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Mathematical justification of macroscopic models for
diffusion MRI through the periodic unfolding method

Julien Coatléven *
IFPEN 1 et 4 Avenue de Bois-Préau, 92852 Rueil-Malmaison, France

Abstract

Diffusion Magnetic Resonance Imaging (dMRI) is a promising tool to obtain useful informa-
tion on cellular structure when applied to biological tissues. A coupled macroscopic model has
been introduced recently through formal homogenization to model dMRI’s signal attenuation.
This model was based on a particular scaling of the permeability condition modeling cellular
membranes. In this article, we explore all the possible scalings and mathematically justify the
corresponding limit models, using the periodic unfolding method. We also illustrate through
numerical simulations the respective behavior of the limit models when compared to dMRI
measurements.

Keywords : Diffusion MRI, Homogenization, Bloch-Torrey equation, Periodic Unfolding, Im-
perfect transmission, trace jumps

1 Introduction

Diffusion Magnetic Resonance Imaging (dAMRI) relies on the measurement of the diffusion of water
molecules in the imaged sample. The potential clinical applications of diffusion MRI have multiplied
during the last 25 years, making it a promising diagnosis tool. Indeed, when the imaged sample is
biological tissue (for a survey, see [12]), it can be used to detect, for example, cerebral ischemia [19],
demyelinating disorders [10], and tumors [16, 17, 18].

However, the link between the physiological modifications and the measurements has mostly re-
mained qualitatively explained. In a recent paper [7], a macroscopic model has been introduced
through formal homogenization, under the assumption that the media is periodic. It efficiently re-
produces experimental dMRI’s signal measurements and generalizes some phenomenological models
that have appeared in the medical imaging literature (see [11]). It was based on a particular scaling
of the permeability condition involved in the microscopic description of dMRI. Other scalings are
possible and produce different limit models, which we want to identify as well. Our aim here is to
provide a rigorous mathematical justification for all these limit models. The homogenization litera-
ture being particularly rich, many different techniques can be used to do so. We choose to use the
unfolding operator, which was introduced first in [2] under the name of "dilation operator", and has
been widely studied and used since (for a review, see [5]). There are of course other ways to mathe-
matically justify our homogenization procedure, in particular one could use the notion of two-scale
convergence (which is strongly related to the unfolding operator, see [1] and [5]), but the unfolding
operator will prove to be a very natural way to treat the jump condition involved by the permeability
condition of our model problem. We show that there are only five possible limit models, including
of course the model of [7]. These limit models are similar to those that have already appeared in the
literature when homogenizing elliptic problems with jump condition (see [14]-[15]) using two-scale
convergence. Such problems have also been addressed through the periodic unfolding method in [9].
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The paper will be organized as follows. In a first section, we recall how dMRI is modeled through a
two-compartment Bloch-Torrey equation with jump, and precise our periodicity hypothesis. Then,
we define our model problem, which requires a careful treatment due to the presence of unbounded
coefficients. In a second section, we state our main results : we present the homogenized macroscopic
models we want to establish, and briefly display a few numerical results to compare them to the
full model problem, emphasizing that the model introduced in [7] is indeed the most accurate one.
The remaining sections are devoted to the homogenization proof. In the third section, we recall the
main results of the periodic unfolding method. Then, in the fourth section we apply this theory to
our model problem to rigorously establish our limit models.

2 Model problem

Water magnetization in presence of an applied magnetic field is modeled by a two-compartment
Bloch-Torrey equation in R? (d being the dimension, in practice d = 2 or 3), with the diffusion
coeflicient for water magnetization varying at the scale of biological cells. The biological cells’ mem-
brane is modeled by a permeability condition. We use R? primarily to remain consistent with [7],
where this choice is discussed from the physical and biological point of view. From the mathemat-
ical point of view, the results we obtain remain true for any Q Lipschitz open subset of R?, with
appropriate boundary conditions, such as Dirichlet or Neumann’s (those boundary conditions, if not
scaled, should simply be added to the homogenized problems in that case, the local cell problems
remaining unchanged). However, both notations and proofs are more involved when dealing with
bounded domains (see [4], [5] and [6]). Thus, using R also allow us to simplify the presentation.

We assume that the probed media is periodic (as explained in [7], it is enough to obtain the an-
alytical form of the macroscopic equations) : Y =]0, 1[¢ denotes the reference periodic cell, and &
the size of the average square of tissue containing a single biological cell. Each periodicity cell is
assumed to contain a biological cell, i.e. it can be divided into two connected parts : the cellular (or
intra-cellular) domain Y, (c stands for cell), the extra-cellular domain Y, (e stands for extra-cellular),
separated by the midline I';,, = 9Y, of the cellular membrane, assumed to be Lipschitz. The connec-

Y,

Figure 1: The periodic cell Y, containing a simplified biological cell without membrane

tivity assumption is made here in order to simplify some proofs and notations. As explained in [9],
this assumption can easily be lifted. However, once this connectivity assumption made, we need to
impose that I';,, does not crosses 9Y, if we want our model to remain realistic (the entire boundary
of the biological cells must be recovered by a membrane). Of course, when dealing with several
connected components, this hypothesis can be lifted, provided that when I',,, crosses a face of Y,
there exists another connected component of Y, on the opposite face of Y to "close" the biological



cell by periodicity with a proper membrane. We denote :

Q= ¢+ 7)

gezs
gezd
Qe = QUL

I = (€ + T)

The diffusion coefficient o is assumed to be periodic, with period Y, on which it is (for simplicity)
assumed to be defined piecewise as follows :
o in Y,
o= (& c (2)

0. inY,

Then, the water magnetization M. is governed by the following Bloch-Torrey equation with jump :

OMET) 4 1g- @ ()M 1) — div (02(x) VML, ) =0 in 05, <]0. 7]
UEVME.V' £,¢ K [ ]l £,& ngZd
re; 3)
[UEVMg'V]‘ e =0 ngZd
ME('aO) = Minit in ngt

where v is the normal to T, outgoing for Q¢,,, x° is the permeability coefficient, 0. = o (f),
1 = +/—1, M,y is the initial magnetization, g, constant vector of R, is the amplitude of the applied
magnetic field and f its time profile. If we denote M, , the restriction of M, to 2%, then the trace
jump is defined by :

[Mc]

|Ffﬁ£ = 5137|1—‘fﬁ5 - M€7cilrfﬁ£

The three coefficients 0., 0. and k° are assumed to be strictly positive and satisfy almost everywhere,
for some 0 < 0~ < o < +o0:

0 <o0.,<o" and o <o, <ot

Notice that QZ,, is not a connected domain, but can be decomposed into two subdomains, corre-
sponding to the intra-cellular region and the extra-cellular region, and that the common boundary
of Q¢ and €2 is the union of the mid-lines of the biological cell membranes :

00; = 00; N ONE = 008 = | Tyt
A

Problem (3) involves an unbounded coefficient, namely q - . Thus, its analysis is not entirely
classical. In particular, it is not obvious in which sense its solution is to be understood. To make it
clearer, we define M. almost everywhere on R%x]0, T[ by :

M. (2, ) = M. (z, t)e lq“/ It (@)

denoting g = gn, where n is a unitary vector. Then, at least formally, we have :

aJ\Z_<aM "y > zqnw/ f(s

ot ot



and :

VL. = (VME +1qn M, ( /0 t f(S)ds)> e“""'m/ot fls)ds

— t zqn-m/ f(s)ds
div(c.VM,) = (div(UEVME) +1qo. VM, -n (/ f(s)ds)) e 0
0

+div <Zq0'€]/\\4/5 ‘n < t f(s)ds))
0

Then, as :

t
wyn-x d
1go VM -m (/t f(S)dS) e /O f(S) i
0

t t 2
= 1go.V M. - d 2@\75( d)
” ”(/o 7(5) s) +q | stsias
. zqnm/ f(S)dS . t
div(0.V M) = div(c.V M.)e 0 +qusVM€'n</ f(s)ds)
0

o, (/Ot f(s)ds)2 M. + div (zqggm ‘n (/Ot f(s)ds))

F(t):/o f(s)ds

we get :

and then, denoting

we finally obtain :

oM. — . —
5% div (05 (VME — zan(t)M5>) +190: VM, - nF(t)
+q20. F(t)2 M. =0 in QF,, x]0, T
T _ T . _ e |7 d

O (VME zan(t)Ma) Ve =H {ME} VéEeZ (5)
’" Irse

[O’E(VME —wgnF(t)M.) - v LT 0 veEezd
et

Ma('a 0) = Minit in QZwt

While it may seem a more complicated problem, notice that it does not involve unbounded coefficients
anymore. Though, we can hope to apply classical results to it. We denote X, = H~1(Q%) x H~1(0¢)
the dual space of X, = H*(QS) x H'(QF), H. = L*(Q,,) and :

W(0,T, X.) = {U e L2(0,T, X.) | U € L2(0,T, X;)}

It is classical that W (0,7, X.) — CY(0,T, H.). We have the following well-posedness result for ME
(we refer the reader to [7] for the proof):



Theorem 2.1. Let f € L*([0,T]) and M;ni+ € X.. Then, there exists a unique solution ME €
W(0,T, X.) of problem (5). Moreover, we have the estimates:
1Ml (0,7,01.) < €7 || Mt 1. (6)
and
[IMell 2075 < C (14 D) Minirl 1. (7
for some C,C" > 0 independent on ¢.

The regularity of ME provides us precious information on the regularity we can expect for M,.
Obviously, we have that :
M, € L*(0,T,X.)nC°(0,T, H,)

as :
M, = M.e7'™®F®)  and VM, = VM.e ™) _yynF(t) M,

The time regularity of M. is less obvious. We have :

OM. _yimary  OM:
Yre —gnex _ 7€ . M
5 ¢ 5 +qn - x f(t) M,

implying that :

M. ,
ata +agn - f(t)M. € L*(0,T, X.)

However, we do not a priori have the regularity of 9, M, or gn - x f(t) M, separetly. In the following,
we denote :
oMU = 0,U +wgn - wf(t)U
and )
Wl (0,7, X.) = {U € L2(0,T, X.) | 097U e L*(0, T, XE)}
To any U € W%/(0,T, X.), we can associate U defined by :

0 = yermar ()
and we have U € w(0,T, X.), with :
|‘ﬁ|‘%2(O,T,X5) + Haﬁllig(mxé) <@+ Q||F||%°°(O,T))‘|U||2L2(0,T,XE) + Hatq’fUHiz(o,T,X;) (8)
Conversely, to any Ue W(0,T, X.), we can associate U € W%7(0,T, X.) defined by:
U = Je WmaF(®)
and we have :
HUIR2 0 xy + 108 U 0 1ty < (4 @lF B0 m) 10Ny + 1001 0 sy (9)

Thus, there exists a bijection between the two spaces, and W&F (0,T, X.) is a Hilbert space for the
norm :

01Byer = N01B 20,52y + 1987 U122 0.

Moreover, this implies that W7 (0,7, X.) — C°(0,T,H.). It is consequently natural to define
variational solutions to (3) as functions M, € W4(0,T, X.) satisfying :

< ag)fMe(t)a |4 >X;7X5 + (O'EVME, VV)HE

X (el ), ) =0 mDOeT) wwex. (0
gezd i Uit/ L2(r5)

M. (0) = Minst

We then immediately have :



Theorem 2.2. Let f € L*®([0,T]) and M;n;s € Xc. Then, there exists a unique solution M. €
We5(0,T, X.) of problem (10). Moreover, we have the estimates:

I Mellzoeo,m,m.) < €Tl Miniel |11, (11)

and

IMcl[L20,7.x.) < \/(1 + | Fl[7 o 0.0))C (1 + €“T) [ Minil | . (12)

for some C, ' >0 independent on €.

3 Main results

In practice, the biological cell size is extremely small compared to the representative size of the probed
tissue. A direct simulation involving the fine scale on the entire probed domain is consequently
extremely costly to perform. Our goal is to get a limit problem which does not see the small
scale, in order to diminish the computational effort needed, as well as to give an explanation for
the macroscopic behavior observed from experimental measurements of water magnetization during
diffusion MRI. To do so, we need to precise our hypothesis on k°. We assume that x° is a the form
k¢ = ePo,y,, where o, > 0 is a constant independent on ¢ and p € Z. Depending on the values of
p, several macroscopic models will arise from homogenization. We claim that there are exactly five
limit models, which we describe now.

3.1 The five macroscopic models

We will see in the proof that there is two sub-families of macroscopic models, those who involve
several limit functions, which corresponds to p > 1, and those who involve a single one.

We introduce the spaces X = H'(R)?, its dual X', H = L?(R%)2, and :

W(0,T,X) = {UeL2(o,T,X) | atU€L2(O,T,X/)}

Wl (0,7, X) = {U € L2(0,T7,X) | 9%/U e LQ(O,T,X’)}

Proceeding as in the previous section, it is obvious that these two spaces are in bijection, thus
Wa/(0,T, X) is a Hilbert space for the norm :

U 1Bye.e = 101320, + 108 T2 0.7

and W5 (0,7, X) < C°(0,T, H).

Now for p > 1, we claim that we have the following result :

Theorem 3.1. We denote w; o the solutions for i = 1,2 of the cell problems :

—divy(0a(Vywia +€;)) =0 inY,

0eVyWie V+o0ee;-v=0 onT,,
(13)
0 VyWie V4 0ce;-v=0 onI'y,
w;.e Y, — periodic
We define the associated homogenized tensors by :
1
Da,ij = = Ua(ij,a + 6]') . (Vwi,a + 61‘) (14)
Yol Jy,



and the coefficients 1, by :

Om|Tml Om|Tml
e = and e = 15
R LA (o)
Then, the solution M. of (10) satisfies, up to a subsequence :
L 1¥el 1Yel — 2 (Tod
M, V] My, + v My, weakly in L*(0,T, L=(R%)) (16)
where if p=1, My = (Mo ., Mo,.) € W/ (0,T, X)? satisfies for all V = (V,,V.) € X?
(00T MoeVe) |+ (DeVaMoe, V) g + (1e(Moe = Mo), Vo) g = 0
in D (10,T[), Moe(-,0) = M in R
(17)
(00T Mo, Ve 4 (DeVaMo e, VVo) 1o + (1e(Moc = Mo), Ve) g = 0
in D (10,T[), Moc(-,0) = M in R
and if p > 2, My = (Mo.e, Mo ,.) € WO (0,T, X)? satisfies for all V = (V,,V.) € X?
(00 Moo Ve) |+ (DeVaMoe VW) o =0 in D' (10, T)
MO,e('7 0) = Minit ) m Rd
q f 3 ’ (]‘8)
(o MO,C,VC>H71,H1 +(DeVaMo, VV.) 2 =0 in D' (0, T])
Mo,c(', 0) = Minit in R4
For p <0, we claim that we have the following result :
Theorem 3.2. For p <0, the solution M. of (10) satisfies, up to a subsequence:
M. — My weakly in L>=(0,T, L*(R%)) (19)
where Mo € W5 (0, T, H (R?)) satisfies for all V € H'(R?) :
(o o, V>H717H1 +(DV, My, VV),. =0 in D (]0,T])
MO('a 0) = Minis in R4
where only the homogenized tensor changes with the values of p < 0. For p =0, it is given by :
Da,ij = Z O'Q(ij@ + ej) . (Vwi’a + ei) (20)
ae{c,e} Yo
where the w; o are solutions for i = 1,2 of the cell problems :
—divy(0a(Vywia +€;)) =0 inY,
0eVyWie V+o0ee;-v=0 onT,,
(21)
o VyWi e V+oce;-v=0 on 'y,

Wi Y. — periodic



For p=—1, it is given by :

Dg,ij = Z /Y oa(Vwj o +¢€j) - (Vwi o +e;) + O'm/ (W),e — Wje) (Wi e — W) (22)

ac{c,e} Lo

where the w; o are solutions for i = 1,2 of the cell problems :

—divy (00 (Vywi o +€;)) =0 mn Yy,
OaVyWi o V+0a€i V=0m(Wie— W) onT,,
‘ (23)
0cVyWie V4 0e8; - V=0 VyW; . V-+oece;-v only
Wi Y. — periodic
For p < =2, it is given by :
Dij= Y / Oa(VWjo +¢j) - (Vwi o + €;) (24)
ae{c,e} Yo
where the w; o are solutions for i = 1,2 of the cell problems :
—dz’vy(aa(vywi’a + 62)) =0 m Ya
Wi e = Wi on Ly,
(25)

0eVyWi e V+0c; V=0 NVyW; o V+oce;-v only

Wi, Y. — periodic

Before turning to the proof of these two results, we emphasize their practical interest by studying
the properties and numerical behavior of the limit models.

3.2 Some remarks on the macroscopic models

As we have assumed that Y, does not touch the boundary of Y the homogenized systems (17) and
(18) can be simplified since in that case D, = 0. This can be easily seen by checking that w; . = —y;
and therefore V, w; . + e; = 0. Consequently :

(01 Mooy Vo) + (DeVaMo,e, VVe) 1 + (1e(Mo.e = Moyo), Vo) o = 0

H-1 H1

in D/ (]OvTDa MO,@('ao) = Minit in Rd

a.f (26)
<8t’ MO,C7 ‘/C>H_1 N + (nc(MO,c - MO,6)7 ‘/;)Lz =0
in D/ (]OvTDa MO,C('vo) = Minit in Rd
for p=1, and
(01 Mo Vo), L+ (DVaMoe FV) o =0 in D (0,T])
Moo (-,0) = Ming in R4
o (27)
<3;1ny0707 VC>H*1,H1 =0 in D (]0, 7))
Mo.c(+,0) = Mini in R¢




for p = 2.

Let us also remark that since the boundary of Y is contained into the boundary of Y., the ho-
mogenized tensor D, is positive definite as soon as o, is also positive definite [3]. Now, using
the same change of unknowns than in the previous section, and reproducing the analysis of the-
orems (2.2) and (2.1), using the now established positivity of the tensors, one can obtain the
well-posedness of the macroscopic models. For p > 1, the well-posedness is obtained in the space
Wef(0,T,X)NC°0,T, H), where X = H' x L?, using the density of X in X. In the case where
D, is also a positive definite matrix (which can be the case if we lift the connection hypothesis
on Y,), then the well-posedness is obtained in W%7(0,T, X) (see [7] for details). For p < 0, the
well-posedness is obtained in W/ (0, T, H').

Assume now that our solutions are regular and decreasing enough, so that every term has a classical
meaning (including the one involving an unbounded coefficient). Then, the equation for My . can
be explicitly solved. For p =1, we get :

t
Mo.c(z,t) = MiniGe(z, t,0) Jr/ Ge(z,t,s) My c(x, s)ds (28)
0
while for p = 2 we have :

MO,c(xut) = Minith('ratao) (29)

where we have denoted :
t
Ge(z,t,5) = exp (—/ (uq-zf(r)+ nc)dr> (30)

Thus, we can decouple the system (26) (setting Q = q - @):

Mo, . !
Tta + (ZQf(t) + ne)MO,e - dzvr(DevaO,e) - ne/ Gc(ta S)MO,e(S)dS
0

= NeM;initG.(t) in R¥x]0,T[

Moe(+,0) = Minir  in R (31)
¢
Mo = MininG.(t,0) —|—/ Ge(t,8) My (s)ds in RYx]0,T|
0
and we can also rewrite (27) :
OMy .
70’ +1Qf () Mo.e — divg(DeVoMoe) =0  in REx]0, T
Mo,e(,0) = Minit in R? (32)
Mo,c = MiniGe in R?x]0, T[

The first equation of (31) emphasizes the fact that this is the only macroscopic model, among those
we have obtained, which will behave quite differently from a Bloch-Torrey equation. In particular,
the presence of the integral with respect to time will give birth to memory effects for M.

3.3 Numerical exploration of the macroscopic models for diffusion MRI

Now we compare our macroscopic models to the full two-compartment model, with realistic values
of the physical parameters, corresponding to practical situations of diffusion MRI.

The initial magnetization M;,;; is set to a known value, and the most commonly used normalized
time profile of the magnetic field f is the Pulsed Gradient Spin Echo (PGSE) :

1 for0<t<éd
fe)y=10 ford <t<A
-1 for A<t< A+



where d, A > 0. Notice that
A5
/ f(s)ds =0
0

We denote T = A + 0 the so-called time-echo. Several values ¢ = g are used for a fixed direction
of the magnetic field gradient, where g is the gradient amplitude and ~ is a fixed positive number.
The signal or measurement is obtained at the time-echo T, for several directions g, and is given by

S.(g)= | M.z, Tg)dx

Rd

This signal is then normalized by dividing by fRd Mnit- The normalized signal will be denoted by

Se(9) :
_ fRd M, (x,Tg)dx

fRd Minit

From theorems 3.1 and 3.2, we know that in the case p > 1, we have :

Y, Y, -t
Sc(g) — | e|/ Mo,e($,TE)d9€+| c‘/ Mo o(x, Tg)dx / Mt
Y[ Jga Y] Jga Rd

while in the case p < 0, we have :

S.(g) = ( 3 Mo(x,TE)dx) (/R Mm>_1

Naturally, we will compare the results to these quantities, which will be the signals S9(g) for the
different values of the parameter q.

S:(g)

We perform the numerical simulations with initial data Mj;,;; = 1. Remark that this case does not
strictly enters our previous setting : indeed, such an initial condition is not L?(R?). However, it
can be easily shown that the solution of (3) for this initial condition is quasi-periodic in space, with
period ¢ and quasi-periodic coefficient exp(—1eq; fg f(s)ds) in each direction e;. Thus, we can solve
(3) on a single periodic cell in that case, allowing us to perform numerical simulations (the domain
now being bounded). The normalized signal on the whole space is then defined as :

M, (x,Tg)dx
S-(9) = lim Jo, Me(@ T5)
N—+o0 fQN Mipit

where Qy is the union of N cells, and it is easy to see that we get, for a constant M;,;; :

ny ME(I7 TE)dx

59 = T Mo

where Y, denotes a single periodicity cell. For the homogenized problem, the same holds with for
instance Y as periodic cell, the problem being quasi-periodic for any period, coefficients being con-
stant in space.

For meshing simplicity, we perform numerical simulations in dimension 2 and we use circular bio-
logical cells, of radius R,,. The values we use for the other coefficients are in the range of values
experimentally measured for the biological tissues involved in diffusion MRI. It is common in the
diffusion MRI community not to display S, as a function of g, but as a function of the so called

b-value :
b(q) = lall? / "’ ( / tf(s)ds> dt

(see [7] for details about the reason why this quantity is used). We display a comparison of log S(b(q))
for the different models, comparing them to the two-compartment model, on figures 3 and 4. We

10
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Figure 2: Log of the normalized signals, o, = 0. = 3¢ — 3mm?s~!, kK = 5e — bms~!, Rm = 0.45,
6 = 3.5ms, A =5,15,25,35ms

clearly see on these figures that one of the five models seems to reproduce the behavior of the signal
much better that the four other, in all the tested situations. This model is the limit model when
p = 1, i.e. the coupled macroscopic model (17). In particular, it is the only model that accurately
reproduces the 'curvature’ of the signal : the signal obtained from the full model is not a straight
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Log of signals

Sanl

a0l

106545, )

K

RO

—8— Homogeneized,

Homogeneized,

) Homogeneized,

—r— Homogeneized,

Homogeneized,
=——#— Reference

madel 1
motel 2
model 0

mogel-1 |1

model -2 |

_&0 1

o 05 1

el

_an}-

R0

log(R (575,

b value <10t

Log of signals

—&— Homogeneized,
Homogeneized,
Homogeneized,

—+— Homageneized,
Haomogeneized,

=8 Reference

100

madel 1

model 2 |

model 0
model -1
madel -2

-120 L

b value % 104

Figure 3: Log of the normalized signals, 0. = 0. = 3e — 3mm?2s~!, k° = 5e — bms~ !, Rm = 0.45,

6 =3.5ms, A =5,15,25,35ms

line, as a single Bloch-Torrey equation with homogeneous coefficients would produce (see [7]). The
models with p < 0, can consequently not reproduce such behavior, while for p = 2 the ’curvature’
is clearly not the right one. In fact, this ’curvature’ corresponds to the macroscopic counterpart of
the cell membranes. As the model for p = 1 is the only one which transports on the equation the

12
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Figure 4: Log of the normalized signals,o. = 3e — 3mm?2s~!, 0, = le—3mm?2s~!,
Rm = 0.375, 6 = 3.5ms, A = 5ms and o, = de — 3mm?s™1, 0. = le — 3mm?2s~ !, k¢

Rm = 0.49, § = 2.5ms, A = bms

=le—>5ms™ ",
=le—5ms ",

effect of the membranes through the coupling coefficients, it seems logical that it is indeed the most
accurate. For a more thorough numerical study of the limit model when p = 1, we refer the reader
to [13].
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4 Some results from the unfolding method in homogenization

In this section, we presents the tools that will be needed to rigorously establish the macroscopic
models by homogenization of the two compartment model. The results of this section are extracted
from [4], [5], [6] and [9], with the slight difference that we consider here the time dependent case.
As the time variable plays the role of a parameter, the extension is straightforward, which is why
we do not recall any proof here. However, we felt that it would be more convenient for the reader
to sum up these results here.

4.1 The periodic unfolding operator

We first need to introduce some notations to describe our periodic domain. We denote [z]y the
unique integer combination of the vectors e; of the canonical basis of R? such that z — [z]y belongs
to Y, and set :{z}y = 2 — [z]y. Then, for each x € R¢, we have :

==l 5

The periodic unfolding operators 7.* for « € {c, e} are defined for any ¢ Lebesgue measurable on
08, x]0, T, by :

T () (z,y,t) = ¢ (5 {gy + Ey,t) for a.e. (z,y,t) € R? x Y, x]0,T]| (33)

While ¢ is defined only on QZx]0,T[, 7.%(¢) is defined on RY x Y, x]0,T[, where it is Lebesgue-
measurable. It is obvious from the definition that, for v and w Lebesgue measurable on Q8 x]0, T'[:

T (vw) = T2 (0) T (w) (34)

Convergence properties of the unfolding operator with respect to e, are expressed through the mean
value operator My, : LP(R? x Y,,) — LP(R?), for p € [1, +00], defined by :

My, ()(x) = ﬁ /Y B(z,y)dy (35)

for which using Holder’s inequality, one can immediately see that for ® € L?(0, T, L?(R? x Y,,)) and
B € {2,00}:

My, (@)l L5 0., 2Ry < [Yal 2Nl L5 (0,1 L2 R0 x v (36)
Theorem 4.1. For f measurable on Y, x]0,T], extended by Y periodicity on all Q, we define the
sequence :

felz,t)=f (g,t) a.e. forxz € QY (37)
Then,
T2 (f) @y, t) = fy,1) - for a.e. (w,y,t) € RT x Yo x]0, T
The operator T2 is linear and continuous from L?(0,T, L?(€%,)) to L*(0,T, L*(R? x Y,)) or from
L>=(0,T, L*(Q5)) to L>=(0,T, L*(R?xY,)). For any ¢ € L*(0,T,Q%)) and anyw € L?(0,T, L*(Q2)),

we have :
(1) / / (z,y,t)dzdydt = / o(x, t)dxdt
|Y| ]Rdea Qg

(i) T D20.1,02@xva)) = YIV2118] 2207, 02(02))
Similarly, for any ¢ € L*(0,T, Q%)) and any w € L>(0,T, L*(QF,)), we have :

() — TS) ey t)dady = | o, t)da
Y| Jraxy, Qs

(i) T oo 0,112 @axvay) = Y21l 0,7, 120 ))
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In the remaining of this section, we will use 8 € {2,000} to state simultaneously the results for L2
in time functions and L° in time functions, in order to avoid repetitions. To do so, we introduce
the notation "[S-weak convergence", to be understood as weak convergence in the case § = 2, and
weak™ convergence in the case 5 = oco.

Theorem 4.2. The unfolding operator T has the following convergence properties :
(i) For w € LP(0,T, L*(R%)),
T (w) = w  strongly in LP(0,T, L*(R? x Y,,))
and
Xe,aW — ||Y(f‘||w B — weakly in LP(0,T, L*(R%))
where Xe o 15 the characteristic function of €F,.
(ii) Let (w.). be a sequence in LP(0,T, L2(R?)) such that :
we —w  strongly in LP(0,T, L*(R%))

then
T (w.) — w  strongly in LP(0,T, L*(R? x Y,))

(i4i) Let (w.). be a bounded sequence in LP(0,T,L*(Q)), i.e. there exists C > 0 such that :
lwellLs0,7,2202)) < C
Then the corresponding sequence (T.*(w.))e is bounded in L?(0, T, L*(R% x Y,,)). Moreover, if
T (we) = B — weakly in LP(0,T, L*(R? x Y,))
then
Xe,aWe — ||;||MY () B — weakly in LP(0,T, L*(RY))
(i) If T2 (w.) — @ in LP(0,T, L>(RY x Y,,)), then
@] L6 0,1, L2(RIx Va)) < lim inf Y2 [Jwel| s 0,7, 120 ) (38)

(v) Let f € LP(0,T, L*(Y,)), and f- be the sequence defined in (37). Then:

oo = e () 6 weatly in 10,7, 1)) (39)

Now, we introduce the local average operator M2 : L2(0,T, L3(Q,)) — L?(0,T, L*(R%)), which is
nothing but the average of a function on each periodicity cell. It is defined as follows :

M (¢)(x,t) = €d|Y | / . gi)((,t)d( for a.e. (z,t) € Rdx]O,T[

Using the obvious change of variable in each cell, we have for a.e. (z t) € R¥x]0,T7 :

ME(@)(et) = S / oy P60 = ey [ 0te 2] ety
fMy (T2(6)(w.1)

We also have on R? x Yy:

T (ME(9)) = M2 ()

[E 2]y +ey

9

as :
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4.2 The unfolding operator and gradients
First, remark that for w € L*(0,T, H*(£,)), we have :
V, T2 (w) = T2 (Vw)  for ace. (z,y,t) € R? x Y, x]0,T] (40)

Consequently, from point (iii) of theorem 4.1 we immediately deduce that T.* maps L?(0, T, H*(())
into L2(0, T, L*(Q, H'(Y,))). The next theorem, extracted from [6] and 9], describes the convergence
properties of the unfolding operators acting on gradients :

Theorem 4.3. Let (w.). be a sequence of L?(0,T, H* () such that :
|wellp2(0,1,m51(05)) < C (41)
Then there exists w in L*(0,T, H*(R?)) such that, up to a subsequence :
T (w.) —w  weakly in L*(0,T, L*(Q, H'(Y,))) (42)
Moreover, there exists @ € L2(0,T, L*(Q, H*(Y,))) such that My, () = 0 and, up to a subsequence:
(i) TX(Vw.) = Vw+ Vb  weakly in L*>(0,T, L*>(R% x Y,,))

| « « A . 2 2 (md 1 (43)
) - (T (we) = MZ(we)) = W+ yo - Vw  weakly in L=(0, T, L*(R*, H*(Y,)))

where :
Ya =Y — ~A/lY(1 (y)
If a = ¢, then w € L*(0,T, L*(Q, H/ (Y.))).

4.3 The unfolding operator on the boundary

Denote

I.= |Je¢+Tm)

gezd

For any ¢ Lebesgue measurable on I'. x]0, T[, the boundary unfolding operator 7! is defined by:
T (0)(z,y,t) = ¢ (5 [g} + Ey) for a.e. (z,y,t) € R x I',,x]0, T (44)
Y

As before, if (p, 1) are two functions Lebesgue-measurable on I'. x]0, T[, we have:

T2 (o) = T2 (9) T2 (4) (45)
One can immediately remark that for ¢ € L(0,T, H'(QZ)), a € {c, e}, one has simply:
T2 (¢) = T2 (9)Ir. (46)

i.e. TX(¢) is the trace of T*(¢) on I'. It follows from the trace theorem that there exists a constant
C > 0 independent on ¢ such that :

T (D)2 07,2 e 112000y < CHTE (D)2 (0.7,02 R4, (va))) (47)

Theorem 4.4. The boundary unfolding operator TX as the following properties :
(i) For any ¢ € L*(0,T,L(T.)), we have :

/OT / et = i | T / oo, T @@y Odrdu(y)dt (48)
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(ii) For any ¢ € L*(0,T,L?(T.))
NTE Oz 0702 @®axr, ) < €Y Y2l 20,1020 )
(iii) Let (we)e be a L*(0,T, HY(QF)) sequence and ¢. a L*(0,T,L*(T'.)) sequence such that :

T (w.) —w  weakly in L2(0, T, L2(R?, H(Y,)))
T (o) = @ strongly in L*(0,T, L*(R? x T',,,)))

Then : .
1
6/ pewedp(x)dt — */ / ez, y, hw(z,y, t)dzdp(y)dt
. |Y| 0 R xT,,

(iv) Let w. € L?(0,T, H'(Q,,)). Then :

(T£(we) — T2 / / We e — Wec)?
€|Y|/ /]Rdxl"

We conclude this section by a useful result, especially designed for handling trace jumps between Q2
and QF. Tt is essentially a rewriting of a result of [9], in a form that is well suited for handling our
particular problem :

Theorem 4.5. Let w. = (wee,we.) be a sequence of L*(0,T, H(Q%,,)) = L*(0,T, H'(Q)) x
L2(0, T, H()) such that there exists v > 1/2 and C > 0 independent on € such that:

)) S C and Hw;-_"e - wE,C (FE)) S CE’Y

[wel|L2(0,7, 11 (02,
Let (¢:)e be a sequence in L*(0, T, H'(R?)). Assume that there exists
€ L*(0,T, L*(RY, HY(T,,)))

such that:
Tgr(cps) —p  strongly in L2(07T, LQ(Rd, Hl(Ya)))

Then, there exists w. € L*(0,T, H'(Y,)), w. € L*(0,T, H}(Y)) and p € L*(0, T, L23(RY)) such that:

//%wee We ) |Y\/ /}RdXF We — We + 1))

Proof. Using (45), we apply point (i) of theorem 4.4 to the product ¢.we o, which gives, using (46):

/ / ot adp(z)dt — / / ) (@ )T (we ) (@, y, € dadp(y)dt
5|Y| RxT,,

This can be rewritten :

F'"L (6%
/ / et ()t = 'Y' [ Mo (T8 (00)) 0 M () o

EY/ /Rd - (x,y, ) (T (we) — M (we))(z, y, t)dedpu(y)dt

m
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Thus, we deduce that :

ATﬂ¥%“%ﬁ‘w“J:&HATAdBWQWH—Aﬁ@%»Mnon%»mw

4—D£|/CTjédxrm 27 1) = ME(w2)) = (T we) = Me(e))| T2 (oot
We know from theorem 4.3 that :
% (T (we) — M2 (w2)) = W + Yo - Vw  weakly in L2(0,T, L*(RY, H'(Y3)))
and thus, applying the trace theorem (in the y variable) :
é (T2 (we) — ME(w.)) = W + Yo - Vw  weakly in L?(0, T, L*(R? x T',,,))

and consequently :

T ) = Mefu)) = 272 w) = Me() ==+ (g [ o= [ o) v

weakly in L2(0,7T, L?(R? x T,,)). Moreover, from point (iv) of theorem 4.4 and the bound on the
trace jump, we know that there exists j; € L2(0,T, L>(R? x T,,,)) such that :

L (T () — T ) = g weakly in L2(0,T, L2(R? x ')

Thus, combining these two weak convergence results, we deduce that 1(M¢E(w.) — ME(w.)), which
is independent on y, is weakly convergent in L?(0,T, L?(R¢ x T,,)), to some py € L%(0, T, L*(R%))
also independent on y. Thus, defining :

o= (v o) e
=1l v w7 : 2
Yel Jy. " [¥el Jy,

we obtain the desired result. O

5 Derivation of the macroscopic models by homogenization of
the two compartment model

To ensure that we work in a pleasant mathematical framework, we will apply the periodic unfolding

method to M. rather than to M.. Then, using the equivalence between these two families of

functions, the homogenized model for the original unknown can be easily deduced. Using the results

of the periodic unfolding method presented in section 4, establishing rigorously the five limit models
for the unknown M. is quite straightforward.

We start by recalling that ]\fZ5 is given as the element of W (0, T, X.) that satisfies, for all V € X_:
a
dt
+1gF (1) (0-VIL() - n, V) + ¢ F(0)? (0.0(0), V)

+Z“QMM

cezd

(M)V) ,  + (0o(VML(t) — qnF (t)]L), VV)

57X5

H.

HE

(49)
[V]FNC) =0 inD (]0,T])
L2(I5:)

)
I‘fﬁg m

Ma(o) = Mt
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AsW(0,T, X.) — C°0,T, H), for any function ¥ € C*([0,T], H*(Q%,,)) = (¥, ¥.) € C1([0,T], H*(Q2))x
CL([0,T], H* (%)), we obtain after integrating by parts :

// [ W+%Vﬁs(w)v\lf(x,t)] dxdt

ext

// Mo — Me.o) (W, — W) dp(x)dt

+ /T/E [ZqF(t)VMg(x,t) n¥(x,t) — zqF(t)Ms(g;, tyn - VU(z, t)} dadt

ext

/ Mipit(2)¥(z,0)dx — M (2, T)V(z,T)dx (50)
= QE

ext ext

and in particular, for any function

U € Co([0,T[, H' (Qear)) = (Te, We) € Co ([0, T[, H' () x Ce ([0, T, H' (2))

/ /g [ aqjéf’t)+05VA75(x7t)V\I'(x,t)] dxdt

ext

// M. — Moo)(W, — 9, )dp(a)dt

+/0T/E [qu(t)VME(%t) U (z,t) — 1gF(t)M.(z,t)n - V\I/(x,t)} dadt

ext

_ / Minie () (, 0)da (51)
Qo

Recall that we have set k* = €Pg,,. Using the above formulation, we now rigorously derive five
macroscopic models, according to the values of p. We start by the simplest case, when p > 1, and
then we treat the three remaining ones.

5.1 The macroscopic models when p > 1
The aim of this subsection is to prove the following theorem :
Theorem 5.1. Let p > 1 and let ]TJ; = (Mgﬁe,j\/[;_rc) be the unique solution of the two-compartment
model (3), with f € L>=(]0,T[) and M;,;; € L*(R%). Then, there exists :
(Mo,e, My 0) € L2(0,T, H (R) x L*(0, T, L*(2, H}(Y.)))

and
(Mo,c, My,c) € L*(0,T, L*(R%) x L*(0,T, L*(, H(Y2)))

such that, up to a subsequence :

Y, Y.
|| Y | || Mo weakly in L*(0,T, L*(RY))

T (M) = Moo weakly in L2(0,T, L*(2, H'(Y,))), o € {c.e} (52)
Tc_a(VME,a) — Vﬂoya + VyMLa weakly in L(0,T, L*(R% x Y,)), a € {c,e}

Ms MO e
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and the four functions (/Mo,e,/]\/vll,e) and (MO,C,MLC) are solutions of the following variational for-
mulations, ¥ V¥ = (¥, ¥,.) € CH[0,T[,H (Q)) x CH[0,T[, H'(Q)) and V & = (., P.) €
L*(0,T, L*(Q, Hy (Ye))) x L*(0,T, L*(Q, H'(Y,))) -

( / / ) [V o0, ) + VM, 0)] (VWalr,0) 4 Yy Balr,y, 1)) dedyde
aE{P c} RIxYe

- / / zqF(t)aa(y)Mo,a(x, tin - [V (x,t) + VyPo(z,y,t)] dedydt
|Y| R XY,
1 _ N
+— / / 1qF(t)oa(y) [VMO,a(x, t)+ VyMi oz, y, t)} -nV, (z,t)dzedydt
|Y| R XY,

1 T .
+IYI/ / L TF (t)z%@)Mo,a(%t)\Ifa(x,t)dxdydt
R4X Yo

Y| / /Rd v Oa (ac t)dmdl/dt) + = %] / /]Rd . MOe Mo,c} (U, — .| dedu(y)dt
x X

Z | ‘ Mznit(x)\:[joz(xao)
ac{e,c} RIXYe
(53)
in the case p=1 and :
/ / VMOQ(:E t) + VyMi.o(z,y, )} [V, (,t) + V, o (2, y, )] drdydt
aE{P c} RIxYa
_D/I/ /d ZqF(t)Ja(y)MO,a(xvt)n ! [V\Ija(xat) + qu)a(xayvt)] dxdydt
R XY,
1 N N
+|Y|/ /d 1qF(t)oa(y) {VMO,a(x,t) + VyMLa(x,y,t)} -nV, (z,t)dzxdydt
ReXY,
1 (7 —
+m / I, q2F<t>zaa<y>Mo,a<x7t)%(x,t)dxdydt
R4X Yo
1
a x,t)dzdydt — Mipit ()W o (2,0
il Ly, Ton T ) 2 ] Juay, MW 0
(54)

in the case p > 2.

Proof. The main steps of the proof are identical for the two situations. In fact, the only difference
will come from the treatment of the boundary term in (51). From the bound (12) of theorem 2.1,
we know that there exists C' > 0 independent on ¢ such that, for a € {c, e} :

||Ms,a||L2(O,T,H1(Qg)) < €CT||Minit||L2(]Rd)
Thus, we deduce from theorem 4.3 the existence of :
(Mo,e, My 0) € L2(0,T, H' (R?) x L*(0, T, L*(R?, H} (Y.)))

and
(MO,cv Ml,C) € LQ(Oa T, Hl(Rd)) X L2(07 Ta Lz(]Rda Hl(}/;)))

such that :

(M..) — My, weakly in L2(0,T, L2(R?, H(Y,)))

(VM) = VM, +V,M . weaklyin L2(0,T, L*(R? x Y,)))
“(M..) — My, weakly in L2(0,T, L2(R?, H(Y)))

(VM..) = VMo + VM, weaklyin L2(0,T, L2(R? x Y)))

20



We write :

Ms = Xs,eMs,e + XE,CME,C
Then, point (iii) of theorem 4.2 immediately gives, as Mo’a is independent on y :

Vi Yol =

XeaMe o — v T2 My, weakly in L?(0, T, L*(R%))

and we consequently have as announced :

|Y|~ Ye| 7=

M,
© Y Y]

My, weakly in L?(0, T, L*(R%))

Choosing test functions ¥, € C1([0,T[, H'(R?)), we pass to the limit in the preceding expressions.
For the volumic terms, from theorem 4.1 and formula (34), point (ii) of theorem 4.2 and the above
weak convergences, we deduce :

/ / 5 |:0'5VM 2, )V (x,t) — M.(z t)a\l:((;z )]d:cdt

ext

/ / ) [V e, ) + 9, 301 o2, ,)| (2, )yt
|Y| ]R'ixY

ov
Mo e(z,t x, t)dxdydt
\Y|/ Jrny, Moclent) 00

/ / ) [V Mo, 1) + VM el ,6)] V(e 1) dndyde
|Y| Rde

oV,
My o(z,t) x, t)dxdydt
|Y/ fony, Moclan et

then
/ / 1qF'( )USVM (z,t) - nV(z,t)dzdt =
1 /7 ,v -
— |}// /d qu(t)Ue(y) [VMO,e(m,t) =+ vyMLe(l'7y’t):| . nqje(x7t)dxdydt
RaxY,
\Y| / /d 1gF (t)oc(y) [VMO oz, )+ V, M, cl(z,y, )} -nV.(z,t)dedydt
RAXY,
and

T
7/ / wF(t)o. M (x,t)n - VU (z,t)dzdt =
o Jas,,
1 [T —~
- —— / / 1gF (t)oe(y) Mo, (z, t)n - VU, (z,t)dxdydt
|Y‘ RAXY,

I —
v [ B0 )i V(e ) dody
‘Y‘ ReXY,
For the boundary terms, we will use results obtained through the periodic unfolding operator

on the boundary. From point (ii) of theorem 4.2, we deduce that 71 (¥,) — ¥, strongly in
L*(0,T, L*(RY, HY(Y,))). As TX(V,) = TX(V,)|yer,,, the continuity of the trace operator implies
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the strong convergence of 71 (V¥,,) towards ¥, in L*(0, T, L?>(R¢, H'/?)) and thus, using the above
weak convergences and theorem 4.4, we get in the case p = 1:

T
/ / com(Meo — Me.o)(We — U, )dp()dt
0 e

/ / Mo e — My )W — U )dedu(y)dt
‘Y‘ Rdxl“m

T
and / / ePom(Me e — M. o) (Ve — U, )dp(z)dt — 0 in the case p > 1. Finally, for the second

member, we have :

1
/ Mt (x z,0)dr = — T (Mini) (2, ) T (Vo (-, 0)) (2, y)dady
o |Y| RIXY,
1
= N Minit(2)¥ o (2, 0)dzdy
|Y| RAXY,,

Consequently, we have obtained the result for test functions independent on y. Now, we use as
test function W& = (WE, V%), where U5, = e (z,1)®a (L), with ¢ € D(]0,T[xR?) and where
P, € Hﬁ1 (Y.) is Y-periodic and ®. € H!(Y,) is periodically repeated on each Y-translated of Y.
Then, due to the additional factor ¢, all the terms (including the second member) except the ones
involving V,¥*® will vanish when taking the limit ¢ — 0. For this term, we have :

VU, (2,t) = eVipa(z,1) L0 (f) +9a(@,)VyPa (g)

Then, we get, using theorem 4.1 :

T
/ / 0V M (2, ) VI (2, t)dxdt
0 JOg,,

T —~
B |71|/0 /Rd y 0 TS (VM o) (2, y,t) [T (Ve (2, 1)) P (y)
T (e, t))qu)e (y)] dxdydt
1 7 . c
+m/0 /]RdeC 0 TE(V M o) (x,y,t) [T (Vibe(z, 1)) Pe(y)
+TE(e(, 1))V @c(y)] dodydt

Passing to the limit yields for this term :

/ / 0V (a )V () dadt

ext

/ / VMOe(x t) + YV, Mi.o(z, 7, )} U, (2, 8)V, . (y)drdydt
|Y| Rdee

/ / ) [VMo (1) + VMol ,0)] W, 1)V, @ (y)dadydt
‘Y‘ Rde

In the same way, we have :

T
- / / 1qF (t)o. M. (z,t)n - VI (x,t)dzdt =
O €

ext
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T
L1 / / WF ()0 (y) Moo () - U (2, 1)V, o (y) dadydt
|Y| R XY,

T o~
~ L / / WG ()0, (y) Mo o (i, ) - W, £)V, @ (y) dadydt
|Y| RixY,

and the sum of these two terms is equal to zero as all the other terms vanish. Using the density of
D(]O,T[X]Rd)xHﬁl(Y )in L2(0,T, L?(R?, Hﬁ (Y.))) and of D(J0, T[xR¥)x H(Y,) in L2(0, T, L2(R?, H*(Y,))),
we deduce that for any @, € L*(0,T, L*(R?, H/(Y.))) and any ®. € L*(0,T, L*(R?, H'(Y,))), we

have :

|Y| / /d VMO ez, t)+V, M, elz,y, )} Vy®@.(z,y,t)dedydt
ReXYe,
g / / ) [V Moe(w,t) + VM o2, y,8)] Ty @, y, ) dodydt
ReXY,.
1 —~—
_M/ /d 1qF (t)oe(y) Mo o (z,t)n - V@ (z,y, t)drdydt
Re XY,

I —
- / / W F(t)oc(y)Moo(z, t)n - Vy & (z,y, t)dedydt = 0
|Y| R XY,
Adding this to the previous result, we obtain (53) and (54). O
Now, we identify the corresponding macroscopic models :

Theorem 5.2. Let w; o be solutions for i = 1,2 of the cell problems :

—divy (oo (Vywia +€;)) =0 inY,

0eVyWie V+oee;-v =0 onT,,
(21)
o Vywic-v+oee;-v=>0 on 'y,
w; e Y, — periodic
Then, defining the homogenized tensors by :
1
Daij =757 | 0a(Vwja +€5) - (Vwia +€) (14)
Yol Jy,
and the coefficients 1, by :
Om|Tim] Om|Tml
Ne = and 1= (15)
|Yel |Yel

the variational problem (53) implies that My = (Mo,e,ﬁo,c) € W(0,T,X) satisfies for any V € X
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the macroscopic model :

+ (F(t)Den - iy, Ve)L2 =0 inD(J0,T)

Mo.o(-0) = Mipi in RY

+ (#F(t)2Den - nil,., VC)LQ —0 inD(0,T))

Mo,c(', 0) = Mipie in RY

(@M Ve, o+ (DeVMO VVe) o+ (0o — Mo o). Ve)

— (0FODMo,om, VV.) |+ (9P (DY Mo -m,Ve) |

(@M Ve) A (DeValloe VW) o (ne(Moc = Vo). Ve)

~ (FODMo, o, VV.) |+ (4F (DN Mo m.Ve) |

L2

L2

The variational problem (54) implies that My = (]/\\4/076, ]/\\4/070) € W(0,T, X) satisfies for any V € X

the macroscopic model :

MO,&(‘vO) = M;nix inR?

MO,C<'7O) = Minir inR?

(@M Vo), o+ (DeVMoe, VVe) = (1aF (Do o, OV)

2

+ (zqF(t)DevMO@ : n,Ve) Lt (qQF(t)QDen M., I/;)L2 =0 D (0,T])

(0 Mo,c, Ve ) + (DYoo, VVe) | = (P () DeMy .o, YV,
H-1,H1 L2 L2

+ (zqF(t)DCVZ\AjM “n, Vc) Lt (qu(t)QDcn M., Vc) =0 D (o,1))

In both case, we have :

(2

d
—~ OMy ., —~
M o= ;:1 Wi, o ( 83307 — in(t)niM()’a) in )0, T[xR% x Yy, ac {e,c}

(18)

Proof. We detail the proof only for p = 1, the proof being identical for p > 2. As we have seen in

the proof of theorem 5.1, we have for any v, € D(]0,T[xQ), D, € Hul(Ye) and ®. € HY(Y,):

17 . .
7|Y|/ /Q o [VMO,e(x,t)+vyM1,e(x,y7t)} U, (2, t)V, B, (y)drdydt
0 XYe

L1
g

T
/ / Oc [VMO,C(:L‘? y) + vyMl,c(xa Y, t)} \I/c(xv t)vy(bC(y)dxdydt
0 QxYe

17 ~
1 | L aF 00 @) 0n - B )V, ) dedyat
0 XYe
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1 [F —~
- / / 1w F(t)oc(y)Moc(z, t)n - Vo (z, 1)V, P (y)dedydt = 0
|Y| 0 RixY,
This implies that, in the distributional sense, we have, for any ®. € Hﬁ1 (Yo) :
/ Oe [VMO,e(-T; t) + VyMLe(I, Y, t) - 'LqF(t)Ue(y)MO,e(zy t)n] vyée(y)dy =0
Ye
and for any ®, € H'(Y,) :
/ Oc [VMO,C(:Cat) + vyj\zl,c(zvyvt) - ZqF(t)Uc(y)MO,c(xvt)n} vy(pc(y)dy =0
Ye

which is the classical variational formulation of the problem, for a.e. (z,t) € Qx]0,T[:

—divy (00(Vy My o (2, y,t) + VMo o (2, 1) — 1gF (t) Mo o(2,8)n)) =0 in Y,
UeVyMLe(m, Yy, t) v+ UEVzMO,e(x, t)-v— zqF(t)MO’e(x, tin-v=0 only,
ochMLc(x, y,t) v+ acvx]\/\/l/o,c(z, t)-v— zqF(t)]/\ZO,C(:E, tmn-v=0 onl,,
MLe Y. — periodic

which provides the desired formula for MLQ. Now, for any ¥, € CL([0,T[, H'(R?)), we have, for
a € {e, c}, using the independence on y of My 4 :

1 /T ~ ~
i / /d oo [VMOQ(:U, t) + Vy Mi.a(z,y, t)} VU, (z, ) daedydt
0 RexY,

_ el

T —_—~
= DoV My oV,
Y| /0 Rd

il ; i
- oatqF () Vyw;ang | - Mooz, t)V¥,(x,t)
Y1Jo Jraxy, zj: e ’

where we have used the fact that :

1 1
Doij =7 | 0a(Vwja+ej) (Vwia+e) =7 | ca(Vwja+ej)-e
Yal Jy., Yal Jy.,

Thus we get :

1 /T ~ ~
|Y|/ /d Oa [VMOJX(x,t) + VyMLa(:L',y,t)} VU, (x,t)dedydt
0 JRixy,

1 [T —
7 /0 /R P00 (5) M o . TV ) oy
Yo [T —~ Y, [T —~
_ el / DuV iy oV, — Yol / / WF (1) My o DoV ¥,
V1o o V1 Jo Jus

In the same way, we have:

1 T N .
m / /d ZqF(t)O'oz(y) [VMO,Q(I,t) —+ vyMl,a(l',y,t)} . n\Pa(m,t)dIdydt
0 Re XY,
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|Ya| T ar
= m e 1qF(t) Do,V My - T,

1 [T d N
+7/ / qQF(t)QUa Vyw;ian; | -nMy Ve
Vidy S, 2 Vitians

Thus we have, asn-n=1:

1 [T —~ ~
—/ / 1qF (t)oa(y) [VMO’a(m,t) —I—VyMLa(a:,y,t)} -nV,(x,t)dzdydt
|Y| REXY,
1 [T ~
byt | F@0uw) oo, Vae, ddydt
Y1 Jo Jraxy,

v,| [T —~
= u/ / 1qF(t) DoV My o - nT, —|— / / V2Dyn - nMO Ve
Y[ Jo Jre Y| R

Finally, we have :

IYI

o,
Ma:rt x,t)dxdydt = Maxt
|Y|/ /y 0, 8) T (@9 W] Jo Jga MoolD)

8(;11 (z,t)dzxdt

and

1 /T o
WA /]Rd Lo {Mo’e a MOvC} (e — W] dadpu(y)dt
XLm

r T . —~
_ Um| m| / [M076 _ MO#} [\Ile — \I/c] dxdt
1Y R

Taking alternatively ¥, = 0 or ¥, = 0, we obtain, for any ¥, € C([0,7[, H'(R?)) and any

U, € CY([0, T[, H' (R?)), multiplying respectively by ”;fl‘ and IQ’/‘I :

T
/ D VMOO(V\I/ / / P (t MOaD nVy,
R Y] R

/ / 1qF(t)D,, VMOa nv, —|—/ / D n- nMOa\Ila
R Rd

v, .
—/ Y AAL |/ MOQ—MOQ}\I! dadt = / MU o da
0 Rd ! 8t |Yoz‘ Rd Rd

for a € {e,c}, with 8 = cif « = e and 8 = e if @ = ¢. Integrating by parts in time, we obtain the
desired result. O

It is clear that we can immediately deduce theorem 3.1 from theorem 5.2, using the change of
unknowns : . .
M; o = M; qe 9 mF® A= M etz P ()
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5.2 The macroscopic models when p < 0

The aim of this subsection is to prove the following theorem :

Theorem 5.3. Let p = 0 or p = —1 and let ME = (M&e,ﬂw) be the unique solution of the
two-compartment model (3), with f € L>(]0,T[) and M;n; € L?>(R?). Then, there exists :

(Mo, M) € L*(0,T, H'(R?)) x L*(0,T, L*(R%, H}(Y.)))

and .
M, . € L*(0,T, L*(RY, H'(Y,)))
such that :
M. — My  weakly in L*(0,T, L*(R%))
T(M.o) — My weakly in L*(0,T, L2(Q, H'(Y,))), a € {c,e} (56)

TH(VM.o) = VM + VM o  weakly in L*(0,T,L*(R% x Y,)), € {c,e}

and the three functions MO;MLe and MLC are solutions of the following variational formulations,
VU e oo,T], HY(RY)) and ¥V @ = (®.,®.) € L*(O,T, LQ(Rd,Hﬁl(Ye))) x L2(0,T, L*(RY, H'(Y,)))

( / / VMo(x t) + Yy Mi.a(z,y, )] VU (2, 1) + V, Doz, y, t)] dedydt
ac{e,c} Rex Yo

+M/ /Rd v 1qF (t)oa(y) [VMO(JU,t)—&—Vy/]\ZLa(x,y,t)} - nU(z, t)dedydt
_ﬁ / /R - WF (D)0 (y)Mo(z, )n - [VU(z, £) + V, 8z, y, 1)) dedydt

ov 1
M, x, t)dxdydt = Mzm W (x,0
|Y|/ oy 07 50 T Jpary e 0)

(57)
in the case p =0 and :
( / /]Rd Ya VMO(x )+ VyMia(,y, )} [VU(z,t) + V,®o(z,y,t)] dedydt
ae{e c} X
|Y| / /Rd v 19F (t)oa(y) {VMo(w t) + VM, o (x, y,t)] nV(z,t)drdydt
|Y|/ L., F @@ - (Ve 0) 9z, 9,0) decy
Ty / /Rd v 0o (y) Mo(z, 1) (x,t)dxdydt)
'Y1|/ AdxyMO%m(x iyt + |Y|/ Lo, o [P =Wt ) 0 — @) dadtya
N Y] RdeM”m( ©)¥(z,0)
(58)

in the case p = —1, for some p € L2(0,T,L2(RY)). Let p < —2 and let M, = (ME,G,M&C) be the
unique solution of the two-compartment model (3), with f € L°(]0,T[) and M;n;; € L*(R?). Then,

there exists : o
(Mo, My) € L*(0,T, H'(RY)) x L*(0, T, L*(R?, H; (Y)))
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such that :
M. — My weakly in L*(0,T, L*(RY))
To(M.o) — My weakly in L*(0,T,L%(Q, H'(Y,))), a € {c,e} (59)
T(VM. o) = VMo +V,M;,  weakly in L2(0,T, L*(R% x Y,,)), a € {c e}

and the two functions (Mo,ﬂl) are solutions of the following variational formulations, ¥V ¥ €
C:([0,T[, H'(R?)) and ¥ & € L*(R?, H}(Y)) :

vl / /R o ) [V Mo, ) + VM (2,5,0)| [VO (2, 1) + V, @ (2, y)] dudydt
+|Y|_/ /Rd YzqF(t)J(y) {Vﬁo(w,t) +Vyﬁl(x,y7t)} -n(z, t)dadydt

_ﬁ/ /Rd Y“]F(t)%< y)Mo(z, t)n - [VU(2, ) + V, @a (@, y, 1)] dedydt (60)

IYI/ /Rdxy ) (y) Mo (, ) U (x, t) dwdydt

ov 1
M x, t)dxdydt = M U(x,0
|Y|/ oy 01 ] ey Hinit (1 2(:0)

i the case p < —2.

Proof. The main difference with the proof of theorem 5.1 comes from the treatment of the boundary
term, thus we will only detail this part. In the three cases, we have again, from the bound (12) of
theorem 2.1 that for a € {c, e}, that for some C > 0 independent on e:

[[Me allz20,1,m51 (02)) < €CT||Minit||L2(]Rd)

Moreover, taking V = M, in (49) and integrating over time, we easily obtain in this case that :

e (o, 4, || Fll e qor) |~
/ / M. —ML.)P < 00.TD) ) 37 | 2oz x.) (61)

Om

We deduce again from theorem 4.3 the existence of :

(Mo,e, M) € L2(0,T, H'(R%) x L*(0, T, L*(R?, H}(Y.)))

e (Moo, My ) € L*(0,T, H'(R%) x L*(0, T, L*(R?, H'(Y,)))
such that :
“(M..) — My, weakly in L2(0,T, L*(R%, H'(Y,)))
“(VM..) — VM, +V,M . weakly in L2(0,T, L2(R? x Y,)))
“(M..) — My, weakly in L2(0,T, L*(2, H'(Y,)))
“(VM..) = VMo, +V,M, weaklyin L*(0,T, L%(R¢ x Y,)))

Now, for any function ¥ = (¥, ¥.) € CL([0,T[, H'(Q.)) x C1([0,T], H*(Q.)), using the periodic
unfolding operator on the boundary and theorem 4.4, we obtain:

T
/ / com(Meo = Me.o)(Wo — U.)dp()dt
0 e
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T —_— —_—
- <|Y1| L e (TGL0 - TFGL,) (7;6(%)—7;C<wc>>dxdu<y>dt>

Proceeding as in the proof of theorem 5.1 we get once again:

T
/ / EO'm(Me,e - Ms,c)(qje - \ch)d,u('r)dt
0 e

/ / MO e MO,C)(\De - \I’c)dxdlj'(y)dt
‘Y‘ R4xT,,
Consequently, as :

T
/ / 5pUm(Ma,e - Me,c)(qje - \I’c)du(x)dt
0 .

1 g Y3 7
(/0 /E eom(Mee — M o) (¥ — \Ilc)du(x)dt>

1 (T — —
|Y|/ /]Rd . Om(Moe — Mo,c) (Ve — Ue)drdu(y)dt # 0
X,
then, as p < 0:

0 (Mo — Me o) (Ve — U, )dp(z)dt| — 400

However, as we have from (51):

/ /a 0.V M. (2, 6)VU(x,t) +1qF(t )VM (z,t) - nU(z,t)

ext

—zqF(t)/]\ZE(ac7 HVU(x,t) - n} dxdt

/ | @r0Pe e e - e 25 v

ext

+ / /amsp(ﬁw—ﬁm)(% U )dp(z)dt = / Mipir(2)¥(2,0)dx
0 < €

ext

using Cauchy-Schwarz inequality we deduce that there exists some C(0, q, ||F|| o o,rp)) > 0 inde-
pendent on € such that :

0 (Meo — M) (U, — W, )dp(x)dt

€

< C(o™, ¢, |1F]| Lo o, o)1 Me | L2 0.1, x) 119 22 0.7, %)
and thus, we deduce from the bound (12) of theorem 2.1 that :

lim
e—0

< 400

T
/ / P (Ve — M..o) (U, — 0,)dp(x)dt
0 e

Consequently :
/ / Mo e MQC)(\IIe — U, )dxdu(y)dt
|Y| RiXT,,
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_ Cmlom

T
v / /Rd Om(Moe — Mo,c)(We — Ue)drdu(y)dt =0

for all U = (¥, 0.) € CL([0,T[, H' (%)) x CL([0,T[, H*(£)), from which we deduce that My, =
Mo,.. Consequently, we can restrict the test functions to all ¥ € CL([0,T[, H*(R%)). Then, the
boundary term vanishes, because of the continuity in trace of ¥, and we obtain the first part
of the result, by going to the limit in the variational formulation through the periodic unfolding
operators, as in the proof of theorem 5.1. Now, we use the test function V¢, = e (z,1)®o(Z), with
Yo € D(]0,T[xQ) and where &, € Hj(Y.) is Y-periodic and @, € H'(Y,) is periodically repeated
on each Y-translated of Y.. Again, due to the additional factor ¢, all the volumic terms (including
the second member) except the one involving V,¥¢ will vanish when taking the limit ¢ — 0 For

the boundary term, we must distinguish according to the value of p. For p =0, as MO e = Mo ¢, We
have in fact shown that:

T —~ —~
/ / 0m (Mo — Mz )(U By — oD, )dp(x)dt — 0

Proceeding as in the proof of theorem 5.1, using the unfolding operator on the boundary through
points (i) and (iii) of theorem 4.4, the density of D(J0, T[xR?) x H} (Y.) in L*(0,T, L*(2, H} (Y.)))
and of D(]0, T[xR) x H(Y.) in L*(0,T, L*(Q, H'(Y.))),and the previous result, we easily obtain
(57).

Now, for p = —1, we have from theorem 4.1 and formula (45):
tr(qla@a,s)(xvyat) = ﬁp(q’a)(%y,t)@a(y) — Uo(z,t)¥al(y)

strongly in L2(0,7T, L?(R? x T',,,)). Estimate (61) now allow us to use theorem 4.5, and thus there
exists some p € L2(0,T, L2(RY)) :

T
/ / e o (Voo — M. ) (U5 — W% dpu(a)dt
0 I,
/ / Um ee M, c)(\l’ (I)f e — \Ilc(pc,a)du('r)dt

1 — —
i [ B B ] 020600, — Vet 0,0 et

that (58) directly follows by density.
Finally, for p < —2, we have :

/ ! / 5 [asvﬂg(x,t)vq/(x,t) +gF (VM. (2, 1) - n¥(z, 1)

_zqF(t)Mg(:L‘7 VU (z,t) - n} dadt
[ [erere L)
+/0 / {q F(t)?o. M. (2,t)¥(x,t) — M.(x,t) o }dmdt

T
—|—/ / Omel (M e — M6 )W — Vo )du(z)dt = / an( YU (z,0)dx
o Jr. <

ext

and consequently using Cauchy-Schwarz inequality and the bound on ME we deduce that :

lim
e—0

< 400

T
/ / Pom(Mee — Mz o)(Ve®ys . — U D )du(x)dt
o Jr.
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Asp+1<—1and:

T
/ / eP0 (Mg e — Mo o) (Ve®yr e — VoD, o )dp(x)dt
o Jr.

= gptl </ / Omé Na e Me,c)(\yeq}f,e - \IJC(I)C’E)d/J,(.%‘)dt>

this is possible if and only if Ml,e = MLC + 4 in that case, with p € L?(0,T, L?(R9)) independent
on y. Then, taking ¥ = U(z,t)®.(x), with ¥ € D(]0, T[xR?) and & € Hﬁl(Y), we obtain, the
boundary term being zero because of the trace continuity of We:

/ / VMO(ac t)+V Ml(x y,t)| ¥(z,t)V,@(y)dxdydt
|Y| Rde

1 —
= / / WF(t)o.(y) Mo, ) - W(z, 1)V, @ (y)dzdydt = 0
|Y| 0 RIXY,
and thus, by density (60) is proved. O

Now, reinterpreting the variational formulations we have obtained, we can prove in exactly the same
way than for p > 1, that :

Theorem 5.4. The variational problems (57), (58) and (60) imply that My € W5 (0, T, H*(R?))
satisfies for all V€ HY(R?) :

(0o, Vo) |+ (DM, VV) |~ (wF(H)DMon, V)

s

+ (1F () DV - n, V. ) Lt (#F@?Dn - nily, V) =0 inD(o,7]) (62)

MO(',O) = Mipiy inR?

where only the homogenized tensor changes from a variational problem to another. For (57), it is
given by :

Daij= Y, / Oa(VWjo +¢;) - (Vi o + €) (20)

ac{c,e}
where the w; o are solutions for i = 1,2 of the cell problems :
—divy (o0 (Vywia+€;)) =0 inY,
0eVyWi e V+0ce; v =0 on Ty,
(21)
oVyWic-vV+oce-v=0 onT,,
Wi Ye — periodic
For (58), it is given by :
Doij= Y / Oa(Vwj o+ ej) - (Vo + )+ om / (W) — wje)(Wie —wie) (22)
ac{c,e} L
where the w; o are solutions for i = 1,2 of the cell problems :
—divy(oa(Vywi o +€;)) =0 mn Yy,
U(xvywi,a "Vt oae V= Um(wi,e - wi,c) on 'y,
0eVyWi e V+0c€; V=0 NVyW; o V+oee;-v only

Wi Y. — periodic
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For (60), it is given by :
Dij= > 0a(Vwja +ej) - (Vwi o +€i) (24)
a€e{c,e} Yo
where the w;  are solutions for i = 1,2 of the cell problems :
—divy (00 (Vywi o +€;)) =0 n Yy,
Wie = Wic on I'y,
' (25)
0eVyWie V4 0ee; - V=0VyWi. - V+oee;-v only

Wi Ye — periodic

Finally, for (57), we have :

d —~

—~ M, —~

Ml,a = E Wi, o (88.’130 — ZqF(t)TL7M0> m Rd X Ya, (VRS {G,C}
i=1 v

while for (58) we have, for some u € L*(0,T, L?(R?)) :

4 —

— oMy, . . ,

M, .= E Wi e (a%o - zqF(t)niM()) in )0, T[xR? x Y,
i=1 '

and

y —
— oM. —
M .= ;w <3x0 — in(t)niM()) —p in]0,T[xR? x Y,

and for (60) we have :

ox;

y —
— oM, —
My = w ( 2 - in(t)niM()) in )0, T[xR? x Y

i=1

It is again clear that theorem 3.2 is a direct consequence from theorem 5.4, using the change of
unknowns :

M; = ]f\\j/ie*’bqw'"F(t) M, = Msefzqm-nF(t)

6 Conclusion

We have proposed a mathematical justification to the macroscopic model for dMRI introduced in
[7], as well as for all the other possible limit problem for two-compartment Bloch-Torrey equations
with a scaled permeability (as it is easy to notice that integer exponents are sufficient to cover all
the possible cases). This leads to five macroscopic models, among which the coupled model of [7]
seems to be the more efficient for modeling realistic dMRI measurements. These results can be easily
generalized to situations which involves several permeability conditions, with potentially different
scaling for each permeability coefficient, and thus cover many useful situations (for instance the case
where a myelin layer covers the cell, with a permeability condition between the cell and the myelin
as well as between the myelin and the extra-cellular fluid).
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