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Abstract. We study a one-dimensional diffusion X in a drifted Brownian potential
Wy, with 0 < k < 1, and focus on the behavior of the local times (L(t,z),z) of
X before time t > 0. In particular we characterize the limit law of the supremum
of the local time, as well as the position of the favorite site. These limits can be
written explicitly from a two dimensional stable Lévy process. Our analysis is based
on the study of an extension of the renewal structure which is deeply involved in
the asymptotic behavior of X.

1. Introduction

1.1. Presentation of the model. Let (X (t), t > 0) be a diffusion in a random cadlag
potential (V(z), = € R), defined informally by X (0) = 0 and

AX (1) = dB(r) — SV (X(0)dr,

where (5(s), s > 0) is a Brownian motion independent of V. Rigorously, X is
defined by its conditional generator given V,

Lvyd (—vd
26 dzx € dz /-

We put ourselves in the case where V' is a negatively drifted Brownian motion:

V(z) = We(z) == W(x) — Sz, v € R, with 0 < x < 1 and (W(z), = € R) is a two

sided Brownian motion. We explain at the end of Section 1.2 what should be done
to extend our results to a more general Lévy potential.
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We denote by P the probability measure associated to W, (.). The probability
conditionally on the potential W, is denoted by P"= and is called the quenched
probability. We also define the annealed probability as

P(.) := /PWW(.)P(WH € dw).

We denote respectively by EW=, E, and E the expectations with regard to PW=, P
and P. In particular, X is a Markov process under P"* but not under P.

This diffusion X has been introduced by Schumacher (1985). It is generally
considered as a continuous time analogue of random walks in random environment
(RWRE). We refer e.g. to Zeitouni (2001) for general properties of RWRE.

In our case, since k > 0, the diffusion X is a.s. transient and its asymptotic
behavior was first studied by Kawazu and Tanaka: if H(r) is the hitting time of
re€ R by X,

H(r) :=inf{s >0, X(s) =1}, (1.1)

Kawazu and Tanaka (1997) proved that, for 0 < £ < 1 under the annealed prob-
ability P, H(r)/r'/* converges in law as 7 — 400 to a s-stable distribution (see
also Hu et al. (1999), and Tanaka (1997)). Here we are interested in the local time
of X, which is the jointly continuous process (L(¢,x), t > 0, € R) satisfying, for
any positive measurable function f,

t +oo
/ FOX(5))ds = / FL( oz, £ 0.
0

— 00
One quantity of particular interest is the supremum of the local time of X at time
t, defined as

L(t) :=sup L(t, x), t>0.
R

For Brox’s diffusion, that is, for the diffusion X in the recurrent case k = 0, it
is proved in Andreoletti and Diel (2011) that the local time process until time ¢
re-centered at the localization coordinate b, (see Brox (1986)) and renormalized by
t converges in law under the annealed probability P. This allows the authors of
Andreoletti and Diel (2011) to derive the limit law of the supremum of the local
time at time t as t — 4+00. We recall their result below in order to compare it with
the results of the present paper. To this aim, we introduce for every x > 0,

+o00 + +o0 =,
0 0

where (WT(x), x> O) and (W,I , x> O) are two independent copies of the process

K
(W, (z), © > 0) Doob-conditioned to remain positive.

Theorem 1.1. (Andreoletti and Diel (2011)) If k = 0, then
cx(t) 1 1
i Ry

where % denotes convergence in law under the annealed probability P as t — +o0.

Extending their approach, and following the results of Shi (1998), Diel (2011)
obtains the non-trivial normalizations for the almost sure behavior of the lim sup
and the liminf of £*(t) as t — 400 when x = 0. Notice that corresponding results
have been previously established in Dembo et al. (2007) and Gantert et al. (2010)
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for the discrete analogue of X in the recurrent case k = 0, the recurrent RWRE
generally called Sinai’s random walk.

One of our aims in this paper is to extend the study of the local time of X in
the case 0 < k < 1, and deduce from that the weak asymptotic behavior of £*(t)
suitably renormalized as t — +o0.

Before going any further, let us recall to the reader what is known for the slow
transient cases. For transient RWRE in the case 0 < £ < 1 (see Kesten et al.
(1975) for the seminal paper), a result of Gantert and Shi (2002) states the almost
sure behavior for the limsup of the supremum of the local time L£%(n) of these
random walks (denoted by S) at time n: there exists a constant ¢ > 0 such that
limsup,,_, . £&(n)/n = ¢ > 0 P almost surely. Contrarily to the recurrent case
(Gantert et al. (2010)) their method, based on a relationship between the RWRE S
and a branching process in random environment, cannot be exploited to determine
the limit law of £%(n)/n.

For the transient diffusion X considered here, the only paper dealing with £*(t)
is Devulder (2016), in which it is proved, among other results, that when 0 < £ < 1,
limsup,;_, o, £*(t)/t = +oo0 almost surely. But once again his method cannot be
used to characterize the limit law of £*(¢)/t in the case 0 < k < 1.

Our motivation here is twofold, first we prove that our approach enables to
characterize the limit law of £*(¢)/t and open a way to determine the correct
almost sure behavior of £*(t) as was done for Brox’s diffusion by Shi (1998) and
Diel (2011). Second we make a first step on a specific way to study the local time
which could be used in estimation problems in random environment, see Adelman
and Enriquez (2004), Andreoletti (2011), Andreoletti and Diel (2012), Andreoletti
et al. (2015), Comets et al. (2014a), Comets et al. (2014b), Falconnet et al. (2014).

The method we develop here is an improvement of the one used in Andreoletti
and Devulder (2015) about the localization of X (¢) for large ¢.

Before recalling the main result of this paper Andreoletti and Devulder (2015),
we need to introduce some new objects. We start with the notion of h-extrema,
with h > 0, introduced by Neveu and Pitman (1989) and studied more specifically
in our case of drifted Brownian motions by Faggionato (2009). For h > 0, we say
that € R is an h-minimum for a given continuous function f, R — R, if there
exist u < & < v such that f(y) > f(z) for all y € [u,v], f(u) > f(z) + h and
f(v) > f(x)+ h. Moreover, x is an h-mazimum for f iff 2 is an h-minimum for — f.
Finally, = is an h-extremum for f iff it is an A-maximum or an A-minimum for f.

As we are interested in the diffusion X until time ¢ for large ¢, we only focus on
the hs-extrema of Wy, where

hy :=1logt — ¢(t), with 0 < é(t) = o(logt), loglogt = o(¢(t)),

and t — ¢(t) is an increasing function, as in Andreoletti and Devulder (2015). Tt
is known (see Faggionato (2009)) that almost surely, the hs;-extrema of W, form
a sequence indexed by Z, unbounded from below and above, and that the hy-
minima and h;-maxima alternate. We denote respectively by (m;, j € Z) and
(M;, j € Z) the increasing sequences of h;-minima and of h;-maxima of W, such
that mg <0 <m; and m; < M; < mjy; for every j € Z. Define

N, := max{keN, sup X(s) ka}, (1.3)

0<s<t
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the number of (positive) hy-minima on R4 visited by X until time ¢. We have the
following result.

Theorem 1.2. (Andreoletti and Devulder (2015)) Assume 0 < k < 1. There exists
a constant C1 > 0, such that
Jim P(1X(0) = my,| <Cio() =1

This result proves that before time t, the diffusion X visits the N; leftmost
positive h;-minima, and then gets stuck in a very small neighborhood of an ultimate
one, which is my,. An analogous result was proved for transient RWRE in the zero
speed regime 0 < k < 1 by Enriquez et al. (2009a). This phenomenon is due to
two facts: the first one is the appearance of a renewal structure which is composed
of the times it takes the process to move from one A ;-minimum to the following
one. The second is the fact that like in Brox’s case k = 0, the process is trapped a
significant amount of time in the neighborhood of the local minimum my,.

It is the extension of this renewal structure to the sequence of local times at the
hi-minima that we study here. We now detail our results.

1.2. Results. Let us introduce some notation involved in the statement of our re-
sults. Assume that 0 < k < 1. Denote by (D([O7 +00), R2), Jl) the space of cadlag

functions [0, +00) — R? with .J;-Skorokhod topology and denote by & the conver-
gence in law for this topology. On this space, define a 2-dimensional Lévy process
(Dh,Ys) taking values in Ry x R4, which is a pure positive jump process with
k-stable Lévy measure v given by

C . C y
Vo >0, Yy > 0, v([z, +o0[x [y, +00[) = y—iIE {(R,{) ]IRNS%}—Fx—i]P’ (R,i > ;) ,
(1.4)

where R, is defined in (1.2) and Cs is a positive constant (see Lemma 4.1). The
Laplace transform of R, is given by
2

—YRr) _ (2’)/)&/2
2 = (oreym) 770 5

as proved in Lemma 6.6 below, where I,; is the modified Bessel function of the first
kind of index k. Moreover, R, admits moments of any positive order (see also
Lemma 6.6). In particular E[(R,)"] is finite and v is well defined.
For a given cadlag function f in D([0,400),R), define for any s > 0,a > 0:

Fis) = S (f(r) = f(r7)), [ Ha)=inf{z >0, f(x)>a},
where f(r~) denotes the left limit of f at 7. In words, f%(s) is the largest jump of
f before time s, whereas f~!(a) is the first time f is strictly larger than a. We also
introduce the couple of random variables (Z1,Z») as follows,

W) =0 (e (1))
YY) =2 (1)7)
(1.6)

We recall that % denotes convergence in law under the annealed probability P as
t — 400. We are now ready to state our first result.

=Yy 1), L= (1-205'1)))
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Theorem 1.3. Assume 0 < k < 1. We have,

£ t(t) % I = max(Il,Ig).

Contrary to the recurrent case k = 0, we have no scaling property for the po-
tential, and the diffusion X cannot be localized in a single valley as we can see in
Theorem 1.2. However in the transient case we can make appear and use a renewal
structure.

We now give an intuitive interpretation of this theorem, explaining the appearance
of the Lévy process (1, Vs).

First for any s > 0, ) (s) is the limit of the sum of the first |se®*® | normalized
(by t) local times taken specifically at the |se®¢(*)| first h;-minima (see Proposition
1.4 below). Similarly, V2 (s) is the limit of the sum of the exit times of the | se*(®) |
first hi-valleys, normalized (by t), where an h-valley is a large neighborhood of
an hy-minimum. For a rigorous definition of these h;-valleys, see Section 2.2 and
Figure 2.1.

So, by definition, Z; is the largest jump of the process ) before the first time )s
is larger than 1. It can be interpreted as the largest (re-normalized) local time
among the local times at the h;-minima visited by X until time ¢ and from which
X has already escaped. That is to say, Z; is the limit of the random variable
SUpg<n,—1 L(mg,t)/t.

I, is a product of two factors: the first one, (1 —Y2(Y5"(1)7)), corresponds to
the (re-normalized) amount of time left to the diffusion X before time ¢ after it
has reached the ultimate visited h;-minimum my;,, that is, to (t — H(mpy,))/t. The
second factor corresponds to the local time of X at this ultimate A;-minimum my,,
that is to say Z, is the limit of L(¢, my,)/t. Intuitively )s is built from Y; by mul-
tiplying each of its jumps by an independent copy of the variable R,. Therefore
this second factor can be seen as an independent copy of 1/R, taken at the instant
of the overshoot of J» which makes it larger than 1. Notice that this variable R
plays a similar role as Ry of Theorem 1.1. Indeed as in the case k = 0, the diffusion
X is prisoner in the neighborhood of the last h;-minimum visited before time ¢.

We prove Theorem 1.3 by showing first that portions of the trajectory of X
re-centered at the local h;-minima, until time ¢, are made (in probability) with
independent parts. This has been partially proved in Andreoletti and Devulder
(2015) but we have to improve their results and add simultaneously the study of
the local time.

Second, we prove that the supremum of the local time is, mainly, a function of
the sum of theses independent parts, which converges to a Lévy process. We now
provide some details about this.

Recall that (W] (s), s > 0) is defined as a continuous process, taking values in
R, with infinitesimal generator given for every x > 0 by
1 d? K K d
2 a2 + 5 coth (§$) P
This process W, can be thought of as a (—#/2)-drifted Brownian motion W,, Doob-
conditioned to stay positive, with the terminology of Bertoin (1996), which is called
Doob conditioned to reach +oo before 0 in Faggionato (2009) (for more details, see
Section 2.1 in Andreoletti and Devulder (2015), where W, is denoted by R). We call
BES(3, x/2) the law of (W[(s), s > 0). That is, (W (s), s > 0) is a 3-dimensional
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(k/2)-drifted Bessel process starting from 0. For any process (U(t), ¢ € Ry), we
denote by

7Y (a) :=inf{t > 0, U(t) = a},
the first time this process hits a, with the convention inf() = +oo. For a < b,
(Wh(s), 0<s < Wi (a)) is defined as a (—r/2)-drifted Brownian motion starting
from b and killed when it first hits a. We now introduce some functionals of W, and
W, which already appeared in (Andreoletti and Devulder (2015), Section 4.1):

Wk (x)
FE(z) = / exp(£W](s))ds, x>0, (1.7)
0

b
mr (a)
G*(a,b) = / exp (£ Wl(s))ds, a <b. (1.8)
0

Let 0 < § < 1, define
ng = Lem(t)(lJr‘s)J, t>0,
which is, with large probability, an upper bound for N; as stated in Lemma 3.1.
Let (S;, Rj,ej,j < n;) be a sequence of i.i.d. random variables depending on ¢,

with S;, R; and e; independent, S, z Ft(h) + Gt (he/2,hy), Ry z F~(h/2) +
F~(hy/2) and e; z £(1/2) (an exponential random variable with parameter 1/2),

where F~ is an independent copy of F~ and F* is independent of G, and 1
denotes equality in law. Define ¢; := e;5; and H; := {;R;. Note that to simplify
the notation, we do not make appear the dependence in ¢ in the sequel. Intuitively,
¢; plays the role of the local time at the j-th positive h-minimum m; if X escapes
from the j-th h.-valley before time ¢, that is, if j < N;. Similarly, H; plays the role
of the time X spends in the j-th h;-valley before escaping from it.

Define the family of processes (Y1, Y2)! indexed by ¢, by

Lse”¢(t)j

V20, (M Y)i= (V) Y3() = Do (4 Hy).

J=1

Recall that & denotes convergence in law under J;-Skorokhod topology. Here is
our next result.

Proposition 1.4. Assume 0 < k < 1. We have under P, as t — +o0,

(Y17}/2)t & (ylayQ)-

Once this is proved, we check that we can approximate, in law, the renormal-
ized local time L£*(t)/t by a function of (Y7, Y2)!. We obtain such an expression
in Proposition 5.1. Then to obtain the limit claimed in Theorem 1.3, we prove
the continuity (in Ji-topology) of the involved mapping and apply a continuous
mapping Theorem (see Section 4.3).

It appears that with this method we can also obtain some other asymptotics.
Indeed, we obtain in the following theorem the convergence in law of the supremum
of the local time of X before X hits the last h;-minimum my, visited before time
t, of the supremum of the local time of X before X leaves the last h;-valley visited
before time ¢ (the one around my,) approximately at time H(mpy,+1), and of the
position of the favorite site.
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Theorem 1.5. Assume 0 < k < 1. We have the following convergences in law
under P as t — 400,

M L i), (1.9)
w L yiyi)) =1, (1.10)

Let us call FY* the position of the first favorite site, that is, F;* := inf{x € R, L(t,x) =
L*(t)}. Then,
Fr 3
X—Et) —>BU[0)1] —|—1—B, (111)
where B is a Bernoulli random variable with parameter P(Z; < Iy), and U q) is a
uniform random variable on [0, 1], independent of B.

We remark that with probability one there is at most one point x such that
L(t,x) = L*(t) so Fy is actually the favorite site. Note that similar questions
about favorite points for X have been studied in the recurrent case x = 0 by
Cheliotis (2008).

One question we may ask here is: what happens in the discrete case (that is, for
RWRE), or with a more general Lévy potential?

For RWRE, we expect a very similar behavior because the renewal structures
which appear in both cases (RWRE and our diffusion X) are very similar (see
Enriquez et al. (2009a)). The main difference comes essentially from the functional
R, which should be replaced by a sum of exponentials of simple random walks
conditioned to remain positive (see Enriquez et al. (2009b), Enriquez et al. (2009a)).

For a more general Lévy potential, we have in mind for example a spectrally
negative Lévy process (diffusions in such potentials have been studied by Singh
(2008)). More work needs to be done, especially for the potential. First, to obtain
a specific decomposition of the Lévy’s path (similar to what is done for the drifted
Brownian motion in Faggionato (2009)), and also to study the more complicated
functional R, which is less known than in the Brownian case. This is a work in
preparation by Véchambre (2016).

The rest of the paper is organized as follows.

In Section 2, we recall the results of Faggionato on the path decomposition of
the trajectories of W,. Also we recall from Andreoletti and Devulder (2015) the
construction of specific hy-minima which plays an important role in the appearance
of independence, under P, on the path of X before time t.

In Section 3, we study the joint process of the hitting times of the h;-minima m;,
1 <7 < n; and of local times at these m;. We show that parts of the trajectory of
X are not important for our study, that is, we prove that the time spent outside the
h¢-valleys, and the supremum of the local time outside the h;-valleys are negligible
compared to t. We then prove the main result of this section: Proposition 3.5.
It shows that the joint process (exit times, local times) can be approximated in
probability by i.i.d random variables (which are the 7{; and ¢;). This part makes
use of some technical results inspired from Andreoletti and Devulder (2015), they
are summarized in Section 6.

In Section J, we prove Proposition 1.4, and study the continuity of certain func-
tionals of ()1, V») which appear in the expression of the limit law Z. This section is
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independent of the other ones, we essentially prove a basic functional limit theorem
and prepare to the application of continuous mapping theorem.

Section 5 is where we make appear the renewal structure in the problem we
want to solve. In particular we show how the distribution of the supremum of the
local time can be approximated by the distribution of some function of the couple
(Y1, Y2)?, the main step being Proposition 5.1.

Section 0 is a reminder of some key results and their extensions extracted from
Andreoletti and Devulder (2015). For some of these results, sketch of proofs or
complementary proofs are added in order for this paper to be more self-contained.

Finally, Section 7 is a reminder of some estimates on Brownian motion, Bessel
processes, and functionals of both of these processes.

1.3. Notation. In this section we introduce typical notation and tools for the study
of diffusions in a random potential.

For any process (U(t), t € R;) we denote by Ly a bicontinuous version of the
local time of U when it exists. Notice that for our main process X we simply write
L for its local time. The inverse of the local time for every x € R is denoted by
oy (t,z) == inf{s > 0, Ly(s,z) > t} and in the same way o(t,z) := ox(t,z). We
also denote by U® the process U starting from a, and by P% the law of U%, with
the notation U = U°. Now, let us introduce the following functional of W,,

A(r) ::/ Ve @, reR.
0

We recall that since £ > 0, Ao 1= lim, 4o A(r) < 00 a.s. As in Brox (1986),
there exists a Brownian motion (B(s), s > 0), independent of W,, such that
X(t) = A7YB(T~4(t))] for every t > 0, where

T(r) = / exp{—2W AL (B(s)]}ds,  0<r<7B(A). (1.12)
0
The local time of the diffusion X at location x and time ¢, simply denoted by
L(t,x), can be written as (see Shi (1998), eq. (2.5))
Lt,z)=e V@ LT 1), A(z)), t>0,z€R. (1.13)

With this notation, we recall the following expression of the hitting times of X,

H(r)=T[rP(A(r))] = / ' e W £p 7B (A(r)), A(u)]du, r>0. (1.14)

— 00

2. Path decomposition and Valleys

2.1. Path decomposition in the neighborhood of the hi-minima m;. We first recall
some results for h;-extrema of W,,. Let

VO(z) = W(z) — We(m;), z€R,ieN",

which is the potential W, translated so that it is 0 at the local minimum m,;. We
also define

77 (h) = sup{s <m;, VP(s)=h},  h>0, (2.1)
mi(h) = inf{s >m;, V@O(s)=h}, h>0. (2.2)
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The following result has been proved by Faggionato (2009) [for (i) and (ii)], and
the last fact comes from the strong Markov property (see also (Andreoletti and
Devulder (2015), Fact 2.1) and its proof).

Fact 2.1. (path decomposition of W, around the hi-minima m;)

(i) The truncated trajectories (V& (m; —s), 0 < s < m; —7; (he)), (V@O (m; +
s), 0<s<mi(h)— mi), 1 > 1 are independent.

(ii) Let (W](s), s > 0) be a process with law BES(3,/2). All the truncated
trajectories (V(i) (m; —s), 0<s<m;— Ti_(ht» for i > 2 and (V(j) (mj+s), 0<
s < 7;(hs) —my) for j > 1 are equal in law to (W, (s), 0 <'s < TW'I(ht)).

(iii) For i > 1, the truncated trajectory (V@ (s + 7i(h¢)), s > 0) is independent
of (Wk(s), s < 7i(h)) and is equal in law to (W[t (s), s > 0), that is, to a
(—k/2)-drifted Brownian motion starting from h;.

2.2. Definition of hi-valleys and of standard hy-minima m;, j € N*.

We are interested in the potential around the hy-minima m;, i € N*, in fact intervals
containing at least [7;” ((1 4+ k)h¢), M;]. However, these valleys could intersect. In
order to define Valleys which are well separated and i.i.d., we introduce the following
notation. This notation is used to define valleys of the potential around some m;,
which are thanks to Lemma 2.2 equal to the m; for 1 < ¢ < n; with large probability.
Let

hi == (1+ Kk + 20)hy

As in Andreoletti and Devulder (2015), we define L(J{ := 0, mo := 0, and recursively
for i > 1 (see Figure 2.1),

L} i=inf{e > L), Wi(z) < We(L5,) = b},

Fi(hy) := inf {z > LF, We(z) — inf z: Wy > i}, (2.3)
m,; = inf {3: > Li, We(z) = inf[iﬁ,ﬂ(ht)] W,{},

L} = inf{z > 7(hs), We(x) < We(Fi(hs)) — he — b}

We also introduce the following random variables for ¢ € N*:

L*W( u)},

M; = inf{s > m;, Wy(s) = max,

LY = inf{x > 7i(h;), We(x) — W, ( i) = 3h/4},
L; == inf{x > 7;(h;), We(z) — Wi () = hy/2}, (2.4)
7i(h) := inf{s > m;, Wy(x) — We(h;) =h},  h>0, (2.5)
7. (h) == sup{s < m;, W.(z) — We(m;) = h}, h >0, (2.6)

Ly = %ii(h;r)-

We stress that these random variables depend on t, which we do not write as a
subscript to simplify the notation. Notice also that 7;(h;) is the same in definitions
(2.3) and (2.5) with h = h;. Moreover by continuity of W, W, (7;(ht)) = Wy (m;)+
h¢. Thus, the m;, ¢ € N*, are h;-minima, since Wy (m;) = inf[z+ F5(he)] Wi,

i—1Ti

W (7i(he)) = Wi () + by and W (L)~ ) > W, () + hy. In addition,
Ly | < LF <wm; <7i(h) <Lf <L <L, i € N, (2.7)
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FIGURE 2.1. Schema of the potential between f);tl and L, in the

K2

case L§ < i/;.

Li | <Ly <y <7i(h) < My < L, i e N*. (2.8)

Also by induction, the random variables f)g, 7i(he) and L}

7 7

i € N* are stopping
times for the natural filtration of (Wy(z), = > 0), and so L;, L}, i € N*, are also
stopping times. Moreover by induction,

WL = inf W.,  We(my) = inf W,,
[0,L%] [0,7; (he)]
W.(LF) = inf W, =W, () — hf,
[0.L7]

(2.9)

for i € N*. We also introduce the analogue of V) for m; as follows:
VO (2) = W, (x) — We(m), x€R,ieN".

We call i th hg-valley the translated truncated potential (f/(i) (x), f)i_ <z< L-),
for¢>1.

The following lemma states that, with a very large probability, the first n; + 1
positive hiy-minima m;, 1 < i < ny + 1, coincide with the random variables m;,

1 <i<mny+ 1. We introduce the corresponding event V; := ﬁ?j{l{mi =m;}.

Lemma 2.2. Assume 0 < § < 1. There exists a constant Cy > 0 such that for t
large enough,

P (Vt) S Clntefnht/Q _ e[fn/2+o(1)]ht'
Moreover, the sequence ((f/(i) (x+L7,), 0<x<Lf— thl), 1> 1), 15 1.4.d.
Proof: This lemma is proved in Andreoletti and Devulder (2015): Lemma 2.3. O

The following remark is used several times in the rest of the paper.
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Remark 2.3. On V;, we have for every 1 <1i < n;, m; = m;, and as a consequence,
VO (z) = V@ (z), z € R, 7, (h) = 7, (h) and 7;(h) = 7i(h) for h > 0. Moreover,
M; = M;. Indeed, M; is an h;-maximum for W, which belongs to [m;, mr1] =
[mi, mit1] on Vg, and there is exactly one hi-maximum in this interval since the
h;-maxima and minima alternate, which we defined as M;, so ]\Zfi = M;. So in the
following, on V;, we can write these random variables with or without tilde.

3. Contributions for hitting and local times

3.1. Negligible parts for hitting times.

In the following lemma we recall results of Andreoletti and Devulder (2015) which
say, roughly speaking, that the time spent by the diffusion X outside the h;-valleys
is negligible compared to the amount of time spent by X inside the h;-valleys. This
lemma also gives an upper bound for the number of h;-valleys visited before time
t. Finally, it tells us that with large probability, up to time ¢, after first hitting
the bottom m; of each h;-valley [i;, L;], X leaves this hy-valley on its right, that
is on Ej, and that X never backtracks in a previously visited h;-valley. We define
Hy_ .y :=inf{s > H(z), X(s) =y} — H(x) for any x > 0 and y > 0, which is equal
to H(y) — H(z) if # < y. Let

Up:=0, Up:=H(L)—H(m;)=H; 7, i>1,
m k—1
By(m) =) {o < H(img) = > Us < @t} ., om>1,
k=1 i=1
where v, := 2t/ log h; and 2?21 U; = 0 by convention. Finally, we introduce
BQ(m) = ﬂ {H’r‘h]“)f‘j < Hﬁj—)i;’ Hz/]“)’r‘h]‘+1 < Hijﬁz/;}’ m 2 L.
j=1

Lemma 3.1. For any § > 0 small enough, we have for all large t,
P[H(m1) < 0] = P[Bi(ni)] > 1 — Couy, (3.1)

with vy :=ny - (log ht)e’qb(t) = 0o(1) and Cy > 0. Moreover, there exists C3 > 0 such
that for large t,

P (Ba(ng)) > 1— Cynge ", (3.2)
]P)(Nt < nt) > 1-— €_¢(t).

Proof: The first statement is Lemma 3.7 in Andreoletti and Devulder (2015). The
second one follows directly from Lemmata 3.2 and 3.3 in Andreoletti and Devulder
(2015). For the proof of (3.3) see Lemma 6.1. O

3.2. Negligible parts for local times.

We now provide estimates for the local time of X at time t. We first prove that the
local time of X outside the first n; h;-valleys is negligible compared to ¢. Second,
we prove that for every 1 < j < n; the local time of X inside the h;-valley [f/;, Lj]
but outside a small neighborhood of m; is also negligible compared to t.
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3.2.1. Supremum of the local time outside the valleys.

The aim of this subsection is to prove that at time ¢, the maximum of the local
time outside the h;-valleys is negligible compared to t. More precisely, let f(t) :=
teln(1+30)=1e(t) and, for m > 1,

Bim) = { sw (G, 2) < 10}

z€[0,m1]

m?j{ sup E(H(mjﬂ)vx)éf(t)},

z€[Lj 1]
Bi(m) = "ﬁl {sup,er, (LHGG1),2) — £(H (L), 2)) < £}

Bs(m) == By (m) N B3 (m).

This section is devoted to the proof of the following lemma.

Lemma 3.2. Assume that § is small enough such that k(1+30) < 1. There exists
Cs > 0 such that for any large t

P (Bs(nt)) > 1 — Cswy,

with wy 1= e~ "99(1)

Its proof is based on Lemma 3.3 below, for which we introduce the following
notation, depending only on the potential W,:
' (h) = inf{u >0, W(u) —infg ) W, > h}, h >0,
mi(h) = inf{y >0, Wi(y) = infio r+(n) Wi}, h > 0.

Throughout the paper, C (resp. c_) denotes a positive constant that may grow
(resp. decrease) from line to line.

Lemma 3.3. Assume that k(1 + 39) < 1. For large t,

. (1435)— c
P (SUDej0,m () LH (7 (), 0] > tel= (439 -1900) <

Proof of Lemma 3.3: Thanks to (1.13) and (1.14) there exists a Brownian motion
(B(s), s >0), independent of W, such that

LIH (7§ (h)), 2] = e V@ Lp[rB (A(5 (), A(z)], z € R. (3.5)

By the first Ray—Knight theorem (see e.g. Revuz and Yor (1999), chap. XI), for
every a > 0, there exists a Bessel processes Q)2 of dimension 2 starting from 0,
such that Lp(78(a),z) is equal to Q%(a — x) for every x € [0,a]. Consequently,
using (3.5) and the independence of B and W,,, there exists a 2-dimensional Bessel
process Q2 such that

LIH(r (he),2] = e WQE[A( (b)) — A@@)]  0<z<7i(h).  (3.6)

In order to evaluate this quantity, the idea is to say that loosely speaking, Q3
grows almost linearly. More formally, we consider the functions k(t) := e+ #(®),
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a(t) == 4¢(t) and b(t) := 65" p(t)e", and define the following events

“+o0
{AOO = / eWrWdy < k(t)} )
0

Ay {Vu € (0,k(t)], Q3(u) < 2eula(t) + 4logloglek(t)/u]]},

Ay = {lIlf(),,.1 *(hy)] VVH > —b(lf)}.
We know that P(As > y) < Cry " for y > 0 since 2/A, is a gamma variable
of parameter (x, 1) (see Dufresne (2000), or Borodin and Salminen (2002) IV.48
p. 78), having a density equal to e=*z* g, (x)/T (), so P(Ay) < C k(t)™" =
Cie= 2. Moreover, P(A;) < Cy exp[—a(t)/2] = Ce~2*®) by Lemma 7.5. Also
we know that —inf(g ;- (s)) Wi, denoted by —3 in (Faggionato (2009), eq. (2.2)) is
exponentially distributed with mean 2k~ sinh(kh/2)e*"/? (Faggionato (2009), eq.
(2.4)). So for large t,

P(jz)

Ao

Pl=infjo s () Wi > b(t)]
exp [ — b(t)r/(2sinh(khe/2)e " /?)]
o—20(8)

IN

Now, assume we are on ApN.A;NAs. Due to (3.6), we have for every 0 < a < 77 (ht),
since 0 < A(71 (hy)) — A(z) < Ao < k(2),

LIH (71 (ht)), ]
< e el e[ A7 (hy)) z){a(t) + 4loglog [ek(t)/[A(] (ht)) — A()]] }.

We now introduce
fir=inf{u>0, Wy(u) < —i} =7"5(—i), €N,

and let 0 < x < 7{(ht). There exists ¢ € N such that f; < z < f;41. Moreover,
we are on Ag, so i < b(t). Furthermore, z < fiy1, so Wy (z) > —(i + 1) and then
e~ Wil(®) < eitl = o=Wul(fi)+1 Al this leads to

71 (ht)
e VDA (b)) = Ala)] = e W) / W) dy

IN

71 (he)
e/ Wr (W) =W (fi) qqy, (3.8)

To bound this, we introduce the event

Lb(®)] 71 (he) '
As = ﬂ { / eWr(W=Welfi)qy < e(lﬁ)htb(t)nte“&b(t)}.
=0

k3

We now consider 7y (u, hy) := inf{y > u, Wy (y) — infp, ) Wi > hy} > 7 (ht) for
u > 0. We have

71 (he) 71 (fishe)
E(/ eWﬁ(u)—Wn(fi)du) < E(/ eWN(u)—WN(fz')du> — Bo(ht),

by the strong Markov property applied at stopping time f;, where we define §y(h) :=
E (fOTl (2) ewﬁ(“)du). By (6.15), Bo(h) < Cye=®" for large h. Hence for large ¢
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by Markov inequality,

[b(®)] 7 (he)
Z P</ eWr(W)=We(fi)qq, > e(lﬁ)hfb(t)nte“w(t))
i=0 f
[b(t) + 1]Bo(he) o Cy
e(l—’i)htb(t)ntem;d’(t) — ngerde(t)”

IN

P(A;)

i

Now, on N3_y.Aj, (3.7) and (3.8) lead to

LIH (7 (ht)), z]
< 262+(1_”)hfb(t)nte“6¢(t){a(t) + 4loglog [ek(t)/[A(r1 (ht)) — A(2)]] }. (3.9)

We now consider only 0 < z < mj(h;). By definition of As, inf{o 7 (n)) Wi > —b(t),
such that

71 (he)
Alri (b)) = A@) = [ 0w
71 (he)
> / Ve qy
m7 (he)
> MOl (hy) - mi ()]
> e b

on the event N{_,A; with Ay := {7 (h) — mi(h;) > 1}. Since my; = mj(h;) and
71(ht) = 75 (ht) on { My < 0} by definition of hs-extrema, we have
P(A;) < P(0<My<mi)+ Plri(hy) —my <1]
S C+ht€75ht + F)[TVV'I (ht) — 7'VV’I (ht/2) < 1}
< Crhie " + Oy exp[—(c-)hf]

due to (Andreoletti and Devulder (2015), eq. (2.8), coming from Faggionato
(2009)), Fact 2.1 (ii) and (7.4).

Now, we have ek(t)/[A(75 (hi)) — A(z)] < ek(t)e’™® on NL_A;, and then, on this
event, (3.9) leads to

LIH (71 (ht)), 2]

IN

22 =N h (1m0 La(t) + 4log log [ek(t)e" ] }.
< C'th(b(t)e[r-c(l+6)—1]¢(t)emw,(t)ht7

since ¢(t) = o(logt), hy = logt — $(t) and n; = (#1991 | We notice that for
large t, C ¢(t)hs < 9% since loglogt = o(¢(t)). Hence, for large t,

LIH(7{ (he)), 2] < el 307100,

on ﬂfZOAl- for every 0 < & < mj(h). This gives for large ¢,

o

P (suD,efom o) LH (7 (), 7] < 160007060 ) > P (g A) > 1,

due to the previous bounds for IE”(AZ-), 0 < i < 4. This proves the lemma. O

With the help of the previous lemma, we can now prove Lemma 3.2.
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Proof of Lemma 3.2: The method is to do a coupling, similarly as in the proof
of Lemma 3.7 of Andreoletti and Devulder (2015). Recall the definition of L} <
L <Lf i+1 just above (2.5). Also, let
71 (he) == inf {u > L¥, We(u) — infij.  We 2> he} < Figr (he), i>1
g (he) o= inf {u > L}, We(u) =infz. 2. o, Wt 021
A5 =N, '_1{ +1 ht —TfLJrl(h/t)}

Xi(u) =X (u+H(L;)),  X;(u):=X(u+H(L)), u>01i>1
(3.10)

)

Let ¢ > 1. By the strong Markov property, X; and X are diffusions in the potential
W, starting respectively from L; and L* We denote respectively by Lx,, Lx,
Hy, and H X the local times and hlttlng times of X; and X;. We have for every
T > f/f,

L(H (1iti11),2) = L(H(Li),x) < L(H(iga),x) = L(H(L]), z)

= Lx:(Hxr(Miy1),x).

Consequently, on A; N Ag with Ag := ﬂ"'_l{HX (mjy1) < Hx, ( ;‘)}, forl1 <i<
¢ —1

sup (L(H (i), 2) = £(H (L), )

xeR
= sup g(H(mHl),x)—E(H(L),x))
Ly<a<imin
< sup Lx; (Hx; (M), )
Li<x<mit1
< osup Lx:(Hx: (70 (M), z), (3.11)
Li<z<mj,,

since m;,; = Mmip1 < Tig1(he) = 77 (k) on As. Now, notice that the right
hand side of (3. 11) is the supremum of the local times of X} — L¥, up to its first
hitting time of 77, (h¢) — L%, over all locations in [0,7},, — L;]. Since X; —
L; is a diffusion in the potential (WN(INJ +x) = Wo(L), z € R), which has on
[0, 400) the same law as (W, (z), = > 0) because L* is a stopping time for W, the
right hand side of (3.11) has the same law, under the annealed probability P, as

SUPze(0,m: (k)] LIH (11 (1)), z]. Consequently,

P(”UI {Sup (L(H(ﬁu+1),$) _ L(}[(L—),x)) S telr(1+38)-116(t) })

i—1 zeR
< [P(supme{o,mﬁm)]5[H(Tf(ht))=$] > tel=(1+89)710 (t)) +P(As) + P(Ze‘)]
< Cyem ol (3.12)

by Lemma 3.3, since ]P’(Zg,) < Cynghge " by (6.9), P(jﬁ) < ]P’(B_z(nt)) <
Cange™%% by (3.2) and since ¢(t) = o(logt). Notice that, as before, m; = m; =
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mi(hy) on V, N {My < 0}. Finally,
]P’( sup L(H(my),z) > te[”(1+36)_1]¢(t)) < % +P(V) + P(0 < My < my)
2€[0,71] erde(t)

Cy
S e

also by Lemma 3.3, Lemma 2.2, and since P(0 < My < my) < Cyhie " due to
(6.8). This and (3.12) prove the lemma. O

3.2.2. Local time inside the valley [i;, f/]} but far from m;.
We introduce for ¢ > 0 and j > 1,

re = Co(b(t), Dj = [Thj — T, ﬁ’Lj + T‘t], (313)
where Cy > 0 is a constant that can be chosen as large as needed. We also define

Bu(m) = ) { s (L(H(Ly).x) - L(H().2)) < tewm}

j=1 \zeD;n[# (hf),L;]

for m > 1, where D; is the complementary of D;. Moreover, we recall that i/; =
7Z_ji (h:» ) :

Lemma 3.4. There exists Cg > 0 such that if Cy is large enough, for large t,
]P[B4(nt)] >1-— Ognt€72¢(t).

Proof: Let j € [1,n¢]. Throughout the rest of the paper, for y € R, we denote
by ]P’ZVN the law of X starting from y instead of 0, conditionally on W,. As we

are interested in the local time at x after X reaches m; we work under ]P};VL;.
So first, thanks to (1.13) and (1.14), under Pﬁv‘;ﬁ, there exists a Brownian motion
(B(s), s > 0), independent of V), such that

LIH(Ly),x] = e V@O Ly[rB(AI (L)), A (z)], =z €R,

where A7 (z) = [ eV ()ds. Let BI(.) := BI((A(L;))%.)/AI(L;). By scaling,

J ~ .
and because B is independent from W, we notice that conditionally to W, B’
is a standard Brownian motion. Therefore, even if W, appears in the expression
of B, B is (probabilistically) independent of W,. We still denote it by B in the
sequel to simplify the notation. With this notation, we have

L[H(L;),2] = e V@A (L) LplrB(1), A () /A (L;)], xR (3.14)

In order to bound the factors Lz [75(1),.] and A’ (L;) in (3.14), we first intro-
duce

Ay = {supyen Ll (1),u] < @0}, Ay = {A(L) < 2eh200/%),
(3.15)
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We have P(A;) < 5e=2?(® for large t by Lemma 7.4 eq. (7.12) and (7.13). Moreover
on V;, we have by Remark 2.3 and Fact 2.1 (ii) and (iii),

Ly
Al (iJ) < [7~'j (ht) — ’ﬁ’LJ} ehf + / ev(])(s)ds
7~'J‘(ht)

Lj j
[75(he) = mj] el +/ . )eV( "(9)ds
Tj t

L ohe W) + G (he /2, hy),
where W, has law BES(3, x/2) and is independent of G* (h; /2, h¢), which is defined

in (1.8), and with L; = inf{s > 7j(h:), VU (s) = h;/2} as defined in (2.4), and
Lj :=inf{s > 7;(ht), V9 (s) = hy/2}. Consequently,

P(A) < P (hy) > e20%) £ P(GF(hy/2, he) > e T200/%) 4 P(W)
< C+e*2¢(t)

for large t by Lemma 7.2 eq. (7.5), Lemma 7.3 eq. (7.10) and Lemma 2.2, and
since ¢(t) = o(logt) and loglogt = o(¢(t)).

Now, we would like to bound the factor eV @ that appears in (3.14). To this
aim, let

Ay = {F[kCos(t)/8] < 1ij + Cog(t)},

Ay = inf V@ > kCoo(t) /16,
* {m[ncm(t)/s]m(ht)] = rCoe(t)/ }

with 7; and 7, defined in (2.5) and (2.6), and 7; and 7; in (2.1) and (2.2). First,
using (6.12), P(A;) < C e~ [7*Cod()]/(16v2) < o=26(t) if we choose Cy large enough.
Moreover Fact 2.1 together with (7.3) (applied with h = Co¢(t), @ = /8, v = /16
and w = hy/(Coé(t)), see also the remark at the end of Lemma 7.2) give P(Ay) <
2e = Cod(t)/16 < o=26(t) for large t.

We notice that inf[’lhj"rco(z)(t)ﬂ:j(ht)] V(J) > Iicod)(t)/lﬁ on Ag ﬂA4ﬁVt, since T = 7~'j
and V) = V) on V, thanks to Remark 2.3. We prove similarly that

P(As) < e~ "Cod0/16V2) | p(T;) < 2¢=20(0)

where

As = { inf f/(j)ZHCOgb(t)/lG},
[7; (he),m;—Cog(t)]

Ag

{ inf Vo) > ht/2}.

(7 (h), 7} (he)]

Also by (6.10), P(Ag) < e *"/8. We also know that VW (z) > hy/2 > kCoo(t)/16

for all 7;(h;) <« < L; by definition of L;, uniformly for large ¢. Consequently on

NS_gA; NV, for all w € D; N [7; (hi7), L;], we have e~V @) < g=rCos(1)/16
Hence on N%_; A; N'V;, we have under PﬁIW;, by (3.14) and (3.15),

sup ﬁ[H(ij)’x} < 2te(1+2/r)d(t) o =rCod(t)/16 - t672¢(t),
zeD;N[F; (), L)
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if we choose Cj large enough. So, conditioning by W, and applying the strong
Markov property at time H (1), we get

P sup (C[H (L)), x| — L[H(m;),x]) < te™2¢®)
w€D;N[7; (), L)

> E(]P’Z; (N_y ANV)) >1— Oy o200

uniformly for large ¢ due to the previous estimates and thanks to Lemma 2.2. This
proves the lemma. (I

3.3. Approximation of the main contributions.

In this section we give an approximation of the exit time of each h;-valley
[I:;,f/]] and of the local time at the bottom 7, of this h;-valley for every 1 <
j < ny.  More precisely, we make a link between the family ((Uj = H (i/]) —
H (), L(H(L;),1m;)),1 < j < ny), and the i.id. sequence ((H;,4;),1 < j < ny)
described in the introduction.

In the following, Fy"(hi), G*(hi/2,ht), Fy (h¢/2) and Fj (hy/2) denote inde-
pendent r.v. with law respectively F*(h:), G*(h¢/2,ht), F~(ht/2) and F~(h:/2),
defined in (1.7) and (1.8).

Proposition 3.5. For d > 0 small enough (recall that § appears in the definitions
of ny and h ), there exist di = d1(d,k) > 0 and D1(d1) > 0 such that for large t,
possibly on an enlarged probability space, there exists a sequence ((S;, Rj,ej), 1 <
Jj <ny¢) of i.i.d. random variables depending on t, with S;, R; and e; independent

for every j and S; z Ff(hy) + GH(hi/2,ht), R; z Fy (h/2) + F5 (he/2) and
e z E(1/2) (exponential variable with mean 2) such that

P (e { (05 = Hy] < ey, [CH(Ly),img) = 4] S enty }) = 1= e P, (3.16)
where U; := Sje;, Hj = R;l; and g4 := e~ dihe,

The proof of the above proposition, which is in the spirit of the proofs of Propo-
sitions 3.4 and 4.4 in Andreoletti and Devulder (2015), makes use of the following
lemma:

Lemma 3.6. For 6 > 0 small enough, there exist constants d— > 0 and D_ > 0,
possibly depending on k and &, such that the two following statements are true for
t > 0 large enough.

(i) There exists a sequence (ej, 1 < j < ny) of i.i.d. random variables with expo-
nential law of mean 2 and independent of Wy, such that

P< N {|Uj —Hy| < eIy, L(H(Ly), ;) = ]Lj}) >1—e P (3.17)
j=1
where L; := e; fﬁij V@ dy, R; = f;i((};;//?) e V@ dy and H, := L;R; for all
1 <75 <n¢. Moreover the random variables (Lj,]l:]lj), 1 <75 <ny, are i.i.d.
(ii) Possibly on an enlarged probability space, there exist random variables R; and
S, 1 < 5 < ny, such that all the random variables R;, S;, ej, 1 < j < ny are
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independent, with S z FF(h) + Gt (hi /2, ht), and R; z Fy (h/2)+ F5 (he/2) for
every 1 < j < ny, such that

0]

Proof of Lemma 3.6: We start with (i). Recall that m; < L; < 7, for
every j > 1, e.g. by (2.7). By the strong Markov property applied under P"~
at stopping times H(r;), the random variables (U; L[H(ij),ﬁzj]), 1 <j < ny
are independent under P"=. By the same Markov property and formulas (1.13)
and (1.14), the sequence (U;, L[H (L;),m;], 1 < j < ny) is equal to the sequence
(Hj(Lj), £;[H;(L;),m;], 1 < j < ny), where

/Lj {/(j)(z)
e dz — 5;

mj

< ei(df)hts’j, Rj = RJ.}) > 1_67(D,)ht, (3.18)

Hy(L,) — /_ RS IOy, (75 (49 (L;)), AV (w)] du,

my

Li[H;(Ly),mmj] = L [77 (AT(L;)), 0], Al (u) == / ' V@ g, weR,
(3.19)

with (B7,1 < j < n) a sequence of independent standard Brownian motions
independent of W,, such that BJ starts at A7(m;) = 0 and is killed when it
first hits A7(L;). Recall that Lp; denotes the local time of BJ. Define A; :=
{maxu<i; Lpi [T (A7(L;)), A7(u)] = 0}, 1 < j < ny. By (6.6), there exists
c— > 0 (possibly depending on « and d) such that P( NGty Aj)>1- e—(c)he for
large t. So for large t,

PN (@) =k} ) 21, (320)
where

i

hj ::f Lo VW L 7B (A1), A (w)]du, 1< <
We also notice that for every 1 < j < n¢, (hy, £;[H;(L;),1;]) is measurable with
respect to the o-field generated by (V) (x + i;il), 0 <z < i/;r - i/;il) and
BI, where by (2.7) and (2.8), LT, < L; < m; < L; < L}. Hence, the random
variables (ﬁj,ﬁj [Hj(ij),ﬁzj]), 1 < j < mng are i.i.d under P by the second fact of
Lemma 2.2. For the same reason, (Rj, AJ (f,j)), 1 < j < n, are also i.i.d.
For 1 < j <ny, let BI(.) := BI((A’(L;))?.) /A7 (L;). Notice that

L [T (A(Ly)), A ()] = AV (L)L [P (1), A (u) /A (L)), L <u< Ly

(3.21)
Moreover by scaling and because B7 is independent from W, B is, conditionally
to Wy, a standard Brownian motion starting from 0 and killed when it first hits 1.

Furthermore, even if W,. appears in the expression of B/, B is independent of W,.
Then, let

ej =L [t (1),0] = L, [7F(47(L;)),0) /47 (L;). (3.22)
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Notice that by the first Ray-Knight theorem, e; is exponentially distributed with
mean 2. Since BJ is independent of W,, e; is also independent of W,. Also,
the sequence e;, 1 < j < n; is i.i.d. because the B7 are independent and the
(]:Zj, Al (f/])) are i.i.d., so (I;, H;), 1 < j < ng, are also i.i.d. Moreover, (3.21) leads
to

Ej [HJ (Ej), ’ﬁ’LJ} = Aj (EJ)‘CBJ [TBJ (1), O] = Aj (ij)ej = Lj. (323)
Now, for small € > 0, thanks to Lemma 6.3, we have for large ¢,

n N o ~ —(1-30), o ~ CJrnt
]P( ﬂ { hj — AJ (Lj)ejRj S 2e (1=3e)h /6AJ (Lj)GjRj}) > 1

= T elem)ehy
j=1

Cy
since ny; = (M. Finally, this, together with (3.20), (3.23) and the equality of
sequences at the start of this proof show (3.17) for some D_ > 0 and d_ > 0. So
(i) is proved.

We now prove (ii). The r.v. A;(L;) = fﬁij eV @dx and R; are not indepen-
dent, so we want to replace them by r.v. ha\JIing better independence properties.
Applying Lemma 6.4 with subscript 2 replaced by j for 1 < j < n; gives the exis-
tence of R; and S;, independent and independent of e;, having the law claimed in
(ii) and satisfying (6.5) with 2 replaced by j. This gives (3.18) since n;, = e®(Mh,
The fact that we can build these R; and S; with the claimed independence prop-
erties follows from the fact that (ej, R;, A7(L;)),1 < j < n; are ii.d. O

>

Proof of Proposition 3.5: The existence and the law of the e; come from Lemma
3.6 (i). The existence and the law of the R; and S;, and the independence of R;,
S;, ej, 1 < j < n; come from Lemma 3.6 (ii). Moreover, by Lemma 3.6 (i) and
(ii), there exist dq > 0 and Dy > 0 such that for large ¢,

P (ﬁ;’;l{wj — eijRj| S EteijRj, }L(H(fzj),ﬁl]) — eij} S Eteij})
> 1_6*[)1ht7

which proves (3.16). So Proposition 3.5 is proved. O

4. Convergence toward the Lévy process ()1,)2) and continuity

4.1. Preliminaries. We begin this section by the convergence of certain repartition
functions. These key results are in the same spirit as the second part of Lemma 5.1
in Andreoletti and Devulder (2015).

Lemma 4.1. Recall from Proposition 3.5 that {1 := €151 and H1 := e1S1R1. Then
for any € € (0,1/3),

lim sup
F2H0 pefe-1-2000() oo

x“e”‘z’(t)P(El/t > ) — Cg‘ =0, (4.1)

lim sup y"e"* WP (H, [t > y) — CE[(Ry)"]

t—+oo y6[67(1735)¢(t) ,+oo[

=0,  (4.2)

with Cy a positive constant (see below (4.10)).
Moreover, for any o > 0, e*®OP(01/t > x,H1/t > y) converges uniformly when t
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goes to infinity on [a, +00[x [, +00[ to v ([x, +00[X [y, +00]), where v is defined in

(1.4).

Proof: Let ¢ € (0,1/3).
Proof of (4.1): We first prove that, as t — +o0, 2%e**MIP (S /t > x) converges
uniformly in z € [e’(1*5)¢(t), —|—oo[ to a constant ¢, that is, we prove that

lim sup
F2H%0 pefe-1-99) oo

2F e WP (S /t > x) — c‘ =0. (4.3)

For that, with the change of variables y = e(!=9)?()z: we just have to prove that

ynensqb(t)]P) (Sl/ehtJrECb(t) > y) — C‘ =0, (44)

lim sup
E=H00 g1, 4o0]

but this is equivalent to prove that for any function f :]0,4o00[— [1, 400,

lim (f(t))e"=¢®Pp (sl Jehetee®) 5 f(t)) =c. (4.5)

t—+oo

First by definition (see Proposition 3.5), S; can be written as the sum of two
independent random variables, that we denote by F;"(h;) and G*(hy/2,h;) for
simplicity. That is,

Si/t = (Fi (he) + GT(he/2,he)) [t = e ?D (e M FF (hy) + e G (he /2, hy)) -
(4.6)

Since we know the asymptotic behavior of the Laplace transforms of F*(h;)/eM
and G (hy/2,hs)/el, the proof of (4.5) is similar to the proof of a Tauberian
theorem. First by (7.1) and (7.2) we have, using the independence of F;(h;) and
G (he/2, hy),

1 hytea(t)
o 2(1_ —vS1/(f(t)e" )
Vy >0, wee(y) 5 (1 E [e D
-~ /o k—1 —k ,—kep(t)
o ) e, (47)

where ¢/ =I'(1 —k)2"/T'(1+ k). Note that by Fubini, wy, is the Laplace transform
of the measure dUy ¢ (2) := Lg, (2)P (S1/(f(t)e" M) > 2) dz, that is, wy(y) =
Jo~ e 7dUy4(2). From (4.7), we have

Wyt (FY) rk—1
wy,i(1) t=+oo '

vy > 0,

We can now follow the same line as in the proof of a classical Tauberian theorem,
making the link between a Laplace transform and the repartition function, (see
for example Feller (1971) volume 2, section XII1.5, Theorem 1, page 442), we can
deduce that -
Uf;t([ov Z]) . ? '

wri(l)  t=toe T'(2 — k)
Then, e.g. as in the proof of Theorem 4 of the same reference page 446, or using
inequalities similar to those at the end of the proof of Lemma 5.1 in Andreoletti
and Devulder (2015), we deduce from the monotony of the densities of measures
Ufyt that

Vz > 0,

P (S1/(f(t)elF=®) > 2) 1—k

—K

— -
wre(1) toteo - T(2—r)

Vz >0,
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Considering this convergence with z = 1 we get exactly (4.5) for ¢ = ¢/(1—k)/T'(2—
k) =2"/T(1+ k), so (4.3) follows.
Now, let a; := e#®®). For any z > 0,

e P (e, S/t > x, e] < ay) = 271/ (z/u) e OP (S) /t > x/u) u e "/ 2du,
0

because e has law £(1/2) and is independent of Sj.
Taking z arbitrary in [e~(!=29)¢(1) 4 oo, we have z/u € [e~(1=9)¢(")| 400 for every
u €]0, a¢], so thanks to (4.3) we get

ul{

eu/2

+oo
Inew(t)p(elsl/t >z, ep <ap) — g/
0

du| = 0.

lim sup
t—=+oo we[e=(1-209(1) yoo|

(4.8)

Now for ¢ large enough such that Yy > 1, y®e"*P (S, /t > y) < 2¢ (see (4.3)), we
have for any = > 0,

2 e WP (e1S1/t > x, e < a;) — 2" "*IP(e1 S/t > :v)‘

= x”e“¢(t)]ID(elSl/t >z, e; > at)

—+o0

=21 / e OP () /t > x/u) e/ ?du
+oo

=27! / u* (z/u) e OP (S) /t > x/u) Lpcye™2du
—+oo

+271 / u(z/u) e OP (Sy/t > x/u) Lpsye Y 2du

—+oo —+oo
< 2_16"“75('5)/ ue ™ 2du + c/ ue” " 2du. (4.9)

For the second term in the inequality we used the fact that
(z/u)"e"*DP (S) /t > x/u) < 2¢
when 2 > u. Since a; = ¢*?*), the right hand side of (4.9) converges to 0 when ¢

goes to infinity. Combining this with (4.8), we get

+oo
lim sup 2re"*OP (e, S) /t > x) — 2710/ ue”"2du| = 0,
0

F2H0 pefe-1-296) foo]

(4.10)

and this is exactly (4.1) with C3 :=271¢ fOJrOO ute " 2du = 2°T'(k + 1)c = 4",

Proof of (41.2): Let ug, be the distribution of R;. For any y > 0, a > 0 and ¢t > 0,
we have by independence of €157 and Ry,

yK€K¢(t)P (elisl/t >, Ry < CL) = / (y/u>nen¢(t)P (elSl/t > y/u) ’UJKILLR1 (du)
0
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Taking a = a; = e**® and y arbitrary in [e=(1=39)¢(®) 1oof, we have y/u €
[e=(1=29)9() 4 oo] for all u €]0, ay], so thanks to (4.10), we get

at
lim sup yretOp P(e1S1Ri/t >y, Ry <a) — Cz/ u" g, (du)
t—+o0 (1
ye[e (1 35)¢(t>7+00[ 0

where we used [~ u*ug, (du) = E[(R1)"] < E[(Rx)"] < oo, as explained in the
following lines. By definition (see before Proposition 3.5 and (1.7)) and with

Tt . + . . TW'I(ht/2) ,WT(I)
W an independent copy of W, R; is equal in law to f e r

0 dx +

', o
fOTWN (he/2) e~ W@ dg, which itself converges almost surely to R, (defined in (1.2))
when ¢ goes to infinity. This also shows that for each ¢, R; is stochastically in-
ferior to R, which admits finite moments of any positive order by Lemma 6.6.
In particular the family (Rj):~¢ is bounded in all LP spaces, and more precisely,
E[(R1)?] < E[(Rx)P] < oo for every p € Ri. So by the dominated convergence

theorem, f0+oo u” g, (du) converges to E[(R,)"] when ¢ goes to infinity. Hence,

K qu(t (elisl/t >, R1 < CLt) CQ ’ =0.

lim sup
t—=+o0 yE[e=(1-396(t) oo

Finally, as the family (R;);~o is bounded in all L? spaces, e®¢(*) faoto u" R, (du)
converges to 0 as t — 400. So we can proceed as before (as in (4.9), integrating
with respect to Ry instead of e; and using (4.1) instead of (4.3)) to remove the
event Ry < a; and we thus get

y e OP(e1S1 R/t > y) — CE[(Ry)"]

=0, (4.11)

lim sup
t—=+oo yE[e=(1-396(t) oo

which is (4.2).
We now prove the last assertion. For any z > 0,y > 0, a > 0 and ¢ > 0, we have

e"?OP (6,51 /t > x, e1S1Ri/t >y, Ri < a)

= / e"*MP (181 /t > x, €151/t > y/u) g, (du)
0

an(y/z) Op
_ / " OP (€151 /t > y/u) g, (du)
0

+/ "?VP (e151/t > x) g, (du),
an(y/x)

1

(y/z)
= [ e st > )
0
1 a

% Janty/=)

Taking a = a; = €“*® and z, y arbitrary in [a, +00[ (for some a > 0), we have
(y/u,x) € [e= (172921 oo, Vu €]0, a;] whenever ¢ is large enough, so, thanks to
(4.10) we get that ef P (e1S1/t > x,e151R1/t >y, R1 < a:) converges uniformly
n (z,y) € [a, +oo[X[a, +00] toward

Cox™"P(Ry > y/x) + Coy "E((Ry)" 1z, <y/a) = v([2, +00[x[y, +-00[).

e LEP (€051 /t > x) g, (du).
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Then as before we can remove the event {R; < a;} since e**P(R; > a;) — 0 as
t — 400 because the family (R;):~¢ is bounded in all L? spaces, which gives the
last assertion of Lemma 4.1. O

4.2. Proof of Proposition 1.J.

We start with the finite dimensional convergence. We recall that (Y7, Y2)! is de-
fined just before Proposition 1.4, and (Y, )s) before (1.4). We sometimes use the
notation (V1,¥2)s = (Vi(s), 2(s)) and (Y1, Y2)g = (Y{(5), Y5 (s)).

Lemma 4.2. For any k € N and s; > 0,7 < k, (Y1,Y2),,i < k) converges in law
as t goes to infinity to (V1,V2)s,,1 < k).

Proof: The proof is basic here, however we give some details as we deal with a
two dimensional walk which increments depend on ¢ itself. As Y{(s) and Y (s) are
sums of i.i.d sequences we only have to prove the convergence in law for the couple

(Y1,Y2)?, for any s > 0. For b > 0, we define (Y;"",Y;*?), obtained from (Y7, Y2)! by
keeping only the increments larger than b, that is, Y;7°(s) := ZLse ) f Lo, i

and Y50 (s) := 1 Ztse ) H;illgy, 1> for every s > 0 and t > 0. Also let V=0 (s) =
Yi(s) = Y770 (s ) for i € {1,2}. We first prove that for any s > 0,

ySe ySeyt —k(2—R)) _
Ehir(l)lir_r)lﬁs_upP(H Y5O > ! ) =0, (4.12)
where for any a = (a1,a2) € R?, ||a|| := max(|ai],|as), with (Y5, V=) =

(YFE(S), Y5%(s)) and 1 — k(2 — k) > 0 since & < 1.

Let € > 0 and s > 0. We now give an upper bound for the first moments of Ylga(s)
and Y;~°(s). Let n > 0 be such that & — (1 — 35) < 0. Applying Fubini, we have
for large t,

/
en‘i’(t)E < ! ﬂfl/t<a)

= e’iqb(t)]E |:e1tS’1

ﬂelSl/t§8:|

€
< / mzﬁ(t (elSl/t > I) dx
0
e~ (1—2ma(t)

€
= / e"?OP (e85, /t > ) dx + / e"?OP (e85, /t > x) dx
0

e~ (1=2m)$(t)

IN

£
(= (1=2m) () +/ 2" OP (0,5, /t > ) dx (4.13)
(1—=2n)¢(t)

The first term in (4.13) converges to 0 when ¢ goes to infinity because k — (1 —2n) <
—n < 0. Moreover, according to (4.1), for ¢ large enough, we have

Vz > e~ (1-2me(t) et p P(e1 51/t > x) < 2Cs.

For such ¢, the second term in (4.13) is less than

11—k

© €
262/ r "dr = 262
0 1-
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So, we get for large t,

"R (ﬂl ]lgl/t<5> < er=(=2m)8() 4 ¢ g1mr, (4.14)
Using the same method and applying this time (4.2), we get for large ¢,
HOE (%Ml/m) < l=(1-3m)8(0) | @1, 1 (4.15)
We thus obtain
E (st(s)> < seR=(=2m)e(®) 4 ¢ g1k, (4.16)
E (YQSE(s)) < se=(=3m)e(®) 4 ¢ g1k, (4.17)

then a Markov inequality leads to (4.12) since k — (1 — 3n) < 0.
The next step is to prove that (Y;7%,Y5°)! can be written as the integral of a

point process which converges to the desired limit. We have

(Y1>5,Y2>5)Z _ (Y1>s( ), Y2>s (/ / ;CPt (dzx,dv) / / :th (dz,dv )
xr>e xr>e

where the measures P} and P} are defined by P} := > . 1 5(1& 14, e—ro( ) and
similarly P? := +°° 5(1& 194, ,e—r¢(h4)- Recall that Pl and P? are not independent.
We now prove that (’Pt , P?) converges to a Poisson point measure. For that just
use Lemma 4.1 together with Proposition 3.1 in Resnick (1986) after discretization,
it implies that (P}, P?) converges weakly to the Poisson random measure denoted
by (P!, P?) with intensity measure given by ds x v.

Then using that for any e > 0, and T' < + oo, on [0, T") X (&, 4 00) X (¢, + 00) ds X v
is finite, we have that (Y7¢, Y2>5) converges weakly to

(Ve V5%)s = (/ /:E’P dxdv/ /x?’zdxdv>
>e >e

We are left to prove that (V;%, V5 ¢) converges to (Vi,Ys) when ¢ | 0. This is a
straightforward computation, that we detail for completeness. Let v ([z, +o0|) :=
v ([z, +oo[xR4) = Ca/x", we have

</</ 2P dxdv)_s/<5x1/1(da:) Cel ™",

S
Then a Markov inequality proves that for any s > 0, the process fmga fo rP(dz,dv)
converges to zero (when € goes to zero) in probability. The same is true for
Joeo Jo @P?(dz,dv), so we obtain that (V7'¢,)5)s converges in probability to
(D1,V2)s when € — 0. O

We now prove the tightness of (D(Y1,Y2)?!);, the family of measures induced by
processes (Y7, Ys)t.

Lemma 4.3. The family of laws (D(Y1,Y2)!); is tight on (D([0,4+00),R?),.J7).

Proof: We only have to prove that the family law of the restriction of the process
to the interval [0, 7], ((Y1,Y2)"|jo,r))¢ is tight. To prove this we use the following
restatement of Theorem 1.8 in Billingsley (1999) using Aldous’s tightness criterion
(see Condition 1, and equation (16.22) page 176 in Billingsley (1999)) also used in
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Bovier (2010) page 100. We have to check the two following statements:
1) for any € > 0, there exists a such that for any ¢ large enough,

P(sup (|71, V2)i]| = a) <e.
s€1[0,T)

2) for any € > 0, and 1 > 0 there exists 6, 0 < 6 < T and ¢y > 0 such that for
t > to,
Plw((Y1,Y2)",6,T) > n] <e,
with w((Y1,Y2)",6,T) := supy<,.<rw((Y1,Y2)",6,T,7), and
w((Yh}/Q)taav Ta T)

= sup (min{||<y1,y2);;2 — (v1,Y2)t]|,
(r4+6)AT

0V (r—o6)<ui <u<us<

102l = (0, 2)l, 1)
Also
P(v((Y1,Y2)",0,6,T) > ) <e, and P(v((1,Y2)", 7,8, T) > n) <e,
where v((Y1,Y2)", 4, 6,T) := SUP(y—s)vo<us <us < (o)l (Y1, Y2)u, = (Y1, Y2 )i, [[}-

We first check 1) since the process is monotone increasing,

P( GS[%PT] (Y1, Ya)ll > a) = P(||(Y1,Y2)7|| > @) < P(Yi(T) > a) + P(Ya(T) > a).
’ (4.18)

Recall that Y;”? is obtained from Y; where we remove the increments ¢;/t smaller
than b and Y= = ¥; — Y7°¥. Define N*:= 21"V, ) Tet 0 <6y < 1. A
Markov inequality yields

P(V{(T) > a) <P (V1) > ) +B (Y7H(T) > )

2
<ZE [Yfl(T)} +—E(NZ') +P (Y1>1(T) > g,Nfl < a‘”) .
a a

On {N7! < a%} there is at most a’* terms in the sum Y;"*(7') so
P(YTHT) > a/2,N7' <a®) < > P(Li/t>(a')2)0/t > 1)
1<i<a’1
< dP(/t> (@' )2)|6/t > 1)
5 C2e—n¢(t)a—n(1—51)2n
626*"‘“15(15)
= otk ghi—r(l=d1) (4.20)
for all ¢ large enough thanks to (4.1) and &; such that §; — k(1 —d1) < 0.
Also, notice that for any b > 0, N7 b follows a binomial law with parameters

(|Te"®® |, P(¢1/t > b)). So, using (4.1) again and (4.16), we obtain for ¢ large
enough,

<

E(NZ') < 26,T6~%, E {YF?(T)} < 20, TH ", (4.21)
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Collecting (4.20), (4.21) and (4.19), we get the existence of t; > 0 such that
lim sup P(Y1(T) > a) = 0. (4.22)

a——+00 t>t,

The same arguments holds for Y5 (using (4.2) instead of (4.1) and (4.17) instead
of (4.16)) so (4.22) also holds for Y5 instead of Y;. We conclude the proof of 1) by
putting (4.22) and its analogous for Y5 in (4.18).

We now check 2) We first write, as usual,

{w((V1,Y2)",6,T) > n}
c {w((V=0 Y50 6,T) > n/2) U{w (Y20, Y570)',6,T) > n/2}).

For Y=°, we have
Plw((YS", Y5b)',6,T) > n/2] <Plw(Y",6,T) > /2] + Plw(Ys",6,T) > n/2].
Moreover, by positivity of the increments,

P (w(yﬁb,a, T) > 77/2)

< P (Unsizson { V= (6 +1)20) - V= (k20) = n/4})
< 3 PR+ 1)26) - Y7 (k26) 2 m/4). (4.23)
k<(T/o)

For any k, Y.=°((k 4 1)26) — Y;="(k26) is the sum of at most [20e"*(®) | + 1 i.i.d.
random variables having the same law as £1/t. We get that for any integer k

P (yléb((k +1)25) — nﬁb(k%) > 77/4) <P (3/1517(35) > 77/4) < 82001 /i,

where the first inequality holds for ¢ large enough so that 25¢"®®) > 1 and the
second from the second expression in (4.21) (replacing T by 24). Combining with
(4.23) we get for large ¢

i (W(YF’, 5,T) > 77/2) < 24C,T(1 + 20)b'" /1, (4.24)

[note that ¢ will be chosen later (and will be less than 1)]. T and 7 are fixed so
we choose b small enough so that the right hand side of (4.23) is less than £/4. A
similar estimate can be proved for P(w(be, 5, T)>n/2).

For Y>?, we have again

Pw((Yy?,Y5")",6,T) 2 n/2) < Pw(Y",6,T) 2 0/2) + P(w(Yy™",6,T) 2 1/2).

Since Y;”Y is piecewise constant with jumps larger than b, {w(Y%,6,T) > n/2}

implies that two jumps larger than b for Y] occur in an interval smaller than

0] R o ()
26. That is {w(Yy"",6,7) > n/2} ¢ UL O L (At > by,

Applying (4.1) for t large enough,

[T | |Ter ) P——
P (USS UL i cop {5 A i/t > b)) < 8C3OTH2,
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which can be small choosing this time 6 = §(b) properly. Again the same argument
can be used for w(Y;?, 5, T). To finish the proof, we have to deal with v(), as again
our processes are increasing,

P(v((Y1,Y2)",0,6,T) > n) < P(|(Y1,Y2)§| > n)

we can then proceed as for 1) decreasing the value of § if needed, this also applies
to P(v((Y1,Y2)!,T,8,T) > n). O

Putting together the two preceding lemmata we obtain Proposition 1.4.

4.3. Continuity of some functionals of (V1,Y2) in Jy topology. In this section, we
study the continuity of some functionals which will be applied later to (Y7, Y2)! and
to the Lévy processes (Y1, Va).

For our purpose, we are interested in the following mappings. We have already
mentioned the first two in the introduction:

J: D(Ry,R) — D(Ry,R) I: (D(Ry,R),J;)) — (DRL,R),U)
f — f f —

where U denotes uniform convergence on every compact subset of R,. Then we
also need the compositions of these two: for any positive a, let

Jia: D(Ry,R?) —R Ji.: D([Ry,R?) —R
f=(ffo) — fi(fs' (@), f=Uf) — (1)),

J1,a (respectively J la ) produces the largest jump of fi, between 0 and the time
just after (respectively before) f first reaches (a, +00). We also define Kjq, K,
K 1,0 and K ., as follows.

Kro: D(R{,RY) —R
F=Uf) — fi(f5 (@),
Ki,: (R+, ) —R
=(fi,f2) — f1(fs(a)7),
f(l,a: (R+, R?) —R
= (fi.f) = fo(f3'(a)),
Ki,: D(R+,R2) —R
f= i fo) — f2(f5 (a)7).
Finally, with Afi(s) := fi(s) — fi(s7), define F'* by
F*: D(Ry,R?) —R
f=(fif2) —int{s € (0,f7 1), M) = fi (7' V)) ]

We need this functional F'* for the characterization of the favorite site.

(4.25)

Lemma 4.4. J is continuous in the Jy topology.

Proof: This fact is basic. However, we have not found a proof in the literature,
so we give some details. To prove the continuity on D (R4, R), we only have to
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prove it for every compact subset of R, (see Whitt (2002) Theorem 12.9.1). So let
f€D(R4,R) and T > 0 at which f is continuous, let us prove that Jp defined by

Jr D([OvT]aR) —>D([05T]7R)
g — g
is continuous at the restriction fijo,7j. Let ¢ > 0 and g € D ([0,T],R) such that

dr(fijo,r1,9) < §. dr is the usual metric d of the Ji-topology restricted to the

interval [0,7]. By definition of dp there exists a strictly increasing continuous
mapping of [0, 7] onto itself, e : [0,T] — [0, T] such that

13 13
sup le(s) = s| < 5 and sup g (e(s)) — fjo ()] <
s€[0,7] s€[0,T]

So for every s € [0, 7] we have
|Ag (e(s)) = Afjo,my(s)] = [(g (e(s)) — g (e(s)-)) = (f 71(8) = fio,71(s-))|
< lg(e(s)) = fio.m(s)| + |9 (e()=) = fijo,71(s—)]

<92 —¢,

[\

where Ah(s) = h(s) — h(s™). This implies dr (J7 (fjj0.77) » Jr(9)) < e. O

Lemma 4.5. Fiz a > 0. The mappings J; ., Jr,a, K; . K14 f(;a and f(I@ are
continuous for Ji-topology at every couple (f1, f?) € D(R,,R?) such that

(1) For any e >0, f! and f? have a finite number of jumps greater than e on
every compact subset of R,

(2) f2 is strictly increasing, with a limit equal to +oo,
(3) f2(0) =
(4) f? has a jump at 1(f*)(a) and f2(I(f*)(a)-) <a < f2(I(f?)(a)).

Proof: This fact may also be known as we are looking at randomly stopped process,
but once again we did not find what we need in the literature (Silvestrov (2008),
Whitt (2002)).

Let (fL, 2),, be a sequence of elements of D(R,R) which converges to (f!, f?) for
the Ji topology. To prove continuity, we prove that the sequence (J,( L2 )n
converges to Jr,(f', f?), and the equivalent for .Jr ..

The first hypothesis guaranties that there exist neighborhoods of I(f?)(a) for which
f! makes no jump greater than 1/4 times its higher previous jump, that is to say
there exists § €]0, I(f?)(a)[ (notice that I(f?)(a) exists tanks to (2) and is positive
thanks to (3)) such that f! makes no jump greater than J(f1)(I(f?)(a) — §)/4

n [1(?)(a) — 6, 1(f2)(a)[ and on |I(f)(a), I(f)(a) + ). Note also that J(f') is

constant on [I(f?)(a) — 6,1(f2)(a)[ and on [I(f?)(a), I(f*)(a) + d].
Also § can be made smaller (if needed) in such a way that I(f?)(a) + 6 is a

point of continuity of (f!,f?) and (f!, f?), for every n € N. By hypothesis
d (( 117.]0121)7 (flufz)) —>n—>+oo 0 so

dn 2= djo,1(72)(a)+5] ((Fas 0,172 @) 3]s (FF 5 F2)110,1052) (@) 48]) —n—stoo 0
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where [[0, I(f?)(a) + 6] in index means restriction to [0, 1(f?)(a) + §]. Also by
continuity of J (see Lemma 4.4) we also have d (J(f}), J(f')) —n—+oc 0 and
therefore

& = 1)@ ((‘](f’b)uo,ufz)(a)w} ’ (J(fl))\[o,1<.f2><a>+51) e 0

Let h~ (respectively h™) be the largest jump of f! just before (resp. just after)
I(f*)(a). By definition of § we have

h™ = J(Y (I(F*)(a) = 6) ,h* = J(f1) (I(F*)(a) +9) .

We have two cases, either J(f1) is continuous at I(f?)(a) or it makes a jump.
Case J(f') makes a jump, in this case the size of the jump is h* — h™ > 0.

Let o =8 ' min (h,6,1— f2 (I(f*)(a)”), f* (I(f*)(a)) — 1), and ng € N be such
that for any n > no, dy < aand d, < a. T=1(f?)(a)+ 4, there exist two
homeomorphisms e, e/ : [0, 7] — [0, T] such that:

® SUDse(o,T] len(s) — s| < dn,
i Supse[O,T] ’ ’ (fr% (en(s)) ) frzz (en(s)) ) 1[0,1(#2)(a)+5]
(1), f2(5>)|[o,1<f2><a>+6JHoo = dn.
® SUDse(0,T] len(s) — 8| < dy,,
® SUPgc(o,1] ’(J(f’rll))‘[o)l(f2)(a)+6] (en(s) — (J(fl))|[071(f2)(a)+5] (8)’ < d,.
The second inequality implies that for any n > ny,
i (en (I(f2)(@)7)) < a < f3 (en (1(f*)(@))),
so as we also have f2 (I(f2)(a)”) < a < f2 (I(f?)(a)) we get
I(f)(a) = en (I(f*)(a)) - (4.26)

The fourth point implies that for any n > ny,

512 (<4 (16220 = 38) ) = 71 (1)@ - 50) ~a=nm —a> i
(4.27)

The second point and the argument of the previous proof imply that for any n >
no, each jump of f! on [e, (I(f?)(a) —6) . e, (I(f?*)(a))[ is 2a-close to a jump
of f1 on [I(f*)(a) — &,1(f?)(a)[, but such jumps are less than h~ /4 because of
the definition of 6. Thus, f}! makes no jump larger than h~/2 on the interval
[en (I(f2)(a) —0) ,en (I(f?)(a))). Moreover, the increases of ¢}, and the first and
third points imply that

en (I(f*)(a) = 0) < ey, (I(f*)(a) = §/2) < en (I(f*)(a)).
So, combining this with (4.27), we get that J(f!) is constant on the interval
leh, (1(f2)(a) = 6/2) s en (1(£*)(a)))-
Now by definition of J;_,, with (4.26) and then collecting what have just done above
yields
nzno,  Ji, (L 52) = U (102 e > ) I (en (1U)(@) )
= J(fH) (el (I(£%) (@) — 5/2)) . (4.28)
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From definition of J;, and the constantness of J(f') on [I(f?)(a) — 6, I(f2)(a)[ we
also have

Tra(FH 1) = T () (@) =) = J(f) (1(f*)(a) = 6/2) . (4.29)
Combining (4.28), (4.29) and the fourth point gives that, as n goes to infinity,
I a ((fr, f2)) converges to I a ((f1, r%).

For Ji 4, we prove in a similar way as above that J(f,) is constant on [e,, (I(f*)(a)),
el, (I(f?)(a) + 6/2)] so, as in (4.28) we have for n large enough

Tr.a ((fa: £2)) = J(Fa) (€, (1(F*)(a) +6/2)) .
which, combined with the analogous of (4.29)

Tra(f', %) = (1) (1(f*)(a) +6/2)

allows us to conclude, using the fourth point, that J;, (( L fﬁ)) converges to
Jr.a ((f1 f?)) as n goes to infinity. Therefore, both J;, and J;, are continue
at (f!, f?). The continuity of the other functionals are proved similarly. O

Lemma 4.6. For any (f*, f2) in D(R,,R?) that satisfy the hypothesis of lemma
4.5 and such that the sizes of the jumps of f1 are all distinct, F* is continuous at
(fY, f2) in the Jy topology.

Proof: The proof follows mainly the steps of Lemma 4.5, we keep the same no-
tation. The jump which takes place at the instant F*(f!, f2) has value h~. With
the additional hypothesis that the values of the jumps for f! are all different we
have unicity for the value h~. Let us define h’, the second highest jump f' before
instant 7(f?)(1). With the additional condition that o < £(h™ — h') we have with
the same arguments as in the proof of the continuity of J that for any n > ng, f}
effectuates at e, (F*(f!, f?)) a jump larger than h~ — 2, and larger than all the
other jumps of f} before e, (I(f?)(1)—) = I(f?)(1) which are smaller than A’ + 2a.
So for n > ng, the largest jump of f! before I(f2)(1) is obtained for e, (F*(f*, f?)),
that is to say for any n > ny,

F (( 1%7]0121)) =€n (F*(f17f2)) )
this implies F* (( %,fﬁ)) — oo FH(1 f7). O

5. Supremum of the Local time - and other functionals

5.1. Supremum of the local time (proof of Theorem 1.3).
First, notice that since the diffusion X is almost surely transient to the right, the
random variable sup, _ £(+00, z) is P-almost surely finite. So almost surely,
li L(t t=0.

A sup £ o)/
As a consequence, we only have to study the asymptotic behavior of sup,~q L(t, )/t
as t — +00.
We start with the proof of the following proposition, which makes a link between
the supremum of the local time and the process (Y7, Y2)!.
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Proposition 5.1. Let a > 0. For any € > 0 and large t,

Py —wv(e,t) <P <Sup L(t,x)/t < a> <Pl +o(e,t),

x>0
where
— [ 2e — [ 2¢e 6
PE.=P (1 — Hprze 1) N N < aof, max -2 <ail,
t (%N?E HNQE 1) 1§j§Nt2€71 t

and with Hy, = Yt(k —ro(t) ) =1 Zl L Hi, by =Y} (ke”w(t)) =1 Ef i for
any k € N, N :=inf {m > 1, 7-[ >1-—2¢}, af = a(l+ (loglogt) 1/2), and
v 1s a positive function such that lim;_, . v(e, t) < const X ghN(1=k)

The proof of this proposition relies on the three following lemmata. The first
one deals with the local time at the hy-minima for which the diffusion X already
escaped before time t. The second deals with the local time at the last h;-minimum
my, in the remaining time before time ¢. Finally the last one is a technical point.

Lemma 5.2. For any large t > 0, 2 < k < ng, any x > 0 and v > 0 possibly
depending on t, define the repartition function

k—
F,(z):=P <1<I}1<a]z(1£( (L), Z )
Then for large t, for all 2 < k <ny, x >0 and v > 0,

F (x) - e P < B (2) < Ff(x) + e~ Dihe,

where F,f(a:) =P (maxlgjgk,1 0 <At Zl L Hi < af ) with v = ~v(1 £ 2¢,),

xti = (1 + 2¢;), &¢ and Dy are given in Proposition 3.5.

Lemma 5.3. For any t > 0, define for every v > 0 and 0 < x < 1 possibly
depending on t,

fi(@)=F [Pg; (sz(t(l —a), 1) <t H'(L1) > t(1 — ), H' (L) < H'(i;))} :
For such t, v and x, we also introduce
fv(x)

=E <ng (SUP L ft(1 =), y) <yt H'(Ly) > t(1 — ), H'(L1) < H’@f))) ;
y€D,

with Dy defined in (3.13). Here X' is an independent copy of X starting at my,
and the definition of H' for X' is the same as the definition of H for X. Let
e € (0,1/2). There exists co > 0 such that for large t, for every x € [e,1 — €],

fy (@) —o(ny ') < folw) < fo(2) < £ (2) +o(ng ), (5.1)

with fF(x) =P (RL <= £e),Hi > t(1—z)(1F Et)) and ¢} = e~c2ht,
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Lemma 5.4. For any 0 < a < 1/4, we have for any t > 0,
> P[Hp>1-a/2, 1-2a<Hp 1 <1-3a/4] <s(at), (5.2)
1<k<n:
with s(a,t) such that limy_, o s(a,t) = const x a*~*. For any ¢ € (0,1/2),
vt >0, Plet < H(mp,) < (1 —e)t] > 1 - §(e, 1), (5.3)

with 3(g,t) such that lim;_, o 5(¢,t) = const x e(1=N%,
We postpone the proof of these lemmata after the proof of Proposition 5.1.

Proof of Proposition 5.1: Recall from (1.3) that IV; is the largest index such that
sup,<; X(s) > my,. In particular, H(ij) < H(mjp1) = Himjp1) < Himy,) <t
for every 1 < j < Ny —1 on V; N {N; < nt}. The main idea is to use the fact that
the supremum of the local time at time ¢ is achieved in the neighborhood of the
hi;-minima m;, 1 < i < ny.

We start with the upper bound. Let @« > 0 and 0 < ¢ < 1/2. Notice that
P(N; = 0,V) < P[H (1) > t] < Couy by (3.1). Using (3.1), (3.2), (3.3), (5.3),
Lemma 2.2 and Remark 2.3, we have for ¢ large enough,

P <sup L(t,r) < at) <FE {]P’Wﬁ ( max  L(t,m;) < at)} (5.4)

z€R 1<G<N,

SE |:]P’W” (1<jIr<1%§1 E[H(.Z/J), ’I”T’Lj] S Oét, ﬁ(f, ’I”T’LNt) S at, Q, 81 (nt), Bg(nt), Vt):|

+ 5(g, t).
with @ := {et < H(my,) < (1—e)t, 1 < Ny < n;} and § satisfying lim;_, 4 o 5(¢, t) <
Ce(1="N%  We will introduce in what follows different measures denoted by the

letter v; they depend on k but we do not write k as a subscript to simplify the
notation. First, define two measures V¥V © and ugv = on (0,1) by, for every 0 < y < 1,

v (y) = ([0, 4])

k—1
=P \max L[H(L;).mj] < at, H(in) - ; Us < e, H() < yt).

vy (y) =y ([0, 4])
=P (Lot = )] < at, H () > 1 — ),
H (i) < H' (L), B (er) = H' (L) < ).
with X’ a diffusion starting from my independent of X (conditionally on Wy), and
H' has the same definition as H (see (1.1)) but for X’. Partitioning on the values of

Ny, and H (my), we obtain by the strong markov property (applied at time H (my)
under P"=), that the probability E[P"=(.)] in the line below (5.4) is smaller than

> [ Ereere)= ¥ e[ drwaere]. 69

1<k<n;’€ 1<k<ng
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The next step is to prove that the previous expectation can be approximated by a
product of expectations. First notice that both y — v1"*(y) and y — vy * (y) are
positive increasing. So integrating by parts

€

[ e = e e] [ @)

< v (@) (x)f - / o) ()dvy ™ ()
= [V @) (" () — 7 (x))}:_g + 1, (5.6)

with 1 (@) == P (Gu, H(mn) = I U < 00, 15 Ui+ 0 < at) < o) (@)

and gl = {maxlgjgk,l E(H( j),’ﬁlj) S at} and

l—e l—e
L= [ i@ [ @ e =1
I I

k—1
)8 (6,30 < ).

i=1
First, we deal with what is going to be a negligible part, that is to say the first term
n (5.6). As )" (x) < PWx (gl, H(my) — Zf:_ll Ui <, Ef:_ll U; < :vt) because by

definition Zf:_ll U; < H(my), we have, for e <z <1—¢,

k—1
]y% (z) — 7V (x)} < pPW- (n ~T <Y U< a:t) —: hy(2).
i=1
SO [V;V*‘ (x) (usN (z) — v}'" (3:))]:5 < vy (1 — e)hp(1 — &) 4 vy = (€)hi(e). Notice
that Zf;ll U, is measurable with respect to U(X(s), 0<s< H(f)k,l); We(z),z <
13;_1), since f)k,l < Ez_l, whereas the event in the definition of V;V“ belongs to

O'(X/(S),O <s< min (H/(E];)vH/(mk+1))aWK(x) - Wﬁ(mk)viz__l <x< E;i__;,_l)v

with X’ an independent copy of X starting at my.

So independence of X and X', and independence of the two portions of the en-
vironment involved (see Lemma 2.2) imply independence between ng = and hy.
Hence,

< E[VZYV~(1 - 5)} E[h(1-¢)] + E {VQ “(5)} E[hi(e)]
= E[A" (- o) B[l - )] + B[71" ()| B [hu(e) (5.7)
with for any =z,
(@) = P (Lx[l - @)u] < at, Hiw) > 11 - ),

H(mg) < H(Ly), H(im2) — H(L1) < 17t).
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As E(ﬁ2 z)) <
W ( —e)t < El LU < xt) we can apply Proposition 3.5, we get
E

[hi(1 = £)] E[ﬂW“ (1- 5)]
k— 1 ~
1—2e Hi te — vy Dk,
< <1+at g _1_Et>P(H1>1+Et>+3e .

By (4.2) and the first part of Lemma 6.2, for any 0 < a < 1 and b > 0,

. const [* 1
tilgrnoo Z <1—a<Z—<1> (H1 > tb) = /_y dy

1<k<n;

PlU; > t(1— :v) — 7] and for every small € > 0 and t large enough

const "
(1= (1-0)). (5.8)

IN

Therefore, we obtain

3 E[53V~(1 - s)}E[hka — )] <Cy -ult,e)
1<k<n,
with u a positive function such that lim; ., u(t,€) = max(e!=% ¢%). A similar
argument also works for the second term in (5.7), which yields

1—¢
Z E HVQ (x (1/1 (z) — o}'" (x))} } < 2C4 - u(t,e). (5.9)
1<k<n, c

We now deal with Z]. By independence between X and X', and the independent
parts of the potential W, involved in vy * () and vy *(z),

E(T)) = / (@) dvs(a), (5.10)

with ve(z) = E(vy"(z)) = E(7 ~(2)) and vs(z) := E(v ~(2)).

By the lower bound in Lemma 5.2, we have v3(x) = F,(z — 04 /t) > F, (x — 04 /t) —
e~ Dihe for every o > ¢ for large t. So, again since y — v2(y) is positive increasing

and vg is a repartition function, integrating by parts twice as in (5.6) gives with

the change of variables u = x — 7, /t,

1—¢ 1—e—0¢/t
/ vo(x)drs(x) < / vo(x 4 04 /t)dF, () + e~ Prhe
5 e—¢/t
1—e—04/t
n [(Fa(x) _F (I))Vg(x + at/t)} e B
E—Vt
Recall (see before Lemma 3.1) that o/t = 2/log(h:) = o(1) as t — +00. Then we
can prove in a similar way we have obtained (5.9) that:

Y [(F@ - Fr@)me+am] <oy e, (5.12)

1<k<n, e—¢/t
with as usual a possibly enlarged C. Indeed by Lemma 5.2, —(Fa(a — O ft) —
Fy(e — 0/t))a(e) < e Pt = o(n;!) for every 1 < k < my for large ¢, and
(Fa — Fa_)(l — € —ﬁt/t) < (F; — Fa_)(l —€— ’Dt/t) +€_D1t < ]P’(maxlgjgk_l fj €
[vi t v t]) +P( Ef:_ll H; € [ag t,aft]) +e Pt for every k < ny for large ¢, with v =
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a and = 1 — ¢ — ¥;/t. The first probability is less than n;P(S1e; € [, t,7, t]) =

neE ( ,;Y:((llj;:))//sil e 2du/2) < 8myey sup, >o(ve™") = o(1/n;), whereas the second

one is treated as (5.8), which leads to (5.12).
So the important term in the right hand side of inequality (5.11) comes from the
integral. We now work on v,(z). We have,

va(z)
< E(PRr[Lx(t(1 —z),mu) < at, H(Ly) >t(1 —2) — o, H(L) < H(Ly)])
< BE(PRr[Lx(t1 — ) — by, 11) < o,

H(Ly) > t(1 —2) =, H(L1) < H(LT)]) = falz +5./1),

as defined in Lemma 5.3. Then, as F (z) is positive and increasing in x, using
Lemma 5.3 with v = «, we obtain

1—e—0¢/t 1—e—04 /t
/ va(x 4 0 /t)dF, (z) < / fi @+ 20, /t)dF; (x) 4 o(n; ).
e—¢/t e—0¢/t
(5.13)
Now, as fI(x + 20;/t) can be written (since Hy = £ Ry, see Proposition 3.5),

FH (@420, /t) = P ((1 —z— m/t)f[—’; <a(l+e), Hy > t(l—z—25,/t)(1 — 4)) ,

we get by independence of the random variables ((¢;,H;),j < n¢),

1—e—0./t
/ fH (@ + 26, /t)dF; (2)

—B/t
< P {(1 - ﬂkfl)w <a+&(k), Hy>1-4,
Hi — Hi—1
max 2 <a, Hpo1 <1l—c+0|, (5.14)
1<j<k—1 t

with 8] := 30:/t, &t(k) := (a+ £/ Hi) 6.

The idea now is to make appear the event {/\/35 = k} in the above probability
(recall the definition of N?* given in Proposition 5.1) and then sum over k.

We first prove that the sum over & < n;, of the above probability is small if we
intersect its event with the event {/\/t2€ # k} In other words, let us prove that

Y= > P[Hr>1-06, Her <1—c+6), NP £ (5.15)
1<k<ns
is small. As {/\/’t28 #+ k} = {’7'-_{;C <1- 28} U {7-_11@_1 >1-— 25}, and since for ¢ large
enough, {’7'-_{;C >1-— 52} N {’7'-_{;C <1- 25} = (), we have
< > P[HR>1-0{, 1-2e<Hp 1 <1—e+0].
1<k<n:
Therefore, for ¢ large enough, with s(e,t) defined in Lemma 5.4,

< > PHR>1-¢6/2,1-2e<Hy1 <1-3e/4] <s(e,t)  (5.16)
1<k<n,
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by (5.2). Finally, combining equations from (5.10) to (5.16) leads to

> E(T)

1<k<ny
— ZN2E _ENQE_l 6
< P = Fpee )=t 20 L <4 5 (NP, =<
- ( NE 1)7{/\@25 —HNga,l < ataWe) 153‘?/?/?5_1 t =«
+s(e,t) + Cyru(t,e) + o(1). (5.17)

To finish we have to deal with & (N7?€), a basic computation partitioning on the
values of N?, shows that P[£,(N7)) > a/5}/6] < CLP (R1 < \/3;) =o(1) as Ry
converges in distribution to R, which is almost surely positive. Collecting this last
fact, (5.4), (5.5), (5.6), (5.9) and (5.17) finish the proof of the upper bound.

Proof of the lower bound:

The proof here follows the same line as the upper bound. The main difference
comes from the fact that we can no longer use the inequality sup,cp L£(t,2) >
sup;<;<n, £(t,m;). So for this part of the proof we stress on what is different from
the upper bound, and refer to the previous computations when very few changes
occur.

Assume for the moment that

]P’({ sup L(t, z) > 2@} - 52) >1—o(1), (5.18)
r€R
with w, := te(*(1+39)-De() " and recall that ¢ is chosen small enough such that

k(1430d) < 1 (see Lemma 3.2). This fact (5.18) is a direct consequence of the upper-
bound of P(sup, g L(t,z) < at) (see at the beginning of the proof of Theorem 1.3
page 46 for a proof of (5.18)). Recall (3.13), and define for any ¢ > 1,

E(€) == E3(H)NEZ(L), with
1

e3(0) = { sup [£0.2) — L(1 (i) )] < 16}

z€Dy
with é; := (at — 2w)/t. Recall the definitions of the events B;, 1 < i < 4 in
Sections 3.1 and 3.2. We have for large t,
{supgce]R+ L(t,z) < at} NV NEN{N; < ng} NN, By(ng)
D gg(Nt) NViN&EN {Nt < nt} n ﬂleBi(nt).
Indeed, L(t, ) < Wy for every x € (Ry — Ui, [f;]_, f;j}) on Ba(ny) N Bs(ny) NV N
{NV¢ < ni}, and on the same event intersected with Ba(n), L(t,z) < Wy +te” 200 <
2w, for every x € U?;l([Lj_,Lj} ND,), whereas for z € D;, L(H(m;),z) < W if
j <mnyand L(t,x) — E(H(ij),:v) < wy if j < Ny. Notice that by Lemmata 2.2,
3.1, 3.2, 3.4 and the above assumption (5.18),
P(Vt n 52 n {Nt S nt} n ﬂleBi(nt)) Z 1-— 0(1)

We now deal with P(£3(Nt) N B1(Ni) N Ba(ne) NV N{N: < n¢}). Using Lemma 2.2,
the fact that H(Lg) < H(my41) and the strong Markov property with respect to
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PW=  we obtain

]P)(53(Nt) N B (Nt) n Bg(nt) NV, N Q)
> B ([ A W (€0 B0 Balh — 1), B € ) ) = o)
k=1 €

with
vy (y)

:zpﬁmf; (seupp Lx(t(l—y),z) < tay, H(f/k) > t(1 —vy), H(f/k) < H(f/k)) ,

Now, by computations similar to the ones giving the upper bounds in (5.9) and
(5.10), we have

(sg(Nt )N Bi(N) N Ba(ng) NV, Q)

/: ) 1/4 y)dvV ())—o /81 ) y)dvs(y) — o(1).

with W (y) =P (E4(K), Br (k). Balk — 1), zi:f Ui/t <y), valy) = Bl (v)
and v5(y) == E(U5W“ (y)). The next step is to remove B1 (k) in the above expression.
For that, we only have to prove that

1—¢ k—1
/ ( (y)P" <53( )s Bl(k)aB2(k_1)szi/tedy>>

is negligible, one can check that this quantity is smaller than

e 1—¢
Z/ B [P (H(Ly) < H(LR), H(Ly) > t(1 - )]
k=1¢
k—1
P <l§‘1(k),82(k— 1),ZUi/tedy>
i=1
< iP<ZU/t<1 ZU/t>1 Bi ))

< P (Bi(ny)) < Covy = 0(1)7

where the last inequality comes from (3.1). Therefore, collecting the above compu-
tations yields

P(supﬁ(t,:v)ga) /: )i (y) — o(1),

z€R
with 75(y) := e "0 37, P (g?f(k)a Bo(k —1), 1 Ui/t < y)
We start with an estimation of the repartition function 5 (y). Recall that like in the

proof of Lemma 3.0, by the strong Markov property, the occupation time formula
(1.13) and (1.14) the sequence (U;, {L(H(L;),z) — L(H (), z),x € D;},j < ng)
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under By(n;) is equal to a sequence (H;(L;), {£;(H;(L;),z),z € D;},j < ny), with
this time

Hy(L;) = A(Ly) / eV L PP (1), A (w) /AT (L)) du,

J

Li(Hj(Ly),x) = AV(Ly)e V@ Lp (75 (1), A7 (2)/ A (Ly)),

where A9 (u) = [ eV @y, Using Remark 2.3, Lemma 2.2, Fact 2.1 (ii), and
then (7.5) and (7.6), we have for large ¢ for any 1 < j < n; since ¢(t) = o(logt),

P[7(kre/8) < mj+ 1y < 7(re)] > 1= Cre” o,

5.19
Pl (r) <y —re <77 (kre/8)] > 1= Cpe” ()7, (5:19)

with ¢ > 0. Therefore for any j, P(D; C [?j’(rt),i—j(rt)]) > 1 —20 e (e,

Then on {D; C [%j* (ry),7j(r)]}, for any = € D;,

£(Hy(L).x) < A(L;)Lps [r (1), AT () /A7 (L)),
Also with probability > 1 —2C e~ (¢-)" D, C [7; (rt),7j(r¢)] so for any x € Dy,
A7 (ry) < A(z) < A(F5(ry)). (5.20)

With Remark 2.3, Lemma 2.2, Fact 2.1 and (7.8), we obtain with a probability
larger than 1 — e~ (=),

—(1-1/2)hs Al( ji(”)) < Aj(%jp”t))
TA(L) T AN(L)
< e (-1 ke < o=he /4 (5.21)

—67ht/4 < _€2rte

Therefore, applying (7.11) (with § = e~/* and ¢ = §'/?), we obtain with a
probability larger than 1 — e~ (¢-)"t,
sup AV(L;) L (77 (1), AV (2)/ A7 (L)) < AV (Ly) L (77 (1), 0) (1 4 e7/12).
€D,
(5.22)

Collecting the different estimates we then obtain,

_ - & H(L) e
vs(y) 2P || max L (H;(Lj), ;) < tau, Z; <y | - Cren e
J:

with @y := @ (1+ e’hf/u) ~!. We can then inverse the equality in law we have used
above, and then obtain
75(y) > Fa, (y) — Cye” ™,

with Fj, defined in Lemma 5.2. Then we can follow the same lines as for the
upper bound (especially computations after (5.9)), and obtain via Lemma 5.2 and
by choosing Cy large enough in such a way that (c_)ry/¢(t) = (c=)Co > k(1 + 0):

/ Ca()din(y) > /  LW)AFL (9) — o(ni ).
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Remark also that (5.22) implies the concentration of the local time at the h-
minima: with probability larger than 1 — Cpe~(¢-)"

sup L;(H;(Ls),y) — £ (H;(Ly),my) | < e ™2 (H;(Ly),m;).  (5.23)

y€D;

We now work on v4(y). By the second part of Lemma 2.2 it is equal to

E (pﬁvg; (5;151 L1 = y).2) < by, B (Er) > (1 — ), 1 (L) < H’(Ef)))

=4(y),
and by Lemma 5.3, 74(y) > f5 (y) — o(n;'). Therefore

l1—e l1—e
/ va(y)dis(y) > / f5 W)AFL () — o(ni™).

From now on, the computations are very close from that of the upper bound (see
(5.13) and below) and we do not give more details. O

Proof of Lemmata 5.2, 5.3 and 5.4.

Proof of Lemma 5.2: This is a direct consequence of Proposition 3.5. O

Proof of Lemma 5.3: To obtain the result we use a similar method than in
Andreoletti and Diel (2011). That is to say, we study the inverse of the local time
at m1, and use our knowledge about H (l~/1) From the definitions of f, and fny we
have easily f,(z) < f(x) for all z. So, to prove (5.1), we only need to prove the
upper bound for f, and the lower bound for f,. We fix € € (0,1/2).

o Upper bound for f,(x). Recall that o(u,m1) = inf{s > 0, L(s,m1) > u}, u > 0.
First, notice that for 0 < z < 1, f,(z) is equal to

B [P (L1 = @),0in) < 3t H(L1) > 40— @), H(Lx) < H(LT) )]

—F [Pﬁvf; (a(’yt,ml) > t(1—x), H(Ly) > t(1 — 2), H(L1) < H(E;))} (5.24)

—E [Pﬁ”j; (H(El) > o(yt, i) > t(1 — x), H(Ly) < H(E;))} (5.25)
+ B [P (ot i) > H(L) > (1 =), H(L) < H(LT))] . (5:26)

Let us first study the expectation in (5.25). On {H(il) > o(yt, m1), H(El) <
H(El_)} under ng, X remains between Ly and Ly until time o(yt,77,) which is
finite. On this event and under ]mef, considering (1.13) and (1.14) as in (Shi (1998)
p. 248), the inverse of the local time can be written for X starting at m; as

L
o(yt,my) = / V@ Ly (oB(7t,0), AN (2))dz =: I, (5.27)
Ly
where Al(z) = fﬁil ef/(l)(y)dy and B is a standard Brownian motion indepen-

dent of W,, such that B starts at A'(71) = 0 and is killed when it first hits
AY(Ly). In (5.27), we integrate only between L] and L; because under ng,
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eV Ly (oB(t,0), AY(2)) = L(o(yt,m1),2) = 0 for z ¢ [il_,Ll] as explained
after (5.26). We have

Li

I= Wt/ e—v<1>(z)£]§ (05(1,0),a(z))dz,
Sthoa( ) — —1A1(,) — -1 2 v B . 2

with a(z) = (vt) /% (z) = (1) fﬁ“ eV Wdy and where B := B((yt)2.)/(7t).

By scale invariance B is also a standard Brownian motion that we still denote by

B in the sequel. Also, recall that oy (r,y) := inf{s > 0, Ly(s,y) > r} for r > 0,

y € R is the inverse of the local time of the process U. Since we consider X starting
at my, we have H(Ly) = H(Ly) — H(m1) = Uy, for which Proposition 3.5 gives

(P {|H(L) —Ha| et }) =PIU1 - Ha| S eMa} = G1) 21— e D0,
(5.28)

with g; := e~%" if § > 0 is chosen small enough. This will explain the appearance
of Hy in fF(x). So, we now deal with I. Notice that (y¢)~'I can be split into two
terms (yt)~'1 = I; + I, with

fi(he/2)
Il Z:/ efv (Z)EB(UB(LO)v&(Z))dZ’
71 (he/2)

and I := (yt)~'I — I; > 0. We now prove that the main contribution in (yt)~I
comes from [; and obtain its approximation in probability. Let ¢ € (0,1/100).
First, using the second part of Lemma 2.2, followed by Remark 2.3, Fact 2.1 (ii)
(for which we need 7 > 2), (7.8) and ﬁnally the first part of Lemma 2.2, we get

HA]. (7_1 ht/2 )} 1+8)/2 ’Al (Tl ht/2 )’ < eht 1+8)/2]

[|A2 (7_2 ht/2 )‘ 1+8)/2 |A2(T2 ht/2 )| < eht 1+8)/2]
1 —2P[F " (h/2) > 1+8>/2} —P[V] >1—Cpe /4 (5.29)
Therefore, since a (7] (h/2)) < a(z) < a(71(he/2)) for all z € [7] (he/2), 71(he/2)],

Y

P(Vz € [7 (he/2),71(he/2)], |a(z)] < e”(1o8DU=39/2) > 1 0 emrehe/d (5.30)

Also, using (7.15) and the second Ray-Knight theorem (see before (7.15)), we have

P sup
‘ulge—(log t)(1—3e)/2

with & ;= t=(1=%)/4 S5 we obtain

Lp(op(1,0),u) — 1‘ > a) < e /16, (5.31)

E[mef(!h —Ry| < é\tRl)} >1 - Cyerehi/4) (5.32)

with Ry = f:li((};;//z)) eV (@) dz. We now prove that I is negligible compared to

the integral Ry which appears in the previous equation, and then compared to 1.
First thanks to (7.16) and the second Ray-Knight theorem, we have

E[Pﬁlwf( sup  Lplop(1,0),a(z)] > eslogt>} < 2e7clogl,
ZE[L1 ,Ll]
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So with probability larger than 1 — 2e=¢1°8% we have

elogt i (he/2) -V (2) b VW (z) elogt
I, < ef'o8 e dz + e dz | =: 8" I3,
Ly 71(he/2)

By Lemma 6.8, with a probability larger than 1 — 2e~(¢-)ehs

Iy < C h2e=(1=9he/2,

for large t,

Also, by Lemma 3.6, with probability larger 1 — e~ (P-)ht Ri =R, (which is the
same Ry as in (5.28)), which law is given by the sum of two independent copies of
F~(ht/2). So using (7.9), with a probability larger than 1 — 2¢~(P-)h

Rl =Ry > e—cht/2,

We deduce from the last three inequalities that with a probability larger than
1— e—(c,)aht’

Iy < Rie~(17%9)he/2 — R e=(1=52)he/2, (5.33)
Finally, using (y¢)7'I = I + I3 together with (5.32) and (5.33), we get
E [Pﬁvgf (|I— YtRy| > 2t~ (=54 () Ry,
H(El) > U(’}/t,ml), H(El) < H(E;))]
< Cpemsledhe (5.34)
We recall that by (5.27), o(yt,m1) =1 on {H(zl) > U('yt,rhl),H(INq) < H(f{)}
under ng Hence, combining (5.34) with (5.28) gives for large t for every z €

[e,1—¢],

{H(L1) > o(yt,mn) = (1 = ), H(L) < H(L7) }

1 ~
C {R_ < ﬁ(l +e), H1 > t(1—x)(1 — 5,’5),H(L1) > O’("yt,ﬁll)} U&l,
1 _

(5.35)
where £} is such that E[P)*(£1)] < Cye~ () 4 e=Drile and where, as defined
in the statement of the lemma, &, = e~2"* with ¢y > 0 chosen small enough.

Now, let us study (5.26). On the event inside the probability in (5.26), o(yt,m1)
might be infinite. We work under ]PY-Z; There exists a Brownian motion B such
that, with T playing under ]mef the same role as T does under P (see (1.13)),
H(Ly) = T*(rB(A*(L1))) and o(vt,1m1) = T (op(71,0)) (as in (5.27) and in Shi
(1998) p. 248). Also by (1.13), notice for further use that under Pﬁm;f,

L(o(yt,m1),z) = V@ Ly (oB(yt,0), A'(2)), z € R,y € (0,400). (5.36)
So, we have

0(’7f,ﬁ11)>H(£1) <~ UB(’}/t,O) >TB(A1(E1))
& LB [UB(”yt,O),O] =~t>Lp [TB (Al (131)),0}.
Now, note that, as in (3.22) in the proof of Lemma 3.6, Lp [TB(Al(.El)),O] =
AY(Ly)L5(7P(1),0), where B := B((A'(L1))%.)/A(Ly). Also, by definition of e;
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given in (3.22), we have L5 (Té(l), 0) = e1. As a consequence,
U(Wf,ﬁ’bl) > H(El) Syt > Al (El)el <~ ’}/tRl > Al (f)l)elRl.

Then, according to (3.18), we have A* (I~/1) > (1 — e_(d*)hf)Sl with probability
greater than 1 —e~(P-)"t_ Moreover, according to (5.28) and to the fact that under
ng the diffusion X starts at mq, we have H; = €151 Ry > (1 +¢&;) 1H(L;) with

D_)hy

probability greater than 1 — e~ As a consequence,

o(yt,ma) > H(L1) = ytRy > (1 — e ") (1 + ) H(Ly), (5.37)

except on an event which probability £ [ng ()] is less than 2e~(P-)ht - Combining
this with (5.28) we get for large ¢ for every z € [e,1 — ¢],

{ott i) > H(L1) > (1 = 2), H(Ly) < H(LT)) |

1 -
c {R— < ﬁ(l e, Hy > (1 —2)(1 =€), o(yt, 1) > H(Ll)} UE2, (5.38)
L _
where £2 is such that E[Pﬁm;f (£2)] < 2e~(P-)M 4 e=Dihi and where, as before,
g} = e~°2ht with ¢y > 0 possibly smaller than before.

Combining (5.25), (5.26) (5.35) and (5.38) with the strong Markov property, we
get for large t for every x € [e,1 — ¢], since ¢(t) = o(logt),

fy(x) < P (Ril < ﬁ(l +e),He > t(l—a)(1— ag)) +o(n; ).

= £F (@) +oln).

e Lower bound for f,. Let 7 := v(1+ e_’”/m)_1 and y := (1 — 2)/[R1(1 — 4&;)].
We have to distinguish the cases H(zl) > o(§t,m1) and o(Ft,mq) > H(El) We
work under IP’ZLV; On {y < 77,H(I~/1) > o(Ft,ma) > t(1 — ;v),H(fll) < H(ﬂf)},
we can express the local time of X at the inverse of its local time in m; at time yt
in terms of the standard Brownian motion driving the diffusion. More precisely by
(5.36) and by scale invariance, there exists a Brownian motion B such that for any
z € Dy,

L(o(yt, i), 2) = (yt)e V" O Ly (op(1,0),a(2)) (5.39)

with @(z) := (yt) ™' [ eV W du = A'(2)/(yt). Notice that by (1.7), F~(h;/2) <
Wi (hy/2) in law, so P[Ry > 8hy/k] < 2P[F~(hy/2) > 4hy/r] < 2P[7Wi (hy/2) >
4ht/n] < e~ (€)M for large t. Moreover, we prove with the same method used to
prove (5.19) that 77 (h:/2) < mq —ry < mq1 + 1 < 7(hy/2) with probability at
least 1 — C e~ ()"t This and (5.29) give —e™(1+2)/2 < A7~ (h;/2)] < Al(2) <
AV[7(he/2)] < eM(+9)/2 for any z € Dy with probability > 1 — e~(¢-)eht So. for
large ¢ for every = € [g,1 — ¢], |[a(z)] < Mt (F+)/2R) /(1(1 — x)) < e~ (ogt)(1=3¢)/2
for these z with such probability. Hence with the same method we used to prove
(5.32) from (5.30) and (5.31), we get for large t for every x € [¢,1 — €],

E <Pﬁm{f (sup
z€Dy

La((1,0),3(2) ~ 1] < g)) > 1 = ge(eeh,



44 Pierre Andreoletti, Alexis Devulder and Grégoire Véchambre

The above inequality together with (5.39) imply that for large t for every x €
[e,1—¢],

E (P?{f ({Elz €Dy, |L(o(yt,m1),z) — yte_f/(l)(z) > 2yte_‘~/(l)(z)§t,
v <3 H(E) > o5t i) > 11— ), H(L) < H(ED)}))

< 2e(e-)ehe, (5.40)

On {y < %, H(L1) > o(t,5) > t(1 —z),H(L,) < H(Ly)}, if t(1 —2) >
o(yt,my), then o(yt,m1)—yt Ry < —4tyR1&:, and by (5.34) (applied with v replaced
by y), this has on the previous event a probability E(]P’:;/; ()) less than C e~ (c-)ehe
Thus on the previous event, we have (1 — ) < o(yt,m1), except on a sub event of
probability smaller than Ce~(¢-)"t This is true for every = € [e,1 —¢] for large
t.

Then since the local time is increasing in time, we have on the previous event for
any z € D1, L(t(1 — z),z) < L(o(yt,m1), z), which is according to (5.40) less than
yte V) (14 28,) < yt(1 + 28,) for every z € Dy with probability E(PL"(.)) at
least 1 — 2e~(¢-)sht Combining this and the definition of our y gives for large ¢,
for every x € [g,1 —¢],

5 (PW~ <{supz€D1 L(t(1 —2x),2) N (1—2z)1+ 25}} -G
My t Ry 1-4g& '
n{y <3 H (L) > o(3t,mn) > 0 - @), H(L:) < H(LT) }))
< (24 Cp)e(edehe, (5.41)

As a consequence, for ¢ large enough so that 1 + 28, < 1 + e //12

every x € [g,1 — ¢,

, we have for

{y <3, H(L) > o(Ft,m) > t(1 — 2), H(L,) < H(i;)}

C { sup L(H(1 —x),2) < y(1+28)t < ~t, H(L1) > o(t, ml)} U&d (5.42)
z€D;y

by definition of 4, where £2 is such that E(ng (£23)) < (2+ Cy)e(e-)ehe,
On the other hand, from the definition of o(.,m1), (5.23) and the definition of
4, we have for large t for every = € [¢,1 — ¢,

{y <5.06tm) > H(Ea) > (1~ o), H(L1) < H(E7) )
c{L(H (L) i) <3t oGt i) > H(L1) > (01— ), H (L) < H(LT) }

C { sup E(H(ﬂl),z) < ~t,o(Ft,m1) > H(Ll) > ¢(1— x)} ued
2€D1y

C { sup L(t(1 — x),2) <At, o(Ft,m1) > H(zl)} ué&d, (5.43)
2€D1

where £2 is the event where (5.23) fails, it is such that E(Pﬁmff (1) < Cye (e,
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Combining (5.42) and (5.43) we get for large t for every € [,1 — ], under
Py,

[y <AL > 11 - 2). H(a) < HED)} € {sup L1 - 2),2) < w} U,

z2€Dy
where &2 is such that E(Pp"(£2)) < Cye (¢ = CLe™ ()01 = o(n; 1) a
t — 400 is we choose Cp large enough. Combining this with (5.28), (3.2) and
Proposition 3.5, we obtain for large ¢ for every z € [g,1 — €],

o 2 (LD coa-diasit > -0 +2)) o)

= fy (@)= o(n; ),

where the constant ¢y in the definition of €}, = e~°2"* has been decreased if necessary.
This proves the lower bound for f,(z) and then finishes the proof of the lemma.[]

Proof of Lemma 5.4: Let 0 < a < 1/4. We start with (5.2). By Proposition 3.5,
the H;, i > 1 are i.i.d., so Hr_1 and Hi — Hr_1 = Hj are independent for k£ > 1.
Thus for ¢ > 0,

> P[Hr>1-a/2, 1—2a<H 1 <1-3a/4]
1<k<n,
1-3a/4
= / dps(z)e"*OP[H) > 1 -2 — a/2], (5.44)
1—-2a
where the measure y; is defined by fow dpg(y) = e "¢ Yi<k<n, P [Hr—1 <z].
We know that u; converges vaguely as t — 400 to the measure g which has a
density with respect to the Lebesgue measure equal to (I'(k)C,) 12" 1,0, with
C.. > 0 (see Lemma 6.2). Also thanks to Lemma 4.1, e*®() P [}, /t > z] converges
uniformly on every compact subset of (0,400) to C,z™"/T'(1 — k). Therefore,

lim > P[Hp>1-a/2, 1-2a<Hy 1 <1-3a/4]

t—+oo
1<k<n,
1 1-3a/4 .
== 21 —x —a/2) "da
I(&)I(1 =) /1—2a

< const x a' 7",

For (5.3), we apply (6.2) with r =¢ € (0,1/2) and s = 1 — &, which gives
. lirn P(et < H(mn,) < (1 —e)t)
—+ oo

—1- Smgrm) </O 25 (1 — )" Rdw + /115 2" (1 - x)“dx)

L sin(mx) <<1—e> © o, (1o )

€
™ K 1—k

which implies the result. (I

Proof of Theorem 1.3: The proof of this theorem is a direct consequence of
Propositions 5.1 and 1.4 and of Lemmata 4.4 and 4.5. Notice that the proof of
the upper bound does not use the proof of the lower bound, but we use the upper
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bound for the proof of the lower bound. In particular from the upper bound of
Theorem 1.3 (which makes use of the upper bound of Proposition 5.1 but not of
its lower bound), we have limsup,_, , .  P(L*(t) < 2w;) < ]P’(yf (y;1(1)*) <¢) for
any € > 0 as limy_, 4 o W/t = 0. From this, as yf (y;1(1)—) is positive, we obtain
limy 4+ o0 P(L£*(t) < 2w;) = 0, which proves assertion (5.18) at the beginning of the
proof of the lower bound of Proposition 5.1.

Thanks to Proposition 5.1 and to the remark before this proposition, we only
need to study the convergence of Pft (the limit when ¢ goes to infinity and then
the limit when € goes to 0). The latter can be written in term of functionals of
(Y1, Y3)! as follows. Let Y, := (Y¥)~!(1 — 2¢); we have N2°e~ ") = Y,, and

P = pla-wen) Il <o o) < o]

Yy (Yy) = Y5 (V) —
Kri-2:((Y1,Y2)") = K7 . ((Y1,Y2)") ot
t

(1 — K]_71—2€((Y17 YVQ)t)) f([)lizs((ylv}é)t) — K;l_za((}/l; }/Q)t) -

P

)

JZI*QE((YhYé)t) < CY?:‘| )

with the notation K7 g, K'La, ... introduced in (4.25) and before. The hypotheses
of Lemma 4.5 are: finite number of large jumps on compact intervals, strictly
increasing, starting at 0, and jumping over 1 without reaching it. These properties
are naturally almost surely satisfied by a k-stable subordinator so, almost surely,
the paths of ()1, )s) satisfy the hypotheses of Lemma 4.5 (see e.g. Bertoin (1996)
II1.2 p. 75). Therefore they are points of continuity for Jr1—0es Kpq_0cs Kri-2e,
13;11726 and K 1,1—2¢. Combining this continuity with Proposition 1.4, continuous
mapping theorem, and replacing the functionals by their expressions, we obtain,
when t goes to infinity, the convergence of Pli to

V(Y1 —2¢)) =M (V' (1—2¢)7)
Vo (V311 —2¢)) = Vo (¥, H(1 —2¢)7)

Vit 1-20)7) <al.

Pl(1=2('(1—-2¢)7)) <a,

Then, note that almost surely V>(Y5 '(1)7) < 1 so we have a.s. V; (1 —2¢) =
Yy (1) for all ¢ small enough. We deduce that the above expression converges to
the repartition function of max(Zy,Zz) (see (1.6) for definitions of Z; and Zy) when
€ goes to 0, and this yields Theorem 1.3. ([

5.2. Favorite site (proof of Theorem 1.5).

Thanks to Section 3, we know precisely the nature of the contribution of each h4-
valley to the local time. The difficulty in proving Theorem 1.3 was the need to
consider only a part of the contribution of the last h;-valley. The proofs of the first
two points (1.9) and (1.10) of Theorem 1.5 are thus easier to obtain, since they
do not require to "cut" the contribution of any valley. Let us prove the first point
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(1.9) (the second one, (1.10), is obtained similarly). We have, using (2.7),
PIL*(H(mn,+1)) < o]
<P (L (H(Lx)) < at, QVi) +P(Q) + P (V) +P (Balni) )

< IP’( sup £/t < (1—¢g) ta, Q,Vt) +P(Q) + o(1),
1<j<N;

where we fixed some ¢ > 0 and Q := {et < H(mp,) < (1 —¢)t, 1 < N, < ny}

as after (5.4) (from there we see that lim._,olim;, o P(Q) = 0). In the last

inequality we used Proposition 3.5, Lemma 2.2 and Lemma 3.2. To lighten notation,

let & := (1 —&;) " ta. We have

]P’( sup £/t <y, Q, Vt>

1<G<Ny

< P( sup £/t <y, Bi(ne), Q, Vt) +]P(Bl(nt))
1<G<N,
< ]P’( sup £/t <ady, Hy, >1-6;, Hn,—1 <1—e+7,, Q> +o(1),

1<j<Ny

with §; = 30;/t and where we used (3.1) together with Proposition 3.5. Partitioning
on the values of N; we get that the above is less than

> P( sup £/t <éy, Hip >1-6,, Hp1 <1—e+4), Q) +o(1).

1<k<ng 1<5i<k

Since the sum ), defined in the proof of the upper bound of Proposition 5.1 (see
(5.15) and below) is smaller than s(e,t) satisfying lim._,¢ lim;_, 4 s(¢,t) = 0, we
can intersect the event on the above probability with {k = N2} and get

PL*(H(mpy,+1)) < at] < ]P< sup ¢/t < &t) +P(Q) + s(e,t) + o(1).

1<j<NEe
Then, as in the proof of Theorem 1.3 we have that ()1, )2) almost surely satisfies
the hypothesis of Lemma 4.5, and is therefore almost surely a point of continuity
for Jr12—¢ defined just above (4.25). From this continuity, Proposition 1.4 and the
continuous mapping theorem we get

sup  Lj/t = Jr1a: ((Y1,Y2)") tﬁ%m Jr1—2:(V1, ) = yf (V3 '(1 - 2¢)).

1<j<NEe

Then, as in the proof of Theorem 1.3 we have almost surely Yy * (1 — 2¢) = V5 (1)

for all € small enough so yf (y; 1(1 — 25)) converges almost surely to yf (J)Q_ 1(1))
when € goes to 0. Thus, we get

limsup P [£*(H (my,+1)) < at] < P (yf V() < a) .

t——+oo

A lower bound is proved similarly, so we get the following, proving (1.9):

lim P[L*(H(my,+1)) < at] = P (yf V') < a) :

t—+oo
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To obtain the result (1.11) for the favorite site, we first argue that we essen-
tially need to obtain the asymptotic behavior of N;/N;, where N; := min{j >
1, L(m;j,t) = maxi<p<n, L(mg,t)}. Indeed, define for any ¢ € (0,1/2),

Ki = {I-¢gmn, <Xt) <Q+e)mn,},

Ko = {(1—6)7)’1]\]: SF; < (1+€)mN:}.
Then, we have, lim;_, 1 o P(K1) = 1 by the localization result Theorem 1.2 combined
with the fact that X (¢)/t" converges in law under P to a positive limit as t — +o00
by Kawazu and Tanaka (1997).

Let us now justify that lim;—, o P(K2) = 1. According to (5.18) proved at the
start of the proof of Theorem 1.3, to Lemma 3.4 and (3.3), we have

P <Sup£(t,x) > 24, Ba(ng), Ny < nt> — 1.
zER t——+oo

Notice that on the event inside the above probability, for ¢ large enough so that
2@y > te=2%®) | we have F; € Dy (recall the definition of D; in (3.13)). Since Dy
is centered at my> and its half-length is deterministic and equal to r; = Cop(t) we
only need to justify that

]P)(EmNt* > CQ¢(t)) — 1.

t—+oo

We have my; > my and P(my > Cod(t)/e) > P(1ny > Cop(t)/e) — o(1) by Lemma
2.2. So using (6.13), we thus deduce that lim;_, . P(KC3) = 1.
We can now write for x > 0,

Fr Fy mny 1+¢
Pt <z|=P <z,Ki,K ) <P < t).
i <] =¥ [y < o] ot <P [T <o aten
where v(e,t) > 0, satisfies lim._,0 lim;_, o v(e,t) = 0. Similarly, we have
Fr M 1—e¢
Pl <z|>P Ll gp— | — t).
i <o 2P [l < oigE] e

Hence, we obtain

*

N3 1—¢ F; My 1+4¢
P L < gpg——| — H <P < <P L < gp—n0 t).
[k =it - vien ¥ <o) < [mwt—wl—a}+“&)

. For that we
ﬁrst remark that N and N; diverge when ¢ goes to infinity. Indeed by Lemma
6.1, the correct normalisation for the convergence in law of IVy is e’““b(t), so P(Ny >
e(1=e)ré()) = 1 — o(1). For N, we first notice that the previous result for N; also
gives for t large, P(N; > e(1=¢/2)%¢()) = 1 — o(1). Therefore

]P’(Nt’k < e(l_g)“‘b(t)) < ]P’( max  L(myg,t) > max E(mk,t)) + o(1).

k<e(l—e)ra(t) k<e(l—e/2)rd(t)

Now, since L(my,t) = E(rhk,H(zk) A (H( ) + H~k_)L )) = Zg for £k < N; on
Vi N {N; < n.} N Bz(n) which has probability 1 — o(1) by Lemmas 2.2 and 3.1,

]P( max  L(my,t) > max L(my, t))

k<e(l—e)ra(t) k<e(l—e/2)ra(t)

< ]P’( max 0, > max fk) +o(1),

k<e(l—e)ra(t) T k<e(l—e/2)rd(1)
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with (zk,k < 6(1_5/2)"“75(’5)) i.i.d. random variables under P by strong Markov
property and the second part of Lemma 2.2, and with queue distributions given by
(4.1) and Proposition 3.5.

It is then clear that for large t, P(maxy < —c)rse ?k > MAX), (1< /2)ro (1) Zk) = o(1),
and we therefore obtain that P(N; > e(1=9)%¢(1)) = 1 — o(1).

Then, following the work of Faggionato (2009), we know that (m; — m;_1,7 > 2)
are i.i.d. random variables with a known Laplace transform (given by (2.19) in
Faggionato (2009)), this allows to compute the first and fourth moments of Am; :=
mso — myp and therefore obtain after an elementary but tedious computation that
for large t, E(Amy) ~ Cre®t (Cy > 0, see also (2.17) in Faggionato (2009)) and
E((Amy — E(Amq))*) ~ Cge*ht (Cg > 0), which yields as t — +oc and k — 400,

E [(mk Ik — E(Aml))ﬂ ~ Cgedhe /2,

These facts allow us to write by a Markov inequality that

Pllmn, — E(Amq)N; | > eE(Amq)Ny]

< ¥ P[ymj—E(Aml)j\ > eB(Ami)j| + o(1)
j>e—e)ma®)
205 (Cy)
< Y 205 4 o)
j>e—e)ma®) J

< Cyete(m9me 4 o(1).

This yields that {|my, —E(Am1)Ny | < eE(Amq)N,} as well as (with a similar
computation) {|my; —E(Am1)N; | < eE(Am)N;} are realized with a probabil-
ity close to one.

Now including these events in the probability in (5.45), eventually enlarging v(e, t)

we get
o <ol <oy oo oo 3 st 2] v

Notice that the random variables involved now (N;* and N;) only depend of what
happens in the bottom of the h;-valleys, and we have to deal with

P {% = y} = P[Ny = N1y +P B;tt <y, Ny < Nt] Liy<iy + Lgy>1y,
for any y > 0. We are now interested in the limit when ¢ goes to infinity of the
above two probabilities. We first use the same lines as for the proof of Section 5.1,
that is to say we give a lower and an upper bound of this probability involving the
iid. sequences (¢;,j) and (H;,7). In the same way we have obtained Proposition
5.1, we then have for any € > 0 and large t,

P —u(e,t) <P(N = N;) <P +ole,t)

with

_ 0.
Pi=P (1 - Hpz 1) J

éNEE — 6’/\/3&71
max -,
1<j<NZe—1 t

(Haze — Hpze 1)
recall that Hy, = Ya(ke (M) = LS8 4, 0 = Vi (ke @) = LS g, N2e
inf{m > 1,H,, > 1 —2¢}, and v is a positive function such that lim;_, o, v(e,t)

>

IA
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const x " 1=%) with an eventually larger const than in Proposition 5.1. In the
same way, for any y > 0, ¢ > 0 and ¢ large enough,

_ N* _
P;—U(E,t) <P ]\; <y, N: < Ny ]lyﬁl S,P1++’U(€vt)7
t

where

Pi

_ Oprae — Lppae l;
::P[j\/t*//\/?agy:l:s,(l—HNtzs1) N NEL o max —J] Ly<1,

(7:[_/\/35 - 7:[/\/35_1) TNz t

with A := min{j > 1,¢; = max,<psz- (g }. This together with Lemma 4.6 yields
for large t,

PN =N -P[Ty < D] | < tignmv(a,t) +0(1)
and
Nt*efnd)(t) F*(yl yQ)
L <y N <N -P|—5"<y, 1 >T.
‘ [Nte—wm =6 N < M v,y S Te

< .
lim ol 1), +o(1),
where F'* is defined at the beginning of Section 4.3. Replacing y by z% for the

lower bound and by x 8’:;2 for the upper bound and taking the limit when ¢ goes

to infinity and then € — 0 we obtain for 0 < z < 1,

} _p [F*(yl,yﬂ

=P |—F—
Yy (1)

*
t<x

t—1>1-§r—noo P |: Nt

< xz, Il > IQ
To finish the proof of the last result of Theorem 1.5 we finally have to prove
Lemma 5.5 below.

Lemma 5.5. The random variable M

10 follows a uniform law Uy 1y and is
independent of the couple (Z1,Z2).

Proof: For any s > 0, let Gi(s) := inf{u < s, Vi(u) — V1(u—) = Y¥(s)}. The
fact that for every s > 0, Gi(s)/s follows a uniform distribution is basic. Since the
independence that we seek is specific we give some details.

The process of the jumps of (V1,)2) in [0, s] is a Poisson point process in [0, s] x
(R4)? (the coordinate in [0, s] for the instant when the jump occurs and the other
coordinate for the jump) with intensity measure A\ x v where A is the Lebesgue
measure on [0, s] and v, as defined in the introduction, is the Lévy measure of
(1, V2). Let us give a particular construction of the process (Y1, )2) on [0, s]:

Let (P,)n>1 be a countable partition of (R )? by Borelian sets such that Vn >
1, 0 < v(P,) < +oo. For each n we define an i.i.d. sequence (S}')r>1 of random
variables in (Ry)?, an i.i.d. sequence (UJ');>1 of random variables in [0, s] and a
random variable T}, such that

e Vn2>1, ST ~v(.NP,)/v(Pn), Ul ~Up,q, Tn~P(Pn)),
e For any n > 1, the variables (S})r>1, (U}')k>1 and T, are independent,
e The triplets ((S})r>1, (U} )k>1,Tn), >, are independent.
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We know that the random set
S, ={U},S}), n>1, 1<k<T,}

is a Poisson point process in [0, s] x (Ry)? with intensity measure A x v. Since
(D1, )») is pure jump it is equal in law to the process (21, Z3) defined by

Vr € [O,S], (21722)(T) = Z Sl? 11U,?Sr-
n>1,1<k<T,

In particular
Zi(s) = max{m (SP), n>1, 1 <k <T,},
GZ(s) = inf{U,g, n>1,1<k<T,, m(SP) = zf(s)},

Zi(s)= > m(Sy),  Za(s)= D m(SH.

n2>1,1<k<Tn n>1,1<k<T,

We thus have that Gy (s)/s Z Ulp,1) and it is independent from (y{‘ (), V1(5), V2(9))
and from the sigma-field o((J1, V2)(t + s) — (W1, Y2)(s), t > 0).

We now have to replace s by V5 '(1). For that we can consider for example the
dyadic approximations of Y5 (1), that is, (t, := max{k € N, £ < V;'(1)},n).
Then, partitioning on the values of ¢,,, using the independence we just proved and
the fact that G;(s)/s follows a uniform distribution on [0, 1] we get that Gy (t,)/tn

follows a uniform distribution on [0, 1] and is independent from

(VE(tn), Valtn), Viltn +27") = Viltn), Voltn +27") = Ia(tn)).  (5.46)

We let n goes to infinity, t,, converges almost surely to Yy ' (1) from below. As a
F*(Y1,2)

consequence, Gy (t,)/t, converges almost surely to Y1)
2

while the quadruple in

(5.46) converges almost surely to
(VIR ()=, 225 (1)),
V(1) = Yt (1) =), M3 H(1) = (¥ (1))

As a consequence, %1(1)})2) follows a uniform distribution on [0, 1] and is inde-
2

pendent from the above quadruple for which (Z;,Z5) is a measurable function, this

yields the lemma. (]

6. Results and additional arguments from the paper Andreoletti and
Devulder (2015)

6.1. Some estimates on the diffusion X. The first lemma below gives the right
normalisation in law of the number of h;-valleys visited by X before time ¢.

Lemma 6.1 (number of visited h;-valleys). Assume that 0 < k < 1. Then, under

the annealed law P, Nye W) —, . o N in law. The law of N is determined by
its Laplace transform:

Yu>0, E(eV)= f L <_—“>j : (6.1)
= T(kj+1) \ Cs

where Cy, is a positive constant. Moreover P(N; > n;) < e %)
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Proof: The convergence in distribution is exactly Proposition 1.6 of Andreoletti
and Devulder (2015). For the second fact we have P(N; > n;) < ]P’(Nt > ) +
P(V;) < P(N; > ny) + el=%/2toMlh by Lemma 2.2, with N; := max{j > 1, 7m; <
sup,<; X (s)}. Then equation (5.3) in Andreoletti and Devulder (2015) gives P(N; >
n¢) < exp(—2¢(t)), which yields the result. O

The lemma below deals with the renewal structure we speak about on the intro-
duction, and the consequence on the hitting time H(my,) of the ultimate h-valley
visited by X before time t.

Lemma 6.2. Assume 0 < k <1 and 0 < § < inf{2/27,k2/2}. Fort >0, let p; be
the positive measure on Ry such that

Ve >0, p([0,a]) = eSO N P (H; <)
j=1
Recall that for any k, Hy, = Z?Zl H;/t, and H1 = R1S1e1 is defined in Propo-
sition 3.5. Then, (ut)r converges vaguely as t — +oo to u defined by

dp(z) == (C,{F(li))_lx”_lll(m_‘_w) (x)dz,

with C,, is the same constant as in Lemma 6.1. For 0 <r < s <1,

: 1—r
lim P(l -s5< M <1- T) = M/ "1 —z) e, (6.2)
1

t——+00 ™ —s

Proof: The first part of the above lemma is very close to Lemma 5.1 of Andreo-
letti and Devulder (2015), indeed Proposition 3.5 gives the proximity between the
random variables (U;, i < n;) and the random variables (H;,i < n;), moreover an
important preliminary result in Andreoletti and Devulder (2015) (Proposition 4.1)
states that e*?()(1 — E(e=AV1/t)) = C,\" 4 o(1) for large t. So we also know that

e (1 — E(e /1)) = C A" + o(1), (6.3)

notice that this result could also be deduced from (4.2) with the help of a Tauberian
theorem. Then by independence of the random variables 7{; and the fact that they
are i.d., for any A > 0

+oo 1 & i\ \J
—A\x o - -
| e = > (B )
7j=1
By (6.3) as nge ") —ttoo +00, [E (e‘”‘l/t)]"““ = o(1). Hence, we get as

t — +o0, again by 6.3

T e e (1 + o(1)) __1
/0 e A dpe(z) T} (67>\H1/t) +o(1) = +o(1)

+oo e—)\wxﬁ—l
————dx +o0(1),
[ e e+

which gives the vague convergence of measure (). Also (6.2) is equation (1.2) of
Corollary 1.5 in Andreoletti and Devulder (2015). O
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In Lemma 6.3 below, we approximate ﬁj, the exit time of hs-valley number j (if X
leaves it on the right), by a product of 3 simpler random variables. To this aim, we
recall that with the notation of Lemma 3.6 and of its proof, for each 1 < j < ny,

Rj = f;i((};;//z)) e‘V(j)(w)dx, and A7 (u) = fﬁulj ev(j)(m)dx, u € R. Moreover, for some

independent Brownian motions B7, 1 < j < ny, independent of W,

Lj J .

hj = / eV L (75 (AT (L), AT (u)]du,
Ly

ej = Lpi[r7(4(L))),0]/47(L;).

Lemma 6.3. Let 0 < ¢ < inf{2/27,k2/2}. For large t, we have for every 1 < j <
N,

P (’iLJ — Aj (ij)ejéj’ > 267(1735)}“/614]- (Iij)ejéj) S CJrei(C*)Eht. (64)

Proof: We first notice that (ﬁj, A (f)j), €, RJ) is measurable with respect to the
o-field generated by (f/(j)(x + f);r_l), 0<z< ij - E;L_l) and B, so, thanks to
the second fact of Lemma 2.2, its law under P does not depend on j. Thus, the
left hand side of (6.4) does not depend on j. Hence we just have to prove (6.4) for
j=2.

This is actually already proved in Andreoletti and Devulder (2015), for which it
is an important step. Indeed in this paper Andreoletti and Devulder (2015), our
A7, B2 and hs are denoted respectively by flj, B and U, as defined in (Andreoletti
and Devulder (2015), eq. (3.17) and (3.18)), and our Ry and e, by Z~ and ey, as
defined in (Andreoletti and Devulder (2015), after eq. (4.17)). Hence our (6.4) for
j = 2 1is exactly (Andreoletti and Devulder (2015), Lemma 4.7), which proves our
lemma.

The proof of (Andreoletti and Devulder (2015), Lemma 4.7) is quite technical,
however we can give a simple heuristic in order for the present paper to be more
self-contained. The idea of the proof of (Andreoletti and Devulder (2015), Lemma

4.7) is that, loosely speaking, for u close to 7, that is for u € [%J (he/2), 75(he/2)],
Lpi[rP (A9(L;)), AT (u)] is nearly Lp, |75 (AI(L;)),0] = A?(L;)e;, whereas for u
far from mm;, that is for u € [i;,f/]] but u & [7; (h/2),7(h:/2)], e V@) g
"nearly" 0, with large probability. Finally, combining these heuristics gives h; ~
AI(Lj)e;R;. O

The following lemma is used to prove Lemma 3.6 and uses the notation of
this lemma, and where the independent r.v. G*(h;/2,h;), Fy (he), Fy (hy/2) and
F3 (ht/2) defined before Proposition 3.5.

Lemma 6.4. Assume 0 < § < inf{2/27,k%/2}. For large t, possibly on an enlarged
probability space, there exists Ro z Fy (he/2) + Fy (ht/2) and So z Fif(he) +

Gt (hi/2,ht), such that Ra, S2 and es are independent and

(1

L2 oo
/ V@ dy — Sy

m2

S ef(df)hts’z, RQ = R2}> Z 1 _ e*(Df)ht, (65)
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where D_ > 0.

Proof: Due to (Andreoletti and Devulder (2015) Lemma 4.5) with its notation, we

have Zj = [0 VO @dr 2 pH(n,), T = 22, VP @de 2 G (hyy2,h),

I = [P VP L F(hy/2) and finally 12 = €

F~(hy/2) with Ly := inf{x > 7o(h;), V?(2) = hy/2}. The problem is that Z; is

,V@)@de g

not independent of Z; , so we would like to replace it by some i i Ig' of it with
better independence properties. It is proved in (Andreoletti and Devulder (2015),
at the top of page 32) that for large ¢, possibly in an enlarged probability space,
there exists Z;" such that |Z —Z;"| < e~(1739h/2T " with probability greater than
1 — 4e7%9M/2 and where Z;" z F*(hy) by (Andreoletti and Devulder (2015), eq
(4.35)).

Let S5 := TZF +I; > I;". Notice that on V;, by Remark 2.3, Ry = I; +7, =: Ry
and fﬁle VP @)y = fiz VP @ dg = I +Z; . The two previous inequalities give
| fﬁle VP @) g — S’2| = ‘Iar - Ifr < e~ (1=30)ht/2G, and Ry = Ry with probability
at least 1 — 5¢~"9"¢/2 thanks to Lemma 2.2. This proves (6.5).

Moreover, by (Andreoletti and Devulder (2015), Prop. 4.4 (i), Z;7, |, Z;,
Z, and ey (which is denoted by e; in Andreoletti and Devulder (2015)) are in-
dependent. So, ey, So = Z;” + I, and Ry = I; + Z; are independent, and
Ro Z By (hy)2) + Fy (he/2) and So = F} (hy) + G (he/2, hy). 0

The last lemma of this section tells that with large probability, the diffusion X
leaves every hi-valley [L}, L;], 1 < j < n; from its right. Recall that B is defined
after (3.19).

Lemma 6.5. For large t, there exists c— > 0 such that

P{ﬂ?il { max Lpi[r% (A(L;)), A (u)] = 0}] >1—e M (6.6)

u<L;

Proof: (6.6) is essentially Lemma 3.2 in Andreoletti and Dev ulder (2015):

Indeed, recall the definition of A; := {maxu<L7 L[5 (A(L 7)), Al (u)] = 0}, we
have N2, A; = ﬂ?;l{Hj( j) < {H; ( =)}, with, for any L <z < Lj, Hi(z) =
inf{s > 0, B;(s) = z}, with B, a Brownlan motion. Therefore PW=(A;) is equal to
the probability P"=(€;) of Lemma 3.2 in Andreoletti and Devulder (2015). It is
proved in this lemma see (3.10) that for large ¢, P(B := {PW=(&;) < e~ ("/2he}) >
1 —3e=%%" 50 we obtain (6.6) as P(E;) < E(]P’W~ (E)1p) + P(B) < e~ /n,, for
c->0 small enough. il

6.2. Some estimates on the potential Wy, and its functionals.
We start this section with the Laplace transform of the important functional R
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Lemma 6.6. Recall that 0 < k < 1. For any v > 0,
2

Ry (29)"/
5™ = (ievravm) o

Moreover, R,, admits moments of any positive order.

wil
Proof: f0+°° e Wi dy is the limit in law under P of N T =Wl dy as ¢ —
+00. This limit is given by (Andreoletti and Devulder (2015), Lemma 4.2), which
proves (6.7). Note that in (Andreoletti and Devulder (2015), Lemma 4.2), W/ is

-
denoted by R, and fOTWN @) =Wl®)dy is denoted respectively by F~(z). Moreover
the Laplace transform of R, is of class C"* on a neighborhood of 0 since x —
x"/I,(x) is C* on such a neighborhood (see e.g. Borodin and Salminen (2002) p
638). Therefore R, admits moments of any positive order. 0

The following Lemma is a series of estimates concerning the different coordinates
of valleys.

Lemma 6.7. Fort large enough, for every 1 <i < ny,

P(0 < My < my) < Cyhie "t (6.8)

P(7fy (he) # Fig1(he)) < Cyhye™ "M, (6.9)

P( inf v < ht/2) < emrhe/8, (6.10)
[‘r7L (h T " (he)]

P(L} = L7 2 40K ) n) < /3, (6.11)

P(#(h) —1n; > 8h/k) < Cy ‘”h/@ﬁ), 0<h<hy, (6.12)

P(imy <7) <e"exp ((k/2 — /2 + K2/4) ki) = o(1), Vr=o(h). (6.13)

Proof: (6.8) follows from eq. (2.8) of Andreoletti and Devulder (2015); (6.9) is
eq. (3.41) of Andreoletti and Devulder (2015). (6.10) and (6.11) are respectively
eq. (2.34) and (2.32) of Lemma 2.7 of Andreoletti and Devulder (2015). Moreover,
(6.12) is eq. (2.22) of the same reference. For (6.13), we know from definitions in

(2.3) that my > L} = 7Ws(=hi"), where 7Wr(=h]) is the first positive time the
drifted Brownian motion Wy, reaches —h;. Using a Markov inequality together with
(2.0.1) page 295 of Borodin and Salminen (2002) we obtain P(7Wr(—h) < r) =

P(e*TWN(*hr) > e ") < erelt/2v 2+62/Dh) which is exactly (6.13). O

The lemma below deals with two functionals involving coordinates far from the
bottom M4 of the first visited hi-valley [L, L1].

Lemma 6.8. There exists c > 0 such that for any € > 0 and t large enough,

L _
P / 1 eV @ gy < C+hfef(175)ht/2 >1- ef(C*)Ehf,
71(he/2)

/2
P / eV @y < C+hfef(175)ht/2 >1— e (e-)eh
Ly
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Proof: The proof is inspired from steps 1 and 2 of Lemma 4.7 of Andreoletti and
Devulder (2015). For the first integral, let

Ay o= {inf s e j2n ) VY > (L=e)he/2), Ayi= {L — LT <40 /x}.
We have on A4, N A,,

Ly ~ B 4 h+h
/ eV Wy < e (=OM/2[E 7 (0, )2))] < A0Rhe —1-opmerz (.14
71(he/2)) K

Now, Fact 2.1, equation (7.3) with a = 1/2, v = (1 —¢)/2 and w = 1, and Lemma
2.2 give
P(Ay) < Plinfir, 2y, () V< (1= )he/2, V0] + P(Vy) < 3¢ /2,

Moreover, P(A,) < e™*ht/8 < e=reht/2 by (6.11) since we can take e < 1/4. The
second inequality, can be proved similarly. 0

Lemma 6.9. Recall that for h > 0, Bo(h) == FE (fOTl*(h) eW'“(“)du), with T (h) =
inf{u >0, Wy (u) — infj . Wx > h}. For large h,

Bo(h) < Cyell=mh, (6.15)

Proof: (6.15) is (Andreoletti and Devulder (2015), eq. (3.38)), since in Andreoletti
and Devulder (2015), Bo(h) is defined at the top of page 23 and 7 (h) in its Lemma
3.6. O

7. Appendix

7.1. Some estimates for Brownian motion, Bessel processes, W and their func-
tionals. We provide in this section some known formulas for some processes that
appear in our study. The first lemma is about Laplace transforms of the exponen-
tial functionals defined in (1.7) and (1.8). Its proof can be found in (Andreoletti
and Devulder (2015), Lemma 4.2). Recall that C (respectively c_) is a positive
constant that is as large (resp. small) as needed.

Lemma 7.1. There exist Cg > 0, M > 0 and m, € (0,1) such that Vy > M,Vy €
(07 771];

|B (77 W/ ) — [1 = 2y/(n + 1)]| < Comax(e™,472),
(7.1)

B (7@ 020/} _ [1 - T(1 = )(29)"/T(1 + 0)]| < Comax(y"e /2, ).
(7.2)

Moreover, there exists Cip > 0 such that for all y > 0, E (F*(y)/e¥) < Cho.

Recall that W] is a (—#/2)-drifted Brownian motion W, Doob-conditioned to
stay positive (see above (1.7)). We have,
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Lemma 7.2. Let 0 < v < a < w. For all h large enough, we have

Pt (792 (yh) < 7% (wh) ) < 2e7H@IM, (7.3)
P (797 wh) = 7V (ah) < 1) < demllemol?/s, (7.4)
P(r"4 (k) > 8h/k) < Cye M/ (V2), (7.5)

P(TW~ (h) < h) < Cye (e, (7.6)

P(rW (yh) < 1) < Cpe™ (DM (7.7)

where P°" denotes the law of W starting from ah. Moreover the first inequality
is still true if w is a function of h such that limp,_+ o w(h) =+ o0.

Proof: The first 3 inequalities come from (Andreoletti and Devulder (2015), Lemma
2.6). The fact that, in (7.3), w can actually be taken as a function of h comes directly
from eq. (2.31) of Andreoletti and Devulder (2015), which shows that the right hand
side of (7.3) is equivalent to e *(@*= V" as h — 400 if w = w(h) —hie0 +00.
(7.7) is a consequence of (7.4) with w = v and a = /2. We turn to (7.6).
By (Andreoletti and Devulder (2015), eq. (2.7) and Fact 2.1, coming from Fag-

+
gionato (2009)), E(e“”wm(h)) ~host so comst.e(/27V/2e482/4) Hin particular for

;
a =1 — k. Then a Markov inequality for P(e’mwm () > e~ ") proves (7.6) since

1—r/2—+/2(1 —k)+K2/4<0. O

We also need the following lemma, focusing only on some exponential functionals.

Lemma 7.3. Recall that F* and G* are defined in (1.7) and (1.8). For all 0 <
(<1and0<e <1, for h large enough,

P [e(l—a)Ch < F+(Ch) < e(l-i—e)Ch} >1— 4e—naCh/2, (7.8)
P[F~(h) > efsh] > 1 — e (e-)e"h?, (7.9)
P[G*(ah,h) <b(h)e"] >1—Ci[b(h)]™",  0<a<1,b(h)>0. (7.10)

Proof: By Markov inequality and the last line of Lemma 7.1,
P[F+(<h) > 6(1+E)Ch} < Oloefsg“h < e*fcsqh/2

for large h. For the lower bound, we have by (Andreoletti and Devulder (2015), eq
(2.29)) for large h,

P[F+(Ch) > e(lfs)qh] >1— 3675501/2-

These two inequalities prove (7.8). For (7.9), first F~(h) > e~=" Wi = (eh), and using
(7.7), Wi (eh) > 1 with a probability larger than 1 _e—(c,)a% , which proves (7.9).
Finally, notice that in law G*(ah,h) < e® f0+°° eVe@dy = eh Ay, By Dufresne
(2000), 2/A~ is a gamma variable of parameter (k,1), and so has a density equal
to e "z g, (z)/I'(k), which leads to (7.10). O

The following lemma is exactly Lemma 4.3 in Andreoletti and Devulder (2015)
which proof can be found in that paper.
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Lemma 7.4. Let (B(s), s € R) be a standard two-sided Brownian motion. For
every0 <e<1,0<d <1 andz >0,

1/6
P( sup  |[Lp (77 (1),u) — L(77(1),0)] > aLB(TB(l),o)) < C+%, (7.11)
w€[—46,d]
IP’( sup Lp (TB(l),u) > :v) < d4e /2 (7.12)
ue[0,1]
P (supﬁB(TB(l),u) > x) <4/zx. (7.13)
u<0

The next lemma says that with large probability, a 2-dimensional squared Bessel
Process is bounded by some deterministic function. This lemma may be of inde-
pendent interest.

Lemma 7.5. Let (Qa(u),
0, and two functions a(.) an
4o00. We have for large t,

P(Vu € (0,k(t)], Q3(u) < 2e[a(t) + 4log log[ek(t)/uﬂu) >1—Cyexp[—a(t)/2].

u > 0) be a Bessel process of dimension 2, starting from

2
d k(.) from (0,+00) to (0,+00), having limit 400 on

Proof: We consider for ¢ > 0 and 7 € N,

k(t ~
Ayio= { sup Q% < 2%[&(0 +4log(i + 1)]}, Ay = ﬂ A
[k(t)

/et k(t)/ef] i=0

We recall that there exist two standard independent Brownian motions (B (u ), >

0) and (Bz(u), u > 0) such that (Q3(u), u > 0) is equal in law to (B?(u) +
B3(u), u>0). So fori € N,

P(A;) < 2P(Sup[k(t)/ezﬁ»l’k(t)/ei] B} > k(t)e '[a(t) + 4log(i + 1)])
4P(sup[0)k(t)/ei] By > Vk(t)e~i[a(t) + 4log(i + 1)])

= 4P (|B1 )| > Va(t) + 4log z—l—l))

8exp[—al(t)/2 — 2log(i + 1)]

IN

IN

for large t so that a(t) > 1, by scaling, and since By z — B, supjg 4] B1 = |Bl( )|
and P(By(1) > z) < e~*"/2 for z > 1. Consequently for large t,

Ap) <> P(Ars) < 8expl—a(t)/2]) ﬁ
i—0 =0

Now, let 0 < u < k(t). There exists i € N such that k(t)/e"™ < u < k(t)/e’
We have, e! < k(t)/u, so ett! < ek(t)/u and then log(i + 1) < loglog[ek(t)/u].
Consequently on As,

Q3(u) < 2(k(t)/e")[a(t) + 4log(i + 1)] < 2eula(t) + 4logloglek(t) /u]].
This, combined with (7.14), proves the lemma. (]

We also need some estimates on the local time of B at a given coordinate
y € R at the inverse of the local time of B at 0. Recall that op(r,y) = inf{s >

= Cyexp[—a(t)/2]. (7.14)
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0, Lp(s,y) > r} for r > 0, y € R. By the second Ray-Knight Theorem, the
processes (Lp(op(r,0),y),y € Ry) and (Lp(op(r,0),—y),y € Ry) are two inde-
pendent squared Bessel processes of dimension 0 starting at . The following lemma
is proved in (Talet (2007), Lemma 3.1; the results are stated for a Bessel process
but are actually true for a squared Bessel process; see also Diel (2011), Lemma 2.3).

Lemma 7.6. We denote by (Qo(y), y > 0) the square of a 0-dimensional Bessel
process starting at 1. Let M >0, uw >0 and v > 0. Then,

P (Oiug |Qo(y) — 1| > u) < 4M exp [—u?/(8(1 + u)v)], (7.15)
P <supQ0(y) > M) =1/M. (7.16)
y=>0
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