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Foreword

Analysis of Random Structures, as studied by the world-wide network AofA (Analysis of Algorithms) and
by the European ALEA network, relies on the interplay between analytic and probabilistic approaches.
Philippe Flajolet (1948-2011) played a fundamental and inspiring role in the development of these methods
and their scientific communities.

The Nablus 2014 CIMPA summer school was a unique opportunity to introduce both the analytic
and the probabilistic approaches to the Palestinian students.
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“Analytic combinatorics

aims to enable precise =
Analytic quantitative predictions

Combinatorics of the properties of large

= combinatorial structures. =X X
et v : i\i
| 5

Amazon As pdf See also Philippe Flajolet’s lectures and courses

“... The theory has emerged over recent decades as essential both for the analysis of algorithms and for
the scientific models in many disciplines, including probability theory, statistical physics, computational
biology and information theory. With a careful combination of symbolic enumeration methods and
complex analysis, drawing heavily on generating functions, results of sweeping generality emerge that
can be applied to fundamental structures such as permutations, sequences, strings, walks, trees, graphs
and maps.”

Foreword to “Analytic Combinatorics”, Flajolet-Sedgewick 2009, Cambridge University Press.

Philippe Flajolet (1948-2011) laid the foundations of Analytic Combinatorics and extensively developed
the methods and techniques used in this field.

Examples

Binary trees. If you ask to a five or six years old child to draw binary trees with 1, 2, 3, 4, and 5 external
nodes, and ask him about how many (different) ones there are, he will tell you the sequence (provided he or she
does not get tired)

1,1,2,5,14...
Counting is also natural for mathematicians. Considering the sequence (B,) enumerating binary trees and its
OGF (ordinary generating function) B(z), we have

(Bn) = (B1, B2, B3, Bs,...) = (1,1,2,5,14,...) and B(z)=)» Bnz".

n>1

Now, if there are more than one external node in a binary tree, removing the root gives two subtrees that are
equivalent (from a counting point of view) to any binary tree: there is a recursive decomposition that translates
to a functional equation verified by the generating function B(z), from which it is possible to extract the n-th
Taylor coefficient B, (see next figure).

How many binary frees B,, with n external nodes?

B=0O + e, (Bx B).
Euler-Segner (1743): Recurrence

A n—1
&M Ba= ) HeBix.
k=1
R Oy Form OGF: B(z) = z + (B(z) x B(z)).

Solve equation (quadratic):
LARERR M Be) =11V &) = 1-1(1-42)"2
5)5 N?‘ ™ '}5‘- ';3\ £y £ Expand:

B, = £ (272 _12) (Catalan numbers)
=

Figare 3.1

(From Flajolet, Bologna course, 2010) n

The example of binary trees is typical of the process of Analytic Combinatorics which works as follows.

1. Construct a symbolic equation on the combinatorial classes occurring in your problem (in the case
of binary tree, these are the class B and the class O representing a leaf with OGF z).



2. Translate the symbolic equation into a functional equation on generating functions.

3. Extract the Taylor coefficient of interest; asymptotically, this is often done by complex analysis and
Cauchy integrals or variants of these.

The counting is much more general than univariate counting as we see next.
Cycles in permutations. The cycle construction puts in equivalence classes sequences taken up to a circular
shift; considering the permutations of the symmetric group &4 of size 4!, we have

1234 = 2341 = 3412 =4123, 1243 =2341=..., 1324 =..., 1342 =..., 1423 = ..., 1432 =....

If C,, = n!/n is the number of classes of the symmetric group &, quotiented by the cycle construction, the
corresponding exponential generating function verifies

=L S -2 ()

n>0 n>0

Considering any permutation, we can decompose it as a set of cycles, as seen in the following example

12 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
1 12 13 17 10 15 14 9 3 4 6 2 7 8 1 5 16 )’

one of the cycle being 4 — 17 — 16 — 5 — 10 — 4.
If C is a generic cycle, and P a generic permutation, the decompositions is written symbolically as

P=Ae}+C+(CrxC)+(CxC*xC)+... (Permutation = Set of Cycles).

As Set ~» exp and Cycle ~» log, using again exponential generating functions that count labelled objects, and
moreover a variable u that counts the number of cycles, we have (being very sketchy)

1 1 1 _
P(z,u) = E {Z} uf 2" =14 uC(z) + 5u202(z) + §U3C3(z) +---=exp <u10g (E)) =(1-2)""
n>0 ’ ’
u<n

where {Z} is the Stirling cycle number that counts the number of permutations of size n with k cycles.

We obtain by the binary theorem

M-z = {Z]uk:u(u+1)(u+2)...(u+n—1),

k<n

and, by logarithmic differentiation, the expected number of cycles u, = E = [Z} in a random permutation of
n!
k
size n is the n-th harmonic number,
1 1

Second moment follows easily, and an asymptotic method known as quasi-powers theorem leads to a limiting
Gaussian law. (There are equivalent probabilistic approaches.)

What can you learn from Analytic Combinatorics?

The projected courses will aim providing a thorough introduction to Flajolet-Sedgewick book “Analytic Com-
binatorics”; an additional course will be related to the Boltzmann random generation of objects. If you are a
mathematician or a physicist, you cannot avoid being touched by the beauty of symbolic structures and by rela-
tively simple mathematical concepts that lead to deep results with “real life” applications. If you are a computer
scientist you will learn evaluating combinatorial structures that have algorithmic counterparts; i.e the (general-
ized) birthday paradox provides an analysis of collisions in data hashing.
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Random structures: a probabilistic approach

Together with analytic combinatorics, methods
coming from modern probability theory provide
natural tools to study random structures. Being
often of different nature, results from both comple-
mentary points of view enrich one another.

Example
Podlya urns provide a rich model for many situations in algorithmics. In this model, one considers an urn
that contains red and black balls (this can be generalized to any finite number of colors). One starts with
an initial configuration. At any step of time, one chooses one ball at random in the urn, checks its color and
puts it back into the urn. Depending on its color, one adds new balls of different colors according to some
fixed replacement rule. The random process is defined by iterating this procedure.

Take for instance the urn process having as replacement matrix. This means that when a red ball

0 3
21
is drawn, it is placed back into the urn together with 3 black ones; when one draws a black ball, one adds 2
red balls and 1 black one.

The composition sequence (i.e. the respective numbers of red and black balls it contains) of a Pélya urn is
a Markov chain. This follows from the fact that the random composition at a given time depends only on
the probability distribution of the preceding composition. This is the so-called forward point of view of the
growing random structure that implies immediately, for example, hat the urn contains asymptotically 40%
of red balls, with probability 1.

The forward point of view leads to represent all successive configuration in one global object:
the random process, giving access to powerful probabilistic tools like

- martingales, after suitable rescaling of the urn process. Most of limit theorems come from this
beautiful theory;

- embedding in continuous time, illustrated in our example by the underlying tree structure of
the urn process as follows.

One can usefully represent the evolution of the urn by the growing of a tree. The leafs are colored red and
black and represent the balls in the urn. Drawing a ball amounts to choosing a leaf. The corresponding
added balls are represented as daughter leafs. In the figure below, one chooses the black pointed leaf in the
tree on the left; one obtains the new tree drawn on the right.



In the discrete time urn, the subtrees are not stochastically independent. Embedding the process in con-
tinuous time consists in making the time intervals between two drawings random. When this random times
are exponentially distributed, the subtrees of the continuous time urn process become independent. The
resulting process is well-known by the probabilists: it is a branching process, giving rise to — Gaussian or

not — limit laws.

After embedding in continuous time, the gained independence allows us to use the recursive
properties of the random structure through the divide and conquer principle. This is to the
backward point of view. Applied to generating functions, it is the base tool for analytic
combinatorics methods. In the probabilistic domain, it translates the recursivity in terms of
distributional equations on random variables, often of the type

woE S Aw®

where the A4; are known random variables, the W) are independent copies of W, independent
of the A; as well. By means of Fourier analysis for instance, one derives properties of the limit
distributional behavior of the random structure.




A note on conditional expectation '

The conditional probability of one eve(njét1 A V&)fith respect to another event B of non-zero

e P(ANB
probability is known as: P(A|B) := B(5)
(continuous) density, and we want to condition with respect to a value taken by X it is not
possible to apply the preceding formula since the event {X = x} has null probability. With
X and Y two random variables, the probability of Y conditioned to X may be viewed as
taking a couple (X,Y), assuming known the value of X and doing a “prediction” of Y, i.e
finding a function of X that approximates as well as possible Y. This is expressed in the
following as E(Y'|B(X)) where B(X) is the o-algebra generated by X.

. If we consider a random variable X with

Mathematically, the conditional expectation of Y with respect to X is defined as the orthog-
onal projection of Y in the Hilbert space of square-integrable functions onto the space of
B(X)-measurable functions (see below).

Definition 1 Let (Q, A, P) be a probability space. Let also L*(A) be the space of real-valued
fonctions that are measurable on (2, A) and square-integrable with respect to the measure P.
It is a Hilbert space for the scalar product (f,g) = [, fg dP.

let B be a sub-o-algebra of A and let L*(B) be the space of real-valued fonctions that are

measurable with respect to B and square-integrable. The orthogonal projection of L*(A) on
L*(B) is called conditional expectation with respect to B (or knowing B).

Notation. The conditional expectation of X knowing B is noted E¥(X) or E(X|B).

A frequent particular case occurs when the o-algebra B is one of the o-algebras of a filtration
(Fn)n>o0- Typically, when one considers a discrete-time process (X,,),>0, and when F,, is the
o-algebra generated by the X, for p < n. The o-algebra F, is called the o-algebra of the
past before n and E(X | F,) or E/»(X) denotes the conditioning of X by the past before n.

Since L? is dense in L' for a finite positive measure, the last notion can be extended to all
integrable functions. This leads to the following characterization that is in practice more
useful that the definition:

Proposition 1 (characterization of the conditional expectation)

Let X € L'(, A,P) and let B C A. Then E(X|B) is the unique random variable such that:
e E(X|B) is B-measurable;

o for every B-mesurable and bounded random variable Y, we have E(Y X) = E(YE(X|B)).

It is necessary to remark that E(X|B) is a random variable B-measurable; this is generally
speaking not the case for a constant like E(X'). The conditional expectation with respect to
the trivial o-algebra reduced to {(), 2} is the usual simple expectation. If X is independent
of B, we get E(X|B) = E(X).

!Translation to English by Pierre Nicodéme of a note of Brigitte Chauvin written in French.



Proposition 2 (properties of the conditional expectation)

o linearity : Va,b € R, E(aX + bY|B) = aE(X|B) + bE(Y|B)

o [E(X|B)| < E(X] |B)

o IfC is a o-algebra and if C C B, then E(E(X|B)|C) = E(X|C)

In particular, E(E(X|B)) = E(X)

o If X is integrable and Z is B-measurable, then BE(XZ|B) = ZE(X|B). Moreover, when Z
is B-measurable, we have E(Z|B) = Z and E(E(X|Z)) = E(X)

Link with the conditional probabilities

Let A and B be two events, with P(B) # 0. Let us choose as B the c-algebra B =
{0, B, B¢,Q}. Then, one verifies with the characterization that

P(AN B)
P(B)

P(A N BY)

E(14|B) = “P(B)

]lB"— Ich

which gives

E(14|B) = P(A|B)1p + P(A|B°)1p..



A Gentle Introduction to Analytic Combinatorics

Jérémie Lumbroso Basile Morcrette

Oxford, September 5-7, 2012

"These notes were written by Jérémie Lumbroso and Basile Morcrette for the Ist
French-British Young Research Workshop that took place in Oxford in 2012, and of
which the purpose was to foster collaborations between French and British young
researchers over topics common to them - probabilistic analyses, or analytic combi-
natorics. There have since been subsequent editions, most recently in Paris in 2014.
Another edition is scheduled in Bath in 2015."
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1 Introduction

1.1 General Aim.

e Study combinatorial structures in a simple, unified and automatic way.
e Do exact (with formal, symbolic methods) and asymptotic (with C-analytic methods) counting.

e Examples of combinatorial structures: integers, words, permutations, trees, functional graphs.

1.2 Catalan numbers, by hands

Let’s begin with one of the most famous objects in combinatorics. The approach presented here, is the typical approach
one would use to find the enumeration of combinatorial objects from a recurrence, as it would be described for instance
in Wilf’s popular textbook [4, §1].

Consider C,, the number of binary trees of size n (i.e. with n internal nodes). A simple exhaustive study leads to the first
terms Co =1, C1 =1,C9=2,C3=5,Cy =14, ...

A classical way of counting those numbers is to find a recurrence. A binary tree of size n + 1 is composed of a root and
two subtrees: its left child is a binary tree of size k, its right child is a binary tree of size n — k, and the choice of the
integer k is in the set {0, 1,...,n}. So, it is possible to write the recurrence scheme

Cop1 =Y CrCrg.
k=0

The hint is now to use a generating function: C(z) = Y, ., Cp 2", where the variable z is just some parameter. The
sequence (C,)n>0 is now encoded by the function C'(z). From the previous equation, we multiply each side by the
monomial 2”1, and then make the sum forn = 0,1, .. ..

Z CnJrlZnJrl = Z i Ck Cnfk ZnJrl ’

n>0 n>0 k=0

Z Cpz" =z Z
n>

n>1 0

which can be re-written .
3 (Ce) (Coez
k=0
Now, using the generating function C(z), we find the classical equation
C(z) —1=20(2)*

Solving this second order equation, and using the initial condition Cy = 1 (which translates into C(0) = 1), the solution
is

1—-+1-4z

Clz) = 2z

Finding the exact coefficients C,, is done by the formal power series expansion of C'(z). We use the classical Newton’s
generalised binomial theorem
(a—1) , ala—1)...(a—k+1) ,

«
(1+x)a:1+ax+TI +...+ o ¥4

and find

¢(z) :Zn-li-1<2:)zn'

n>0

J. LUMBROSO and B. MORCRETTE, Introducing Analytic Combinatorics, CIMPA Summer School 2014, Nablus 9



o

asymptotic formula of C,,, we use the classical Stirling formula n! ~ v/27ne™" n", and find

oo L [ 4 n=%/2
" n+1\n N
This course’s aim is to directly get the framed results—the exact and asymptotic enumeration—from a symbolic speci-

fication of the combinatorial objects. In our current case, a binary tree can be symbolically specified as being: either a
single leaf (noted o), or a node (noted e), with a pair of binary trees (the left and right children), thus

So we conclude saying the number of binary trees of size n is the Catalan numbers C,, = ) And if we want an

B =ocor(e,B,B)

which of course bears a striking resemblance with the functional equation satisfied by the generating function, C(z) =

1+ 2C0(2)C(z)...

2 Unlabelled objects

This section summarizes the main aspects of the first chapter of the reference book [2, §I].

2.1 Basic definitions: combinatorial classes, generating functions

Definition 1. A combinatorial class A (sometimes simply a class) is a finite or denumerable set on a which is defined a
size function, | - | : A — Zx, such that, for every size there is only a finite number of elements, that is

Vn € Zso, an = |[{z € A | |z| =n}| < .

Remark. Following the common usage (as formalized in Flajolet and Sedgewick’s reference text [2]), we will always denote combi-
natorial classes using upper-case calligraphic letters such as A, subclasses containing only elements of a given size n as A, and the
counting sequences using the lower-case roman type, a,.

As the definition suggests, for a given combinatorial class, there may be several different valid size functions. A well-
known example in combinatorics is that of planar' binary trees: we can for instance enumerate them according to the
number of internal nodes, the number of external nodes (also called leaves), or by counting both.

On the other hand, a trivial measure of size that would not be valid would be to count the number of children of the root
(either 0, 1, or 2) as we would then have an infinite number of trees of “size” 1 and 2.

Definition 2. Let A be a combinatorial class, and let (a,)nez., be its counting sequence. We call A(z) the ordinary
generating function (or OGF) associated with A,

A(z) := Z anz".

n=0

In some cases, it is also sometimes convenient to consider the equivalent definition of generating function as the sum over
the objects of combinatorial class A

Az) = Z zled,

acA

IThe term planar is here used to express that a combinatorial structure is embedded in the plane; in the case of binary trees, that means that we
distinguish a left and a right child.

J. LUMBROSO and B. MORCRETTE, Introducing Analytic Combinatorics, CIMPA Summer School 2014, Nablus 10



Combinatorial class Counting sequence OGF

1
Word 0,1}* 2" W(z) =
ords on {0, 1} (2) 5
Integer compositions gn—1 I(z) = 1-z
1-2z
1 2 1—-v1—-4
Binary trees (counting internal node) " B(z) = S e
n+1\n 2z
Permutations n! P(z) = Z nlz"
n=0

Table 1. Some standard combinatorial classes, their enumeration sequence, and their ordinary generating function (OGF).
Note permutations do not have an analytic ordinary generating function, i.e., the radius of convergence of P(z) is 0.

Exercise 1. Show that these two definitions are equivalent.

The generating function is a traditional object in combinatorics. But where it is usually considered as a formal object,
algebraically manipulated, analytic combinatorics shows that there is considerable power in instead considering them as
analytic objects.

Once given a generating function, our main goal will be to extract its coefficients. Let f(z) be a generating function, we
use the notation [z"] to note the coefficient of the variable 27,

(+"17(2) = "] (Z f) ~

Here are some elementary but very fundamental operations on coefficients, which will also be revisited later on.
e Scaling: [2"]f(Az) = A"[2"]f(%), as
[2"]f(Az) = ["] <Z fz-(Az)’) = [z"] (Z(mi)zi> = A"[2"f(2).
' i=0

e Right shifting: [2"]2* f(2) = [z"*]f(z), because

272" (2) = [2"] (Z fﬂ”’“) = [="] (Z fi—kZZ) =["""1f(2).
i=0 i=k

2.2 The symbolic method

Let A, B and C be combinatorial classes with respective ordinary generating functions A(z), B(z) and C(z). The
symbolic method is the observation that some symbolic operations can directly be translated to ordinary generating
functions.

2.2.1 Elementary constructions

The base elements are neutral objects, noted €, which have no size and are thus translated as 2lel = 20 = 1, and atomic
objects with size 1, noted Z, and translated to OGFs as the variable z. In addition, we can distinguish however many kinds
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of neutral objects, for instance €1, €2, etc., which will all translate to 1, and however many kinds of atomic objects, which
may translate either to the same variable z, or to some other variable z1, 29, etc. depending on whether it is important to
distinguish the type of atom it contributes to.

Disjoint union. We write A = B +C, if class A is defined as the disjoint union of B and C: thatis A contains all objects
from B and €, and objects keep their original sizes. Because the union is disjoint, there is no overlap in the enumeration,
and this translates to the generating functions as

A(z) = B(z) + C(2).
Indeed, using the combinatorial definition of OGFs, since objects from A are either from B or C,

Az) = Z el = Z el 4 Z 2o = B(2) + C(2).

acA a€EB acl

Remark. Although we speak of “disjoint union”, in practice, we never concern ourselves on whether the combinatorial classes are
disjoint; instead we consider we are doing the union of unique copies of each class (for instance, imagine that A = B 4 B means that
A is composed of either elements of B that are colored pink or purple—thus twice as many elements).

Cartesian product. We write A = B x C, if class A is defined as all ordered pairs, « = (3,7) € A where the first
element § is from B and the second +y from € (i.e § € B,~ € C). The size function on A is then defined as |«| = | 3]+ |7/,
thus

since

Az) = 30 ol = 375 SR - (Z zO‘l) . <Z za|> — B(2)-C().

acA BeEB ~veC acB acC

Remark. The size for Cartesian products is here the sum of the sizes of each object of a pair, and accordingly we say that we are
dealing with additive combinatorial structures. Other rules for the Cartesian product are possible, for instance that the size of a pair
be the product of each component; we would then be dealing with multiplicative combinatorial structures enumerated by Dirichlet
generating functions (DGF),

D(s) = Z%.

n>1

These combinatorial structures are intimately tied to number theory, and in particular Riemann’s zeta function features prominently as
it is the DGF for the unit sequence (much like the quasi-inverse in additive combinatorics).

Sequence. We write A = SEQ (B), if A is defined as all ordered sequences (of any size, including zero) of objects from
B,

A:={e}+B+BXxB+BxBxB+...
in other words we have
A::{(617"'aﬁ£)|€>oa 6]63}

Observe in order for A to be a well-defined class, it is necessary that by = 0 (i.e. that there is no object in B with size
zero), as then A would contain an infinity of objects of any given size. The translation to OGFs is

A(z) =) B(2)F = 1%3(2).
k=0

This operation is often referred to as the quasi-inverse.

J. LUMBROSO and B. MORCRETTE, Introducing Analytic Combinatorics, CIMPA Summer School 2014, Nablus 12



Structure OGF

{e} 1

{2} z
A+B | A(z) + B(2)
A xB A(z) - B(z)
SEQ(A) | 1 —14(2)

Table 2. Small dictionary of unlabelled combinatorial classes

Recursive classes. Finally we mention that, under certain conditions, combinatorial classes may be defined recursively,
to allow for instance for the definition of branching structures. We will not go into the technical detail of these conditions
(see [2, §1.2.3]), except to say that the general idea is that:

1. for every class there should be at least one terminal symbol (an atom or a neutral element);

2. asystem should not allow for a same symbol to be expanded twice without increasing the size.

Example 1. This second point can be illustrated using a common mistake when specifying unary-binary trees (sometimes called
Motzkin trees because they are in bijection with Motzkin paths, much like standard binary trees are in bijection with Dyck paths). If
we define the class of unary binary tree as

U=2+U+U
that is, we define a tree is either a leaf, or an unary internal node or a binary internal node and we count the leaves, then the recursion
is not well-founded, and there are two ways to see this.
Combinatorically, the problem is that since unary nodes (in particular) do not affect the size of a tree, it is possible to obtain an infinity
of trees of the same size, simply by taking any unary-binary tree and increasing ad infinitum the number of unary binary nodes—without
changing the size. We were able to get away with counting leaves in binary trees because binary nodes affect the number of leaves (in

other words there is a direct correspondance between the number of internal nodes and external nodes).
Analytically, the problem is simply that the functional equation

Uz)=2+U(2) +U(2)°
does not admit any positive real solution.
The problem is solved by counting simultaneously the leaves by ¢ and the internal nodes by z; this gives the equation

Uz, t) =t + 2U(z,t) + 2U°(z, 1).
2.2.2 Some direct examples

Example 2. Binary words on the alphabet {0, 1}
A word is a finite sequence of 0 and 1.
W =SEQ({0} + {1}) X

WE =11

and "W (z) = 2"

Example 3. Number F), of different ways to cover the segment [0,n] with bricks of size 1 and 2
Let a be an atomic class of size 1 and b an atomic class of size 2. Then, F = SEQ(a + b).

1

= =1 222 3 RN
1= (127 +z422"+32"+ 52 +
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We identify it as the Fibonacci sequence F},. The recurrence F,+2 = Fy4+1 + F3, is directly linked to the equation 22—2-1=0.

Example 4. Integer composition [2, §1.3]
The composition of an integer n is the sequence z1, 2, ..., 2 suchthatn = 1 + x2 + ... + xx, with z; > 1.
An integer x is an atomic class of size x, represented by the OGF z*. The class J of integers has the OGF I(z) = z + 22 + 2% 4+ ... =

z

1—2z°
The class of compositions of integers € is described by € =SEQ(J). So,
1 1 1 z
S e (05 Rl Rl g SR
C, = [Zn]C(Z) — [Zn] 1 _ [Zn] < _ 2n _ 2n—1 _ 2'n—1
" 1-22 122

Remark. For each example (words, Fibonacci numbers, integer compositions), the exponential growth of the coefficients of the OGF is
directly linked to the singularity of the generating function (a singularity of a function is a point where the function is not well defined,
when it grows to infinity).

2.3 OGF as complex objects

Until now, an OGF is simply a formal sum of monomials. Let’s now consider? the OGF as a univariate function of the
complex variable z.

FE) =" faz"

n>0

When it is possible to write f as a Taylor expansion f(2) =" -, fn(z — 20)™, we say that f is analytic at the point z.
In combinatorics, almost all generating functions are analytic at 0. The function f has a radius of convergence R defined
by

R = sup{r such that f(z) is analytic for |z| < r}

An other way to see the radius of convergence is

R~ =limsup | f,|'/™

It means that when n grows to infinity, we have f,, ~ R~ "0(n) where (n) is a subexponential function of n. The
definition impose that it must exist a singularity on the circle |z| < r. Furthermore, a classical theorem in complex
analysis (due to Pringsheim) says: If the coefficients f,, are non negative, then there exists a singularity at the point of the
real line z = R.

2.4 Asymptotic of the coefficients (simple case)

Lemma 1. (Schiitzenberger) All the combinatorial constructions upon (g, Z, +, X, SEQ) leads to generating functions
that are rational.

Indeed, € and Z translates to 0 and z that are trivial rational expressions; moreover the operators +, x and SEQ transform
a pair of rational functions, or a rational function, to another rational function (where a polynomial is a rational function
of denominator 1).

Let f be an OGF. It is possible to write f as a quotient of two polynomials A(z) and B(z). And so, finding the singularities
of f is equivalent to finding the zeros of the denominator B(z). The rational function f has a partial fraction expansion:

f(z) = polynomial + Z ﬁ (reN)
(p,),B(p)=0

2This material is covered partially in [2, §IV.1 p.225] for the complex nature of the OGF, and then the exponential growth is explained in §IV.3 p.238
and in particular §I1V.3.2 p.243.
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Finding the asymptotics of the coefficients f,, is equivalent to the study of the asymptotics of (1 — z/p)~".

1

=g

P —2) T

_ _afntr-—1
- f r—1

an+r—=1n+r—-2)...(n+1)
(r—1)!

—n,r—1

p"n
(r—1)

Finally, f,, is a sum of terms of the form ¢ p~™"n"~!. (This is a version of Theorem VI.1 p.381 in [2], when p = 1.)

Conclusive remarks

o the singularity which is the closest to the origin give the exponential growth in the asymptotics. The singularity of
minimal modulus is called dominant singularity.

e the subexponential term of this asymptotic is given by the multiplicity of the dominant singularity.

Example 5. Find the asymptotics of the coefficients of

f(2)=(1—=2°/2)°1-2")""1—-22)"°(1—2-2%)"".
Singularities:={+/2, —v/2,1,1/2, ¢, #} Dominant singularity: z = 1/2  Multiplicity: 5. So, f, = [2"]f(z) ~ c2"n".
2.5 General asymptotic scheme

With more detailed complex analysis, it is possible to get the asymptotic of other generating functions (not necessarily
rational). This is Theorem VI.2 p.385 in [2], also seen in the special case where the singularity is p = 1 (using the property
of scaling, [2"]f(pz) = p™[2"]f(2), we can always get back to this case).

Theorem 1. (Subexponential asymptotic term). For « € R\{0,—1,-2,...}, and k € N,

1 e LN ont T ke
[Z](l_z)alog (1_Z> F(a)lg(),

where T is the classical generalized factorial function: T'(x) = fooo et 14t

Theorem 2. (Transfer lemma, Th. VI.3 p.390 [2])
Iff(z) ~z—1 g(z), then fy ~ gn.

Iff(Z) —z—1 O(g(z))! then fn = O(gn)

Iff(Z) —z—1 O(Q(Z))’ then fn = O(Qn)-

This powerful theorem expresses that it is enough to know the comparative behaviour of two functions in the neighbour-
hood of their smallest singularity (here assumed to be 1).
The intuition is that a function’s behaviour around its singularity is extremal and dictated exactly by its singularity.

Remark. For a more detailled lemma (with all hypothesis), see [2]. Moreover, instead of getting only a first order equivalent, it is also
possible to have a more precise asymptotic expansion with several error terms.

2.6 Tree enumeration

The topic here is fully covered in [2, §1.5].
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2.6.1 Binary trees (number of internal nodes). B=ec+2ZxBxB

So, B(z) = 1 4 2B(z)2. We solve the equation and find B(z) = 1=¥1=%= V21z_42.
The singularity is at z = 1/4, and the order is —1/2.
Near z = 1/4, we can write B(z) ~ —QW. So,

B 247ln—3/2 4nn—3/2 r(_1/9) = 2f
e (K1) - 207

2.6.2 Unary-Binary trees (internal and external nodes). U =2+ ZxU + ZxUxU
U(z) = 2+ 2U(z2) + 2U(2)? = 2¢(U(2)), where ¢(t) = 1 +t + t2.
Exercise 2. Find the generating function, an expression for the coefficients and an asymptotic value.

2.6.3 General trees A =2ZxSEQ(A)

A(z) = = 1 5 o Aw=s+ A(2)?
_ — 4z 7L—1n—3/2
A(z) = Lovizdz V214 A, ~ 4T

Remark. We notice that zB(z) = A(z). Then, [z""'|B(z) = [2"]A(z), and B,,_1 = A,,. The bijection between binary trees and
general trees is here proved thanks to the symbolic method!

2.6.4 Otter trees: the problem of symetries

An Otter tree 7 is a rooted binary non-planar unlabelled tree.
T(2) =242 +22+221 43254625 + 1127 + ...

An Otter tree is just a leaf, or it is a node with two Otter subtrees. But there is a symmetry at this node, so we put a factor
1/2 in the counting of those configurations. But with this correction, when the two subtrees are exactly the same, it it now
counted just a half time. So we add the other half for those subtrees. Then,

T(z) =z+ %T(z)2 + %T(ZQ).

2.6.5 Balanced 2-3 trees (external nodes): an example of substitution

Balanced 2-3 trees are trees where each node is:
e aleaf,
e an internal node with two or three sons,

and all leaves are at the same distance from the root.
The combinatorial specification is:

E=2+Eo0[{Tx LI +{2ZxTx 2} ~ E(2)=z+E(z*+2%),

since trees with depth % are transformed to trees of depth h + 1 by substituting each leaf by an internal node and two or
three leaves.
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3 Labelled objects and exponential generating functions

We now discuss the topic of labelled objects, introduced in [2, §1I.1 and 2].

As noted, for instance in Table 1, the class of permutations does not have an analytic OGF, because the coefficients n!
grow exponentially faster than 2™ and thus the radius of convergence the ordinary generating function is zero.

This combinatorial explosion is a common trait shared by all combinatorial classes that are labelled—that is, of which
the atoms are endowed with a permutation of n, the size. Permutations are such a class (a permutation is a sequence of
labelled atoms), as are arrangements (a subset of labelled atoms), and more complex objects such as graphs.

3.1 Definition and examples

The solution is to enumerate these objects using exponential generating functions, in which the coefficient is normalized
by n!.

Definition 3. Let A be a labelled combinatorial class, and let (@, )nez., be its counting sequence. We call A(z) the
exponential generating function (or EGF) associated with A,

x P
A(z) = Z an -
n=0 ’

And with EGFs there is also a combinatorial definition,

Zled
A(z) = z Tall”

acA

Notice that now, extracting the coefficient leads to a factorial factor:

a, = nl[z"A(z)

Example 6. P = {Permutations}

Pls) — 'z"_ 1
(z)—Zn.ﬁ_ T
n>0

It looks like a sequence of atoms. Indeed, a permutation can be viewed as a linear graph of size n:
o(l)—o(2)—0o(8)— ... —o(n)

Example 7. U: non connected graphs (graphs with no edge). For all n, U,, = 1.

z

Example 8. X: Complete graphs (all edges). It is the same EGF, K (z) = e*.

Example 9. C: Cyclic graphs (with a given orientation in the plan). C;, = (n — 1)!. So,

C(z):Z(n—l)!%T;:Z%:log(liz) .

3.2 Construction of the sum

The disjoint union is the same construction as the unlabelled case. If A = B + C, then the EGF of A is A(z) =
B(z) + C(z).
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3.3 Construction of the product

Starting with two labelled structures 3 and +y, the classical Cartesian product does not provide a well labelled structure.
The set of labels of a well-labelled structure of size n is exactly the set of integers [1, n].

So, from a couple (8, 7), we define a re-labelled structure (5’, ') where the labels are exactly {1,...,|5| 4+ |y|}, and the
relative order of labels of each element is preserved. We define

B %~ = { all couples (3,~") well relabelled}

The class 3 x y contains exactly (lﬂ “;‘M) distinct elements. Then we can define the labelled product

A=BxC= |J B~y

BEB ,yeC

Lemma 2. A(z) = B(z) - C(z)

Proof.

Lol
acA
L1811

=22 2w

BEB ~EC acfxy

- B+ 1\ 281z
- ZZ( 5] )(|ﬁ+|7|)

BeB ~eC
_ Z Z 2181171
1~ |1
fom L8 1Blth!
= B(z)-C(2)

Remark. B « B := B? does not contain elements (3, 5): the re-labelling make the two s different.
3.4 Construction of the sequence

Since we have the two constructions, sum and labelled product, it is possible to construct the sequence as before. For any
labelled class B where by = 0,

A =SEQ(B) ={ast. It>0,a= (b, ..., Bx) finite re-labelled sequence, 3; € B}

SEQ(B)={c}4+B+B+xB+BxB+rB+...
The corresponding EGF is

1
2)=> B(z)F= e

k>0

Definition 4. k components sequence : SEQ;(A) = A*
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3.5 Construction of the set

A k components set is defined as:
SET(B) := {sets with k elements of B}

This class can be viewed as an equivalence class:

SEQ.(B
SET,(B) = %)
where ‘R is the following equivalence relation:
(B1,- -5 Be)R(BY, - - -, By,) iff there exists a permutation o € &, such that 3,(;) = 3.

We notice that the ratio of cardinalities is:
|SET(B)| 1

[SEQ,(B)] ~ KL
Then, we define the SET constructor:
A = SET(B) = | ] SET(B),
k>0
and the corresponding EGF is )
Az) = 37 AR = exp(B(2)).

k>0

3.6 Construction of the cycle
For any labelled class B with by = 0 and k£ > 1, the class of k£ components cycle is
CYCk(B) := {cycles with k elements of B}

This class can be viewed as an equivalence class:

SEQ4(B
Cycy(B) = SE(B)
T
where ¥ is the following equivalence relation:
(Biy -5 Be)T(BY, .. ., By) iff there exists a cyclic permutation 7 € &, such that 3,(;) = f;.

We notice that the ratio of cardinalities is:
|ICycr(B)] 1
ISEQ(B)| k-
Then, we define the CYC constructor:
A:=Cyc(B) = Cycu(B),
k>0

Az =3 %A(z)k — log <1_13(Z)> .

k>1

and the corresponding EGF is

3.7 Examples of permutation classes

P(z) = % — exp <log (L))

This corresponds to the symbolic equation:

3.7.1 Permutations

P =SET(CYC(Z))

This express the classical decomposition of a permutation in a product of cycles with disjoint supports.
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Structure EGF

{e} 1

{2} z
A+ B A(z) + B(z)
AxB A(z) - B(z
SEQ(4) 1—14(2)

SET (A) exp(A(z))
1

Table 3. Small dictionary of labelled combinatorial classes

3.7.2 Involutions

An involution ¢ is a permutation such that 02 = Id. It can be viewed as a product of permutations of size 1 and 2 with
disjoint supports, that is a set of cycles of size 1 or 2. All permutations are defined by: P = SET (CyC (Z)). Involutions
are specified by J = SET(CYC<2(Z)). Then, the EGF is

52
I(z) = exp<z+2)
- S LGy
o n!
n>0
1 - (n) 1 2k n—k
- S (b
n>0 " k=0
M~ 1,
- Y I (1)
n>0 k=0
Extracting the coefficient,
[2"I(z) = 1 i—i— L n—l i-i— +# n-k i-ﬁ-
ol\0/)20 T (m—1)\ 1 J2t T (n—kN\ Kk J2k T
B an/éj 1 (n—z)l
pard (n—1)! ) 28
[n/2] |
n!
Finally, the exact number of involutions of size n is I,, = ZZ:; m

Remark. Finding an asymptotic for those formula will be develop later (Saddle-point analysis).
3.7.3 Derangements
A derangement is a permutation without fix points

D = SET(CYC>1(2))
2 3 1 —z
D(z) = exp <Z2+Z3—|—) = exp (log (1_2> +z) = 16_2
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Remark. The probability for a random permutation of being a derangement is:

dn <~ (D" -1
— = —n—o0 €
Z ]
= k!

Remark. It can be directly done by singularity analysis. The singularity of D(z) is at z = 1. At this point, the asymptotic expansion
of D(z) is

e n!
S0, dp ~ — .
e

4 Recursive classes. Asymptotic of trees

(Covered in 1.5 and I1.5 of the book.)

In the previous examples of class of trees (binary, unary-binary, general), we saw that the generating function is often (or
almost) of the form A(z) = z¢(A(z)). This formula express the classical recursive definition of tree structures.

For example,

e p(t)=1+t+ t2, we have unary-binary trees;
o ¢(t) =1/(1 —t)is for general trees;
Example 10. The Cayley tree is a rooted labelled non planar tree. Its recursive definition is a node and a set of subtrees. So,
T =2Z*SET (7).
T(z) = zexp(T(2)) .

For Cayley trees, ¢(t) = €.

’ How to get easily exact and asymptotic formula? ‘

4.1 Lagrange inversion

Theorem 3. If A(z) = z¢(A(2)), then the tree equation has a unique solution which satisfies:

y" o(y)";

S

Remark. This theorem needs some analytic hypothesis on the function ¢, which are always verified for classical tree examples.
Proof.
Lemma 3. If f(2) = >_,,~ fn2" is analytic, then we have by the Cauchy formula

1 dz
fo=g5- ¢ &)

J. LUMBROSO and B. MORCRETTE, Introducing Analytic Combinatorics, CIMPA Summer School 2014, Nablus 21



A d !
If 2= (2) = L, then by differentiation, dz = 4 y'(y)

#(A(2))  #(y) o(y)  oy)?

Then, the coefficient a,, can be written:

n _ 17 oey)" Ay e (y)
[2")A(z) = 2iw%y ynt! <¢(y) d(y)? dy)

_ L[ o) 1 ]{¢”_1¢'
N 2i7r% y" dy 2im yn—1 dy
[y

1

= "He@)" = " e w)")
If we write ¢(y)" = Y apy?, then (¢(y)") = > papy?~".
Therefore, [2"]A(z) = ap—1 — %(n —Dayp_1 = %an_l.
Finally, [z"]A(z) = X[y""!é(y)". -

4.1.1 Binary trees B=e4+2ZxBxB
B(2) = 1+ zB(z)? does not fit to the specification but if we set C'(z) = B(z) — 1, then C(z) = z(1 + C(2))?. Thanks

to the Lagrange inversion,
n 1 _ 1 2n 1 2n
[2 ]C(z)zg[y" 1](1+y)2n:n( ) = < )

n—1 n+1\n
4.1.2 Unary-Binary trees. U(z) =2(1+U(z) + U(2)?)

1 _ 1 n
wy = [() = STy ) = 2 -
ni+ns+ng=n,ns+2n3=n—1 1,702,743

4.1.3 Cayley trees. T =2+ SET(T)

The tree equation is T'(z) = ze®.

Finally, T}, = n![z"|T(z) = n"" 1.

4.2 Asymptotic for trees: analytic inversion
The following is based on the implicit function theorem (see [2] Prop. IV.5 p.278 and Thm V1.6 p.404).

Theorem 4. IfY (z) = 2¢(Y (2)), with ¢ an analytic function of radius of convergence R, and if there exists a unique T,
0 < 7 < Rsuchthat (1) = 7¢'(7), then, Y (2) is analytic at z = 0, its radius of convergence is p = 1/¢'(1), and Y (z)
has an asymptotic expansion near its singularity p,

Y(2) ~omp T =7V 1= 2/p

where v = \/2¢(7) /" (7).
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4.2.1 Unary-Binary tree U(z) =2(1+U(z) + U(2)?)

We need 1 + 7 + 72 = 7(1 + 27), which implies 72 = 1. So, p = 1/3 and y = /3.
So, for z near 1/3, we have U(z) ~ 1 — V31 =3z
Finally, the singularity analysis leads to the asymptotic
\/g 3n n73/2
5 .

U, NG

4.2.2 Cayley tree T(z) = zeT®)

The equation e” = 7¢” implies 7 = 1. So, the radius of convergence is p = e, and v = /2. Finally,
T(2) ~ome1 1= V2V1 — ez

The singularity analysis implies
e n=3 /2

V2r

Remark. Besides, we know that T}, = n™ ", so it is possible to re-discover the Stirling formula

T, =nl[z"]T(2) ~ n!

n,—3/2
n—1 '6 n /

n ~n!
V2T

5 Other symbolic operators

5.1 Boxed product

Let us defined a modified labelled product, when B is a class with no element of size 0, (by = 0).
A = B« € is the subset of B « € with labels such that the smallest label is in the B component. The generating function

of A is given by .
A(z) :/0 <5tB(t)) C(t)dt.

Example 11. records in permutation, increasing binary trees.
5.2 Pointing and substitution

Those two operations are the same in labelled and unlabelled world.

Pointing. This operator written © points a distinguished atom.
A = O3B means A,, = [1,n] x B,,. Constructing an object of size n in A is choosing an object of size n in B and point
one of the n atoms of this object. Clearly, we have a,, = nb,, so

Az) = zdilzB(z) .

Substitution A = B oC means substitute every atom of B by elements of C. It translates directly into A(z) = B(C(z)).
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6 Multivariate Generating functions using markers

In this course we consider a very simple extension of our combinatorial objects to allow for the analysis of special
parameters in function of the size of an object. For simplicity, we will restrain ourselves to a simple type of parameter that
can be expressed in terms of markers (see [2] III.1 p.152), but the technique is powerful enough to consider much more
advanced parameters, for instance recursive (see [2] IIL.5 p.181) or extremal (see [2] II1.8 p.214) ones.

6.1 Definitions
Definition 5. A parameter x for a combinatorial class A is a function x : A — N.

Example 12. Number of letters in a word, height of a tree, number of disconnected nodes in a graph.

Definition 6. Let A be a class and x be a parameter on A. The bivariate generating function (BGF) associated to this
couple (A, x) is

lal
A(z,u) = 3 290X (unlabelled)  A(z,u) == Y ——uX® (labelled)
a€EA acA ‘al'
Equivalently, we have
A(z,u) = > apgz"u® (unlabelled) — A(z,u) = > amk%uk (labelled)

n,k>0 n,k>0

where
an i = |{a € A such that |a| = n, x(a) =k} .

Qnp,

Notation [z"u*]A(z,u) = a,, 1, (unlabelled) and k (Iabelled).

n!
Remark. When u is set to 1, we obtain the univariate OGF or EGF.
Alz,1) =3 S an k2™ ¥ =3 anz" = A(2) (in case of an OGF).

6.2 Symbolic method

All previous symbolic constructions are preserved when we use multivariate generating functions. Now, in the specifica-
tions, we are allowed to add markers, stickers (e) on the objects.

In the unlabelled world, we still have a direct correspondence for Union, Product, Sequence. In the labelled world, we
also have a direct correspondence for Union, Product, Sequence, Set, Cycle.

Example 13. (Binary words)
We want to count the number of ones in a binary word (with alphabet {0, 1}).

W = SEQ (Zo + Z1), and the bivariate generating function is W (z, u) = m
o = [0 IW (z,0) = )21 - 2(1 4+ )~ =[]0+ u)” = (n> ’

where wy, j; is the number of words of size n with k ones.
W(z,1) = (1 —22)"%, s0 [z"]W(z,1) = 2™
The distribution is now easy to compute:

n n, k
P, [drawing a word with k ones] = gin) = % .
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6.3 Distribution, mean, variance, moments

What is said here applies to all multivariate generating functions, even those obtained with more powerful techniques than
markers (see I11.2 p.156).

Definition 7. (Distribution.) Considering a class A and a parameter , let A(z,u) be its BGF. The distribution of the
parameter , uniformly with respect to the size, is given by

[z"uF] Az, )
=M= TGy

Remark. We always consider that objects of the same size have the same probability to be chosen. For a class A, we consider therefore
a uniform distribution over A,.

Definition 8. (Mean.) For a class A, a parameter x and the associated BGF A(z, u), the expected value of the parameter
X is given by
[2"] (42 A2, 1)) [u=1

["AGz 1)

E.lx] =

Proof.

) (LA W) ey Y (Enskanez™ ) st o035, kage

[2"]A(z,1) n [27] >, anz™ an,
Zk kank (7
= =r " — k—=
ot Ly

= kPu[x =k =En(x)
k

O

Definition 9. (Moments) For a class A, a parameter x and the associated BGF A(z, u), the factorial moment of order r
of the parameter x is given by

Eufx(x—1)...(x —r+1)] = &

In particular, the variance is given by

Example 14. (Binary words)
W(z,u) = (1 —2(14+u))"".

d z z
n w A — n R — n___ <~
1 ()| =6 ()| =l
n—1 1 n—1r_n—1 1 n—1
= = =92
E e R "
Finally, E,, [number of ones| = 27;,,1” = %, which is hopefully the result we expected.

Example 15. (Giving back the change). We have only coins of size 1, 2, and 5. The problem is to know what is the expected number
of coins we receive, in general, when we are returned a total amount of n, and when the probability of drawing a coin is the same,
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whatever the size (1, 2, 5) of the coin. The specification is in the unlabelled world, and the back given money is just a sequence of coins
of size 1, then a sequence of coins of size 2, and finally a sequence of coins of size 5. On the specification, we choose to mark the
number of coins of size 2.

D = SEQ(Z) x SEQ (¢2°) x SEQ (2°)
So, the corresponding generating function is:

1 1 1
(1—2) (1 —wu2?)(1—2°)"

D(z,u) =

The cumulative function C(z) := -L D(z,u)|u=1 is given by

2’2

S TR s

All the poles of this function are on the circle of convergence |z| = 1. But, the singularity z = 1 is the only dominant singularity
because of its multiplicity (which is 4.). So, the subexponential term of asymptotic is n* — 1 = n>. The constant factor is given by the
asymptotic equivalent near the singularity z = 1,

1 1 n
(I1—2)4(1+42)2(1+2+22+23+2%) 22.53!°

O(Z) ~Nz=1

With the same technique of singularity analysis, we find [2"]D(2) ~ 55 %
So the expected number of coins of size 2 verifies E,, [coins of size 2] ~ &.
The same analysis can be done for the expected number of coins of size 1 and 5, and we find:

E, [coins of size 1] ~ a , E,[coins of size 5] ~ -
3 15
So, the expected number of coins is [, [number of coins] ~ 2(1+1/2 4 1/5) ~ 12

7 Tree statistics

Example 16. (Root degree of a rooted tree or "Cayley tree", [2] Ex III.12 p.179).
The aim of this problem is to find the average number of children at the root of a Cayley tree.
Specification:
T® = Z % SET (e7)
T =Z%SET(7)

So the generating functions satisfy

T(z,u) = zexp (uT'(z))
T(2) = zexp (T(2)

The derivative is £-7(z,u) = 27T'(z) exp(uT'(2)). So, for u = 1, we have an expression for the cumulative function

%T(z,u)hﬂ — T(2)zexp(T(2)) = T(2)? .

Using the Lagrange inversion, we find the coefficient of z":

" T, Whemt = [T = 2 2™ =

2 n"
n(n—2)"

Finally, since, T(z,1) = T((z) = 3_, n" ' 2, the expected number of children at the root is given by

n!?

. [Zn]diT(Z,u)|u:1 on" 2 n!
E, [children at the root] = u - . 91—
[children at the root] T ) R =21 a1 (

)

L
n
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Conclusion: in general, a rooted tree has 2 children at the root!

Remark. Note that a nice direct proof (volunteered by Colin McDiarmid during the lecture in Oxford) exists, which uses the well-
known fact that in a graph G = (V, E), where V is the set of vertices and E the set of edges, > _., deg(v) = 2|E|. Let r be the

veV
root,
E,[deg(r)] = Z P, [v is root] deg(v)
veV
= 1 Z deg(v) [all vertices equiprobably the root]
n veV
= M [total degree formula]
n
1
=2 (1 — ﬁ) [a tree has n — 1 edges].

Indeed, direct methods can generally be simpler (especially for the toy examples considered in this course to illustrate our methods),
but analytic combinatorics generally presents the advantage of providing a generic “one size fits all” method to tackle combinatorial
problems which can be specified.

8 Permutation statistics

We can use all the concepts previously presented (EGF, BGF, symbolic method and singularity analysis) for the study of
some statistics on permutations.

8.1 Prisoner’s dilemma

Puzzle A hundred prisoners, each uniquely identified by a number between 1 and 100, have been sentenced to death.
The director of the prison gives them a last chance. He has a cabinet with 100 drawers (numbered 1 to 100). In each,
he’ll place at random a card with a prisoner’s number (all numbers different). Prisoners will be allowed to enter the room
one after the other and open, then close again, 50 drawers of their own choosing, but will not in any way be allowed to
communicate with one another afterwards. The goal of each prisoner is to locate the drawer that contains his own number.
If all prisoners succeed, then they will all be spared; if at least one fails, they will all be executed.

There are two mathematicians among the prisoners. The first one, a pessimist, declares that their overall chances of
success are only of the order of 1/2'%° ~ 8. 1073, The second one, a combinatorialist, claims he has a strategy for the
prisoners, which has a greater than 30% chance of success. Who is right?

Remark. This problem, described in [2] Notes II.15 p.124 and II1.10 p.176, takes its origin from a paper by Gal and Miltersen on data
structures [3, 5]. The optimality of the strategy was recently proven in 2006 by Curtin and Warshauer [1].

Solution The better strategy goes as follows. Each prisoner will first open the drawer which corresponds to his number.
If his number is not there, he’ll use the number he just found to access another drawer, then find a number there that points
him to a third drawer, and so on, hoping to return to his original drawer in at most 50 trials. (The last opened drawer will
then contain his number.) This strategy globally succeeds provided the initial permutation ¢ defined by o; (the number
contained in drawer ¢) has all its cycles of length at most 50. The probability of the event is

100 z 2 G -
p=|z ]eXp<1+2+"'+50):1_Z‘:0'3118278206'
j=51

Do the prisoners stand a chance against a malicious director who would not place the numbers in drawers at random? For
instance, the director might organize the numbers in a cyclic permutation. [Hint: randomize the problem by renumbering
the drawers according to a randomly chosen permutation.]
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8.2 Average number of cycle

Recall that the class of permutation can be seen as a set of cycles: P = SET(CYC (Z)). We want to count the number of
cycles, so the specification becomes P = SET (eCYC (Z)) . The corresponding BGF is

Po(2,u) = exp (u log (1_1Z>) = (1—2)™" while P(2) = 7 i -=) ni="

n!

The average number of cycles is given by

n![z”]%Pc(z, )| u=1
nl[z"|P(z)

d 1 1 1 1
Q(z) == %Pc('zau”u:l = log <1—z> exp <u10g <l—z>> lu=1 = 1—> log (1 — z) .

Lk
[E,,[number of cycles] = [2"]Q(z) = [2"] <Z Zl) (Z k)
i &

11 1
= n p - - -
[z]E z (1+2+3+...+p>

p

E,, [number of cycles] =

So,

"1
=1

8.3 Number of cycles of size r

Let d,- be the number of cycles of size r in a permutation of size n. In the specification of a permutation, we now want to
mark only the cycles of size 7.

P4, = SET((CYC(Z)\{CYC.(2)}) + {eCYC,-(2)}).

The corresponding BGF is

1 2" z" 1 2"
Py (z,u) = exp <log (1—2) - + ur> =1 ((u - 1)r> .

k_n
[uF2"| Py (2,u) = m% is the probability that a permutation of size n has exactly k cycles of size r. This

function P, _(z,w) has a singularity at z = 1, so using the transfer lemma (Theorem 2),

1
[u* 2" Py (z,u) ~ [ukz"]liefl/re“ﬁ
—z

11 —-1/r
~ e

So, we conclude saying the number of cycles of size r in a permutation of size n follows a Poisson law of parameter %

1
SO, d, ~ Poisson (> .
r
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Remark. (Expected number of cycles of size r)
In order to find this quantity, we have several option. As we know d.. follow a Poisson law of parameter ! when n — oo, we can
directly say that E,, (d,) ~ r~'.

Or, we can use the asymptotic of the cumulative function Cy,.(z) = %Pdr (z,u)|u=1-

1 27 1 2"

Ca,(2) = l—zr rl—2z
So,
~_ nl[z"]Cq,(2) |, Lt 11
E,(d,) = = [2"]Ca,(2) = T[z ]71 — = forr € {1,...n}.

This expression is exact, so it is possible to conclude on the average number of cycles in a permutation:

n

E,, [number of cycles] = ZEn(dr) = Z % ~n—oo log(n) .
r=1

r=1

9 Statistic on mappings (or functional graphs)

This topic is broached in the book in several parts: decomposing the functional graph structure into a symbolic specifica-
tion is explained in I1.5.2 p.129; an analysis of various parameters is explained in VIL.3.3 p.462.
We define M the class of mappings (or functions) by

Mp={f:{l,....n} > {1,....n}}.

We will represent a mapping of M,, by a graph with n vertices, and there is an edge between two vertices, from ¢ to j, if
f(i) = j. The class of graphs we obtain is called functional graphs, and it can be viewed as graph where every vertex has
outdegree 1.

Starting from a vertex z, let us apply several times the function f: z, f(z), f?(x), ... At some point, since the domain is
finite, this construction will loop back on itself. Repeating the process for all vertices, we thus construct the whole graph. It
is generally composed of several connected components; each component is an oriented cycle of points (possibly reduced
at only one point), and at each point of the cycle is hung some (possibly empty) tree structure, where the edges of a tree
are oriented in direction of the root. These tree structures are rooted non-planar trees (without order on its children), so
they are Cayley trees. The specification derives from this description:

M = SET(CYC (7))
T =2 SET(T)

The corresponding generating functions are

o)) -
T(z) = z-exp(T(2))

We study the following statistics on this structure of functional graph:
1. 77 is the number of cycles (connected components);
2. 7y is the number of cyclic points (vertices of the cycles);
3. 73 is the number of points without preimages (leaves of the Cayley trees).

So we will consider three bivariate generating functions, called M;(z,w) for i = 1,2,3. The goal of this study is to find
the expected value of each parameter ;. We know the expression of the expectation:
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where C;(z) is the corresponding cumulative function C;(z) := - M;(2,u)|,=1. The total number of mappings is

m, = n", and therefore the expression of the expectation reduces to

E.[vi] = Z—'[z"]Cl(z)

n

9.1 Expression of the BGFs

We have to find the symbolic specification for each parameter ;.

Number of cycles: v,

My = SET(sCYC(T))  so  My(zu) = exp (u log (1_1T(z))> .

So,
d 1

1
Ci(z) = gz )| =g los (1—T(z)) '

u=1

Number of cyclic points: -

My = SET(CYC(sT))  s0  Ma(zu) = exp (log (liﬂ@)) .

So,
T(z)

Ca(z) = ng(z,u) A=TEE

du

u=1

Number of points without preimages: -3

As stated previously, a functional mapping may be viewed as a set of cycles of Cayley trees. These Cayley trees may be
reduced to a root-leaf. The leaves of these trees do not have a preimage, except if they are root-leaves, since the latter
belong to a cycle; we must therefore take care of removing the root-leaves when counting the points without preimages.

M3z = SET (CYC (‘?)) where 7 is the class of Cayley trees where the leaves but not the root are marked. Let T be the
class of Cayley trees where all leaves and the root are marked. The specification is

M3 = SET (CYC (§)>
T=T \ {e2}
T = (2xSE1(d) \ {2}) + {o2}

The corresponding bivariate generating functions are

1 1
M;5(z,u) = exp <10g (1 _’f(z,u)>) - 1 _*f(z,u)

T(z,u) = T(z,u) — uz
T(z,u) = zexp (f(z;u)) +(u—1)z.

So, the cumulative function can be expressed and we find

2T (z)

C3(2) = ng(z,u) A=TER

du

u=1
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9.2 Expected values

All three cumulative are expressed in terms of the tree function 7'(z). The asymptotic behavior is dictated by this function.
But, we have already study this function and its singularities (section 3.2, analytic inversion theorem for trees). We know
that the dominant singularity of T'(z) it at z = ¢!, and near this singularity, 7'(z) admits an asymptotic development

T(z) ~ 1—vV2V1—ez.

1

Number of cycles: v,
n! n! 1 L
_ n — [ 1
Enln] = 2 B"G () = Sole" e o (1 - T(z))
n! 1 1
RVl — ez V21 —ez

nl e” ("] 1 o 1
~— z

n" 22" (1 — 2)4/2 t\1->
n! e nl/? 1
e og(n) ~| =1
W 273 T(2) og(n) ~| 5 log(n)

Number of cyclic points: -

n! n! T(z)
En T ron _ (.
[72] n [Z ]CQ(Z) nn [ } (1 — T(Z>)2
L
n" 2(1 —ez)
Ei[ n] 1 n
nn 2 U1 =) 2
Number of points without preimages: 3
n! n! 2T(2)
En 2] = —— [0 _ Ty 2t \<)
sl = 2 ["103() = "l
n!. et
~ P s o
n 2v/2(1 — ez)3/
n! ene~! - 1 nlete~! nl/?
~ — z ~N —,: ~| =
n" 2/2 (1—2)3/2 nn-220(3/2) e

10 Probability of being a connected graph

This section is treated as Example IL.5 p.138 in [2].
Generating function are used here only as formal objects. Indeed, the functions are implicit and their radius of convergence

is 0. However it is still possible to use them in computations.
Let G be the class of labelled graphs. Take G € G a graph with n vertices. We have (g) possible edges, and for each

edge, we decide to choose it or not. So the total number of labelled graphs with n vertices is g, = 2(2). This gives for
the generating function:
n Zn
Gz)=Y 2<z)H .

n>0
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Let K be the subclass of § of connected graphs. As a graph is the set of its connected components, the symbolic method
provides the following equation § = SET (X). With K(z) the EGF of X, this translates to G(z) = exp(K(z)). By
inversion, we can formally write

K(z)=log | 1+ ZQ(E)Z—

n!
n>1

And using the formal definition of the log, log(1 + u) = u — u?/2 + u3/3 + ..., we can express the number k,, of
connected graphs with n vertices as

kn, = nl[z"|K(z) = nl[z"]log | 1 + Z 2(3) %T:

n>1

"] |

<n1?n2)2("21)2(n22) + é Z (nl, :27 n3>2("21)2(n22)2(n§) L

ni+nz+nzy=n

= —%n![z”] S o) +%n![z"] 22(9% 4o

n! 2(3)
n>1
WHNEEEY
2
ni+n2=n

n

In these sums, there are only a few dominant terms. Indeed, the sequence (2(2) ) increases exponentially:
n

(n+1

') = ona(3)

So, in the first sum, only the first and the last term are meaningful with regard to the asymptotic; (that is ny = 1 and

ng =n —1,0orny = n — 1 and ny = 1). The others terms and the other sums are all included into a o (2(3)2_") So,

ko =20) (1= 202" 4 0(277)) .

Finally, almost all labelled graphs of size n are connected:

kn
P, [a graph is connected] = —~ ~ 1—2n27" — 1.

g" n— oo n—oo

11 Saddle-point method

What can we say about the asymptotic of coefficients of a generating function without singularities ?

Let f(z) = >_,,>0 fnz" be a generating function with no singularities: it means that f(z) is analytic in C. The only
formula we can use is the Cauchy formula for coefficients:

1 f(z)dz

=g f T

where the integral is evaluated around some contour which encompasses 0. The theory says that any contour around 0
can be used. The saddle-point method relies on a good choice of contour in order to make an approximation, and an

asymptotic expansion.

The integrand is g(z) = an(i)l This function has a pole at z = 0. Furthermore, let us assume that f is a C-analytic (or

entire function) with positive coefficients, and that g(z) grows to infinity when |z| tends to infinity. Let us recapitulate

the geography of the problem. The real function Zf(i)l has a peak at z = 0 and an other peak when z — oco. Therefore,
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between these two peaks, there exists a point p where ¢’(p) = 0. This point has the smallest height among the points of
[z, g(x)], with 2 €]0, co[. At z = p, the derivative of g(z) viewed as a function of z complex also vanishes. The graph of
the function |g(z)| in the neighborhood of z = p is looking like a saddle (or a pass in mountains). The point (p, g(p)) is
called a saddle-point 3

Definition 10. (Saddle-point.) A saddle-point 2 of a function f is a point such that f(z9) # 0 and f'(zg) = 0.

Saddle-point approximation is used when, along a suitable contour going through the saddle-point, the integrand is negli-
gible except in a small neighborhood of the saddle-point. In this case, it is easy to evaluate contour integrals of the form
$ eM#)dz. Indeed, for such integrals, we locate the saddle-point zy where h/(zy) = 0, and then, around this saddle-point,
we use the Taylor expansion of h(z)

h(z) = h(zo) + %h”(zo)(z — )2+ 0((2 — 20)?).

So, for the evaluation of the contour integral, we cut the contour into two parts: a part C; in a small neighborhood of the
saddle-point zg, and the other part C (the rest of the contour encompassing 0). For the part C;, we use the Taylor expan-
sion of h(z), then the constant term "(*0) can be extracted of the integral, and the rest of the integral is easy to evaluate
(directly related to | et dt). At this point, it is often possible to show that the integral on the part Cs is exponentially
negligible.

Saddle-point technique Let f(z) =Y f,2". Let us note exp (h(z)) = an(i)l .
Find ¢, such that h'(¢,,) = 0, that is
f'(Gn)

o) T

This gives an asymptotic expression for the coefficients,

f(Gn)

o™ G i)

11.1 Exponential and 1/n!

If f(z) = €, we already know that ["] f(z) = ;. The function f has no singularity so we can, as an exercise, use the
saddle-point method. Let h(z) = log an(i)l =z—(n+1)log(z).

So, h/(z) =1— 2t and h”(2) = %51, B/(¢,) = 0 implies ¢, = n + 1.

So, we can deduce an asymptotic for the factorial

1 enJrl

nl " (a2 (0t 1)

Then, we put one factor (n + 1) inside the square root, put the factor n™ outside, and use the equivalent (1 + 1/n)™ ~ e,
and we find

1 e’

—_—~

n! n"\/2mn

3We assumed that the coefficients of f(z) are positive, which implies that there is only one saddle-point on the real positive axis; as a counter-
example, think of sin(z)/2z"11. Moreover, this saddle-point will be dominant; see an example Section 11.2 below. In general, the function f(z)/z"+!
has many saddle-points.

J. LUMBROSO and B. MORCRETTE, Introducing Analytic Combinatorics, CIMPA Summer School 2014, Nablus 33



11.2 Number of involutions: asymptotics
Remember that the generating function of the involutions is I(z) = exp (z + §> This gives directly

[n/2)
I, " 22 1
o~ e <Z+2> - ; A (n—20)1 2"

We want to find an asymptotic equivalent of 7,,.
The function (z) has no singularity, so we use the saddle-point method. Let exp(h(z)) = I(z)/z""1, which gives

2 1 1
hz) =2+ 2 = (n+1)log(2), W) =1+2- 202wy =14+222
z V4

The derivative cancels for the roots of 22 + 2z — (n + 1). The positive saddle-point is —1/2 + 1/21/1 + 4(n + 1). When
n tends to infinity, it is sufficient to know an asymptotic equivalent of the saddle-point, namely

We obtain an expression for [2"]I(z)/n!, the probability that a permutation is an involution,

I, eI(Cn) en/2+\/ﬁ—1/4 n—n/2

" k(G 2/mn
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Introduction

Probability and theoretical Computer Science interact in many ways: from stochastic algorithms such as ethernet
to analysis of algorithms on average. This course aims at presenting two very classical objects in probability theory:
Markov chains and martingales through their applications in Computer Science. Our goal is not to give the complete
theory, but only to give definitions, basic results and numerous examples. Not all proofs will be developed.

Let us start with a story. John gets out of a bar in Manhattan and wants to go to his hotel. He his so drunk
though, that at each crossing, he does not remember where he comes from and choose one road out of the four at
random. The next crossing he visits thus only depends on where he is now and what will be his decision, but it
does not depend on the past. This is the heuristic of a Markov chain: the future only depends on the present and
not on the past. Random walks are the classical example of Markov chains, and we will prove in this course that,
John will almost surely reach his hotel in finite time — whereas a drunken fish in a 3D undersea Manhattan would
almost surely never find his hotel.

A martingale models a fair game: let us say you play heads-or-tails against you banker. Each time you toss a
coin, if its heads, you win one peso, if its tail, you loose one peso. If the coin is fair, your expected wealth after the
next toss is equal to your actual wealth. This is the heuristic definition of a martingale.

The course is divided into 4 sections: the two first ones concern discrete time Markov chains and martingales,
while the two last ones detail continuous time versions of both objects. The discrete time objects being less intricate,
we will study them in full detail. Instead of studying continuous time Markov chains in full generality, we will focus
on queuing processes, very useful in Computer Science and which study is more basic. In all sections, our aim will
be to state convergence results for the considered stochastic processes.

Prerequisites for this course are elementary probability: in particular conditional expectation, convergence of
sequences of random variables. It could also be useful to know about o-algebras, even if a heuristic description

should be enough.

This course does not aim to be exhaustive. Many references are available to go further: one can for example
cite the following

[Norris] J. R. Norris: Markov Chains. Cambridge University Press, 1998.
[Williams] D. Williams: Probability with Martingales. Cambridge University Press, 1991.

[Steward] ~W. J. Steward: Probability, Markov Chains, Queues, and Simulation: The Mathemati-
cal Basis of Performance Modelling. Princeton University Press, 2009.
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FIGURE 1 — The simple random walk on Z.

1 Discrete time Markov chains

1.1 Definitions and first properties

Markov chains can be defined on any space: discrete or continuous. In this course, we will only treat with discrete
state spaces, but one has to keep in mind that Markov chains exists as well on R, for example. But in the following,
FE will always be a discrete space.

Definition 1.1

A matrix P = (pgy)zyck Is a stochastic matrix if, for all z € E,

meyy = 1.

yeE

Definition 1.2

Let P be a stochastic matrix on E. A sequence (X,,)n>1 of random variables taking value in E is a Markov
chain of initial law po and transition matrix P if

(i) Xo has law pg, and,
(ii) for alln > 0, for all x € E,

P(Xn+1 = (E|Xn7 e 7)(0) = P(Xn+1 = (E|Xn) :pxmm.

Proposition 1.3

Let (X,)n>1 be a Markov chain of initial law po and transition matrix P. Then, for all n > 0, for all
To,...,Tn € F,
P(X, =2p, Xpnm1 = Tn1, ..., Xo = o) = (20)Pzg.z1 - - - Prn1,20-

Example 1.1: The simple random walk on Z (cf. Figure 1).

Wild Bill Hickok plays heads or tails against his banker. His honesty is so much renowned that his banker allows
him an infinite credit: he will eventually pay his dept after arresting some wanted outlaw. At time 0, Bill owns z
dollars. Each time Bill tosses a coin, he earns one dollar if its heads and looses one if its tails.

If we denote by X,, the number of dollars Wild Bill owns after he has tossed his n*" coin, the sequence (Xn)n>0
is a Markov chain on F = Z. Its initial law is pg = 6., and its transition probabilities are defined as follows: for all
1 €7,

Piiv1 = /2
Piic1 = Y2
Dij = 0 forall jé¢{i—1,i+1}

Example 1.2: Umbrellas management in England.
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TR

FIGURE 2 — A realisation of the random BST from time 1 (on the left) to time 5 (on
the right).

I own n umbrellas (n is reasonably large because I live in England). At the beginning of the year, all my
umbrellas are at home. Every morning, I go from home to work and every evening from work to home. If it rains
when I leave home, and only if it rains, I take one umbrella with me. If it rains when I leave work, and only if it
rains, I take one umbrella with me. And each time I leave a building, it rains with probability p (independently).

If we denote by X,, the number of umbrella I have at home at the n*" night of the year, then X,, is a Markov
chain on £ = {0,...,n}. Can you find its probability transitions? For all i € {1,...,n — 1}

Dii—1
Dii+1
Diyi =

Di,j = 0ifj¢{i—1,4,a4+1}

And don’t forget the extremal cases i = 0 and i = n.

Example 1.3: Ehrenfest’s urn

Snowy and Snoopy have fleas: in total, there are N fleas. Each day, a flea chosen at random amongst the NV
fleas jumps from one dog to the other.

Let us denote by X,, the number of fleas on Snowy on the n'* day. The sequence X, is a Markov chain of
transition probabilities

Dii—1 = YN
Piit1 = 1—7N

Example 1.4: The Binary Search Tree (cf. Figure 2)

The random BST is defined as follows: At time 1, it is a single node. At each step, a leaf of the tree is picked
up uniformly at random and becomes an internal node with two leaves as children.

If we denote by T, the random binary search tree at time n, then (T},),>0 is & Markov chain on E, the space of
binary trees. Can you understand its transition probabilities?

Theorem 1.4 (Markov property)

Let (X,,) be a Markov chain of transition matrix P and initial law po. Then, forallm > 1, (Xptn | Xos- -+, Xm)n>0
is a Markov chain of transition matrix P and initial law 0x,,.

1.2 Stationary probability and reversibility
Definition 1.5

A probability measure m on E is a stationary probability of a Markov chain of transition matrix P if and
only if

P =,
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ie forallz € E, Z TyPy,xc = Tx.
yeE

The existence of such a stationary probability is not guaranteed; it is for example interesting to prove that the
simple random walk on Z does not admit a stationary probability.

Example 1.5: Umbrellas management in England.
The probability transitions of the umbrellas management problem (cf. Example 1.2) are given by: for all
1e{l,...,N -1}

piiv1 =p(l—p) Poi =P pnN-1 =p(l—p)
pii-1 =p(l—p) Poo =1—p  pNN =1-p(1-p)
pii  =1-2p(1—p)

Dij ZOifj§§{i—1,i,i+1}

Thus, to be a stationary probability of this Markov chain, 7w has to verify
mo =p(1 —p)m + (1 —p)mo
v =p(l —p)rn_1+ (1 = p(1 —p))7N
and, for all i € {1,...,N — 1},
m =p(l —=p)mi—1 + (1= 2p(1 = p))mi + p(1 — p)Tit1.

It implies that
mo=(1—-—p)m and 7N =7N_1,

and, for all i € {1,...,N — 1}, 2m; = m;—1 + m;+1, which implies

1 1—
m:m forallie{l,...,N}andWO:N_];.
The unique stationary probability of this Markov chain is this almost uniform law on {0,..., N}.

Example 1.6: Ehrenfest’s urn.
To be a probability distribution on the Ehrenfest’s urn defined in Example 1.3, 7 has to verify:

1 1

Nﬂl» TN = N”N—l,

Ty =

and, for all i € {1,...,N — 1},

then, 7 is a stationary probability of the Ehrenfest’s urn.
Definition 1.6

A Markov chain of transition matrix P is reversible according to a probability measure m if and only if, for all
z,y € F,

TaPry = TyDy,z-
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Lemma 1.7

i
If a Markov chain is reversible according to a probability measure 7, then 7 is an stationary probability of this
Markov chain.

Proof. Recall that 7 is invariant for a Markov chain of transition matrix P if and only if 7P = w. Consider a
Markov chain of transition matrix P and assume it is reversible according to 7. Then,

E TyPy,x = § TzPry = Ta,

yeE yeE
which implies that 7 is invariant for the considered Markov chain. O

If (X,)n>0 is a Markov chain reversible according to m and with initial distribution =, then, for all n € N, the
random vectors (X, ..., X,) and (X,,...,Xp) have the same law.

1.3 Recurrence and transience
Definition 1.8

An absorbing state of a Markov chain (X, )n>0 Is a state © € E such that p, , = 1.

Let (X,,)n>0 be a Markov chain of initial law gy and of transition matrix P. For all n > 1, let p;”; =P(X, =
y|Xo = z) = P,(X,, = y). Then, the n*® power of the transition matrix P is given by

Definition 1.9

A Markov chain of transition matrix P = (py,y)zyck is irreducible if and only if, for allz,y € E, the probability
that a Markov chain starting from x eventually reaches y is positive, i.e. if and only if, for all x,y € E, there

exists n > 0 such that pé’@j > 0.

The examples of Markov chain introduced in Section 1 are all irreducible, except the Binary Search Tree Markov
chain.
The reaching time of a state x € E is defined and denoted as follows:

T, = inf{n > 1| X, = «}.

Definition 1.10
Let (X,,)n>0 be a Markov chain, a state x € E is

e recurrent for this Markov chain if P(1, < +00) = 1;

e transient for this Markov chain if P(7, = +00) = 1.

A Markov chain is recurrent (resp. transient) if all its states are recurrent (resp. transient).

For all x € E, let us denote by N, = ano 1 x, —, the number of visits of the Markov chain (X,,),>0 at state z.

Proposition 1.11

Let (X,,)n>0 be a Markov chain of transition matrix P. Then:

(i) If x € E is transient, then P, (N, < +00) = 1, Zn>0p§2 < 400, and, conditioned on {Xog = 2}, N, is a
geometric random variable of parameter P, (7, = +00).
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(ii) If x is recurrent then P, (N, = +o0) =1 and ano p;"% = +00.

(iii) If the Markov chain (X,,),>¢ is irreducible, then it is either recurrent or transient. In the first case, for all
x € E, P(N, = +00) = 1. In the second case, for all x € E, P(N, < +00) = 1.

Proof. First of all, remark that
P, (7 = +00) =P, (N, = 1).

For all m > 1, let us denote by ngm) the time of the m'™ visit of the chain into : Tg(gl) ‘= T, and

.

™ = inf{i > 7™V | X; = z}.
Remark that, for all m > 1,

]Pm(Nz > m) = Z Pm(NI > m and ngm) = S)

s>m

:ZPm i]lxizzzmandXS:xand Z Tx,—p>1

s>m i=1 i>s+1
:ZPm<Z]lXi_x:mandXS:m>Pm Z]lXi:x>1
s>m i=1 i>1

=P, (N > m)Py (N, > 1).
Thus, if we denote by p := P, (1, = +00) = P, (N, = 1), we get, for all m > 0,
P.(Ny >m)=(1-p)™.

it immediately implies that
Py (Nz =m) = p(1 _p)m_1~

Finally, note that

EN, = > Po(X;=2)=> pli).

i>1 i>1

(i) If = € E is transient, then p > 0, and conditioned on {Xo = z}, N, is geometrically distributed with
parameter p, which implies that its expectation is finite.
(#) If x is recurrent, then p = 0, P, (N, = +00) = 1 and the expectation of N, is infinite.

(#i1) Let « and y in E. Note that since the chain is irreducible, there exist ny,ns > 0 such that pgf;) > 0 and

p{"2) > 0. In addition, for all n > 0,
(n1)

(n+ni+na2) > pg(]fj)pz,xpx,y ,

Dy y

which implies that the two series ) - p;nz and ) <, p?(,”; have the same behaviour. Therefore, an irreducible
chain is either recurrent or transient. -
If the chain is transient, then, for all x € F,

P(N, = +00) = Y P(r, = 5)Po(N, = +00) = 0.
s>0

The recurrent case is more complicated and left to the reader. O

C. MAILLER, Markov Chains, Martingales, Discrete Structures, CIMPA Summer School 2014, Nablus 43



Example 1.7: The simple random walk on Z is recurrent (cf. Example 1.1)

For all n > 0,
(2n) 2n\ 1 _ n
Poo = (n ) oo = Cat,47",

with Cat,, = n%H (27?) Recall that Cat,, ~ n~%24" when n — +o0, thus,
> o =
n>0

which implies, by Proposition 1.11 lemma that 0 is recurrent. Since the simple random walk is irreducible, we can
conclude that the whole chain is recurrent.

Remark: It can be proved that the simple random walk on Z?2 is recurrent as well, but that the simple random
walk on Z?3 is transient. In fact, for all d > 3, the simple walk on Z¢ is transient.

Definition 1.12
Let (Xn)nzo be a Markov chain of transition matrix P. The period of a state x € F is the acD of {n >

0 \pT + > 0}. A state is said to be aperiodic if its period is 1 and periodic otherwise. A Markov chain is
aperiodic if all its states are aperiodic.

Proposition 1.13

Let (Xy)n>0 be a Markov chain of transition matrix P, then:
(i) If x € E is aperiodic, then p&”; > 0 for all n large enough.

(ii) If (X,,)n>0 Is irreducible, it is aperiodic as soon as one of its states is aperiodic.

Proof. (i) Assume that x € E is aperiodic. Let I = {n > 1 | p z > 0}. Remark that I is stable by addition.
There exists K >0, ny,...,ng >0 and ay,...,ax € Z such that n; € I for alli € {1,..., K}, and

K
1= E a;n;.
i=1

Let nq = Zai>0 a;n; and ng = — Zai<0 a;n;. We know that ni,ns € I and ny —ng = 1.
Let n > n%, then, there exists ¢ > no and 0 < r < ng such that

n=gqnas+1=qng+r(ng —ng) =(q—r)ng +rny,

which implies that any n > no belongs to I.
(#i) Assume that x € FE is aperiodic, then, for all n large enough, p(z"% > 0. For all y € E, there exists ny,ne > 1
such that p(nl) > 0 and p(nz) > 0. Thus, for all n > 1,

py(Jn.;-nl +n2) (nz)p;na):pgr;})’

which implies that, for all n large enough, pénﬁ > 0 and thus that y is also aperiodic. O

Recall that 7, = inf{n > 1| X,, = z}. For all € E, we define v(x) =

€ [0,1]. Remark that if (X,,)n>0 is

an irreducible, transient Markov chain, then, for all z € E, v(x) = 0.
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Definition 1.14

A recurrent state x of the Markov chain is positive recurrent if v(z) > 0 and null recurrent if v(z) =0. A
Markov chain is called positive (resp. null) recurrent if all its states are positive (resp. null) recurrent.

Example 1.8: Consider a Markov chain on N starting at 0 and verifying

7 1
=1 dVvVi>1 il = s 0 = ° 5
Po1 s and vi =~ DPiji+1 i1 Di,0 i1
We have
1 1 1
P(ro=1)=0, P(ro=n)= = —— (n>2),

nn—1) n—-1 n

which implies

Z P(rp=n)=1 the state 0 is recurrent,

n>0
Nt 1

Ery = Z nXxX ———— =00 the state 0 is null recurrent.
o n(n—1)

1.4 Ergodic theorems

An event A is almost sure for a Markov chain if, for all state x € E, P,(A) = 1, i.e. if P(A) = 1 for any initial
distribution .

Theorem 1.15
Let (X,)n>0 be an irreducible Markov chain on E.

(1) (Xn)n>o0 Is either transient, either positive recurrent, or null recurrent.
(ii) If (X,,)n>0 Is transient or null recurrent, then, she has no invariant probability, and v = 0.

(iii) For all x € E, we have, almost surely when n tends to infinity,

z": Ix, —»— v(z).
m=0

3=

This result tells you the following: if you are able to exhibit an invariant probability for a Markov chain, then
this Markov chain is recurrent. It thus apply for example for the Ehrenfest urn (cf. Example 1.3) or for the
umbrellas Markov chain (cf. Example 1.2) which are thus both recurrent. Remark that knowing that a Markov
chain admits no invariant probability is not enough to conclude that it is not recurrent: the simple random walk
on Z, for example is recurrent but has no stationary distribution.

Theorem 1.16 (Ergodic Theorem)

Let (X,)n>0 be an irreducible, positive recurrent Markov chain on E, then:

1. v is a probability distribution on E and is the unique invariant probability of (X, )n>0. We moreover have
that v(z) > 0 for all z € E.

2. For all function f : E — R such that f >0 or [, f(z)dv(x) < 400, we have,

1 n
w22 1050 = [ )
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3. If, in addition, (X,,)n>0 is aperiodic, then X,, — v in law when n tends to infinity, and thus, P(X,, = z) —
v(x) for all x € E when n tends to +oo.

Example 1.9: Ehrenfest’s urn.

The Ehrenfest urn is an irreducible positive recurrent chain on {1,..., N}? Therefore, Theorem 1.16 applies as
it can be seen on the following simulations: The figure below is the histogram of the number of fleas on Snoopy
from time 0 to time 100 (resp. 2000, resp. 5000), when N = 50, starting from Snoopy having 50 fleas on it at time
0. The blue curve is the stationary distribution of this Markov chain.

Example 1.10: Umbrellas.

The umbrellas Markov chain described in Example 1.2 is an irreducible positive recurrent chain on {1,..., N}?
Therefore, Theorem 1.16 applies as it can be seen on the following simulations: The figure below is the histogram
of the number of umbrellas at home between days 1 and 200 (resp. 5000, resp. 10000), when N = 16. The red
curve is the uniform law on {0,..., N}.

I olbdll]] TR I

0 5 10 15 S 5 10 15 0 5 10 15

Remark: One can prove that both for a transient and for a null recurrent irreducible Markov chain, lim,,—, y oo P(X,, =
x) =0.

Corollary 1.17

An irreducible Markov chain on a finite space E is positive recurrent and thus, v is its unique invariant
probability and Theorem 1.16 applies.

2 Discrete time martingales

2.1 Definitions and first properties
Let (Q, F,P) a probability space.
Definition 2.1

Let (Fp)n>o0 a filtration of Q, i.e. an increasing family of sub o-algebras of F. A sequence (My)n>o of random
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Zy =3

Zy =15

Z3 =6

FIGURE 3 — A realisation of a Galton-Watson tree.

variables is an F,-martingale if, and only if, for all n > 0,
(i) M, is F, measurable,

(ii) M, is integrable, i.e. EM,, < 400, and

(iii) E[My4+1|F,] = M, almost surely.

In most applications, the considered filtration is F,, = o(My,..., M,), i.e. contains all the information of the
martingale before time n. More generally, given a sequence (X,,),>o0 of random variables, we call the filtration
(Frn = 0(X1,...,X,))n>0 its natural filtration.

Definition 2.2
If (4i4) in Definition 2.1 is replaced by

o E[M,1|F,] < M, a.s., we get the definition of a super-martingale.

e E[M,1|F,] > M, a.s., we get the definition of a sub-martingale.

Proposition 2.3
Let (M,)n>0 be a Fn-martingale, then, for all n > 0, EM,, = EMj,.

What can we say of the sequence (EM,,),>o for a super-martingale (resp. sub-martingale)?

Example 2.1: Simple random walk again
Let (X,)n>0 be a sequence of integrable ii.d. random variables, such that EX; = 0. Can you check that
Sp =>1 , X, is a martingale?

Example 2.2: Galton-Watson tree (cf. Figure 3)

A Galton-Watson tree is described as follows: The first generation is composed of a unique root. Each individual
of generation n gives birth to a random number £ of individuals of generation n + 1, independently from the rest of
the process. We denote by Z,, the number of individuals in generation n: Zy = 1 and, for all n > 0,

Zn

Z'n,—‘,-l == Z&fn)a
i=1
where the (§Z(n))ln are i.i.d. copies of &.
Denote by m = E£, then,
M,=m""2Z,
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is a martingale.

Example 2.3: The profile of the random Binary Search Tree (cf. Example 1.4)

This exercise is inspired by an article by Chauvin, Klein, Marckert and Rouault (2005): Martingales and Profile
of Binary Search Trees, in which martingales are used to get precise information about the shape of the random
BST.

Let 7, be the random BST at time n. For all n,k € N, let us denote by Ni(n) the number of leaves of T, that
are at distance k from the root (i.e. at height k in the tree). We denote by P, (z) the profile polynomial of the BST
at time n, given by

Po(2) =Y Ni(n)z".

k>0

Remark that, if we denote by |¢| the height of a leaf ¢ of a tree, then

P,(z) = Z 24,

LeTn

Can you determine a sequence of rational functions Z,(z) such that (M, := Z, P,),>0 is a martingale?

Example 2.4: Pdlya urn
A Poélya urn is a random process defined by two parameters: an initial composition vector {«, ), and a

replacement matrix
a b
where «, 8,a,b, c and d are integers.

We define the sequence of random vectors (U(n) = (X, Ys))n>0 representing the composition of a two-colour
urn at time ¢, meaning that the urn contains X,, red balls and Y, black balls at time n: The urn contains initially
a red balls and § black balls. At each step, we pick up uniformly at random a ball in the urn. If the ball is red, we
replace it in the urn together with a additional red balls and b black balls. If it is black, we replace it in the urn
together with ¢ red balls and d additional black balls.

Let us assume that the urn is balanced, meaning that a +b = ¢+d = S. It implies that the total number of the
urn at time nis X,, + Y, = a+ S +nS. Let

A\ 7! A -1
Z"_<1+a+,6> "’<1+a+ﬁ+(n—1)5> ’

where A =! R (we assume that all the matrices involved in Z, are indeed invertible). One can then prove that
(M, :== Z,U(n))n>0 is a martingale on R? for its natural filtration.

2.2 Stopping theorems
Definition 2.4

A stopping time with respect to a filtration (F,)n>0 Is a random variable T such that, for all n > 0, the event
{T < n} is F,-measurable.

Example 2.5: Back to Markov chains
Let (X,,)n>0 be a Markov chain on a discrete space E. Let x € E, then 7, := inf{n > 1| X,, = 2} is a stopping
time with respect to the natural filtration of (X, ),>o0.

Lemma 2.5

For all martingale (My,)n>0, and for all stopping time T, the stopped process (M[! := Mysr)n>0 is a

martingale, (where A denotes the minimum between its two terms).

This lemma is also true for sub-martingales and super-martingales.
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Proof. Foralln > 1,
E[Mgﬂ\fn] =E[Myi11lrsn|F) + ElMrLr<, | Fy).

Since {T' > n} and {T' < n} are both F,,-measurable, we get

E[ML | Fn] = E[Myir|[FolLrsy + Mrlre, = My sy, + Mrlr<, = MT.

Corollary 2.6
For all martingale (M,,)n>0 and for all bounded stopping time T, EMy = EM,.

Definition 2.7

Given a stopping time T, we define its o-algebra

Fr={Ae€eF|Vn>0,AN{T <n} € F,}.

Of course, one has to check that Fr is a o-algebra. We omit this proof.

Proposition 2.8

Let (My,)n>1 be a F,, martingale and T a finite stopping time. Then My is Fr-measurable.

Proposition 2.9
Let T and S two (F,)-stopping times such that S < T almost surely. Then Fg C Fr.

Theorem 2.10 (Doob’s stopping theorem)

Let (M,,)n>0 be a martingale, let S and T two bounded stopping times such that, S < T almost surely. Then,

almost surely,
E[Mr|Fs] = Ms.

Proof. It is enough to prove that, for all A € Fs, E[Mr1 4] = E[Ms14]. Let A € Fs. Define
R = S]IA + T]ch.

Remark that for all n > 1,
{R<n}=An{S<nhHU(An{T <n}) e F,.,

which implies that R is a bounded stopping time. We thus have EMr = EMy = EMy. Since
EMt = E[MT]IA + MT]]_CA]
EMg = ]E[Msl].A + MT]]_CA}7

we get
E[M71 4] = E[Ms1 4].
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2.3 Doob’s inequalities
Proposition 2.11

Let (M,)n>0 a non-negative sub-martingale such that EMy < 4+oco. Then, for all « > 0,

EM,,
P(max M; > a) <
i<n (e

Proof. We illustrate the proof by considering the random walk W = (M,,),, Let us denote A = {max;<, M; > a},
(so that A is the event “the random walk W went over level « before time n”), and define, for all k > 0,

Ap = {machl- < a< Mg},
1<

this last event being “the random walk W went over level « at time k for the first time”.
The events Ay are disjoints and we have A = UZ:O Aj,. Therefore

E(Mp1a] =) E[la,M,] =Y E[LaE[M|F]]=> E[lsM]>a) 1 =aP(A).
k=0 k=0 k=0 k=0
Thus,
P(A) < éE[Mn]lA] <EM,,

since M, is non-negative. O

The following corollary is a consequence of the following fact: let (M,),>0 be a martingale and ¢ be a convex
function. Then, (¢(M,))n>0 is a sub-martingale. Apply this property to the convex function (z — z?) to get the
corollary:

Corollary 2.12
Let (My,)n>0 be a square integrable martingale. Then, for all & > 0,

EM?2
P(max M; > a) < 2".
i<n «

2.4 Convergence of martingales
Definition 2.13

A sequence of random variables (X,,)n>0 is bounded in L? if and only if

sup E| X, |P < +o0.
The sequence is uniformly integrable if and only if

lim E[X,1x, -] — 0,

r——+00
when x — +o00.

Theorem 2.14

A martingale bounded in L? converges in L?, meaning that there exists a random variable M, such that

lim E[|M, — M |*] = 0.

n—-+oo
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Example 2.6: Super-critical Galton-Watson process (cf. Example 2.2).
Let us recall that is Z,, is the number of individuals composing the n'? generation in a Galton-Watson process,
then M, = m~"Z, is a martingale. Let us prove' that this martingale is bounded in L?:

Zn 2 Zn Zn
BlZ |7l = B (Zﬁﬁf’) Rl =B |3 (0|5 4B | S e0ew) 7,
i=1 i=1 i#j

= Zn X E[(€)?] + Z,(Z, — 1) x (EEW)” = Z2(BE)? + Z,Vare.
This gives
EZ2,, =m’EZ2 + m"Varé,  and thus, EM? , =EM? +m " Var,

which implies that the martingale is bounded in L? as soon as m > 1, i.e, as soon as the process is super-critical,
and assuming that & is square-integrable.
Theorem 2.15 (Doob’s Theorem)

Let (My,)n>0 be a sub-martingale such that

supEX, 1 x o < +oc.
n>0

Then, M,, converges almost surely to an integrable random variable M.

Corollary 2.16

Any martingale bounded in L' converges almost surely to an integrable random variable.

It is very important to note that, in the corollary above, even if the martingale is bounded in L' and its almost
sure limit is integrable, there is, a priori, no convergence in L'!
The following corollary is maybe the most useful in practise:

Corollary 2.17

Any non negative super-martingale converges almost surely to an integrable random variable M., and

EM. <liminfEM,,.

n—-+oo

1We give here an alternate proof using generating functions. We recall that £ is the law of reproduction of the individuals. Let
P(s) = Zi>0 P(§ = i)s® be the corresponding probability generating function, and

bn(s) =Y P(Zn = k)s" = E(s7")

k>0

be the probability generating function of the number of individuals at generation n.

If there are k individuals at generation n, the generating function of individuals at generation n 4 1 is ¢* (s), by convolution; this
corresponds to the substitution s* ~- 1% (s).

Therefore,

Oni1(s) = D P(Zn = k)" (s).
k>0

By differentiation and evaluation at s = 1, we get

Gy (1) = E(Zn)E(8),

$ny1(1) = E(Z3)E? (€) — E(Zn)E?(€) + E(Zn)(E(€%) — E(€))
But we also have ¢n+1(s) = E(s%n+1), by construction. Therefore

b1 =E(Znt1) and ¢y (1) = E(Z341) — E(Zn41);

moreover E(Z,) = E(Zn,—1)E(§) = mE(Zn—1) = m™, which concludes the proof.
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Proof. If (M,),>0 is a super-martingale, then (—M,),>0 is a sub-martingale. Moreover, it is a non-positive
sub-martingale, which implies that

sup ]EXn]lxnzo =0 < +o0.
n>0

The Doob’s Theorem thus applies and (—M,,),>0 converges almost surely to an integrable random variable —M,
which concludes the proof. The last inequality is an application of Fatou’s lemma. O

Example 2.7: Galton-Watson process (cf. Example 2.2).

Let us recall that is Z,, is the number of individuals composing the n'" generation in a Galton-Watson process,
then M,, = m™"Z, is a martingale. It is non-negative and therefore converges almost surely to a random variable
M, by Corollary 2.17.

Exercise: calculate the probability of extinction of a Galton-Watson process.
Theorem 2.18

Let (M,)n>0 be a martingale. The three following propositions are equivalent:
(i) M,, converges in L' to an integrable random variable M;

(i) (My)n>o0 is bounded in L' and there exists a random variable M., such that

E[MOO|]:n] =M, (fOF all n > 0);

(iii) (My)n>0 is uniformly integrable.
Such a martingale is called regular. It implies in particular that, for all n > 0, EM,, = EM .

Corollary 2.19

Any martingale bounded in LP (p > 1) converges almost surely and in LP.

Proof. Let (My),>0 be a martingale bounded in LP: then, for all z > 0
E[|M[?) = B[ My P Loz, >0] + B[ Mo [P L, <o] > EIME g, 0] > 2P E[My Loy, >0].

Since (M,,)n>0 is bounded in LP, there exists a constant C' > 0 such that

—0

C
E[MLar,>0] < —

when z — +o0, because p > 1. Thus (M,),>o is uniformly-integrable and Theorem 2.18 applies: (M,,),>0 is
bounded in L' and there exists a random variable M, such that

E[My|Fn] = M, (for all n > 0).

By Fatou’s lemma,
E[|Mw|?] = Elliminf |M,,|?] < liminf E|M,,|? < K,
n—-+o0o n—-+oo

where K, < 400 is a constant. Therefore, if we denote by | - ||, the L,-norm (|| X||, = (E|X[?)"?),
E|My, — Moo|P < (| Mallp + | Moo |lp)? < (2K,/")P < +o0.
Therefore, by dominated convergence,

lim E|M, — M| =E lim |M, — My|? =0,
n——+4oo

n—-+oo

implying that M,, converges to My, in LP. O
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3 Continuous time Markov processes

The aim of this section is not to introduce Markov processes in full generality: we will only focus on jump Markov
processes and their main application to queuing theory.

3.1 Definitions

Let E be a discrete state space. Let (Zy,)n>0 and (Ty,)n>0 be two sequences of random variables such that 0 = Ty <
Ty <...,T, = 400 when n — 400 and Z,, € F for all n > 0.

Definition 3.1

The random function

X = Z Z"]l[TwT'Hrl[(t)

n>0

is called the random jump function associated to the sequences (Z,)n>0 and (I),)n>0-

Definition 3.2

A random jump function (X;);>o is a jump Markov process if, for all 0 < s < t, for all n > 0, for all
to < ti,...,tn <s, for all xg,x1,...,Tpn, 2,y € E,

P(X;=y|Xt, =x0,...,Xt, = and X, =z) =P(Xy =y | Xs; = ).

n

If, in addition, P(X; =y | X5 = z) only depends on x,y and (t — s), then the jump Markov process is called
homogeneous.

In the following, we will only consider homogeneous jump Markov processes, and we will denote
P, y(t—s)=PX;, =y | X;=ux).

For all t > 0, the matrix P(t) = (Pyy(t))s,yck is the transition matrix of the process (X;):>o at time ¢t. We
denote by (u(t)) the law of the random variable X, for all ¢ > 0.

Proposition 3.3

Let (Xy)i>0 be a (homogeneous) Markov jump process on E, with initial law p(0) = p and transition matrix
(P(t))t>0- Then, for all 0 < s < t,

() u(t) = u(®)P(t)
(ii) P(s+t) = P(s)P(t) (semi-group condition)

Example 3.1: Poisson process.
A Poisson process (N;)¢>o is a Markov jump process on N, with transition matrix

(A"
e if y > x,
Poy(t) =4 (y—a) y=
0 otherwise.

Example 3.2: Let (7},),>0 be a Poisson point process on [0, +o0o[ with intensity A and let (Z,),>0 be a discrete
time Markov chain on E, of transition matrix P, independent of (T},),>0. Then, the continuous time process

Xt = Z Zn]l[Tn,Tn+1[
n>0

is a Markov jump process. Can you determine its transition matrix?
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The semi-group property tells us that the transition matrix (P(t));>¢ is determined by its values for small ¢ > 0.
Said differently, it is determined by its derivative at 0:

Definition 3.4

Let (P(t))i>0 be the transition matrix of a Markov jump process (X;);>o. Then, there exists Q = (Qz,y)zyeE
called the generator of (X;);>o, such that

(i) Quy = 0ifz#y,

(ﬁ) Qx,z = Zy;ﬁx Qa:,y <0,
(iii) Py y(h) = hQquy + o(h) when h — 0, if z # y,
(iv) Py z(h) =1+ hQq 5 + o(h) when h — 0.

One can see () as the rate with which the Markov jump process will jump from site z to site y.
Theorem 3.5
Markov property Let (X;)>0 be a jump Markov process of generator Q). For all real ty, the process (Xi,41)t>0

is a Markov process of initial law dx, .

If we forget time and just focus on the successive positions of the process, we exhibit the underlying Markov
chain of the process. Let us denote by 7, the time of the n*" jump of the process: then, the discrete time process
M, := X, is a Markov chain and its transition matrix P = (p; ;)i jer is given by

Qi s
Pzy = 9 1 Z ?é ]
0 if 1=y

where ¢, := —Q , forall z € E.

3.2 Ergodicity

A jump Markov process is irreducible as soon as its underlying Markov chain is irreducible. It implies that, for
allt > 0, for all z,y € E, P, ,(t) > 0. A state x € E is recurrent (resp. transient) for the Markov jump process
(X¢)e>o0 if it is recurrent (resp. transient) for its underlying Markov chain.

Theorem 3.6

Let (X¢)¢>0 be a Markov jump process, irreducible and recurrent, with generator Q = (Qz,y)z,ycr and transition
matrix (P(t))i>0. Then, there exists a unique measure (up to a constant factor) m such that 7@ = 0 and
wP(t) =7 for all t > 0. And this measure 7 is called an invariant measure of the jump process.

Definition 3.7

For all x € E, we denote by 7, := inf{t > 0 | X; = z}. A state x € E is positive recurrent (resp. null
recurrent) for (X;)i>o if x is recurrent and if E;7, < 400 (resp. E;7, = +00)

Theorem 3.8

Let (X;)¢>0 be a Markov jump process, irreducible and recurrent. Then, the following assumptions are equiva-
lent:

(i) = € E is positive recurrent,

(ii) all states are positive recurrent,

(iii) there exists a unique invariant probability distribution 7.
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post office

® ——— 0000 [ >

queue
till

FIGURE 4 — The M/M/1 queue.

If these assumptions are verified, then, for all x € F,

Theorem 3.9

Let (X¢)i>0 be a Markov jump process, irreducible and positive recurrent. Denote by m its invariant probability.
Then, for all bounded function f : E — R, almost surely, when t — 400,

%/0 f(X)ds = f(z)m,.

zel

Proposition 3.10

Let (X¢)¢>0 be a Markov jump process, irreducible and positive recurrent. Denote by w its invariant probability.
Then, for all probability distribution u on E, for all x € E, asymptotically when t — —+00,

(uP(t))y = Tg.

3.3 Queues

The example we will study in the whole section is the queuing theory. It is very important in computer science,
since it permits to model routers activity.

The idea is the following: in my post office, there are NN tills. People enter the post office according to a
Poisson process of rate A, meaning that the interval between a client and the next one is exponentially distributed
with parameter ), independently from the rest of the process. The time needed to serve a client is exponentially
distributed with parameter u, independently from the rest of the process.

When a client enters the post office: either all tills are occupied and he joins the queue, or one till is free, and
he begins to be served as soon as he enters.

This model is usually called M /M /N meaning that the arrivals and service times are exponentially distributed,
with respective parameters A and p, and that there are N tills.

The question is the following: do you need to add more tills so that the length of the queue does not explode?
Quite an important question for router, post office or server management.

Example 3.3: The M/M/1 queue (cf. Figure 4)
Let us first focus on the case where there is a unique till in the post office. Let X; be the number of clients
inside the post office (queue + till) at time ¢. Then (X;);>o is indeed a Markov process and its generator is the
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following infinite matrix:

- A 0

o —(p+AN) A 0
Q:

0 L —(u+X) X 0

This information can be represented as follows:

A A A A A
— A A A — A — A
— W . - -~

0 0 0 0 0

It is possible to prove that m, := p*(1 — p), where p := */u, is an invariant probability of the queue, as soon as
p < 1. If p > 1, then, the queue admits no invariant probability and is thus transient. It means that our queue will
explode. Can you calculate the probability that a newly arrived client will have to queue before being served?

Exercise 3.1: Can you give the generator of the queue M/M/oo?

Example 3.4: In the queues described above, the M/M/N, the capacity of the queue is infinite, meaning that the
queue can become arbitrarily large. One can also describe queues with finite capacity K: the queues M/M/N/K.
It behaves as the M/M/N, except that when the queue is full (i.e. contains K clients), any client arriving to the
shop cannot enter the shop and evaporates.

Can you give the generator of such a queue? What is its invariant probability?

4 Continuous time martingales

4.1 Definitions and first properties

Let (Q, F,P) a probability space.
Definition 4.1

A continuous time process (My);>¢ is a martingale for the filtration (F;);>o if and only if, for all t > 0,
(i) M; is Fi-measurable;
(ii) My is integrable; and

(iii) for all s < t, E[M|Fs] = M.

Definition 4.2

Replacing (iii) in the above definition by
e for all s < t, E[M;|Fs] < M, gives the definition of a super-martingale.

o for all s < t, E[M;|F,] > M, gives the definition of a sub-martingale.

Example 4.1: The Yule tree (cf. Figure 5)

Let us consider the stochastic process (Y;)>0 defined as follows. At time zero, there is one particle in the system:
Yy = 1. Each particle dies and gives birth to two new particles after an exponentially distributed random time,
independently from the other particles. Let us denote by Y; the number of particles alive at time .
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time

FIGURE 5 — A realisation of the Yule tree

TTT

FIGURE 6 — A realisation of the multi-type branching process defined by the initial

composition {0,1) and the replacement matriz R = Z b) .

d

Can you find (m;);>0 a function such that M; := m[lYt is a martingale?

Example 4.2: Multi-type branching process (cf. Figure 6)
A multi-type branching process is the embedding in continuous time of a Pélya urn. It is defined by an initial
composition U(0) =! («, 8) and a replacement matrix

a b
r=(20).
The vector composition of the urn at time ¢ is given by U(t) = (X;,Y;), where X; is the number of red balls and

Y; the number of black balls at time ¢ in the urn. Each ball in the urn will split after an exponentially distributed
random time into

e a+ 1 red balls and b black balls if it is a red ball;
e or c red balls and d + 1 black balls if it is a black ball,

independently for the other balls.
Assume that the replacement matrix is balanced: a +b = c+d = .S. What can you say about the total number
of balls in the urn at time ¢? Can you prove that M; := e *4U(t) is a vector valued martingale, where A =* R?

4.2 Stopping times
Definition 4.3

A random variable T is a stopping time for the filtration (Fi)>o if and only if, for all t > 0, the event {T < ¢}
is F;-measurable.
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Lemma 4.4

For all martingale (My);>0, and for all stopping time T, the stopped process (M} := M;,r):>0 is a martingale,
(where A denotes the minimum between its two terms).

Theorem 4.5

Stopping theorem Let (M;);>o be a martingale, let S and T two bounded stopping times such that, S < T
almost surely. Then, almost surely,
E[Mr|Fs] = Ms.

4.3 Doob’s inequalities

Proposition 4.6

Let (My)i>0 a non-negative sub-martingale such that EMy < +o0. Then, for all a > 0,

EM,
P(max My > a) < L

s<t 6]

Corollary 4.7

Let (My)t>0 be a square integrable martingale. Then, for all o > 0,

EM?
P(max My > o) < Qt .
s<t

4.4 Convergence of continuous time martingales
Definition 4.8

A sequence of random variables (X;),>o is bounded in L? if and only if

sup E| X¢|P < +o0.
>0

The sequence is uniformly integrable if and only if

lim supE[X;1x,>.] — 0,
x—+00 t>0

when x — +00.

Theorem 4.9

A martingale bounded in L? converges in L?, meaning that there exists a random variable M, such that

lim E[|M; — My |*] = 0.

t—+oo

Theorem 4.10 (Doob’s Theorem)

Let (M;)>0 be a sub-martingale such that

supEX; 1 x,>0 < +o0.
>0
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S
So
E] EQ E’g En,
FIGURE 7 — The random variables Fn,. .., E, are i.i.d. exponentially distributed of
parameter 1 and represented by the length of the vertical sticks. Sorting them by
increasing order, we get a sequence of random variables ESY ..., ESY . The S;

verify S; = ESY — ES; they are independent random variables exponentially
distributed, of respective parameters n — i.

Then, M; converges almost surely to an integrable random variable M.

Corollary 4.11

All non negative super-martingale (M;);>¢ converges almost surely to an integrable random variable M, and

EM. < liminfEM;.
t—+oo

Example 4.3: The Yule tree martingale (cf. Example 4.1)

The process (M;) := (e~'Y;) is a non negative martingale and thus converges almost surely to a limit random
variable W. Let us prove that this random variable is exponentially distributed.

For all t > 0, P(Y; > n) = P(r,, < t) where 7, is the time of the n*" split in the Yule process. Remark that, by
definition, 7, = Z?Zl T; where T; is exponentially distributed of parameter ¢ and the (7});=1 ., are independent of
each other.

Let us consider Ey, ..., E, being n ii.d. random variables exponentially distributed of parameter 1 (see Figure 7).
We can look backwards to the split times and consider that FE,,, the largest E;, corresponds to the time of the last
split; similarly then, F;_1; may be seen at the precedent split, and this until the first split. Considering the variables
EY, ..., By defined in Figure 7, we have S; = Ey " — EYY (with EY’ = 0); therefore S; is distributed as the time
separating the ith split from the (i — 1)th split and is Exp(n — ¢), this for ¢ from 0 to n — 1. Moreover the (S;);=1..n
are independent of each other . Let us denote by m,, the maximum of the F;. Remark that m,, = Z?:_Ol S;.

Thus,

P(r, <t)=P(m, <t)=P(E; <t;V1<i<n)=(1-e )",

since m,, <t implies that F; <t for all ¢ from 1 to n. We then get, for all ¢ > 0, for all x > 0,
P(M, > z) =P(Y; > ze') = (1 —e ") = e 7,

when ¢ — +o00. Thus, for all x > 0,

PW >a)=e" ",
and W is exponentially distributed of parameter 1.
Theorem 4.12

Let (My)t>0 be a martingale. The three following propositions are equivalent:
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(i) M; converges in L' to an integrable random variable M.;

(i) (My)>0 is bounded in L' and there exists a random variable M, such that

E[My|Fi] = My (for all t > 0);

(iii) (My)¢>o is uniformly integrable.
Such a martingale is called regular. It implies in particular that, for allt > 0, EM; = EM .

Corollary 4.13

Any martingale bounded in LP (p > 1) converges in LP.

5 Exercises

Exercise 5.1: Simple random walk
Let us consider the biased random walk on Z defined as follows: choose p € (0,1) and denote ¢ = 1 — p; when
the walker is in state x, it jumps to x 4+ 1 with probability p and to z — 1 with probability q.

(1) Prove that the unbiased random walk on Z is recurrent but has no invariant probability: it is thus null recurrent.

(2) A gambler enters a casino with a GBP (British Pound) and begins to play heads or tails with the casino. The
casino has b GBP when the gambler begins to play. The coin is biased and gives heads with probability p
and tails with probability q. The gambler gives one pound to the casino when it’s heads and the casino gives
him one pound when it’s tails. The game ends when either the gambler or the casino is ruined. What is the
probability that the gambler gets ruined?

Hint: Denote by X,, the wealth of the gambler at time n, o = inf{s > 0 | Xy = 0} and 7,4p = inf{s >
0| Xs =a+0b}. It is a good idea to define uy := P10 < Tayp | Xo =}, for all x € Z.

Solution. (1) Let us first stay in the general case p € (0, 1) before reducing ourselves to the unbiased case p = 1/2. Let us
calculate the probability, starting from 0, to be in state 0 at time n. This probability is zero for all odd n. We therefore
focus on even values of n. Let m be an integer: the only possibility for a walker, starting from state 0, to be in state 0 after
2m steps is having done exactly m steps to the right and m steps to the left. Therefore,

2 mo_m
P(Xam—o | Xo =0) = (:;);o qm.

If we denote p((fo) the probability, starting from 0, to be in 0 at time n, we have:

(n) _ (2m) _ 2m
ZMPZM$—ZQJWW
n>1 m>1 m>1
In the case of the unbiased random walk, we have p = ¢ = /2, which implies

Skt % ()

n>1 m>1

2m\ 1 1
m ) 22m /m’

> i = +oo,

n>1

and since, in view of Stirling’s formula,

we get
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implying that the symmetric random walk is recurrent (see Proposition 1.11).
Now assume that m = (7;)gez is an invariant probability measure of the symmetric random walk. Then, for all z € Z,

(see Definition 1.5)

1 1

571—1‘—1 + 571-1—0—1 = Tz,
implying that m, = m for all integer x, which is impossible since Zx <z Te = 1. Therefore, the symmetric random walk is
null recurrent.

(2) Let us use the notations proposed in the “hint”. Our aim is thus to calculate P(79 < 7445). Note also that

uo =1
Uz = PUg+1 + qug—1 forall 1 <z <a+b-1
Ua+b =0

Note that uy = pugt1 + quqa—1 is equivalent to p(uz4+1 — uz) = ¢(us — uz—1), implying that

Ugp+1 = [Z (7) ] (u1 — wo) + uo.

=0

Taking x = a+ b — 1, we get (after some simplification):

—1- (1— (1_?>a+b> 1
Ua+b = p D (u1 )-

but we also know that us+, = 0, which gives

1
1-— Uy = N b
-p
P((59" 1)
Therefore,
1— x
N )
Uy = 1 1—p atb’
- (T)
and Lna
- (5)
]P’(T0<Ta+b|X():a):1—1 - atb
- (T)
is the probability that the gambler gets ruined. O

Exercise 5.2: The original Pélya urns
Consider the Pélya urn with initial composition vector {1,1) and replacement matrix I>. Let us denote by
{X,,Y,) the composition vector of the urn process at time n.

(1) Prove that X,, is a Markov chain and give its transition probabilities.

(2) Let X,, = Xﬁg,? = nX—_& be the proportion of balls of type 1 in the urn at time n. Prove that (X,),>0 is a

martingale.
(3) Prove that (Yn)nzo converges almost surely and in L' to a limit X.
(4) Let
Xo(Xn+1)--(Xn+k-1)

(k) .
2 = m+2)(n+3)---(n+k+1)

Prove that (Zr(tk))nzo is a martingale for all k > 1.

(5) Prove that, for all k > 1, EXE = EZék) = %ﬂ and deduce from it that X, has uniform law on [0, 1].
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Solution. (1) First note that at time n, there are n+ 2 balls in the urn (white and blacks). Thus, for all n > 0, for all z > 0,

T
P(Xn+1:x+1\Xn:x):n+2
n+2—zx
P(X,11 = X, = = - =
(Xn+1 =1 | ) p——)

(2) Foralln >1
E[X, ] = = =X,
[Xns1lFnl n+2 n+3 + n+2 n+3 n+2

Therefore, (Yn)nZI is a martingale.

(3) Note that for all n > 1, X,, € [0, 1], therefore, (X,),>1 is a non-negative, bounded martingale. Tt is therefore almost
surely convergent (see Corollary 2.17), and uniformly integrable implying convergent in L' (see Theorem 2.18).

(4) For allm > 0, for all k > 1,

(X"+1)(X"+2)'”(X"+k)+(17Y ) Xn(Xn+1)- - (Xn+k—1)
n+3)(n+4)---(n+k+2) " n+3)(n+d)-(n+k+2)

E[Z'r(r,]?l‘fn] :Y” = Z7(Lk>7

after simplifications, implying that (Zflk))nzl is a martingale for all £ > 1.
(5) For all k > 1, (Z,(lk))nzl is a non-negative, bounded martingale. It is thus almost surely convergent and convergent
in L' to a random variable Z{¥. Moreover (see Theorem 2.18),

1
EZ® =EzH = —.
* 0 E+1

In addition, we know that X,, converges almost surely to X o, implying that Z,(Lk> converges almost surely to Yﬁo Therefore,

z® = Y’;o, which concludes the proof, because the uniform law on (0, 1) has the same sequence of moments and is determined
by them. O

Exercise 5.3: Queue with finite capacity

Let us study the queue M/M/1/K, corresponding to a queue with arrivals of rate A, service times of rate p,
with 1 tills and K maximum places in the queue. The number of customers in the post office is a Markov jump
process on {0,...,K}:

(1) write its generator @ and its transition matrix (P(t))¢>0;
(2) convince yourself that the process is irreducible, and calculate its invariant probability;
(3) what is the average number of customers in the system?

Solution. (1) The generator is given by the following (K + 1) x (K + 1) matrix:

—-A A 0
po —=(p+A) A 0
o=10 jz —(p+A) A 0 7

/L. —(n+A) A
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and the transition matrix is given by

0 X 0
w0 X 0
P(t) — 0 o 0 A 0 t

(2) If # = (72 )o<w<k is an invariant probability, then Zf:o T = 1 and 7Q = 0 (see Theorem 3.6), i.e.

7)\71'04’#71’1 :0
AMge1 — A+ p)7s + prppr =0foralll <z < K —1

)\71‘}{71—;1,71'}(:0

Therefore, forall 1 <z < K — 1,

Te4+1 — Ty = 7(771 - ﬂ—zfl)y
1

which implies
1— (/)

=/, (m1 — 7o) + mo.

Tz+1 =

Recall that m1 = */umo, which finally gives

re = ()0,
Using Zf:o T = 1 gives
1-2
o = /M )
T (R

which concludes the proof.

(3) Therefore, the average number of customers in the post office in the stationary regime is given by

K

K TV
z:%:mz =) WAK“

=0

We let the simplification exercise to the reader.
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1 Poélya urn: first steps

Let R be a 2-dimensional square matrix having integral entries and Uy a nonzero 2-dimensional
(column) vector with nonnegative integral entries:

(1) )

The Pdlya urn process (Up)nen With replacement matriz R and initial composition vector Uy is in an
imaging way defined as follows. An urn contains red and black balls. At time 0, it contains a red
balls and 8 black ones. A ball is drawn uniformly at random from the urn and its colour is checked.
If the drawn ball is red, it is replaced into the urn together with a red balls and b black ones; if the
drawn ball is black, it is replaced into the urn as well, together with ¢ red balls and d black ones. One
get in this way a new composition vector U;. The random process (U, )nen is recursively defined by
iterating this mechanism.

In this lecture, the following assumptions on R and Uy are made:
(i) R est balanced, i.e. a +b=c+d>1;
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(ii) R is “tenable”, i.e. (b,c > O) and (a < —1 == alc and a|a) and (d < —1=d|b and d]ﬁ).

The balance hypothesis guarantees that the same number of balls S =a+b=c+d > 1 is added at
any step of time. Thanks to the tenability assumption, the process can never extinguish, which means
that if @ or d is negative, one can always respectively subtract —a or —d balls from the urn.

e
(Un)nEN = ( ?2) )
Un neN

is the N2\ {0}-valued discrete time Markov chain defined by the transition conditional probabilities
(1)
n

a
P (e = (1) 02) = 5

(2)

c U,
e (vt (§) ) =
a)1") = e

The balance assumption implies that U}f) —i—UT(LQ) = a+F+nS for any n: at any time n, the composition
of the urn is random but the total number of balls is deterministic.

e In more rigorous terms,

e A complete definition of the Pélya urn process as a Markov chain is given by the family

Yy <x> eN2\{0}
Yy

of probability measures on N2\ {0} defined by:

x 2 .z )
I G060
Y Y Y

where 0p denotes the Dirac measure at P. Notice that the tenability assumption guarantees that

(”y”) + <Z> and <‘;> + (2) belong to N2\ {0} as soon as <Z°> does.

[Generalisation to any finite number of colour, to random replacement matrices. In the present lecture,
we will restrict ourselves to non random replacement matrices.|

Notations (spectral decomposition of R)
Thanks to the balance assumption, S is an eigenvalue of ‘R. By elementary considerations & la
Perron-Frobenius, the second eigenvalue m := a —c = d—b of 'R is less than or equal to S. We denote

o=m/S <1
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(note that o may be negative).

When (b, ¢) # (0,0), let
S c nd S 1
T Thxce\n ) T T )

The vectors v; and vy are eigenvectors of 'R, respectively associated with the eigenvalues S and m.
The dual basis (u1,usz) of linear eigenforms is given by the formulae

1 1
wi(e,y) = 5o +y) and us(w,y) = g —cy).

These vectors and linear forms will be useful later on in the lecture.

Note that in dimension larger than 3, the matrix R is not necessarily diagonalizable, even on C. This
fact leads to some intricacy in the statement of the results but in a first approach, one can assume
that R is diagonalizable.

2 The approach in analytic combinatorics

The approach by analytic combinatorics is due to Philippe Flajolet and his co-authors Philippe Dumas,
Joaquim Gabarré, Helmut Pekari and Vincent Puyhaubert in the 2000’s. There are two founding
articles, namely [4] et [3].

The very first idea consists in coding the urn composition by a sequence (Wp), .y of finite words
written in the 2-letter alphabet {r,b} (r for red, b for black). The initial composition is coded by

Wy=rr...tbb...b = b’

Drawing a ball in the urn amounts to choosing a letter in the word uniformly at random. When the
chosen letter is an r, it is replaced in the world by the subword r®*'b®; when the chosen letter is a b,
it is replaced by r’o®*!. Thus, the successive drawings give rise to a sequence of random words

Wo, W1, Wa ...

Of course, at any time n, the composition vector U,, can be recovered by counting the number of r’s
and the number of b’s in the word W,,.

Definition 1 (Histories of the process)

When n is a natural number, when <ZO> , <Z> € N?\ {0}, a history of length n leading from <ZO>
0 0

to <z) 15 a sequence of words Wy = r“op% Wy, Wy, ..., W, produced in that way, for which Wy,
contains exactly u letters r et v letters b.
Of course, with this coding, because of the balance hypothesis, the word W,, always contains ug+vg+nS

letters, whatever its history is. The key object of Flajolet’s method is the number of these histories:
denote by
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Hn<U0 u)
Vo U

the number of histories of length n leading from <u0) to (u)

Vo v

Exercise 1. When R = < 03 ), code and count all histories of length 2 leading from <(2)> to <4>

2 1 4

[ One possible solution: start from Wy = r?. One can draw a tree of all possibilities: W7 € {rb’r,r?b},

then Wy € {rb®r, r®v*r, rbr?b®r, rb?r?b?r, rb3rb®} or Wy € {rb3rb3, r?b® rb? r?br?b® r?v?r?b?}. Amongst

the ten histories of length 2, six of them lead to and four lead to (2) starting from two red balls, the

4
4
probability that the urn contains four red balls and four black ones after two drawings is 3/5.

Beware: in the example, the configuration rb3rb? is reached by two different histories. We count histories, not

the different word that are potentially obtained. ]

Exercise 2 (this urn is Pélya’s original one in his article published in 1930). Whenever R = S1s,
compute all numbers H,, n > 0.

[ This is elementary enumerative combinatorics. Make the picture of a path in N? and count the histories that
follow each of these paths. For any (p,q) € N? such that p + ¢ = n, one gets

Hn( g gizg ) - <Z)Oé(OH-S)...(a+(p_1)5)5(3_5_5)__.(&4_((1_1)5)

p q '

Exercise 3. For any urn, if N = « 4 3, show that the total number of histories of length n starting

from (g) equals N (N + S) (N +25) ... (N + (n — 1)S) = nls" (ZSV e 1).

Generating series (or functions) are central tools in analytic combinatorics. In the case of 2-colour
urns, the relevant one is the trivariate generating series of histories: the variable x counts the final
number of red balls, the variable y counts the final number of black ones while the variable z counts
the length of the history. Thus, the replacement matrix R being given, denote

uo U U u vzn
= H, —.
Vo ) Z n( vy v >:c Yol

u,v,nEN
Uug o 1
Vo o 1-52
Exercise 5. For the original urn (R = S1s),

U > _ zHoyvo
Yo (1— Sz;z:s)?0 (1-— Szys)?0

all others H,, vanish. |

H(x,y,z

up+vg
S

Exercise 4. For any urn (i.e. for any R), H <1, 1,z

H <:L’,y,z
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. - . N -1\
[ Computations on multivariate power series, based on the formula W = ano < +g ) X", ]

[ Commentary on papers by P. Flajolet et al.: pointing an object amounts to make a partial derivative
on the generating series; proceeding to a replacement amounts to multiply the series by some appro-
priate monomial. Such considerations lead to the following “Basic isomorphism”, stated and proven
in [3]. ]

Theorem 1 (Flajolet, Dumas, Puyhaubert, 2006)
Let x and y be complex numberes such that xy # 0. Let X (t) and Y (t) be the solutions of the Cauchy
Problem (formal version or analytic version)

g — Xa+1Yb

dt

g — xcyd+1 (2)
dt

X(0) = 2,Y(0) = y

Then, for any initial composition (ug,vo), for any z in some small enough neighbour of the origin
(analytic version),

H <:U,y,z ZO ) = X (2)"Y (2)*.
0

Example 1. Back to the original Pélya urn for which R = STs: the differential system writes X’ =
X5ty = YS+1and can be solved. The solution of the Cauchy Problem is X (t) = (1 — Sta%)~1/9,
Y (t) = y(1 — Sty®)~1/5. Theorem 1 provides a second proof of exercice 5.

ProOF OoF THEOREM 1. Consider the following differential operator on 2-variable functions:

0 0
D= :L,a—&-l b Y + 2 d+17.
Y or 4 oy
The action of D on monomials is related to urn histories via the formula
D (ajuoyvo) — UQ$a+u0yb+U0 + v0xc+uoyd+vo

. up Ugt+a atug . bvo ug ug+c¢ cdug , d+vo
_H1<v0 vg—i—b>x 4 +H vo wvotd )T Y

which can also be written

Up, V0 — U U u, v
Dty = 3 i (W) ety

u,v>0

where only two terms of the infinite sum are nonzero. This implies by induction that for any n € N,

D" (zvy™) = Y H, < do ):puy”. (3)

v v
u,v>0 0
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[Notice that the Markov property of the urn process is expressed in this induction.] Besides, if (X,Y)
is a solution of the differential system X’ = XoH1Y? Y’/ = XY 9+l then

d
7 K@Y ()™) = uoX ()Y (£)7F0 + v X (1) TV (1)
=D @"Y")| o= x@)
y=Y(t)

which extends to an analogous formula for the n-th derivative. Gathering these results leads succes-

sively to
U n (v U Zn
(X001 ) =0 @) oy

n>0 y=Y()
0 o
_ uo vo) ~
=3 (XY ()
n>0

Thanks to Taylor Formula at the origin (analytic or formal version), one concludes by

" (X(t),Y(t)az ZO > = X(t+2)"Y ([t +2)%.
0
The final result follows taking the value at the origin (¢t = 0). [ |

When the differential system can be solved, applying Theorem 1 leads to a close form of the H
function. When this is possible, one gets very accurate probabilistic consequences on the distribution
of the composition of the urn at finite time, or on the asymptotics of the process as well. We give
hereunder a couple of examples, essentially drawn from [4] and [3].

Remark. 1- One gets immediately from Theorem 1 that

o 1\ 0\"”
UO):H<1‘,y,z O> H(m,y,z 1> .

This formula evokes some (combinatoric) convolution property. It has to be related to the branching
property of the continuous time corresponding urn process, that leads to a similar equation on the
Fourier transforms of large urns limit laws. See [2]. A direct link between both properties remains
an open question.

H(x,y,z

Example 2. Take the urn having ( (1] 0

the propaganda campaign used by P. Flajolet. | The Cauchy Problem writes

) as replacement matrix.. [ Friedmann’s urn. Talk about

X' =XY
Y'=XY
X(0) = 2,Y(0) = y

and can be easily solved. One finds

up \ _ [ _w@—y) [ yly—=z) \"
Vo xr — yez(m—y) Y — xez(y—$) )
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For example, when one starts with a sole red ball, the probability generating function of the number
of red balls is . .
P\ _ |2 (1) _ gy k% _ pn 1
E<a; >—[n!]sz(Un =k)x ﬁ—[z]H x, 1,z N
n,

since the total number of histories of length n starting from one red ball is n! (see Exercise 3). Using
the explicit expression of H, one gets

E (xUﬁl)) = [2"] M

r — e*(z—1)

This function of the z-variable has a simple pole at z = %

T as unique singularity. Since this function

of the z-variable is analytic at 1, singularity analysis shows that one can apply Hwang’s Quasi-power

Theorem: the mean and the variance of UT(LI) are both asymptotically proportional to n, and the
(1)

number of red balls at time n (i.e. the random variable U, ) satisfies a Law of Large Numbers and a
Central Limit Theorem as well (Gaussian distribution).

Exemple 3. This example is the central one in [4]. It deals with the urn process that models the leaves

. . . . -2
of a 2-3—tree, which is an important search tree algorithm. Its replacement matrix is ( 4 _33 ) .

Here, the Cauchy Problem writes
X! = Xfly3
Y = X4y 2 (4)
X(0)=2z,Y(0) =y.

Pose Z = X?; one gets successively Z’ = 2Y3 and Z” = 6Z2. Multiply first the latter equation by Z’
then integrate. This leads to show that Z is necessarily a solution of the Cauchy Problem

72 — 273 _ g3
Z(0) = a? (5)
Z'(0) = 2y°

where g3 = 4(2% — y%). This equation is solved using the famous and beautiful theory of elliptic
functions. Quickly said, let p(z) = p(2;0,—4) be the elliptic Weiestrass function, associated to the
(so-called) invariants go = 0 et g3 = —4: if one denotes

1
oolp(ll
2 6" 3
(Euler Beta function) and if A denotes the hexagonal lattice
A=w <6i7r/GZ + e—iﬂ'/GZ) ,

then p is the meromorphic function of the complex plane defined on the complementary of the lattice

A by 1
7+ Z [z—i—)\) )\2}

AEA\(0)
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The function p has a double pdle at any point of A and is A-periodic (such complex functions are called
doubly periodic). Modulo A, the zeroes of p are exactly w/3 and 2w/3. The theory of holomorphic
functions shows that p is a solution of (5). There is another way to describe this famous g: it is the
inverse of the elliptic integral that underpins Equation (5). More precisely, if z and w are complex
numbers one gets the equivalence

dg
p(z) =w+= 2z = /[wm} W,

where the symbol [w, 00| denotes any half-line having w as origin, and that do not contain any root
of the polynomial ¢? + 1 (the square root denotes here the determination defined by the split plane
associated to this half-line). Note for example that the Weierstral functions, even if they have been
defined in the 1860’s, are objects of recent interest because they give parametrizations of smooth plane
cubics that are central in modern cryptography; here, the pair (p, p') is a parametrization of the curve
Y2 =4X3 + 4.

Thus, the solutions of the differential system (4) can be expressed by means of elliptic functions on
the hexagonal lattice. Take for instance an urn containing initially 2 red balls and no black ones. Let
pr, be the probability that all balls are black at time n. In terms of H functions, this number writes

2
0 |-
By solving the Cauchy Problem, one shows that

2 )=o-5)

One concludes by means of singularity analysis: check the poles of p and give an asymptotics of p,, as
powers of 3/w ~ 0,7132.

1
n+1

D = [z"|H <0, 1,2

H(O,l,z

Remarks. 1- The monomial differential system (2) has a simple first integral: if X and Y are
solutions, then 1/X™ —1/Y™ is a (locally) constant function. Writing by this means Y as a function
of X and reporting in the system, one gets the inverse abelian integrals described above. All “elliptic
urns”, i.e. all urns for which these abelian integrals are related to curves of genus 1 (elliptic curves)
are classified in [4].

2- In the case of more than 3 colours, Theorem 1 remains valid. Nevertheless, the efficiency and the
preciseness of the beautiful analytic method for urns is darkened by a theoretical obstruction: the
monomial differential system is, in general, not integrable in dimension more than 3 (this is a difficult
result of differential algebra and algebraic geometry, see final comments and note 11 in [3]).

3 The probabilistic approach

We first adopt two experimental approaches, where the effect of the famous phase transition on urns
appears. Then, the results on urns asymptotics are stated. Finally, the methods of proving these
asymptotics are evoked.
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3.1 Introduction: an experimental computational approach
3.1.1 Distributions
As a first approach, for any urn, consider the probability generating function of the number of (say)

red balls at time n, starting from the initial composition <ZO>:
0

b <x zg ) = ZP(uo,vg) (U,(LU — u) 2 = By un) ($UT(L1)) |
u>0

Since the total number af balls at time n is deterministic, this probability generating function describes
the whole distribution of the urn composition at time n. This probability generating function can be
expressed by means of H functions: denote by

Uug

Vo

U ug U w v n
= E H =n! H
UO) n<UO U)my n![z"] (x,y,z
the generating series (it is a 2-variable polynomial) of histories of length n starting from (

H, (m,y

u,v>0

Uo

) . Then,
Vo

H, <1, 1 ‘ o ) is the total number of histories of length n starting from <u0> (see Exercise 3) and

V0 Vo
Ug Vo
Pn <(L’ ) = .
Vo

Thus, it suffices to compute H,, (aj, Y ’ ZLO ), or even H, (:L', 1 ’ ZO ) to get p,. But, as shown in the
0 0

proof of Theorem 1, the bivariate function H, | =,y ‘ ZO satisfies Equation (3), namely
0

Hn <£E,y‘ ZS > = D" (xuoyvo)'

As a matter of consequence, by means of computer algebra, starting from the monomial x“0y"0, it
suffices to make an iteration of the operator D to get a symbolic expression of the entire function

Hy, <wy

and z = 1). By this means, the distribution of red balls at given times can be graphically represented.
This is done below for three particular urns and initial compositions.

ZO > The probability generating function p,, is then extracted by substitutions (y = 1
0

3.1.2 Simulations of trajectories

Another approach consists in simulating the random successive compositions of an urn. One can by this
means have a representation of trajectories of the composition vector, namely {(n,U,), n=0,1,2...}
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for different random drawings. Taking only the first coordinate of U,, leads to trajectories of the number

of red balls, namely
{(n,U}})) , n:0,1,2...}.

This is done below for three particular urns and initial compositions.

3.1.3 Three urns

Consider the urn processes having respectively

10 112 12 1
IZ(O 1)’ R1<11 2) and R2<2 11)

. e : . . 2 1
as matrix transitions. The drawings presented hereunder are made taking respectively <5>, <0>

and ( 0) as initial composition. All graphics are different representations of the number of red balls
contained in the urn.

1- Very first histograms

Any picture is made for a given number n of drawings in the urn. On the z-axis, the number of red
balls in the urn after n drawings. On the y-axis, the number of histories of length n starting from the
initial composition. Points at integer abscissae are related by line segments.

200 4

150 4

1004

n=1 n =2 n=3 n =10
Original Pélya urn Iy after n drawings with initial composition (2, 5):
number of histories with respect to the number of red balls.
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1 21 2004

1504 14x10%

¢ 1004

50

0 1 2 3 4 0 10 20 30 0 10 20 30 40 0 20 40 60 80 100

n=1 n =2 n=3 n =10

Urn R; after n drawings with initial composition (1,0):
number of histories with respect to the number of red balls.

124 3004

X 1015
s 2004 15%10

44 1004

0 - ; A 0 A 0 .Alll‘

0 5 10 15 0 10 20 30 0 10 20 30 40 0 50 100 150

n=1 n =2 n=23 n =10

Urn Ry after n drawings with initial composition (1,0):
number of histories with respect to the number of red balls.

2- Very first trajectories

For a given urn, we draw three different trajectories, corresponding to three random sequences of
drawings in the urn. On the z-axis, the number of drawings (discrete time); the maximal number of
drawings is successively NV = 100, 1000, 50000. On the y-axis, the number of red balls in the urn.
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80
800
704 400004
700
60 600-1
30000
504 500
404 400-]
20000
304 300-]
200-] 1
204 10000
1004
104
—————————————————— ——————————————————— - - r . ,
10 20 30 40 S0 60 70 80 90 100 100 200 300 400 500 600 700 800 900 1000 10000 20000 30000 40000 50000

N =100 N =1000 N = 50000

Red balls in three sequences of N drawings in an original Pélya urn Iy, initial composition (2, 5)

6001 6000 300000
5001 5000 2500001
4001 40004 200000
3001 3000 1500001
2001 2000 100000
1004 10004 500004
1020 30 40 50 60 70 80 90 100 100 200 300 400 500 600 700 800 900 1000 10000 20000 30000 40000 50000

N =100 N = 1000 N = 50000

Red balls in three sequences of N drawings in an urn Rj, initial composition (1,0)

100004
1000 0000
400000
90004
9001
s00] 80001
200 70004 3000001
001 60004
1 50001
500 2000004
100 40004
300 30001
100000
2001 20004
1004 10004
T Y T e e e o o . . . !
10 20 30 40 50 60 70 80 90 100 100 200 360 460 500 600 700 860 960 1000 10000~ 20000 30000 40000 50000

N =100 N = 1000 N = 50000

Red balls in three sequences of N drawings in an urn Rp, initial composition (1,0)
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3.2 Asymptotics of the composition vector, phase transition, figures

The composition vector U, of a Pélya urn process has different asymptotics régimes when n tends
to infinity, depending on the spectral decomposition of the replacement matrix R. In this section,
we state, comment and illustrate these asymptotic results. All of them can be extended in higher
dimension (any finite number of colours). Methods of proofs are introduced in Section 3.3.

a b

Take a two-colour Pdélya urn with replacement matrix R = ( d

> and initial composition vector

Uy = (g) We adopt the notations of Section 1, especially the balance S = a+ b = ¢+ d, the second

eigenvalue m = a — ¢ = d — b, the ! R-eigenvectors v;, v2 and, above all, the ratio
o=m/S.

The original Pélya urn holds a particular place; its asymptotics is described in Theorem 2. The famous
phase transition occurs at o = 1/2. When o < 1/2, the urn is said small and its composition vector
satisfies a central limit theorem as stated in Theorem 3. When o E]%, 1], the urn is said large and the
centered composition vector admits, after a suitable normalisation, an almost sure random limit; this
result is made precise in Theorem 4.

Theorem 2 (Pdlya original urn)
Suppose that the urn is Pdlya’s original one, i.e. that R = I». Then, as n tends to infinity,

Uy
G oo

almost surely and in any LP, p > 1, where D is a Dirichlet distributed 2-dimensional random vector

with parameter (g, g)

If uw and v are two positive real numbers, a 2-dimensional Dirichlet distribution with parameter (u,v)

is the measure on the simplex ¥ = {(z,y) € [0,1]?, # +y =1} that admits the function

F(u + U) xufl v—1

(=90 Tt

as density with regard to Lebesgue measure on ¥. In other words, if D is a Dirichlet distributed
2-dimensional random vector with parameter (u,v), then for any continuous function f on X,

u+v) [1
E(f(D)) = ;‘((u)—li:(v)) /0 flx,1 =)z (1 —2)" da.

In particular, if D = (X,Y), then the marginals X and Y are (mutually dependent) Beta distributed
random variables, X having parameter (u,v) and Y having parameter (v, u).

Firstly, the convergence is almost sure, which means that, with probability 1, a sequence of random
drawings leads to the convergence of the vector U, /Sn to some vector in the simplex Y. Secondly,
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the limit D is random, which means that two different sequences of random drawings converge with
probability 1 to two different vectors of X.

This almost sure random limit can be visualised on the above simulations: any trajectory gives rise
to a (trembled) line, but the three slopes are different. We give hereunder new figures, where three
normalised trajectories are represented, showing three different limits: on the z-axis, the number n of

drawings up to N = 100, 1000 or 50000. On the y-axis, the normalised number of red balls %UT(LD.

0.35+
0.6
0.84
0.30+
0.74
0.5

0.6

0.5 O-ﬂ 0209

e

0.4+
0.3
0.34

024 024 LT
— T T T T T T ]
1020 30 40 50 60 70 80 90 100 100200 300 400 500 600 700 800 900 1000 10000 20000 30000 40000 50000

N =100 N = 1000 N = 50000

%U,(LI) in three sequences of N drawings in an original Pélya urn Is, initial composition (2,5)

One can also visualise the Beta distributed limit of the normalised number of red balls. Hereunder,
the figure on the left represent the (exact) distribution of the normalised number of red balls in the
urn after n = 200 drawings. On the z-axis, % (U,sl) — EUT(ZI)). On the y-axis, the probability; it has
been computed from the probability generating function p,, introduced above. The figure on the right
represents the graph of the density of the centered Beta distribution with parameter (2,5), namely
the function x ﬁ (z —p)' (1 —z + p)* where u = B(3,5)/B(2,5) = 2/7 is the expectation.

T T T T
0.2 0.4 0.6 08
X

T T T T
-02 0 02 04 0.6 08

n = 200
Normalised distribution of the number of red balls Density of a centered
in an original Pélya urn I, initial composition (2, 5) Beta (2,5) distribution
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Theorem 3 (Small urns)
Suppose that the urn is small, which means that o < 1/2. Then as n tends to infinity,

U,
(i) ?" converges to vi, almost surely and in any LP, p > 1;

U. —
(ii) assume further that R is not triangular, i.e. that bc # 0. Then, n 0L

NG

converges in distribution

to a centered gaussian vector with covariance matriz
1 bem? 1 -1
1-20(b+c¢)2\~-1 1)°

[ When o = 1/2, one says also that the urn is small. In this case, assertion (i) holds as well whereas, when R
U,—nv
\/nlog;L

is not triangular, assertion (ii) must be replaced by: converges in distribution to a centered Gaussian

vector with covariance matrix %bc <_11 _11) . ]

Here, the convergence of U, /n is almost sure again, but the limit is deterministic: with probability 1,
a sequence of random drawings leads to the convergence of the vector U, /n, but the limit is now
always the same one (namely, v;). This phenomenon can be visualised on the trajectories for the
urn Ri: the three asymptotic slopes are identical. When the normalised trajectories are drawn, one
gets the following pictures. Here again, on the z-axis, the number n of drawings up to N = 100, 1000
or 50000; on the y-axis, the normalised number of red balls %U,(ll).

5.8

544

10 20 30 40 S0 60 70 80 90 100 100 200 300 400 500 600 700 860 900 1000 10000 20000 ~ 30000 40000 50000

N =100 N = 1000 N = 50000

%U}Ll) in three sequences of N drawings in a small urn Ry, initial composition (1,0)

The convergence in distribution stated in (ii) is of a radically different nature. It means that the
distribution at finite time n converges to some given distribution when n tends to infinity. The limit
distribution is here normal. As before, for the Rj-urn, with the help of the probability generating
function, the (exact) distribution of the number % (U,Sl) —EUY ) is drawn on the leftside figure for

n = 600. On the right, the graph of the density of the centered normal distribution with variance
1 _bem? _ 5200
120 (binZ)Q — 529
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n = 600 ‘

0

Normalised distribution of the number of red balls Density of a centered normal
in an small urn Ry, initial composition (1,0) distribution with variance 22X

The difference with almost sure convergence can be visualised on the following trajectory graphs.

Even if the distribution at time n converges to a normal distribution, for a given sequence of random
drawings, the number ﬁ (US) — EU7(L1)) does not converge to a real number. The trajectory is
erratic and looks like a brownian motion. On the figure hereunder, two different trajectories of the
(completely) normalised number of red balls in a Rj-urn. On the z-axis, the number n of drawings;

on the y-axis, ln (U,(LU — nvg)), where v%l) is vy first coordinate.

N =100 N = 1000 ’ N = 50000

ﬁ (U,(ll) - nv%”) in two sequences of N drawings in a small urn Rj, initial composition (1,0)

Theorem 4 (Large urns)
Suppose that the urn is large, which means that 1/2 < o < 1. Then as n tends to infinity,

U,
(i) 7” converges to vi, almost surely and in any LP, p > 1;
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U, —nv
(ii) nigl converges almost surely and in any LP, p > 1 to Wy where vy is the (deterministic)
n

eigenvector of 'R defined in Section 1 and W is a real-valued random variable which admits a density
and is supported by the whole real line. Besides, with the notations of Section 1,

F<L§B) ba — cf
F(O‘—fgﬁnLJ) s

EW =

Assertion (i) is the same one as in the case of small urns. We make the same simulations as before for
the urn Ry. The convergence to the (same) limit is visibly much slower, due to the second order term
which grows like n? with o ~ 0.77 (instead of \/n for small urns). This second order term was already
seeable on the trajectories of the number of red balls: the three slopes do not look not as similar as in
the case of the small urn Ry (but they really tend to a same one as N tends to infinity). Hereunder,
again, on the z-axis, the number n of drawings up to N = 100, 1000 or 50000; on the y-axis, the

normalised number of red balls %U,sl).

3

74 S_SJMN‘-_’—“___’V

10 20 30 40 S50 60 70 80 90 100 100 200 300 400 500 600 700 800 900 1000 10000 20000 30000 40000 50000

N =100 N =1000 N = 50000

%U}Ll) in three sequences of N drawings in a large urn Ry, initial composition (1,0)

Almost sure convergence implies convergence in distribution. In particular, by formal computation
of the probability generating function of red balls, the shape of W’s density can be approached as
already done (Beta function for the original Pélya urn, Gauss function for a small urn). The Fourier
transform of W can be expressed in terms of the inverse of some suitable abelian integral (see [2]).
Despite of this, very few is known about its density. The figure hereunder shows the graph of the
density of W — EW | approached by the (exact) distribution of n% (U,(ll) — EU,(Ll)> for n = 40, 120 and
800.
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=40 n =120 n = 800

Normalised distribution of the number of red balls
in a large urn Ry after n drawings, initial composition (1,0)

. HAAH“”HHHA” 7 . ]
-10 -5
n

A remarkable fact: the distribution W depends on the initial composition of the urn, which does not
happen for small urns. The graphs hereunder illustrate this property, representing W — EW’s density
for the large urn Ry starting with respectively (1,0), (1,1) and (2, 1) as initial composition vector.

10

-10 0 10

(a.5) = (1,0) (@B =) (a.8) = (2.1)

-10

Normalised distribution of the number of red balls in a large urn Ro
after 500 drawings, initial composition (a, J)

The last illustration concerns the second term order which has a random asymptotics. Two normalised

trajectories of the number of red balls in an Re-urn up to time N = 100, 1000 and 50000 are plot-

(1) 1)

ted. The convergence of n%, (Un — nvg ) is here almost sure: for (almost) any sequence of random

drawings in the large urn, this random variable converges to a (random) limit. The situation is very
different from the small urn case, where a given trajectory do not give rise to the convergence of the

second order normalised number of red balls. Here again, on the z-axis, the number n of drawings up

to IV; on the y-axis, the second order normalised number of red balls n% (UT(LI) — nvgl)). Here again,

)

vgl denotes vy first coordinate
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3.3 Hint of proof

All the proofs of these asymptotic results rely on martingale theory.

Historically, the first approach was made in the 70’s by Athreya and Karlin who considered the
composition vector process of an urn as a multitype branching process. They first embed the urn
process into continuous time and make its study as a continuous-time branching process [1]. In
his seminal article [5], Janson adapts the method in a complete study of an urn process under an
irreducibility assumption. A direct discrete time approach based on moments is made in [6]. The
arguments presented hereunder rely essentially on this latter approach.

The vector-valued Markov process (Uy), ¢y is defined by the probability transitions (1) and the initial

composition vector Uy = . In particular, if f : R? — V is any function that takes its value in any

o
B

real vector space V, the conditional expectation of U, writes

A a Uy ¢
B (1 W 00) = o5y (0 (5)) e (0 (2)

Thanks to the deterministic relation UT(LI) —|—U7(L2) = nS+a+ S, this formula can be written the following
way:

B (f (Ui [0) = (1a+ ) (@ ©)

nS+a+p

1
where ® denotes the operator defined, for any function f as above and any vector v = (0(2)> € R?,
v

B Y ) I R ) I B

A first consequence is the expectation of f (U,,), obtained by recursion from Formula (6): if f : R? — V
is any function,

Ef (Un) = n,a+s (®) (f) (Vo) (8)
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where 7, - is the real polynomial defined by

Yo (X) = ﬁ (1 + kSﬁT)

k=0

(7 is a non zero real number; if n = 0, this empty product equals 1). Notice that, thanks to Stirling
Formula, when z is any complex number, one gets the asymptotics

%m@)zri%?yﬁ<l+0(i>> )

where T' denotes Euler Gamma function. Formulae (6) and (8) are basic tools for the present proof.
When f # 0 is an eigenvector of ® related to the eigenvalue A, i.e. when ®(f) = Af, then
Tnr (@) (f)(v) = Y+ (A) x f(v) so that Formula (9) gives immediately the asymptotics of Ef (Uy,)
when n tends to infinity. With this elementary remark, one can evaluate the asymptotic joint moments
of U,,’s coordinates, leading to the proof of Theorem 4. Theorem 2 can also be proven with such tools.
Classically, the proof of the small irreducible case (Theorem 3) is made by embedding the process into
continuous time, and coming back to discrete time using some suitable random stopping-time. See [5]
for a complete proof.

Exercise 6.
6.1- (Linear functions)
Show that if V is a real vector space and if f : R? — V is linear, then

B(f)=foA

. U(l) 'U(l) a C v(l)
where A : R? — R? is defined by A(v) = A <v(2)> ='R <v(2)) = (b d) (0(2))

6.2- (Vector-valued martingale)
Denote 7 := a4+ 8. Show that the process ('yn,T (ItR)f1 (Un)) is a martingale (with regard to the
n

natural filtration) as soon as it is defined, i.e. as soon as all matrices I + WIJFTR, k € N are invertible.
Show that this martingale is not defined if, and only if m < —1 and S divides m + o + 5.

[Apply 6.1- to f =1Id. This leads to E (Up41 ‘Un) = <12 + #HA) (U,,). This implies all the answers, because
A is diagonalizable, with eigenvalues S and m. For the martingale assertion, one can also refer to Brigitte
Chauvin’s course Random trees and probability, Proposition 3.7, where a similar argument is given.|

6.3- (Expectation)
Let u; and wug be the eigenforms defined in Section 1. Verify (or remember!) that u; o A = Su; and
ug 0 A = muy. Show that for any n € N,

Eu; (U,) = n+%

and, when n tends to infinity,

Bus (Un) = 1 (Fg(i)a) ba < B o (1 +0 <:L> >
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When R # SI, using that v = u1(v)vy + uz(v)ve for any vector v € R?, show that, when n tends to
infinity,
EU,, ~ nu;

[An induction using 6.1- leads to Euy (Uy) = Yn,r(S) X uy (Up) = 255 x Z. For uy, apply Formula (9) to

Euy (Up) = Yn,r(m) x uz (Up) with a O-remainder. The third assertion is obtained by addition of asymptotic
developments.]

6.4- (Real-valued projected martingales)

Show that
Uy (Un)
nS+r71/),

is an almost surely bounded (thus convergent) martingale and compute its expectation. Show that

(o),

is a martingale as well, as soon as m > 0 or m + 7 is not a multiple of S.

[Using 6.1- again, one gets E (uy (Up41) ’Un) = (1 + ﬁ) x uy (Uy), so that E (%|Un) = illgj_),

proving the martingale property. Same argument from E (uz (Un+1) |Un) = (1 + ns"fh_) X ug (Uy,). |

6.5- (Second moments)
Denote by P and @) the 2-variable polynomials defined by

P(z,y) = uwi(z,y) (ul(a:,y) + 1> and Q(z,y) = <u1(z,y) + a> ua(x,y).

Show that ®(P) = 2SP and ®(Q) = (S + m)Q and prove the asymptotics when n tends to infinity

EP (U,) = n? (1 + 0 (i))

EQ(U,) = . fg(i)a) ba ; cﬁn1+a <1 +0 (i))

(if one feels depressed, one can just show that Q (U,) € O (nHU), =)
Suppose that o # 1/2 and denote

and

beo?
R=uj—
21T,

uy + (b — ¢) ous.

Using (7), show that, in this case, ® (R) = 2mR and that, when n tends to infinity,

BR(U,) = )

WR(CM) n?’ (1 + 0 <i>) .
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Show that (1,u1,u2, P,Q, R) is a basis of the vector space Ra[z,y] of polynomials of degree less than
or equal to 2. Write 22, zy and 32 in this basis and compute the asymptotics of the co-moment matrix
E [U,'U,| and of the covariance matrix E [(U,, — EU,)" (U, — EU,)| (one has to discuss whether
o<1/2o0roc>1/2).

Check what happens when o = 1/2 and do the same job using 7' = u3 + 2bgmug instead of R.

[One gets ®(P), ®(Q) and ®(R) by simple computation. Since ®(P) = 2SP, EP (U,,) = v,.-(2S) x P (Up) and
the required asymptotics for EP (U,,) is obtained thanks to Formula (9). Idem for EQ (U,,) and ER (U,,). The
remainder of the exercise is completely left to the reader.|

6.6- (For large urns, the second projected martingale is square-bounded)
Suppose that o > 1/2. Expressing u3 as a function of R, u; and ug, show that the martingale

(M

) is bounded in L?, thus convergent.
Yn,r(m) n

[u3 = R+ f’f‘giul — (b — ¢) oug, so that Eu3 (Uy,) = ¢1n?? (1 + O(1/n)) + can + c3n° (1 + O(1/n)) where c1, co

and c3 are constants. Since o > 1/2, the principal term is the one in n2?, proving that the martingale is square

bounded (use Formula (9) again to get the asymptotics of 7, ,(m)?). ]

Exercise 7 (triangular urn).

Assume that b = 0, so that R = < s 0 ) Assume also that the initial number of black balls is

S—m m
non zero, i.e. that 5 # 0 (and check that § = 0 leads to a degenerate process). Let as above uj be

the linear form u(z,y) = % but let here uy be the linear form

UZ(xvy) = %

For any p € N*, let also A, and B,, be the bivariate polynomials

I (u1 + p)

Ap:ul(u1+1)...(u1+p—1): T (1)

and

Bp:ug(uz+a>...(uz+(p—1)a> :W.

Show that ® (A,) = pSA, (as always, even if R is not triangular) and that ® (B,) = pmB, for any
p > 1. Deduce from this that, when n tends to infinity,

e Assume that m > 1.
Using the inversion formula

b= oyt {#n,
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show that, for any p > 1,

n—oo

oy r(z) T8t
lim E( Qna ) = F(% —fpa) ;(g) . (10)

so that the number of black balls U,g2) = Suy (Uy,) converges in law to a random variable having the
right side of Equality (10) as p-th moment (to make a complete proof of that fact, one has to check
that a distribution having such a p-th moment is determined by its moments, which can be done by
computing the asymptotics of (10) as p tends to infinity with the help of Stirling Formula). This law
can be related to stable laws or to Mittag-Leffler ones.

e Assume that m = 0. Show that the process is deterministic (degenerate case).

e Assume that m < —1. Show that the number of black balls tends almost surely to zero (degenerate
case again).
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1 Abstract/Introduction

In this school, three examples are developed, involving random trees: binary
search trees, Pélya urns and m-ary search trees. For all of them, a same plan
runs along the following outline:

(a) A discrete Markovian stochastic process is related to a tree structure. In the
three cases, the tree structure is a model coming from computer science and from
analysis of algorithms, typically sorting algorithms. The recursive nature of the
problem gives rise to discrete time martingales.

(b) The process is embedded in continuous time, giving rise to a one type or
to a multitype branching process. The associated continuous time martingales
are connected to the previous discrete time martingales. Thanks to the branch-
ing property, the asymptotics of this continuous time branching process is more
accessible than in discrete time, where the branching property does not hold.

In all the cases, the limit of the (rescaled) martingale has a non classic distribu-
tion. We present some expected properties of these limit distribution (density,
support, ...) together with more exciting properties (divergent moment series,
fixed point equation, moments, ...).

Sections 2 on binary search trees and Section 3 on m-ary search trees are devel-
opped in this course, Pélya urns are developped in Pouyanne’s course.

2 Binary search trees

(in short: BST)

2.1 Definition of a binary search tree

A binary search tree is associated with the sorting algorithm “Quicksort” and
several definitions can be given with this algorithm in mind (see Mahmoud [15]).
Hereunder we give a more probabilistic definition. Let

U ={eulJ{o,1}"

n>1

be the set of finite words on the alphabet {0,1}, where £ denotes the empty
word. Words are written by concatenation, the left children of u is u0 and the
right children of u is ul. A binary complete tree T is a finite subset of U such
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that
ceT

ifuv e T thenu e T,
uleT s udeT.

The root of the tree is €. The length of a node u is denoted by |ul, it is the depth
of w in the tree (Je| = 0). The set of binary complete trees is denoted by 5. In
a binary complete tree T' € B, a leaf is a node without any children, the set of
leaves of T' is denoted by dT. The other nodes are internal nodes.

/N
AN
I\

Figure 1: An example of complete binary tree. At each node is written the word
labelling 1t.

In the following, we call a random binary search tree the discrete time process
(Tn)n>0, with values in B, recursively defined by: 7y is reduced to a single leaf;
for n > 0, Tp41 is obtained from 7, by a uniform insertion on one of the (n + 1)
leaves of 7,. See Figure 2.

2.2 Profile of a binary search tree
2.2.1 Level polynomial. BST martingale

A huge literature exists on binary search trees: see Flajolet and Sedgewick [11] for
analytic methods, Devroye [9] for more probabilistic ones and Mahmoud [15] for
a book on this topics. In this section, let us focus on the profile which expresses
the shape of the tree. The profile is given par the sequence

Uk(n) := the number of leaves at level k in tree 7,,.
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Figure 2: An example of transition from Ts, a binary search tree of size 5 to Tg,
a binary search tree of size 6. The insertion depth equals 3.

What is the asymptotic behavior of these quantities when n — +o00? To answer,
let’s introduce the level polynomial, defined for any z € C by

Wh(z) = ZUk(n) ZF = Z 2l (1)

u€ITn

It is indeed a polynomial, since for any level k greater than the height of the tree,
Uk(n) = 0. It is a random variable, not far from a martingale.

Theorem 2.1 For any complex number z € C such that z # —k, k € N, let

W,(2) _ Wo(2)
EW,(z)) T.(2z-1)

n—1
[h(2) = H (1+ ]%) and MPBP(2) =
0

j=

Then, (MB5T(2)),, is a F,-martingale with expectation 1, which can also be writ-

ten 1
BST( .\ ._ u
MPST(z) = @D P (2)
u€odTn

This martingale is a.s. convergent for any z positive real.
It converges in L' to a limit denoted by MB5T(2) for any z €]z_,z,| and it
converges a.s. to 0 for any z ¢|z_, z, [, where z_ and z; are the two solutions of
the equation zlogz — z 4+ 1/2 = 0. Numerically, z— = 0.186...;2z, = 2.155...

PROOF. Let d, be the insertion depth of a new node in the tree 7, of size n.
Remember this insertion is uniform on the n + 1 leaves of 7,,. In other words

Uk(n
P(d, = k|F,) = #(1)
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Figure 3: A non binary tree T, with height h(T) = 3, with profile (0,2,4,2). The
second generation is in red.

The number of leaves at level k in the tree 7,41 can be expressed via d,, see

Figure 2:

Un(Tog1) = Un(Ta) = Lyau=1y + 2 1{g,—k—1}-

Consequently,

B(Waia(2) | Fo) =

+o0
IE (Z Uk('ﬁwl)zk ’ «7:n>
k=0
+oo
Z 41D (Uk('ﬁl) — Lgp=ry + 2 L4g,=1-1y ‘ ./—"n)
k=0
+oo
Y FE(UWT) -P(d, =k | F) +2P(d, =k — 1| F,))
k=0

W(z) — z
—~n +1 — n +1
1
n—+ 2z
n\Z); 3
n+1 Wa(z) (3)

which gives the martingale property, after scaling: indeed, take the expectation
in (3) to obtain par recurrence on n

=122 —-1).
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and divide by this expectation in (3) to get

B ) | 7 = B (s, ) = (14 20 I e

ni1(22 — 1 n+1 ni1(22 — 1) "

O

2.2.2 Embedding in continuous time. Yule tree

The idea is due to Pittel [16]. Let’s consider a continuous time branching process,
with an ancestor at time ¢ = 0, who lives an exponential time with parameter 1.
When he dies, it gives birth to two children who live an exponential time with
parameter 1, independently from each other, etc... The tree process thus obtained
is called the Yule tree process, it is denoted by (););.

| R
™ + ---00
i
Ty + ----4

00|01
T3 + -

010“011
tV

Figure 4: A representation of a Yule tree. Here Ny = 4. The displacements are
the generation numbers.

Let’s call N; the number of leaves in ); (at time t) and denote by
O<m< - < <...

the successive jumping times. For any time ¢ there exists a unique integer n such
that 7,1 <t < 7, and

{N;=n}={r_1 <t <}
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Due to the lack of memory of the exponential distribution, 7,, — 7,,_1 is the first
time when one of the n living particles splits. Consequently, 7, — 7,_1 is the
minimum of n independent random variables Exp(1)-distributed?, so it is Ezp(n)-
distributed. Moreover, the splitting particle is uniformly chosen among the n
living particles. Finally, the continuous-time process stopped at time 7, and the
binary search tree have the same growing dynamics, so that (it is the embedding
principle)

)y £ (T, (4)
From now, we consider that both processes (the binary search tree and the Yule
tree) are built on the same probability space, so that equality in distribution
becomes almost sure equality.

2.2.3 Connection Yule tree - binary search tree

On the Yule tree, let us define the “position” of an individual u living at time y
by
Xu(t) := —|ullog 2

so that the displacements are (up to the constant log 2) like the generation num-
bers in the tree. See Figure 4. It can be proved (coming from the theory of
branching random walks, see Biggins [4] and Bertoin and Rouault [3]) that

Theorem 2.2 For any z € C,

MtYULE(Z) — Z Z\u|€—t(2z—1)
u€Vy

is a Fy-martingale, with expectation 1. This martingale converges a.s. for all z
positive real. It converges in L' to a limit denoted by MYVLE(2) for all z €]z_, 2|
and it converges a.s. to 0 for all z ¢]z_, z, [, where z_ and z, are the solutions
of equation zlogz — z+1/2 = 0. Numerically, z— = 0.186...;2z, = 2.155...

Moreover, this martingale is connected to the BST martingale M 257 (z). Indeed,
writing MP5T(2) like in (2), and taking the Yule martingale at time ¢t = 7,, gives,
thanks to the embedding principle (4)

Mq};ULE(Z) _ Z Z\u|e—7n(2z—1)
uanTn
e—Tn(Qz—l) Z Z|u|
u€Tn

= ¢ NP (22 — 1) MBI ().

2For any positive real A\, Exp(\) denotes an exponential probability law with parameter .
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It is not difficult to pass to the limit in the preceding equality, when n tends
to infinity, when the parameter z belongs to the L!-convergence domain of the
martingales. In a Yule process, it is known (see for instance Athreya and Ney [1])
that e™*N; tends to a random limit & which is Exp(1)-distributed, when ¢ tends
to infinity. Since the stopping times 7, go to infinity when n goes to infinity, we
deduce that ne™™ converges to & when n goes to infinity. Finally let us use the
Stirling formula to get the estimate

n22—1

[,(22—-1)~ T(22)’

so that we have proved the following proposition.

Proposition 2.3 For any z €|z_, z,|, the following connection holds

YULE _£2Z_1 BST
M5 ( )—m 257 (2)

where € and MP5T(2) are independent and & is Exp(1)-distributed.

2.2.4 Asymptotics of the profile

The above connection is one of the main tools leading to the following theorem
on the profile of binary search trees. This theorem expresses that, after scaling,
the profile tends to the random limit MZ5T. The asymptotics of the profile is
concentrated on the levels k£ proportional to logn.

Theorem 2.4 For any compact K Clz_, z,],
Uk(n) BST
— - M_ a.s.

ECm)

e
2logn’n—oo

uniformly on 21<fgn e K.

2.3 Path length of a binary search tree

Definition 2.5 (path length of a BST) The (external) path length L, of a
binary search tree T, is the sum of the levels of the leaves of the tree.

Ln:= Y |ul.

u€ITn
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This parameter of the tree is interesting in analysis of algorithms, since it repre-
sents a cost: nL—jl is the mean cost of an insertion in the tree of size n.

Obviously, the path length is related to the level polynomial W, (z), since

Ly =Y kUx(n) = W;(1).

k>1

Consequently, elementary computations (taking into account IEM P57 (2) = 1 and
IEM/(2) = 0) lead to

E(L,) =2(n+1)(Hp4 — 1) ; M) (1) = n i 1

(Ln - ]E(Ln)) )

where H, is the n-th harmonic number, and M/ is the derivative of MP5T. Now,
the derivative of a martingale is still a martingale, and z = 1 is in the L!-
convergence domain of the BST martingale M, (2), so that it is straightforward
to obtain the following theorem.

Theorem 2.6 After scaling, the path length of a binary search tree, defined by

1
Y, =—(L,—E(L,
—— (Lo~ E(L,))
is a Fn-martingale with mean 0. It converges almost surely and in L' to a random
limit denoted by Y .

The law of Y is sometimes called the “law of Quicksort”. It can be viewed as a
solution of a distributional equation, in the spirit of Section 4.

3 me-~ary search trees

3.1 Definition

For m > 3, m-ary search trees are a generalization of binary search trees (see for
instance Mahmoud [15]). A sequence (7,,,n > 0) of m-ary search trees grow by
successive insertions of keys in their leaves. Each node of these trees contains at
most (m — 1) keys. Keys are i.i.d. random variables z;,7 > 1 with any diffusive
distribution on the interval [0,1]. The tree T,,,n > 0, is recursively defined as
follows:

Ty is reduced to an empty node-root; 77 is reduced to a node-root which contains
x1, 15 is reduced to a node-root which contains z; and x5, ... , T,,_1 has a
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node-root containing xi,...x,,_1. As soon as the m — 1-st key is inserted in
the root, m empty subtrees of the root are created, corresponding from left to
right to the m ordered intervals Iy =)0, z(y)[, ..., Im =]Z@m-1), 1] where 0 < z(1) <
o+ < Ty < 1 are the ordered (m — 1) first keys. Each following key @, ...
is recursively inserted in the subtree corresponding to the unique interval I; to
which it belongs. As soon as a node is saturated, m empty subtrees of this node
are created. The process (T,),>0 is recursively built, where T;, is the m-ary tree
of size n, i.e. containing n keys. See Figure 5.

Figure 5: A m-ary search tree (m = 3) of size 7, with 8 gaps, 4 nodes; among
them, fringe nodes are in green. The tree has been built with the successive keys:
0.8;0.5;0.9;0.4;0.42;0.83; 0.94.

To describe such a tree, let us introduce the so-called composition vector of the
tree, X,,, which counts the nodes of differents types in the tree. This composition
vector of the m-ary search tree provides a model for the space requirement of the
sorting algorithm. More precisely, for each ¢ = {1,...,m} and n > 1, let

XD := number of nodes in T}, which contain (i — 1) keys (and i gaps).

Such nodes are named nodes of type 7. Counting the number of keys in 7T}, with
the X we get the relation:

n=>Y (i-1)X,
=1

which allows to only study m — 1 variables X instead of m. We choose to
forget the saturated nodes, which are internal nodes and to only count the non
saturated nodes, which are at the fringe of the tree.
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When the data are i.i.d. random variables, one gets a random m-ary search tree.
With this dynamics, the insertion of a new key is uniform on the gaps. We want
to describe the asymptotic behavior of the vector X,, as n tends to infinity.
Remark here the urn model, when considering the gaps. Call the gap process
(Gy)n. Write the replacement matrix. Notice that GV =ixV.

3.2 Vectorial discrete martingale

The dynamics of the nodes is illustrated by Figure 6 and it gives the expression

) —— (o

(o) — (o9

Figure 6: Dynamics of insertion of data, in the case m = 4.

of X411 as a function of X,,. The (n + 1)-st data is inserted in a node of type i,
(4)

1
1 =1,...,m—1 with probability nl and in this case, the node becomes a node

n
of typei+1fori=1,2,...,m — 2, and gives m nodes of type 1, if i =m — 1.
In other words, forz=1,...,m — 1, let
( Al_( 1a170707 )
Ay =(0,-1,1,0,...)
Ay o=1(0,...,0,—1,1)
kAm_l—(m,O,. ,0,—1)
Then .
anZ
P(X,1 =X, +A]X,) = :
(X1 + 2| Xn) ol

The remarkable fact is that the transition from X, to X, .1 is linearin X,,. Notice
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(@)
also that 37" Za- — 1. When we note

-1 m(m — 1)

—(m = 2)
m—2 —(m-—1)

then

m—1 .+ ()
]E(Xn+1|Xn) =§;(X +A) ZXH = <I+ A )Xn.

We call I';, the polynomial

—_

n—

0

<

and we deduce first, by taking the expectation, and then by induction that:
E(X,) =T,(A)Xo. Dividing by I',(A), we get:

Proposition 3.7 Let (X,,), be the composition vector of a m-ary search tree.
Then, (T, (A)™'X,), is a F, vectorial martingale.

The spectrum of matrix A gives the asymptotic behavior of X,,. The eigenvalues
are the roots of the characteristic polynomial

m—1

'A+m
g)nLk ﬁ—m! (5)

where I' denotes Euler’s Gamma function. In other words, each eigenvalue A is a
solution of the so-called characteristic equation

m—1

[T +58) = (6)

k=1

All eigenvalues are simple, 1 being the one having the largest real part. Let Ay be
the eigenvalue with a positive imaginary part 7 and with the greatest real part
oo among all the eigenvalues different from 1. The asymptotic behaviour of X,
is different depending on oy < 1 or oy > % The proofs of the following theorem

2
can be found in [15, 12, 7, 17].
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Theorem 3.8
o When o9 < %, m < 26 then

X, —
ST DL N(0,52)
ﬁ n—00

where vy is an eigenvector for the eigenvalue 1, and where X2 can be calculated.

oWhen1>02>%,m227then

X, = nvy + %(nAQWDTvg) + o(n?)

where vy, vy are deterministic, nonreal eigenvectors; WPT is a C-valued random
variable with a martingale limit; the notation DT stands for discrete time; o( )
means a convergence a.s. and in all the LP, p > 1; the moments of WPT can be
recursively computed.

Geometrically speaking: let us denote by ¢ any
argument of the complex number WPT. The tra- i
jectory of the random vector X,,, projected in the
3-dimensional real vector space spanned by the V-
vectors (R(v2), S(v2), v1) is almost surely asymp-
totic to the (random) spiral

+ U1

z, = |W|n? cos(m logn + ¢),
Yn = —|W|n?2sin(m logn + ¢),
Zp =,

drawn on the (random) revolution surface

|W|22202 — ZE2 _’_yQ’

when n tends to infinity.

3.3 Embedding in continuous time. Multitype branching
process

For m > 3, define a continuous time multitype branching process, with m — 1

types
XCT(t)(l)

XCT(t) = :
XCr (t) (m—1)
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with XT(¢)0) = # particles of type j alive at time ¢.

Each particle of type j is equipped with a clock Exp(j)-distributed. When this
clock rings, the particle of type j dies and gives birth to

— a particle of type j + 1 when j <m — 2

— m particles of type 1 when 7 =m — 1.

Cl 0 =19 <7 < -+ <7, < --- the successive jumping times. The argu-
ments on the exponential distribution are the same ones as for binary search
trees embedding. Considering the process of gaps instead of nodes, it is easy to
see that 7, — 7,y is Exp(u +n — 1)-distributed, where u = 7" kXCT(0)® is
the numbers of gaps at time 0.

The embedding principle can be expressed
(X)), = (X,

and as for BST, we consider that both processes are built on the same probability
space, so that this equality holds almost surely. For this multitype branching
process, it is classical to see that
Proposition 3.9

(74X (1)) £>0
1s a JFy vectorial martingale.

By projection on the eigenlines (v, vy are eigenvectors and wuy, uy are eigen linear
forms), we get

Theorem 3.10 (/5/, Janson [12])
X(t) = €' (1 +0(1)) + R (W) (1 +0(1)) + 0(e™")
where & is a real-valued random variable Gamma(u)-distributed;
Wwor .— }EEO e 2ty (X T (1))
1s a complex valued random variable, which admits moments of any order p > 1;

o( ) means a convergence a.s. and in all the LP, p > 1. Moreover, the following
martingale connection holds

WeT = ¢ Wbt a.s.
with & and WPT independent.

The geometric interpretation with a random curve on a spiral can be done like

in discrete time. Nonetheless, notice the random first term in the expansion of
XCT(t).
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3.4 Asymptotics
3.4.1 Notations

In the following, we denote
T=ma) 4+ Tm-- (7)

where the 7(;) are independent of each other and each 7(;) is £xp(j) distributed.
Let us make precise some elementary properties of T'. By induction on m, let us
prove that T has

fr(u)=(m—1)e (1 — e_“)m_le+ (u), u€eR, (8)

as a density. Indeed, this is true for m = 2; when X and Y have fx and fy as
densities respectively, then the convolution formula gives that 7 = X +Y has f4
as a density, where

f2(z) = / T x(z— w) i (9)dy.

Consequently, taking X = T', with fr given by (8), and Y = 7,y having fy(y) =
me~™ as a density, we get

fz(z) = /Oz(m — e Y (1- e’(z’y))m_2 me~ "™ dy (9)
= m(m—1)e? /OZ e V(e — e_z)ﬂ%2 dy (10)
= m(m—1)e? [— <€_y77_1 e__? _ ] (11)
= me *(1—e?)™ 1t (12)

We deduce from (8) that e™7 has a Beta distribution with parameters 1 and
m — 1. A straightforward change of variable (z = e™") under the integral shows
that for any complex number A such that £(\) > —1,

Ee M = /+°° e fr(u)du = (m — 1)B(1+ X\, m — 1) (13)
(m—1)!
0o ) "

where B denotes FEuler’s Beta function:

Bia = [ w0 = T

Tty Rx > 0,Ry > 0. (15)
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In particular,

(L+m-—1)...(1+1) < Lif R(\) > 1,

m e_)\T = m e_%()‘)T = =11 -
Ele™ [ =mE R +m—1)... (RN +1) | o } é igi; < if
(16)

3.4.2 Dislocation equations

We would like a complete description of the C-valued random variable W7, It
is a limit of a branching process after projection and scaling, remember that

wer .= tlgi ef)‘QtUQ(XCT(t)).

Let us see now how the branching property applied at the first splitting time
provides fixed point equations on the limit distributions.

Let us write dislocation equations for the continuous time branching process at
finite time t. We write X;(t) for X“7(¢) when the process starts from X7 (0) =
ej, where e; denotes the j-th vector of the canonical basis of R™™! (whose j-th
component is 1 and all the others are 0). This means that the process starts from
an ancestor of type j.

Notice that the distribution of the first splitting time 7; depends on the ancestor’s
type; denote by 7(;y,7 = 1,...,m — 1, the first splitting time when the process
starts from X (0) = e;. Thus 7(;) is Exp(j) distributed.

The branching property applied at the first splitting time gives:

(

Xl(t) é Xg(t—T(l)),
L
XQ(t) = Xg(t—T(Q)),
vVt > 71, (]_7)

L

Xm—2(t) = Xm—1<t - T(me))7

| X (8) = X0t = 7o),
where the notation [m]X denotes the sum of m independent copies of the random
variable X.
After projections of the variables X;(t) with the form wus, scaling with e=*2 and
taking the limit when t goes to infinity, we get the variables

W= lim e Muy(X;(t)),

t—+o0

B. CHAUVIN, Random Trees and Probability, CIMPA Summer School 2014, Nablus

104



so that the system (17) on X;(t) leads to the following system of distributional

equations on Wj:
(

I~

W, = e 2Ty,

I~

WQ G_AQT(Q)W;J,,

L _
Wm,Q =€ AQT(’"*Q)Wmfl,

L Wm,1 é €_>\ZT(’"*1) [m]W1

Since W is the distribution of WT starting from a particle of type 1 (which is
indeed the case for the m-ary search tree), this shows that W is a solution of the
following fixed point equation:

A £ e_/\QT(Z(l)—l—"'—FZ(m))a (19)

where T is defined in (7) and where Z are independent copies of Z, which are
also independent of T'. Several results can be deduced from this equation, namely
the existence and the unicity of solutions, properties of the support. Some are
described in the following section.
In terms of the Fourier transform

o(t) :=FEexp{i(t,Z)} = Eexp{iR(tZ)}, teC,

where (x,y) = R(Ty) = R(z)R(y) + S(2)S(y), Equation (19) reads

o(t) = /O o o™ (te ) fr(u)du, t e C, (20)

where fr is defined by (8). Notice that this functional equation can also be
written in a convolution form: if ®(¢) := p(e*?!) for any t € C, then ® satisfies
the following functional equation:

(1) = /Om S (t — u) fr(u)du, teC. (21)
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4 Smoothing transformation

In this section, inspired from the case of m-ary search trees (see [5]), the following
fixed point equation coming from the previous multitype branching process is
studied, thanks to several methods. These methods are general ones, they are
used for other distributional equations. Let us just mention analogous results for:
e binary search trees, where the quicksort distribution is studied in Rosler [18];
e Polya urns where the limit distribution occurring for large urns is studied in
8, 6].

The following smoothing equation comes from m-ary search trees, studied in

Section 3.
c

W e MW 4wy, (22)
where A\ € C, T is defined in (7), W® are C-valued independent copies of W,
which are also independent of T. We successively see:
e the contraction method, in order to prove existence and unicity of a solution,
in a suitable space of probability measure, in Section 4.1;
e some analysis on the Fourier transforms in order to prove that W has a density,
in Section 4.2;
e a cascade type martingale which is a key tool to obtain the existence of expo-
nential moments for W, in Section 4.3.

4.1 Contraction method

This method has been developed in Rosler [18] and Résler and Riischendorf [19]
for many examples in analysis of algorithms. The idea is to get existence and
unicity of a solution of Equation (22) thanks to the Banach fixed point Theorem.
Notice that we already have the existence, thanks to Section 3. The key point is
to chose a suitable metric space of probability measures on C where the hereunder
transformation K : u+— Kpu is a contraction.

Kp=L(e?(XY 4.4 X)) (L law) (23)
where T is given by (7), X are independent random variables of law s, which
are also independent of T

First step: the metric space.

For any complex number C, let M3(C') be the space of probability distributions
on C admitting a second absolute moment and having C' as expectation. The first
point is to be sure that K maps My(C) into itself, this is given by the following
lemma.
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Lemma 4.11 If A is a root of the characteristic equation (6) such that R(\) >

—% and if C is any complex number, then K maps My(C') into itself.

PROOF. Since R*(\) > —1, the random variable e~* has an expectation. See (13).
Furthermore, by (13) again, mEe T =1 as X is a root of (5). This ensures the
conservation of the expectation by K. Since R(A) > —3, then E|e *|? < 0o and

Kp admits a second absolute moment whenever p does. Therefore K € My(C)
whenever u € My(C). O

Now, define dy as the Wasserstein distance on My(C) (see for instance Dudley
[10]): for p, v € My(C),

do(p1,v) = (min]E(|X—Y\2)>;, (24)

(X,Y)

where the minimum is taken over couples of random variables (X, Y’) having re-

spective marginal distributions p and v; the minimum is attained by the Kantorovich-

Rubinstein Theorem — see for instance Dudley [10], p. 421. With this distance
dy, Ms(C') is a complete metric space.

Second step: K is a contraction on (My(C'), ds).

It is a small calculation, taking some care when choosing the random variables:
let (X,Y) be a couple of complex-valued random variables such that £(X) =

u, LY) = v and do(p,v) = VE[X —Y|]2. Let (X;,Yi),i = 1,...,m be m
independent copies of the dy-optimal couple (X,Y), and T be a real random
variable with density fr defined by (8), independent from any (X;,Y;). Then,

L(e™ ZX,J) = Kp and  L(e™M ZYZ) = Kv,
i=1 i=1
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so that (remember that for all i, IE(X;) = E(Y;) = C)

dy(Kp, Kv)? < E <6)‘TZXi> — <6ATZYi>
=1 i=1

2

2

m 2

> (X -Y)

=1

— E|leM'E

= E[e?) (Xi-Y)
=1

= E|e] (f}a X =Y’ + ) E(X; - V) (E—Vj))

i=1 i#£j

= mE |e7?| d; (i, v)?.

1
With Equation (16), we know that mE |e=?T| < 1 <= R()) > 3 which happens

for a large urn. Therefore K is a contraction on Ms(C'). We have proved the
following theorem.

Theorem 4.12 Let A € C be a root of the characteristic equation (6) such that
R(A) > %, and let C € C. Then K is a contraction on the complete metric
space (Ms(C),ds), and the fized point equation (22) has a unique solution W in
My (C).

4.2 Analysis on Fourier transforms

The aim is to prove that W solution of Equation (22) has the whole complex
plane C as its support and that W has a density with respect to the Lebesgue
measure on C. The method relies on Liu [13, 14] adapted in [5] for C-valued
variables. It runs along the following lines.

Let ¢ be the Fourier transform of any solution W of (22). It is a solution of the
functional equation

o0 _
ol(t) = / S (te ) fr(u)du, ¢ € C, (25)

where fr is defined by (8).

We first prove that ¢ is dominated by [¢t|~® for some a > 1 so that the inverse
Fourier transform provides a density for W. It will prove that ¢ is in L?(C) (for
a distributional equation in R, it is proved that ¢ is in L*(R)).
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To prove that ¢(t) = O(|t|~*) when [t| — oo, for some a > 1, we use a Gronwall-

type technical Lemma which holds as soon as A := e has good moments and

once we prove that ‘ |lim @(t) = 0. It is the same to prove that hI_El P(r) =0
t|—+o0 r—+00

where

(r) == max|p(t)].

lt|=r

This comes from iterating the distributional equation (25) so that

w(r) <EW™(r|A])).

By Fatou lemma, we deduce that lim sup, 1(r) equals 0 or 1. And it cannot be 1
because of technical considerations and because the only point where ¢ (r) = 1 is
r = 0. This key fact comes from a property of the support of W strongly related
to the distributional equation with a non lattice type assumption: as soon as a
point z is in the support of W, then the whole disc D(0, |z|) is contained in the
support of W. Finally, the result is

Theorem 4.13 Let W be a complex-valued random variable solution of the dis-
tributional equation

£

W = e—AT(W(l) 44 W(m))’

where X is a complex number, W@ are independent copies of W, which are also

independent of T'. Assume that X\ # 1, ®(A) >0, EW < oo and EW # 0. Then
(i) The support of W is the whole complex plane C;

(i1) the distribution of W has a density with respect to the Lebesque measure
on C.

4.3 Cascade type martingales

The distributional equation (22) suggests to use Mandelbrot’s cascades in the
complex setting (see Barral [2] for independent interest about complex Mandel-
brot’s cascades).

As in Section 3, take A € C be a root of the characteristic equation (6) with
R(\) > 1/2. Still denote A = ¢ *?. Then mEA = 1 because ) is a root of the
characteristic equation (6) and mE|A|* < 1 because R(\) > 1/2 (see (16)). Let
Ay, u € U be independent copies of A, indexed by all finite sequences of integers

u=ui..u, €U := L_J{l,Q,...,m}”C

k>1
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and set Yo =1, Y7 = mA and for n > 2,

Y, = > MAA Auruy - - Aty (26)

Uy Up—1€{1,....m}n—1

As mEA =1, (Y,,), is a martingale, with expectation 1.

This martingale has been studied by many authors in the real random variable
case, especially in the context of Mandelbrot’s cascades, see for example [14] and
the references therein. It can be easily seen that

Yn+1 - A Z Yn,i (27)

where the Y, ; for 1 <14 < m are independent of each other and independent of
A and each of them has the same distribution as Y,,.
Therefore for n > 1, Y, is square-integrable and

VarV, 1 = (E|A*m?® — 1) + mE|A]* Var Y,,,

where Var X = E (] X — EX|?) denotes the variance of X. Since mE|AJ?> < 1, the
martingale (Y},),, is bounded in L?, so that (see Theorem 2.14 in Mailler’s course)
the following result holds.

Y, = Y, a.s. and in L?

where Y, is a (complex-valued) random variable with

E|AP*m? — 1
Var(Yoo) = TM

Notice that, passing to the limit in (27) gives a new proof of the existence of
a solution W of Equation (22) such that EW = 1 and W has a finite second
moment whenever () > 1/2.

The previous convergence allows to consider Y, instead of W and a technical
lemma then leads to the following theorem, showing that the exponential mo-
ments of W exist in a neighborhood of 0, so that the characteristic function of
W is analytic at 0.

Theorem 4.14 Let A € C be a root of the characteristic equation (6) with R(\) >
1/2 and let W be a solution of Equation (22). There exist some constants C' > 0
and € > 0 such that for all t € C with |t| <e,

FetW) < RO+CI (0 0 EeltW! < 4eltl+2C1H*
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Automata and Motif Statistics

Pierre Nicodéme

1 Motivation

Automata are used

in hardware technology (circuits)
— in compilers and lexical analyzers

— for pattern matching

to build groups with specific cogrowth

to compute statistics of motifs when a Motif is an infinite language or a very large
language described by a regular expression (linguistics, bioinformatics, Web analysis)

2 Overview of the course

— Basics of Automata theory

— Pattern Matching

— Counting with automata in random texts
— Applications

3 Finite automata

3.1 What is an automaton?
An Automaton is

b

@ A directed graph,
— where vertices are called states,
— edges are called transitions,
0 a and labelled by letters of a finite alphabet;
— there is a specific state called start,
@ — and there are accepting states.
‘ — The function mapping the states to their successors

is called “transition function”

a

AUTO = (A, Q, start, 6, F)
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The automaton above

1. Alphabet - A = {a, b}
2. Set of States - @ = {1,2,3}
3. start = {0}

0 {1
4. Transition function §: ¢ d(1,a) = {} o(
2 2

5. Accepting states: F' = {1}
— A run of length n is a sequence (qo, g1, - . -, ¢y) such that

1. qop = start

2. there exists ajas ...a, € A" and ¢;+1 € 0(¢i, ait1)

— A word w = aqas . ..a, is accepted if there is at least a run of length n spelling its
letters and ending in an accepting state.

— The set of words accepted by the automaton is the language recognized by the
automaton.
(A language is a possibly infinite set of words)

Examples

— Some not accepted words:
c,a™, ab, b" (m>2n>2)

— Some accepted words:
a,byca™  (n21)

— The recognized language (an infinite set of words in the present case)
a+b+ca’ (a™=5,-,a")
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3.2 Different classes of Automata

3.2.1 Deterministic and Non-Deterministic automata

b b

s e

a C

A NFA A DFA

(Non-deterministic Finite Automaton) (Deterministic Finite Automaton)
16(2,0)| = |{2,1}| > 1 Vg € Q,VLE A 6(q, ()| =1

Several successors Only one successor

with the same letter with one letter at each state

3.2.2 Finite Automata with e—transitions

e-auto auto-without-e

ecl(4) =4{4,1,2}
' =1{0,1,4,2}

e-cl(0) = {0,1,2,3}

e A(0,a) = el (Upe{o,1,2,3} J(p, a))
=ecl ({4}) ={4,1,2}

— eauto = (A= {a,b,¢},Q ={0,1,2,3,4},5s = 0,6, F = {2})
— An e-transition consumes no input (no letter of the alphabet different of €)
— e-closure: Vg € Q, ecl(q) := {p | p is accessible from ¢ without consuming input}

Build an automaton without e-transition that recognizes the same language
— auto-without-¢ = (A = {a,b},Q, s, A, F’)
- ' =FU{q| ecd(@NF #0} ={0,4,1,2}
~ A0 = edUeri 50 D)
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e-cl(0) = {O ,2,3} A(0,a) = {4,1,2} A(3,a) ={4,1,2}
ecl(2) = {2} A(l,a) =A(L,0) ={}  A(4,0) ={}
ecl(3) = {3} A2a) = A2 = {}  A(db) = {0,1,2}
e-cl(4) = {4,1,2}

Remark. Usually, the resulting automaton is a NFA.

3.2.3 Determinization of an automaton

Myra = (A,Q,0,6, F) Mppa = (A4,Q,0,A, F)

A(0,a) = {1} A({1,2},0) = {2}
A(0,0) = {1,2} A({2},0) = {2}
A({1,2},a0) = {1} A({2}a) = {1}

— Q' C 29 (the subsets of Q)

the subsets that contain
at least one accepting state of M

-vS e \Vie A, A(S0)=,s6(q0)

Definition 3.1. Two automata M = (Q, A,s,0,F) and M' = (Q', A',s',0', F') are equiv-
alent if they recognize the same language (L(M) = L(M'))

- F={fe@}; fﬁF#V)}{

The automata Mypa and M{, are equivalent
— each accepted run of Myrs translates to an accepted run of Myga
— each non accepted run of M{,p, is the translation of a non accepted run of Mppa

Theorem 3.1 (Rabin-Scott 1959). Let M = (Q, A, s,A,F) be a NFA. Then there exists a
DFA M'"=(Q', A',s",¢', F') that is equivalent to M.
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Proof by induction

Remark 3.1. Each DFA is a NFA.

Corollary 3.1. (i) The NFA’s are no more powerful than the DFAs in terms of the languages

they accept.
(i) The NFA’s and DFA’s recognize the same set of languages.

4 Regular Expressions and Regular Languages

Surprisingly, there is another fully different characterization of languages recognized by Finite

Automata, the Regular Languages.

4.1 What is a Regular Language?

Definition 4.1. Let A be a finite alphabet.
The collection of regular languages over A is defined recursively by

1. 0 is a regular language

2. {e} is a regular language

3. {€} is a regular language for each £ € A

4. if A and B are regular languages, so are
» AUB (Ex: {ab}U{c} = {adb,c})
> AeB (Ex: {ab,c} e {d, e} = {abd,cd,abe,ce})
> A* (Ex: {ab}* = {e,ab,abab, ..., (ab)",...})

5. No other languages over A are regular

Regular expressions are shorthands for regular languages
a+b denotes {a,b} = {a}J{b}
ab denotes {ab} = {aeb}
a* denotes {a}*

at denotes a.a* =aea*

4.2 Formal definition of Regular Expressions
Regular expressions are defined recursively by

1. () and € are regular expressions
2. ¢ is a regular expressions for each £ € A

3. if r and s are regular expressions, so are
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—r+s
- 1.
_p*
4. No other sequence of symbols is a regular expression.
Lemma 4.1. Every regular language can be accepted by a finite automaton

Lemma 4.2. FEvery language accepted by a finite automaton is reqular

Theorem 4.1 (Kleene 1956). A language is reqular if and only if it is accepted by a Finite
Automaton

Proof of Lemma 4.1.
1. Atomic Languages
0 is accepted by (A, {0},0,5 =0,0)
€ is accepted by (A, {0},0,6 = 0,{0})
te A isaccepted by (A4,{0,1},0,6(0,¢) ={1},{1})
2. let £1 and L, regular languages respectively accepted by automata A; and A,.
L1.Lo is accepted by  A;.A4,
L1+Ls is accepted by A UA,
L1* is accepted by Ag*

Starting from the atomic languages, one builds recursively a e-NFA recognizing a
given regular expression

Proof of Lemma 4.2 - From Finite Automata to Regular Expressions.
A=(A+e{q1,q2,.-,9m},S CQ,4, F C Q) a finite automaton

1. let L(i, j, k) = {w ’ w is the label of a path from ¢; to g; }

where intermediate nodes have labels < k
2. L(i,7,0) has no intermediate labels = L(7,7,0) C AU e is regular

3. Assume L(i,j, k) regular and consider L(i, 7,k + 1)
Let p be a path form ¢; to ¢; where intermediate nodes have labels < £ + 1.

— (a) p € L(4,7,k) (the path p does not reach gi+1)

— (b) p begins at g;,reaches ¢+1 a first time, possibly other times, until a last time, and
ends at g;

Cases (a) and (b) give
L(i,j, k+1) = L(i,j,k) UL(i, k+ 1,k)L(k + 1,k + 1,k)*L(k + 1, , k)
Therefore L(i,j,k + 1) is regular

4. In particular L(i,j,m) is regular

Conclusion: L(A) = U {L(i7j7m)|qi €5,q; € F} is regular, since it is a finite union of
regular languages
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5 Counting

5.1

Generating Functions of Languages

L a language (a possibly infinite set of words)

5.2

Enumeration

L(z) = Z 2wl = Z 12"

weL n>0

where [,, is the number of words of length n of £

Weighted generating Function

W(Z) = Z P(fw)z‘w‘ — anzn

weL n>0

where p,, is the probability that a random word of length n belongs to £

Enumeration
L(a,b) = allepl®l =3 "1; ja't)
weL i,J

i letters a

l; ; = number of words in the language w1th{ j letters b

F(z) = L(z,2) =), fn?", fn =number of words of length n in the language
Weighted counting F(z) = L(P(a)z,P(b)z) = anz”

p, = probability that a word of length n is in the language

Generating Function of a Regular Expression

The following algorithm is usually attributed to Chomsky-Schiitzenberger (1963), but may be

older.

We provide here a trivial example, but the algorithm used is fully general.
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Build the automaton that accepts the language defined by P;
it recognizes the set of words terminating with aba

P = A*aba = (a + b)*aba

that start at state ¢
and terminate in an accepting state

Define £; as the language of runs {

L1 = ba+a*ba+ba(ba)*+. ..

,Co = (I,.,Cl —+ b.,C[] LQ(&,b) = (I,><L1 (a,b) —+ hXLo(a,b)
L1 =ali+b.Ls Li(a,b) = axLi(a,b) + bx La2(a,b)
Lo=a.L3+b.Ly Lo ((l7 b) =axLs ((l7 b) + b)(L()(ll7 b)
L3=aLli+bLs+e Lg(a,b) = uXLl(a,b) + bXLQ(a,b) +1
1 .
solve:  Lo(a,b) = ———— xaba F(z) => pnz" = Lo(P(a)z,P(D)z)

1—(a+0b)

The resulting generating function is always the solution of a linear system of equations, and
therefore a rational function.

5.3 Asymptotics of a rational function
P(z)

—if F(z) = oc)

with P(p # 0), Q(p = 0)
— and p real, positive, dominant singularity of order k

Then,

fu= 1P = 5

Expand the polynomial P(z) at p

xpmx(m—k+1)x(1+A4")  (A<1)

to get a full expansion

Generating Functions of Regular Languages
1. Any regular expression is recognized by a Finite Automaton
2. The Chomsky-Schiitzenberger algorithm applies to any regular expression.

Theorem 5.1 (Chomsky-Schiitzenberger 1963). The generating function of a regular language
is rational.

Corollary 5.1. Let R a regular language and R,, = RNA™. 3ng, Yn > ng, |[R,|=pi1(n)\j+
<4 pip(n) AL, with p;(n) complex polynomials and \; € C
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5.4 An asymptotic test of non-regularity

For any regular language R, there exists a real positive number A and a polynomial p(n) such

that
lim r, = A" X p(n), Ty = ‘RﬂA”

n—oo

— The number of words of length 2n in Dyck Languages ((()(()))) is the Catalan number

4
nd/2\/7’
Dyck languages are not regular and cannot be recognized by a DFA; however they can
be recognized by a push-down automaton, and they have an algebraic generating function.

(2:)/(2n + 1) asymptotic to

— Let m(x) be the number of prime numbers less than =z € RT.

m(z) _

z—oo x/logx

There is no known generating function enumerating the primes. Would one find one it
would not be regular. It is not possible to enumerate the primes by an automaton.

6 Some classical pattern matching algorithms

6.1 Aho-Corasick (1975) - Finite Motif - Multiple Counting

(1,) =2 ws.a = a.aa
,0) =3 we.b=a.ab
" 0(3,a) =1 ws.a=ab.a

P ={a,aa,ab,b
{ ) A, } by =4 w3.b=abb

b for each specific match ring a bell

A 2 21

1. Build a trie (a tree that is here equivalent to an automaton) recognizing all the words of
P

— let @) be the set of nodes of the trie: @ ={0,1,2,3,4}

- Vg€ Q,let w, the word spelling the run from 0 to ¢ — (as instance w; = ab)
2. for each node ¢ with a missing transition /¢

— add a transition §(q, ) to state ¢’

— such that w, is the longuest possible suffix of w,.¢
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6.2 Knuth-Morris-Pratt automaton (1977) - Only one word
P = aba

— same construction as Aho-Corasick

— for each match ring the bell

— aaaaabarbbabarbarbb

7 Statistics of Motifs

We learned how to compute the number of matches of a finite pattern in a random text.

What about counting the occurrences of a Regular Expression in such texts?

7.1 Tools and Aim - Generating Functions
For a given pattern /°, we want to compute

F(z,u) = Z Fopubz"

n>0,k>0
P occurs k times
where fr,r=P | .
in a random text of length n
If X, is the random variable

— counting the number of occurrences of P
— in a random text of size n
F(z,u) = Z fopub2™ = Z z" ZP(X,, = k)u”
n>0,k>0 n>0 k>0
The variables z and u are formal variables
— z is related to the length of the texts

— wu is related to the number of occurrences of P

7.2 Counting with Regular Expressions - The right language
1. Input:
— a finite alphabet A

— a regular expression R
2. Output: F(z,u) = Z Fapu’ 2",

n>0,k>0
where f, 1 is the number of occurrences of the pattern R in a random sequence of length

N.
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Method
1. Build the DFA recognizing A*.R

2. Use a variant of Chomsky-Schiitzenberger to ring the bell and produce the variable u

Counting the number of occurrences of abta

We define L; as the language of words
that are recognized by the automaton,
with the condition that state i is cho-
sen as initial state.
Q Q This leads to the linear set of equa-
0 a 1 b 9 a tions on languages {Lo, L1, L2, L3}.

There is a particular case for state 3,

P=A*abta=(a+b)*aba

b a b

a where you must ring the bell; this
translates to the formal parame-
Lo=a.L1+bLo Lo(a,b,u) = axLi(a,b,u) + bx Lo(a, b, u) ter u.
L1=al1+bLs Ll(a, b, U) =a ><L1(a, b, u) +bx Lg(a, b, u)
Lo =a.L3r+b.Lo Lo(a,b,u) = axuxLs(a,b,u) + bx La(a, b, u)
L3=a.Lly+bLs+c Ls(a,bu) = ax Li(a,bu) + bx La(a,bu) + 1
Solve: b+ ab 1
- ab — ua
Lo(a,b,u) = F(z,u) = ubz? = Lo(P P(b)z,1
o(a, b) 1 —a—2b+ 2ab+ b — ab? — u(ab — ab?)’ (20) = 2 Fuu™z o(P(a)z, P(b)z,u)
Pla) = P(b) 1 P, u) 8 — 4z + 222 — 2uz?
a)=Pb) ==~ Z,u) =
‘ 2 8 — 122 4 622 — 23 — u (222 — 23)

Once again, this method is fully general.

7.3 Exploiting the generating Function

8 — 4z + 222 — 2uz?
8 — 1224622 — 23 — u (222 — 23)

R=abta, F(z,u)=

— Expand in series with respect to z in the neighborhood of 0

1 7 5 1 1
F(z,u)=1+2+22+ <7u—|—§)23+ (ﬁu—i——)z‘l—&— (5—&-

1 15
8 16

1 9\.s 6
32u+ 32u)z + O(=°)
— Compute the generating function of the expectations of the number of occurrences of the pattern

_ OF(z,u)
- ou

22

12 1 22 1
4(1—2)2

51—z+1 *
z

BE(z) =) B(Xn)z"

u=1

1
177
2
— Get E(X,)

B(Xn) = 7% yom g %(nf 1) = %(n 342

8 — 4z 4 222 — 2uz?

R=ab"a, F(z,u)=
an-d, (2, u) 8 — 122 + 622 — 23 — u(222 — 29)
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— Generating function of the Second Moment M>(z) = Z E(X2)z" = 2uaF(Z’u)
= ou ou el
20,2 _ 20,2 _ 20,2 _ 4
MQ(Z):Ez (2 =2) 12°(z 21)_12’(;: 22)_’_1 z
4 1-=z 4 (1-=2) 8 1_72 8(1—=2)3
2

— Extract the nth. Taylor coefficient
5

E(X;) = [2"|Ma(z) = %112 - %n tg- 27"

— Standard Deviation o,

o, = VE(X?) — E2(X,) = i\/n 41— 2-nh3p 4 2 n+3 _ gont2

7.4 Limit law

— Laplace transform L of a random variable X of density function f(z)

oo

L(X,t) = E(™) = / e f(x)dz

— 00

— Laplace transform of a standard Gaussian variable N/

1 e 2 2
L(N’t):\/TTr/ e 2y = et /2

Theorem 7.1 (Paul Lévy Continuity Theorem - 1925).

If, fort € [—a, +a], lim, . E(e") = L(N) = e/?,

then X, PN (convergence in distribution or law):  lim P(X, < z) =

1 X
n—00 V2T ./oo
7.5 Limit law of the number of occurrences of abta.

We assume that P(a) = P(b) = 1/2

8 —dz + 222 — 2uz? 1-— 1 1-—
F(Z’u):8712z+6;+fzz37u(u2z22723):_ =t +ﬁ\/a i 1/3/5
u<1—§) 2u(l—=z 2ull—=z
2 2
(1)

u 2 n

Xn - Mn,
On

Xn — ‘n U Xy — ‘1 fn,t tX
D, (t) = \I/,,(tniy) =E [exp <(n/1))] = exp (—N> E [exp ( n)}
On On On On

P. NICODEME, Automata and Motif Statistics, CIMPA Summer School 2014, Nablus 124

1 1 n+1 1
W, (u) = [2"]F(z,u) = = ( ki ﬁ) +0 () for u close of 1

We consider U, (e') = E(e/%") and the normalised law




n—3 n—+1

We substitute:  p,, = +0@2™), o,= 1 +0(27)
In a neighborhood of ¢ = 0, we expand log(®,,())
f2 IL4 fG IL2
log(®,,(t) = — — ——— — |, lim log(®,, () = —
o8(*u0) =5 ~ oy TO <n2) i log(® (1)) = 5

7.6 The Gaussian law is general

R=ab"a P = A*abta
b . b Lo(z,u) = Lo = zpaln + zpyLo + 1,

/Q\ Q Ly =zpylo + 2paLi+1,
(0)—= 1 b 2 ——® Ly = zpguLs + zppyLo + 1

Lz =zpsL1 + zpplo +1

General case: L= | ! | =2T(u)L+ 1, and T(u) positive n x n matrix for v >0
Ly,

Theorem 7.2 (Perron-Frobenius, 1907-1912). If T(u) is positive, irreducible and aperiodic, the
dominant eigenvalue is unique, real and positive.
P(z,u) P(z,u)

Lo(z,u) = QG0 = A= on () (=) Ai(u) eigenvalue of T(u)

1

1
A (u) dominant = < <...
() MO O

Perron-Frobenius conditions in the context of automata.

— irreducibility: from any state, any other state can be reached (The above automaton is
not irreducible)

— primitivity: there exists a large enough e such that any state can be reached by any
other state in exactly e steps

Remark 7.1.

— The above automaton with initial state 1 and states 1,2, 3, is irreducible and primitive
L 1

— +
—zpy 1 —zpy

The automaton with states 0,1,2,3 is such that Ly = 1

Foru=1, we have Ly = L1 = Ly = Ly = 1/(1 — 2)

by continuity, A1(u) is close of 1 foru € [1 —¢, 1+ €]
1 1

M)

— for Ly, we have
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Uniform Separation Property with respect to n

1/ 2o (u)
@

R=1/A

(@)
1/A3(w)

1/X5(u)

2im
= c(wh(u)"(1+0(4") (A<,

o) = "V G) = i § e F) = 5 f o G ds, ()

where g(z,u) has no singularity inside the disk |z| < radius of T.
Hwang’s quasi-power theorem — limiting Gaussian distribution

Variability condition: \”(1) + N (1) — X' (1)?#£0 (Aw) = A1 (u))

7.7 Statistics of one regular motif

Let X,, count the number of occurrences of a regular motif R in a random text of length n.
With g(z,u) defined as in Equation (2), we have

F(z,u) = ;P(Xn = k)uF" = 1—0()\u()u)z +g(z,u)

Theorem 7.3 (N, Salvy, Flajolet - 1999). Both in the Bernoulli and Markov model, with
T(w) the fundamental matriz, and A(u) its dominant eigenvalue,
1. F(z,u) is rational and can be computed explicitly
2 B(Y,) =N(Jn+e +0(4%), (=)
Moments < Var(X,) = (\(1)+ N(1) = N(1)*)n 4 co + O(A™)
(co=c"(1)+c(1) = (1)?)

X, — 1 x
3. Limit Gaussian law: Pr ( un) — / e~ t/2 gt
a\/n V21 J oo

[Bourdon, Vallée - 2006| Extension to dynamical sources
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Counts of R =ab"a Assuming again P(a) = P(b) = =

with X,, number of occurrences of R in a random text of size n

we have

7, = \/Var(X,) = "’4+ Lyoem)

The Variability condition: is verified
Var(X,,) = (\'(1) + X(1) = N(1)*)n + c2 + O(A™) = O(n)

We have Var(X,,) = O(n) = normal limit law

Counts of R =ab* P(a) =P(b) = %

F(z,u) = Z ZP(Xn = k)uFz"

n>0 k>0

B uz/2—1
11— 2/2 — uz + uz?

E(X,)=n—1+2"
E(X2)=n?-2n+3—-3x2™"
Var(X,) =2— (2n+1)27" — 4"
lim Var(X,) =2

n— 00

— The variation condition is not verified

— The limiting law is not normal

Hwang’s Quasi-Power theorem - Gaussian form

) _ ) Fo (f’(l))2

f)” fa - f@) f()

Theorem 7.4 (Hwang 1994). Let the X,, be non-negative discrete random variables (supported

by Z>o) with probability generating function p,(uw). Assume that, uniformly in a complex neigh-
borhood of uw =1, for sequences B,, Kk, — 00, there holds

Notation: m(f) = v(f)

Pu(t) = A(u).B(u)? <1 +0 <1)> ,

Ko,
where A(u), B(u) are analytic at uw =1 and A(1) = B(1) = 1. Assume finally that B(u) satisfies
the so-called “variability condition”,

v(B(u)) = B"(1) + B'(1) — B'(1)*> # 0.
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Under these conditions, the mean and variance of X,, satisfy

i = E(X,) = Bum(B(1)) + m(A(1)) + O (r,,")
o2 = Var(X,,) = Brv(B(1)) + v(A(1)) + O (I‘-?;Ll) )

The distribution of X, is, after standardization, asymptotically Gaussian,

X B0 _ v of . L
PT{ Var(Xn)<} N()+O<ﬁn+m>7

7.8 What about counting with several motifs simultaneously?

P ={a,aa,ab,b} Several Finite Motifs

(0 )—— Where are the bells?
Easy: upon some nodes of the trie

It is not so easy for several general regular motifs

7.9 Product of Marked Automata

The product of automata is classical in automata theory. For two automata

— Auto; = (A, Q1, 51,01, F1),
— Autos = (A, Q2, $2, 02, F5),

The product automaton P = Prod(Autos, Autos) is defined as: P = (A4, Q C Q1 %xQ2, (s1,52), A, F)
where

Vg1 € Qu,q2 € Q2. V0 € A, A((q1,92),4) = (61(q1,4),d2(q2, 7))
F = {(qi,qj')With qi € Fy or q; € Fy

Remarks. Like for the determinization of an automaton, the algorithm generating the product au-
tomaton starts from the initial state (s1,s2), and only the accessed states encountered during the
algorithm are generated to build Q

The construction is quadratic in the worst case with respect of the size of the two initial automata.
The product of more than two automata follows the same rules.

We need however to distinguish the type of terminal states with respect to the corre-
sponding match within the multiple pattern by assigning different marks to them.
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U=aa+0 V = b*aab*,
AutoU = (A4,0,Q,0, F = Q,Mark = {2,3}) AutoV = (A,0,Q,6, F = Q,Mark = {2,3})

Prod(AutoU, AutoV) = (.A, (0,0,QCQ xQ,AF=Q,
Mark; = {(2,2),(3,0),(3,3)},
1\1&1‘1{2 = {(27 2)7 (37 3)}
A((gi,47), (0, 02)) = (0(ai. ), 8(g;. £2)

)[En'kl = Qﬂ (U(/E\I;nk qx Q) KI&I’}(Q = Qﬂ (Ul]Elerk Q X q)

Getting the Multivariate generating Function

U =aa+Db, V = b aab®

Chomsky-Schiitzenberger again

LOO = 7TQZL11 + 7TbZ'UL30 +1
Ln = 7TaZU’UL22 + 7TbZ[1L30 +1
L30 = 7TaZL11 + 7TbZUL30 +1
Loy = mazuvLog + mpzuvlsz + 1
L33 = 7TaZL11 + 7TbZ'UUL33 +1

P(a)=m, P(b)=m

{ U,, number of occurrences of [/ in texts of length n

Assume T, = T, = 2 V,, number of occurrences of V' in texts of length n

F(z,u,v) = 2" ZP(U,, =rV,=s)uv’

8 + 4z — 8uvz — 2uv(l — uv)2?
8 — duz — 8uvz — 2u(l — 2uv — uv?)2? — v?v?(1 + u)z3
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Covariance of U, and V,,

OF (z,u,1) 5 0 OF(z,u,l)
S EU,):" = . Y EU)" = —
= ou w=l S ou ou el
0F(z,1,v) 9 0 0F(z,1,v)
E(V,):" = ; E(V;)z" = -
nzz:o v et nzz:o v ov el
0 0 22 848z — 1422 4523 — ¢
E(U,V,)z" = —F(z,u,v = — X
nzzo ( ) Ou d ( ) u=1 8 (1—-2)3(2—2)
: 3n—1
1 E(U,,) e
E((;N‘/H) = §n2 - Sn: + 27 "n n 42
Cov(U, Vi) = B(U,V;) ~ BU)E(V,) = "2 4o

Correlation of U, = aa + b and V,, = b*aab*
_ Cov(l/vru‘/n) _ E(Lvn‘/n) - E(lvn)E(‘/n)
- 0uU, 0V, B g, ov,
n—44+2"""D(n41)
Vi +1)(3n — 6 —277(4n — 12) — 4-(n—1))

Cor(Un, V)

077 COI‘(UV,,,, ‘/'n,)

0.6

Sl

0.5

Remark: ol

For n = 100, we would get
by exhaustive enumeration
2100 5 1.27 x 1030 texts

weak correlation

0.2

0.1
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7.10 More on Marked-Automata

1. The Marked-States have the same properties as the Accepting-States, with respect
to
— determinization of NFAs
— minimization of DFAs

2. Tt is possible to make the product of any finite number of automata; this is not
limited to the product of two automata. The automata need only be complete.

7.11 Reg-Exp to NFA by Glushkov (1961) or Berry-Sethi (1986) al-
gorithm

R = (a+ b)*aba
1. Index the occurrences of letters R’ = (a1 + b1)*asbsas

2. Use the constructors first, last, follow, while considering that you are “looking” from left
to right to the regular expression for first and follow and backwards for last

— first: the set of indexed letters that you can access by reading “only” one indexed
letter from the left; you can bypass “stared” expressions H* for any sub-regular-
expression within the indexed original regular expression.

» first(R') = {a1,b1,a2}

— last: symmetric of first while reading backward.
» last(R') = {as}

— follow(R’, ¢): you put yourself at the position ¢, where ¢ is a marked letter of R, and
you compute the set of indexed letters you can get by a single “read”; the conditions
are identical to those of first.
| 2 fOHOW(R/, bl) = {CLl, bl, CLQ}

3. Build the Automaton

— indexed letters — states

— suppression of the indices — transitions

» 0(br,a) = {a1, as}, 6(b1,b) = {b1}, et
Glushkov and Berry-Sethy algorithm.

Recursive definition of first, last, follow and nullable
nullable(R) = true if € € language of R

ﬁrst(Rle) =
first(Ry) U first(R2) if nullable(R;),
first(Ry) otherwise

follow(Ry Ra,x) =
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follow (R if x € Ry,
follow(R ) Ufirst(Re) if « € last(Ry)
follow(Ry,x) otherwise

follow(R*, ) =

x)
follow(R, z) Ufirst(R) if = € last(R),
follow(R,z) otherwise

Technical Condition = quadratic complexity

8 Fast exact extraction of Taylor coefficients

P(z,u) E(z) = ano E(X,):" = 8Féz7 g B 5527
F(z,u) = : uZ L 2)
Q(z,u) My(2) = Ezo B(X7)2" = %“% L ggg

where U(z),V(z), H(z) and K(z) are polynomials.

We are looking for E(X,,) and E(X?2) that are Taylor coefficients of order n of a rational
function.

E(X,) = [z"]E(2), E(X])= [2"]Ma(2)

Aim: we want to perform a fast extraction of the nth Taylor coefficient of a rational
function

Method: (a) find a recurrence for the coefficients.

(b) Build a matrix recurrence of order 1

p ( ) —v1 /vy —v2/vg ... —vk/Vg
m = \EmyCm—1y-++yCm—k .

B, = AmkE! ' M with A = L 0 0

’ El . =AxE!, 0 1 ... 0

(c) Use an algorithm known as binary exponentiation to compute A™%: A* = (/\Az)2 , A% =
(A2,
Example - R = aba, P(a) = P(b) = 0.5 - E(400000)?

B 23/2
T4 — 824522 — 2234 24
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5 1

€n = 2677,—1 - 16”_2 + §€7L—3 - Zen—4
399997
2 —=5/4 1/2 -1/4 1/8 399997
Elowo=|g 1+ o o 0 = 1100001101001111101
(base 2) (19 bits)
0 0 1 0 0

19 matrix products, 11 matrix by vector products (number of bits equal to 1)

399998 3999998
(0.001sec), E(X4000000) =

E(X400000) = (0.002sec)

Complexity O(logn) number of operations for the computation of the nth coefficient

log(4000000)/ log(400000) == 1.179 beware of bit complexity

Automatic computations - Lib. regexpcount (N.-Salvy)

:> with(regexpcount):
> GRAM:={a=Atom,b=Atom,R=Prod(a,Sequence(b).a)};
GRAM = { R = Prod (a, Sequence (b)), a), a= Atom, b= Ajom }
B autoR:=regexptomatchesgram(GRAM,S,[[R,u, 'overlap']]);
awtoR = | §= Union (E, Prod (a, w3, Prod (5, 8 ), a= Atom, b= dtom, = E, w2

= Union (E, Prod (a, u, w2, Prod (b, w3 ) ). wi= UnionE, Prod (a, u, w2), Prod (5,

wi) )}

B EQS:={seq(eval(subs(Prod="*",Union="+",Epsilon=1,Atom=var,i)), i=
autoR) };

EOS={S=1t+awi+ bS8 a=var,b=rvar,u=1,n2=1+aguwd+ bwi ni=1

+ o wwd + hwd

"> for i in {u,p} do EQS:=EQS minus {i=1} end do:for i in {a,b} do
EQS:=EQS minus {i=var} end do:EQS;
{(F=1+and+bSnw?=1+auw?+t bdni wi=1+aun?+ bns}

> VAR:={seq(op(l,1i),i=E0S)};
VAR = {5 w2 wi}

> S0Labu:=subs(solve(EQS,VAR),S);
~a—1+b+
SOLabw = - “ (: “
aubh+1—25+5" —auw

> SO0Lzu:=subs(a=z/2,b=2z/2,50Labu);

SOz = -

—:2f€+1—:
4

> E(z):=subs(u=1,diff(S0Lzu,u));

Elz)=-

1
21,

o]

tq

+

|

r._r|L.-.|
by
—
b | —
by

ed
+

|
|~J||H
1
\\_Io-"

P. NICODEME, Automata and Motif Statistics, CIMPA Summer School 2014, Nablus

133



Automatic computations - Library gfun (Salvy-Zimmerman)

> E(z):=subs(u=1,diff(S0Lzu,u));

with(gfun):
rec:=diffeqtorec(E(z)-y(z),¥(2),u(n));

rec = [—2 wln) +du(l+tu)—muw(0)=0u(l)=0,u(2)= 1—}

Vv

PROC:=rectoproc(rec,u(n)):
time();

V“\/.

28.099

> t:=time():evalf(PROC(4000));time()-t;
1999000000
0.017

> t:=time():evalf (PROC(40000));time()-t;
19999.00000

0.050
> evalf(log(40000)/log(4000));
1.277618919
> BITS_NUMER_4000:=evalf(log(numer(PROC(4000)))/log(10));
BITS NUMER 4000 = 1207.420796
> BITS_NUMER_40000:=evalf (log(numer (PROC(40000)))/log(10));
BITS NUMER 40000 = 12045.50083

Automatic computations - Lib. gfun (Salvy-Zimmerman)

rec:=diffeqtorec(E(z)-y(2),¥(Z),u(n));
PROC:=rectoproc(rec,u(n)}:
PP[4000] :=PROC(4000) ;

PPiage =

26350899827684552571076750980789401350048543030254522654 165 1409703 3272099297 55607576084 2449422 107 | 944248740572 2049529292538 55 | BRI TOTROY2 1 982 I BOG938425T 18
930508042143293910237016123149012158066143130519293574779463 175534595442 2459 1 BROA3IRS005602952832759661 | RI29401 74861 70163962470080405 1481 256292192266934515
T616564579653320533 15211675 1987169088 12090371 132049514194 1024724570377 193712598 74639332562 1 17217760883 774020335948 | S998R905536061 6737773265 1823 103641252738
341459594730592111204790941504752043 19528599141 17438 16439 1026906958 299508 20984962 59868 2496559536491 1 39713601 6960799660468 7432947091 65 TH0RART5 | 48550824268¢
7241375223153740399300830333474590148120305212932448 1426 1080584045 5064559 1 346670302983 1 279070468 7079353 1 35482454 1 7584972068 85640931 741 37630595 50400063544¢
GI2ITO191011511331015803439394769025037131470304098774251 135676063 3590078002993 1 3664684231 39339794986992964 50785936 16544 758290908 | 05701 063 TR TRO09546T2052
038R0313546391093043590937018E844T1039007075 15491 18RS 1727041 [ 45400338 5284483931 3698622453 70562401 T6TR I 373287038 1923948403361 69737245595540093 8975534412292
GIIOIRIBTIRROIOI25549485 1728008001 16922931393 7152127802599 16236045 TRE640974096533 2055287304082 286640838 1 14987802625 ,’
1318204093430943100103889794236391363 18401916109327276909280345024 1756928 1 12834455 1079752123 172122033 1409407564807 168230384408 1 To9424058 1281 7310624525121
38544074444 38088R936328970042771993930036580552924 2495 14488832 1 8338041583237 56200092 84922608946 1 1 lOIESTRTS40779132654409 I 85831 2558005043 1 64728400363649081
S00078208116724089002 1008910448 80894853471921527088201 19765006 1 2594485839776 | R7466930 1 278745233504 7965869945 140544352 1 TOSIR03 73270324028 34008 1 59261 69348 3¢
99472710094576894007243 16866230888600300583 24808306061 2501 76433564697 324072528745672 1 T73369482423067532334 173508 I 83922 19546938204560720202538843 7122682684
FRO361942128751395665874453000680147479758 13971748 1 147T0439248826688667 1 29237054 1 2855584 1 874460663 7296304926 5860011 TO33R2T25791 12088 1 228767361 20060347897
20168893997574353727653998969223092798255 7016660679 7269800623692 162876477283 701 5526086464389 161 5705346 16956703 7448405029752 7009408 TSR 72980684235 1653 162606
983RGIF144902005685 1221079048966 T 1887894330923207 197857363087 T20862 12370409401 269127676 10658 1410793787 380434036 1 1423454744 1805 7T 150855204937 1634609025127
51260339639221457005977247266676344018 1556473005 1530671 135 14875460624 70444502 77905555542 1362722 5045737069 10949376

evalf(loglO(numer(PP[40001)));

1207.420796
evalf(loglO(denom(PP[4000])));

1204 119983
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9 An application to biology - Protein Motifs Statistics
Motif PS00844 (1998): DALA_DALA_LIGASE_2

[LIV]-x(3)-[GA]-x-[GSAIV]-R-[LIVCA]-D-|LIVMF|(2)-x(7,9)-|LI}-x-E-|[LIVA|-N-[STP|-x-P-[GA]

— A: alphabet of the proteins (20 letters)
—[LIV]=L+I1+V

[LIVMF|(2) = (L+1+V + M + F)?
-x=A

- x(3) =x*

- x(7,9) = X +x% 4+ x°

The automaton recognizing A*.PS00844 and counting the matches of the motif in a random
non-uniform Bernoulli text has 946 states while the number of words of the finite language
generated by the motif is about 2 x 10%°

Comparison of Observed and Predicted Counts

Y= log(0)
~ log(10)
S_
44
3_
// 71 Motifs with Expectation > 2
1 in a Database of 6.75 million positions
2__ For these motifs, o ~ /7 (Poisson-like)
Curves: +30
1
/ o — log(E)
0 A log(10)
1 2 3 4 5

From [Nicodéme, Salvy, Flajolet] - Motif Statistics, TCS2002
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