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HOLDERIAN WEAK INVARIANCE PRINCIPLE UNDER THE MAXWELL
AND WOODROOFE CONDITION

DAVIDE GIRAUDO

ABSTRACT. We investigate the weak invariance principle in Holder spaces under some rein-
forcement of the Maxwell and Woodroofe condition. Optimality of the obtained condition
is established.

1. INTRODUCTION AND MAIN RESULTS

Let (Q,F,u) be a probability space and let T: Q@ — € be a measure-preserving bijective
and bi-measurable map. Let M be a sub-c-algebra of F such that TM C M. If f: Q@ - R a
measurable function, we denote S, (T, f) := Z?:_Ol foTJ and

W(n, f,T,t) :== Spu(T, f) + (nt — [nt]) f o T, (1.1)

We shall write S,,(f) and W (n, f,t) for simplicity, except when T is replaced by T2.

An important problem in probability theory is the understanding of the asymptotic behavior
of the process (n='/2W (n, f,t),t € [0,1]),>1. Conditions on the quantities E[S,(f) | TM] and
Sy (f)=E[Sn(f) | T~™M)] have been investigated. The first result in this direction was obtained
by Maxwell and Woodroofe [MV\'(J(J]: if f is M-measurable and

EI[S M

then (n=1/25,,(f))n>1 converges in distribution to n? N, where N is normally distributed and
independent of 7. Then Volny [VolO6] proposed a method to treat the nonadapted case.
Peligrad and Utev [PUO05] proved the weak invariance principle under condition (1.2). The
nonadapted case was addressed in [Vol07]. Peligrad and Utev also showed that condition (1.2)
is optimal among conditions on the growth of the sequence (||E [S,(f) | M]lly),,,: if

S o LE[5) [ My 039

3/2
n=1 n

for some sequence (a,),>1 converging to 0, the sequence (n='/2S,,(f))n>1 is not necessarily

stochastically bounded (Theorem 1.2. of [PU05]). Volny constructed [Voll0] an example

satisfying (1.3) and such that the sequence (HSn (O3 " Sl f)) admits two subsequences
n>1

which converge weakly to two different distributions.
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2 DAVIDE GIRAUDO

Let us denote by H, the space of Hélder continuous functions, that is, the functions
z: [0,1] — R such that [z[;, = supgcscicq [2(t) — ()] /(t — 8)* + |2(0)] is finite. Since
the paths of Brownian motion belong almost surely to H, for each a € (0,1/2) as well as
W (n, f,-), we can investigate the weak convergence of the sequence (n='/2W (n, f,-))n>1 in
the the space H,, for 0 < o < 1/2. The case of i.i.d. sequences and stationary martingale
difference sequences have been addressed respectively by Rackauskas and Suquet (Theorem 1
of [RS03]) and Giraudo (Theorem 2.2 of [Gir16b]). In this note, we focus on conditions on the
sequences (E[Sy(f) | M])n>1 and (Sn(f) — E[Sn(f) | TﬁnM])ngr

Theorem 1.1. Let p > 2 and f € LP. If

= |E[S M % |[Sk(f) = E[Sk(f) | T-*M
I M SOOI,
=1 =1

then the sequence (n_1/2W(n, f))n21 converges weakly to the process \/mW in Hyo_1/p, where
W is the Brownian motion and the random variable n is independent of W and is given by
n =limp—400 E [Sn(f)? | Z] /n (where T is the o-algebra of invariant sets and the limit is in
the L' sense).

Of course, if f is M-measurable, all the terms of the second series vanish and we only have
to check the convergence of the first series.

Remark 1.2. If the sequence (f oT7);>0 is a martingale difference sequence with respect to the
filtration (T~*M), then condition (1.4) is satisfied if and only if the function f belongs to L?,
hence we recover the result of [Girl6b]. However, if the sequence (f o T7);>¢ is independent,
(1.4) is stronger than the sufficient condition "y {|f| > ¢t} — 0. This can be explained by the
fact that the key maximal inequality (2.9) does not include the quadratic variance term which
appears in the martingale inequality. In Remark 1 (after the proof of Theorem 1) in [PUWO07],
a version of (2.9) with this term is obtained. In our context it seems that it does not follow
from an adaptation of the proof.

Remark 1.3. In [Girl6b], the conclusion of Theorem 1.1 was obtained for an M-measurable f
under the condition

Z [E[f I T'M] =E[f | T M]|, < oo, (1.5)
=1

which holds as soon as
XE[foT™ | M]]|,

> 7 < 400, (1.6)
k=1

while (1.4) holds as soon as

XE[foT [ M]],
> 7 < +o0. (1.7)

k=1

Therefore, (1.7) gives a better sufficient condition than (1.6) if we seek for conditions relying

only on (HIE [foT"| M| ||p)

E>1



HOLDERIAN WEAK INVARIANCE PRINCIPLE UNDER THE MAXWELL AND WOODROOFE CONDITION

However, (1.5) gives the existence of a martingale approximation in the following sense:
there exists a martingale difference m € LP(M) such that

= o(v/n). (L8)

[iw . ) =weml,,, |

Indeed, define for an integrable function h and a non-negative integer i, P;(h) :==E [h | T"M] —
E [h| T M)]. If f satisfies (1.5), then we set m := > is0 Fo (U'f). Then for any K > 1
the equality f — m = ZiK:O (P(f) =P (U'f)) + S w1 (Pi(f) =P (U'f)) holds. Since
ZiK:O (Pi(f) — Py (U'f)) may be written as (I —U)gx, where g is such that tPu {|gx| > t} —
0 as t goes to infinity, we get, by inequalities (2.4) and (2.5) of [Gir16b] that

hmsup H”W W(n7m)||H1/2—1/p

n—-+oo

+ HHW (n,PO (Ui(f)))H’}-h/zfl/p

< 3 lmsup = (Hnw ) ).
i>K+1 n—r400 p,© p,0
We conclude by Proposition 2.3 of [Girl6b].
The following condition (in the spirit of Maxwell and Woodroofe’s one) is sufficient for a
martingale approximation in the sense of (1.8):

2 E[Sk(f) | M
Z—H [ ZLUP I, < 4o0. (1.9)
k=1

Indeed, Theorem 2.3 of [CM14] gives a martingale differences sequence (m o Ti)i>0 such that

limy, oo n P ||S, (f — m)||, = 0. Using Serfling arguments (see [Ser70]), we get that (1.9)
implies

lim n~ /7
n—-+oo

max |S;(f —m)|

1<i<n

=0. (1.10)

p

Note that for a function h, by Lemma A.2 of [MSR12], n’l/Q‘

on—1/p ||maX1<j<n |Sj(f)

Furthermore, using the construction given in [DV08,Dur09], in any ergodic dynamical system

W (n, h)

||H1/2—1/p »

[Il,,, o> hence by (1.10), the martingale approximation (1.8) holds.

of positive entropy one can construct a function satisfying condition (1.4) but not (1.5) and

vice versa.
Remark 1.4. For the p-mixing coefficient defined by
p(n) = sup {Cov(X,Y)/(| X Y ]l,), X € L*(o(f o T",i <0),Y € L*(o(f o T",i > n))}

Lemma 1 of [PUWO07] shows that for an adapted process, condition (1.4) is satisfied if the series
3¢ p?/P(2™) converges. However, the conclusion of Theorem 1.1 holds if tPu {|f| >t} — 0
and Y7 | p(2™) converges (see Theorem 2.3, [Girl6a]), which is less restrictive.

It turns out that even in the adapted case, condition (1.4) is sharp among conditions on
[E[Sk(f) | M]|,, in the following sense.
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Theorem 1.5. For each sequence (an)n>1 converging to 0 and each real number p > 2, there
exists a strictly stationary sequence (f o T7) ;>0 and a sub-c-algebra M such that TM C M,

oo

>~ =5 [E[Su(f) | M, < oo, (1.11)

n=1

but the sequence (n_1/2W(n, 1 t)) is not tight in Hi/a_1/p-

n>=1

Remark 1.6. Using the inequalities in [PUWO7] in order to bound ||E [S,(f) | TM]||,, we can
see that the constructed f in the proof of Theorem 1.5 satisfies the classical Maxwell and
Woodroofe condition (1.2) (the fact that p is strictly greater than 2 is crucial), hence the weak
invariance principle in the space of continuous functions takes place.

However, it remains an open question whether condition (1.11) implies the central limit
theorem or the weak invariance principle (in the space of continuous functions).

2. PROOFS

We may observe that condition (1.4) implies by Theorem 1 of [PUWO07] that the sequence
(Sn(f)/v/1n),>, is bounded in LP; nevertheless the counter-example given in Theorem 2.6
of [Girl6a] shows that we cannot deduce the weak invariance principle from this.

We shall rather work with a tighness criterion. The analogue of the continuity modulus in
C[0,1] is wq, defined by

wa(z,0) = sup [2(t) = z(s)] xo(és)|
0<|t—s|<§ |t — s
Define H2[0, 1] := {x € H4[0, 1], lims_o wa(x,d) = 0}. We shall essentially work with the space
#2,[0, 1] which, endowed with [-||,, :  — wa(x,1) + |2(0)], is a separable Banach space (while
Ha[0,1] is not). Since the canonical embedding ¢: H2[0,1] — H[0,1] is continuous, each
convergence in distribution in H2[0, 1] also takes place in H4[0, 1].

, x:]0,1] > R,d € (0,].

Let us state the tighness criterion we shall use (Theorem 13 of [Suq99)).

Proposition 2.1. Let o € (0,1). A sequence of processes (&n)n>1 with paths in HE[0,1] and
such that &,(0) = 0 for each n is tight in HS[0,1] if and only if

Ve > 0, %im sup p{ws (§n,0) > e} =0. (2.1)
—

On—+oo

In order to prove the weak convergence in H2[0, 1], it suffices to prove the convergence of
the finite dimensional distributions and establish tighness in this space.

2.1. A maximal inequality. For p > 2, we define

h = ——E|[|h|14]. 2.2
|| Hp,oo ZIEII]): M(A)lfl/p [| | A] ( )
nw(A)>0
This norm is linked to the tail function of i by the following inequalities (see Exercice 1.1.12
p. 13 in [Grald)):
1/p » 1/p

(superse > 1) < Wl < 2 (swperu il > ) (2.3
>0 ’ p—1 \t>0
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As a consequence, if N is an integer and hy, ..., h, are functions, then
p 1
max ||| < ——=NYP max |[hylll, ., - (2.4)
ISGSN oo -1 ISGSN P

For a positive n > 1, a function f:  — R and a measure-preserving map 7', we define

M(nvaT) E Ogglg?;n (j_l')l/Qfl/p '

(2.5)

By Lemma A.2 of [MSR12], the Holderian norm of a polygonal line is reached at two vertices,
hence
M(n, f,T) = n'/>" 12 |W(n, f,T,) (2.6)

Applying Proposition 2.3 of [Girl6b], we can find for each p > 2 a constant C), depending

||H1/2—1/p

only on p such that if (m o T"%);>; is a martingale difference sequence, then for each n,

n,m,T,) < Gy lml|, . (2.7)

HHl/z—l/p

d
— |[||W
Tn W -
In the sequel, fix such a constant C, that we shall choose greater than 6 - 21/ Pp/(p—1). We
denote by U the Koopman operator associated with T', that is, for each f: 2 — R and each

weQ, (Uf)w)=fTw).

Definition 2.2. Let H be a closed subspace of LP. Let P be a linear operator from H to itself.
We say that (H, P) satisfies condition (C) if

(1) the inclusion U=YH C H holds (respectively the inclusion UH C H holds);

(2) P is power bounded on H, that is, for each h € H,

[ PRl
K(P):=sup sup
n>1nemioy A,
(3) if h € H is such that Ph = 0, then the sequence (hoT%);>o is a martingale difference
sequence with respect to the filtration (T_i/\/l)i>0 (respectively (T_i_lj\/l)
(4) PUYf = f for each f € H (respectively PUf = f for each f € H).

< 400 ; (2.8)

i}O)"

Let us give two examples of subspace H and operator P satisfying condition (C).
(1) Let H be the subspace of L which consists of M-measurable functions and Ph :=
E[Uh | M]. Then (H, P) satisfies condition (C).
(2) Let H be the subspace of P which consists of functions h such that E [h | M] = 0 and
Ph:=U"'h—E[U"'h| M]. Then (H, P) satisfies condition (C).

The goal of this subsection is to establish the following maximal inequality.

Proposition 2.3. Let T: Q — Q be a bijective and bi-measurable measure-preserving map.
Let H be a closed subspace of LP. Let r be a positive integer. For each , operator P from H
to itself such that (H, P) satisfies condition (C), each f € H and each integer n satisfying
27l <n <27,
r—1 291
IM(n, £, < Con? [ L+ K PYISIL + K, 327723 Pyl ), (29)
§=0 i=0 ,

where K, = 2Y/P=1/2 1 21/2 (1 + K(P)).
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If H is a closed subspace of I and P: H — H an operator such that (H, P) satisfies
condition (C'), we define for f € H the quantity

+oo 27 -1
HfHMw(p,P) = 227J/2 Z Py (2.10)
j=0 i=0
P
and the vector space
MW (p, P) = {f € H | | lswip,p) < +00} - (2.11)

Note that MW (p, P) endowed with [|-[yry(,, ) is @ Banach space.
Combining Proposition 2.3 and (2.6), we derive the following bound for the Hélderian norm
of the partial sum process.

Corollary 2.4. Let H be a closed subspace of LP and let P be an operator from H to itself
such that (H, P) satisfies the condition (C). Then there exists a constant C = C(p, P) such
that for each n, and each h € H,

[E

The proof of Proposition 2.3 is in the same spirit as the proof of Theorem 1 of [PUWO07],

< CllAlhiwp,p) (2.12)

p,o0

Hije—1/p

which is done by dyadic induction. To do so, we start from the following lemma:

Lemma 2.5. For each positive integer n, each function h: Q — R and each measure-preserving
map T: Q0 — Q, the following inequality holds:

1 n
k 2
M(n,h,T) <6 max |hoT ]+721/2_1/pM([§} Jh+hoT,T ) (2.13)

0<k<n

Proof. First, notice that if 1 < j < n, then j = 2 [%} orj=2 [%} + 1, hence

. _ ) k
S;(h) 52[%](11)‘ < max [hoT"|. (2.14)
Similarly, we have
Si(h) — Sz[igz](h)] <2 max [hoT"|. (2.15)

It thus follows that
[Sagg)®) = Sapizzy ()

k
M(n,h,T) < 4og?§n]hoT ’—|—0<I1n<an<n G (2.16)
Notice that if j > i + 4, then
g1 [i+2] _j—i
1< 2| - < , 2.17
5[5 <5 217
and we derive the bound
Sy1a)(h) = Sypusz (1) ! |Su(T2,h+ h o T) — Su(T? h+ hoT)|
max 2 2 < max +
0GR S U ity (0w 7
+ OgI?nggn Sz[%](h) — 82[i§2](h/)’ .

J<it4
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Since for j < i+ 4, the number of terms of the form hoT? involved in S. [;]( )— Sz[i+2] (h) is
2

at most 2, we conclude that
Syp3)(h) = Sypigz] (h)’ 1
max <
0<i<j<n (4 —»i)1/2—1/p 21/2—-1/p

+2 max |hoT"|.
0<k<n

M([g},h+hoT,T2)+

Combining this inequality with (2.16), we obtain (2.13), which concludes the proof of Lemma 2.5.
O

Now, we establish inequality (2.9) by induction on r.

Proof of Proposition 2.5. We first assume that PU~' = Id and U"'H C H. We check the
case 7 = 1. Then necessarily n = 1 and the expression M (n, f,t) reduces to f. Since Cp and
K, are greater than 1, the result is a simple consequence of the triangle inequality applied to
f—U"'Pfand U"'Pf.

Now, assume that Proposition 2.3 holds for some r and let us show that it takes place for
r + 1. We thus consider an integer n such that 2" < n < 2”1 a function f € H, a measure-
preserving map T:  — £ bijective and bi-measurable, and a sub-c-algebra M satisfying
TM C M, a closed subspace H of I.? such that U"'H C H and an operator P: H — H such
that (H, P) satisfies condition (C) with PU~! = Id and we have to show that (2.9) holds with
r + 1 instead of r. First, using inequality M(n, f) < M(n,f — U *Pf) + M(n,U'Pf) and
Lemma 2.5 with h:= U~'Pf, we derive

M £.T) < M (n,f U™ PET) +6 s U7 PS 0T+

1
T o
we obtain by (2.4) that

M ({g} (I +U)ULPY, T2) . (2.18)

hence taking the norm [|-[|,, .,

1M (n, £,T)||, . < ||M(n, f—U"PY, )H +6(n+ 1)t —[lu P, +
-1 2
+ g P (5] e+ 0w er )| o
By inequality (2.7) and accounting the fact that 6 - (n + 1)/?p/(p — 1) < C,n'/?, we obtain
[, £, T 00 < o7 f = U—leII + Cpn | Pfl, +

21/2 — HM([ } (I+U)U—1Pf,T2)

Since 2"~ < [n/2] < 2", we may apply the induction hypothesis to the integer [n/2], the

(2.20)

p,o0

function h := (I + U=Y)Pf, T? instead of T and P? instead of P. This gives
ny-i/e n 2 2
51 (5] o) SO (1K (P) I, +
-l 271
+Cp K, Y 272N P (T+ U PF| L (2.21)
=0 i=0

p
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where K, = 2!/771/2 4 21/2 (1 + K(P?)). Notice that |||, < 2||Pf],, and by item 4 of
Definition 2.2, it follows that

271 271 21
ZP21 I—|—U Pf Z P2z+1f_|_P21f) Z sz (222)
=0 1=0 i=0
Accounting the inequality K (P?) < K (P) and Kp K,, we have
“1/p r—1 |l
51 (5] )| <20cm@)G P, O, Y2 S Py
J=0 i=0 )
271
=2(1+ K (P)) G, ||Pf], +2"/*C KPZ2 2NN Py
Jj=1 i=0 P
and we infer
1/p
M nT)|| < (5)7 20+ K@) - Kv2)) G lIPf
[ar (3] 02| _<(3)" (a+x @ -rD)CylPs,
271
+nt/rol/2teCy K, 22 2N P L (2:23)
j=0 =0
P
Pluggling this into (2.20), we derive
271
IM(n, £, Tl e < Con/? (L4 K (P)) | ]|, + 0P C, K, Zz 2N P+

1=0
p

+Cpn/P (14 27VP(1 4 K(P)) — 227V K |PF . (2.24
p p P

The definition of K, implies that 2'/7=1/2 —\/2(1+ K (P)) — K, = 0, hence (2.9) is established.
This concludes the proof of Proposition 2.3 in the case PU ! = Id.

When PU = Id and UH C H we do the same proof, but replacing each occurrence of U~}
by U. This ends the proof of Proposition 2.3. g

2.2. Proof of Theorem 1.1. Since the convergence of the finite dimensional distributions is
contained in the main result of [Vol07], the only difficulty in proving Theorem 1.1 is to establish
tightness. To this aim, we shall proceed as in the proof of Theorem 5.3 in [Cun14].

Proposition 2.6. Let T be a measure preserving map, H a closed subspace of P (p > 2) and
let P be an operator from H to itself such that (H, P) satisfies condition (C). Assume that h
is an element of H such that ||h|lyw,, p) < +00

Then the sequence (n™Y/2W (n, h))n>1 is tight in Hijo—1p-

Proof. Let us define V,, := Y.r' P'. Using |VuVill, < K(P) min{kHVan,nHVka}, we

derive that for each f € MW(p, P),

i
2k/2

||V2nf||MW(p,P) HV2”f||p Z

o <K(PP) | 5 (2.25)

k>2n+1
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which goes to 0 as n goes to infinity. If m > 1 is an integer and if n is such that 2" < m < 2"+
then

1V £l K(P
MW(.P) ZHVQkaMWpP) 722 o (2.26)

m

where (ex)r>1 is a sequence converging to 0. This entails that the operator P is mean-ergodic
on MW(p, P). Furthermore, since P has no non trivial fixed points on the Banach space
(MW(p,P), ||'HMW(p,P)>= we derive by Theorem 1.3 p.73 of [Kre85] that the subspace (I —
P)MW (p, P) is dense in MW (p, P) for the topology induced by the norm |||\, p)-

Let h € H be such that [|k[|\yy(, py < +00 and 2 > 0. We can find f € (I — P)MW(p, P)
such that ||h— f ||Mw(p7 py < T Consequently, using Corollary 2.4, we derive that for each
positive € and 4,

1 {wl/g_l/p <%W(n,h),6) > 25} e Px +,u{w1/2 1/p <%W(n,f),6) > 5}. (2.27)

Now, since the function f belongs to (I — P)MW(p, P), we can find f' € MW(p, P) such
that f = f/ — Pf’. If PU' = Id, then we write f = f' — U"'Pf' + (U~' — I)f’ and if
PU =1d, then f = f/—UPf' 4+ (U—1)f". In other words, f admits a martingale-coboundary
decomposition in L? (since f’ belongs to L?). Consequently, by Corollary 2.5 of [Girl6b], the
sequence (n~Y2W (n, f))n>1 is tight in Hi/2-1/p- By Proposition 2.1 and (2.27), we derive
that for each positive € and =,

1
%1_1}(1) ljlgiupu {wl/gl/p (WW(n,h),é) > 25} e Px. (2.28)
Since z is arbitrary we conclude the proof of (2.6) by using again Proposition 2.1. O

Proof of Theorem 1.1. Writing f = E[f | M] + f — E[f | M|, the proof reduces (as men-
tioned in the begining of the section) to establish tightness in H¢ /2-1 /p[O, 1] of the sequences
(Wa)psy = (0 2W (E[f | M) .o, and (Wy),., = (n~'2W (n, f —E[f | M]))

n>1 n>1"
e Tightness of (W,),,. We define
P(f):=E[Uf| M] and H := {f € LP, f is M-measurable} . (2.29)
Then (H, P) satisfies condition (C'). Since
ZPZ [f | M]) = E[Su(f) | M], (2:30)

the convergence of the first series in (1.4) is equivalent to f € MW(p, P) (by
Lemma 2.7 of [PU05]). By Proposition 2.6, we derive that the sequence (W), -,
is tight in H{ ), ,,[0,1].
e Tightness of (W},),,,. We define

P(f):=U"'"f—E[U'f| M] and H := {f e LP,E[f | M] = 0}. (2.31)

Since for each f € H and each k& > 1, HPkap < 2|[fll,, (H,P) satisfies condi-
tion (C) (see the proof of Proposition 2 in [Vol07] for the other conditions). Since
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P(E[f| M]) =0, we have

ZPl f=RE[f | M) Z Pf=U"(Su(f) = E[Su(f) | T7"M]), (2.32)
=1

hence the convergence of the second series in (1.4) implies that f belongs to MW (p, P)
(by Lemma 37 of [MP13]). By Proposition 2.6, we derive that the sequence (W},),,
is tight in H{ ), ,,[0,1].

This ends the proof of Theorem 1.1. O

2.3. Proof of Theorem 1.5. We take a similar construction as in the proof of Proposition 1
of [PUWO07]. We consider a non-negative sequence (an)n>1, and a sequence (ug)r>1 of real
numbers such that

up = 1,up = 2,ui/2+1 +1 < upqq for k>3 and a; < k=2 for t > uy. (2.33)

Notice that since p > 2, the conditions (2.33) are more restrictive than that of the proof of

Proposition 1 of [PUWOT7]. If ¢ = u; for some j > 1, then we define p; := cg/u +p/2

and p; =0
otherwise. Let (Yj)r>0 be a discrete time Markov chain with the state space Z+ and transition
matrix given by pyr—1 =1for k > 1 and pg j—1 := p;, 7 = 1. We shall also consider a random
variable 7 which takes its values among non-negative integers, and whose distribution is given

by u(r = j) = p;. Then the stationary distribution exists and is given by

i =mo Z pi,j = 1, where my = 1/E[7]. (2.34)
i=j7+1
We start from the stationary distribution (7;);>0 and we take g(z) := lz—g — mo, where

7o = p{Yy = 0}. We then define f o 77 = X, := g(Yj).

It is already checked in [PUWO7] that the sequence (X;);>o satisfies (1.11), where M =
o(Xk, k <j)and S, = 2?21 Xj. To conclude the proof, it remains to check that the sequence
(n=Y2W(n, f, T))n21 is not tight in H{,_,,,, which will be done by disproving (2.1) for a
particular choice of €. To this aim, we define

T0=O,Tk:min{t>Tk_1 |Y}=0}, T =T —Tp_1,k > 1. (2.35)

Then (7% )k>1 is an independent sequence and each 7 is distributed as 7 and

k
STk = Z(l — ﬂ-OTj) =k — 7T0Tk. (236)

j=1

Let us fix some integer K greater than E[r]. Let 6 € (0,1) be fixed and n an integer such
that 1/n < §. Then the inequality

1 1S, — S| 1
-_— > <
(nK)l/pO<z<2<%K(j_Z)1/2 1/p = (nK)l/pl{Tn\Kn}x
J—i<n
St — S
< max 15T = 5n] 1{|T\ — Tha| < n6}  (2.37)

kE<n (Tk — kal)l/zfl/P
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takes place. By (2.35) and (2.36), this can be rewritten as

1 |S; — Sil 1

(K )P 0<igyenk (j — 0)1/2-177 = (nK)i/»
j—i<nd

1{T, < Kn} x

|1 — moTy]
—T <
<SR, 7 1{m, <nd}. (2.38)

Defining for a fixed C the event

1 —mor
A, (C) := {lei_f/pl > C(Kn)l/P} N{r < né}, (2.39)

we obtain by independence of (7x),~,

1 |S; — Si

(K17 o<isank (j — i)L/2-1/p
j—i<nd

i >0 21— (1 p(An(©)" — u{Tn > Kn}. (2.40)

By the law of large numbers, we obtain, accounting K > E[r], that

. 1 1S; = Sil . n
hﬁsolipu Woggzggi(m >C»p > hﬁsolipl — (I =pn(A(CO))". (2.41)
Jj—i<n
We choose C' := m/(2K'/P). Considering the integers n of the form [u§p+2)/z], we obtain in
view of (2.41) :

1, 1 |Sj — Szl o S
PRSP H ()P o<issni (G — ii2=170 = 2K Up (
G—i<nd
[uﬁp+2)/2}
. ) J
> limsup 1 - <1 .y <A[u;p+2)/2] (QK—W)» . (2.42)

Since 7 > 1 almost surely, the following inclusions take place for n > (2/m)P:
Au(mof QK > {208 1D 5 o jQKP)(Kn) P} 0 (< mb)

1/p
> {T”“W >t /2} N {7 < né}
o

D {7’1/2“/” > nl/p} N{r < nd}

= {n2/(p+2) <7< n5} .

Consequently, for j large enough,

Hw (A [u(wz)/z} (%)) Z { [U;p+2)/2}2/(p+2) <7< {USPJFQ)/Q} 5} : (2.43)



12 DAVIDE GIRAUDO

Since 7 takes only integer values among w;’s and [u§p+2)/2} 0 < ujt1 (by (2.33) and the fact
that 6 < 1), we obtain in view of (2.42), that

li 1 a |SJ - S1| ™0 S
ISP )P 0<iee Sk (G — )12 r © 2K (7
j—i<nd
. [u(p+2)/2]
>limsupl — (1 — p{r =u;})L"
Jj—o0
L ) [u(_r'+2)/2}
— 1 liminf (1 — cju; ) ’ (2.44)
Jj—o0
Noticing that for a fixed J,
[u(_r'+2)/2 [u(_r'+2)/2}
lim inf (1 — cju;lfp/z) ! < limsup (1 - cJu;lfp/Q) ! =e ¢, (2.45)
J—00 j—00
we deduce that the last term of (2.44) is equal to 1. Since
1 [S; — Sil 1
_ e i NP — _
(nK)l/i” ngril?é(nl( (j — i)1/271/p X Wi/2-1/p ( /—nKW(nKv f)a 6) ) (2 46)
j—i<ns

we derive that (2.1) does not hold with ¢ = my /(2K /7). This finishes the proof of Theorem 1.5.

Acknowledgements The author would like to thank an anonymous referee for many valu-
able comments which improved the presentation of the paper and led to a shorter proof of
Theorem 1.1.
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