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Stochastic regularization effects of semi-martingales on random
functions
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Abstract

In this paper we address an open question formulated in [I7]. That is, we extend the
It6-Tanaka trick, which links the time-average of a deterministic function f depending
on a stochastic process X and F' the solution of the Fokker-Planck equation associated
to X, to random mappings f. To this end we provide new results on a class of adpated
and non-adapted Fokker-Planck SPDEs and BSPDEs.

Key words: Stochastic regularization; (Backward) Stochastic Partial Differential Equa-
tions; Malliavin calculus.

AMS 2010 subject classification: Primary: 35R60; 60H07; Secondary: 35Q84.

1 Introduction

In [I7], the authors analyzed the effects of a multiplicative stochastic perturbation on
the well-posedness of a linear transport equation. One of the key tool in their analysis
is the so-called It6-Tanaka trick which links the time-average of a function f depending
on a stochastic process and F' the solution of the Fokker-Planck equation associated to
the stochastic process. More precisely, the formula reads as

T T
/ ft, X5)dt = —F(0,z) — / VE(t,X}) - dWy, P—a.s. (1.1)
0 0
where (X[)¢>0 is a solution of the stochastic differential equation
t
X =z+ / b(s, X¥)ds + Wy, (1.2)
0

and F' is the solution of the backward Fokker-Planck equation

Flt,z) = — /tT (%A +b(s,7) - v> F(s, z)ds — /tTf(s,x)ds. (1.3)
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In [24], by means of suitable regularity results for solutions of parabolic equations
in L9—LP spaces, the authors showed, assuming f,b € E := L4([0,T]; LP(R%)) with
2/q +d/p < 1, that F € L9([0,T); W?P(R?)). Hence, in the weak sense, F' has 2
additional degrees of regularity compared to f in E. Thus, formula (L) tells us
that the time-average of f with respect to the stochastic process (X[)¢>o is more
regular than f itself (it has 1 additional degree of regularity). This is what we call a
stochastic regularization effect or reqularization by noise. In this paper, we investigate
the following open question stated in [17]:

"The generalization to nonlinear transport equations, where b depends on u itself, would
be a major next step for applications to fluid dynamics but it turns out to be a difficult
problem. Specifically there are already some difficulties in dealing with a vector field b
which depends itself on the random perturbation W. There is no obvious extension of
the Ito-Tanaka trick to integrals of the form fOT flw, s, X¥(w))ds with random f."

A major "pathology" in this problem is that there are simple examples of random
functions f for which the Ito-Tanaka trick does not work anymore. As an example,
consider a random function f of the form

f(wa S’x) = f(x - Ws(w))’
where (WW;);>0 is the Brownian motion from (L2)). This gives, for b = 0 in (L2),

T T
/ flw, t, Wy + x)dt = / f(t, z)dt,
0 0

which does not bring any additional regularity.

It turns out that, when f is a random function, the solution F' to (L3) is not adapted
anymore to (F}") 1e[0,7] the filtration of the Brownian motion, making the stochastic
integral on the right-hand side of (1)) ill-posed.

In this paper we tackle this difficulty by considering another equation which is the
adapted version of the Fokker-Planck equation (L3]). More precisely, we show in Theo-

rem [£.1] that given a random function f which depends on a standard Brownian motion
(Wi)>0, the following formula holds

T T T
/ F(t, XEVdt = —F(0,2)— / (VE(s, X7) + Z(s, XT)) dW,— / VZ(s, X%)ds, P—a.s.
0 0 0

(1.4)
where (F,Z) is the predictable solution of the following backward stochastic partial
differential equation (BSPDE)

T T T
1
F(t,z) = —/ <§A +b(s, Wis), @) - V) F(s,z)ds — / f(s,x)ds — / Z(s,z)dWs,
t t t
and (X7 )0 is a weak solution of the stochastic differential equation
t
)(tm =x+ / b(S, W(S), Xf)ds + Ws.
0
We name ([L4)) the It6- Wentzell-Tanaka trick as the derivation of [[.4] call for the use of
the It6-Wentzell formula in place of the classical It6 formula which allows one to give a

semimartingale type decomposition of F'(t, X}) when F (¢, x) is itself a semimartingale
random field. Note that we also allow b to depend on the Brownian motion W. This



contrasts with the classical Itd6-Tanaka trick where both f and b must be deterministic
mappings. The derivation of this formula calls for a study of the Fokker-Planck BSPDE.
In this direction, incidentally we prove new results as Theorem Bl on this equation
in particular by allowing only LY—LP regularity on its coefficients together with a
representation of its solution in terms of the solution to the non-adapted SPDE and
of its Malliavin derivative by providing a methodology which generalizes: the well-
known linearization technique used for linear BSDEs and deterministic semigroups (see
[13, Proposition 2.2|), and a Feynman-Kac formula for BSPDEs related to Forward-
Backward SDEs as in [25, Corollary 6.2]. We also prove that the solution processes
(Y, Z) to the equation are Malliavin differentiable. The study of the BSPDE relies on
the one of the non-adapted Fokker-Planck equation in Section B.2

There are well-known results concerning the regularization effects of stochastic process
on deterministic functions (see the survey of Flandoli [15]) but, to our knowledge, there
exists no similar results in the case of random functions. The phenomenon is widely used
in the recovery of the strong uniqueness of solutions of stochastic differential equations
(SDE) with singular drifts [10, 20, 26, 24, 3T, 34]. It has been generalized to SDE in
infinite dimension [8, [0, 27] and the conditions for the existence of a stochastic flow
has also drawn attention [I], [16], 32]. Another direction of interest is the improvement
of the well-posedness of stochastic partial differential equations (SPDE). In particular,
the stochastically perturbed linear transport equation has received a lot of interest
[2, [4], 14} 17]. More recent works provide extensions to nonlinear SPDE, see for instance
[3, 18, 19] for models from fluid mechanics and [6 [7, [I1] for dispersive equations. Let
us also mention that the type of processes that yield a regularization effect is not
restricted to semi-martingales. For instance, in [30] [33] where a-stable processes have
been considered and, in [5], where the authors showed a regularization phenomenon
using rough paths (in particular for the fractional Brownian motion).

The paper is organized as follows. In Section [2] we make precise the definitions and the
notations that will be used later on. This includes some material on Malliavin calculus
especially for random fields. Then, in Section ] we introduce the transport SDE under
interest and we study the adapted and the non-adapted Fokker-Planck equations. The
[t6-Tanaka-Wentzell trick together with some examples and applications are presented
in Section Ml

2 Notations and preliminaries

2.1 Main notations

Throughout this paper T" will be a fixed positive real number and d denotes a fixed
positive integer. For any z in R? we denote by |z| the Euclidian norm of x. Let
(E, |- ||g) be a Banach space, we set B(E) the Borelian o-field on E. For given Banach
spaces F, F' and any p > 0, we set LP(E; F') the set of B(E)\B(F')-measurable mappings
f: E — F such that

£y = [ 15 @ (o) < oc,

where p is a non-negative measure on (F, B(E)) (the Borelian o-field on E). Naturally
the norm depends on the choice of p that will be made explicit in the context. If
F = R" n € N, then we simply set LP(E) := LP(E;R"). We also denote by C°(E)



(resp. CP(E)) the set of continuous (resp. bounded continuous) real-valued mappings

fon E.
For any p > 1 we set p the Holder conjugate of p.

For any mapping ¢ : R? — R we denote by g_ai the i-th partial derivative of ¢ (i =
1,---,n), by Vo := (22,...,22) the gradient of ¢ (when it is well-defined), and by

Ox1’" " " dxyg
Ay its Laplacian. For a multi index k := (ky,--- , kq) in N, we set V¥ := %

and |k :== 320 | K.

For p,m € RT, we set
wrrRY = {p € PR FH((1+[6P"20) € IP®Y)},
the usual Sobolev spaces equipped with its natural norm

[P——— Hf’l ((+ |£|2]m/2¢)‘

Lr(R%)

where p(¢) = F(¢)(€) and F (resp. F~!) denotes the Fourier transform (resp. the
inverse Fourier transform). Let n,k € N and a € (0,1). We denote by C{f’a(E), the
set of bounded functions having bounded derivatives up to order k£ and with a-Hdolder
continuous kth partial derivatives. It is equipped with the norm

IV f(x) — Vif(y)
Pl ok, = ||p =+ sup sup
H Hcl’: (E) H HCIE(E) )=k 2y ’m _ y‘a

)

where H‘PHC{;(E) = > ¢j<k SUPzeE |V f(x)]. Finally C3°(R™), (n € N*) stands for the
set of infinitely continuously differentiable function with compact support.

Throughout this paper C will denote a non-negative constant which may differ from
line to line.
Unless stated otherwise, we always assume that the real numbers p, g € (2, 00) verify

d 2
-+-<1
P q

2.2 Malliavin-Sobolev spaces

In this section we recall the classical definitions of Malliavin-Sobolev spaces presented
in [28] and extended them to functional valued random variables that from now on we
will refer as random fields. We start with some facts about Malliavin’s calculus for
random variables.

2.2.1 Malliavin calculus for random variables

Let (2, F,P) be a probability space and W := (W}).c[o,r] @ Brownian motion on this
space (to the price of heavier notations all the definitions and properties in this section
and of the next one extend to a d-dimensional Brownian motion). We assume that

F = O'(Wt, t e [O,T])

Let 8™ be the set of cylindrical functionals, that is the set of random variable 3 of the
form:

/8 :‘P(th"' 7th)



with N*, ¢ : R” - Rin C°(R") and 0 < ¢; < --- <t, <T. For an element J in 8",
we set DF the L?([0,T])-valued random variable as:

"0
DoB =Y 55 (Was+ Wi, 1oy (6), 0 € (0,7
i=1 "

For a positive integer p > 1, we set D the closure of 8" with respect to the norm:

(/OT ]Dgﬁ]2d0>p/2] .

To D is associated a dual operator denoted ¢ defined through the following integration
by parts formula:

18l = ElBIP] + E

T
E[36(u)] = E [ | s utdt} | (2.1)
0
for any 8 in DY2 and any L?([0,T])-valued random variable u such that there exists a
positive constant C' such that ‘E [fOT Dt’yutdt} ‘ < C|Y|lpr2, ¥y € DY2. In particular if

u = (ug)efo,r) is a predictable process then d(u) = fOT urdWy. In addition, according
to [28, Proposition 1.3.4], for any § in S and any h in LP([0,T]) (with p > 2), 6(hp) is
well-defined and satisfies

T
5(hB) = BS(h) — /0 he Dyt (2.2)

2.2.2 Malliavin calculus for random fields

We now extend these definitions to random fields that is to measurable mappings F' :
Q x R4 — R. More precisely, we consider S be the set of cylindrical fields, that is the
set of random fields F' of the form:

F= @(tha"' ’thx)
with ¢ : R” x RY — R in C°(R"*9). We fix p an integer with p > 2. For an element
F in S, we set DF the LP([0,T])-valued random field as:

"9
DyF = ja—f(th,--- W) 1,41(8), 6 €10,T].
i=1 "

Note that for F in S, DV¥F = V¥ DF for any multi index k. In addition, an integration
by parts formula for the operators DV* can be derived as follows.

Lemma 2.1. Let F in S, h in LP([0,T]) and G in S. Let k be a multi-index in N%,
then the following integration by parts formula holds true:

E[ / ! Dtka(x)htG(m)dxdt] :E[ F(z) 6(V*)*G(x)h)dz| , (2.3)
0 R4 R4

where (VF)* denotes the dual operator of V*.



Proof. By the Malliavin-integration by parts formula (see e.g. [28, Lemma 1.2.1]) and
by the classical integration by parts formula in R? we have that:

E [ /0 ' » DthF(x)htG(x)dxdt]

= / E /0 ! DtV’“F(:c)htG(x)dt} dx
/ E :ka(x)é(G(x)h)} dz, by I)
J

R4

E :ka(x)G(m(h)} dz — / E [V’“F(m) /0 ' DtG(x)htdt] dz, by Z2)

R4

E| F(x)(Vk)*G(m)dxé(h)} —E[ g F(x)(VF)* /O ' DtG(x)htdtdm]

L/ R4

=K /Rd F(x )((v’ﬂ / Dy(VF) G )htdt> dm]

—F / F(x) 5((vk)*G(x)h)dx] , by 22).
L/ R4

O

This integration by parts formula allows us to prove that the operators DV* are
closable.

Lemma 2.2. Let p > 2 and k be in N?. The operators DV* (and so V*D) are closable
from S to LP(Q x R%; LP([0,T))).

Proof. Let (F,) C S a sequence of random fields which converges in LP(€ x R?; LP(R%))
to 0 and such that (DV¥F},), converges in LP(2 x R4 LP([0,T])) to some element 7
in Lp(Q x R% LP([0,T))). Let h in LP([0,T]) and G : R? — R in S. We recall that
D= p . For any n > 1, it holds that

E [ /R d /0 ' n(t,x)htdtG(x)dx}

=F [ /R , /0 T(n(t,:c) — DthF"(x))htdtG(x)dm} +E [ /]R ) /0 ' DthF”(x)htdtG(x)dx]

R4

- [ /R ) /O T(n(t,:c) — DthF"(x))htdtG(x)dx} +E [ F(x) 5((vk)*G(x)h)dx] ,

where we have used the integration by parts formula (2.3]). We estimate the two terms
above separately. For the first one, using successive Holder’s Inequality, we have that

'IE [/Rd /OT(n(t,x) — DtV’“F"(m))htdtG(x)dx]

T 1/p
<E [/Rd/o In(t,z) — DthFN(g;)|Pdtdx} [HGH Rd)]l/thHLp 0.17)
— 0.

n—-+4o0o

The second term can be estimated as follows (using also Holder’s inequality and (2.2])).

'E [ /R () 5((v’€)*G(m)h)d4




:'E [/RdF"(x)(Vk)*G(x)d(h)dm]—E[/RdF" /Dt )htdtdx]

1/p - _
<ce|[ iFrpd| (&0 v o)

P 1/p
1/(2p) T . 2
x [H(V’“) G|, Rd] +E |D,(VF)*G(z)?dt ) da
( Rd 0

— 0.
n—-+o0o

Combining the previous estimates and relations we conclude that

E [ /R d /O Tn(t,m)htdtG(x)dx} 0.

The conclusion follows from the fact that the set of elements of the form Gh with A in

LP([0,7]) and G in S is dense in LP(Q x R%; LP([0,T))). O

Remark 2.1. Lemma 21 and Lemma still holds if we replace the differential op-
erator V* with the Bessel potential (1 — A)"™/? for any m € R,

For a positive integer m, we set DP the closure of S with respect to the norm:

T
17Uy = U s+ [ B [ID0F ] @0 (2.4)

where we denote
VE By =B [IF Wy gy |-

In addition, for F' in DY™P we have since p > 2:

1P s = [ IFWssdz 32 [ I9°F o

k| <m
with equality if p = 2.

Remark 2.2. In particular, if a random field F belongs to DV™P | then for a.e. (t,z),
w — VFE(t,x)(w) belongs to the classical Malliavin space DYP whose definition has
been recalled in Section 2221 (for any k such that |k| < m) for random variables that
depend only on w and not on (t,x).

We conclude this section on the Malliavin derivative by introducing the space ID)1 P

L4([0, T); DL™P) (with p,q > 2) which consists of mappings F : [0, 7] x £ x Rd — R
such that

T
1P = [ 1 gt < o0,

Furthermore, we extend the definition W”*P-norm accordingly

T
By = /0 1F(t, )| .



3 Fokker-Planck SPDEs and BSPDEs

In this section, we study the transport SDE of interest together with two related Fokker-
Planck equations. The first one which will be considered in Section and will be
referred as the non-adapted (or SPDE) Fokker-Planck equation. The second one will
be called the adapted (or BSPDE) Fokker-Planck equation associated to the SDE, and
will be introduced and studied in Section B.3l This equation will be fundamental to
derive in Section Ml the stochastic counterpart of the It6-Tanaka trick (that we will name
then Ito6-Tanaka-Wentzell trick).

3.1 A SDE with random drift
In analogy to [17), 24} 26], we consider the following SDE:

t
X =Xo+ / b(S, W(S),Xs)ds + Wy, te [O,T], (31)
0

where b is assumed to be a B([0,T] x C([0,T) x R%)-measurable map, X is in R? and
W is a d-dimensional Brownian motion. To begin with, let us recall the definition of a
weak solution to Equation (3.1)).

Definition 3.1. A weak solution is a triple (X, W), (, F,P), (Fi)wejo,r where

o (O, F,P) is a probability space equipped with some filtration (-Ft)te[o,T} that satisfies
the usual conditions,

e X is a continuous, (.Ft)te[oﬂ—adapted Re-valued process, W is a d-dimensional
(Ft)tejo,r)- Wiener process on the probability space,

o P(X(0) = Xo) =1 and P([; |b(s, W(s), Xs)|ds < +00) =1, Vt € [0, T],
e FEquation (31]) holds for all t in [0,T] with probability one.

Assumption 3.1. There ezists a weak solution to the SDE (3.1)).

We now give a simple proof of existence and uniqueness of a weak solution to (3.1])
under some non-optimal assumptions.

Proposition 3.1. Let b € C} (R LI([0, T]; LP(R?)). Then there exists a unique weak
solution to the SDE

t
X, = X, +/ b(s, W, Xo)ds + Wi, ¢ € [0,7]. (3.2)
0
Proof. The proof is based on the Girsanov’s theorem. Let us first remark that L(t, x) :=
sup,epa |Vyb(t, y, )| and b(t, z) := sup,cga [b(t, y, z)| belong in LI([0, T'; LP(R%)). Thus,
since 2/q + d/p < 1, by [24, Lemma 3.2] we have, Vx € Rt and k = 1,2,
E |:6nf0T L(s,WS)kds] +E [eﬁfOT b(s,Ws)*ds < 400, (33)
where W is a standard Brownian motion.

Let (Xt)t>0 a standard Brownian motion on a probability space (2, F,P) equipped
with the filtration (F),c( 7). We consider the following SDE

t
Y, =Y, —/ b(s,Y;, X )ds + X;, t € [0,T]. (3.4)
0

8



In this step, we prove that there exists a unique solution to (3.4]). Since b is Lipschitz,
the uniqueness is obtain by a Gronwall lemma. Moreover, by using classical a priori
estimates for Lipschitz SDE, we obtain

T
E [ sup V2| <C <|Y0|2 +T+E [/ (|b(s,0,Xs)|2 + L(S,Ws)z) ds]) ,
0

te[0,7

which yields the existence of a strong solution.
By [B.3), we have, Vk € RT,

E [emfﬂb(s,ys,xsn?ds} <E [enf(? B<s,xs>2ds] < 1o

We deduce that
() = efd b(s,Ys,Xs)ds—1 [ \b(s,Ys,XS)\st,

is a martingale under P by Novikov’s criterion. Hence, by Girsanov’s theorem, the
process Y is a Brownian motion under the measure QQ given by le% = p(T). Thus, by
rewriting Y~ as W, the triple (X, W), (2, F,Q), (Ft)s[0,7] is a weak solution to the SDE
E2).

O

As usual P stands for the predictable filtration on €2 x [0, T] with respect to (F;).e(o,7)-
We will need below several technical results that we present now. In the following, we
denote by (P s)s>t>0 the heat semigroup.

Lemma 3.1. Let 1 < q,p < +o0o. Then, there exists a constant C such that, Vf €
]D)}]yovp,

T
/ Pt,sf(s’x)ds
t

<
oy SO g0 (35)
q

and, another constant Cp > 0 such that, Ye > 0 and V¢ € D12-2/a+ep,
1B 7¢llp2r < Crll@lipra-2/ares- (3.6)

Proof. Second estimate: The second estimate is a direct consequence of the a similar
estimate in deterministic spaces. It is based on the following lemma [21, Theorem 7.2

Lemma 3.2. Let v € LP(RY), a € [0,1], and t > 0. There exists a constant C > 0
such that

_ C
le™ Po,¢vllw2an(ray < salolloay and [(Poy = 1vllLrgey < Ct*||v]l w200 (ra)-
(3.7)
By setting o = 1/q — ¢/2 and v = (1 — A)™/?¢, with m = 2 — 2/q + ¢, in Lemma
B2 we obtain

CeTft
HPt,TQbH]DDLQ’I7 < WWHDL%WWW

thus, this yields the desired estimate

T edT 1/q
1Prollyar < ([ ) Bolprasan (33)
0

71-ge/2



First estimate: For the first estimate, the arguments of the proof are similar to
those of [22) Theorem 1.1]. First, let us remark that in the case p = ¢, Estimate (3.3))
can be deduce directly by using the classical inequality

T
[ st
t

< Cllgll o (o.1yxrey> Vg € LP([0,T] x RY).
Lr([0,T],W?2p)

Therefore, it remains to prove estimate (3.5) for ¢ # p. To do this, we apply the
Calderén-Zygmund Theorem in Banach spaces (see [22] Theorem 1.4] for a precise
statement). More precisely, we define the operator

Af(t,z) ::/Pnsf(s,x)ltSsSTds,
R

which is a bounded operator from LP(R,DY0P) to LP(R, DV?P) since Estimate (3.3) is
valid for ¢ = p. Therefore, to apply the Calderén-Zygmund Theorem, we only need to
prove the following estimate, Vt # s,

C
105 Prs flipra < ml!fl!mm (3.9)

for £ = 0,1, which can be deduced from the classical inequality

C
IV Py flloqray < m“f“mmd), (3.10)

and the fact that 0,F; s = %APLS. This enables us to extend the operator A to a
bounded operator from L?(R,D'0P) to LI(R,DH2P), Vg € (1,p]. Finally, we remark
that the adjoint operator of A is given by

t
A*f(t,x):/o Py f(s,x)ds.

Thus, we are able to apply the same results to A4* and conclude that A is also a bounded
operator from L(R,DV9?) to LI(R,DH2?P), Vg € (1,p]. This extends the range of ¢ to
(1, 00) for A. O

The next result gives a Schauder estimate on the solution of a backward heat equa-

tion with a source term in g™, Its proof is similar to the one from [2I, Theorem 7.2]

and the arguments can be directly extended to the norms Dé’m’p .

Proposition 3.2. Let 1 < ¢,p < 400, 2/g < B < 2 and | € ]Dé’o’p. Denote, for
(t,z) € [0,T] x RY,

T
u(t,x) = —/ P, s f(s,x)ds.
t
Then, there exists a constant C' > 0 independent of T' such that, for any 0 < s <t < T,

lu(t) = u(s)lpra-s. < C(t = )27V f I pros, (3.11)

and, thus,
el go572-172 g gypnany < Clllgor (312)

A direct consequence of the previous result is the following

10



Corollary 3.1. Let f € DL°?. Denote, for (t,x) € [0,T] x RY,

T
u(t,x) := —/ P, sf(s,x)ds.
t
Then, for any € € (0,1) satisfying

d 2
e+ —+-<1,
p q

there exists a constant C > 0 and £ > 0 such that, Vt € [0,T],

T 1/p
(E [Hu(t, -)H’gbl,s (Rd)} +E [ /0 || Dyu(t, -)Hg;,g (Rd)dHD < C(T = )| Iy
(3.13)

Proof. Let =+ 2/q where 0 < € <1— (¢ +d/p+ 2/q). The result follows by the
Sobolev embedding C;’a CW?BP witha=1-8—d/p=1—-&—q/2—d/p > ¢, and
Proposition O

3.2 The non-adapted Fokker-Planck equation

We set the linear operator £;* on C$°(R?):
1
L7 p(w) = SAp(w) +b(t,2) - Vip(2),

and consider here the non-adapted Fokker-Planck equation
T T
F(t,z) = ¢(x) — / LXF(r,z)dr — / f(r,z)dr. (3.14)
t t

Definition 3.2. A strong solution to Equation [BI4) is a function F in Déz’p such
that, for all t € [0,T], we have

T T
F(t,z) = ¢(x) — / LXF(r,x)dr — /t f(r,z)dr. (3.15)

t

Remark 3.1. Note that each random variable F(t,-) solution to the previous SPDE is
Fr-measurable, and hence it is not adapted (compare with Remark[32 below).

We provide a Malliavin differentiability analysis for the solution the Fokker-Planck
equation ([3I4). We define, Vm > 0,

Gé’mJ) :: {F 6 Dé’mJ?; atF e Dévovp} ,
and the associated norm
[Ellgrme = [ Fllpyme + 10:F ||ppo.p-

We begin with a result concerning the existence and uniqueness of a solution to the
non-adapted Fokker-Planck equations.

Assumption 3.2. We assume that there exists a function b € L9([0,T]) such that,
v(t,w) € [0,T] x C([0,T]),

T
It Moy + ([ 100000, ) <50

11



Lemma 3.3. Assume that[33 is in force. Let u € Gy** and denote

T
[lu(t, -)||%1,p :=E | sup |Vu(t,z)|P| + E / sup |VDgu(t,z)[Pdo| .
zcRd 0 =zcRd
The followings estimates hold
sup. [t s < Crllulgyan, (3.10

te[0,7)
where Cr is uniformly bounded with respect to T in compact sets of R™, and, Vt € [0,T],
1b(¢,-) - Vult, ) Ipros < Ch(t)[lut,-)l[mr- (3.17)

Proof. Firstly, let us remark that we have, Yu € Gé’Q’p
T 1
u(t,z) = —/ P, [&gu(r,x) - §Au(r,x) dr,
t

and then, by using Corollary B.I] we obtain the estimate

sup lu(t, ) lgr < Crllullgr2p-
t€[0,T7 a

Secondly, we compute
bt ) - Vults Ipro, =B |[1b(E ) - Valt, )l a |

T
+ /0 E [IDgb(t, ) - Vult,-) + b(t. ) - DoVt ), g | @6

<E b, ) - Vu(t,

)HLde
+.C8 [ [ 10000Vt ) 0]
+CE [/OT Ib(t, ) - DeVut, -)ng(Rd)de] .

Since the Malliavin derivative commutes with the spatial derivative in LP, we obtain

b2, ) - Vult, Mo, <E

Hb(t7 )Hip(Rd) sup ‘VU(t, x)‘p]
r€ER?

T
+ OB | [ 1D, g0 s rwt,m)rp]
0 z€Rd
T
1 CE ||b(t, )7, Rd/ sup |V Dyu(t, 2)Pdo | |
0 zcRd

Thus, by Assumption [3.2] we have ([BI7) as

1, ) - Vult, ) [[pror <

+E
z€R4

T 1/p
/ sup |VDyu(t, z) |pd9] ) .
0

Ch(t) (E [sup [Vu(t, z)[P
r€R4

12



Proposition 3.3. Let f € Dy"" and ¢ € DV2-2/0t<p  with ¢ > 0. Under Assumption
[23 there exists a unique solution F in Gég’p to the equation

T T
F(t,z) = Pro(x) — / P, sf(s,x)ds — /t P, s[b(s,z) - VF(s,z)]ds. (3.18)

t

Moreover, the following estimate on the solution holds
1Fllg20 < Cr (1llpr2-aves + 1 flgyos ) (3.19)

where Cp > 0 depends on ||Z~’HL‘1([0,T}) and is uniformly bounded with respect to T on
compact sets of RT.

Proof. Step 1: By using Corollary B and (8.17), we have

1E i <ClPrdllig, +Orllfligos +Crlb- VEIG0,
T
<Cll9llgs + Crlifllon + CT/t EOI PACK] (e

Thanks to a Gronwall lemma and the Sobolev embedding C; © c W2 2/ater we deduce

orTp

sup [|[F(t, i < (Crllfllpron + Cllollpra-sranen ) o Moo, (3.20)
t€[0,T]

We now turn to Estimate (B.19). We can apply the Dé’z’p -norm to (3.I8]) and obtain,
by using lemma [B.]

T
1.2 <OTlONG 2mo/tep + OIS0 + C/ 1b(s, ) - VE(s, ) [0, ds

<Crll9l8 a-ssase + U0, +C / F (s, )L, ds

which yields, thanks to (8.20]),

5 OrT|[o))4
1500 < CrlL+ IBlL o zye T Ert0) <H¢H§§1,H/q+s,p + ”f”]%)é,o,p>7 (3.21)
Then, we differentiate (3.I8]) with respect to the time variable and deduce the equation

O F (t,x) = LEF(t,z) + f(t,z),
{ F(T,2) = 6(x). (3.22)

By applying the ]Dl %P norm to [B22) and by using the estimate (3.20]), we obtain
1
10:F Ipsor < SIAF(Ipror + [ lipror + 116 - VE(pos
< Cr (I9llpra-sreres + 1 lggos )

which, together with (3.21]), gives Estimate (3.19)).
Step 2: The last argument of the proof consists in using the so-called continuity
method. For p € [0,1], we consider the equation

F,(t,x) = Pro(x /Ptsfsxds—/ Py s [pb(s,x) - VE,(s,x)]ds.  (3.23)

13



We wish to prove that the set v C [0, 1] of elements u for which ([B.23]) admits a unique
solution is [0, 1] (with p = 1 corresponding to the equation (B.I8])). In the case where
@ = 0, the existence and uniqueness of a solution of (B8] is straightforward and,
thus, v is not empty. Fix pg € v and denote R*° the mapping from ]Dé’o’p to G;Q’p
which maps f to the solution Fj,, of 3.23) for ¢ = 0. Let pu € [0,1] to be fix later.
The existence and uniqueness of the solution of equation (3.23)) relies on a fixed point
argument. We consider the mapping I';, given by

Lu(F) =Pro+RMf+ (n—po)RM (b- VF),

and aim to prove that it is a contraction mapping from Gég’p to itself. It follows from

the estimates (319) and (BI6) that, VF|, Fy € Gg>?,
T (F1) = T(Fe)llgrzw <Clu— polllb- V(EL = F2)lpros

1/q

T
<Clu— pol (/O ()| Fi(s,-) — Fa(s, ')||%1,pd8>
<Clp — pol 16l oo,y I1F — Fy|lgrar-

Hence, by choosing u such that |pu— po| < , we can conclude that there exists

1
ClibllLa(o,
a unique solution to ([B:23]). Therefore, by repeating the argument a finite number of
times, we prove that v = [0,1] and that (3I8) admits a unique solution in Gy**. [

Corollary 3.2. Let f € Dé’o’p and ¢ € DV2=2/9+eP  with ¢ > 0. Under Assumption
[3.2, there exists a unique solution F in Dé&p to the equation (3.14).

Proof. The existence of the solution follows directly from Proposition since one can
check that a solution of (B8] is a solution to ([B.I4). To prove the uniqueness, we
consider a solution F' of (314 with ¢ =0 and f = 0. Let F™ be a sequence of smooth
functions in (¢, z) of G4** such that

HF—F”||D1,2,p + ||8tF—8tFn o0p — 0.
q n—o00

H]]])}Z
Therefore, we have that

O F™(t,x) — LXF™(t, x) — O F (t,x) + LEF(t,x) =0,

in Dy%. By denoting R the linear bounded operator from Dy°? to G4*? which
associates f with the solution F of (B.I8) and since R f solves ([3.14]), we have a repre-
sentation of F" as

F" =R (,F" — LYF"). (3.24)

It follows from (B.24) and (3.19) that
1E™ | gren < CllOF™ ~ EXFnHD}Z,o,p — 0,

which implies that [[F'[|g1.2» = 0. O
q

From now on, we denote (Ps),(t)ogsgth the family of linear operators associated to

the solution of the Fokker-Planck equation determined by £X, that is, Ps)ftgb(x) is the
solution to the SPDE

t
PXo(x) = d(z) — / LXPXg(a)dr, 0<s<t, (3.25)

with ¢ a Fj-measurable mapping in D'2-2/4+¢P We end this section by the following
Lemma which gives some estimates on PX.

14



Lemma 3.4. Let f € Dé’o’p and ¢ € DL22/9er with ¢ > 0. Under Assumption 32,
the following estimates hold

1P%dlgsan < Curlldlpra-seses, (3.26)
T
|[ P < carlflpgon (3.27)
. Gl11,2,p q
and
T X pX q q
| IEX P 0 < O aes (3.29)
q

Proof. The estimates ([3.20) and ([3.27)) are direct consequences of Proposition For
the last estimate, thanks to (316), (B.17), and (3:20), there exists a constant C, > 0
uniformly bounded in r € [0, 7] such that

o VP f(r, lpsor < Crllf£(r,)llpra-2/ares-

Therefore, the estimate follows from (3.26]) since

T T
LI P e < [ €I i sy

O

We can also compute the Malliavin derivative of (Pﬁg)ogsgth- This is goal of the
next lemma.

Lemma 3.5. We have the following commutation formula between the Malliavin deriva-
tive and the operator PX

T
DyPro(x) = PrDyd(x) — /t PX (Dib(r,z) - VP o(x)) dr. (3.29)

Proof. Let t <r <T. Denote
(I)(Ta 'I) = DtPr),(Tgb(x)’

then, a direct computation of the Malliavin derivative applied to the representation
formula of PX gives

T T
d(r,z) = ®(T,z) — / LXD(u,z)du — / Dyb(u, z) - VP p¢(x)du.

T

Hence, by the representation formula of PX, we deduce the following mild formulation
of ¢

T
O(r,z) = Py ®(T, ) — / P, (Dib(u,z) - VP po(x)) du,

and, thus, the desired result. ]

15



3.3 The adapted Fokker-Planck equation
We consider now the following BSPDE:

T T
F(t,z) = —/t (ET),(F(T,QJ) + f(r,x)) dr — /t Z(r,z)dW,, (3.30)

where f belongs to ]Dé’o’p . To ensure the existence of such representation, we need the
underlying filtration F to be contained in the Brownian one. Hence, from now on, we
make the following assumption.

Assumption 3.3. There exists a weak solution to (B1]) defined on some probability
space (8, Fr,IP) such that (Fi)ico,r) C (ftW)te[O,T],

Before going further we recall what is a solution to the BSPDE (8.30) in our context.
To this end we say that a random field ¢ : Q x [0, T] x R? — R is predictable if for any
z in R, ¢(-,z) is predictable. We set for m € N:

Wg;g := {p predictable field , ||g0||W;n,p < +oo},

T 5
MP .= {ap predictable field , / E [(/ ]@(s,x)\%t) ] dx < —l—oo} )
Rd 0

Definition 3.3 (Adapted strong solution to a BSPDE). We say that a pair of pre-
dictable random fields (F, Z) is strong solution to the BSPDE ([B.30) if

F,Z) € WAP x MP
P.q

with % + % < 1 and Relation B30) is satisfied for every t in [0,T), for a.e. x in RY
P-a.s..

Remark 3.2. We warn the reader that in the previous definition, the predictable feature
of the fields (F, Z) is crucial. In that sense we will speak of BSPDE. This differs from
the SPDE ([B14) whose solution is not adapted (see Remark[3.1). In that case we will
speak of SPDEs to emphasis that the measurability requirement is not present.

In order to proceed further, we need some additional assumptions on the Malliavin
derivatives of f and b.

Assumption 3.4. Let m € [g,00] and { € [p,o0] such that

1 1 1 1 1 1

—+—=- and -—-+-==-.

m m q ¢ ¢ p
We assume that there exist a function f' € L™([0,T); L*(Q; LP(R))) (resp. b') and a
function my € L™([0,T]; L*([0,T] x Q)) (resp. my) such that

D@f(t7 .%') = f/(t7 x)mf(‘g? t)

Moreover, we assume that, for a.e. t € [0,T], Oymy(t,-) (resp. Opmy(t,-)) is a measure
on [0,T] and that there exists a constant C > 0 such that

H/T P (s, )0my (-, ds)

/
<Ol g

q

Finally, we assume that Tr(my)(t) := mg(t,t) (resp. Tr(my)) belongs to L™ ([0, TY; LE(Q)).

16



Remark 3.3. We can see that, under the previous assumption, we have, thanks to
Hélder inequality’s,

||f||D(11’07P = Hwagw + Hf,HLm([O,T];LZ(Q;LP(Rd)))HmfHLWL([(),T];LZ([(),T]XQ))'
Obviously, the same holds for b.

We have the following result concerning the existence and uniqueness of a strong
solution to Equation (B.30).

Theorem 3.1. Let p,q > 2 as in Proposition[3.3 and € > 0. Assume that f belongs to
Dy™P. There exists a unique strong (predictable) solution to Equation (330)

(F.2) € (W)

Futhermore, we have the following representation of F

F(t,z)=E [— /tT PXf(r,x)dr ft} . (3.31)

In addition, for a.e. (t,z), F(t,z) is Malliavin differentiable (|F|y12» < +00), and
q

for a.e. x € R, a version of the process (Z(t,z))iejo,m s given by

Z(t,x) =E {_ /t ! DPX f(r, x)dr(ft] . (3.32)

Finally, F admits the following mild representation

T T
F(t,x) = — /t PXf(r,x)dr — /t PXZ(r,z)dW,. (3.33)

Proof. Throughout Step 1 and Step 2, we assume that f and f’ are smooth with respect
to x. Since the norms of F' and Z in Wg’p are bounded by the norms of f € WS”’ and
f e L™([0,T); L*(Q; LP(R?))) (see Step 1 and Step 2), we can consider two sequences
of smooth approximations (f,,)nen and (f},)nen such that the limit (F,, Z,) — (F, Z)

n—oo
converges in Wg’p . Moreover, thanks to the mild formulation (3.33), we obtain that

(F, Z) is the unique solution of the Equation (330]).
Step 1: Set

F(t,z) =E [— /T PXf(r, x)dr‘]—}} : (3.34)

t

We start with proving that F' belongs to W%p ;- Indeed, by using B27) and Jensen’s
inequality, it holds that

p

T
IF(t, B = HE [— [ riss .>ds(;t]
t DL.2,p

HE [_ /tTpt{g (s, .)ds(ft} ;]
+/OTE 'DGE [— /tTPt{g (s, .)ds(ft]

T p
/ Pt)f; (s,-)ds ]
t W?2p

=E

p
de
W2p

<E

17



T
/ DGPt),gf(‘s? )ds
t

p

t
+/E
0
T
S/Pf,if(s
t

We now turn to the derivation of Z. We have

T T r rT
—/ (EfF(s,x) + fl(x, s)) ds = / E / EfPs)f;,f(r,x)dr — f(s,z)
t t L/ s

p
db
w2p

< 400. (3.35)

DL.2,p
s] ds.

By denoting
T
mis,o)i= [ LXPXS(ra)dr - f(s.0)

we have that, thanks to the representation (3.25)),
T T
/ E [m(s,x)‘]:t] ds = / / EXPX (r,x)drds —/ f(s,x)ds ]‘—t}
t t
T
=E / / EXPX f(r,z)dsdr — / f(s,m)ds‘}"t]

:E/ (=X f(r.z) + f(r,x) dr—/ fsxds‘]—}}

— F(t,2).

In the previous computations, we have used Fubini’s theorem, which can be applied
since, thanks to Lemma [3.4]

1/q
//||£XPX )||Dlopdsdr<</ / L PN f( )HDLO,pdsdr)

< Cllfllpp 2-2/ate- (3.36)

This enables us to conveniently express the martingale that we are looking for being
able to define the field Z. That is, we have

T
F(t,z) = —/t (LXF(s,z) + f(x,5)) ds — M(T,z) + M(t, ),

M(t,x) = /OtE [m(s,x)‘]:s} ds + /tTIE [m(s,x)‘ft] ds

Let us now check that M is indeed a LP(R?)-valued martingale. Note first that by
Estimate (3.36) M(T),-) is integrable as
H / ] ds
Lr(R4)

< C/ lm (s, LP(Rd)] ds < +o0,

where

p
E |[M(T, ), )| =

since m belongs to D 1’0’p (by ([336) and by our assumption on f). In addition, Yu €

[0,t], we have
u] ds — /UTE [m(s, )

E [M(t, Y — M(u, )‘]-“u} :/utE [m(s, )‘fu} + /tTE [m(s, )

18
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=0,

therefore, M is indeed a martingale. It remains to represent M as a stochastic integral
against the Brownian motion W. For any fixed z in R¢, martingale representation
theorem (for real-valued martingales) gives that there exists Z(-,z) := (Z(t,2))icpo,1]

such that -
E [/ |Z(t,x)|2dt] < 400,
0

and M(t,z) = M(0,z) + fo s,x)dWs, Vt € [0,T], P — a.s.. Note however, that
the subset of €2 where the equality may fail depends a priori on xz. To obtain, a
representation for LP(R?)-valued martingales (that is for every ¢, and a.e. x, P-a.s.) we
need some extra regularity on Z that we provide here. Set:

M(t,z) == M(0,z) + /Ot Z(s,x)dWs, Y(t,x).

We claim that M is a LP(R%)-valued martingale. Indeed using the Burkholder-Davis-
Gundy inequality for real-valued martingales,
T p
/ Z(t, z)dWy ] dx
0

T p/2
gCBDG/ E </ ]Z(t,x)\zdt> ]dm
R4 0

<C E[|M(T,x) — M(0,z)|P] dx
Rd

— CE [HM(T )8, gy ] < +00.

B 1517, ) = MO0 0] = [ B

In particular, Z belongs to MP. Note that once this integrability property is proved for
M, its martingale feature is straightforward. Using Doob’s inequality for LP(R%)-valued
martingales, we get that:

E | sup [[M(t,-) - M(t,

<C sup E||M(t,-
Sup (122G, ) = NE(E I g |

te[0,7)

< CE [|M(Z.) = M(T. )|}, o)) = 0.

Moo (ray

by definition of M. This proves that
t
M(t,z) = M(0,x) +/ Z(s,x)dWs, Vt, fora.e. z, P—a.s..
0

Thus, we obtain that (F,Z) € W3" , < MP solves Equation (3.30).

Step 2: Proof of (B.32).

Recall that by B3358), ||F(¢,-)||p1.2» < +00. In addition, following the same lines as in
the computation of ([335]), we have that:

T q T T
‘ / Ei(F(r, dr = / / Ei(F(r, )dr
t Dy%P 0 t

q
dt

DL,0,p
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q

<T dr

r X r X
L / P
r D1,0,p

T s
<7 [ [ NP0 s, by Lemma BT
0 0

T
<COT [ 15N @ = OTU W e
q

Combining this result with Relation (3.:30), we obtain that for a.e. (t,z), ftT Z(s,z)dWs
belongs to D'P (see Remark 22)). Since D? C DY2 by [29, Lemma 2.3], this is
equivalent to for a.e. (t,z), Z(-,z) € L*([t,T],D"?). As a consequence, for a.e. (t,r)
and for any 0 < s < 't,

t t
D F(t,z) = / D LXF(r,z) + Dof (r,x)dr + Z(s,z) + / Z(r,x)dW,, P—a.s
S S
Hence taking s = t, in the previous relation, we have that for a.e. x, a version of
the process (Z(t,))icpo,r] s given by Z(t,x) = DiF(t,z). Representation (3.32) can

then be deduced using [28, Proposition 1.2.8]. We are now in position to prove that Z
belongs to Wg’p . By using Lemma and Assumption 3.4 we have

D, F [/Dt frxdr

== [_ /t gt w)dr(}}}

+E[/t /trmb(t,u)Pt)fu (V' (u,2) - VP f(r, ) dudr

7.

(3.37)

By differentiating with respect to the time variable, it follows that

T T
- / (b7 ) PR S () = — / P (my(r,r) £ () dr
t t

/t P </ (s,2)0-m(r, d5)> dr.

Hence, by Assumption B4 and Lemma B.4] we estimate the first term on the rhs of

B.37)

o[- momsrieon],

2r H/ Do PE Y

<C |[Te(mp) o

2,p
Wy

e H/T P f'(s,)0rmy (-, ds)

woP
< N em oy pe (e ()
X CITe(mp) | o ey + D 1 g -

For the second term of (3:37]), we remark that, thanks to Fubini’s theorem,

/T /T mb(t,u)Pt),fL (V' (u,z) - VP, f(r x)) dudr —/ P I (t,w) G (u, z)du,
¢ Ji

20



where we denoted G(u,z) := V' (u,x) -V U (r,x dr] Hence, we can proceed by

similar arguments as for the first term of the rhs of B37)) since, by (317), (3.16) and

Lemma [3.4]
T
/ Pfrf(r, x)dr

Therefore, we conclude that D,F(t,x) belongs to Wg’p and, thus, Z itself belongs to
W2,

1Glwor < C < Ol fllyor < oo

0,2,p
Gg™

Step 3: Uniqueness of the solution.

Assume that there exist two solutions in Wz’p to the BSPDE (3.30). Then by linearity,

the difference of these solutions is itself solutlon to the BSPDE with f = 0. Let (F Z)
be any solution of (330) with f = 0. We will prove that F' = Z =0 in (W?D )2 which

will prove the claim. To this end, let # : R* — R be a non-negative smooth bump
function such that 6(x) = 1if |z| <1 and 0(x) = 0 if |z| > 2. For any positive integer
n we set 0"(x) := 0(x/n), F(t,z) := F(t,2)0"(z), and Z"(t,x) := Z(t,x)0"(x). By
definition, we have that

T T
B| [ IF it + [ 1270, Bl

T
n 2 n 2
<0 [T I @)+ [ 0170 ]

< CUF™ 520 + 12" [520) < +o00,
by Jensen’s inequality. In addition,

sup V6" ()] <0t |0lloo,  sup A" (2)] < 1720 oo

In addition, since 6" is a smooth function it follows that (F™,Z"™) is solution to the
BSPDE:

T T
F*(t,z) =0— LX(F™(r,x)) + ™ (r, x)dr — / Z"(ryx)dW,,
t t

where " (r,z) := —(VEF - V0" + SFA0" + Fb-V0")(r,z). Recall that p,q > 2 so that
we can make use of a priori estimates in L? as [12, Theorem 2.2] to obtain that there
exists a universal constant C' > 0 such that:

EM?W%»@MHWWAWMAgCEMmew@ﬂ. (3.38)

We estimate the right-hand side of the previous estimate. For the first term, we have:

E [/OT /Rd IVF(t, ) - Ven(x)\zdmdt]
/oT /B(o,n) IVEG, x)\dedt]
u[<wwﬂww@f%4
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T
< Cn_(p+2)/p/ E [HF(L.%,)”%ZP]?/I) dt
0

- 2/(ap)
< Cn-/p ( / E[| F(t,x)ugm]th>
0

_ O/,

where we have used Holder inequality several times, the fact that ¢,p > 2. Similar
calculations for the two other terms involved in the definition of ™ lead to:

T
| . )
Jim 5 [ [l <o
which implies that:
T
lim E [ |1 @ s + 127, ->H%V1,pdt} —0,
0

n—-+4o0o

in view of the Estimate ([3.38). As a consequence, we can deduce that:
Toe 2 5 2
i B[ [P sl + 120, 0 o] =0

which implies that:

T
E [ [Vl + 126 ->H%V1,pdt} o

o R

Hence (F,Z) = (0,0) in WP{;.

Step 4: Proof of the mild representation (3.33]).
Set:

T T
F(t,z) = —/t Pt),f, (r,x)dr—/t Pt),f,Z(r,m)dWr, t € [0,7],

where Z is the second component of the solution to Equation ([B:30). We wish to prove
that F € W, is the first component of the solution to Equation (330) (i.e. F = F).
Here we stress that we do not impose F' to be predictable. We have, by Burkholder-
Davis-Gundy’s inequality for real-valued martingales and Lemma [3.4]

q T T ) 1/2 q
gc/ ‘/ |\PXZ(r, )| dr dt
W2P 0 t ’ W2.p/2

T T ) q/2
gc/ </ HPﬁZ(r,-)HWZPdO dr
0 t

T r
< c/ / 1P 2Z(r, )|, dtdr
0 0

< ClIZ|Y 5, < +oo,

T
H | Pizeoaw,

which yields that the stochastic integral is well-defined and F belongs to Wg’p . With
the definition of PX (see (3.23))), we decompose I as follows:

F(t,z) = /tT /tr Ei(Pfrf(r,m)dudr — /tTf(r,m)dr
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/ / Loy PX.Z(r, z)dudW, — / (r, 2)dW,

Using Stochastic Fubini’s Theorem (that we justify below), we have that:

~ T T T

Plta) = [ £F [ PSsCndrau= [ fajar

t
o e
:_/ sz{—/ xrdr—/ de}d
t u

F(uz)

_/tTf(T,x)dr_/t Z(r,z)dW,.

This computation proves that F' is solution to the (non-adapted) SPDE:

T
Z(r,x deu—/ Z(r,x)dW,

F(t,x) / LXF(u,z) + f(u,z)du — /TZ(r,x)dWr,
t

where — ft (r,x)dW, is seen as a source term. By definition, F is also a solution to
this equation. As a consequence F'(t,z) := F(t,x) — F(t,z) is solution (in W2?) to the
SPDE

T
F(t,xz) = —/ LY F(u, x)du,
t
which admits O as unique solution in Wy 2 (by Proposition B.3]), which proves that

F =Fin Wy 2P We finally justify the use of stochastic’s Fubini theorem. More
precisely, we have that:

EXPX 7, ) 2dudr

WO,p/2

g/ / Hzfpf,,Z(r,-)Hinudr
0 r

T T 2/q
gc(/ / Lo PXZ(r, )| [0 dudr)

0 r

< C)Z)2,

O

4 The It6-Tanaka-Wentzell trick and some appli-
cations

4.1 Main result

Let us recall the [t6-Wentzell formula in the context of processes with values in Sobolev
spaces [23].
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Proposition 4.1 (It6-Wentzell formula). Let F in W%p g be such that for any ¢ €
LP(R%):

(F(t, ), ) = (F(0,),0) + /0 (D(s. ), )dWs + /0 (A(s, ) @)ds (A1)

with F(0,-) € LP(RY), A in Wi and T in WP . Then, ¥t € [0,T], Vo € LP(RY),

<F(t, -+ Xt)a SD> :<F(0’ T+ XO)’ Q0> + /0 KF(S’ t+ XS)’ 90> + <VF(S’ -+ XS)’ 90>]dWS
+/0 [(VI(s, + Xo), ) + (A(s, + Xs), 0)]ds
+/t+(£§F(5,- + Xs), p)ds, P—a.s.. (4.2)
0

Remark 4.1. Note that for any ¢ in LP(R?), the stochastic process s — (I'(s, -+X5), ¢)
1s square integrable so that the stochastic integral of this process against the Brownian
motion is well-defined. The same comment implies that all the integrals involved in
Relations [A1)-{2) are well-defined. We also would like to point out that contrary
to the original formula in [23] where the test functions ¢ are assumed to be infinitely
differentiable, the reqularity assumption on our processes allows us to consider only LP
test functions.

With the previous results at hand we can now state and prove our main result,
namely a [td- Wentzell-Tanaka trick.

Theorem 4.1. Assume that [ € ]Dé’o’p, Let (F,Z) be the unique strong solution to
B30). Then we have,

T T
/ f(s,Xs)ds = — F(0,Xp) — / (VE(s,Xs)+ Z(s,Xs)) dWs
0 0
T
—/ VZ(s, Xs)ds, P—a.s.. (4.3)
0
Proof. Tt follows from the Ito-Wentzell formula from Proposition @Ilthat, Vo € LP(R?),
T
| e+ x0.00s
T
- <F(0’ -t XO)a 90> - / (<VF(5’ T+ XS)’ Q0> + <Z(S’ -+ XS)’ 90>) dWs
0

T

- / (VZ(s, -+ Xs),p)ds, P—a.s.. (4.4)
0

Let us remark that by Theorem BIland a Sobolev embedding, F, Z € L% ([0, T]; LP(Q; CH(R?)))
for a certain a > 0. We choose ¢ = 0%, ¢ > 0 a mollifier in Equation (£4])). For any
positive £ we have

T T T
/ Fe(s, Xs)ds = —F2(0, X) —/ VFe(s, X, )dW, —/ VZ(s, X,)ds, P — a.s.,
0 0 0
(4.5)
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where we denote G°(t,z) = (G(t,-),0°(x — -)) for G = f, F,VF,VZ. We remark that,
given a function G € L% ([0, T); LP (€ Cg’a(Rd))) it holds that

E [/OT G* (5, X) — G(s, X5)] ds} < (/OT (E [ |GG,z + X,) = G(S,Xs)|ae(x)d4 )qd3>1/q

T a/p /q
p ape
< (/0 E [HG(S")HCQ"’(Rd)] ds) < » |z|*0 (x)dx)

<ClG ao, et = aye” =3 0-

Thus, each term from the right-hand side of (@3] converges to the corresponding value.
In order to handle with the term in the left-hand side, we have to prove that the integral
I defined by

T
I(z) ::/0 s,z + X,)ds,

is continuous, P—a.s.. This comes from the fact that I belongs to W', Indeed, thanks
to ([{4), Ito’s isometry, a change of variable and Jensen’s inequality, we have that

[l <IF(, - + Xo)
T 1/2
2 ( | IV EGs X0 B+ 1265, + Xs>||%w,pds>
0
T
+/ IV Z(s, - + X)|lwrods
0

T 1/q
<IF (0, )wpi +C ( |1 M + 120 ->H§W1,pds)

T 1/q
n ( | iz -)H%w,p> ds.

Since F, Z € Wé’Q’p, we deduce that I € WP, By the Sobolev embedding C%(R%)
Wl’p(Rd), we deduce that I is P-a.s. continuous. Thus, we have, by using Fubini’s
theorem,

T
/0 (5, X0) — f(s, X.)]ds

= () = 1(0)), 9] — 0, P~ a.s.,

which concludes the proof. O

Remark 4.2. If f and b are deterministics, then, the BSPDE ([330) reduces to a PDE
that is Z = 0. Hence, VZ = 0 and we recover the formula of [Z4]. In particular, if
b does not depend on w and if f is random then the gain/loss of regularity than one
could obtain by using the Ito-Tanaka- Wentzell trick compared to the Ité-Tanaka trick is
completely contained in the reqularity of Z and its gradient.

4.2 Example: Smooth perturbations of a Brownian motion

Let us consider the following functional
T
I(z) = / flt,z+ Wy +Yy)dt, =eR? (4.6)
0
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where f € LI([0,T]; LP(R%)), W is a standard brownian motion and Y is a stochastic

process adapted to the filtration (]:tW) 1e[0.7] such that
D;Y.
Hi“ Mo e L([0. ).
[ =tP2 ey

We remark that when Y is of the form

t
Yt:/ hsds
0

where h is a stochastic process adapted to (.Ftw) one can apply Girsanov’s theo-

te[0,T]
rem and remove Y from (£.6]). This means that Y can not pertubate the regularization
effect of W. That is, one could apply the Ito6-Tanaka trick (i.e. the deterministic version
as provided in [I7]) to I under a probability measure Q and obtain

T
I=-F(0,z)— / VE(t,x + Wy)dWy, Q — a.s.
0

without having to consider the extra terms involving Malliavin derivatives. Here, our
objective is to show that Theorem H.1]is consistent with those arguments and that we
recover the same type of result.

By considering the random function f = f(t,- +Y;), the Ito-Tanaka-Wentzell trick
gives is the following expression of

T T
[=—F(0,z+Yp) — / (VF(t, o+ W)+ Z(ta + Wt)> AW, — / VZ(t,x + W,)dt,
0 0

with -
F(t,x) =E [—/ Pt,sf(s,x)ds‘ft] ,
t

Z(t,z) = [/Ptsthsx)ds }

We notice that the Malliavin derivative of f implies, a priori, a loss of regularity
compared to the case where f is deterministic since

Dif(s,x) = Vf(s,x+Ys) - D;Ys. (4.7)

and

However, this is not the case as proved in the following Lemma.

Lemma 4.1. Let f € L([0,T]; L?(R%)). There exists a constant C > 0 such that the
following estimate holds

T
/ P, sf(s,x + Ys)DYsds
t

< Cllflpaco, ;e ®aY)-
q
Proof. We have, by a classical estimate on the heat semigroup, a change of variable
and Holder’s inequality,

/ Pt sf +Y)Dty ds

T D5l
<C / )3/2 155, ) o grayds
W3.p

1/q
=¢ </t Wd 171 2o o, 720 @)

which yields the estimate. O
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It follows from the previous Lemma that, in fact, the additional terms coming from
the Ito-Tanaka-Wentzell trick are at least as smooth as the ones from the It6-Tanaka
trick. Thus, in this example which can be considered at the interface between the case
where f is deterministic and the case where it is random, our formula recovers the
regularization effect.

Remark 4.3. In the case where Yy = —W,, we should not expect any regqularization
from the brownian motion (as mentioned in the introduction). We observe that, in this
context, DiYs = —1jg 4 (t). Thus, we are not able to apply Lemma [{-1] and equation
(&7 shows that we lose one degree of regularity. Then the Ito-Tanaka- Wentzell trick
does not bring any reqularization effect.

The classical Ito6-Tanaka trick find several applications as stated in the introduction
including the strong uniqueness of solution to SDEs. These applications will be studied
by the authors in a separated work.
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