorem

As in the proof of Theorem 3.2, we consider without loss of generality ¢ > 0 such
that ©,, C @ﬁf, for all n € N. We prove below the consistency and asymptotic

normality of 6,, defined in (2.2)) with © = ©%¢, J = g and Jy, = Gn. Then, for r > 0
such that B(6y,7) C ©,,, we have

P(0, € B(6y,r)) — 1.

n—-+o00
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Thus, by Lemma [5.3, with probability tending to one 6,, € O, SO

P(0, = 6,) — 1.

n—-+40o

Therefore, 0,, has the same asymptotic behaviour than 0,.

Let us now determine the asymptotic properties of 0, by application of Theo-
rems [5.1] and The assumptions |(AL)] [(A2)] [(A6)} [(AT7) and |(A9)| are directly
implied by [[(HL{(H3)] [(H, D] [(F,2)} [(H,6)] and [[H,7)} Moreover, rmin, > 0 by [(H,1)]
SO is directly implied by (3.4)), @ and the ergodic theorem, see [24]
or [12]. By[(H2)] Ry, (.) is continuous on [Fmin, rmas] S0 is g. By [26, Corollary 1.4.14],
for all 6 € O, if for a given t > 0, |Ry(t)| = 1, then Ry is periodic of period ¢t. This
is incompatible with [[#2)]so, for all ¢ > 0 and 6 € ©, |Ry(t)| < 1. Consequently, by
B3) and |(H,1)], g(t,0) is strictly positive for all (¢,0) € [Fimin, Tmaz) X ©. Thus, for
all c € R, g(.,.)¢ is well defined and strictly positive on [7min, Tmaz] X © S0 holds.
By the same arguments, it follows that holds. Finally, the assumptions
and (7CL) are proved by Lemmas and [.9] respectively while the other lemmas
are auxiliary results.

Lemma 4.5. If[(HIM(H3) [(H,1) and [(H,3)}(H,4) hold then, for all rpe. >
Tmin > 0, there exists a set A verifying |[Fmin, Tmaz] \ A] = 0 such that

sup |gn(t) — g(t, 6 —L 0.
up (1) — (¢, )|

Proof. From|(H2)H(H3)|and |(H,3)H(H,4)|we can use Proposition 4.5 in [4] that gives

E| [ (02,0 - ehglt. 00) " at

2p(2) Tmaz g t 00 1 .
- La / )*d b). (4.14
bnanl Tmin O'dtd 1 .f(]—l—O |D | _'_O( n) ( )

By [(H,1)| [(#,3)] and [(H3)] we have [rmes L&) gt f f(2)2dx < +o00. Hence, with

Tmin O'dtd 1

the right-hand term in (£I4) tends to 0 as n tends to infinity. Moreover,
the term inside the expectation in (AI4]) is positive so there exists a set A as in
Lemma such that

sup P9 (1) = g (1, 00)| = 0 (4.15)

n—-+o00

We have
s 600 = ot )| < s [p2,0) — )]+ (sup a0 ) 52 - |-
teA teA teA
By [(H1) it follows from Corollary that p, converges in probability to po.

Further, by (H3)| and B3, g(.,0y) is bounded on [rpin, Tmaez]. Therefore, we have
by ([fTI5) the convergence

N P
sup |Gy (t) — g(t, 00)] —— 0.
teA n—-+o0o
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Lemma 4.6. If[(HIH(HS3) |(H,1H(H,2) hold then j,(.) is continuous on [Tmin, F'maz) -
Proof. By [B3)), we have for all t € ["in, Tmax)

O] = 2[wlt) (1= oy (0)" Ray(ORR) (1)

By Ry, (.) and Réi)(.) are continuous on [7in, Tmaz|- Further, by , Toin >
0 and as noticed at the beginning of the proof of Theorem B3, for all ¢t > 0, | Ry, (t)| <
1. Thus by [(H3)] the function t — (1 — Ry, (t)2)* % is well defined and continuous
on [Fmin, F'maz)- Finally, by , w is continuous on [Tmin, Tmaz| SO the lemma is
proved. O

To abbreviate, we define for all n € N and t € [rin, Tmaz),
HY(t) = pagn(t) — 20079 (t, 6o).
Lemma 4.7. If[[HI{(H3) and|[(H,1)}{(H,5) hold, we have for all s € RY,

i [DafVar ([ B0y (0)dt) = 57505

Tmin
with X, 9, defined as in Theorem [3.3.

Proof. Similarly to the proof of Lemma (3] we have by (3.4]),
[ s g0t = fuley) = 3 hale)
Tmin (z,y)eX? zeX

where for all n € N,

t—|z—y|
f'maz k( bn ) Ljz—y|>04eD0} T

t)dt
o oatt oD Dy o)

fn<x7 y) = 1{$€Dn}

and
2p0 Tmax .
() = ml{xepn} (@, 00)s” jo(t)dt.
The result follows similarly as in the proof of Lemma using Lemmas 7.1-7.3
in [4]. O

Lemma 4.8. Assume that [(H1M(H3) and [(H, 1 M(H,4) hold. For a given s € R?
and all n € N, let fp, be defined for any (z,y) € R*® by

fDn('r7y)

=14 —
{w€Dn} oqtd=1b,|D, N DE Y| | Dy

Tmin

t—|z—y]
- (k( ) 1o y0eD0) _ 2pog(t, b0) | { 0}) sTj,(t)dt
T—y= 9 ’

Then, there exists M > 0 such that for all (z,y) € R*?,

|8|M1 x€Dy, 1
/o, ()] < | Dmm{aiq} e U +2pollglloc L a—y=0y | -

min
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Proof. By for any t € [Tyin, T'mae] and (x,y) € R*,

|k (--7;—___>|1{wﬂ>&yeDn}f§‘k (———%;———l Lio<ly—al<t+Tbn}

t—|r—vy
< ‘k (%) ‘ Loocy—z|<t+1}

whenever b, < 1 which, by we assume in the following without loss of gener-
ality. Thus, for any t € [Tmin, Tmae] and (x,y) € R*,

t—|x—y t—|x—y
|k ( |b |> | 1{\y—x\>0,y6Dn} S |k: < |b |>| 1{0<\y—x‘<7’max+T}' (416)

Further, by Lemma [0, j, is bounded on [7min, Tmaz] by & constant M so by (4.16)
and Lemma 6.3 in [4], we have

Tmax k: (t In I) 1{‘2} y|>0, yEDn} T

| |M 1{0<|1‘ y|<7'maz+T} Tmaz
< 1{Z‘€Dn} |DO7"max+T| d lb

min Tmin

t— |z -yl
gl —=—20) | at.
S

Finally, the result follows by the last inequality, and O

aqr.

Lemma 4.9. If|(H1){{(H3) and|(H,1){(H,5) hold, then

VIDal [ [Glt) = 9(2,00)) 3, (00t 7 N0, Z )

Tmin

with X, 0, defined as in Theorem [F3.

Proof. The arguments of this proof are similar the the ones of the proof of Lemma [£.4]
Notice that

AVIDAL [ (au(t)  9(0,00)) (00 = /1D (
E

Tmin

Tmax

+ [ [Pl —E e i@t + | [E[prann] - sott,00)] jg(t)dt>
(4.17)

and

Dl oo =l [ Gty (01t =

min

Dul o= 7] [ (5u®) = 9(t.00) (Ot 1 D loo = 7] [ (8, 00)5, ()
(4.18)
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Denote
T = 200\/1Dal I = ] [ Gult)is (01t

Un = 20010l [0 = ) | @0(8) = gt ) iy (41

min

V, = /D / E [525.()] — po(t.00)] jg ()dt

Wo = V1D [ [023(0) — 200700(0.00) — (B [325.(0)] — 2630(2.60)) ] do(2)d.

Tmin

Using (47) in the proof of Lemma 4] (£I7) and (£I]), we get
221D /'”” Gu) — g(t,00)] j, ()t = Uy, + Vi + Wy + 0 (T3) . (4.19)

We prove that U, +V,, + o(T},) tends in probability to 0 and we conclude by proving
that W, tends in distribution to a Gaussian variable. From Corollary (.6l Lem-

mas [L.0H4.6] and Slutsky’s theorem, we have U, L;r) 0. Further, since g is contin-
n——+0o0

UOUS ON [T'min, Tmaz] SO bounded, we have by LemmaLB] that g, is uniformly bounded
in probability on [rmin, "maz|, see [31, Prohorov’s theorem|. Thus, by Corollary

and Lemma A6] o(7},) % 0. Further, under [(H1)H(H2)| and [(Hy1)H(H45)L we
deduce from Lemma 6.2 in [4] that sup,c, . . o (E [ﬁg@n( )| — p2g(t,00)) < kb2
with k > 0, which combined with and Lemma [4.6] proves that V, % 0.

We prove the convergence in distribution of W,, by the Cramer-Wold device. To
shorten, denote for all n € N and s € RP,

X5 = / T H9(1)sT, (bt

min

By Lemma FL0], j, is bounded on [in, Tmaz] by @ constant M. Then, since for all
t € [Pmins Tmaz) and n € N,

HI(t) = p2gn(t) — pag(t, 00) + (po — Pn)pog(t,b0) — popng(t,bo),

we have

E(/maz

T (|p20a(t) — pha(t, 00)) dt

+[51M (oo — pul) + E(p)] [ loog(t. o) ldt. (4.20)

Tmin

H,g(t)sTjg(t)\dt) < |s|ME

Tmin

By|(H3), g(.,00) is bounded on [ryin, Tmaz]. Denote ||g]|so its maximum so by Cauchy
Schwartz inequality, Jensen inequality and (Z.20), we have

T'maz . 1 maz /o 2 2
[ B |0 300 de < 1516 i) (B [ (223.0) = ot 00))
151 (e = Pmin)oll9] oo (B0 = Pul) + E(20) . (4:21)

20



By the same arguments as in the proof of Lemma .5, we have

E| [ (02,0 - ehglt. 00))" at

ng rmazg 1 1
dt/ V2de + O o).
DD D oati v+ O\ 1p) O

Tmin

Thus by [(H,4) E ( [rmas (526, (t) — pRg(t, 00))° dt) tends to 0. Moreover, as noticed
n [11], p, converge in L' to py so E(|po — pn|) + E(pn) converges to py. Hence,
by (E20)-@E2T), E [T |[HI(t )sTjg(t)‘ dt is bounded. Then, by Fubini theorem,

E(X;) = [ TR (0) st

min

which implies that

s Wo = /|1 Dal (X5 — E(X3)) -
By (B4), we have

Xo= > fo.x) (4.22)

(z,y)eX?

where fp, (x,y) is given in Lemma .8 and satisfies

| fo.(z,y)] < |DOTM{M+T‘} 71 Lo<lz—yl<rmaatT} T 200/19]locLz—y=0y | - (4.23)

man

aqr

The right-hand term in (£23) is bounded and compactly supported. Therefore, by
Lemma [£.7] and Theorem (.5, we have for all s € R?

D, (X2 = E(X2)) 2 N(0, 5750.005),

n——+0o00
which implies that W, ﬂ) N(0,%,0.0,)- O
n—-4oo

5 Appendix

5.1 A general result for minimum contrast estimation

We present in this section two general theorems concerning the consistency and
asymptotic normality of the estimator defined in (277). Contrary to the results in
Sections B.2H3.3] these theorems hold for an arbitrary stationary point process and
an arbitrary statistic J, generalizing a study by [10]. The results of Sections
are in fact consequences in the particular case of a DPP and J = K or J = g, which
simplifies the general assumptions below.

Let X be a stationary point process belonging to a parametric family indexed by,
among possibly other parameters, § € © where © C RP, for a given p > 1. For any
t € [Tmin, T'maz), let J(t,6) be any real valued summary statistic of X that depends
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on 6 (specific assumptions on J are listed below). For any t € ["in, Tmaz], let jn(t)
be an estimator of J(¢,6y) where 6y is the true parameter ruling the distribution
of X. We denote by JM(¢,0) and J@(t,60) the gradient, respectively the Hessian
matrix, of J(t,0) with respect to 6. Define for all § € ©,

B(0) = / ()T (8, 0)2 2N (¢, 0)JD (1, )T dt, (5.1)

Tmin

and for all t € [rmin, T"maz),
j<t> = U}(t)J(t, ‘90)2672‘](1) <t7 90)
We consider the following assumptions.

(A1) © is a compact set with non-empty interior, 0 < 7, < Thae, ¢ # 0 and
{D,}, oy is a regular sequence of subsets of R? in the sense of Definition Bl

(A2) w is a positive and integrable function in [rin, Tmaz)-

(A3) J(.,.) and J(.,.)¢ are well defined continuous functions on [ryin, Fmaz] X ©.
Moreover, there exists a set A € [Fiin, F'maz) Such that [P, Tmaez] \ A is of
Lebesgue measure null and for all t € A, 0 € ©, we have J(t,0) > 0.

(A4) There exists ng € N such that for all n > ng, J,(.) and J,(.)¢ are almost surely
bounded on [in, Tmaz]-

(A5) There exists a set A € [Fiin, Fmaz) Such that [rpim, Tmaz] \ A is of Lebesgue
measure null and

su jnt—Jt,H —L 0.
sup 7,(6) — (100

(A6) For 0; # 0,, there exists a set A of positive Lebesgue measure such that
J(t,0,) # J(t,05), Vte A

(A7) Forall t € [Fin, "maz), JV (¢, 0) and J3) (¢, 0) exist, are continuous with respect
to 6 and uniformly bounded with respect to t € [rmin, Fmaz] and 6 € O.

(A8) There exists M > 0 such that for all (£,6) € [Fimin, "mae) X © and a € {c —
2,2¢— 2}, |J(t,0)|" < M.

(A9) The matrix B(6) is invertible.

(TCL) There exists m € R and a covariance matrix > such that

n—-+o00

2y m’” [7(t) = J(1,00)] J(0)dt 2275 (1, 5).

Further, define (A5)" as the assumption |(Ab)| with the convergence in probability
replaced by the almost sure convergence.
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Theorem 5.1. Let X be a stationary point process with distribution ruled by a given
to, assumed to be an interior point of ©. For alln € N, let U, be defined as in (2.0)).
Assume that(A1H(A6) hold. Then, the minimum contrast estimator 0, defined by

0, = arg min U, (6) (5.2)
0cO

exists almost surely, is consistent for 6y and strongly consistent if (A5)" holds.

Proof. For a sequence {0,,}nen belonging to ©, we have for all n € N,
Ll (270

Denote A the intersection of the sets defined in |(A3)|and |(A5)} By |(A3), J(.,.)¢ is
continuous on [Fyin, F'maz] X © which is compact by |(A1)] We deduce that

sup  |J(t,0,)° — J(t,0)] < K.

te [T’min 77"max}

By [(A3H(AL) for all 6 € ©, J(t,0)¢ and J,(t)¢ are almost surely bounded on
[T'mins Tmaz), for all n large enough. Further, by |(A2)|, w is integrable on [rin, F'maz]
thus, by (3] and the dominated convergence theorem, we have the convergence

|Up(0rm) — Un(0)| m 0.

[t 0m) = J(£,0)°] + | J (£, 0,)* — J(£,0)*

)dt. (5.3)

Therefore, for all n large enough, U, is almost surely continuous so the almost sure
existence of 6, follows by (A1)l Define for all § € O,

Un(6) = Un(0) — Un(60)- (5.4)
By (.6) and (.4),

UzO) =2 [ w(®)[7u(t) — 71,60 [ (¢ 60)° — (2,0)7]dt
+ [ w)[I 00 - I, 0] dt.

Note that from ([B.4) U} (60,) < Ui (6y) = 0, so

/ T w0 [I(.60)° — I(1,6,)°] dt

<2 [ ()| 7.0 — I, 60)°

Tmin

J(t,00)¢ — J(t,0,)°

dt.  (5.5)

By [(AW(AD), J(.,.)¢ is continuous on [Fmin, Fmas] X © and for n large enough, J,(.)
is almost surely bounded on [ryin, Tmaz] s0 by [(A5)L the right-hand term in (B.5)
tends in probability to 0. Hence, we have

/ ") [I(t00)° — I(1,0,)] At —— 0.

Tanin, n—-+o00

It follows by [(A2)] and [[A6)| that 6, converges in probability to 6. Finally, by a
similar argument, we prove by (B.0]) that this last convergence is almost sure if (LA5)’

holds. O

23



Theorem 5.2. Under the same setting as in Theorem[51, if in addition
and (TCL) hold true, then

DB = 00) -5 N (m, B(60) "5 (B(60) "))

n—-+4o0o

where B is defined as in (5.1) and 3 comes from (TCL).

Proof. Denote by A the intersection of the sets defined in [(\43)| and |(A5). Then, by
I(A3), [(A7)[ and |(A8)], we see that U, is almost surely twice differentiable on © and
that we can differentiate twice under the integral sign. Thus, by the mean value
theorem, for all j = 1,...,p, there exists s € (0,1) and 6 = 6 + s(6,, — 0p) such
that

8;U,(0,) — 0;U,,(6p) = (82U(0j))“ p(én—eo).

=1,...,

To shorten, denote by U(Y the gradient of U, and by U (6;) the matrix with entries
92U, (03). Since U, is minimal at 6, UV (0,) = 0 and the last equation becomes

U (03)(0n — 00) = —UL (60)
— 2 / T () [Tt — T(2,80)) T (1, 06)° T IO (2, B)dt. (5.6)

Note that by [(A3)]and [(A8)] J(.,0)! is bounded on A and strictly positive. Thus,
by [(\A4), we can use the Taylor expansion of the function z +— x° so, for all t € A,

Ta()° = J(t,00)° = cJ (£, 00)7" (Tu(t) = J(£,00)) + 0 (Ju(t) = J(t,00)) -
Therefore, by [(A5)], (B.6]) and the last equation,

VIDal U2(87)(8, — b0) = 2¢* A, (60) + (A, (6o)) (5.7)

where

) = /IDal / J(t,60)] j(t)dt.

By (TCL), we have 2¢2A,,(6,) ﬂ) 2¢*N(m,Y). Hence, by Slutsky’s theorem

and (£.7),

VIDa| U (0:)(6, — 0o) = 2 N(m, 3). (5.8)

Moreover, we have that
U (6;) = 2¢°B(6;,) — E, (5.9)
where B is as in (5.1)) and
E, = 2c(c— 1) / W) [Ta(0)° = J(8.6,)] 78,0527 (1, 62) 70 (,6;) e

2 / T () [Tt — J(,05)°] (2,05 T (8,03t
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By Theorem 5.1, 6, # o so 07 # 6o. Then, by (A8), E, tends in
probability to 0. Note that by continuity of J(.,0) for all # € O, the integrability
On [Tmin, Tmaz) of w(.)J(.,0)° 2 implies the one of w(.)J(.,0)¢"!. Further, we deduce
by [(A3) [(A7)] and [(A8)] that (¢,0) — J(t,0)>*2JD(t,0)JD(t,0)" is continuous
with respect to @ € © and uniformly bounded for ¢ € [ryin, Fmaz]- Thus, by the
dominated convergence theorem,

B(6;) —— B(60).

n—-+4o0o

By |(A9)l B(6y) is invertible so by (5.9)

U2 (07)B(6) ™t —— 2. (5.10)

n—-+o00

Since the group of invertible matrix is an open set, it follows from the last conver-
gence that for n large enough, U (6*) is invertible so we can write

- 1 -
B(00)\/| Dul (B — 60) = B(0o) [UP(03)] UL (0;)/1Dnl (0 — 60)-
By (5.8)-(5.10) and Slutsky’s theorem, we get

B(680)y/ Dl (6, — 60) === N(m, %)

n—-+o0o

and the conclusion of the theorem follows. O

5.2 Auxiliary results

The two following lemmas are of topological nature and useful for the proofs of
Theorems [3.2H3.3]

Lemma 5.3. For all p > 1, let Z be a compact convex set in RP. Then, for all
y € RP\Z and 6 > 0, B(y,0) ¢ =%°.

Proof. Since Z is a closed convex set, the projection of y onto =, denoted by p=(y),
is the unique element belonging to = that, for all u € =, verifies

(y —p=(y))-(u = p=(y)) < 0. (5.11)

For all § > 0, the line (y,p=(y)) intersects dB(y,d) at two points, one inside the
segment [y, p=(y)] and the other, that we denote by v, outside the segment. Thus,
there exists ¢t > 1 such that v = p=(y) + t(y — p=(y)). Notice that for all u € =,

(v —p=(y))-(u—p=(y)) =ty — p=(y).(u — p=(y)).

Thus, as ¢t > 1, we deduce from (BII) and the last equation that pz(y) is the
projection of v onto =. It follows that d(v,Z) = d(y,Z) +  and as y ¢ = and =
is closed, d(v,Z) > 6. Therefore, v ¢ =% but v € dB(y,d) by construction so
B(y, ) ¢ =%°. O
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Lemma 5.4. For p > 1, let © be a convexr compact set in RP and {©,},en be
a sequence of conver compact sets in RP that converges to © with respect to the
Hausdorff distance. Let v > 0 and x be an interior point of © such that B(x,r)
belongs to the interior of ©. Then, there exists N € N such that for alln > N,

B(z,r) C ©,.
Proof. Since B(z,r) belongs to the interior of O, there exists § > 0 such that
B(z,r +6) C ©. (5.12)

Assume that the lemma is wrong, then for all N € N, there exists n > N such
that B(x,r) € ©,. Denote y a point in B(z,r) that does not belong to ©,. By
Lemma 5.3, B(y,0) ¢ ©%°. But by (5.12), B(y,d) C © so © € ©2° which contra-

dicts the Convergence of the sequence {0, },en to O. O

The following theorem appears in [14] in a slightly less general framework, see
also [15], and is proved in [4] in its present form. It is used in the proofs of our main
results, Theorems [3.2] and 3.3]

Theorem 5.5. Let {D, }nen and {5 tnen be two sequences of reqular sets in the

sense of Definition [31 such that Ignl Uima kN for a given k > 0. For alln € N,

let {fp, nen be a family of functions from R¥ into R. Assume that there exists
a bounded function F from R¥ P~V into RT with compact support such that for all
n €N and (zy,...,z,) € R¥?,

[ (T1,- - xp)] < | 1{meDn}F(9€2 — X1, .., Tp — T1). (5.13)

Assume further that the point process X is ergodic, admits moment of any order and
is Brillinger mizing. Then, for all k > 2, we have

Cumy, (MN,, (fDn)) —0 (|Dn\1—§) . (5.14)

Moreover, if there exists o > 0 such that

Var<FN fDn> —— 0%, (5.15)

then we have the convergence

VIDal [N, (f5,) = E (N (fp,))] -2 N(0,0%) (5.16)

n—+oo
and the convergence of all moments to the corresponding moments of N'(0,c?).

As a corollary when p = 1, we retrieve a theorem from [29] giving the asymptotic
normality of the estimator of the intensity of a DPP.
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Corollary 5.6. Let X be a DPP with kernel C' verifying the condition K(p) for a
given p > 0 and {D,}nen be a family of reqular sets. Define for alln € N,

1
Dp — —— 1, .
1% |Dn‘ Z {z€Dn}

zeX

We have the convergence

~ distr.
1Da| (B — p) —— N(0,0?)

n—-+o0o

where 0 = lim,,_, o, Var (,/|Dn|ﬁn) = p— [pa C(z)dx.
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