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Learning the intensity of time events with change-points

Mokhtar Z. Alaya' Stéphane Gaiffas? Agathe Guilloux®

June 12, 2015

Abstract

We consider the problem of learning the inhomogeneous intensity of a counting
process, under a sparse segmentation assumption. We introduce a weighted total-
variation penalization, using data-driven weights that correctly scale the penalization
along the observation interval. We prove that this leads to a sharp tuning of the convex
relaxation of the segmentation prior, by stating oracle inequalities with fast rates of
convergence, and consistency for change-points detection. This provides first theoret-
ical guarantees for segmentation with a convex proxy beyond the standard i.i.d signal
+ white noise setting. We introduce a fast algorithm to solve this convex problem.
Numerical experiments illustrate our approach on simulated and on a high-frequency
genomics dataset.

Keywords. Counting processes, Total-variation, Oracle inequalities, Change-points

1 Introduction

Counting processes are widely used in engineering to describe systems where stochas-
tic events occur, such as genomics, biology, econometrics, communications and networks,
see [2]. In these problems, the aim is to estimate the intensity function, which determines
the instantaneous rate of occurrence of an event. In the statistical literature, this topic
has been extensively discussed in several previous works. Procedures based on kernel esti-
mation [29], cross-validation [20], wavelet methods [26], local polynomial estimators [13],
model selection [30] are considered for the non-parametric estimation of the intensity.

In this paper, we want to recover the intensity A\g(t) of a counting process {N(t),t €
[0,1]} from n observations of N. We work under the assumption that Ao can be well-
approximated by a piecewise constant function, and we deal with this problem with a
signal segmentation point-of-view, where the goal is to find the unknown times of abrupt
changes in the dynamic of the signal. This is referred to multiple change-point problem
in statistical literature, see [24] for a recent review with interesting references. A change-
point is a time or position where the structure of the object changes and the goal of
change-point detection is to estimate these positions.

Several examples of practical importance fulfill the model of multiple change-points. A
particularly interesting example comes from the next-generation sequencing (NGS) DNA
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process. Indeed, an important application of NGS technologies is the study of the tran-
scriptome and the resulting experiment is called RNA-seq. In a typical RNA-seq exper-
iment, a sample of RNA is amplified, shattered, and converted to a library of a cDNA
fragments. Then, it is sequenced on a high-throughput platform which is available com-
mercially. Finally, the raw data result in large amounts of DNA fragments sequences called
reads. These reads are then mapped to the reference genome by an appropriate algorithm,
that tells us the region from which each read comes from. RNA-seq can be modelled math-
ematically as replications of an inhomogeneous counting process with a piecewise constant
intensity [32]. The counting process counts the number of reads whose first base maps to
the left base of a given chromosome’s location. In [32], a Bayesian approach for the de-
tection of change-points is considered. Other approaches based on Bayesian model-based
clustering and segmentation are given in [27].

In the present paper, we consider the estimation of 79, and 3y ¢ in the following model:

Lo
)‘O(t) = Z /60’61(70,87177'0,2} (t) (1)
(=1

for 0 <t < 1, with the convention 799 = 0 and 791, = 1. Our approach consists in
reframing this task as a variable selection task. We introduce a penalized least-squares
criterion with a data-driven total-variation penalization, which is ¢i-penalization of the
discrete gradient of the parameter.

This convex proxy for segmentation with an extra f1-penalization for sparsity, called
fused Lasso, is introduced in [33]. Theoretical guarantees for this procedure are given
in [21] in the white noise setting, for the segmentation of a one-dimensional signal. A
group fused Lasso is introduced in [7] for the detection of multiple change-points shared
by a set of co-occurring one-dimensional signals, and an algorithm is derived to solve the
corresponding convex problem. The determination of the number of structural changes in
multitask learning via the group fused Lasso is considered in [28].

Beyond the one-dimensional setting, total-variation penalization is well-known and
commonly used in image denoising, deblurring and segmentation, see for instance [12]
and [11]. In this context, one needs to define a graph of neighboring nodes (pixels), and
the problem can be solved efficiently by reformulating it as a min-cut problem and solving
it using a max-flow algorithm [22].

Other close references are the following: [18] proves sharp oracle inequalities for the
Lasso in hazards models, [15] studies Lasso-type estimators in a linear regression model
with multiple change-points, [31] considers denoising of a sparse and block signal, [9] stud-
ies the asymptotics for jump-penalized least squares regression aiming at approximating
a regression function by piecewise constant functions. An algorithm of majorization-
minimization for high dimensional fused Lasso regression is proposed in [35], a testing
approach for the segmentation of the hazard function is given in [19].

The papers [30], [33], [21], [7], [28], are most relevant to our work. In [30], a model
selection procedure is introduced to estimate the intensity function. In [21] and [33],
the authors propose an adaptation of the Lasso algorithm to detect change-points in the
standard i.i.d signal + Gaussian white noise framework. In [7] and [28], the authors use
group fused Lasso to solve the structural change-points in linear regression problems. This
paper is different from these works in the following aspects. First, a main feature of our
results is that they are derived for a signal in continuous time, as compared to [21], [28]
and [33]. Namely, we aim at detecting change-points in the intensity function. Hence, this
problem is prone to an unavoidable non-parametric bias of approximation by a piecewise
constant function, which makes our mathematical analysis very different. A second main



feature of our results is that we introduce a weighted total-variation penalization, using
data-driven weights that correctly scale the penalization along the observation interval.
This is not necessary in the Gaussian and discrete signal + noise setting from [21] for
instance. As a side product, we are able to use the same tuning parameters both for
consistency in oracle inequalities, see Theorems 1 and 2, and detection of change-points, see
Theorems 3 and 4. A third main feature of our approach is that we use a convex surrogate
for the sparsity of the discrete gradient of the signal, that can be solved numerically
very efficiently, see Section 5, even for a large signal (using many bins). This is not the
case for the approach described in [30], which is based on ¢y model-selection techniques.
Furthermore, our oracle inequalities are sharp in the sense that the leading constant in
front of the bias terms is equal to one.

The rest of the paper is organized as follows. In Section 2, we provide basic notations.
Then, we present our estimation procedure. Section 3 develops oracle inequalities for the
estimator, see Theorems 1 and 2. Section 4 gives results in change-points detection, see
Theorems 3 and 4. Section 5 describes a fast algorithm to solve the convex problem studied
in the paper. The proofs of the main statements are gathered in Sections 7, 8 and 9.

2 Counting processes with a sparse segmentation prior

Let (2, F,P) be a probability space and (F;)o<t<1 a filtration satisfying the usual condi-
tions [25]: increasing, right-continuous and complete. A counting process is a stochastic
process {N(t)}o<t<1 which is (F;)-adapted to the filtration, with right-continuous and
piecewise constant paths almost surely (a.s.), with jump of size +1 at event times such
that N(0) = 0 and N(¢) < oo a.s. The term counting process is natural: N(t) — N(s)
corresponds to the number of events of a certain type occurring in the interval (s,t]. The
Poisson process is the most common example of a counting process, where the jumps oc-
cur randomly and independently of each other on disjoint intervals, see for instance [10]
and [23] for references on point processes and their statistical estimation.

Since N is increasing, it is a submartingale, so it follows from the Doob-Meyer decom-
position theorem [1]. Namely, N = Ay + M, where Aq is a predictable increasing process
called the compensator of N and M is a (F;)-martingale. We assume in the following that

Ao(t) = BIN(1)] = /0 No(s)ds 2)

for 0 <t < 1, where )¢ is a non-negative right-continuous function with left-hand limits
called intensity rate of N. Under this assumption, M (t) = N(¢t) — fot Ao(s)ds is a local

square-integrable martingale with quadratic variation given by (M)(t) = fg Ao(s)ds and
optional variation [M](t) = f(f Ao(8)dN (s).
2.1 Sparse segmentation assumption

We work under the assumption that the intensity is piecewise constant, over unknown
inhomogeneous intervals of time. From now on, 1 4 stands for the indicator function of a
set A. For some results in the paper, we will use

Assumption 1. We assume that the intensity writes

Lo
Mo(t) =Y Boely,(t),0<t <1, (3)
/=1



with Ly > 1, o are positive coefficients, and where Jo = {0}, Jo = (70,4-1,70,) for
{= 1,...,Lg andTQg =0< 70,1 < - < T70,Lo—1 < T0,Lg = 1.

Assumption 1 means that Ly — 1 changes affect the value of Ay at unknown instants
70,0 The number of change-points Ly — 1 is unknown. In this setting, we want to recover
the intensity ), by jointly estimating Lo, 79, and By, for £ =1,..., Lo — 1. Throughout
the paper, we will assume the following.

Assumption 2. We observe n i.i.d copies of N on [0,1], denoted Ny, ..., Ny,.

The assumption that the process is in [0, 1] is for the sake of simplicity. Assumption 2
is equivalent to observing a single process N with intensity n)\g, which is only used to
have a notion of growing observations with an increasing n.

2.2 A procedure based on total-variation penalization

Fix m = m, > 1, an integer that shall go to infinity as n — oco. Let us define the set of
nonnegative piecewise constant functions on [0, 1] given by

Ay = {Ag = BimAjm : B=[Bjmli<j<m € RT} (4)
j=1

where

1
N =vmly, —and I, = (]— i}.
: m m
The linear space A,, is endowed by the norm |[A|| = (fo1 N2(t)dt)'/2. We introduce the
least-squares functional

1 n 1
R = [ a0 == 3 [ awamic)
=1

which is the goodness-of-fit criterion to be used in this setting, see among others [30].

Note that {\; : j =1,...,m} produces an orthonormal basis of A,,, it implies that
m m n
2/m
Ra(Ag) =D B = == DD BimNilLim)
j=1 j=11i=1
for any 8 € R’!'. Now, let us introduce the weighted total-variation penalization
m
18llTv,e =D ;185 — Bj-1] (5)
j=2

for 8 = [Bjli<j<m € R™, where @ = [W;]1<j<m is a positive vector of weights (eventually
depending on data) to be defined later on, with w; = 0. The data-driven weights w will
allow to design sharp tuning of the total-variation penalization. Then, given m > 1 and a
weights vector w, we introduce

B = Argmingegrm {Rn(Ag) + IBllTv,w }» (6)

hence an estimator of \g is given by A=A 5 An estimation of the change-point locations

is obtained from the support of the discrete gradient of ﬁ . Namely, define

S=1{j: Bjm# Bj—imfor j=2,...,m}, (7)



and denote by L = |§ | the estimated number of change-points.

We denote the mean counting process N, = n~! Yo N, and the unweighted TV
penalization by ||8]ltv = Y"1, |8; — Bj—1| for B € R™. We use also the notation Np(I) =
[; ANy (t) for any I C [0,1].

3 Sharp oracle inequalities

In this section we address the statistical properties of ) stated in (6), by proving two oracle
inequalities. Theorem 1 below is an oracle inequality of “slow-type” [6] that holds in full
generality, while Theorem 2 is a fast oracle inequality, that holds under the assumption
that the number of the estimated change-points is upper bounded by a known constant
Lax. Both oracle inequalities are sharp in the sense that the constant term in front of
the oracle term infg ||Ag — A|| is equal to one.

Theorem 1. Fiz x > 0 and introduce the data-driven weights,

QZ}]' _ 5.66\/m(l‘ + 10g777:i+ Bn,x,j)vj +9.31 \/m(l’ +1+ l;)gm + Bn,x,j)

Y

where VJ = Nn((g, 1]) and

m

- 6enV; 4 14e(x + logm)
finzg = 2log log (2 ).
i 0808 28(x + logm) °

Then, if \ is given by (6), we have
S l2 < g2 )
IA =20l < int (1A = Aol* +2018lrv.a) (®)

with a probability larger than 1 — 12.85e™".

The proof of Theorem 1 is postponed in Section 7. We define 8y = [Bo,j,m]|1<j<m the

coefficients vector of the projection of A\g on A, and Ag ax = rgngaxL |Bo.e — Bo.er|, which
1<8,/<Lg ' ’

is the maximum jump size of Ag. Under Assumption 1, a control of the approximation
term leads to the following.

Corollary 1. Given Assumption 1, and under the same assumptions as the ones from
Theorem 1, we have

R 2(Log — 1)A%
H/\—)\()H2§ ( 0 ) B, max

+2[BomllTy max ;. (9)
The proof of Corollary 1 is given in Section 7. Theorem 1 uses a data-driven weighting
of the TV penalization, based on weights roughly given by

mlogm _ — 1
iy [T (L)), (10
n m
This exhibits a new scaling of the TV penalization, which is natural and of importance in
this setting. The shape of this data-driven weighting comes from a Bernstein’s concentra-

tion with data-driven variance, necessary for the control of the noise term (a martingale
with jumps), given in Proposition 1 below, see Section 7.1.




Theorem 2. Fizz > 0 and let \ be the same as in Theorem 1. Assume that the estimated
number of change-points L satisfies L < Lpax. Then, we have

3 2 . 2 ~2
[[A = Aol S,Blerﬁkfﬁ [As = Ao||” 4 6(Limax + 2(Lo — 1)) ax wj

[ X0lloc (% + Limax(1 + logm))
K
n

+ (11)
m(m + Lmax (1 + log m))2

+K2 P )

n

with a probability larger than 1 — Liaxe™, with ||Aollecc = supyepo1) Ao(t), K1 = 1670.89,
and Ko = 6683.53.

The proof of Theorem 2 is provided in Section 7. This results proves that our procedure
has a fast rate of convergence of order

(Lmax \ LU)m IOg m

)

n

which scales in m/n.

Corollary 2. Given Assumption 1, and under the same assumptions as the ones from
Theorem 2, we have

. 2(Lo — 1)A%
_ 2 ~ B,max _ ~2
H)‘ >‘0” = m + 6(Lmax + 2(L0 1)) 1235% J
+K1H)\0Hoo(x—|—LmaX(1 +logm)) (12)
n
1K m(x + Lmax(l + logm))2
2

n2 ’

with a probability larger than 1 — Ly.ce™", with the same notations as in Theorem 2.

The proof of Corollary 2 is presented in Section 7. A consequence of Corollary 2 is
that an optimal tradeoff between approximation and complexity is given by the choice
m =~ n'/2. Note that we are able to use the same procedure in Theorems 1 and 2, namely
for the slow and fast rate, while it is not the case in the signal + white noise considered
in [21] for instance.

4 Change-point detection

In this section we prove that the proposed total-variation with data-driven weights pro-
cedure is consistent for the estimation of the change-point positions. Note that, however,
the context considered here is quite different from the more standard signal + white
noise setting: here we aim at detecting change-points in the intensity function, hence this
problem is prone to an unavoidable non-parametric bias of approximation by a piecewise
constant function. This means that we will not be able to recover the exact position of
two change-points if they lie on the same interval I; ,,. Therefore, we assume

Assumption 3. Grant Assumption 1 and assume that there is a positive constant ¢ > 8

Such that
min 7 — 1T — —. 13
1<€1<l/0 | 076 07€ 1| = m ( )



This assumption entails that the change-points of A\g are sufficiently far apart, and
that, in particular, there cannot be more than one change-point in the “high-resolution”
intervals I;,,. Under Assumption 3, the procedure will be able to recover the (unique)
intervals I, ,, for £ = 0,..., Lo, where the change-point belongs. Hence, we define the
approximate change-points sequence [jelo<i<r, as follows.

Definition 1. The approximate change-points sequence [j¢lo<¢<r, Telative to the level of
resolution m is defined as the right-hand side boundary of the unique interval I;, ., that
contains the change-point 7q ¢, namely

1
70,0 € (je 7jl:|
m m

(14)
fort=1,...,Ly— 1, where we put jo =0 and jr, = m by convention.

Given the support S = {J1,... ,fi} with j; < -+ < ji of the discrete gradient of 3
defined in (7), and introducing jo = 0 and j 741 = m, we define simply

.
== 15
=2t (15)
for £ =0,... ,f) + 1. In order to be able to prove a consistency results for change-points

detection, we need a set of assumptions that quantifies the asymptotic interplay between
several quantities:
© Ajnin = min ) |7¢+1—je|, which is the minimum distance between two consecutive

1<0<Lo—
terms in the change-points of Ag.

® Agpmin = 1<niin . |80,q+1,m—Bo,q,m/|, which is the smallest jump size of the projection
<g<m-—
Ao,m of Ag onto Ayy,.

e (en)n>1, & non-increasing and positive sequence that goes to zero as n — oo, and
such that me, > 6 for any n > 1.

Assumption 4. We assume that Ajmin, Agmin and (en)n>1 satisfy

V nmgnAB,min
A A— %

Togm 00 (16)
Aj minA min
ViBiminApmin _, (17)

vmlogm

as n — o0.

This assumption controls the rate (e,,) of convergence of 7, towards 79 ¢. The logarith-
mic factor is due to concentration inequalities for the control of the noise (the martingale
M obtained by compensation of N). The next Theorem proves the consistency of our
procedure for the detection of change-points, under the assumption that the estimated
number of change-points is the correct one.

Theorem 3. Under Assumptions 8 and 4, and if L = Lo — 1, then the change-points
estimators {71,...,7;} given by (15) satisfy

P _3 <z—:]—>1 18
| max [ =i <en (18)

as n — o0.



The proof of Theorem 3 is quite involved and is presented in Section 8 and Appendix B.
It builds upon some techniques developed in [21], based on a careful inspection of the
Karush-Kuhn-Tucker (KKT) optimality conditions, see for instance [8], for the solutions
to the convex problem (6). The proof depends also heavily on a data-driven Bernstein’s
inequality for the control of the martingale errors, see Proposition 1 from Section 7.

Let us give examples of scaling for the quantities Aj min, Ag min and (&, )n>1 that meet
Assumption 4. Assume for simplicity that

en=n"" and Agpn=n""

for some constants o,y > 0.

e If m = n'/3 then Theorem 3 holds with any a,~ > 0 satisfying 0 < v < 1/3 and
O<a+v< 2/3, and if Aj,min > 6.

e If m = n'/2 then Theorem 3 holds with any 0 < v < 1/4and 0 < o+ < 3/4 and
it Ajmin > 6.

In order to prove change-point consistency without the assumption that the estimated
number of change-points is the correct one, we need to relax a little bit the statement of
the result given in Theorem 3. Namely, we evaluate a non-symmetrized Hausdorff distance
E(T||T5) between the set of estimated change-points

T={t,....,7}
and the set of true change-points
To = {70,1:---,70,L0-1}

where for two sets A and B, the quantity £(A| B) is given by

E(A||B) = sup inf |a — b|.
peB a€EA

Note that £(A| B)VE(B||A) is the Hausdorff distance between A and B. When L = Ly—1,
Theorem 3 implies that

P[E(TITS) < e, E(TIT) < 2] =1 (19)

as n — oo. When L > Ly — 1, we prove in Theorem 4 below that £(T|7y) < &, with a
probability going to 1 as n — oo. This means that change-point consistency holds for our
procedure whenever the estimated number of change-points is not less than the true one.

Theorem 4. Under Assumptions 3 and 4, and iff/ > Lo — 1, we have

P|E(TTo) < en| — 1 (20)
as n — 0oQ.

Theorem 4 ensures that even when the number of change-points is over-estimated,
each true change-point is close to the estimated one. The proof of Theorem 4 is given in
Section 9. It is based, as for the proof of Theorem 3, on a repeated utilization of the KKT
optimality conditions of problem (6).

Note that a difference with [21] is that we are able to use the same regularization
parameters w; given by (10) in Theorems 3 and 4. Besides, we don’t need an upper bound
on the estimated number of change-points in Theorem 4, while it is necessary in [28].



5 Numerical experiments

In this section we propose a fast algorithm for solving the optimization problem (6) and
apply it on simulated and real datasets from genomics.

5.1 Algorithm

A concept of importance for convex optimization in machine learning is the proximal
operator [3, 4]. The proximal operator prox; of a proper, lower semicontinuous, convex
function f : R™ — (—o0, 0], is defined as

1
prox¢(v) = argmin,cgm {iHv —x||3 + f(a:)}, for all v € R™.

In this section, we provide a fast algorithm to solve the optimization problem (6), that
computes the proximal operator of the weighted total-variation.

We observe n i.i.d observations of N over the interval [0,1]. Recall that N, =
n~t> " N, and No(I) = [;dN,(t) for any I C [0,1]. We also recall that A(t)
Z?;l Bj)\jm(t), where 8 = [B1,. .., Bm] is given by (6). Hence, we have

A~

) 1
B = argmingepn { 5N = B3+ 18llrv.a |- (21)
where N = [Nj]i1<j<m € R is given by
VN, (I m)

N= :
\/mNn(Im,m)

Therefore, we see that (21) is equivalent to

B = proxy iz, (N).

Next, we develop an algorithm that computes proxj., ., Which is an extension of [17]
to weighted total-variation. Towards this end, we introduce the following (m — 1) x m
bidiagonal matrix

_w2 lf)g 0 e 0
Dz[) _ 0 —w3 w3
0
0 e 00 =Wy, Wy

Then, one can express the primal problem (21) as follows:

. 1
B = argmingepn {3 IN = 813 + | DaBl: }. (22)

Essentially, problem (22) is difficult to analyse directly because the nondifferentiable ¢;
norm is composed with a linear transformation of 3. When solving (22) we may consider
its Fenchel dual form[4]. First, we rewrite the primal problem as

1
minimize6€R77L7Z€R7nfl §||N — /BH% + ||Z||1

subject to Dy = z,



10

whose Lagrangian is

1
LB, zu) = S[IN = BII3 + [|]l1 + u' (DyfB = 2),
and to derive a dual problem, we minimize this over 3, z. A straightforward computation
gives
(1 1
min { SIN — 8] +uTDaf | = 5N~ Dl

while
i <
min{Hz”l —u' } = { 0, if fJullo <1,
z

—o00, otherwise.

Introducing ug = u,, = 0, we proved that a dual problem of (22) is given by

. 1 . . 2
minimize,cgm+1 3 Z (Nk — W41k + wkuk_l) ,
k=1
subject to |u;| <1, for k=1,...,m, and ug = up, = 0.

If we have a feasible dual variable @, we can compute the primal solution B using
Bk = Nj — Wp1Ux + Wglg—1, for k=1,...,m. (23)

For this problem, strong duality holds, see [8], meaning that the duality gap is zero. The
KKT optimality conditions characterize the unique solutions 8 and 6y := wgy1t. They
yield, in addition to (23):

o O € [—tbgy1, i), if Bk = B:k—i-l,
90:9m:(), ande:L...,m—l, gk:_wk’-i-l) ifﬁk<6k+l7 (24)
O = Wr41, if Bx > Brt1-

Therefore, the proposed algorithm consists in running forwardly through the samples
[Ni]i<k<m. Using (24), at location k, f, stays constant where |6 < iy 1. If this is not
possible, it goes back to the last location where a jump can be introduced in B , validates the
current segment until this location, starts a new segment, and continues. This algorithm
is described precisely in Algorithm 1.

5.2 Simulated data

We conduct simulations on 2 examples of intensities. We simulate counting processes with
inhomogeneous piecewise intensities A9, with 5 and 15 change-points, see Figure 1, with
an increasing sample size n. In order to assess the performance of the total-variation
procedure ), we use a Monte-Carlo averaged mean integrated squared error (MISE) as a
performance measure, given by

1
MISE(X, Xo) = E / (A(t) = Xo(2))2dL.
0

We run 100 Monte-Carlo experiments, for an increasing sample size between n = 500 and
n = 30000, for each 2 examples. In Figure 2, we plot the MISEs of the weighted and
the unweighted total-variation (namely @ = 1), for the 2 examples, as a function of the
sample size. We observe in Figure 2 that the estimation error is always decaying with
the sample size, and that both procedures behave similarly. Differences can be observed



11

Algorithm 1: 3= prox”.Hva(N)

Input: N = (Ny,...,N,,) " € R™;4b = (i, ..., i) € RT.
5 AT
Output: (51,...,ﬁm) .
.Setk=ky=k_=ky + 1;
Bmin = N1 — W2; Bmax < N + 2;
Omin < W2; Omax < —W2;

. if kK =m then
L B ¢ Bunin + Ormin;
if Ngt1 + Omin < Bmin — W42 then /*
Bro =+ = Br_ < Bunin;

k—ho—k —ky «k_ +1:
Bmin ¢ Ng — Wii1 + Wi; Pmax < Ng + g1 + W;
L emin — warl; Hmax — _warl;
else if Ni11 + Omax > Bmax + Wir2 then /*
Bko = ... = ﬁkJr < Bmax;
k:]{(]:]{_:k'_t,_(—k'_t,_—i-l;
Pmin = N — W1 — Wk Prmax ¢ N + W1 — Wg;
| Omin wkz-{—l; Omax _wkz—i—l;
. else
set k+ k+1;
Omin < N + wk—i—l — Bmin;
Qmax — Nk - wk—i—l - Bmax%
if Gmin > wk—&-l then
eminfﬁ)k 1.

Bmin — Bmin + ma

Hmin — Wr+1;
I
if Omax < —tps1 then

Om x+ﬁ)k 1.

5max — Bniax + ]:_kiﬁfLa

emax S~ —Wk+1;
L kg kK

. if £ < m then
| goto 3.

7. if Opin < 0 then
Bko == Bk_ — Bmin;
k=ko=k —k +1:
Bmin ¢ Ny — wk—&-l + Wy;
Omin < wk-l—l; Hmax — Nk + ﬁ)k — Umax;
| go to 2.;
. else if 0.« > 0 then
Bko == Bk+ A Bmax;
k=ko=ky « ky + 1;
Bmax < Ni + Wig1 — Wy
gmax — _ﬁ)k—&-l; emin — Nk - wk - amin;
| go to 2.;

else
A A emin .
t Bro :"':ﬂm<—5min+m>

negative jump */

positive jump */

/* no jump */
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below, using a genomics datasets. On each simulated dataset, we perform a 10-fold cross-
validation to select the best constant to use in front of the weights w; (both for the
weighted and unweighted total-variation). Cross-validation in this context is achieved by
choosing uniformly at random a label between 1 and 10 for each point, and by using points
with label k in the k-th testing fold and removing these points for the k-th training fold.
The estimated intensity is accordingly corrected, by this amount (as removing uniformly
a fraction of points from a counting process biases downwards the intensity by the same
fraction).

1600,
1400}
1200}
1000
800}
600}

400} ]
200} ]

80 0.2 0.4 0.6 0.8 1.0 80 0.2 0.4 0.6 0.8 1.0

Figure 1: Intensities used for Example 1 (left) and Example 2 (right), respectively with 5
and 15 change-points

5000 10000 15000 20000 25000 300001D 5000 10000 15000 20000 25000 3000 5000 10000 15000 20000 25000 30000 5000 10000 15000 20000 25000 3000

Figure 2: Average MISEs (bold lines) over 100 Monte-Carlo experiments and standard
deviations of the MISEs (dashed lines). First: weighted TV for Example 1; Second: non-
weighted TV for Example 1; Third: weighted TV for Example 2; Fourth: non-weighted
TV for Example 2

5.3 Real data

Our method is illustrated on NCI-60 tumor and normal cell lines, HCC1954 and BL1954.
This dataset was produced and investigated by [14] using the Illumina platform, where
the reads are 36bp long. After cleaning of this data, there are 7.72 million reads for the
tumor (HCC1954) and 6.65 million reads for the normal (BL1954) samples respectively.
A description of the sampling process for such data is described in Introduction. We
show in Figures 3 and 4 both tumor and cell lines data. This data consists of a list of
reads number, see Figure 4, where we plot a zoomed sequence of reads. For visualization
purposes, we give in Figure 4 the binned counts of reads over 10000 intervals equispaced
on the range of reads.

In Figure 5 we plot the best solution of the weighted and unweighted (w; = 1) total-
variation estimators on the normal and tumor reads data. For easier visualization we
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| T (LTI IO T L ;e

180000 185000 1

N1 1
90000 195000 200000 205000

195000 200000 185000 1 210000

Figure 3: A zoom into the sequence of reads for normal (left) and tumor (right) data

4 O 103

s 0o umo

102

52 0o Neo

0 20M 40M 60M 80M 100M 120M 140M 0 20M 40M 60M 80M 100M 120M 140M

Figure 4: Binned counts of reads (log-scale) of the normal (left) and tumor (right) data
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100 |
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250 250

Figure 5: A zoom between reads number 0 and 50M of the weighted (left) and unweighted
(right) total-variation estimators applied to the tumor (top) and normal (bottom) data
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plot a zoom of the reads sequence. We perform a 10-fold cross-validation to select the
best constant to use in front of the weights w; (both for the weighted and unweighted
total-variation), as explained above. We observe in this figure that the weighted total-
variation gives sharper results: the piecewise constant intensity is smoother, and the
obtained change-points locations seem, at least visually, better. An important fact is
that the runtime of Algorithm 1 is extremely fast: a solution is obtained in less than one
millisecond, on a modern laptop (implementation is done using python with a C extension).
This is due to the fact that Algorithm 1 is typically linear in the signal size.

6 Conclusion

In this work, we prove that convex optimization for the detection of change-points in the
intensity of a counting process is a powerful tool. We introduce a data-driven weighted
total-variation penalization for this problem, with sharply tuned regularization parame-
ters, and prove two families of theoretical results: oracles inequalities for the prediction
error, and consistency in the estimation of change-points. We illustrate numerically our
approach via simulations and a genomics dataset application. Future directions for this
work are the study of maximum likelihood estimation instead of least-squares, and a mul-
tivariate extension of the proposed algorithm.

7 Proof of Theorems 1 and 2

Introduce 1 = [pj]i<j<m € R™ given by p1 = 1 and p; = B; — Bj—1 for j = 2,...,m.
Then, we have 8 = Tu, where T is the m x m lower triangular matrix with entries
(T)jr =0if j <k and (T);, = 1 otherwise. Note that 3 = T}i, where

) . 1 .
o = argming,epn { SIN = Tpll3 + 3 iy }. (25)
j=2

7.1 Proof of Theorem 1

This proof follows a standard argument for proving slow oracle inequalities, see for in-
stance [6]. Due to the Doob-Meyer decomposition theorem, we have

1 —
Ra(N) = 1A — Aofl2 = Aol - / (AN (),

which leads to

1
A= )\B = argminﬁeRT <||)\5 - )\0”2 — 2/0 )\ﬁ(t)dMn(t) + ||B||TV,1I))- (26)
Then, using (6), it implies that

3 : 2 . .
IA = ol|* < nf[|As - Mol + ~vn(A = Ag) +IBllrvie = 1BllTv.e, (27)
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where v,(A) = >"1 fol A(t)dM;(t) is a centered empirical process. Note that

A m A 1 —
330 = 3B = i) [ Ag (D1 1)
=1 0
m 1 _
=1
Jm .
- Z(M],m — My m) Z/ /\q7m(t)dMn(t) (28)
j=1 q=5 70

Define the event €2,, by

The probabilistic control of £2,, is given in Proposition 1 from Section 7 below. It relies on
a slight modification of an empirical Bernstein inequality from [18], see also [30]. On €,
we have using (28)

ﬁyn()‘ = Xg) < | fjm — triml,
j=1

Using (27), we obtain
m m
1A = oll> < A = Aoll* + D @jljm — tjm| + Y 05 (| 1jm| — | Rjm])
3=1 j=1

m
< UAs = Xoll? + 2D dslpjm]
j=1

= [As = dolI* + 2] Bl .-

Then, on ,, (8) in Theorem 1 holds true . It remains now to control P(QF). We have,
recalling A, (t) = \/m]l(g l](t), that

Pl < i]PHm/Ol 1(%71](t)dMn(t)) > %]
j=1

so we need to control the tails of

which is the goal of the next proposition.

Proposition 1. For any numerical constants ¢, > 1, € > 0 and cg > 0 such that ecy >
2(4/3 + €)cp, the following holds for any z > 0 :

B s~ 1+ hps i
]p[|Uj| > e /%ﬂvj " 03,52++#"’” < e

where
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A Qenv-+264+€z
hn,z; = cploglog ( J (3 ) e)

eco(z4+1) —2(3 +¢e)ey,

cle=2V1+¢e,c3.= \/2 max (co, 2(1+ E)(% + E))-i-%, andc = 6—|—4(log(1+5))_ch ZQl q Ch.

The proof of Proposition 1 is given in Appendix A.1. Choosing z = x4 logm, it yields
that

7 o 7 4
U] > Clvg\/x%—logm—i—hn’x’]vj‘ +037€x+logm+hn,x7] +
n n

< (6+4(log(l+¢e)) ™ Z g ")e ?,

q=1
where . A
. 2enV; + 2¢e(3 + €)(x + logm
hn,zj = cploglog ! (5 + o) 7) gm) Ve l.
eco(r +logm +1) — 2(5 +€)ecp,
Then, the choice of data-driven weights is given by
. m(z + logm + hy..;)V; Vm(z 41+ logm + hy )
w; =1 " + co n )

where c1 = 2¢1 . and cp = 2¢3 ¢ gives IP(QE) < ce™*. Finally, to get the numerical constants
in Theorem 1, we set ¢ = 1, ¢, = 2, and ¢y = 28/3e in Proposition 1. O
7.2 Proof of Corollary 1

We denote by Ag,, the projection of Ao onto A, that is Ao, = argminkﬁeAm | Ag — Xoll%.
Using Pythagoras’ theorem, we have

1A= 2oll* < [Aom = Aoll® + 1A = Xo,ml|*.
By the proof of Theorem 1, we obtain

1A = Aomll® 2[| Bo,m v,

<
< bi.
< 2||BomllTV ax b

Now, the following approximation lemma comes in handy for the control of the bias term.
Lemma 1. Given Assumption 1, we have

2(Lo — 1)AF ax

[Xom — ol|* < - ,

where Ag max = max_ |Boe — Boe|-
1<4,0'<Lg

The proof of Lemma 1 is given in Appendix A.2. O
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7.3 Proof of Theorem 2
Using Pythagoras’ identity, we obtain the following decomposition
1Az = Xoll* = 11As = Xoll* + 1Az = Asll*.
In view of the fact that {\;,, : j =1,...,m} is an orthonormal basis of A,,, we have

1A = Asll® =118 = 815,

and by the definition of 3, we get

m m
18 =NI3+ D wslBjm — Bi—1ml < 18 =NI5+ D @5lBjm — Bj—1ml-
j=2 Jj=2
Then

m

BBl < Z@‘(\ﬁj,m — Bj1m| = 1Bjm — Bj—l,m\) + 2/ Z Bim = Bjm)Ajm ()M (1)

=2

Assume that B belongs to a set of dimension at most Ly.x. Let S = { J i Bim #
Bj—1,m for j=2,..., m}, be the support of the discrete gradient of 8. Using the Cauchy—Schwarz
inequality, we have

m

> 5 (185m = Byrnl = i = Bia)

< 3 iy (1Bim = Bjoml + 1Bj-1m = Bj-1m)

jeSus
< Z wj(\ﬁj,m - Bj,m’) + Z wj<|ﬂjfl,m - ijl,m|>

jesus jesus
< Y (1B — Bl

FESUSU(SUS+1)
< ¢]Su5u(§+1)u(s+1)|

l:Bj,m - ﬁj,m] X max Ws
FESUSU(S+1)U(S+1) 12 JESUSU(S+1)U(S+1)

< V2V Lo +2(Lo — 1) |18 = 5|, xmax i

Hence

18 = BII2 < V2v/Lunax + 2(Lo — 1) || - 6H2 max

oo, 5, Gt
2

Now, define the functional G for all Ag € A,, in the following way:

[P
G()\[g)—/o N0,
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Therefore, we obtain

18 = Bll; < V2v/Lias +2(Lo = 1)[|B = Bll, max a;+2/|6 - 8],G(5 - ).
1=1,...m

Let

Ltnax Ltnax

Y= U Vi, = U U VL7,
L=1

L=1 Jc{1,..m—1},|J|=L

where {VL L=1,..., Lmax} is the collection of the spaces to which /3’ may belong and
V1,7 denotes a space of dimension L containing signals with a support J.

It follows that,

18 = Bll, < V2V/Lmax + 2(Lo — 1) omax i +2  sup  G(A). (29)
J=1,m AV, |N=1

Then by Proposition 4 in [16], we have for any z > 0

[Aolloo (L + 2) 2\/77L(L+Z)>
+
n \/Zn

P

— )

sup G(\) > K(
AEVL,Ju ||)\H:1

where k = 11.8. Then

2 P
L=1,...,Lmax
JC{1,...m—1}, |J|=L

< g e ”
L=1,...,Lmax
JC{I,...,m—l}, |J|:L

sup  G(\) > /{(

[Molloo (L + 2) N 2¢/m(L + Z))
AEVL, g, IM=1

n VILn

< LmaxmLmaxe_z-

Choosing z = x + Lyax logm for > 0, leads to

oo(L Liax1

L=1,....Limax AEVL, g, IA][=1 n

JC{1,...,m—1}, |J|=L

2v/m(L + x + Lpax logm)
i VIn )]

< Limaxe™ ™.

Plugging this in inequality (29), we obtain for any = > 0 and with probability larger than
1 — Lypaxe™

18— 8|, < V2V/Linax + 2(Lo — 1) max

J=L4...,m

+ 2/{\/HA0HOO(:E + Lmax(l + IOgm))
n

N 4H\/ﬁ(x + Lpax(1 + logm))
n )

and the result follows by using the inequality (a+b+c)? < 3(a?+b?+c?), for all a, b, c € R.
O
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8 Proof of Theorem 3

Let us give first the overall structure of the proof, which is inspired from [21]. In this
proof, we repeatedly use the KKT optimality conditions of the optimization problem (25),
given by Lemma 2 below. We use also repeatedly deviation arguments of the data-driven
weights w; and a control of the martingale noise, which are provided by Lemma 3 be-

low. We prove consistency of 7, = %, which is an estimator of the right-hand side
boundary £ of the interval I, ,, = (]‘;1, 2], by showing that P[A, ] — 0 as n — oo,

where A, ¢ = {|§'4 — Je| > mgn}, for all £ € {1,...,Lo — 1}. We treat separately two
cases depending on the positions of j, and j,,. In Case I, we consider j, < js, see
Section 8.1 and Figure 6. In Case II., we consider j; > jo,, see Appendix B and Fig-
ure 7. We decompose even further, using the quantity A;,in (see Section 4), defining
the set C,, = {maxlgggLO_l |§'g — Je| < #} We prove that P[A,, N C,] — 0 and
P[A, /N C’EL] — 0 as n — oo for Case I in Sections 8.1.1, 8.1.2, and for Case II in Appen-
dices B.1, B.2.

T0,0—1 T0,6+1 To4—1  Tox T0,0+1
Je 1,m Je, J2+17 Je 1,m 127 Jz+1,
Figure 6: Case I. jA'g < Je Figure 7: Case IL j; > j

Lemma 2. Consider the total-variation penalized problems in (21) and(25). Let § =

[Bijmli<i<m and fi = [fjmli<j<m denote the respective solutions. Then, the latter vec-
tors and the approximate change-points sequence estimators jl,...,j|§| satisfy for all
r=1,...,]5,

m m m
> Bogm— Y Bim+vVm D My(Ijm) = s sign(ii; ), (30)
j:jr j:3T j:jr
and for all je€{l,...,m},

m m m
Z 50,q,m - Z 5q,m + mz Mn(Iqm) < 12)]-, (31)
q=J q=J q=J

using the convention sign(ﬂjhm) =41, i ﬂjr,m > 0 and —1 otherwise. The vectors 8 and
Bom = [Bo,j,ml1<j<m have the following additional properties

Bq,m :Bj‘r_Lm? Zf 57"—1"1'1 < qgjrv fO?"’I": 1)"'7f4a (32)
Bo,gm = Boji—1,m, if je—1+1<q<j,—1, ford=1,...,Lo— 1.

The proof of Lemma 2 is given in Appendix A.3. Let us now state a lemma which
allows us to control the martingale noise term.

Lemma 3. Given two integers a and b, such that 1 < a < b < m, let M, (a;b) =
Zgza My (I4m)-Then, for all z > 0 we have

P[‘Mn(a; b)| > z} < 2exp ( 2f]1

nz2
t)dt + z (33)

b
s
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and for all € > 0, the data driven weight W, satisfies

02 > mlogm<€_/
n 1

where [; Mo(t)dt = E[N(I)] for any I C [0,1].

né?

)\o(t)dt>] < 2exp <— 2f1(a;1 1] WOITES 35)7 (34)

m

(C==181

The proof of Lemma 3 is given in Appendix A.4. Let us now prove Theorem 3. Recall
that the sequence (ey,), satisfies me, > 6, for all n > 1 . An application of the triangle
inequality entails that,

. I € T2 2
P| max |7’05—7‘g|>6n}§]P[ max |704—L|>i:|+P[ max |‘7——Tg|>—n.
1<¢<Lo—1 1<¢<Lo—1 m 2 1<¢<Lg—1 m 2

Moreover, the true change-point 7, verifies (14) which implies that

IP|: | A‘> }<IP|: | d‘>m5n}
max |Tog — 7 € max _
1<e<Lo—1' ¢ T¢ n] = E R e 2

Due to

Lo—1

N me ~ me
IP|: S n:| < Pl5, — 5 n
| nax e = Jel > =~ | < ; [l7e — jel > 2 ],

it suffices to prove that for all £ =1,...,Ly — 1, P[A, ] — 0, as n tending to infinity.

8.1 Casel
Due to the fact that me, > 6 for all n > 1, it follows that the event {j’g < j¢— 2} a.s.

8.1.1 Step I.1. Prove: P[4,,NC,] — 0, as n — oc.
By the definition of C),, we have
Joo1 < Jo < jig1, forall £=1,... Lo—1. (35)

Applying (31) in Lemma 2 with j = j, and j = j, + 1, we obtain

Je—1 Je—1
—(wj, + w3z+1) = Z Ny - Z Bgm < Wwj, + Wip41
a=je+1 a=je+1

Put w,p := W, + Wy, for any two integers a and b. Thus
Je—1 A -
3 Boam = Bam Vi lyn)] <054

a=je+1

Using the property of the vector B in Lemma 2, we get

‘(]4 - 55 - 2) (Bo,jg—l,m - ﬁjéJrl*l,m) + \/mMn(jé + 17.]@ - 1)‘ S /11\)32+17j£'
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Therefore, on C,, N {j; < j¢ — 2}, we have

(52 —Je— 2)(53“_1_17771 - 507]'“-1—17"1)
+ (52 - jé - 2)(ﬁ0,je+1—17m - Bovje_lvm)

+ \/mMn(Je + 15— 1) < w32+1,jz'

Defining the event
Chye = {‘(jz —Jo— 2)(ﬁ34+1*1,m = Bojer1—1.m)
+ (jf — e = 2)(Bo o1 —1m = Boje—1.m)
+ vmM, (e + 13 e — 1) + ‘ < w54+1,je}’

We observe that C),, occurs with probability one. In addition, we remark that for all
n > 1, me, > 6 entails % —2> %. Then

~ . me ~ . me ~ . me
{|J€*]é| > Tn} C {|M*sz2| > 2” *2} C {|Je*]e*2| > n}

6
Therefore
P[A,,NC,NChpyl
<P wﬁz+17jz > |50,je+1*17m - BO,jz*l,m, n {jé <jo— 2}
- Je—je—2| ~ 3
5 180,j0s1—1,m — Bojo—1,m|
+ P {|B}g+11,m - 507j5+1—1,m| > e 3 : NneC,
L p { VMo (e + 1ige = | o 1B0gess-1m = Boje—1ml }
Je—Je—2 - 3

= P[A, 01] + PlAn 2] + P[An 3]
Moreover, we have
~ mEHAB,min]
| Wiet+1.50 = 18

[ . mEnAﬂ,min
<Pl 2 g

n=f4,min

362

m2e2 A2 ]

~2
_wj[71+1 >

2A2 X _ .
?ﬁ (16) El Assumption 4, and (34) in Lemma 3 with § = “3-5min 4 B[N, (%2, 1])] it
ollows that

2
PlA,e1] < 2exp < — ng ) — 0,
3

QE[’,L((”W—I,U))} +2
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as n — oo. Next, consider the event

A,y = [VmMaGet Lije—1)
s Je—je—2

S 180,G041—1,m — Bo,jo—1,ml }
= 3

- {Mﬁrmmrﬂﬂ>@—ﬂ—4m”“*m_%WﬂM}

3/m
Je=3
= 4 . mgnAﬁ min A
- { My (je + 1350 — 1)‘ > }ﬂ U {J@ = (J}
18\/5 q=je—1+1
Je—2
— . mgnAB min
c U {}Mn(q;ﬂ—l)\Z’}.
q=je—1+2 18\/5

Put ¢, = %. By (33) in Lemma 3, we have

Je—2 n<p2
PlA, 3] < 2 Z exp n

Mt (2Ep%«qaﬂlw]+g%)

m m

2
Yy

28| N (255, 524 + so>

< 2(je — je—1 — 3) exp ( -

2
2exp <— - A ffon, N —|—logm>.
2B [N (455 524) | + e

By (16) in Assumption 4 , it implies that IP[A,, ¢ 3] goes to zero as n — co. We now control
(jZ"FijLl
2

IN

P[A, ¢2]. Using Lemma 2 with j =
inequality, it follows that

| and with j7 = jy + 1, and using the triangle

Jeti Je+i
" 4 2(-0—1"_1 " £ 2[+1"|_1
E Nq — E Bq,m <w 11 [jg+jg+1]
. . ’ 2
q=je+1 q=je+1

Furthermore, on the event C,, N {3£ < jo — 2}, the following inequalities

A Je + Je :
Je<je<q< fTJFW —1<jep1 — 1,
hold true. Moreover, we note that qu = Bﬁ'ulfl,m if jp<qg< [%] —1< Jp1 — 1.

Consequently, we have

A~

B i) _ Je + Jew
41—1, + \/mMn(jf + 1; [Til - 1) < wjz—i-l,f%-\y

(Boges1—1m —
2

(Jer1 — Je —2)
which implies that

‘BjiJrl*lvm B ’607j£+1—1,m|

Je+ Jes1
5 [————1-1)|

2

(Je1 = Je —2) S patiee g+ [VmMa(Ge +1;
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Therefore, we may upper bound P[A,, ;5] as follows

P [An,€,2]

R 180,j041—1,m — B0je—1,m]
=P {{‘532-5-1—1,”1 - /80»j18+1_11m‘ > o m3 e T } N Cn:|

|53£+17m o Bovj£+1—1,m|
2

=P [{(jf—l—l —Jje—2)

. ‘ 180,504 1=1,m — Bo,jo—1,m|
> (Jog1 — jo — 2)—2H 0 e } N Cn]

6
. - Ccdet Je
<P [{wjﬁ_l’[jfr;@rw + ’\/EMH(]Z +1 [T-I - 1)‘
. . 180,502 1—1,m — Bo.jo—1,m|
> (jeyr — jo — 2) " m6 e } n C"]
R . . 180,j0s1—1,m — Boje—1,m|
=P [“’jm,(—”*é“lw = U1 =3¢ =2) 12 }

) 180,Ge1—1,m — 50,je—1,m\]

_ e + Je ) :
+P[‘mMn(]€+ 1; [MW - 1)‘ > (Jog1 — Je — 2 5

2
~ (A] min — 2)AB min
< oty > ’
= P[wml,(%w = 12 ]

1-1)| 2

Je+ Jes1
2

(Aj,min - 2)Aﬂ,min}
12/m ’

On the other hand, it is easy to see that (13) in Assumption 3 yields that Ajpin — 2 >

Qimin _ 9 > Sdmin Thyg

+ P HMn(je +1;[

2
~ Aj,minAB,min
Blbuil P[5, s 2 Sl
T (. jﬁ + j€+1 Aj minAB min
P|| 1 1[I ‘ > SjminCpmin
NN 2)
T an,@,? + an,f,Q‘
Using the property of the data-driven weights, we remark that
A2 AZ
(1) ~2 j,min— 3, min
an,f,? <P {wjtZJrl > 1442 }
. . . . nA?,minA%,min \7 j[
By (17) in Assumption 4, and (34) in Lemma 3 with £ = Tiimiogm T E[N,((£,1])],

it follows that

né?

047(11,%,2 < 2exp <— QE{Nn((%,lD] N §£> — 0,

as n — oo. Similarly, using (17) in Assumption 4, and (33) in Lemma 3 with z =
A ',minAﬁ,min
oN

, it implies that

nz2

e <_ 2]E{Nn((j;§,w+%j]_l])] + §z>

— 0,

as n — oo. Therefore, we conclude that P[4,, 2] — 0, as n — oo.
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8.1.2 Step I.2. Prove: P[4,,N C’E] — 0, as n — oo.

Recall that CC = { max ) Je — je| > #} We split P[A,,, N CL] in three terms as

1<k<Lo—
following
P[A, N CE = P[4, ,n DY] + P[A, N D] + P[4, ,n D],
where
DY = {there exists¢ € {1,...,Lo—1}: jo < ji_1} NCE
D™ = {for alll e {1,...,Lo—1}:jo1 < Jo < jg+1} nct,
D" .= {there existsf¢ € {1,...,Lo—1}: 7> jep1} N C’,E.

Let us first focus on P[A, /N D,Sm)]. Observe that
(m) 5 -~ Ajmin (m)
P[An N D™] = P[An,l N{Jer1 —Jez —5—1NDy }
~ . Aj min m
+P[Ane N {Jer1 — je < j’T} n DY),

The fact that 0 < jy 1 —js < Ajg“i“ yields jyi1 — Jes1 > Ajg‘““. Then, it is easy to see that

, R . . R . Ajnin . Djumin
Jexr = Jes1 = (Gerr — Jo) — (o1 — Jo) = Ajmin — =2 > =g,
Hence

~ . A‘rnin m
P[A,,N DM <P [An,e N{Jes1 —Je > ]T} nDY™
. ~ A’min m
+P |:An,€ N {jes1 — Jes1 > J’T} nD{M|.

Moreover, we note that

. ~ A min
ApeN {J£+1 —Jev1 = j’2 } n D™

Lo—2

. A A', i A . A', i
C U {]r —Jr = %} N {]r+1 —Jr 2 %} ﬂDy(Lm)-
r=0+1
Thus, we have
Lo—2
P[Ane N DY™] < P[Apy N Bryre N DYM]+ > P[CosN Bayrs N DY), (36)
s=0+1

where . A

Bpg={0p —Jg) = =55}, A

with the convention Br, r,—1 = {m — jr,—1 > ==},

. o) A min

Cpq =1{0Up —Jg) = =5}
Let us now prove that the first term in the right hand side of (36) goes to zero as n tends
to infinity , the arguments for the other terms being similar. Using (31) in Lemma 2 with
j=jeand j = jy+ 1, on the one hand and (31) in Lemma 2 with j = j,+ 1 and j = jpi1
on the other hand, we obtain, respectively

e — 5o — 2115; — Bojo—tm| <5, 5, + VMM, (e + 1550 — 1), (37)

Z+1_17m



and

Jer1 = Je = 2|15 = Bojeri—tm| S Wj, 405, + VMM (e + 15 o1 — 1)

ZJrl_lzm
Besides, we have
‘Bo,jg+171 m ﬁo,jgfl,m|

= |( ]£+1 1,m Bo»jéfl,m) - (ﬂj’l+l_1,m - /Bo,jg+1*1)|

< 185,11 — Boge—tm| 185, 1 = Bojerr—1.m|
] W3, 41,5 n \/W\Z?Ge + 1550 — 1)
~ e —de—2| |7e — je — 2|
4+ — wje+1ﬁe+1 + |\/m]\7{n(]€ + 155@—%—1 - 1)|
ljer1 — Je — 2| l7er1 — Je — 2|
wje-i-l,je + \/MMn(ie + 1570 — 1)|
= T men A .
6 |Jzz —Je—2]
I JZA+1JZ+1 VMM, (e + 13 o1 — 1)’
Sl o1 — je — 2|
Define the event £, , by
Ene= {\ﬁo,jml,m ~ Bogeim| < —2ethit 4 ]gjfjj“
6
\FM (Je+1 Je—l)‘
Je—je—2
\FM (Je + 15 ]e+1—1)’}
Jer1 — je—2 .

We observe that E,, , occurs with probability one. Therefore, we obtain
P[Ay N Bryr,e N DY)

. ~ A . A'rnin
< P|Ene " {Ge — Jo) > Ger = je) = =221

2

- IP[ m5n|ﬁo,j@+1fl,m - /BO,J'el»mq
=5 Y15 = 24
. Ajmin|80,je1~1,m = Boje—1,m]
+P {wjz-i-lﬁéﬂ = 24 }
p ¢mMMﬁ+hﬂ—1w
Je—Je—2
\50]‘[ —1,m — Boge—1,m| 5 me
> 3Je+1 s »Je ; {__2> ’I’L}
> y (e —de—2> =
P VM, (Go + 15 jor1 — 1)‘
Jew1 = Je—2

25

(38)

1B0,jer1—1,m — Boje—1,ml . , A
> m4 S ﬂ{]z+1—jz—22 7%““} .

= en,é,l + 011,8,2 + 0n,€,3 + 011,[,4
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We note 2A2
N mgnAB,rnin B,min
Onen < B[y, py 2 =20 < PJa], o2 T]

A2 _ .
Using (16) in Assumption 4, and (34) in Lemma 3 with £ = %W—FE [Nn ((”7’1, 1] )} ,

we get

né?

Ope1 < 2exp ( QE[NH((”%J])} N gg) -0,

as n — oco. Analogously,

N A] mmAB min Ag,mmAﬁ,mln

A2 A2 _ .
UsiEg (17) in Assumption 4, and (34) in Lemma 3, with £ = WwLE[Nn((%, 1)],
we have

n§2

Oneo < 2exp (— QE[NH((%J])} N gg) — 0,

as n — oo. Furthermore, using (33) in Lemma 3, we have

- A . me ABmin
0,05 < IPHM ( 1; —1)‘>#}
nt3 = n\Je+ 1590 S YW
2
< 2exp<— — , ff%_l . —|—logm>,
S (=) |
\ EnABmm

where ¢, = . By (16) in Assumption 4, we get that 6,3 — 0, as n — oo.
Similarly, using (33) in Lemma 3, we have

) . A Aj71’nir1AB,mi11
Onea < IPUMn(Jé + 1 je1 — 1)‘ > W}

52
2exp | — — ' n” 5 +logm |,
w5 (6 )] o

Aj,minAﬂ,min

where 6§, = TN By (17) in Assumption 4, we get that 6,4 — 0,as n — oo.

Consequently, we obtain IP[A,, ¢ N Bey1,0 N Dy(lm)]

D,V < P[D,"], and

IN

— 0 as n — oco. Now, we have P[4, ,N

P[D,V] = 366{1 Lo—l}Ijéﬁjf—l}mcrﬂ

Lo 1
= { max{lgqug—lzfqgjq1}26}005]
1

Lo—
= P{{max{l§q§L0—1:ijgjq_l}zﬁ}ﬂCg}.
/=1
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We note that on the event {max{1 < ¢ < Ly — 1;fq < jg—1} =}, it is clear to see that
Je < jo—1 and jg41 > jg forall g =¢,..., Lo — 1. Then, it follows that

Lo—1 Lo—1
PO < Y 27| () L < Ge1} 0 U > dad -
/=1 q>0
In addition, we note that

Lo—1

() {de < der} N g > G}

q=>t

Jo+ Jes1

. > ~ ~ ] + ]
C{je<gekn <{Je+1 > FU{je < %D

5 Jes1 + Jog2 . Je2 + Jet1
N ({Jz+2 > %} U {Jet2 < %})

A JLo—2 + JLo+1 A JLo—2 + JLo+1
(oo ({ngm > T2ty U gy, < T2ty

5 JLo—1+JL . JLo—1+JL
mcupwia;—%u@%<—ig—iw

A min A A'rnin
C {je—ge > =22 N <{Je+1 —je > =Y U {1 — Jesr > ]’2 })

A A
<{Je+2 — Jos1 > DY U (oo — Joyg > —n })

2
5 . A min . ~ A'min
oo ({0t a2 > YU g~ G > S0
~ . A i A
n <{'7L0 ~JLo-1 > ]mn} U {]Lo 1 _JL() 1> %})
Lo—2
= U ({]q ~Jq > ],mm} n {Jq—i—l - Jq ﬁ}) Y {]Lofl —JLo—1 > %}
Hence
Lo—2 Lo—2 A, A
PP <272 3 57 R[{0 =) > 500 i =3y > S50
(=1 q=¢ (39)

_ . N A i
+ 2% 2]P[{JLo—l — JLo—1 > %}]



28

Consider the first term of the sum in the right-hand side of (39). Using (37) and (38) with
{ = q, we obtain

. ~ A‘min ~ . A',min
)

(R 180,j0s1—1,m — B0,jo—1,m|
< .]11+17jq > sJg+1 ,m »Jq ) j|
- ]P|: Aj,ﬁmin - 4
W, 4 ) _ )
Jq+1,9q+1 |ﬁ0,]q+1—17m ﬁO,]q—17m‘:|
+ ]P|: Aj,min Z 4
6
P ‘\/FnMn(jq + 1554 — 1)‘
jq - jq -2
180,jg+1-1,m — Bo,jg—1,m| 2 Ajmin
s i M=oz =5
P VM (g + 15 jgr1 — 1)’
jq+1 - jq —2

180,j411—1,m — Bo,ju—1,m| A . Ajmin
2 4 ﬂ {]q-{-l - .7q 2 9 } .

= 9”7‘111 + 0”7‘172 + 9”)‘113 + 977‘1‘]74'

By (33)-(34) in Lemma 3, and (16)-(17) in Assumption 4, we show that fors =1,...,4, 6, 45 —
0, as n tending to infinity. Then

. ~ A j,min ~ . A j,min
el{ > 25} ) o > 2]
Let us now consider the last term in the right hand of (39). Using the observations (37)
and (38) with £ = Ly — 1 leads to

SO

W~ . . _ .
JrLo—1t1JLy— ‘50,3 -1m 5073 - —l,m’
<P Lo;gn L01Z Lo v Lo—1
6
Wipoy+1m _ |Bojrg—1m — Bojry—1—1m
+ ]P Aj,min 2 4
6
P VM (Gro—1 + 13 d0-1 — 1) ‘
jLofl - jLo*l -2
|507jL0*1,m - BO,jLO—lfl,m| . A Aj min
Z 4 m {]Lo*l — JLo—1 Z 9 }
P ’\/ﬁMn(jLo_l +1;m—1) ‘ _ NBosny—rm = Bojuy-1-1.m|
m — jLofl -2 o 4

= 0n1o—1,1 +0n10-12+0n1o-1,3 + On 1o—1,4-

By (33)-(34) in Lemma 3, and (16)-(17) in Assumption 4, we show that for s = 1,...,4,
we obtain 0, r,—1, — 0, as n — oo. Then

]PHJLo—1 — JLo—1 > %} ﬂ {m — JLo—1 > %H — 0.
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This implies that P[D,()] — 0, as n — oco. Similarly, we prove that P[D,] — 0, as
n — oo which yields that P[A,, N Ctl = 0, as n — oo. This concludes the proof of
Theorem 3, up to the case {jz > j¢} for a fixed £ € {1,...,Ly — 1} which is given in
Appendix B.

9 Proof of Theorem 4

This proof is based on the same arguments in the proof of Theorem 3. Let 75" =

J1 JLO 1

prr R } be the set of the true approximate change-points. First, we note that

Ip[g(ﬂm) > en} < P[g(fprpf“) > en} + P[e(froappm’()ym) > el

Obviously, since me,, > 6, we have IP[ (ToPP" )| 7o) > en} = 0. It is clear to remark that

the inequality L < m holds true. In order to prove that
P [{5(’?\|T(]appr°") > 5n} N {ﬁ > Lo — 1}] =0,
as n — oo, it is enough to prove that
P Hs(’fHTOappm") > sn} N {LO 1<i< mH =0,

as n — co. We have that

[{ (TITEPP) > &, }ﬂ{L 1<i H
< P|{e(T|TE0o) >sn} '

e (i) eUETIT™™ > o} (201
<P{eTIT™) > e} (V{1icre 1 }] + 3 P[E(TIT5™™) > 2]
1 N{

L=Lg
<P > e}V {T12ry 1} (40)
m Lo—1 ~ .
+3Y Y P[vqe{l,...,L},\%—%ban}
L=Lgy ¢=1

The first term of the right-hand side of (40) tends to zero as n tends to infinity since it
is upper bounded by P [maxlgszo—l \j’g — Jo| > msn} which tends to zero by the proof
of Theorem 3. Let us now focus on the second term on the right-hand side of (40). Note
that

m Lo—1 m Lo—1

>N P[vl <q <L, |jg—jel > msn} =Y Y P[Rue1] +P[Ruga] + P[Roys),
L=Lo =1 L=Lo (=1
where
Rue1i={V1<q<L: [j;—jel > men and jo < je}

Ry i={¥1<q< L |jy—jel > mey and j, > je |

Rugsi={31<q< L=1: {lj; = jol > men}, {ligrr = jel > men}, and {jy < je < jora}}-
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Note that
P[Rp1] = ]P[Rn,e,l N {§L > jz—l}] + P [Rn,é,l N {jL < jé—l}}-

By applying (31) in Lemma 2 with j = j, and with j = jr+1 in the case where jz > j,_1,
it follows that, with probability one,

|G = 1= 2) ((Bos-1n = Bogess -1.m)
+ (Bogeri—tm = B3, 1)
+VmMa(jr + 15 e — 1)‘ <S5, 1,
Thus
P[Ruen 0 {1 > je 1}

W L R .
S ]P |:{ mJEL'f'i]; Z ’/BO»JZ-H 17m3 /807.7[ 17m’ } N {]L > jfl}:|
n

~ |607jz+1—17m - /807jl_17m’
P [{!ﬁ;m_l,m — Bojestml > - !

P [{‘Mn(?L +A.1;J£ —-1) ‘ > 10,je41~1.m — Bojy—1,m| } A {Ije S mgn}}
je—Jr —2 3ym

=P [Rff},l] +P |:R7(7,2%1:| + P [RS)ZJ

2A2 . _ .
Using (16) in Assumption 4, and (33)-(34) in Lemma 3 with £ = mggz"lﬁ—l-ﬂﬂ [Na((252,1))],
we prove that 7" ;- ZeLzofl P [RS% 1] = 0, asn — co. Let us now consider to IP [Rg% o] -

Using (31) in Lemma 2 with j = j, + 1 and with j = jy11, we get
(Je+1 = de = 2)85, \ 1m = Bogesi—tm| < Wjpr1oyy + |VmMu(ie + 1 jorn — 1)].

Therefore, we may upper bound P [sz 2] as follows:

1B0,j0s1—1,m — 50,jg1,m|:|

P [wﬁﬂl,m o 1807je+171,m| > 3

. . . 180,jps1—1,m — Bojo—1,m|
=P {wﬂ'eﬂ,jm > (Jeyr — jo — 2)—2H—=0 e

6
P U Mn(jz gt = 1)) Bogeri—1m = /Bovje—lqu.
Jet1 — Je—2 6/m
By using Lemma 2, and (16)-(17) in Assumption 4, we conclude that 37" ; > 521—1 P (RSZ ) =

0, asn — oo. Analogously, it can be shown that ZTL”:LO Zfzofl P [Rn,f,l N {jL < jg_l}] —

0, asn — oo. Moreover, we prove, similarly, that ZT:LO ZZLZOI_I P [ng,g] — 0, asn — oco.
Let us now focus on y 7" Lo > 521—1 P [ng,g] . Note that IP [ng,g] can be split in four terms
as follows: 0 - . W
1 2 3 4
P [Rn=£73] =P [Rn,Z,B] + P [Rn,é,3] + P [Rn,Z,B] + P [Rn,é,?)] ’
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where
RS},Z’) = B3N {Jf 1 < g < g1 < JEH}
Rff},g = Rpe3n {]é 1 < Jq < ]Z+1,]q+1 > Jz+1}
RS},S = né3ﬂ{ o < Je-t1,Je-1 < Jgm <je+1}
Rif%,s = Rypyg3n { Jg < Je—1,Jer1 < ]q+1}

We have to use Lemma 2 twice. For P [R( %3] we first use (31) in Lemma 2 with j = jp

and j = ]q + 1, respectively, which gives with probability one

‘(]Z_jq_Q) (/307j[717m_/6.7q+1 lm) +\/7M (]q+1 jé— 1)‘ jq+1,]g (41)
Thus,

5'q+1,je ‘\ﬁM Jq"‘l’jé—l)‘.
jo = Jg =2 Je—3Jq—2
Second, we use (31) in Lemma 2 with j = j, + 1 and j = _]q+1, respectively, to get with
probability one

’(5q+1 = Je = 2){ (Bojess—1m — quﬂ_lm)} +v/mM, (je + 15 g1 — 1)‘ S W5

3Jg+1 :

|Bo,je—1.m — qu+1 L] <

Hence

je+175q+1 ‘ \/>M ]Z + 1'}q+1 1) |

‘/Bo,jg+1—l,m - B]q+1 1 m’

]q+1 —Jo— ]q-l—l —Je—
Define the event
0 W5, +1.je Vi Gy + 15 e = 1)
QnES ‘BOJZH*LM BO,M 1 m‘ S ‘ ‘
|J€_Jq_2| ]é—Jq
wjz+1,3'q+1 i VmM, (je + 1§jq+1 —1) ‘
‘qurl — je — 2| Jg+1 — Jo — 2
M, (g + 1550 — 1
C {‘ﬁﬂ,jgﬂl,m _ BO,jkfl,m} Jq-&-LJe ‘ \/> ]q — 2]( ) ‘

+

Jz+17jq+1 ‘\/>M Je+ 1'5q+1 -1) ’}
-9 :

We observe that the event Q 1.3 occurs with probability one, so

PR}, = [R“ 5NQY]

IN

]P[ W3, 41,4, < \50,j5+11,m—50,je1,m|}
me, —2 4

[YhetLiger o | B0.jesr—1,m — 507jz—17m‘}

L me, —2 4

P ‘\ﬁM Jg+ L0 — 1)‘ - |B0.de1—1.m — 507j817m’}
) = 4

‘\/7M ]f + 1JQ+1 - 1)‘ > }IBO,j[+1—1,m
_ 2 -

+P

- BO,jg—l,m‘]

P
+ 4
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Using Lemmas 2 and 3, and (16)-(17) from Assumption 4, each term of the last inequality
goes to zero, as n — oo. For IP[RS% 3], we apply Lemma 2 with j = j, and j = Jg+1to
obtain (41) and then with j = j, + 1 and j = jy41 to get

‘(jf+1 —Je— 2){(60,je+1—1,m - ’Bj'qﬂ—l,m)} + mMn(ﬂ + 1 Jer1 — 1)‘ < Wit jesr -

It follows that event Q 1.3 occurs with probability one, where

2 _ W3 +1,0 \fM (Jg + 1'j£ —1)
Qn,£,3 - }Bo»j@rl*l,m ﬂO,j[ 1 m’ =
|J€_Jq_2| ]E—]q
Wiy 41,544 N VM, (e + 1; o1 — 1)‘
|jé+1 —Je— 2| Je+1 — Jo — 2

VM, ( ]q+1'jg—1)‘

J +17]
- {}50,je+11,m — Boji—1,m| < - ‘ —

_|_

wu+171e+1 ‘\/>M (e + 15 Jgt1 — 1)‘
Ag min — A_] min — 2
Then

PRY),] = P[R%ﬂ@fi%,g]

IP[ Wi+1,5, > ‘/807j4+1—17m_507jz—1,m‘]

IN

me, —2 4
+P‘wje+1,je+1 > 180,51 —1,m — 50,je—1,m\}
A] min — 2 4
+p ‘\fM Jo+ 14— 1) ’ < |B0.dep1—1m — ﬂo,je—Lm\]
) = 4
P ‘\fM (Jf + 15 jgp1 — 1) ’ - |B0.js1—1m — 50,je—1,m|}
A] min — 2 o 4 .

Using Lemmas 2 and 3, (16)-(17) in Assumption 4, each term of the last inequality tends
to zero as n — +oo. For IP[RS’Z 4], we first use Lemma 2 with j = j,_; + 1 and j = j; to

get
’(je —je—1 = 2) (Bojo—1,m — B;qﬂ,l,m) + VmMy(je—1 + 15 jo — 1)‘ < Wy y+1,5,-

And then with j =j,+ 1 and j = 5q+1, to obtain

(Gg1 — d¢ = 2) (Bojosr—1,m — 53%1_177”) + VMM, (jo + 1; g1 — 1)‘ S0

sJg+1 :
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Hence the event Qflgz, 3 occurs with probability one, where

0D, = L 1Bosersrom — Bogptm] < Wig_1+1,5o VMM (je—1 + 150 — 1)‘
b3 Jemem Jembm] = lje — je—1 — 2| Joe—Je—1—2

Wiy i1 g N VM (jo + 15 g1 — 1) ‘
|Jg+1 — Je — 2| Jg+1 — Je — 2

1y M Je—1 +1; ]g —1
- {‘/807jl+1—1,m - Bovjk—Lm‘ A](Z 1+1,7¢ ‘ \/> ( ) ‘

J,min — A] min — 2
Je+1Jq+1 ‘ fM JE + 1'jq+1 - 1) ‘}

* n— 2

3 3 3
PRY),] = PRY,nQ%,

P[wje—l-l-l,jz S | B0.jess—1m — B[ljz—l,mw
Aj,min -2 4

p -wﬂ+1,jq+1 - 1B0.jes1—1m — 50,]‘;3—1,771‘}
L -2 — 4
‘\FM n(je—1+ 1550 — 1) ‘ > ‘/Bo,jg_;,_l—l,m _/BO,jg—l,m‘:|
A] min — 2 B 4

‘\/7M ]f + 1]q+1 B 1 ‘ > }IBO,j[+1—1,m
— 92 -

IN

+P

+P

- BO,jg—l,m‘]
1 .

By Lemmas 2 and 3, and (16)-(17) in Assumption 4, it implies that each term of the last

inequality tends to zero as n — +o0.. Finally, for IP[RﬁL% 5], we first use Lemma 2 with
J =Jje—1+ 1 and 57 = j, to obtain

‘(je — jo—1 = 2){(Bojo—1,m — 35q+1_1’m)} + vVmMy(je—1 + 1; jo — 1)‘ < Wiy 41,5,

Second, we use Lemma 2 with j = j, + 1 and j = jy41 to obtain
’(jé—i—l —je—2) (Bojey1—1m — ﬁ;qﬂ_l,m) + VmMy (e + 1; o1 — 1)’ < Wjp+1,Gog -

It follows that the event Q 1.3 occurs with probability one, where

on . — 1Boujess—tm — Bojo—tom| < W,y +1,, VM (-1 + 15 jo — 1)‘
- B —1l,m ) mi| = . .
n,,3 Je+1 Je— |jg _ ]Z | — 2| G — o1 — 9

Wjyp+1,5y 11 N VMM, (e + 15 g1 — 1) ‘
lde+1 — e — 2| Jo+1 — Je — 2
(O 1+1,u \FM (Je— 1+1jé—1)‘

jmln_ ]mm—2

wml,ml ‘\ﬁM n(Je+ 15041 — 1)‘
Ag min — A] min — 2

C {‘ﬁo,jg+1—1,m - Bﬂajk_lvm| A

_l’_



Then
(4) _ (4) (4)
IP[RTL,EB] - P[Rn, 3 N Qn,é,fﬂ]
< P Wy, 441,50 > 180,41 —1.m — Boge—1,m]
Aj,min -2 4
P Wjp+1,5o14 > 180.de1—1.m — Boje—1,m]
_Aj,min -2 4
VM (G-t + 1350 = 1) | - Bogesr—1m — Boje—1.m|
+P >
i Aj,min -2 4
VM, (e + 1 joerr — 1) | |Bosjers—1m — Bojo—1,m]
4P >
i Aj,min -2 4
— 0.

as n — oo. This concludes the proof of Theorem 4.

Appendix A
Here we prove Proposition 1 and Lemmas 1, 2 and 3

A.1 Proof of Proposition 1
Fix j € {1,...,m}. We have

1 1
Vi =n(Uj) = /0 ]l(

n

. JIR
¥ = n[;] = nz/o Loty (8)ANi(s).
=1

L] (s)Ao(s)d(s),

i—
m

Classical Bernstein deviation inequality applied to Uj, see [34], yields that

m

2 1 (!
1>/ Z = i < 0| <2e7
e 29z—|—3n,n/0 Loy () hols)d(s) < 6] < 2

for all > 0, and z > 0. It follows that

20~ z
I>4 /L 2 V<] <27,
P(Uj] >/ ~ +3n,v]_e}_ze

By choosing 8 = co(z + 1)/n, this gives

1 1 1
P05 > (Voo +3) =,V < D] < 9o,

For any 0 < n < 6 < 0o, we have

{11 = 297’7vjz+?;}ﬂ{n<v3g9}c{|zjj|z\/227+3n

34

(A.3)
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Together with (A.2), we obtain

20V;
L p<vi<o] <20 (A.4)
nn 3n

]P[!Uj! >

Now we want to replace V; by the observable f/j in the deviation (A.2). Define (7} by

Uy = V=V
1< [t
_ n2/0 it ) ()AM(s).

Now writing again (A.4) and using the same argument as before, we arrive at

~ 20V z z
]P[ | > J = ~<0}<2*Z. A.
0312 |5 4 < vy < 6] <2 (4.5)
But, if V; satisfies
nn 3n
then it satisfies
v <ot ol hyZ2
J = J n 3 n’
and
- 1 0.0 1 AW
Vi<av+2(3 42 /-G +3) +20 )2,
<2Vj+2(5+ 77(77+3)+ )

simply using the fact that A < b+ v aA entails A < a+2b for any a, A,b > 0. This proves

that
{15252 2y {2 2
0s . 1 R o . (A.6)
ol G5

So, using (A.4) and (A.5), we obtain

0z - 1 0.6 1.\=z
IP[U» > 9,/ 22V (f 202 (% 4 - )—, <V-<9} < de™*.
U;j| > nj+ 3+ 77(774‘3)“77 7 < 0| < de
The inequality is similar to (A.4), where we replaced V; by the observable f/'j It remains
to remove the event {n < V; < 0} from this inequality. First, recall that (A.3) holds, so
we can work on the event {V} > co(z+1)/ n} from now on. We use a peeling argument.

Define, for ¢ > 0:
(z+1)

0, = co (1+2)",

and use the following decomposition into disjoint sets:

{Vi> 60} = J {0, <Vj <b,11}.
q>0
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We have

IP[\UJ-\ > 61,5W+0275;,0q <V < qu} < de 7
where

cle=2V1+e and coo=24/(1 _;_5)(% +e)+ é
Let

hj = ¢y loglog (‘0/(]) \% e).

On the event

{|ﬁﬂ < \/2(1 +5)‘2—(z+hj) N (z ;nhj)}

we have .
3

8ch log log (E \% e),

N 4 z
Vj§2Vj+2(§+€)ﬁ+2 7
0

n

which entails, assuming that eco > 2((1+¢) + 3)ca,
eco(z+1)

~eco(z+1)—2(3 + o)

where we used the fact that loglog z < z/e — 1 for any z > e. This entails, together with
(A.6), the following embedding:

{|Uj|§\/2(1+5)(2+hj)vj+Z+hj}m{|ﬁj|§\/2(1+8)(2+h]‘)‘/}'+(z+h]~)}

(25 + 2(% + e)%),

n 3n n 3n
Z+4 hpsjo 2+ b
c {|ij > cp.f /Mvj I CZEM}’
n n
where

Qenf/j +2e(3 +¢)z )
eco(z+1) —2(3 +¢)en '
Now, using the previous embeddings together with (A.4) and (A.5) we obtain

+ P v + Pz
P[] 2 cyo| Sy oy 2 v ]

2(14+e)Vi(z + h; z+ h;
<[z AN 2y ]
q>0

izmz’j = ¢y, loglog (

~ 21 +¢e)Vi(z + h; z+ h;
S0z AN 2l g
q>0

< 4(6—2 + Ze*(ZJFCh loglog(;%)))
g>1

=4(1+ (log(1+¢)) ™ Zq_ch)e_z.

g=1
Then with (A.3), it implies that

P j 1+ hnoj _
IP[IUJ'I > e H%V] +c3,52++#”’”} < (6+4(log(1+¢e)) ™" g)e,
q>1

where c3 . = \/2 max (007 2(1+ 5)(% + 5)) + % -
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A.2 Proof of Lemma 1

Using the fact that the functions {\;,, : j =1,...,m} form a basis of A,,, and under
Assumption 1, one can give the explicit form of Ag,, as following

m Lo m
Ao,m = m Z Z Bo,elJe NV Ljm| 1y, = Z Bo,jmAjm; (A.7)
=1 (=1 =1

here |A| is the Lebesgue measure of the set A and Sy jm = N 1jm|. We
remark that the intervals Jy do not share the same boundaries as the smaller intervals
Ijm. Setting the sequence (¢;);—o.. m be the sequence defining by:

ly =1, andgj:max{ﬁzl,...,Lo:Jgﬂlj,m?é@}, forj=1,...,m

Using the sequence (Zj)j:(],_,,7m, one has the expression of the functions A\g and Ao, as
follows:

m &
=> Z Bo,eL1,01;

J=1le=e;_
and
m Z m m Zj
Ao,m = Z Z Bo.elJe N Ljm Ly, = Zao,j,m]lfj,m = Z 0,j,m Z Lyt ms
Jj=1 ZZ Jj=1 j=1 K:Zj,l

where ag jm = mzﬁi@,l j,m|- From the fact that {]ljém]j,m :j=1,...,mand £ =

. ,LO} is an orthogonal basis of A,, (with respect to the L2-norm), we obtain

m 4 & 2
Ao = Ao I® = Z (ﬁo,é —m Z Bo.elJe N Ij,m\ﬁJij,m
Jj=1 €:7j71 Z’Zijl
m 4 2 5
=Y (Boe=m >= BolJe N Ll ) 120 Ll
j=1 ZZZJ‘,1 E,:[j—l
m ¢ 2
=Y g 50 D (505 -m Z Boer|Jer N Ijm|) |Je O 1
Jj=1 fifj,1 0= €],1
m 5 2
<Y gz s Y, G—Ga+ 1),, max (50,4 - 50,6/) | e 0 L
Jj=1 €=Zj,1 ' IR
m _ 2
<D Mg sl — o+ 1) o™ 5y (ﬁo,z - 5&6/) | Zj,m]
j:1 5 J—155%g
2
- 2(Lo— 1A mas.

m

This proves Lemma 1. ([l
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A.3 Proof of Lemma 2

To prove Lemma 2, we invoke subdifferential calculus, see [5]. We first write our objective
functional as

m
B() = 5 D (N; = (Tu)y)* + 3 g
J=1 Jj=1
So a necessary and sufficient condition for a vector i in R to minimize the function @ is
that the zero vector in R™ belongs to the sub-differential of ®(u) at the point fi, that is,

the following optimality condition holds:

(TT(N- Tﬂ))]

(OF Slgn(:“’j m) if ﬂj,m 7& 07
‘(TT (N—-Th ) ’ < w;sign(fijm), if fijm = 0.

forall j=1,...,m

Using that (T'N),; = > gei Ng and that (TTB); = P Bams since T is a m x m lower
triangular matrix having all its nonzero elements equal to one. Now, for ¢ = 1,...,m, we
observe that

N, = Vm Xo(t)dt + v/mM,(Iym)

I‘L’m

=vm [ (Qo(t) = Aom(t))dt +vm Ao;mdt + v/mMy(Igm)

](177” Iq,m

Lo m
i [ (3 Borts =iy By, )i
Iqm ~ g=1 j=1

+ \/EZ Bo,j,m / 1y, () dt + vmMy,(Im)
=

q,m

= /Bovqam + \/EMn(I(Lm)’

and we get the desired result.

A.4 Proof of Lemma 3

For the first statement, we have by definition,

[ a:8)| = | S 8Ty )|

q=a

B [t

1=1 g=a

:n;/ol

Moreover, using Bernstein’s inequality, it follows that, for any 2z, a > 0,

12/ ot OV 2 =,
EZ:/ S u (M (8)) < ]<2eXp{ Mjgpz}

Ml-(t)‘.

3\)—‘
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where p is a upper bound of H%l(aq |l - Here we can choose p = % and

m

‘ oo

b
m - -1 b
a:nl/ )\o(t)dt:nflE[Nn((a ,—])]
a=1 m m
Hence, we obtain the first statement. For the second one, recall that for any a = 2,...,m
we have
. m(w + log’m + hn,z,a)va V m(x +1+ logm + iLTL@:a)
Wy = C1 o + 2 i .

Since each term of w, is positive and taking in account the dominant one, we have

{wg > mlo#(g _/]1 /\O(t)dt>} C {ffa > ¢ — /11(%111] )\g(t)dt},

for all £ > 0. By the Doob-Meyer decomposition theorem, we get

fur = (e [ ) e () > )

(45t

n

m

Finally, by applying the first statement, see (33), to M,(a;1), we concludes the proof of
Lemma 3. O

Appendix B

Here we prove the second case of the proof of Theorem 3 which is quite similar to the first
one with a careful choice of the bounded terms in the approximate change-points sequence
while applying the KKT optimality conditions. As me, > 6 for all n > 1, it yields that
the event {j@ +2< 3@} a.s.

B.1 Step II.1. Prove: P[4,,NC,] — 0, as n — oc.
Applying (31) in Lemma 2 with j = j, 4+ 1 and j = j,, we get

m m
—wj, < E Ny — E :5q,m < Wjp+1,
q=je+1 q=Jje

and

It follows that
Je—1 - je—1 .
S Bogan + VI (lym) = 32 Buan| < 05,115,
q=jet+1 q=je+1

The property of the vector 3 in Lemma 2 yields that

‘(]K - jﬂ - 2)(ﬂO,jg+171,m - Bﬁfl,m) + \/EMn(]é + 1;j€ - 1)‘ < wjeJrl’}'é'
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Therefore, on C,, N {54 > jo+ 2} we have

~

(e = e = 2)Boje—1,m — 55, _1.m)
+ VmM, (e + 130 — 1)
+ (54 —Je— 2)(ﬁ07jz+1—17m — Boje-1.m)| < ﬁ)je+1,3e'

Define the event

~

ot = {‘(je = Je = 2)(Bojo—1,m — B5,_1.m)
+ VmM,(je + 13 e — 1)
+ (e = 3¢ = 2)(Bo jeyr—1am — ﬁo,jwl,m)‘ < ﬁ’jm,jé}-

It follows that C! , occurs with probability one. We observe that, me, > 6 for all n,
entails that ™5 — 2 > "e». Then

A . me ~ . me ~ . me
{17e = je| > Tn} C{lje—je—21>—==-2yc{lge—je—2| > 6"}-
Therefore
P[An’gﬂcn]

=P [{‘(jz —Je— 2)(5073'2*17711 - Bﬂ—l,m) + \/TTLMn(]K + 1;55 — 1)
+ (56 - ]f - 2)(/80,j4+1—1,m - 507j£—17m)) S wjrl‘l,;z}

N AN CrpN{Je> o+ 2}}

W. 4 —_— — - A
< IPH Jet1,7¢ > ‘607]£+1 1,m ﬁO,Je 17m| } N {]6 > o+ 2}]

men -
== 3

5 B0,jer1—1,m — 50,51,
+ P[{’ﬁj‘e—lvm — Boje—1,m| > Bo.s m3 szt } N Cn:|
N ]P[ VM (e je = 1) | o 1B0gess—1m = /807J'el,m|}
Je—Je—2 B 3
= P[A], 1] + P[A], ;o] + P[A], ;5]
We have
’ [ . mEnAﬁ,min
]P[An,fJ] < P _wjg—‘rl,jg = 18 i|
M. me Aﬁ,min
< Pl > T
2.2 A2
o [ .9 m 6nAB,min
= Plof 2 —]
2A2 . _ .
By (16) in Assumption 4, and (34) in Lemma 3 with £ = %Ogﬂ;;“" + E[Nn((%, 1])], it

follows that

né&?

it < 2o~ )
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as n — oo. Now, we remark that

Jey1—2

- - MERAB mi - MERAB mi
ro M .'._1‘> n B,mln} {‘M . ‘> n ,B,mln}
nt3 C {‘ n(eje—1)| = “isym S C U (e q)| = 8 m
q=je+2
Let ¢}, := %. Hence, by (33) in Lemma 3 we get
Jey1—2 mp,g
e S (=Y
g=je+2 (( m ’am T 3%n

2E[Nn
. . ( ng'> )
< 2(jey1 —Je—3)exp | — —
2o (152, 257]) + 3
2
< 2exp<— — , n?/” +logm>.
T R (=)

By (16) in Assumption 4, we get ]P[A;%m} tends to zero as n tends to infinity. Let us now

address P[A] ,,]. Using (31) in Lemma 2 with j = j, and with j = [%L and using
the triangle inequality, it follows that

Je—1 Je—1

‘ 5 Nq - § /Bq,m‘ < w|—jg+jg_1-‘ ..
Je+tie—1 Je+tie—1 2 I
4 — _

g=[——%—1 q=["—%—1

On the event C,, N {5’4 > je}, we get

Je — Ji—1 A v
T(ﬂo,jg—l,m = B3, 1) T VMM ([

This implies

Je—Je-1, 4 . -
‘ Hﬁje—l m BO,jz—l,m‘ < w(jé"'jZ—l-' j + ‘ \Y mMn([
’ P} sJe

Je+ Je—1

5 1556 — 1)‘ < w(jﬁgm]’jg-

Je+Jo—14 .
7%%—1)‘-

2 2
Therefore, we may upper bound IP[A;%&Q] as follows
P[A;, 4]
. 180,504 1—1,m — Bojo—1,m| A
= IP[{mf'efl,m — Bojo—1,m| = —HH m3 S } NCrn N {je > ]e}}
Je—Je—1 5
= P [{IZ= 18,1 — Boerm
> ’jz — Je—1 | 180,je1—1,m — Bo,je—1,ml } " Cn}
2 3
. — e + Jo— .
< ]P[{w S By/ry v A A L Py 1)‘
|— 2 -|:.]Z 2
> ’jz — Je—1 | 180,je1—1,m = Bo,jo—1,ml } A Cn}
2 3
. o ABogea—1,m — Boji—1,m]
< P[w[m;zflw{ > (jo — jo—1)—2H m6 L }
P H\/EMn(F” +2‘M_11;je B 1)‘ > BO,jg+1—1,m6_ /BO,jg—l,m‘:|
N AjminA i v j( + jﬁ—l . A minAﬁ min
< ]P[ . . > J,m1n ﬁvmlni| ]P H , _ 1 ‘ > Js ’ :|
=5Vt = 12 + [T hae—1)| 2 12:/m

! 1 / 2
=y Z,Q( ) + an,Z,Q( )

B
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We observe that

A2 in8 mi A2 AZ
1 ~2 7,min— 3, min ~2 J,min =3, min
hea) SOy, 2 S| <Pl 2 ]

nA?2 A2

By (17) in Assumption 4, (34) in Lemma 3 with { = #{)éﬂ:‘m + IE[NA(%, 1])], it
follows that

ng?
o < 2ep | - — 0,
2 [N, (25271 | + 3¢
as n — 0o. By (33) in Lemma 3 with z = Aj"‘l‘;“ij%"““ and (17) in Assumption 4, we obtain

n22

2
a;l,f,Q() < 26Xp(— - LT T ) —
2B [N, (5= 1) + 22

i

as n — oo. Therefore, we conclude that P[A] ,,] = 0, asn — oc.
B.2 Step I1.2. Prove: P[A,,NCt =0, asn — oc.
As in Case I from 8.1, we split P[A,, o N CF] into
P[A,, N CE) = P[A, N DY) + P[4, .1 D{™] + P[A,, N D).
Let us first focus on P[4, , N ng)]. Note that

P[Ane N D™ N {G > jo}] < P[Ane N Beyr e N DM

Lo—2 B.1
+ Z P[Cyy N Byy1; N DY) B0
1=0+1

Let us now prove that the first term in the right hand side of (B.1) goes to zero as n tends
to infinity. Using (31) in Lemma 2 with j = [W] and j = jyi1, on the first hand
and (31) in Lemma 2 with j = jy,11 + 1 and with j = jy1o on the other hand, we obtain,
respectively
Je+1 = Jey 4 .
= B —rim = Boge—tml < Wi

7jé+1 j +] (B_2)
- 1+ Jeq
+ |VmMn([+T—|§]€+l - 1),

and

|lJer2 — Jet1 — 2‘|Bﬁ+171,m — B0.jera—1m| < Wjp 141010

2 | (B.3)
+ WmMy (jeg1 + 15 oo — 1))
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In addition, we have

180,5012—1,m = Bojea—1,ml

=1085,,,—1,m = Boger—1m) = (B3, _1.m — Bojesa—1,m)]

<1851 —1.m = Boderi—1ml T 165, _1.m = Boera—1.ml

N

Wpteertiey 5, 0 /mMy (1255945 g — 1)
|je+1—je | |jé+1_jl|
2 z
wje+1+1,jz+2 |\/mMn(j£+1 + 159040 — 1)’
Jera — Jes1 — 2| [Jera — Jes1 — 2|
N ' B —— .
< Qw[WLjeH X QWMnUW%]Z-H —1)]
o Aj,min Aj,min
+ wje+1+1»je+2 + ‘\/mMn(jf-H + 1§j€+2 - 1)|
| Ajmin — 2| | Ajmin — 2|
Define the event E! , by
20 _; ; A
E = ) _ . < (]Héﬂe]:j@rl 6wje+1+17je+2
n,l — ’1807.7€+2_1=m 50,34+1—1,m| — A A
j,min J,min
| VT[] o — 1)
Aj,min
+mwmmmﬂ+nnw—m}
A] min .

E! , occurs with probability one. Therefore, we obtain

P[An’g N Bg_;,_Lg N D,(lm)]
< ]P[Amg N Bg_i_l,g N Dnm) N E;%f]

<Pl . AjminlB0,jya—1,m — /807je+1—1,m|}
= L e = 8
" 180,5e1a—1,m — B0je1—1,ml
+P _wj£+1+17je+2 > 24 }

. . 4
+IP ’Mn([]4+12 Je

Jodiess = 1)] 2 Ay 032t~ Do ]
) = /J,min

8/m
180,j0s0—1,m — 5o,jz+1—1,m\]

24\/m

+ P || M (jes1 + 15 ez — 1) > Ajmin
=001+ 0o+ O ps+ O s
By (33)-(34) in Lemma 3, and (16)-(17) in Assumption 4, we show that for s = 1,...,4,6/

'y Yn,ls
0, P[An,gmBg_Fl’ng?(lm)] — 0, as n — oo. Recall that in Case I from Section 8.1, we proved
P[A, N D,gl)] — 0, as n — oo and in a similar way P[A,, ;N Dg)] — 0, as n — oo. This

concludes the proof of Theorem 3. O
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