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1 INTRODUCTION 

The numerical prediction of metal forming defects is 
a constant preoccupation both for scientists and 
industry. With the development of several new 
grades of sheet metals with high performances 
(combining ductility and resistance), the study of 
their formability limit took a great importance, since 
it contributes to increase the design efficiency by 
reducing costs and time. Several international 
conferences organize sessions dealing with this 
subject (NUMIFORM, ESAFORM, IDDRG, etc). 
To characterize the formability of sheet metals, 
Keller (1965) introduced the concept of Forming 
Limit Diagram. Because the FLDs are shown to be 
path-dependent, using advanced material behaviour 
models will contribute to a better prediction of the 
stress/strain history of the material under complex 
loading, and thus of the formability limit. 
The description of the material behaviour has 
received considerable attention. For simple 
applications, the Swift’s and Voce’s laws are widely 
used to reproduce the isotropic hardening during 

monotonic loading paths. However, strain-path 
changes induce more complex phenomena which 
must be considered in the constitutive model. In 
phenomenological approaches, the most advanced 
models are defined by combining isotropic and 
kinematic hardening. Since hardening is essentially 
due to the dislocation microstructure and its 
evolution for metal sheets, attempts have been made 
to describe their effect on hardening at a 
macroscopic scale. Following this approach, 
Teodosiu and Hu [5] proposed a microstructure-
based model representing not only the monotonic or 
reverse loading, but also the whole range between 
the two, including the particular case of orthogonal 
strain-path. In the current work, the plastic 
anisotropy induced by hardening has been modelled 
by both the Teodosiu and Hu model [6] and the 
classical cyclic hardening model of Chaboche, 
combining Armstrong-Frederick’s and Voce’s laws. 
However, sheet metal forming involves large plastic 
deformations which can induce damage due to strain 
localization. In order to take into account this 
phenomenon, several theories are proposed by 
introducing damage in the behaviour models. The 

ABSTRACT: This work aims to study the strain localization in different sheet metal forming processes by the 
finite element method using advanced behaviour models. In order to improve the prediction of the formability 
limit of sheets under forming it is important to consider constitutive models that take into account the 
degradation of material properties due to large strain localization. For this purpose, an elastic-plastic model 
has been coupled with the classical damage model of Lemaitre and Chaboche [2,3]. Two hardening models 
are considered in an attempt to more accurately reproduce the work-hardening phenomenon at large strains. 
The first one represents the classical cyclic hardening model of Chaboche-Marquis [3,4] while the second 
corresponds to the so-called dislocation-based microstructural model of Teodosiu and Hu [5,6]. These two 
models are able to reproduce some transient hardening phenomena at strain path changes – with a better 
description obtained with the microstructural model. The coupling with damage is carried out within the 
framework of continuum damage mechanics thanks to the introduction of a scalar variable describing the 
degradation of the elastic proprieties and consequently softening behaviour when damage occurs. The coupled 
elastic-plastic damage model is implemented into the Abaqus software using an implicit integration scheme. 
The resulting code is used for the prediction of forming limit diagrams. 
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most used are the Gurson damage theory and the 
Continuum Damage Mechanics (CDM) introduced 
by Lemaitre [2]. This last approach is adopted in this 
paper to couple an elastic-plastic model to damage; 
especially, the coupling of the advanced hardening 
model of Teodosiu-Hu with damage. This allows 
reproducing simultaneously strain-path and 
softening effects. As applications, stress-strain 
curves during direct and two-step loading paths as 
well as FLDs are predicted. 

2 CONSTITUTIVE EQUATIONS 

A material description based on rate equations must 
respect the principle of objectivity. In finite element 
implementations, the most commonly used 
technique is to integrate the rate equations in a frame 
that rotates with the spin W (skew-symmetric part of 
the velocity gradient). This is equivalent to the use 
of a Jaumann-type stress rate, yet the equations 
obtained are form-identical to a small strain 
formulation. Consequently, all the tensor variables 
below are rotation-compensated with respect to this 
frame. 
This work deals with a general rate-independent, 
anisotropic, elasto-plasticity model, coupled to an 
isotropic damage model. More precisely, we 
consider the physically-based hardening model of 
Teodosiu and Hu [6] and the isotropic damage 
model of Lemaitre [2]. The coupling is carried out 
through the concept of effective stress: 

( )/(1 ) ed= − = = −σ σ C: ε C: ε ε p (1) 

associated with the principle of strain equivalence 
[3]. In this equation,  is the continuum damage 
variable (

d
[ ]0,1d ∈ , with  for a safe material 

and  for a fully damaged one). This is a scalar 
variable thus damage is assumed isotropic, while  
is the stress tensor in the damaged material and σ

0d =
1d =

σ
~  is

the stress tensor in an equivalent undamaged 
material. This is the classical framework of 
continuum damage mechanics. 

2.1 Basic equations of the coupled model 

The linear elasticity law with damage reads:  

( )(1 ) (1 )ed d= − = − −σ C : ε C : ε ε p                        (2)

In our case, the yield condition is written in the 
following form (Hill’48 criterion): 

( ) ( ): : 0F ′ ′= − − − ≤σ X M σ X Y

)

(3) 

where  is the deviatoric effective 

stress, Y describes the isotropic hardening and  the 
kinematic hardening.  
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X

The associated flow rule reads: 
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2.2 Hardening models 

The macroscopic hardening models are based on a 
set of internal variables, describing the isotropic and 
kinematic hardening. The microstructural hardening 
model of Teodosiu and Hu is described in detail in 
[5,6]. This model makes use of four internal 
variables:  and R are the classical back-stress and 
isotropic hardening variables, while S  is a fourth 
order tensor describing the directional strength of the 
planar persistent dislocation structures and  is a 
second order dimensionless tensor describing the 
polarity of these structures. S  is further decomposed 
along the current plastic strain-rate direction into an 
active part 

X

P

DS  and a latent part S . In general, 
kinematic hardening models often use the direction 

 of plastic strain-rate or the direction  of 
deviatoric stress. For a plasticity model coupled with 
damage, these quantities are defined as: 

L

N n

( ) ( )
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:
:

p

p
d

′ −
= =

′ −
M σ XεN
M σ Xε

,  ( ) ( )d
σ
′ −

=
σ X

n

(5)

The model equations are kept identical, except that 
the directions  and n  are being replaced with their 
“effective” counterparts  and n . The main 
evolution equations of the Teodosiu model become: 

N
N

( )R sat RR C R R Hλ λ= − =  (6) 

( )X sat XC X λ λ= − =X n X H       (7) 

( )
DD SD sat D D SS C g S S hS Hλ λ= − − =⎡ ⎤⎣ ⎦           (8) 

L

L

n
L

L SL L S
sat

C
S

λ λ
⎛ ⎞

= − =⎜ ⎟
⎝ ⎠

S
S S H  (9) 

( )pC Pλ λ= − =P N P H  (10) 
where the decomposition of the  variable becomes: S

D LS= ⊗ +S N N S (11) 

Thus, although the coupling with damage modifies 
the original equations, their mathematical structure 
remains identical to their uncoupled form. This 
property is very useful for the numerical 
implementation of the model into a finite element 
code. 
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2.3 Damage evolution law 

Several damage evolution laws are proposed in 
literature for ductile fracture, especially for sheet 
metals. The evolution law of the damage variable d 
is assumed of the following form:  

( )
1

1
   if   

0       otherwise

se e

i e e
d i

Y Y

Sd
H Y

d β
λ λ−

−

⎧ ⎛ ⎞ = ≥⎪ ⎜ ⎟= ⎨ ⎝ ⎠
⎪
⎩

Y
    (12) 

The scalar quantities , , s S β  and  are material 
parameters, while 

e
iY

1
2 : :e eY = ε C εe  is the elastic 

strain energy release rate given for linear elasticity 
by  

( ) ( )
22

2

2

2 1 3 1 2
2 3

s
e JY

E J
σν ν

⎡ ⎤⎛ ⎞
⎢ ⎥= + + − ⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

        (13) 

where 1
3 ( )s trσ = σ  is the hydrostatic effective stress, 

while 3
2 2 :J ′ ′= σ σ  is the von Mises equivalent 

effective stress. 

3 APPLICATIONS 

In this section, the capability of the proposed 
approach to predict different characteristics of the 
stress-strain relationship due to strain-path changes 
and damage is investigated. Its potential to 
simultaneously reproduce transient features of the 
hardening and the softening due to damage is 
investigated by means of rheological test 
simulations. Then, a strain localization analysis is 
performed. This study allows highlighting the 
capability of the proposed approach to predict the 
FLDs. 

3.1 Rheological test simulations 

Several direct and sequential loadings are considered 
for the investigation of the constitutive model. These 
are regular in-plane loading cases for sheet metal 
rheological testing, regularly used for the 
experimental and numerical assessment of the FLDs 
using various models. The calculations are fully 
three-dimensional. Four monotonous tests are 
selected: uniaxial tensile test, plane strain tensile 
test, simple shear test and balanced biaxial tensile 
test.  
The material under investigation here is a dual phase 
high strength steel. Its elastic-plastic properties are 
given in [1]. Only the damage parameters are 

reported hereafter. Four sets of parameters are 
considered for the damage law, corresponding to 
very different damage evolutions; these parameters 
are reported in Table 1. The four sets are generated 
by considering activation of damage with the 
beginning of plasticity or not (i.e. the damage 
threshold parameter ) and by 
considering two different strain levels at failure (i.e. 
“early” or “delayed” failure). 

0 or 0e
iY = ≠

Table 1: The parameters of damage law corresponding to 
the four cases – dual phase steel. 
Damage 
activation Without threshold With threshold 

Damage 
completion 

Delayed 
Set 1 

Early 
Set 2 

Delayed 
Set 3 

Early 
Set 4 

e
iY  (MPa) 0 0 1.66 1.3

S 9 20 0.5 0.5
s 0.5 0.01 0.5 0.6 
β  5 5 15 30
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Fig. 1. Different loading path simulations (without threshold) 
for direct loading  
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Fig. 2. Different loading path simulations (without threshold) 
after a uniaxial tensile pre-strain. 

The stress-strain curves corresponding to the four 
monotonous tests are represented in figure 1. The 
figure shows the capability of the coupled model to 
predict the softening phenomenon due to damage 
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and underlines the impact of the threshold parameter 
 on the results. The other damage parameters are 

set so that the stress-strain curve drops at the same 
strain level in the case of uniaxial tension. However, 
the three other curves are very different in the two 
cases.  

e
iY

Figure 2 shows the results of two-step sequential 
tests for the case when the damage activates at the 
beginning of plasticity. The effects of strain-path 
changes are clearly captured – as shown e.g. at the 
beginning of the equibiaxial tension after uniaxial 
tension pre-strain. On the other side, the coupling 
with the damage model introduces a softening 
behaviour. 

3.2 Forming Limit Diagram prediction 

The FLDs for the considered dual phase steel in 
direct and sequential paths are represented in the 
following figures. 
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Fig. 1. FLDs predicted for different sets of parameters of the 
damage law for the considered dual phase steel. 
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Fig. 2. Effect of tensile and expansion pre-strains on the FLD 
predicted for the set 1 of parameters of the damage law. 

4 CONCLUSIONS 

An advanced anisotropic elastic-plastic model has 
been coupled with an isotropic damage model and 
accurately implemented into a finite element code. 
The whole of the equations is formulated within the 
large deformation framework, since sheet metals 
undergo large strains during forming. A robust 
numerical integration of the behaviour model has 
been performed by using an implicit integration 
scheme and implemented into a finite element code.  
Direct and sequential rheological tests have been 
simulated. As a main result, the proposed hardening-
damage coupling allows for the reproduction, 
simultaneously, of strain-path changes and softening 
effects. Also, these first numerical applications 
reproduce the experimental trends in terms of 
Forming Limit Diagrams. 
The modelling framework will thus be further 
generalized to more complex damage models and 
their numerical implementation in a fully implicit 
way. The model can be applied for the prediction of 
strongly nonlinear FLDs (i.e. with continuous strain-
path change), as well as strain localization 
predictions in finite element simulations of complex 
forming processes. 
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