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Abstract. The strain localization phenomenon that may occur during sheet metal forming 
represents a major cause of defective parts produced in the industry. Several instability 
criteria have been developed in the literature to predict the occurrence of these instabilities. 
The proposed work aims to couple a Gurson-type model to the Rice’s localization criterion. 
The implementation of the modeling is achieved via a user subroutine (Umat) in Abaqus/std 
using a Runge-Kutta explicit integration scheme. Finally, we show the effectiveness of the 
proposed coupling for the prediction of the formability of stretched metal sheets. 
 
 
1 INTRODUCTION 

Material instabilities in the form of shear bands represent one of the main phenomena that 
limit sheet metal formability. This instability in the plastic flow is still an issue for industry, 
since it is responsible for most of the defective parts after forming operations. Consequently, 
it is important to provide reliable and validated numerical tools able to predict the appearance 
of these plastic instabilities. The occurrence of localization through shear bands is often due to 
concentrations of deformation where damage is in excess. Thus, taking into account damage 
development during metal forming operations is essential to obtain reliable results. 

Two main approaches for damage descriptions were developed in the literature during 
these last four decades. The first one is known as the continuum damage mechanics approach 
(Lemaitre [1]) and is based on the introduction of a damage variable that can be scalar or 
tonsorial describing the surface density of defects. The second approach, physically motivated 
by micromechanics concepts, accounts for the effect of the hydrostatic pressure on the 
material behavior through the void volume fraction. In this contribution, the second approach 
for damage will be used, i.e., the so-called Gurson-Tvergaard-Needleman model (GTN) [2-4]. 

In order to predict the onset of strain localization, it is necessary to couple the constitutive 
model with a localization criterion. Several localization criteria have been developed in the 
literature, which differ in their theoretical foundations. Brunet et al. [5] used the GTN model 
coupled with the Modified Maximum Force Criterion (MMFC) (Hora et al. [6]) to predict 
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forming limit curves for different steel grades. The obtained numerical results were compared 
to experimental data showing good agreements. Besson et al. [7] have coupled the Rice 
localization criterion with the GTN model for the prediction of ductile fracture in notched 
bars. It was shown that the introduction of the effective porosity (f*) favors flat fracture under 
plane strain conditions. In the current work, the formability limits of metal sheets are 
investigated by means of the GTN-Rice modeling. 

The paper is organized as follows: the main equations that govern the GTN model are first 
reviewed; then the expression of the acoustic tensor is derived within a finite strain 
framework. In the results and discussion section, we show the effectiveness of the proposed 
modeling for the prediction of forming limit diagrams (FLDs). Finally, some concluding 
remarks are drawn as well as some directions for future work. 

2    PRESENTATION OF THE GTN MODEL 

The GTN model originally proposed by Gurson [2] and phenomenologically extended by 
Tvergaard [3], Tvergaard and Needleman [4] is perhaps one of the most popular damage 
models for the prediction of the ductile fracture (Sànchez et al., [8]). This damage model has 
shown its efficiency in particular for the prediction of the cup-cone fracture that usually 
appears during tensile tests of notched cylindrical bars. The approximate macroscopic yield 
criterion proposed by Gurson and driven from a limit analysis is given by the following 
relation: 

 
( )

2

* *22
1 3

3
2 - 1 0

2
eq mq

q f ch q f
σ σ

Σ  Σ Φ = + + ≤   
       

(1) 

where ( )1 2
Σ 3 2 :eq ′ ′= Σ Σ

 
and ( )Σ 1 3m tr= Σ  represent, respectively, the macroscopic equivalent 

stress and the macroscopic average stress. σ  is the yield stress of the fully dense matrix, here 
only isotropic hardening is considered using a Swift law defined as follows:  

0( )p n
σ k ε ε= +        (2) 

where k , 0ε  and n  are parameters of the Swift hardening law and pε is the equivalent plastic 
strain of the matrix material. The parameters q1, q2 and q3 were introduced by Tvergaard [9] 

in order to take into account the effect of interaction between cavities, and 
*f represents the 

effective porosity, which will be defined hereafter. For the isotropic GTN model, the plastic 

part of the macroscopic strain rate pD and the rate of equivalent plastic strain pεɺ  are assumed 
to be related by the equivalent plastic work expression as follows: 

          ( )1 :p pf σ ε− =ɺ DΣΣΣΣ
       

(3) 

where f  represents the void volume fraction and ΣΣΣΣ   the macroscopic Cauchy stress tensor. 
This relation is exact for f=0 and is a reasonable assumption for porous materials with low 
hardening exponents [9]. The plastic strain rate is defined by the normality law as follows: 
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p
Σ= ɺλD V
       

(4) 

such as λɺ  represents the plastic multiplier, and 
Σ

Φ= ∂ ∂V Σ

 
is the flow direction tensor. By 

injecting relation (4) into (3), one obtains the rate of equivalent microscopic stress given by 
the following relation: 
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Before coalescence, the evolution of porosity is mainly due to two phenomena: nucleation and 
growth. It is thus possible to express the porosity rate as follows: 

    n gf f f= +ɺ ɺ ɺ

       
(6) 

where nf
ɺ

 and gfɺ  represent the porosity rate due to nucleation and growth, respectively. In this 

work, it is considered that nucleation is strain controlled; in this case the evolution law of nf
 

due to particle fracture or particle-matrix debonding is given by the following relation [10]: 
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where Nf  represents the volume fraction of inclusions likely to nucleate, Nε  the equivalent 
plastic strain for which half of inclusions have nucleate and Ns  the standard deviation on Nε . 
The porosity rate due to growth depends strongly on the stress triaxiality and is given by the 
following relation [9]: 

      ( )1 ( )p
gf f tr= −ɺ D

        
(8) 

The detection of the coalescence stage uses the phenomenological criterion introduced by 
Tvergaard and Needleman [7] by means of the effective porosity such as: 

   ( )*
cr GTN crf f f f= + −δ

                   
(9) 

with 
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where crf  represents the critical porosity and Rf  the void volume fraction at final fracture. 
Thus, when the material enters the coalescence phase, the introduction of effective porosity 
results in an accelerated degradation of its mechanical properties. 

3    ELASTO-PLASTIC TANGENT MODULUS 

In order to determine the expression of the elasto-plastic tangent modulus in the case of the 
GTN model, we apply the consistency condition given by the following relation: 
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Let us now introduce the hypo-elastic law, which reduces in the co-rotational (material) 
frame to a simple material derivative: 

( ): :e ep
Σ= − =ɺɺ λC D V C DΣΣΣΣ

     
(15) 

where eC  represents the isotropic elasticity tensor, and D  the strain rate tensor. Substituting 
equations (12) to (15) in the consistency condition, one can derive the expression of the 
plastic multiplier, which is given by the following relation: 

: :e

H
Σ=ɺ

λ
λ V C D

      
(16) 

where Hλ  is a scalar variable such as: 
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substituting relation (16) in (15) gives the expression of the elasto-plastic tangent modulus as 
follows: 

( ) ( ): :e e

ep e

H

Σ Σ⊗
= −

λ
α

C V V C
C C

     
(18) 

where 0α =  for elastic loading or unloading and 1α =  in case of strict elasto-plastic loading. 

4    INSTABILITY CRITERION 

In addition to the behavior model, prediction of forming limits requires the use of an 
instability criterion allowing detection of the onset of localization. The instability criterion 
selected in this work is the Rice localization criterion [11-12], based on the singularity of the 
acoustic tensor. As discussed in the introduction, the coupling of the GTN model with the 
Rice instability criterion has been considered in the literature mainly for the prediction of 
ductile fracture in cylindrical bars under plane strain conditions. However, to the authors’ 
knowledge, no attempt has been made for the prediction of FLDs within this constitutive and 
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material instability framework. Thus, the originality of the present work is to demonstrate the 
efficiency of such modeling in the prediction of forming limit diagrams. Then, the sensitivity 
of FLDs to the material parameters is investigated. The condition of localization, which can 
be derived from the Hadamard compatibility condition and the static equilibrium equation is 
given by the following relation: 

( ) ( )det det 0= ⋅ ⋅ =Q Ln n       (19) 

where Q  represents the acoustic tensor, n the normal to the localization band and L the 
tangent modulus which relates the nominal stress tensor to the velocity gradient (see Haddag 
et al. [13]). Its expression is given by the following relation: 

1 2 3
ep − −L = C + L L L      (20) 

where L1, L2 and L3 are fourth-order tensors induced by the large strain framework, and given 
by the following relations [13]: 

1
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 = − 

σ δ

δ σ δ σ

σ δ σ δ
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The implementation of the above-described behavior model is carried out via a user 
material routine UMAT in Abaqus/standard, by means of a Runge-Kutta explicit integration 
scheme. This time integration scheme offers a reasonable compromise between simplicity and 
computational efficiency. Another reason behind the choice of an explicit scheme is that 
localization occurs in the softening range, and often at small stress values where implicit 
integration schemes (Aravas [14]) may experience difficulties at this stage of the analysis. 
Indeed, in the softening regime, positive definiteness of the consistent tangent modulus might 
not be guaranteed by classical implicit schemes (Oliver et al., [15], Sànchez et al., [8]). 
Because our main objective in this work is to show the effectiveness of the proposed 
framework in predicting forming limit diagrams of sheet metals, the choice of the Runge-
Kutta time integration scheme is justified, despite the relatively higher computation times 
compared to implicit algorithms. 

5    RESULTS AND DISCUSSION 

In what precedes, the coupling of the GTN model with the Rice localization criterion was 
described. In this section, some results obtained by means of this coupling are shown. The 
material studied corresponds to a mild steel, mainly because of its widespread use in industry. 
The parameters related to this material were drawn from literature (see Brunet et al. [5]) and 
are reported in the following tables: 

Table 1: Mechanical properties and strain hardening parameters 

Material E (MPa) ν  k (MPa) 
0ε  n 
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Mild steel 198000 0.3 551.1 9.54 10-3 0.279 

Table 2: Parameters of the damage model 

Material f0 sN 
Nε  fN fcr fR q1 q2 q3 

Mild steel 10-3 0.1 0.21 0.039 0.03 0.15 1.52 1.0 2.15 

Figure 1-a represents the evolution of the Cauchy stress versus the true strain up to the 
localization point for three strain paths, namely uniaxial tension (UT), plane strain tension 
(PST) and balanced biaxial tension (BBT). In the case of PST, localization occurs very early, 
as soon as the stress-strain curve starts to soften, whereas for the BBT loading path, 
localization occurs for very low stress values at the end of coalescence.  

 
(a)       (b) 

Figure 1: (a) Simulation of three loading paths up to localization; (b) Evolution of the minimum of the 
determinant of the acoustic tensor as a function of the deformation. 

Furthermore, localization takes place when the minimum of the determinant of the acoustic 
tensor is equal to zero (see equation (19)). In practice, during numerical computations this 
condition is not exactly met, and the value of det(Q) changes from positive to slightly 
negative (see Figure 1-b) during one loading increment (see also Besson et al. [7]).Figures 2-a 

to 2-d illustrate the effect of the coalescence parameters ( crf  and Rf ) on the moment of 

detection of localization in BBT strain path. One can notice that decreasing parameter Rf  

results in an increase of GTNδ , which makes it possible to detect localization in a premature 

way. On the other hand, increasing parameter crf  will delay the mechanism of coalescence 
and in some way the occurrence of strain localization. 

The modeling of coalescence phase is a major point when dealing with the proposed 
coupling. Indeed, Rudnicki and Rice [12] showed that for associative plasticity models (which 
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is our case); localization criterion can detect bifurcation only in the presence of softening 
behavior. Consequently, it is important to take into account the mechanism of coalescence.  

 
(a)                       (b) 

  

 (c)       (d) 
Figure 2: Effect of the coalescence parameters on the prediction of localization. 

This phenomenon has a considerable effect on the obtained forming limit diagrams, since no 
localization can occur with the proposed modeling during positive hardening behavior. Note 

that several authors [16-18] suggested that parameter GTNδ  should not be constant, but should 
rather depend on other parameters, such as the stress triaxiality, initial porosity, etc. Although 
the coalescence model taken in the current work is kept in its simplest form (i.e., with 

constant parameter GTNδ ), the extension of this modeling framework to more physically-based 
descriptions can be readily done in future investigations of sheet metal formability. 

5.1  Effect of the GTN parameters on the prediction of forming limits 

In this section, the effect of the GTN model parameters on the prediction of FLDs is 
investigated. These parameters are divided into three families; each family reproducing one of 
the three mechanisms leading to ductile fracture (i.e. nucleation, growth and coalescence). 
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The results of this parametric study will be shown by varying one parameter at the same time 
and the reference curve will be that obtained by the parameters given in Tables 1 and 2. Thus, 
we will analyze the effect of initial porosity and the parameters associated with nucleation and 
coalescence mechanisms. Figures 4-a, 4-b and 4-c represent, respectively, the sensitivity of 

the FLDs to parameters Nf , Ns  and Nε .  

 
(a)         (b) 

 
(c)     (d) 

Figure 3: Effect of nucleation parameters and initial porosity on the prediction of FLDs. 

The increase of Nf  (decrease in Ns  or Nε ) seems to have the same effect on the obtained 

FLD; indeed, the increase in fN (reduction in Ns  or Nε ) translates each point of the FLD 
downward, thus reducing the formability limits. The initial porosity is one of the most 
influential parameters of the GTN model, and many authors agree with its major importance 
(Pardoen and Hutchinson [18]). Figure 4.d represents the sensitivity of an FLD to the initial 
porosity; one can observe that the increase in initial porosity reduces the overall level of the 
FLD, and consequently reduces the material ductility.  
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It was shown in the previous section that the effect of coalescence parameters on the 
moment of occurrence of localization is crucial. In what follows, we propose to study the 
sensitivity of an FLD to these parameters. One notices on Figures 5-a and 5-b that variation of 

parameters crf  and Rf  strongly affects the shape of the FLDs. Indeed, this is mainly due to 

the role of each parameter in the coalescence modeling, since crf  indicates the onset of 
coalescence, whereas fR indicates the complete loss of carrying capacity. 

 
(a)      (b) 

Figure 4: Effect of coalescence parameters on the prediction of FLDs. 

6    CONCLUSIONS 

In this work, the combination of the GTN damage model and the Rice’s localization 
criterion, which is based on the singularity of the acoustic tensor, has been proposed for 
application to sheet metal forming. A preliminary parametric study was conducted for 
different loading paths, which leads to the following observations: Concerning the nucleation 

parameters, it seems that the increase of Nf  (decrease in Ns
 or Nε ) tends to lower each point 

of the forming limit curve. An increase of GTNδ  parameter accentuates the softening slope 
during the coalescence stage, which leads to an earlier detection of localization. It was shown 
that the choice of the coalescence parameters is particularly crucial in the prediction of 

localization. For the coalescence parameters, the increase of crf  produces an upward 

translation of the FLD, while for Rf  we notice that its decrease will lower the overall level of 
the FLDs. 
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