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1 Introduction 

More than 40 years ago, Direct Numerical Simu-

lation started with the pioneering work of Orszag 

(1971). This powerful workbench to study turbu-

lence tempts more and more people as the computa-

tional power available increases. Only few DNS 

dealt with conjugate heat transfer issues. To the au-

thors’ knowledge, Tiselj et al. (2001a) were among 

the first to investigate this more realistic situation in 

a channel flow using pseudo-spectral methods. 

Kang et al. (2009) performed Quasi-DNS with con-

jugate heat transfer of a heated cylinder in a channel 

using immersed boundaries and a fully implicit LES 

solver based on unstructured collocated mesh using 

finite volume approach. 

Conjugate heat transfer simulations are needed 

in industrial applications where fluctuating thermal 

stresses are a concern, in case of a severe emergen-

cy cooling or long ageing materials. High Reynolds 

RANS and LES simulations rely on wall-modeling 

as the viscous sub-layer is not resolved. DNS is a 

valuable tool for understanding the flow physics of 

such complex phenomena and to provide fine data 

in order to improve RANS and LES approaches. 

The present work provides budgets of turbulent 

heat fluxes and temperature variance for a channel 

flow with different thermal boundary conditions: an 

imposed temperature, an imposed heat flux and with 

conjugate heat transfer combined with an imposed 

heat flux at the outer wall. 

2 Numerical approach 

Present simulations are based on the open-

source software Incompact3d developed at Univer-

sité de Poitiers and Imperial College London 

(http://code.google.com/p/incompact3d/) by Laizet 

et al. (2009, 2011). Sixth-order compact finite dif-

ference schemes are used on a Cartesian grid. The 

pressure is computed on a staggered grid using a 

spectral approach while velocity’s components and 

temperature are collocated. 

The incompressible Navier-Stokes and energy 

equations of a fluid with constant properties (1) and 

(2) are solved using a projection method (eqs (3) 

and (4)). The convective term in the momentum eq-

uation is computed using the skew-symmetric form. 
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The convective and the wall-parallel viscous 

terms are integrated through a 2
nd

 order Adams-

Bashforth time advancing scheme and the wall-

normal viscous term through a Crank-Nicolson one. 

The numerical approach is exactly the same for the 

fluid temperature. While performing conjugate heat 

transfer, the diffusion equation for the temperature 

in the solid is given by eq. (5):  
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The thermal diffusivity ratio G is set to unity for 

the present computations. The solid domain is on 

top (
yLy  ) and on the bottom ( 0y ) of the fluid 

domain. The thermal solver for the solid domain 

uses finite differences for the wall-parallel diffusion 

and a spectral method for the wall-normal one. 

Time-advancement is similar to the flow except for 

the wall-normal diffusion that is fully implicit. 

The thermal coupling between both solvers is 

performed as follow. First, the fluid temperature is 

http://code.google.com/p/incompact3d/


 

 

subjected to a Dirichlet boundary condition: 

  2/1 n

s

nn TTT  . Then, the solid temperature is 

subjected to a Neumann boundary condition: 
11   n

n

n

sn TT  . The ratio of thermal conductivi-

ties   is set to unity for the present computations. 

Tthe coupling strategy is first order in time: the re-

sulting temperature field is slightly discontinuous at 

the interface while the heat flux is continuous 

through the Neumann boundary condition. 

The set of coefficients used in the fluid domain 

with compact finite difference schemes for the col-

located derivatives ( 1

c , 2

c ), the staggered deriva-

tion ( 1

s ) and the staggered interpolation (
sI ) are 

recalled table 1. Only approximated values are giv-

en here for 2

c  (Lamballais et al. (2011) 

with ²4²'' xkc
). 

In the solid domain, the finite difference scheme 

is the only 6
th

 order non-compact centered scheme 

with a stencil of 7 points. 

3 Configuration, Results 

A channel flow with a Reynolds number (based 

on the bulk velocity and the channel half-height) of 

2280 is simulated with a Prandtl number of 0.71. 

The reference simulations are from Kasagi et al. 

(1992) which uses a Dirichlet boundary condition 

for the temperature and from Tiselj et al. (2001a) 

which uses a Neumann boundary condition for the 

temperature. Table 2 gives a comparison for the 

main parameters between our simulation and Kasagi 

et al. (1992).  

The flow rate is imposed with a source term in 

the momentum equation. The source term in the 

energy equation is similar to the one used by Kasagi 

et al. (1992) and balances the overall heat input at 

the walls. The simulation with a temperature im-

posed at the boundary is called isothermal. The one 

with a heat flux imposed is called isoflux. For the 

case with conjugate heat transfer, the solid domain 

size is [12.8; 1; 4.26], located on top and bottom of 

the fluid domain, as sketched figure 1. The external 

faces of the solid domain are subjected to a constant 

heat flux, equal to the one imposed in the isoflux 

case. 

As shown figures 2 and 3, the present compact 

finite-difference simulation compares well with the 

pseudo-spectral results of Kasagi et al. (1992), even 

for high order statistics such as the budgets of the 

turbulent heat fluxes. 

In figure 4, turbulent heat fluxes and the tem-

perature variance for the isoflux case are in perfect 

agreement with the results of Tiselj et al. (2001a). 

 Budgets for the isoflux case are available for a 

flume configuration (Tiselj et al. (2001b)) and for a 

concentric annular pipe flow (Chung et al. (2003)). 

However, to the authors’ knowledge, no budgets are 

available in the literature when the heat flux is im-

posed or in case of conjugate heat transfer for the 

channel flow configuration. It is therefore interest-

ing to compare the budgets for isoflux and conju-

gate simulations with their isothermal counterparts. 

In figure 5, the molecular diffusion and the dis-

sipation behave differently in the near-wall region. 

They have lower amplitude in the isoflux case com-

pared with the isothermal one. The behavior is simi-

lar for the budgets of the temperature variance with 

lower amplitudes obtained in the isoflux case. 

In figure 6, the situation is similar for conjugate 

heat transfer: the molecular diffusion and the dissi-

pation rate have lower amplitude in the near-wall 

region when compared with the isothermal case. In 

fact, for most of the statistics, a 3-way comparison 

puts conjugate heat transfer in-between isothermal 

and isoflux results, as expected. The impact of the 

thermal boundary condition on some statistical 

quantities is important when 20y , especially for 

the dissipation and the molecular diffusion asso-

ciated with the streamwise turbulent heat flux and 

the temperature variance, in agreement with the re-

sults in Kasagi et al. (1989). 

 
1

c  2

c  1

s  
sI  

  1/3 0.478 9/62 3/10 

a 14/9 0.421 63/62 3/2 

b 1/9 1.70 17/62 1/10 

c 0 -0.164 0 0 

Table 1: Finite difference coefficients 

 Present Ref 

Domain [12.8; 2; 4.26] [5π; 2; 2π] 

Grid [256;193;256] [128;97;128] 

Reτ 148.8 150 

Δy
+
 [0.49; 4.8] [0.08; 4.9] 

[Δx
+
,Δz

+
] [7.4; 2.5] [18.4; 7.36] 

Δt
+
  0.02 0.12 

Duration 16000 2100 

Table 2: Simulation parameters. Ref: Kasagi et 

al. (1992) 

 
Figure 1: Sketch of the configuration. 



 

 

 

 

 

 

 

 

 
Figure 2: Isothermal b.c., turbulent heat fluxes 

and temperature variance. Line: present. Symbol: 

Kasagi et al. (1992). 

 
Figure 3: Isothermal b.c., budget of wall-

normal turbulent heat flux. Line: present. Symbol: 

Kasagi et al. (1992). 

 
Figure 6: Budget of temperature variance. 

Line: conjugate. Line+Symbol: isothermal b.c. 

 

 
Figure 4: Isoflux b.c., turbulent heat fluxes and 

temperature variance. Line: present. Symbol: Tiselj 

et al. (2001a). 

 
Figure 5: Budget of axial turbulent heat flux. 

Line: isoflux b.c. Line+Symbol: isothermal b.c. 

 
Figure 7: Molecular diffusion and dissipation 

of the temperature variance. Line: conjugate. 

Line+Symbol: isothermal b.c.(+) and isoflux 

b.c.(x) 



 

 

4 Asymptotic analysis ( 0y ) 

The near-wall instantaneous temperature and ve-

locity fields can be approached using a Taylor ex-

pansion (eqn. (6)-(9)) where the coefficients depend 

on (x,z,t). 
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Extracting the 0
th

 order term in the temperature 

evolution (2) leads to: 
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At the wall, the molecular diffusion from the 

temperature variance budget is equal to 

  1''2' PrRe22


 cab  (
'a is the fluctuating part of 

a and <> denote average in time and in the homo-

geneous directions). Using (10), the asymptotic value 

of the molecular diffusion is: 
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At the wall, this term is the opposite of the dis-

sipation rate. The first term is linked the fluctuating 

wall-normal temperature gradient (dominant for the 

isothermal configuration in the near-wall region). 

The second and third ones are connected with the 

fluctuating wall-parallel temperature gradient (do-

minant in the isoflux configuration in the near-wall 

region). 

In figure 7, the molecular diffusion in the iso-

thermal case is 7  times higher compared with the 

isoflux one: the Dirichlet boundary condition pro-

duces important fluctuations of the normal tempera-

ture gradient at the wall. Actually, the ratio of the 

molecular diffusion associated to the temperature 

variance budget between isoflux and isothermal 

configurations is equal to 0.13, which is lower than 

the values mentioned in Kasagi et al. (1989) and ob-

tained with an unsteady 2D synthetic model; in the 

range [0.3-0.5]. 

The region around 5y  is also remarkable: 

isothermal and isoflux cases have almost the same 

molecular diffusion, slightly differing from the one 

obtained in the conjugate case. Results in the conju-

gate heat transfer configuration are not always in-

between isothermal and isoflux ones. Moreover, they 

are closer to isothermal ones after 10y . 

5 Turbulent Prandtl number 

Geshev (1978), has derived analytically a turbu-

lent Prandtl number (ratio of turbulent shear stress 

to heat flux) for isothermal and isoflux walls as well 

as conjugate cases. (eq. (13))  
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  is the thermal activity ratio (which is also the 

thermal effusivity ratio) and  , defined via the spa-

tio-temporal correlation of equation (12) is 20 ac-

cording to Geshev (1978). 

In figure 8, the agreement is qualitative 

(  ytPr  at the wall for conjugate and isoflux con-

figurations). This clearly shows that wall-modelling 

of temperature-related quantities inside the fluid 

should care for the thermal boundary condition 

when 20y  and 1Pr  . The Geshev model does 

not account for the wall-parallel diffusion and the 

source term. This may explain the overall under-

estimation of the turbulent Prandtl number. 

6 Velocity-temperature correlations 

Abe et al. (2009) have investigated the norma-

lized correlation between velocity and temperature: 

RMSRMSTUUTcorr / . In the isothermal case, 

the correlation between the streamwise velocity and 

the temperature reaches a peak for 7y . 

In figure 9, almost the same peak is observed in 

the isothermal case. Our isoflux result is also in very 

good agreement with Tiselj et al. (2001a). 

 

 
Figure 8: Turbulent Prandtl number. Lines: 

present. Dash-dotted lines: Geshev. 



 

 

In figure 10, a trend similar to the one in figure 

9 is observed: around 20y , the normalized cor-

relation for conjugate heat transfer is close to the iso-

thermal one while around 0y  it is almost equal to 

the isoflux one. This trend seems general as it is also 

observed in figure 7 for the molecular diffusion and 

dissipation rate of the temperature variance budget. 

The loss of correlation between streamwise veloc-

ity and temperature at the wall is related to the pres-

ence of temperature fluctuations at the wall while the 

velocity components are constant. 

 

7 Fourier and Laplace analysis of the solid 

conduction 

A solid domain, infinite in x and z directions and 

semi-infinite in the y direction is subjected to a 

thermal load at 0y , which is statistically statio-

nary and homogeneous in x and z. Applying a 

Fourier transform in time and in the homogeneous 

directions to the solid heat diffusion equation leads 

to: 
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The solid heat diffusion equation is linear: the 

general solution is a superposition of Fourier mod-

es. 
tk  is the angular frequency while 

xk  and 
zk  are 

the wave-numbers in the streamwise and in the 

spanwise direction. When 0tk , the averaged tem-

perature in the solid decreases exponentially: 

 22exp)0()( zxss kkyTyT         (15) 

The characteristic penetration depth of tempera-

ture fluctuations   satisfies: 

22
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When 0 zx kk , there is a phase shift between 

the temperature taken at different depths. However, 

the decay of the amplitude is still exponential and the 

characteristic penetration depth   satisfies: 
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In the general case, the analysis is more complex. 

Applying a Laplace transform (denoted by an overbar 

hereafter) in y direction leads to: 
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Applying partial fraction decomposition and an 

inverse Laplace transform leads to an exponential de-

cay of the temperature fluctuations with a character-

istic penetration depth satisfying equation 20: 
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From this analysis, it is clear that large scale 

temperature fluctuations with a long lifespan are 

more likely to penetrate deep in the solid. It is often 

overlooked that structures highly localized in space 

and times are responsible for severe thermal con-

straint in the solid, near the fluid interface. A 1D 

model of solid heat diffusion that does not account 

for the lateral heat conduction ( 0 zx kk ) may 

over-estimate   and under-estimate the thermal con-

straint at the fluid interface. 

The present analysis could be extended to do-

mains with a finite length in the y direction. This in-

volves Green functions. Such developments are more 

complex. 

 

Figure 9: Correlation uT. Line: conjugate. 

Dashed line: isothermal. Dash-dotted line: isoflux. 

Symbols: Kasagi et al. (1992), Tiselj et al. (2001a). 

 
Figure 10: Correlation vT. Line: conjugate. 

Dashed line: isothermal b.c. Dash-dotted line: 

isoflux b.c. Symbols: Kasagi et al. (1992). 



 

 

8 Analysis of temperature variance 

Figure 11 shows that it is not possible to fit the 

temperature variance to an exponential curve 

(straight line in this linear-log plot) as it may be 

done for a given  tzx kkk ,, . As the turbulent forcing 

at the wall contains a broad range of spatial and 

temporal frequencies, the superposition of the expo-

nentials may prevent a simple curve fitting to be ef-

ficient. 

At a given depth 
iy , the slope of the temperature 

variance can be used to compute a characteristic 

length 
i , as illustrated in figure 12. It is the low 

wave-number range of the fluctuating temperature 

spectrum that determine local  yi  as the integral 

length-scale of the spectrum increases with increas-

ing depth, as sketched figure 13. Considering the 

temperature variance is the squared temperature fluc-

tuation and assuming 0 tx kk , the length-scale in 

z associated with 
1  is 792 



zz k . This is 

reasonably close to the spacing between velocity 

streaks ( 100


z ). 

Indeed, from the theorem of Parseval, L2-norm is 

conserved during a Fourier transform. Therefore, at a 

given depth, the temperature variance scales with the 

integral of the squared spectrum (Fourier transforms 

in time and homogeneous directions). The decaying 

temperature variance in the solid domain should cor-

respond to spectrum similar to the ones of figure 13. 

However, our first simulation was not instru-

mented to extract the spectrum of temperature fluc-

tuations inside the solid. This is an ongoing work. 

From the spectrum of the temperature and the heat 

flux at the wall, the temperature field inside a semi-

infinite solid and any related statistical quantity can 

be theoretically reconstructed. It is delicate to ex-

tract such result because of the broad range of fre-

quencies involved (high frequencies at the fluid in-

terface and low frequencies at the outer wall). 

Note that the imposed heat flux brings a null de-

rivative of the temperature variance at the outer 

boundary. The solid heat diffusion equation being 

elliptic, the outer boundary condition impacts the 

whole thermal field. A boundary condition of Robin 

type may be more relevant since our solid domain is 

not semi-infinite. 

 

Figure 11: Temperature variance inside the 

fluid (y>0) and solid (y<0) domains. 

 

Figure 12: Temperature variance inside the 

solid domain. 

 

Figure 13: Conjectured spectrum of the fluctu-

ating temperature in the solid domain at different 

depths. 

 

 
 

Figure 14: Instantaneous fluctuating temperature 

field in log scaling. Top: hot and cold spots. Bottom: 

absolute value. 



 

 

9 Instantaneous temperature field 

The instantaneous fluctuating temperature field 

in the domain is presented using a colour map in 

logarithmic scale because the fluctuations inside the 

solid have low amplitude compared to the ones in 

the fluid. 

Some fluctuating spots have clearly penetrated 

the top wall. Very long thermal structures are also 

visible at the outer boundary of the wall. Their size 

suggests that the computational domain should be 

longer in x direction to capture faithfully the tem-

perature fluctuations in the solid region. 

10 Perspectives 

The channel flow is one of the simplest geome-

tries for a wall-bounded turbulent flow. It was se-

lected to verify our developments. The ability to 

compute high-order statistics was established on an 

isothermal case. Then, the impact of the thermal 

boundary condition on the budgets of the heat flux-

es and temperature variance was investigated. 

From our results, it is clear that conjugate heat 

transfer provides different results compared with an 

imposed temperature or heat flux at the wall and 

that wall-parallel conduction together with topology 

of hot and cold temperature spots plays a significant 

role in the penetration depth of turbulent thermal 

loading. The authors are currently carrying out more 

simulations to extend the present analysis with larg-

er domains than used for the classical channel flow 

DNS: the small wave-number range of the spectrum 

is of particular interest for conjugate heat transfer. 

The objective behind the present DNS is to build 

a reference database focused on temperature-related 

statistics including conjugate heat transfer. The 

DNS results reported here are currently available on 

request and will be made publicly available on the 

user group of the Incompact3d website. 
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