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Abstract

This paper presents a modelling approach for predicting the internal dynamic
behaviour of ball bearings under high moment loads. This type of loading is a
specific feature of helicopter main gear boxes because of special design rules and
the high structural flexibility of such systems. The ball bearing model proposed
here is not limited to planar systems and incorporates several different phenom-
ena such as contact deformation, elastohydrodynamic contact, internal clearance
and cage run-out. The cage–race interaction is treated as a hybrid short jour-
nal model, which ensures continuity of the contact force at the transition from
the hydrodynamic to metal-to-metal regime. In the dynamic analysis of such
a severely loaded bearing, the dependence of the shaft-to-inner-ring force on
inner race position cannot be neglected. An equivalent viscoelastic hinge joint
has been developed, it produces an additional force that represents the overall
rigidity of the system. The stiffness parameters of the joint are identified us-
ing global finite element simulations. A ball bearing loaded with two different
moments is chosen as an example. Relevant results concerning the internal dy-
namic behaviour are given. The predicted cage trajectory has been compared
to experimental observations, and good agreement has been found.

Keywords: Multibody dynamics, Bearing dynamics, Contact Analysis, Cage
Analysis, Realistic Joint

1. Introduction

In the aircraft industry, and in particular the manufacture of helicopters, the
quest for maximum performance requires the power weight ratio to be maxi-
mized. A power transmission gearbox of 300 kg can transmit several megawatts
from the engines to the rotor (see Fig.1). Weight saving is essentially achieved5

by reducing the number of parts and their thicknesses. Such a strategy leads to
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increasingly flexible housings and shafts. Associated with the high power trans-
mitted, this increasing flexibility causes relatively large strains in the power
transmission gearbox. Rolling bearings are naturally affected by housing defor-
mation since any misalignment of rolling bearing races may cause damage to10

rolling element bearings and premature failure [1]. This structural deformation
leads to an additional moment load on the rolling bearings. Also, the ball sep-
arator or cage becomes a critical component. Previously there simply to ensure
a uniform distribution of the rolling elements, it now experiences significant
stresses, and cage fracture due to material fatigue frequently occurs. In power15

transmission gearboxes, rotating shafts are usually supported by three rolling
bearings; two roller bearings support radial loads whereas the ball bearing may
experience mainly thrust loads. This load distribution is obtained on account
of a large clearance between the outer race of the ball bearing and its housing.
As each rolling bearing must experience an appropriate load, improved system20

reliability is expected. Thus, the load experienced by ball bearings comprises a
thrust load and an additional moment load inherent in structural deformation.
This type of loading appears highly specific to the helicopter industry and is
largely ignored in the literature. Indeed, the majority of rolling bearing dynamic
analyses published in the literature only consider axial or radial loads.25

Because of their critical role, rolling element bearings have been widely inves-
tigated. Initial studies focused on static and quasi-static analyses. Stribeck was
among the first to investigate the load distribution in rolling elements. Later,
Lundberg and Palmgren studied the fatigue behaviour of bearings. Perhaps the
first computer code to carry out static analyses of rolling bearings is credited30

to Jones [2]. This code was able to predict the load distribution, stiffness and
fatigue life of rolling bearings. The work of Harris is also of great importance,
with an excellent review of the work to be found in [3]. To address the problem
of kinematic indeterminacy in quasi-static analyses, Jones [2] proposed the very
commonly used race control hypothesis. The hypothesis states that the spin35

velocity of contacts between rolling elements and race is zero on the race that
provides the larger friction torque. The hypothesis determines the angular ve-
locity of the rolling elements. Quasi-static analyses are very useful in the design
of rolling bearings since they provide a fairly realistic load distribution for the
rolling elements, equivalent stiffness and predictions of fatigue life. However, it40

suffers from several limitations. Indeed, any treatment of cage behaviour, skid-
ding or skewing phenomena, and time varying loads are outside the realm of
the model. These limitations drove the development of dynamic rolling bearing
models.

Walters [4] initiated this approach, proposing a dynamic model which in-45

tegrated the equation of motion of the cage in angular contact ball bearing.
Kannel and Bupara submitted a simplified approach that makes use of the
race control hypothesis [5] later contested by Meeks [6]. A major advance in
the understanding of the dynamic behaviour of rolling bearings was made by
Gupta with the well-known computer code ADORE [7]. The author developed50

a generalized dynamic formulation for various types of rolling bearings. The ge-
ometrical generalizations allowed geometrical imperfections to be modelled and
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manufacturing tolerances to be optimized [8]. The race control hypothesis was
replaced by the dynamic equilibrium of each rolling bearing component. How-
ever, ADORE seems unable to simulate ball bearings under high moment loads.55

In any event, no ball bearing dynamic analysis considering high moment loads
has been published in the literature. The absence of radial loading coupled to
the fact that the loaded race is floating leads to an unexpected behaviour of the
inner race. This unexpected behaviour may be inherent in the too restricted
scope of the Gupta’s approach which neglects the link between the shaft and60

the inner race.
In the realm of vibration analysis, several models have been proposed to

investigate the non-linear dynamic behaviour of a rotor-bearing system. These
models often simplify physical phenomena such as lubricant traction or cage race
interaction. The aim of these studies is to underline the influence of specific65

defects on the vibrational response. Non-linearities due to internal localized
defects [9] or internal clearances [10] were investigated. Harsha and Nataraj
proposed an analytical model to show the effect of the run-out of the cage
[11, 12]. Due to run-out of the cage, the rolling elements no longer remain equally
spaced. Surface waviness [13, 14], ring flexibility [15, 16], and fluctuations in70

rotational speed [17] were also studied.
Dynamic modelling of multibody systems allows analysis, design, optimiza-

tion and control of complex mechanical systems[18] [19]. Joints were modelled
in the past as idealized or simplified but the use of more realistic joints is of
growing interest with models of real cylindrical or spherical joint being devel-75

oped [20–24]. Recently, a model of a planar deep groove ball bearing that can
be used in planar multibody systems has been proposed [25]. This model model
was used to estimate dynamic loads in a deep groove ball bearing [26, 27] and
extended to include waviness defects [28]. Though several physical simplifica-
tions were made, the multibody dynamic formalism appears to be well suited to80

the simulation of rolling bearings. Another interesting aspect of this approach
is that the developed model can easily be included in a global dynamic study.
Stacke et al. were the first to developed the bearing simulation tool beast based
on a multibody dynamic formalism [29]. The beast computer code allows the
dynamic internal behaviour of rolling bearings to be analysed with a detailed85

treatment of contacts [30].
This paper is concerned with the dynamic modelling of a ball bearing under

high moment loads. The approach presented here draws on multibody dynamic
formalism but also proposes a detailed treatment of internal interactions for
rolling contact or cage behaviour. This approach has already been used in a90

previous work to predict ball bearing behaviour in the event of failure of the
lubrication system [31]. The proposed model is not limited to planar systems
and it includes several phenomena such as internal clearance and cage run-
out. The contact force and moment calculations of rolling contacts are based
on the theory elastohydrodynamic lubrication [32, 33]. Lubricant traction is95

approximated assuming isothermal conditions [34]. The equivalent load to which
the ball bearing is subject is highly specific to helicopter main gearboxes as
these experience only axial loads and moment loads. In such cases, standard
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local approaches are unable to reproduce experimental observations because
of the unexpected behaviour of the free race. Thus, the influence of the rest100

of the system can no longer be neglected. An equivalent viscoelastic hinge
joint has been developed incorporating the overall stiffness of the helicopter
main gearbox. Rigidity and damping parameters of the joint are identified
via global finite element simulations. Moreover, the bearing excitation is so
severe that metal-to-metal contact occurs between the cage and the cage guiding105

race. To simulate this phenomenon and ensure continuity of the corresponding
contact law, a hybrid short journal model has been developed. This considers
the transition between the pure hydrodynamic and dry contact regimes. Flores
et al. [20, 22] presented a similar approach for simulating journal bearings.

The paper is organized in the following manner. Section 2 presents the110

overall modelling approach and the equations of motion of a constrained multi-
body dynamic system are briefly reviewed in Section 3. Section 4 describes the
internal ball bearing interactions. Finally, two numerical examples and rele-
vant results are given in section 5. Results are discussed and compared with
experimental observations.115

Figure 1: Helicopter main gearbox

2. Modelling strategy of the system

This section presents the strategy adopted for managing the dynamic analy-
sis of rolling bearings of helicopter power transmission gearboxes. The dynamic
analysis aims to predict cage instabilities and localized non-linear phenomena
as ball skidding or impacts. Simplified models like such as those proposed in the120

realm of vibration analysis are not satisfactory. Such assumptions as race control
or the regular distribution of rolling elements are excluded. Direct integration
of the equations of motion of the complete gearbox, including the structural
flexibility, gears and rolling bearings, represents a prohibitive cost in terms of
cpu time and memory. Hence an alternative strategy with a restricted scope125
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has been developed. The dynamic analysis is restricted to one rolling bearing
at a time.

In the approach proposed by Gupta, the load is applied to the inner race
which is free to move to balance the prescribed load and rolling element contacts.
The outer race is rigidly connected to the housing. The main necessary item of130

data is the equivalent load seen by the rolling bearing. Assuming rigid shafts
and housings, a simple static equilibrium provides an estimate of this equivalent
load[3]. However, this method is not suitable for aircraft gearboxes since it
neglects the structural flexibility of the mechanism and it grossly underestimates
the value of the equivalent load.

Global static finite element
analysis

Local dynamic analysis of
rolling bearings

Analysis of internal
dynamic behaviour of

rolling bearings

Perturbation of global
analysis

Identification of equivalent
hinge joint parameters

Equivalent loads on
rolling bearings

Evolution of internal
behaviour over time

Viscoelastic hinge
joint

static frame

Applied load

on inner race

Figure 2: Modelling approach

135

In the proposed approach, a better estimate of the equivalent load is obtained
via a global finite element analysis. Thus, a static analysis incorporating the
complete system with gears and rolling bearings is carried out. Several options
are available to model rolling bearings, their stiffness and geometrical defects
[1, 35]. In this paper, finite elements are also used to model the static behaviour140

of rolling bearings. Some interesting data on rolling bearings merge from the
static analysis such as the load or pressure distribution on rolling elements, and
race deformation. In this study, races are assumed to be rigid for the dynamic
simulation. These data are used to reconstruct the equivalent load as seen by
the rolling bearing.145

Although the global finite element analysis undeniably provides a better
assessment of the equivalent load, it appears from the author’s experiments that,
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in its current form, the model is unable to reproduce the dynamic behaviour
of a ball bearing subject only to axial and moment loads. In particular, the
highly perturbed behaviour of the inner race seems to be linked to the high150

value of the moment. This unusual behaviour is accentuated by the absence of
any radial load. Also, it must be noted that allowing the inner race to move
freely in the dynamic analysis is equivalent to neglecting the link between the
inner race and the shaft. Indeed, if the equivalent load provided by the global
static analysis takes into account the rigidity of the complete system, this load is155

only exact at the point of static equilibrium. During the dynamic analysis, the
position and the orientation of the inner race are slightly shifted from the static
configuration. The value of the load imposed by the shaft on the inner race is
then naturally modified. Thus the equivalent load prescribed for the inner race
must be dependent on the configuration of the inner race during the dynamic160

analysis. This dependence must represent inertia, damping and rigidity of the
rest of the system.

In this work, an additional viscoelastic hinge joint is proposed to model
this dependence on the inner race configuration. The hinge joint constrains the
actual configuration of the inner race within a frame that corresponds to the165

static one. Thus, an additional force that corresponds to the rigidity of the rest
of the system is considered when the position of the inner race shifts from the
static solution. In the vicinity of static equilibrium, a linear viscoelastic hinge
joint seems sufficient to model this additional force. The multibody dynamic
formulation of the hinge joint is described in more detail in Section 3.2. Virtual170

work takes the form (2), where u and ψ represent the shift in position and
orientation respectively.

δWhinge = −δuTHuu− δψTHψψ − δuTGuu̇− δψTGψψ̇ (1)

Rigidity parametersHu andHψ are identified using a minimization process.
In the global finite element static analysis, an average mean displacement ele-175

ment is added between the inner race and its centre. Relative displacements due
to various perturbation forces and moments applied to this centre of the inner
ring are then computed. Minimization of the difference in behaviour between
the finite element model and the equivalent hinge joint furnishes the rigidity
parameters Hu and Hψ (2). Unfortunately, damping parameters Gu and Gψ180

cannot be evaluated by such a process. In this work, damping parameters are
assumed to be proportional to their corresponding rigidity parameter. A coef-
ficient of 10−6 seems to provide good results.

min
Hu,Hψ

∑

i≤npert

∥∥uiFE − uieq(Hu,Hψ)
∥∥2 +

∥∥ψiFE −ψieq(Hu,Hψ)
∥∥2 (2)
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3. Description of multibody dynamic formalism185

3.1. General description

Various theories are available in multibody dynamic analysis such as the
formalisms of the floating frame of reference, absolute nodal coordinates [18] or
the finite element approach [19]. This work uses the finite element approach.
The configuration of a rigid body is uniquely defined by the translation of an190

arbitrary point and the rotation operator mapping the initial to the current
configuration. Thus, it can be expressed as a time-dependent application:

C =
{

(x,R) : R+ 7→ R3 × SO(3)
}

(3)

For rigid bodies, it is easier to use a rotation parameterization rather than
working directly with the special orthogonal group SO(3). Such a choice of
parameters is a crucial point since they must be able to describe rotations of195

large amplitude [36]. Most approaches consist of expressing an arbitrary rota-
tion in terms of elementary rotations about well defined axes such as Euler or
Bryant angles. Such a geometric description provides an intuitive description
of rotational motion but has the drawback that it exhibit singularity. Euler
parameters are also commonly used. This method is free of any singularity but200

it needs one redundant variable. Their use requires an additional non-linear
normality constraint to be imposed. The present work employs the Conformal
Rotation Vector. This parameterization seems a good choice for representing
large rotations computationally. Only three independent parameters are needed.
Also, it has no singularity over one full rotation and has a very linear behaviour205

in terms of rotation angles[37]. A correction procedure for the Conformal Ro-
tation Vector is needed to allow rotation of any magnitude. Thus, each body
requires the use of six parameters. The generalized coordinates of all bodies are
collected in a column vector q.

Joints interconnect the bodies in a multibody system. In the ideal case,
these connections are expressed as algebraic equations. Kinematic constraints
are distinguished into holonomic and non-holonomic constraints. Holonomic
constraints Φ are formulated as implicit functions of the generalized coordinates
and time (4). Non-holonomic constraints Φnh encountered in this work are
always linear in velocities and can be expressed in the form (5) where q̇ notation
denotes the time derivative of q.

Φ(q, t) = 0 (4)

Φnh(q, q̇, t) = Bnh(q)q̇ + gnh(t) (5)

Non-holonomic constraints are considered using a dissipation function D, with
p a penalty coefficient and k is scaling factor. λ is a set of Lagrange multipliers.
The superscript T is the transpose operator.

D =
p

2
ΦT
nhΦnh + kλ̇TΦnh (6)
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Thus, the constrained dynamic problem is treated by augmenting the functional
in Hamilton’s principle. In (7), L is the Lagrangian of the system and δW is the
virtual work of external forces that takes into account non-conservative loads.

∫ t2

t1

[
δ
(
L − p

2
ΦTΦ− kλTΦ−D

)
+ δW

]
dt (7)

By performing the variational calculation and integrating by parts over time, the
equations of motions of a constrained system are then obtained. M , B are re-
spectively the mass matrix and the matrix of gradients of holonomic constraints.
The force vector g is the sum of the external, internal and complementary inertia
forces. r is the dynamic residual vector.



r(q, q̇, q̈,λ, λ̇) = Mq̈ +BT (pΦ + kλ) +BT

nh(pΦnh + kλ̇)− g (q, q̇, t) = 0
Φnh(q, q̇, t) = 0

Φ(q, t) = 0
(8)

This non-linear second order differential-algebraic system (8) is solved using210

the hht scheme [38]. Derived from the Newmark method, this allows a direct
solution of a second order differential system. This scheme is unconditionally
stable and second order accurate even in the presence of numerical dissipation. It
also generates less numerical dissipation than the damped Newmark algorithm.
The use of these unconditionally stable schemes is of particular importance in215

contact problems involving friction and rolling where the dynamic response is
very complex due to the large, rapidly varying contact and frictional forces
applied to the system [39].

To estimate the solution increment, the scheme requires the linearized form
of the dynamic equilibrium. Knowing an approximate solution (q?, q̇?, q̈?,λ?, λ̇?)
at time t and considering a correction of the solution (∆q,∆q̇,∆q̈,∆λ,∆λ̇), dif-
ferentiation of (8) provides :
[
M 0
0 0

] [
∆q̈

∆λ̈

]
+

[
Ct kBT

nh

kBnh 0

] [
∆q̇

∆λ̇

]
+

[
Kt kBT

kB 0

] [
∆q
∆λ

]
=

[
−r?
−Φ?

]
+O(∆2)

(9)
where Kt and Ct are the tangent stiffness and the tangent damping matrices.

Kt =
∂r

∂q
and Ct =

∂r

∂q̇
(10)

Finally, the non-linear equation of motion is solved iteratively by Newton’s
method. The exact form of the tangent operator is necessary to obtain quadratic220

convergence of Newton’s method. However, such exactness is often too costly
to obtain simply for the purposes of iteration convergence. From the author’s
experience, an approximate form of the tangent operators often leads to less
CPU time. The computational procedure is summed up in Fig.3

3.2. Description of a viscoelastic hinge joint225

In the rolling bearing model which has been developed, the kinematics of
both races are constrained. The outer race is constrained via an ideal hinge joint
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Time incrementation

t = t + h

Initial prediction

q0, q̇0, q̈0

Evaluation of residues

r(q, q̇, q̈),Φ(q, q̇)

Check for convergence

‖r‖ ≤ ηdyn, ‖Φ‖ ≤ ηφ

Evaluation of correction

∆q,∆λ

Incrementation of solution

q = q + ∆q,λ = λ + ∆λ

no

yes

Evaluation of matrices

M ,B

Evaluation of interactions

g(q, q̇)

Computation of
tangent operator

Kt,Ct

Figure 3: Iteration procedure of the implicit time integration algorithm

within an reference frame. To account for the overall stiffness of the helicopter
main gearbox, the inner race is constrained via a viscoelastic hinge joint. In
this section, the formulation of the viscoelastic hinge joint is derived from the230

ideal one.
Let (ξ1, ξ2, ξ3) and (µ1,µ2,µ3) be two orthonormal triads attached to

nodes A and B, respectively, at the reference configuration (see Fig.4(a)). Let
(ξ̄1, ξ̄2, ξ̄3) and (µ̄1, µ̄2, µ̄3) be the triads obtained by mapping the reference
one into the actual configuration. The corresponding rotation operators are
RA and RB (11). Since both races are constrained within a fixed frame, the
configuration of the frame (A, ξ̄1, ξ̄2, ξ̄3) is assumed constant. Thus, variations
and time variations of xA and RA are nil.

µ̄i = RAµi ; ξ̄i = RBξi (11)

The ideal hinge joint is modelled by introducing five constraints [19]; three
imposing the equality of node position

xA = xB (12)

and two enforcing coaxiality of µ̄3 and ξ̄3.

µ̄T1 ξ̄3 = 0 ; µ̄T2 ξ̄3 = 0 (13)

These five constraints are usually collected in a constraint vector Φ. The con-
straint gradient B is then obtained by differentiating the constraint vector such

9



z

x

y A, B

ξ̄3, µ̄3

ξ̄2

ξ̄1
µ̄1

µ̄2

ϕ

ϕ

(a) Local frames to the hinge joint

z

x

y A,B

ξ̄3

ξ̄2

ξ̄1

µ̄1

µ̄2

µ̄3

ψ1

ψ2

(b) Deformation kinematics of flexible hinge
(xA ≡ xB)

Figure 4: Geometrical description of the hinge joint

that (see [19] for detailed calculations):

δΦ = Bδq (14)

Flexible joints are not dealt with Lagrange multipliers; the elastic behaviour
of the joint is associated with a strain energy Vc and the viscous behaviour
is associated with non-conservative virtual work δWnc. Both are functions of
extensional and shear strain u and bending strain ψ (15); small strains are
assumed (see Fig.4(b)). The rotation operator in u replaces strains in the
natural frame of the hinge. The superscript in ũ denotes for a skew symmetric
linear transformation of u equivalent to the cross product.

u = RT
A(xB − xA) and ψ =

{
ψ1

ψ2

}
=

{
−µ̄T2 ξ̄3
µ̄T1 ξ̄3

}
(15)

u̇ = RT
AẋB and ψ̇ =

{
(˜̄µ2ξ̄3)TRBΩB

−(˜̄µ1ξ̄3)TRBΩB

}
(16)

For the strain energy, the simplest choice may be a quadratic form, its variation
being given by (17), where Hu and Hψ are matrices of elastic coefficients in
extension, shear and bending. In (18), Gu and Gψ are matrices of viscous
coefficients in extension, shear and bending. All matrices representing bending
coefficients are assumed to be diagonal.

δVc = −δWc = δuTHuu+ δψTHψψ (17)

δWnc = −δuTGuu̇− δψTGψψ̇ (18)
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Finally, the contribution of the viscoelastic joint in the force vector g in (8) are
derived. In the expression for generalized forces, TB and ΩB are respectively the
tangent operator of rotation and the material angular velocity of the rotation
RB . The iteration procedure of the implicit time integration algorithm requires
the increment of generalized forces ∆gc and ∆gnc. From (19-20), a rather good
estimate of tangent operators can be obtained.

gc = −
{

RAHuR
T
A(xB − xA)

T TBR
T
B

(
(˜̄µ2ξ̄3)Hψ,1ψ1 − (˜̄µ1ξ̄3)Hψ,2ψ2

)
}

(19)

gnc = −
{

RAGuR
T
AẋB

T TBR
T
B

(
(˜̄µ2ξ̄3)Gψ,1(˜̄µ2ξ̄3)T + (˜̄µ1ξ̄3)Gψ,2(˜̄µ1ξ̄3)T

)
RBΩB

}
(20)

4. Internal modelling of non-planar ball bearings

Internal interactions are classified into two main parts, namely interaction
involving rolling elements and interaction between cage and race. These inter-235

actions are treated with compliant contact models. With such models, contact
forces are expressed as continuous functions of contact parameters and contact
geometry. These contact parameters are computed from the positions and ve-
locities of the contacting bodies. Fig.5 shows the internal modelling of the
ball bearing. The geometric model of the ball bearing is shown in Fig.6. All240

geometric calculations involved are done analytically. The interaction model
provides contact forces and moments.

Inner race
Applied Load, ωir prescribed
Viscoelastic hinge joint with static
frame

Rolling element
race interaction
Ponctual contact
Hertz & EHD model

Outer race
ωor prescribed

Hinge joint with reference frame

Cage race interaction
Conformal contact

Hybrid short journal model

Rolling element
cage interaction
Ponctual contact

Hertz & EHD model

Figure 5: Ball bearing model description

4.1. Interaction involving rolling elements

Interaction involving rolling elements consists of interaction between balls
and races and interaction between balls and cage pockets. The treatment of245

these rolling contacts is of primary importance since they greatly influence the
dynamic behaviour of the ball bearing.
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di
2

Di
2

ri
Ci

Oi

hi
2

B

do
2

Do
2

ro
Co

Oo

ho
2

B

D dp wc

dc
2

2π
Z

Oc

ec

Figure 6: Geometry and dimensions of the ball bearing components

Geometric calculations. From a geometrical point of view, the former is equiv-
alent to the geometric interaction between a torus and a sphere. The latter
is characterized by the geometric interaction between a cylinder and a sphere.
This simple and well known interaction is not reviewed here, and only the in-
teraction between a torus and a sphere will be considered. Fig.7 shows the
contact configuration. Let (Oi,X

0
i ,Y

0
i ,Z

0
i ) be an orthonormal triad attached

to the inner race such that Z0
i is coincident with the inner race axis. Let the

coordinates of the ball centre Ok in this triad be (X̂k, Ŷk, Ẑk). The potential
contact between the torus and the sphere is necessarily contained in the plane
that passes through Ok and includes the line (Oi,Z

0
i ). Let us define a new

frame (Oi,Xi,Yi,Zi) rotated about Z0
i such that (Oi,Xi,Zi) is the plane

that contains the potential contact. The magnitude of the rotation is

γ = arctan

(
Ŷk

X̂k

)
(21)

Considering the triangle drawn in Fig.7, the contact angle α and the contact
deflection δ can be easily obtained (22) (23). A negative δ indicates no contact
between the ball and the race. The contact between the outer race and the
rolling elements can be expressed in a very similar form. Knowing the location
of the contact point and the contact deflection, all the geometric and kinematic
data required by the contact model are available.

tanα =
Ẑk

di
2
−
√
X̂2
k + Ŷ 2

k

(22)

δ =

√
Ẑ2
k +

(
di
2
−
√
X̂2
k + Ŷ 2

k

)2

+
D

2
− ri (23)
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di
2

ri

Ci

Ok

Oi

Xi

Zi

√
X̂2
k
+ Ŷ 2

k

Ẑk

α

δ

Figure 7: Geometrical interaction between the inner race and a ball

Rolling contact model. The contact force and moment calculations of rolling
contacts are based on the elastohydrodynamic theory of lubrication. In this
work coupling between normal and tangential contact problems is neglected.
The normal load is computed first. Since an elastohydrodynamic pressure profile
is similar to the hertzian profile, it is reasonable to use the classical hertzian
point contact solution. Thus, the normal load Fn is linked with the contact
deflection δ by (24). kh is the contact rigidity which depends on the curvature
of the contacting surfaces and the material properties of contacting bodies. More
information about Hertz contact theory can be found in [40].

Fn = kh δ
3/2 (24)

The fluid film thickness and lubricant traction are computed. The fluid
film thickness may be estimated using the explicit formula proposed by Ni-250

jenbanning et al. [32, 33]. Lubricant traction is computed using the work of
Jacod [34]. The elastohydrodynamic lubrication contacts are assumed smooth.
If isothermal conditions are assumed, an explicit formula is available for the
lubricant coefficient of friction. Otherwise, the estimate of lubricant traction
requires the solution of a non-linear equation to compute the temperature in-255

crease of the fluid film. A wlf model [41] describes the lubricant rheology. The
non-Newtonian behaviour of the lubricant is modelled using the Eyring model.
The fluid used in this study corresponds to the nato o-156 specification. Fig.8
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compares the friction coefficient of several models. Under isothermal conditions,
the friction coefficient is slightly overestimated. In the legend of Fig.8, the ad-260

jective approximate refers to the way which the pressure-viscosity coefficient is
calculated[41]. Considering the huge number of simulated contacts and the rel-
atively small discrepancies between the different models, isothermal conditions
and approximate value of the pressure-viscosity coefficient are used.
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Figure 8: Typical friction coefficient, comparison between various models.

4.2. Interaction between race and cage265

This paper is concerned with the modelling of ball bearings of helicopter
main gearboxes. In such bearings, the cage is centred on the outer race. If
the interaction between the cage and the race is mainly hydrodynamic, then
due to the high moment prescribed, metal-to-metal contact may occur. Thus,
a transition model has been developed to ensure continuity of contact forces270

between the different regimes. This model is based on the work of Flores et
al.[20, 22].

Hydrodynamic model. A commonly accepted approach is to employ the theory
of lubrication for journal-bearings Excellent reviews of the theoretical back-
ground and basic principles are available in specialized books such as Pinkus
and Sterlicht [42] or Frêne et al.[43]. The pressure distribution of thin viscous
fluid films is governed by the Reynolds Equation. Analytical solutions of this
partial differential equation can be obtained via several assumptions on fluid
flow and boundary conditions. The hydrodynamics of the race cage contact
is simulated by the well-known short journal bearing solution [42]. The short
journal bearing solution is derived by neglecting circumferential variations in the
fluid pressure and assuming Gümbel boundary conditions for the pressure. The
Gümbel conditions, which account for the film breakdown, take into account
the existence of a zero pressure zone. Even though it leads to a violation of the
continuity of the fluid flow in the film, the Gümbel conditions furnish better
predictions of the load capacity of the journal bearing. The short journal model
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is justified for a length-to-diameter ratio L/D ≤ 1/8. In practice, this solution
is used until L/D ≤ 1/2. The different notations are presented in Fig.9. Con-
sidering the small radial clearance between the cage and the guiding race, the
influence of any misalignment is not taken into account in the journal bearing
model. Also any dynamic effect due to variations in eccentricity is neglected.
The force components of the fluid film for short journal bearing are written as:





Fhydn =
µωRL3

C2

ε2

(1− ε2)2

Fhydt =
π

4

µωRL3

C2

ε
√

1− ε2
(1− ε2)2

(25)

In the above equation, ε = e/C is the relative eccentricity, C = R2 − R1 is
the radial clearance, L is the journal length and R is the mean journal radius.
The magnitude of the hydrodynamic force is linearly dependent on the dynamic275

viscosity µ and the sum of the rotational speeds ω. The friction torque is given
by integrating the fluid shear stress on the shaft or bearing surface (26). In the
case of a ball bearing with outer race guidance, the cage plays the role of the
shaft whereas the outer race is the equates to the bearing.

Chyd =
πµωR3L

C

2 + ε

(1 + ε)
√

1− ε2
(26)

Dry contact model. When the relative eccentricity is greater than unity, metal-280

to-metal contact occurs. Unlike point contact, Hertz theory does not provide
a uniquely defined load-deflection relationship for cage-race interaction. The
treatment of the metallic interaction follows that proposed in [7], and employs a
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Lundberg empirical load-deflection relationship to determine normal load. From
a prescribed contact deflection, the method proposed by Lundberg requires the285

solution of a non-linear equation to compute the contact load F dryn . A good
initial guess was put forward by Palmgren (see [7] p.38-39). The tangential

force F dryt is then obtained assuming complete slip of the contact area.

Hybrid short journal model. Both interaction models for the hydrodynamic
regime and metal-to-metal contact have been presented. Examining (25) and
(26), it appears that when the fluid film thickness becomes very thin, i.e. the
journal is very close to the bearing surface, the force and torque due to the
lubricant tend to infinity (27). As F dry is zero at the beginning of the contact,
a simple transition between the hydrodynamic and the dry interaction model
will inevitably create a discontinuity in the contact relationship. This disconti-
nuity inadmissible and leads to absurd results in the dynamic analyses of ball
bearings. 




Fhydn ∼
ε→1

µωRL3

C2

1

(1− ε2)2

Fhydt ∼
ε→1

π

4

µωRL3

C2

1

(1− ε2)3/2

(27)

To avoid numerical instability and to ensure continuity of the contact rela-
tionship, Flores et al. [20, 22] proposed the definition of a boundary layer. In
this layer, the contact force is a weighted average of hydrodynamic and metal-
lic forces. A physical interpretation of the boundary layer may be that layer
in which the lubrication regime becomes mixed due to surface asperities. The
layer is defined by a size e0, the corresponding relative size being defined by
ε0 = e0/C. The choice of e0 must made carefully. Too high a value may greatly
affect the behaviour of the model, while discontinuities may reappear with too
small a one. A typical value for ε0 is 5%. Examining (27), a linear weight-
ing function seems insufficient to remove the discontinuity. The present model
makes use of a different function weighting function fF .

fF (ε) = exp

(
2χ(ε)

χ(ε)− 1

)
; χ(ε) =

ε− 1

ε0
(28)

For the torque, the linear function fC . propose by Flores et al. is used.

fC(ε) =
1 + ε0 − ε

ε0
(29)

Finally, the approach is summarized in (30, 31). It should be noted that the
clearance C used for the hydrodynamic force model is replaced by C+ e0 in the
hybrid model. Fig.10 shows a typical form of the contact force of the hybrid
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model.

F total =





F hyd if ε ≤ 1

fF (ε)F hyd + (1− fF (ε))F dry if 1 < ε ≤ 1 + ε0

F dry if ε > 1 + ε0

(30)

Ctotal =





Chyd if ε ≤ 1

fC(ε)Chyd + (1− fC(ε))Cdry if 1 < ε ≤ 1 + ε0

Cdry if ε > 1 + ε0

(31)
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4.3. Internal interaction in a multibody dynamic context

Models of internal interactions that occur in a ball bearing have been pre-290

sented. These models have to be replaced in the context of a multibody dynamic
formalism. In particular, the implicit time integration procedure, which ensures
unconditional stability requires the computation of tangent operators Kt and
Ct (10). Thus, an estimate of the variation of contact forces must be provided.

Rolling contact. Regarding rolling contacts, the normal force depends only on
the generalized coordinates whereas FT depends also the derivatives of the gen-
eralized coordinates. The normal load Fn is expressed in the form (32). Again,
δ is the contact deflection. The contact rigidity kh depends on the curvature
of contacting surfaces and material properties. Finally, the contact force F is
expressed in the form (33) where n is the normal vector.

Fn(q) = kh(q) δ(q)
3/2

(32)

F (q, q̇) = Fn(q) n(q) + FT (q, q̇) (33)

The contribution of the normal load in the tangent stiffness operator is com-
puted from (34). In this expression, the influence variation in contact rigidity
is neglected. Since geometrical interactions are computed analytically, explicit
expressions of δ and n are available, and an approximate explicit form of this
contribution is thus obtained.

∆Fn(q) = ∆Fn(q) n(q) + Fn(q) ∆n(q)

' 3
2kh(q) δ(q)

1
2 ∆δ(q) n(q) + Fn(q) ∆n(q)

(34)

In the ehd lubrication model, the contribution of the tangential component is295

more cumbersome to derive. The approach presented in [31] is used again.

Conformal contact. The force and torque furnished by the hybrid short journal
model depends on the generalized coordinates and their derivatives.

F total = F total(q, q̇) ; Ctotal = Ctotal(q, q̇) (35)

Their contribution to the tangent stiffness and tangent damping matrices
are easily achieved once the variation of the contact deflection and the relative
eccentricity have been expressed. The differentiation of closed-form expression
(25,26) gives the influence of the hydrodynamic force. For the dry contact, the300

finite difference of the Lundberg empirical formula gives a rather good estimate.
It should be noted that the during the transition phase, the variation of the
weight functions (fF , fC) has to be considered.
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Dim. (mm) Outer race Inner race
d 157.3 158.4
r 9.906 9.753
D 196. 130.
h 166. 150.
B 34. 34.

Rolling elements
D 19.05

Ball separator
dc 158.
dp 20.23
ec 7.42
wc 25.4
Z 22

Table 1: Dimensions of the ball bearing

5. Results and discussion

The approach presented in this paper has been applied to the dynamic anal-305

ysis of a ball bearing whose dimensions are summarized in Tab.1. Balls and
races are made of steel, and the cage of bronze. As can be seen in Tab.1, the
cage is guided by the outer race in this example.

Two different load cases have been considered, both having the specific fea-
tures described previously. Thus, only thrust load and moment are present.310

The only difference between the load cases is the value of the moment. With a
moderate value of moment load, load case (a) may be associated with a fairly
good behaviour of the ball bearing. The high value of moment load in the sec-
ond load case will lead to rapid failure of the ball bearing. The second load case
has been experienced on a test rig, and experimental observations have been315

compared with the numerical results.
The boundary conditions used are summarized in Tab.2. The outer race is

fixed rigidly within the housing. The rotation velocity of the inner race is 3060
rev/min. As previously explained, the inner race is linked to the static reference
frame via a viscoelastic hinge joint. Rigidity and damping parameters of the320

joint have been identified using global finite element simulations (see Section 2).
Perturbation forces and moments have been applied in the three directions to
identify the rigidity parameters of the joint. Their magnitudes lay in the ranges
[−1000N ; 1000N ] and [−1000Nm; 1000Nm] respectively. Elastic coefficients in
extension and shear are equal to 106N/mm, and bending coefficients are close325

to 105Nm/rad. The viscous coefficients matrices are assumed proportional to
the elastic coefficients matrices, and the scale factor is 10−6.

The internal modelling of the ball bearing is described in Section 4. The fluid
used in this study corresponds to the nato o-156 specification. The operating
temperature is assumed to be 100�, this choice being based on experimental330
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Prescribed load on inner race
Load case case (a) case (b)
Axial load 34000N 34000N
Radial load 0N 0N

Moment load 100Nm 430Nm

Prescribed rotation speed
Inner race 3060 rev/min
Outer race 0 rev/min

Table 2: Boundary conditions for dynamic ball bearing simulation

observations.
In both cases, a quasi-static simulation provides initial values of the gen-

eralized coordinates. Initial velocities are obtained assuming pure rolling at
the contact points. The HHT method is used to integrate the equation of mo-
tion. The damping parameter αf , which must lie within (0, 13 ] is chosen to be335

0.1. The time step is selected automatically. The automatic step size control
is based on the computation of an estimate of the local truncation error (see
ch.11 in [19]). For this simulation the time step was initialized at 10−6s, and
lay between 10−8s and 2 10−6s. The absolute unbalance allowed at each time
step is 10−6. For constraints, the convergence threshold is 10−8. In both load340

cases, the dynamic simulations were carried out over 0.8s corresponding to ap-
proximately 40 revolutions of the inner ring. It was found that this period of
time was sufficient to provide a fairly well-defined steady-state behavior of the
bearing. The following sections present some results provided by the dynamic
analysis of the ball bearing tested. Cage motion is investigated with special care345

since this provides a good picture of ball bearing dynamic performance. Cage
whirl velocity and orbit shapes are the key parameters used to assess the overall
cage motion. Also, the evolution over time of the interaction between cage and
outer race is shown.

5.1. Results for case (a)350

Fig.11 shows the load distribution on the rolling elements and their cor-
responding contact angle. Since in this case the thrust load is predominant,
the variation of contact angle is small. For both inner and outer contacts, the
variation is less than 5◦. The magnitude of the outer race contact is slightly
greater than for the inner race contact because of inertial forces. It should be355

noted that rolling elements are heavily loaded, and the intensity of the impacts
between balls and cage may therefore be significant.

The whirl orbit is plotted in a plane normal to the bearing axis in Fig.12(a).
The dashed circle represent the guide clearance; hence if the cage centre lies on
this circle the cage will be constantly touching the race at the guide land. There360

is no cage whirl at all, but rather the mass centre of the cage experiences an
erratic motion. This observation seems in accordance with a previous study by
Gupta who analyzed the cage dynamic behaviour of radially loaded bearings
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[44]. It was observed that when the load is fixed in direction, whirl motion is
absent, resulting in reduced cage interaction. In this study, the moment load365

is stationary, so no cage whirl was expected. The cage rotation velocity is
plotted in Fig.12(b). The variation in cage rotation velocity is rather small and
represents only 1.45% of its mean value.

The phase portrait of the inner ring and cage are plotted in Fig.13. In the
horizontal and vertical directions, the inner race motion is quasi-periodic. The370

perturbed oscillatory motion is excited by the prescribed rotation speed and
the stationary moment load. In the axial direction however, the phase portrait
shows a fixed attractor close to the point (0.3470, 0.). The inner ring quickly
reaches this state. The erratic motion of the cage is again visible in Fig.13(b).
In all directions, the motion is chaotic.375

Overall cage interactions can be discussed further in terms of the variations
in contact load at the guide lands and in the cage pockets. Fig.14 shows the
variation in contact load at the guide lands. Impacts on cage pockets are shown
in Fig.15. The cage inevitably hits the guiding race several times, but the
magnitude of contact forces is limited. The distinct collision peaks correspond380

to the erratic motion of the cage shown on Fig.12(a). Because of small pocket
clearances, cage pocket impacts are frequent. Most impacts have a magnitude
less than 150N . Some long duration contacts of very small amplitude can also
be distinguished in Fig.15(a). In Fig.15(b), it can be observed that cage pocket
impacts do not occur in any particular orbital area. Finally, the ball bearing385

behaviour in terms of cage dynamics and cage interaction is satisfactory in this
case. This was to be expected since the moment load is of moderate magnitude.
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Figure 11: Rolling element load distribution and corresponding contact angle, quasi-static
simulation, case (a)
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Figure 13: Phase portrait of inner ring and ball separator, case (a)
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5.2. Results for case (b)

The load distribution on rolling elements and the corresponding contact
angle are plotted in Fig.16. The high value of moment load leads to a large390

variation of contact load and contact angle. For both inner and outer contacts,
variation in contact angle is about 15◦ leading to an excessive rolling element
excursion. Such a circumferential excursion results in strong interactions with
the cage and cage motion is thereby affected.
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Figure 16: Rolling element load distribution and corresponding contact angle, quasi-static
simulation, case (b)

The cage centre trajectory is plotted in Fig.17(a). It can be observed that395

the cage is constantly crushed against the outer race. The contact remains
within a well defined area. The cage centre position slightly exceeds the radial
play, so metal-to-metal contact occurs. Here, the utility of the continuous con-
tact force model for the hybrid short journal model is highlighted. Thus, the
equations of motion can be integrated even with an implicit scheme. If the cage400

trajectory obviously shows a malfunction of the ball bearing, with a relative
variation about 1.4%, the cage rotation velocity fails to provide any valuable
information on the dynamic performance of the ball bearing (see Fig.17(b)).

The inner race again exhibits a quasi-periodic motion in the horizontal and
vertical directions (see Fig.18(a)). The perturbation of the oscillating motion405

is of the same order of magnitude as in the first case. In the axial direction, the
inner ring rapidly approaches to the point (0.3425, 0.) with a gentle oscillation
around it. In the phase portrait of the ball separator displayed in Fig.18(b),
the almost constant radial position of the cage mass centre is also visible. In
the axial direction however, the cage exhibits oscillatory behaviour around the410

axial position z = 0.2mm. In this model, since the hybrid short journal model
produces no axial force, the axial motion of the cage is induced only by ball
impacts on pockets. Thus, in the axial direction, the absence of viscous forces
explains this oscillatory behaviour.
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Figure 17: Trajectory and rotation velocity of the cage, case (b)
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With regard to cage interactions, contact loads at the guide lands are severe415

(see Fig.19). The huge peak of 600N may be explained by the approximate
initial values of the cage configuration. The cage is heavily squeezed onto the
guide lands. In comparison with the previous case, here the contact is of greater
magnitude and frequency. This results in high wear on the cage and premature
failure. Impacts on cage pockets are shown in Fig.20(a). Again, impacts are420

much more frequent, with a magnitude of the impacts greater than in the first
load case. Small pocket clearances may explain the fact that most of the impacts
have a value less than 200N . Some long duration contacts of small amplitude
are also present. In Fig.20(b), it should be noted that cage impacts occur in
a well defined area. Indeed, impacts occur in two orbital regions [115◦, 180◦]425

and [0◦,−45◦] roughly. In the first region, ball-to-pocket contact force and ball
velocity are in the same direction, and hence the balls seem to lead the cage in
this area. In the second region, the cage is slowed down by the balls. These two
simultaneous actions cause the cage to be crushed in a fairly constant direction;
this is a direct consequence of the excessive ball circumferential excursion.430
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The second load case corresponds to the experimental conditions experienced
on a test rig. As expected, premature cage failure occurred during this test.
After disassembly of the bearing, the outer race was burnt in quite a well defined
orbital region. Good agreement is found when comparing the contact area
predicted in Fig.17(a) with that observed in Fig.21(a). There are also burn435
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marks all around the cage (see Fig.21(b)). A slight asymmetry in the burn
marks is observed between the cage sides. This asymmetry may be explained
by the non-centred axial position. Indeed, the cage axial position varies around
0.2mm (see Fig.18(b)).

Maximum
contact angle

Contact area

(a) Outer race (b) Cage

Figure 21: Contact area on ball bearing components

Finally, owing to the high value of moment load, the ball bearing exhibits440

an obvious dysfunction. The premature failure was accurately predicted by the
dynamic numerical analysis and confirmed by experimental observations. From
the author’s experience, without the hybrid short journal, the discontinuity in
the contact force model leads to an absurd cage trajectory. On the other hand,
if the viscoelastic hinge joint that constrains the inner race is removed, the cage445

is still constantly crushed against the outer race but the contact area moves
all around the outer race. Thus, the viscoelastic hinge joint and the hybrid
short journal model appear essential in managing the dynamic analysis of a ball
bearing under such severe load conditions.

29



6. Conclusion450

An approach for predicting the internal behaviour of ball bearings under high
moment loads has been presented and discussed throughout this paper. The ball
bearing model proposed is not limited to planar systems. Several phenomena
such as contact deformation, internal clearance, cage run-out and elastohydro-
dynamic lubrication are taken into account. Lubricant traction is computed455

assuming non-Newtonian behaviour of the lubricant and isothermal conditions.
In order to manage dynamic analysis of ball bearings under such specific and
severe loading, the configuration dependence of the shaft-to-inner-ring force is
considered by means of an equivalent viscoelastic hinge joint. Rigidity param-
eters of the equivalent joint are identified via global finite element simulations460

and damping parameters are assumed proportional to rigidity parameters. Also,
a hybrid short journal model which considers the transition from hydrodynamic
to metal-to-metal contact forces has been developed in order to model cage to
guide lands contact. The equations of motion are derived using a multibody dy-
namic formalism and integrated using the unconditionally stable, implicit hht465

scheme.
A ball bearing subjected to two different values of moment is chosen as an

example to demonstrate the capability of the methodology presented in this
paper. With a moderate value of moment load, the ball bearing functions
correctly, especially in terms of the dynamic behaviour of the cage. In the second470

load case, the value of the moment load is so high that excessive cage interaction
occurs. The cage is crushed against the guide lands in a approximately fixed
location. Cage pocket impacts are more frequent and violent. The magnitude
of these impacts appears, however, to be limited by cage pocket clearances. It
is also shown that in this case, variations in cage rotational speed are not well475

correlated with incorrect operation of the ball bearing. The second load case
has been experienced on a test rig and numerical results are compared with
experimental observations. Good agreement is found between the predicted
cage to outer race contact location and burn marks seen on the outer race after
disassembly of the ball bearing.480

Although cage interactions are overestimated owing the assumptions of a
rigid cage, the methodology presented here provides valuable information about
the dynamic behaviour of ball bearings even in cases of severe loading. In
particular, localized non-linear phenomena such as ball skidding, cage pocket
impacts or cage instability are accurately predicted by this approach.485
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[37] M. Géradin, A. Cardona, Kinematics and dynamics of rigid and flexible
mechanisms using finite elements and quaternion algebra, Computational
Mechanics 4 (1989) 115–135. doi:10.1007/BF00282414.

[38] H. M. Hilber, T. Hughes, R. L. Taylor, Improved numerical dissipation
for time integration algorithms in structural dynamics, Earthquake Engi-600

neering & Structural Dynamics 5 (3) (1977) 283–292. doi:10.1002/eqe.

4290050306.

[39] O. Bauchau, On the Modeling of Friction and Rolling in Flexible Multi-
Body Systems, Multibody System Dynamics 3 (3) (1999) 209–239. doi:

10.1023/A:1009883931415.605

33

http://dx.doi.org/10.1007/s11044-014-9412-0
http://dx.doi.org/10.1007/s11044-014-9412-0
http://dx.doi.org/10.1007/s11044-014-9412-0
http://dx.doi.org/10.1007/s11044-014-9413-z
http://dx.doi.org/10.1007/s11044-014-9413-z
http://dx.doi.org/10.1007/s11044-014-9413-z
http://dx.doi.org/10.1243/1464419991544063
http://dx.doi.org/10.1243/1464419991544063
http://dx.doi.org/10.1243/1464419991544063
http://dx.doi.org/10.1051/meca/2013075
http://dx.doi.org/http://dx.doi.org/10.1016/0043-1648(94)90150-3
http://dx.doi.org/10.1051/meca:2007081
http://dx.doi.org/10.1023/A:1024265401576
http://dx.doi.org/10.1007/BF00282414
http://dx.doi.org/10.1002/eqe.4290050306
http://dx.doi.org/10.1002/eqe.4290050306
http://dx.doi.org/10.1002/eqe.4290050306
http://dx.doi.org/10.1023/A:1009883931415
http://dx.doi.org/10.1023/A:1009883931415
http://dx.doi.org/10.1023/A:1009883931415


[40] K. Johnson, Contact Mechanics, Cambridge University Press, 1987.

[41] S. Yasutomi, S. Bair, W. Winer, An application of a free volume model to
lubricant rheology I—dependence of viscosity on temperature and pressure,
Journal of Tribology 106 (1984) 291–302. doi:10.1115/1.3260907.

[42] O. Pinkus, B. Sternlicht, Theory of hydrodynamic lubrication by Oscar610

Pinkus and Beno Sternlicht, New York : McGraw-Hill, 1961.
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