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Abstract

In this paper, we will give some remarks on links between the spectral gap of the
Ornstein-Uhlenbeck operator on the Riemannian path space with lower and upper bounds
of the Ricci curvature on the base manifold; this work was motivated by a recent work of
A. Naber on the characterization of the bound of the Ricci curvature by analysis of path
spaces.

AMS subject Classification: 58J60, 60H07, 60J60
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small time behaviour

1 Introduction

Let M be a complete smooth Riemannian manifold of dimension d, and Z a C'-vector field
on M. We will be concerned with the diffusion operator

1

where Ay is the Beltrami-Laplace operator on M. Let V be the Levi-Civita connection and
Ric the Ricci curvature tensor on M. We will denote

Ricy = Ric+ VZ.
It is well-known that the lower bound K3 of the symmetrized Ric%, that is,
Ric%(z) = %(Ricz(m) + Ric}(m)) > Ko 1d, (1.1)
where Ric’, denotes the transposed matrix of Ricyz, gives the lower bound of constants in the

logarithmic Sobolev inequality with respect to the heat measure pi(x,dy), associated to L;
more precisely,
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/M u?(y) 10g<HUH2 ) pulw, dy) <2 —p—— /M IVu(y)® pe(x, dy), t>0, (1.2)

where | |u|| = [, v () pe(z, dy).

Given now a finite number of times 0 < ¢; < ... < ty, consider the probability measure
Uty ty OD MY defined by

fdve, i = /MN FWi, - yn) P (2, dy1)pto—t, (Y1, dy2) -+ - Pen—tn—_r (YN—1, dYN)

(1.3)
where f is a bounded measurable function on M”?. Then with respect to the correlated
metric | - |c on TMY (see definition (1.10) below), the logarithmic Sobolev inequality still
holds for vy, . that is, there is a constant Cn > 0 such that

f2
A, .

MN

AN

7108 (7t —— )dutl,...,m <Oy [ fRduy fECOMN. Ly
M

MN

AAAAA

It was proved in [20, 6] that under the hypothesis

sup |||Ricz(z)||| < +o0, (1.5)
xeM
where ||| - ||| denotes the norm of matrices, the constant Cy in (1.4) can be bounded, that is
sup Cny < +o0. (1.6)
N>1

A natural question is whether (1.6) still holds only under Condition (1.1)? In a recent work
[21], A. Naber proved that if the uniform bound (1.6) holds, then the Ricci curvature of
the base manifold has an upper bound. It is well-known that Inequality (1.2) implies the
lower bound (1.1), therefore Condition (1.6) implies (1.5). The main purpose in [21] is to get
informations on Ricz from the analysis of the Riemannian path space. Let’s explain briefly
the context.

Let O(M) be the bundle of orthonormal frames and 7 : O(M) — M the canonical projection.
Let Hy,...,H, be the canonical horizontal vector fields on O(M ), consider the Stratanovich
stochastic differential equation (SDE) on O(M):

d

due(w) = 3 Hilu(w)) o duf — 2 Hy(un(w))dt, wo(w) =uo € 7 (x), (17
=1

where Hz denotes the horizontal lift of Z to O(M), that is, ©’(u) - Hz(u) = Z(mw(u)). It is
well-known that under Condition (1.1), the life-time 7, of the SDE (1.7) is infinite. Let

Ye(w) = 7 (u(w)). (1.8)
Then {7y (w);t > 0} is a diffusion process on M, having L as generator. The probability
measure vy, 4y considered in (1.3) is the law of w — (v, (w),..., Yy (w)) on M¥Y. Now

consider the following path space

WI(M) = {r:[0,T] = M continuous, v(0) = z}.

xT



The law g7 on WL (M) of w — ~.(w) is called the Wiener measure on W1 (M). The inte-
gration by parts formula for i, 7 was first estalished in the Seminal book [5], then developed
in [16, 10]; the Cameron-Martin type quasi-invariance of i, 7 was first proved by B. Driver
[9], completed and simplified in [18, 19, 13]. By means of Cameron-Martin, we consider the
space

T
H= {h . [0, 7] — R? absolutely continuous; h(0) = 0, |h|Z = / |h(s)[3a ds < —|—oo}
0

where the dot denotes the derivative with respect to the time ¢. Let F : WI'(M) — R be a
cylindrical function in the form: F(y) = f(v(t1), -+ ,7(tn)) for some N > 1,0 < t; < ty <
o<ty <1l,and f € C’g(MN). The usual gradient of F' in Malliavin calculus is defined by

N
DTF(V(U))) = Z Ut (w)_l(ajf)(rytl (w)’ s Vi (w)) 1(T§tj)’ (1'9)
j=1

where 0; is the gradient with respect to the j-th component. The correlated norm of V f is

N

VFE =D (ue, (w) "1 (95), ue, (w) ™ O )) by At (1.10)

jk=1

where t; At denotes the minimum between ¢; and t;. Notice that the norm |V f|¢ is random.
The generator L7 associated to the Dirichlet form

&(F,F) = /

T
([ orP@) i) dcate)

wZI (M) ™o

is called the Ornstein-Uhlenbeck operator. The powerful tool of I'y of Bakry and Emery [3] is
not applicable to £%, the reason for this is the geometry of W, (M) inherted from H is quite
complicated, the associated “Ricci tensor” being a divergent object (see [7, 8, 12]). When
the base manifold M is compact, the existence of the spectral gap for L7 has been proved in
[14]. The logarithmic Sobolev inequality for D, F' defined in (1.9) has been established in [2],
as well as in [20] or [6] where the constant was estimated using the bound of Ricci curvature
tensor of the base manifold M. The method used in [14] is the martingale representation,
which takes advantage the It6 filtration; this method has been developed in [12] to deal with
the problem of vanishing of harmonic forms on W.I'(M). The purpose in [21] is to proceed in
the opposite direction, to get the bound for Ricci curvature tensor of the base manifold M
from the analysis of the path space W.I'(M).

The organization of the paper is as follows. In section 2, we will recall briefly basic objets
in Analysis of W (M). On the path space W (M), there exist two type of gradients: the
usual one is more related to the geometry of the base manifold, while the damped one is easy
to be handled. In section 3, we will make estimation of the spectral gap of L7 as explicitly
as possible in function of lower bound K5 and upper bound K; of Ric. In section 4, we will
study the behaviour of the spectral gap Spect(L%.) as T'— 0. Roughly speaking, we will get
the following result:

KT
1M

K,T
+o(T) < Spect(LT) <1+ % +o(T), asT —0

under the following condition (3.1).



2 Framework of the Riemannian path space

We shall keep the notations of Section 1, and throughout this section, u;(w) denotes always
the solution of (1.7) and ~;(w) the path defined in (1.8). For any h € H, we introduce first
the usual gradient on the path space W, (M), which gives Formula (1.9) when the functional
F' is a cylindrical function. To this end, let

2

where €2, is the equivariant representation of the curvature tensor on M. Let ricy be the
equivariant representation of Ricyz, that is,

g(t,h) = /0 Q) (h(s),odw(s)—lus(w)*lz%(w)ds) (2.1)

ricz(u) = vt o Ricg(m(u)) ou, ue€ O(M).
Consider h(w) € H defined by
ho(w) = ht) + %ricz(ut(w)) ht). (2.2)

Let F: WI'(M) — R be a functional, we denote F(w) = F(.(w)). Then according to [16],
we define

(DRF)(v.(w)) = {%F(/o =10 quy(s) + EiL) }e=0' (2.3)
By [5, 16], if F is a cylindrical function on W, (M), then
T .
OuP):(w) = [ (DF G (w) by dr

where D, F was given in (1.9). Consider the following resolvent equation

dQy.s 1.
3; = —§r1cz(ut(w)) Qrs, t>5, Qs =1d. (2.4)

For a cylindrical function F' on W (M) given by F(y) = f(y(t1),--- ,v(tn)) with f €

CHMN), following [16], we define the damped gradient D, F of F by
_ N
DTF(7 (U))) - Z QZ,T (utj (w)ilajf) l(TStj)7 (25)
j=1

where Q7  is the transpose matrix of ();s. The damped gradient D.F on the path space
W.I(M) plays a basic role in Analysis of W, (M). Let (v;)¢>0 be a R%-valued process, adapted
to the Ito filtration .%; generated by {w(s); s <t} such that E(fOT lvg|? dt) < +o0. Consider
two maps v — U and v — © defined respectively by

- 1. t
Ut = U = 5TiCy, (w) /0 Q1,sVs ds, (2.6)

and

. 1. ¢
Oy = v + 2 tiCu; (w) /0 Vs ds. (2.7)



Then © = © = v. The two gradients D,F and D,F are linked by the following formula

T T
/ <DtF, Ut> dt = / <DtF, ’ljt> dt. (28)
0 0

The good feather of the damped gradient is that it admits a nice martingale representation
T o -
F=E(F)+ / (E7t(DyF), dwy)
0

where E7* denotes the conditional expectation with respect to .%;. The following logarithmic
Sobolev inequality holds ([11, 17]):

F2 T
E<F210g - >§2E</ |DtF|2dt>. (2.9)
HFHLQ 0

3 Precise lower bound on the spectral gap

The inconvenient of Inequality (2.9) is that the geometric information of the base manifold
M is completely hidden. Now we use the usual gradient D F' to make involving the geometry
of M. By (2.9), the matter is now to estimate fOT |DyF|?dt by |D;F|. We assume that

KyId <ricy, |||ricz]|| < K (3.1)
for two constants K7, Ky with K7 > 0 and K7 + K5 > 0.

Theorem 3.1. Let 0 <t <T. Set

K (T—1) K
A(t,T) :1+?;(1—e*¥) +?;(1—e*%)

n Ki\2 1 Kot 1/  Ky(T+t) _ Ko(T—t) (3'2)
J— - 2 — 2 — 2
() [0 =) 3l )
Then we have the relation:
T T
/ |DyF|*dt < / A(t,T)| D¢ F|*dt. (3.3)
0 0
Proof. From (2.5) and (2.8), we have
- 1 T
DF = DiF — 5/ Q5 ric, DsFds. (3.4)
t

Thus,

2

T T
- 1
|D/F|*> = |D,F|? — <DtF,/ Q:,tm’cZSDsts> + 1 / Q% ric, DsFds
t t

:= I1 + Iy + I3 respectively.

In the following we will estimate the term of I and I3. Under the lower bound in (3.1),

_ Ko(s—t)
|Qslll e 72, s>t




Let

T/ kys—n\2
A (t,T) ::/ <e_ 1 ) ds.
t

Then
T
]Ig\g\DtF]/ - D, F|ds
t
T Ko(s—t) 2 T Ko(s—t)
< |DyF| Kl/ e 14 ds Kl/ e” 2 |DsF|%ds
t t
T
= |DiF[\/ K1A1(t,T) K1/ e
t
1 2 T 2(5 t)
< 5 ‘DtF’ KlAl(t,T)—i-Kl e ’D F’ ds
t
and

2

|DsF|ds

1 T
|Ig| S —'/ e
41 Ji

1 T (s—1)
< ZK12A1(75,T)/ o 25 Dy F2ds.
t

Combining all the above inequalities, we get

2
K K .
_ (1+71A1(t,T)> <|DtF|2 1/ o5 D, F| ds>
t

Therefore, we obtain

- K K (s )
1D, F|? < <1+71A1(t,T)>|DtF|2+ <1+ St T)) 1/ o257 | Dy F|2ds
t

( )
T /0 ' (14+ 5t m)) 5! /t "o 57 D, s
(

T K T
= / 1+ 7/\1(S,T)) |DsF|*ds +/ (J1(s) + Ja(s))| Ds F[*ds,
0 0

S K o K .
Ti(s) ;:/ Bl 5, (s) ;:/ ( 21) At Ty 25 a.
0 0

Next, then we compute the term Ji(s) and Ja(s). By direct computation, we have

Ji(s) = g; <1 —e Kgs)

where




and

K{\2 [® 2 Ko(T—t) Ko(s—t)
JQ(S) = <71) /0 E (1 —ec 2 2 - )e_ 2 2 - dt
2 [ rs o— R s
— <ﬁ) i / e—iKQ(Q ) dt — 6—7K2(§+ ) / eKQtdt:|
2 2 [Jo 0
K1 2922 _ Kss 1  Ey(T+s) K
=(—) —|—(1—= 2 > S 2 28 _ 1
< 2 ) ; _KQ( ¢ Ky (e )}
B <K1)2 2 [ 2 (1 _K223> N 1 _Ey(T+s) 1 _ Ka(T=s)
) KK\ Ky o '

Adding Ji(s) to Ji(s) implying that
Ji(s) + Ja(s)

K s K\ 2 s 1 (T+s) (T=s)
:?;@_ef%%(?;) [(1_6K§)+§(e“§* e )] = Ag(s,T)

Thus,
T T
/ |DtF|2dt§/ A(t,T)|DyF|*dt,
0 0

with "
A(t’ T) =1 + TIAl(ta T) + AQ(t’ T)

. (1-57) + as (1-e%)
B K, ¢ K ¢

Ki\2 1 Kyt 1/  Ey(T+1) | Ky(T—t)
i — 2 — 2 — 2
) [(me )+ 50 )

The proof is completed. [
Notice that as K9 — 0, by expression (3.2),

K7\T o (Tt 12
AET) =1+ ==+ K} (- <),
ET) =1+ - +K(7T -3

Now we study the variation of the function ¢ — A(¢,T'). It is quite interesting to remark that
its monotonicity is dependent of the sign of Kj.

Proposition 3.2. (i) If K3 < 0, then t — A(t,T) is strictly increasing over [0,T). (i) If
Ky > 0, then the mazimum is attained at a point ty in (0,T).

Proof. Taking the derivative of t — A(t,T') gives

K Ko(T—t) K Kot

A/(t,T) = —71672f 716772
N K? e K? el K? Jtec)
2K e e '

In addition, we have

K
A(O,T) =1+ ?;(1 —e*¥>



and

AT =14 22 (1= ) 4 ()| (1= ) g (e or 1)
2

K _EoT 1/K1\2 _KoT
B ) ()

K2 §K2
11 K, mrn]P 11
I N _<1_ ) =~ + —A%(0,7).
2+2[+K2 ¢’ } ; HaA 0D

From the second equality in the above, we observe that A(T,T) > A(0,T). Moreover,
Ky _kpr Ky K12 K12 KoT K12 KoT

NOT) = — e 2 4 2t 4 L 1 =75~ _ —527
©.7) 2 2+2+2K2 1K, T AR,
K K?2 T
=S (e ) g - ) (35)
K 1—e "%
1 —e 2
= —(K K >0
5 (K1 + o) 20
and
K1 K1 KoT K KoT Kl _KoT Kl
N(T,T) ==L+ 2L —1 - 2
(T.T) = -5+ T, T T IR, 4Ky
K K K? T
= —71 + 71(37% — 4—]{12<1 — 2@7% + eiKQT) (36)
K K K2 KoT\ 2
- t) - B
We see that
N(T,T)>0 if K9<O, (3.7)
N(T,T)<0  if Ko > 0. '
Now we look for ¢ € [0, 7] such that A’'(¢,T) = 0. We have
Nt T)=0
K| _xr  K{ KT\ g, (Kl K} K} _M>
_ 1 _ et ST aled SHNaled 0 —0
< < 2 ¢ T TR, >e % "ok, Ikt
Ky _xor Ki\ e, Ka 2K Ky KT (3.8)
(o B B0, 2 )y
< 462(+ng T Ut R, TR
_ KT K1\ g 2Ky Ky KT
2 —) 2 :(2 i )
@62(+K2€ K K

Therefore there exists at most one ¢ such that A’(t,7) = 0. For the case where Ky < 0,
if there exists ¢y € (0,7") such that A(tg,7") < 0. Then by (3.5) and (3.7), the equation
N(t,T) = 0 has at least two solutions, it is impossible. Therefore for Ky < 0, A’(t,T) > 0.
For K5 > 0, we suppose to such that A’(tg,T) = 0. Let § = %, then by (3.8)

KoT KoT
O ()

or ty € (0,T) is such that

The proof is completed. [



K
Proposition 3.3. Let 8 = —1, then (i) if K9 > 0,

Ks
32 B _KoT\ _ KpT
sup AT =(1+8)?2— (B+2) 14+ —L_(1—e"F) 3
tE[OPT]( )=(1+5) (5 2)\/ 2+5( )
(/8 + 52 - %26_ KST) KoT (3'10)
— e 4 .
KoT
[l
(ii) if Ko < 0,
_1 1 K1 _ KT\ 2
teb[%%}A(t,T)_2+2<1+K2[l_e 2D (3.11)

Proof. For Ks > 0, we have

KT Kotg

Kotg
A(tO7T):1+/8<1—eiTe 2 )+/8<1_e > >
+52|:<1—6K22t0) +%<e,¥ ‘e% —eig .eKQQtO):|

52 _ KoT Katg
€

5 p .eT_<5+52_

/82 KT Kotg
_T>e_T.

=1+28+p5% - <ﬁ+
Using (3.9) yields (3.10). For Ky < 0, supycjo ) A(t, T) = A(T, T'), which gives (3.11). O
Combining (2.9) and (3.3), we get
Theorem 3.4. Let C(T, K1, K3) = sup A(t,T); then it holds

t€[0,T]
2

F T
E<F2log R ) SQC(T,Kl,KQ)E</ ]DtF\th> (3.12)
L2 0

for any cylindrical function F on WX (M).

It is well-konwn that the above logarithmic Sobolev inequality implies that the spectral gap
of L., denoted by Spect(L}), has the following lower bound

1

X > e —
Spect(LT) > O Ky )

Theorem 3.5. Assume (3.1) holds, then (i) if Ko > 0, we have

Ki\2 K K K K K
Spect(L£%)™1 < (1 + %) - Fl\/<2 + %) <2 +2t —%‘%) e_%T; (3.13)
2 2 2

(i) if Ko <0, we have

Spect(£E)~! < % + %(1 +21 [1 - e*TDQ. (3.14)

Proof. Using the elementary inequality: A 4+ B > 2/ AB to the last two terms in (3.10)
yields (3.13). Inequality (3.14) is obvious. J

It is quite interesting to remark that



Proposition 3.6. Let (T, K1, K3) be the right hand side of (3.13) when Ko > 0 and the
right hand side of (3.14) for Ky < 0, then

K\T = KiT?
O(T, K1, Ks) = 1+ % + g as K20, (3.15)
Proof. It is easy to see that the right hand side of (3.14) tends to 1+ % + @ as Ko — 0.

For the right hand side of (3.13), we first remark that

K, KT K, KT K KyT?
_e f—

= — — K5).
(a) % % T 3 + o(Ks)
Secondly
(2+K1)(2+2K1 Ky *g)
Ko K, Kze
Kl Kl KlT K1K2T2
(o Yo o T
<+K2 +K2+2 3 + o(K>)
K2 KT _ KT
- ) ()
2 2—|—72
Therefore

\/(2+K1><2+2K1 K _M>
- - - 2
Ko K, KZG

K 1 KT _ KIGT | o(Ky)) KKy T?
:(2_|__1> 14 -2 S 0( 2)_ 1482 —|—0(K22)
K, 2 2+ & 32
K K\T 3K,K,T?
~ (2 —) - K>).
( +K2 + 1 5 + o(K>)

Combining this with (a), we get

K K K K
Kottt o+ K1) (242l i)

K2 K2 K2 2
Ki\Ki KT K3T?
— (2 _)__—_ Ky).
( YK, 2 g T oK)

Then (3.15) follows from the right hand side of (3.13). O

Corollary 3.7. Assume (3.1) holds.
(1) Ile =Ky=K > O, then

O(T, K, K) =4 — 3(4—e—¥)e*¥+1 as K — 0.
(2) If K9 = —K; = —K, then

1
W(T, K, —K) = S(1+ "),
Remark. Our results improve estimates obtained in [1].
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4 Behaviour of Spect(L%) as T — 0

In this section, we consider the case where Z = 0. Then Condition (3.1) can be readed as

Kold <ric< K;1d, with K1+ K2 >0 (41)
and SDE (1.7) is reduced to
d .
dup(w) = Hi(uy(w)) o dwj, up(w) =up € 7 ' (x). (4.2)
i=1
The path v (w) = 7(ut(w)) is called Brownian motion path on M. Let p(z,y) be the Rie-
mannian distance. By [22, p. 199], there is £ > 0 such that

2
sup E(exp <5M)> < 400. (4.3)
t€[0,T] 2t

Assume that the curvature tensor satisfies the following growth condition

d

€Il + D L Qlll < C (1 + pla, m(w))?) (4.4)
i=1

where Ly, denotes the Lie derivative with respect to H;.

Let v € H, consider the functional Fr : W, (M) — R defined by

T
Prisw) = [ (o0),du).
Let h € H; then by (2.3), we have (see also [15])

T T .
(DuFr) () = [ {00t ) + [ (60), hu(w) dr. (4.5
0 0
Let a € R? and consider v(t) = ta with |a| = 1 in (4.5), we have
T T .
(DnFr)(y(w)) = —/ (Q(t,h)a,dwt>+/ (@, hi(w)) di. (4.6)
0 0
Let {e1,--- ,eq} be an orthonormal basis of R?; define

t
Ci(w,t,T) = —/ Qi (w) (ei,odw(s)) Liret)

Then by Fubini theorem, the term ¢(t, h) has the expression

d T ..
gt h) = —; /O W) Cs (w, £, 7) dr.

According to (4.6), the gradient D, Fr has the following expression:

d T T
(D Fr)(y(w)) = Z(/ (Ci(w, S,T)a,dw5>)e,~ +a+ %/ ricz(us) ads. (4.7)
i=1 7 T
We have
Var(Fr) = B(F2) — E(Fr)* = |a|*T =T. (4.8)

11



Proposition 4.1. Assume (4.4). Let

E(fOT \DTFPdT)

XT = Var(Fr)

Then T
xr=1+ 5<ricZ(u0)a,a> +o(T) asT —0 (4.9)

where ug is the initial point of (4.2).
Proof. We have, using (4.7),

2

d T 9 1, (T
|D,Fr|? = Z(/ (Ci(w, S,T)a,dws>) + |a® + 2 / ric(ug)ads
=1 T T

+<a,/ ric(ug)a ds —1—22/ i(w, s, T)a, dwg) a’

+2/ / (w, s, 7)a, dws) - /TT<ric(us)a, e;) ds.

Put respectively

T
E(/O (D, Frf2dr) = (T) + (T) + I(T) + 14(T) + I5(T) + ().

It is obvious that I(T) = |a|*T = T and I5(T) = 0. We have

Z// (ICi(w, s,7)al?) d )dT.

Now by growth condition (4.4) and (4.3), there is a constant ¢ > 0 such that

E(|Cs(w,s,7)al*) <& (s — 7). (4.10)
So that I1(T) < 6T3/6. By condition (4.1), it is easy to see that I3(T) < KfQTS. It follows
that Is(T) < %T‘?. Now for I4(T"), we have

L L(T) 1,
11};11() T2 :§<I‘IC(UO)G,G>.

Combining these estimates together with (4.8), we get (4.9). O

Theorem 4.2. Assume (4.1) and (4.4). Let Ks(x) be the lower bound of Ric,. Then as
T — 0,

KlT Kg(x)T

1- +o(T) < Spect(LT) <1+ +o(T). (4.11)

Proof. For Ko > 0, set § = 3. As T — 0, we have

12



\/(2+ﬁ)(2+2ﬁ—6eK§T) - \/(2+ﬁ)2(1+%<1—e1?))

:(2+B)\/1+%¥+0(T)

So, for Ko >0, as T — 0,

2T _ KoT

B\/(2+ﬁ)<2+25—5eK2> e

=B+ (1+ bRl o() (1~ %T +o(T))

248 4
T, K
=8+ )1+ 7 (555~ Ka) +olT)]
KyT
=B+ B)[1- B +o(T)].
By (3.13), we get
K,T K\T
Spect(£3)™" < (1+8)2 = B2+ 8)[1 - o5 +o(T)| = 1+ == +o(T),
which implies that
K\T
Spect(L3) > 1 — =22 4 o(T).
For K, <0, by (3.14),
11 l—e 3 \2 1 1/ K /KT 2
zy\—1 —& 2 1 (A2
< 4 - - ) =4 -
Spect(LE) _2+2<1+K1 e ) 2+2(1+K2( ; +o(T)>)
KT
=1+~ +o(T),
which implies again
KT
Spect(L3) > 1 — =22 4 o(T).

Now in (4.9), taking the vector a such that ric(ug)a = Ka(x)a yields

Kz(x)T
2

Spect(LT) <1+ +o(T).

The proof of (4.11) is completed. O
Corollary 4.3. Assume (4.4). In the case where Ric = —K;1d with K; > 0, we have

KqT
Spect(LT) — 1+ % =o(T) asT — 0.
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