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This article introduces a stochastic thermodynamics for driven out-of-equilibrium open quantum
systems. A stochastic Schrodinger equation allows to construct quantum trajectories describing the
dynamics of the system state vector in presence of an environment. Thermodynamic quantities are
then defined at the single quantum trajectory level. We thereby identify coherent contributions,
without classical counterparts, leading to quantum fluctuations of thermodynamic quantities. This
formalism eventually leads to central fluctuation theorems for entropy, extending in the quantum
regime results obtained in classical stochastic thermodynamics. The thermal imprint of coherences
on a simple implementation of Jarzynski equality is investigated, opening avenues for a thermody-

namic approach to decoherence.

PACS numbers: 05.30.-d, 05.40.-a, 05.70.Ln, 05.30.-d, 42.50.Lc

Thermodynamics arose in the 19th century as a
powerful theory to describe energy exchanges in thermal
engines [I]. While its domain of application has grown
to encompass for instance transfer and conversion of
information [2], extension to out-of-equilibrium systems
remains a challenge. To this end, stochastic thermody-
namics has emerged as a compelling thermodynamics
approach to small, out-of-equilibrium classical systems
by giving a central role to trajectories [38H5]. The basic
idea is to associate thermodynamic quantities to stochas-
tic trajectories in the system phase space. Equilibrium
then simply appears as the particular case of trajectories
reduced to a single point. Both the trajectory and its
probability are used to define thermodynamic quantities
such as heat, work and entropy at the single trajectory
level, allowing for the enunciation of the first principle
of thermodynamics [3]. Time reversal operation then
leads to central fluctuation theorems: The second law
of thermodynamics and other celebrated fluctuation
theorems such as Jarzynski [6] and Crooks [7] relations
then appear as particular cases of these central fluctu-
ation theorems [4], highlighting the unifying strength
of stochastic thermodynamics. Meanwhile experimental
realizations of quantum devices [8] have called for a
thermodynamic description of quantum systems [9], to
address questions such as efficiency of quantum machines
[10, [11]. While significant theoretical contributions have
been made using a broad range of definitions and
concepts [12HT4], a unified and consistent theoretical
framework describing energy, entropy and their fluctua-
tions at the single trajectory level, is still lacking. Here
we set the foundations of a stochastic thermodynamics
for driven out-of-equilibrium open quantum systems,
based on quantum trajectories. Introduced first in
quantum optics [15], [16], they have become a standard
tool to monitor and control quantum systems [I7H20]
and are used here to define thermodynamic quantities at
the single trajectory level. After defining the system and

its environment, we introduce the stochastic Schrodinger
equation, playing the role of the Langevin equation in
the classical case to generate stochastic trajectories of
the system. We then define its internal energy whose
variations along a single trajectory lead to definitions
for generalized work and heat and an expression of the
15¢ principle of thermodynamics at the single trajectory
level. We eventually focus on the particular case of an
environment at thermal equilibrium and use a notion
of time reversal to derive central fluctuation theorems
and the second law of thermodynamics. A simple
implementation of Jarzynski equality in the presence of
quantum coherences is proposed, a first step towards
observing energetic clues of decoherence.

System and model — The generic system under study
is a ng-level quantum system, described by a state vector
belonging to a Hilbert space . Our system is open in
two different ways. Firstly, it can be driven by an ex-
ternal operator through a time-dependent Hamiltonian
H(t). Secondly, the system is also in contact with a
reservoir, involving an infinite number of degrees of free-
dom and modeled as a Markovian bath with strictly zero
memory time. This reservoir is not necessarily at ther-
mal equilibrium, and can eventually be monitored, .e.
continuously measured in various eigenbasis. The sys-
tem density matrix ps(t) is obtained by tracing out the
reservoir degrees of freedom. Lindblad proved that the
most general Markovian master equation for ps(t) reads
1]

introducing a set of at most n = n? — 1 jump operators
L,(t) acting on Hs. In general the jump operators are



explicitly time-dependent [22], but from now on we will
not write this time-dependence explicitly to simplify no-
tations.

In order to build a framework analogous to classical
stochastic thermodynamics, it is convenient to work with
a quantum analogue of the Langevin equation, describ-
ing the dynamics of the system state vector itself rather
than its density matrix. This is achieved by unraveling
the Lindblad equation [23H25] to generate stochastic tra-
jectories of the state vector in the system Hilbert space,
vt €[t tg = | (¢ ), under the influence of an
ordered sequence i of jump operators. The system dy-
namics must be consistent with the Lindblad equation
after averaging on all possible interaction sequences ji.
In the continuous-time limit such dynamics leads to the
so-called Linear Stochastic Schrédinger Equation (LSSE)
for the system state vector [23]:
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The first term in this equation corresponds to a de-
terministic dynamics governed by a non-Hermitian ef-
fective Hamiltonian H.g(t) = Hy(t) + ihJ, with J =
—% Zil LLLH. The second term describes the ran-
dom action of the reservoir on the system, represented

by the stochastic operator dD(t) = > =1 AN, (t)E,(t).

Each operator EAM(t) can be seen as the back action on
the system dynamics of transitions in the environment
and is related to a jump operator ﬁu, its precise expres-
sion depending on the interaction between the system
and the reservoir [25]. We briefly present here the two
main classes of quantum trajectories considered. Quan-
tum jumps unraveling corresponds to a reservoir per-
forming projective measurements on the system. Then
dN,(t) € {0,1} are Poisson processes with E [dN,,(t)] =
Yudt, and EA’H = \f%
responds to a reservoir performing weak measurements
on the system. Then dN,(t) are complex Gaussian pro-
cesses, defined by E[dNM(t)} =0, E[dNu(t)dN,,(t’)] =0
and E[dN,,(t)dN; ()] = 6,,0(t — t')dt, and E,, = L,,.
For a given realization, the system remains in a pure
state all along its trajectory, but each realization leads
to a different pure state trajectory. Note that the the-
oretical framework presented here does not rely on the
particular choice of unraveling but only on the existence
of stochastic differential equation (Eq[2) in the Hilbert
space. Figure presents an example of a quantum
trajectory for a Qubit undergoing quantum state diffu-
sion induced by the reservoir [25].

The evolution described by Eq[2 can be seen as the
continuous time limit of a discrete process: If one dis-
cretizes the time interval between t = ¢; and ¢ = ¢t
into N time intervals, at each time tj, the jump op-
erator applied at time tj is ﬁlt(tk) if the reservoir in-
duces a jump p(tx) # 0 on the system, while if no

— 1. Quantum state diffusion cor-

jump occurs at this time one applies the no-jump op-
erator Lo = 1 — %Hs(tk) — % ZZ:1 LLLM. The state
vector then evolves under the joint influence of the time-
dependent Hamiltonian and a time-ordered sequence ji

of N operators, leading to the final state vector

F
N
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Note that with this particular choice of description,
the state vector right after the application of a jump
operator is not normalized [23]. As a result its norm is
not conserved during this process: actually the squared
norm of state vector |¢ (¢, 7)) at time ¢ is nothing but
the joint probability of the jump operators sequence
bringing the initial state vector [¢;) to |¢ (¢, ).

Consequently, the probability of a trajectory = is

Ply] def (¢ (tg, @) |9 (tg, f£)) and can be used to define the

entropy of a trajectory by analogy with classical stochas-
tic thermodynamics [4], as the negative log-likelihood or
surprisal [20] of the trajectory S(t) = — In P[y]. We shall
later see that this entropy does not identify with the
system thermodynamic entropy, just like in the classical
case [4].

In the following we shall consider the situation where
a system described by a state vector |¢;) at time t = ¢
evolves under the joint action of a reservoir and an oper-
ator aiming at reaching a target state |¢;) at time ¢ = t;.
Again the norm of these states gives their probabilities,
Pijy = (¥i¢|thie), equal for instance to 1 if the system
is prepared in a pure state, or to a Gibbs weight for a
thermal mixture. The stochastic Schrodinger equation
then generates a bundle of quantum trajectories starting
in |¢;), corresponding to different realizations of the
stochastic operator dﬁ(t). We shall now see it makes a
trajectory approach to quantum open systems particu-
larly suitable to define thermodynamic quantities that
are not state functions, such as heat or work [27].

Thermodynamics of quantum trajectories — We
now characterize exchanges of energy at the single quan-
tum trajectory level, in analogy with classical stochastic
energetics [3]. We propose to use as a thermodynamic po-
tential the expected value of the system energy in state
|4 (t, @), defined as

(@ (t, i) |[Ho ()] (¢, i)
Wm0k

Note that this quantity, hereafter called internal energy,
can not be obtained as result of a single energy measure-
ment of the system, unless the system is in a eigenstate
of Hamiltonian Hy(t). However, it can be fully inferred
from the knowledge of the applied time-dependent Hamil-
tonian Hy (t) and the quantum trajectory of the system at
each time of the transformation. Generalized work and

U(t) < (Hy(t))y, =

(4)
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FIG. 1: Application to a Qubit. A two-level system with Hamiltonian Hy(t) = A(t)|e)(e|, with a set of only two jump
operators, L1 = V71le)(g| and Ly = V219)(e], corresponding respectively to transition from the ground state to the excited
state, and to the opposite transition. The gap varies with time as BA(t) = BAo(1 + ayt), with v = v2 — 71, by applying an
external field (here 8A¢ = 107! and o = 7.3 x 107!). a: Example of quantum trajectory, representing the quantum state
diffusion [25] of the state vector in the Bloch sphere as a function of time. The system is initially in the pure state |e), and
evolves according to LSSE (Eq along the quantum trajectory represented by the red line. The blue arrow represents the
system state vector at some intermediate time. Note that in contrast with the case of an isolated Qubit, the trajectory does not
remain at the Bloch sphere surface but gets inside the sphere, a signature of decreasing purity. b: Dynamics of the occupation
probabilities of the ground state py(t) = (|g)(g|)y, (black) and the excited state pe(t) = (|e){e|)y, (red) as a function of time,
showing the Qubit relaxation from its excited state to the ground state. c¢: Time-evolution of the work W (yt) = OW oW (u),
where 6W(u) = (0W (u))y, = pe(u)A(u)du here, and the heat Q(yt) = [7'6Q(u)du along the trajectory represented in
Fig d: Decomposition of heat in classical and quantum contributions. Elementary heat, dQ(u) = (5@)%, can be
decomposed in two contributions, 6Q = 6Q. + §Qq, where §Q. = A(t)dt [y1pg(t) — v2pe(t)] is a classical contribution involving
only populations (black line) whereas 6Qq = A(t) [peg(t) (Pgdwi /A1 — Pedws/72) + €.C. — 2Peg (£)pge (t)dt(y1pg (t) — Yape(t))]
is a purely quantum contribution coming from the coherences, peq(t) = (|e){(g|), (orange). Time-evolution of the total heat
Q(~t) along the same trajectory is represented in red.



heat are then defined as the two ways by which internal
energy can change during a time interval dt, and their ex-
pressions identified by differentiation of U(t), using Ito’s
convention for stochastic terms [28].

The elementary generalized work, performed by an ex-
ternal operator applying a given protocol to drive the
system, is here defined as the contribution to the differ-
ential associated with the Hamiltonian variation during
dt. It can be written as the expectation of an elementary
operator, 6W (t) = (6W (t))y,, where we introduced the
elementary work operator 6W (t) = dH,(t). This work
operator can be decomposed on the instantaneous basis
of the Hamiltonian eigenstates, and includes in general
coherent contributions with no classical equivalents.
The elementary generalized heat is defined as the sum
of all remaining contributions, and includes in particu-
lar the exchange of energy with the reservoir. It can
also be written as 6Q(t) = (3Q(t))y,, where dQ(t) is
the elementary generalized heat operator. Introducing
Ay(t) = HL(t) = U(D)Ls, du(t) = (dD(t) +dD' (£)).,, and
notation [---]; to mention that the term between brack-
ets must be expanded up to stochastic terms of order dt,
we have:

A(t) (dD(t) + jdt) thet [dbf(t)As(t)df)(t)}

(5)

5Q(t) =

— du(t) [ As(t)dD(t) + diﬁ(t)As(t))} -
One can decompose the generalized elementary heat into
a classical part 0Q.(t), depending on system populations,
and a genuinely quantum contribution dQ(t) involving
quantum coherences. If the system is in a superposi-
tion of energy eigenstates, (J)q is non-zero at the sin-
gle trajectory level and leads to quantum heat fluctu-
ations. The conservation of internal energy finally reads
dU(t) = 6W (t) + dQ(t). Generalized work along a quan-
tum trajectory v is W[y = ttif (W (t))y, while general-
ized heat is Q[y] = ttif (6Q(t))y,. Note that these quan-
tities are not state functions since they depend on the
whole trajectory v and not only on its starting and end-
ing points [27]. We then obtain the following expression
for the 15¢ principle of thermodynamics at the single tra-
jectory level:

AU =W+ Qhl- (6)
An implementation of this framework with a Qubit is
presented in Fig2| to study a simple Landauer erasing
protocol. It provides an energetic point of view to
quantum operations and opens avenues for further
investigations of quantum thermal machines.

We stress here that alternative and equally valid defini-
tions for heat and work can be used to build a consistent
theory. Depending on chosen definitions, work can
exhibit different properties and may satisfy fluctuation
relations or not as discussed for example in [29]. In

1

particular, our definition of work is different from
other approaches based on the two-points measurement
protocol [27] B0], relying on projective measurements of
the system or reservoir energy at the beginning and the
end of the transformation. In the spirit of stochastic
thermodynamics [3, 4], our formalism is based on the
ability to monitor the stochastic dynamics of the system
observables:  this approach is therefore particularly
suitable for experiments giving access to the system
quantum trajectories [I7H20].

A simple example — One can get a first glimpse on
this formalism ability to describe purely quantum effects
by considering the canonic example of the spontaneous
emission of a Qubit [3I], initially prepared in a coher-
ent superposition 1) = (le) + |g)) /v2, where |g) and
le) are respectively the Qubit ground state and excited
state. Here no work is performed on the system (W = 0),
and the bath at zero temperature is monitored in its en-
ergy eigenbasis using a photon counter, corresponding
to a quantum jumps unraveling [32]. The Qubit relaxes
to its ground state when time goes to infinity, so that
AU = —hwg/2 for each trajectory. Let us now consider
the subset of trajectories where no photon were emitted.
One can show that for such "no-jump” trajectories, the
heat has no classical component Q.[y] = 0. Neverthe-
less the state vector evolves, not because of spontaneous
emission events but rather because knowledge about the
system changes: the longer one waits without detecting
photon emission, the more likely it gets that the system is
actually in its ground state. The exchanged heat is non-
zero due to this continuous state evolution and reads:
Q] = Qq[r] = AU = —hwo/2.

To understand the origin of this quantum heat Qq[7],
it is actually necessary to take into account the energy
provided by the source used to prepare the coherent su-
perposition at time t < 0. At ¢ = 0, the source and the
system are weakly entangled: Their global state is a co-
herent superposition where the source has equal chance
to provide no energy (if the qubit is in |g)) or an energy
hwo (if the qubit is in |e)). At this time an energy hwy is
equally shared between the system and the source, which
corresponds to an average work performed by the source
hwo/2. Note that weak entanglement is fully compatible
with a Qubit being in a pure state, as long as the source
initial state is quasi classical (see Supplementary Mate-
rial for an analysis in Cavity QED). Not detecting the
Qubit in state |e) amounts to project the superposition
on the Qubit ground state |g), in which case where the
source provides no energy. The quantum heat is the nec-
essary energy contribution due to the projection induced
by the measurement.

As it appears from the previous example, quantum heat
appears if the reservoir naturally induces transitions in a
basis where the system state has coherences, and can ul-
timately be seen as the signature of a mismatch between



the basis in which the system is prepared, and the ba-
sis in which the reservoir measures. For instance, in the
simple case described above, the Qubit is prepared in the
o, basis, while the reservoir induces transitions in the o,
basis. In the same way, quantum heat can also appear
when the system state is prepared in an eigenstate of the
Hamiltonian, and the reservoir induces transitions in a
different basis than the energy basis, as in the case for
quantum state diffusion (See Fig.2d).

Fluctuation theorems — We now turn to entropy con-
sideration and fluctuation theorems. Thermodynamic
entropy is tightly related to irreversibility: A physical
process is said reversible if the surprisal takes the same
value S(t) for the forward and backward trajectories.
This remark highlights that the surprisal of a quantum
trajectory has to be supplemented with a notion of time
reversal to acquire a proper thermodynamic interpreta-
tion. From now on we shall make further assumptions
about the reservoir and consider only a thermal bath,
weakly coupled to the system and at equilibrium, there-
fore represented by a stationary Gibbs state at tempera-
ture T'. Note that these additional assumptions are more
restrictive than the simple Markov assumption used to
express the 15¢ principle at the trajectory level.

We then adopt a notion of time reversal [33] already used
to derive fluctuation relations for open quantum systems
[29]. During the forward process the system follows the
forward trajectory 7y, which can be represented by an
initial state |¢;), a sequence fi of jump operators IA/M and
a target state |i): v = {¥i, i, ¥¢}. The corresponding
reversed trajectory, v, = {4, i, = %,wi}, is generated
by the reversed sequence of time-reversed jump opera-
tors I:L given by I:L = ﬁL exp (géEres,u) [29, 33]. Here
the reservoir undergoes a transition from its eigenstate
|bi)(energy Ej®) to |b;) (energy E7®), and acts on the
system with ffu = IA/” The term § Ees ), = E}’—E}) is the
energy change of the reservoir induced by the transition,
and is part of the elementary heat received by the reser-
voir (in the direct process). The probability of trajectory
~ during the forward process is given by

def
Pa[n] = P(v) wHLM th) [ (] HL (t)]¢br),
while the probability of fyr reads
_)
df r r
Pei] = Pu(ghe)( %IHL (ti )l wHL (tR)e),
k=1

_ R(¥)
Pi(¢s)

where AFE,s[y] = Zszl 0FE\es,,, is the total energy varia-
tion of the reservoir. We can then define the correspond-

ing entropy variation in the reservoir at temperature T,

exp [—BAEes[v]] Pal],

AS,es[7] = AFEves[v]/T. We can also define the change in

system entropy by ASgys[v] Ky In (};Egt))) Defin-

ing then the total entropy variation along the trajectory
as ASiot[v] dof ASgys[v] + ASies] leads to the detailed
central fluctuation theorem

P[] = exp [~ASiot[7]/kb] Paly]- (7)

Averaging over all possible trajectories v leads to the
integral central fluctuation theorem

<67Asmm/kb> —1 ®)

In particular the second law of thermodynamics follows
from convexity of the exponential:

(ASsot[v]) > 0. 9)

We term the two relations Eq[7] and Eq[] central fluctu-
ation theorems as other fluctuation relations derive from
these main relations.

Jarzynski relation — For the sake of clarity, we shall
assume from now on that the reservoir undergoes strong
measurements it its energy eigenbasis, which corresponds
to the recording of counting statistics [30]. On the system
side, such monitoring corresponds to a quantum jump
unraveling. This monitoring scheme is perfectly compat-
ible with thermal equilibrium, and it allows in particu-
lar direct access to the energy change in the reservoir
AFE,s[7], which is of critical importance for experimen-
tal verification of Jarzynski equality. As usual for this
equality, we assume that initial states for both the for-
ward trajectory, [¢;), and the backward trajectory, |¢),
are eigenstates of the initial and final system Hamilto-
nians, drawn from equilibrium distributions at the same
temperature 7', then P, (vi/) = Zjy (T)Lexp (—Bei/t),
where H(ti/to)|vi) = €4|tie) and B = 1/k,T. The
15¢ law of thermodynamics at the single trajectory level

reads AU = ¢ — ¢ = W[y] + Q[y]. Introducing the

system free energy F' defined as SF E Z, the in-

tegral central fluctuation theorem eventually leads to a
generalized Jarzynski identity

(exp (—BWet[7])) = exp (—BAF), (10)

where the effective work Weg[7] is defined as Weg[y] =
Wh/] + Q[’Y] - AE‘res [’Y]

The classical Jarzynski relation [6] is recovered in the
particular case where Q[y] = AE,¢s[y]. Both in classical
and quantum regimes, such an equality requires the
additivity of the system and reservoir energies, which is
the case in the weak coupling regime under study. More
importantly, and specifically to the quantum case, it
also requires that global energy of the system and the
reservoir is conserved when a quantum jump takes place,
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Landauer erasing protocol. a: Schematic presentation of the protocol. Starting with a mixed state of |e) and

lg), the operator rises the excited state energy between t = 0 and ¢t = 7., starting from E; = kpT/10 to Ef = 10k,T', thus
providing work to the system (W > 0). The thermostat then allows the system to make transitions from |e) to |g) (state
occupation is represented by the disk colored portion), creating a heat flow from the system to the bath (Q < 0). In the final
state, the excited state energy is Er > kT and the system is in its ground state, regardless of its initial state. b: Probability
distribution of total heat Q(7.) and work W (r.), for y7. = 25. Vertical dotted lines represent the expected values E[Q(7c)]
and E[W (7¢)] from an ensemble of trajectories. The vertical dashed lines represent Landauer limits for a quasi-static process
(Te = ). c: Evolution of E[Q(7.)] and E[W (7.)], showing the convergence towards Landauer limits for a quasi-static process,

E[W (1o — 00)] = —E[Q(7e — o0)] = kpT'In 2.

which requires in particular that the system state has no
coherences in the energy eigenbasis: A counter-example
if the system has such coherences is analyzed below. The
classical regime is realized in most recent experimental
investigations of the extensions of Jarzynski equality for
quantum systems [34-36].

Quantum coherences and Jarzynski equality
— To highlight the deviations induced by quantum
coherences, we shall consider again the example of a
Qubit, now coupled to a heat bath of temperature T'.
At t = 0 the Qubit is at equilibrium with the bath.
From t = 0% to t = Ty5, the Qubit is coupled to

a resonant classical source performing the coherent
transformation |g) — |+.) = (le) + |9))/V2, and
le) = |—2) = (—|e) + |g))/v/2. The necessary time
to perform the 7/2 pulse is supposed very short with
respect to the typical time of the relaxation induced
by the bath, such that relaxation can be safely be
neglected. At t = T}, the source is decoupled and the
system remains solely in contact with the heat bath, so
that the Qubit slowly gets back to equilibrium. As the
system Hamiltonian is the same at the initial and final
times of this transformation, one gets AF = 0. Work is
only performed while the source is coupled, and equals
Wy = Iwo /2 if the qubit is initially in |g) with probabil-
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TABLE I: Heat, work, change of reservoir energy, effective
work and weight in the Jarzinsky equality for the example of
the qubit driven by a classical coherent source.

ity p24 =1/(1+ e #™0), and W, = —hwy /2 if the qubit
is initially in state |e) with probability pt4 =1 — pgd. In
this situation it is clear that (e=#Whl) #£ 1, calling for
quantum corrections.

Following the previous analysis, we now consider the
effective work Weg[y] = W[y] + Q[y] — AEyes[y]- Let
us first consider the case where the Qubit is initially
in |g), which happens with probability pgd. The source
provides a work W, = hwy/2 to prepare the Qubit in
the state |+,). When the first jump takes place, the
Qubit can be projected on |e) while absorbing a photon
of the bath. At this step the trajectory has a probability
py?/2 (see Appendix for a detailed calculation of the
trajectory probabilities). After the first jump, the heat
reads Q@ = hwo/2, while AE,s = Ffuwg. The difference
Q — AE,s = —hwy/2 is nothing but the quantum
component of the elementary heat. The heat exchanges
in the rest of the trajectory satisfy Q'[y] = AE...[1]:
There is no quantum contribution anymore as the Qubit
is always in one of its energy states. The effective
work eventually reads Weg = 0: It quantifies the work
effectively performed by the source after the measure-
ment projection. The three other cases respectively
correspond to a Qubit initially in |¢g) and projected
in |g), and a Qubit initially in |e), projected in |e) or
lg). Values for heat, work and effective work, as well
as the probability of each trajectory are detailed in the
table One easily checks that (e=#Werrh]) = 1, showing
the importance of quantum corrections to fluctuation
theorems.

As in the case of classical systems [4] [0, [7], the derivation
of fluctuation relations clearly highlights that they
merely express the constraints imposed on the system
dynamics by an environment at equilibrium. If one aims
at probing these fluctuation relations within a given
experimental set-up, the measurement channel must be
taken into account in the environment of the system.
If counting statistics are compatible with thermal
equilibrium as stated above, in general other monitoring
schemes are expected to perturb this equilibrium and
the above fluctuation relations have no reason to hold

anymore. This difference is another clear consequence of
the disruptive nature of measurements in quantum me-
chanics: Taking them into account is a major challenge
for future researches in quantum thermodynamics.

In this article we propose a consistent theoretical
framework for a trajectory-based out-of-equilibrium
thermodynamics for driven open quantum systems.
It allows one to define thermodynamic quantities
at the single trajectory level and to quantify their
fluctuations, therefore transposing in the quantum
regime the theoretical appeal of classical stochastic
thermodynamics. However the strength of the latter
theory comes from its experimental implementation to
analyze out-of-equilibrium systems [B], using particle
tracking techniques to record trajectories and estimate
thermodynamic quantities. In the quantum regime, an
experimental implementation requires the reconstruction
of an ensemble of quantum trajectories [19] and estimate
thermodynamic quantities from these trajectories. If
such a program remains an experimental challenge,
recent progress in monitoring quantum systems puts
this goal within reach [19, 20]. Quantum stochastic
thermodynamics associated with these techniques holds
the promise to provide a comprehensive description of
out of equilibrium quantum systems, and a thermody-
namic perspective on quantum computing, quantum
measurement and decoherence.

Appendix — We compute here the probability of the
different values the effective work Weg can take in the
example of the last section. We consider a Qubit initially
in equilibrium with a thermal bath at temperature T
and focus on a trajectory starting in the ground state,
such that the initial Qubit state |¢) is \/p5ilg), with
ped = (1+e~P™0)~1 the probability for that initial state
to be drawn from the thermal mixture. The Qubit then
interacts with a classical source for a time Ty,5. The
result is state \/pg|+z), where |[4+,) = (le) + |g))/V2.
The Qubit then remains in contact with the thermal
bath, so that it evolves according to the effective hamil-
tonian Heg = (wo — 7y, /2)|e){e| — iv4/2|g){g| during
a time 7 before the first induced by the thermal bath
jump occurs. We have introduced v, (resp. 74) the
rate corresponding to the jump operator [A/J, = m|g> (e]

(IA/T = J7rle){gl). After time 7, the Qubit state

eq
B )Y (TRl e g). T

then undergoes a jump which projects it in the state
iu\ng (1)), v =1, ). This first jump determines the value
of the effective work Wg provided by the classical source.
If v =7, then Weg = 0 as the Qubit was actually in state
|g). The probability of this event is obtained from the
norm of the Qubit state just after the first jump, i.e.

PO Wer = 0,7] = (41 (1)| LI L[y (7)) = yre 7 p5/2



which after integrating over all the possible time 7
before the first jump occurs gives p(9) [Weg = 0] = pgl/2.
Similarly, we find that the probability associated with
an effective work fwy (corresponding to jump v =|)
when starting in state |g) is p9) [Weg = fwg] = pgt/2.
We can in a similar way look at the evolution when
starting with a initial Qubit state +/ptile), with
pet = 1 —pgl. Once again, the value of the effective
work is determines by the first jump: —hwy for a
jump v =1 and 0 for a jump v =], with probabilities
P [Weg = —hwo] = pl©[Weg = 0] = p<9/2. These
results as well as the thermodynamical quantities QQ, W,
AF,es, Wes are gathered for that example in the table [}
So as to evidence the differences with the classical case,
we consider a slightly different situation. Starting to
the same initial thermal mixture, we now couples the
system to a incoherent classical source which prepares
a statistical mixture of states |e) and |g) with equal
probability, and let it evolve in contact with the thermal
bath at temperature 7. We now perform the same
analysis as previously. We consider a trajectory starting
in [1;) = /pgllg). After interacting with the incoherent
source, the Qubit is either in state +/pg'/2]g) and
the source has provided a work W = 0, either in
state \/pg'/2le) and the source has provided a work
W = hwy. It is easy to find that starting with the
state /piile), the two states after the interaction
are /pet/2|g) (corresponding work W = —fiwy) and
Vpel/2le) (W = 0). During the rest of the trajectory,
the Qubit is always in an energy eigenstate and no
more work is exchanged with the source, so that the
effective work for the whole trajectory is reduced to
the work provided by the source when it is coupled
to the qubit (classical case). As a consequence, we
do not have to wait until the first jump induced
by the reservoir to know the effective work provided
by the source. One then gets: (e~Wertlll) = (e=WDI) = 1.
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