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Abstract

We establish a large deviation principle for the empirical spec-
tral measure of a sample covariance matrix with sub-Gaussian entries,
which extends Bordenave and Caputo’s result for Wigner matrices hav-
ing the same type of entries [7]. To this aim, we need to establish an
asymptotic freeness result for rectangular free convolution, more pre-
cisely, we give a bound in the subordination formula for information-
plus-noise matrices.
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1 Introduction

Throughout this paper, P(FE) will denote the set of probability measures on
a space B, M, ,(R) (resp. M,, ,(C)) the set of n x p real (resp. complex)
matrices, H,(C) the set of n x n Hermitian matrices, A* (resp. A*) the
transpose (resp. transconjugate) of a matrix A, and Tr(A) its trace. Besides,
for a random variable X, X denotes the centred variable X — E(X). Finally,
for two real numbers z, y, we denote by = A y the minimum of x and y.

1.1 Large deviation results in random matrix theory

Let us first recall some basic facts in random matrix theory (RMT). A key
object in RMT is the empirical spectral measure of a matrix A € H,(C),
namely the probability measure on R defined by

1 n
pa=— ;5&(%1) ;

where A\ (A),..., A\, (A) denote the eigenvalues of A.

It is well known (cf. [19]) that if X is a Wigner matriz, i.e. X € H,(C)
and the families of centred independent and identically distributed (i.i.d.)
random variables (Xj ;)i1<j<n, (Xjk)i<j<k<n are independent, and if the
variance Var(Xi2) = E|X72 — E(X12)[? equals 1, then almost surely, the
spectral measure py,, 5 converges weakly towards the semicircular distri-
bution g, i.e. for any bounded continuous f: R — R,

The semicircular distribution g is the probability measure on R defined by

d psc(z) = % 4 — 221 _gq(z)dx.

In the case of a sample covariance matriz, i.e. a matrix XX* with
X € M, ,(C) having centred i.i.d. entries, if Var(X;;) = 1, then almost
surely, the spectral measure pix x+ /, converges weakly towards the Marcenko-
Pastur distribution pyvp, with ratio ¢ as n,p — +o0o0 with % — c € (0,400)
(cf. [15]). This probability measure on R is defined by

\/(bc —)(z — ac)

2mxce

1
dpnp o(x) = max (1 — 0> oo + Lia, b () dx
with a, = (1 — 1/c)? and b, = (1 + 1/c)%.
For these two models in which the empirical spectral measure converges,
we can investigate the speed of convergence and more particularly large de-
viation principles.



We recall from [9] that a sequence of random variables (Z,),>1 with
values in a topological space (E, Q) with o-Borel field B satisfies the large
deviation principle (LDP) with speed v and rate function I in the topology
O if

e [: E — [0,+00] is a lower semi-continuous function, i.e. the level set
{z € E | I(z) <t} is closed for every t > 0,

e v:N — (0,+00) admits a limit equal to +o0,

e for all B € B,

1
— inf I(z) <liminf —logP(Z,, € B)

z€lnt(B) n—+o0 v(n)
<l logP(Z, e BY<— inf I
< lmewp iy 08PUn € B) < = i ) T@)

where Int(B) and Clo(B) denote resp. the interior and the closure of
B.

We also recall that the rate function I is said to be good if the level set
{z € E | I(z) <t} is compact for every t > 0.

In [4], Ben Arous and Guionnet proved that if X is in the GUE, i.e. X is
a Wigner matrix and X1 (resp. Xi2) has law N(0,1) (resp. N (0,11)),
then iy, m satisfies a LDP in P(R) at speed n? with the rate function

1) =5 [ 2" duto) - [ [10g ko~ yldu(o)dnto) - 5

This result was extended to LUE matrices, i.e. sample covariance matrices
X X* where X has standard Gaussian entries, by Hiai and Petz (see [14]).
Note that in fact, these two LDPs do not concern only Gaussian matrices
but also more general unitarily invariant models. They strongly rely on the
fact that for the considered models, the joint distribution of the eigenvalues
has an explicit form, which is also the case in [12].

In [7], Bordenave and Caputo managed to obtain a LDP for Wigner ma-
trices in another case, where the distribution of the X ;’s has sub-Gaussian
tails. This is remarkable because here the joint distribution of the eigenval-
ues is unknown. Let us recall their result.

Definition 1.1. For a > 0 and a € (0, +00], we denote by S, (a) the class
of complex random variables Z such that

lim —t “logP(|Z]| >t) =a (1)

t——+o0



and such that |Z| and Z/|Z| are independent for large values of |Z], i.e.
there exist tg > 0 and a probability measure 9, on the unit circle S! such
that for all t > ¢y and all measurable sets U C S, we have

P(Z/|Z| €U N |Z] > t) = 9.(U)P(|Z] > t).

In particular, a real random variable Z belongs to S,(a) if it satisfies (1)
and there exist tg > 0 and a probability measure ¥, on {—1,1} such that
for all t > tp and all U C {—1,1}, we have

P(Z| >t N sign(Z) € U) = 0.(U) P(12] > 1). (2)

Note that the first hypothesis implies that a random variable in S, (a)
has finite moments of all orders.

Theorem 1.2 (see [7, Theorem 1.1]). Let X be a Wigner matriz with X; o €
Sa(a) and X171 € Sa(b) for some o € (0,2) and a,b € (0,+00]. Then the
spectral measure pix; 5 satisfies the LDP with speed n1t/2 and good rate
function

() = ®(v) if there exists v € P(R) such that pn = psc By

FI= 400 otherwise

where @ : P(R) — [0, +00] is a good rate function (see [7] for further details)
and B denotes the free convolution (see Section 1.2).

Let us make a few remarks about this result. Roughly speaking, after
random matrix considerations, the proof of Theorem 1.2 consists in proving a
LDP for some random graphs associated to the Wigner matrix X. Therefore,
the rate function ® expresses as the supremum of functions of probability
measures on graphs and it can not be computed in general. However, in
some particular cases, it is possible to compute ®(v). For example, if v is a
symmetric distribution on R, b < oo and the support of ¥ is {—1, 1}, then
we have

B(v) = (g A b) ma(v)

where m, () denotes the a-th moment of v.

Theorem 1.7 below will extend Theorem 1.2 to sample covariance ma-
trices X X* with X;1 € Sa(a) for some a € (0,2), a € (0,+00]. Note that
to simplify, we will assume that X is a real random matrix.

Let us mention here that LDPs for the top eigenvalue of Wigner matrices
have also been obtained in Ben Arous and Guionnet’s setting, see [1, p. 81],
and for the model introduced by Bordenave and Caputo in [2].



1.2 Deformed matrix models

After understanding the behaviour of the spectral measure of Wigner matri-
ces or sample covariance matrices, the question of deformations of these mod-
els has been investigated. Several types of deformations have been studied,
the main ones being matrices of the type X+ A with A € #H,,(C) (additive de-
formation), £1/2X X*¥1/2 with ¥ € H,,(C) definite positive (multiplicative
deformation) or (X +A)(X +A)* with A € M,, ,(C) (information-plus-noise
model).

A tool to study the spectral measure of a deformation is free probability,
and more particularly free convolutions. Let us recall their definitions.

Theorem 1.3 (see [18]). Let A, B be two independent n x n Hermitian
random matrices such that

e cither A or B is unitarily invariant, i.e. for M = A or B, for any
unitary U € M, (C), UMU* has the same law as M,

e 14 and up converge weakly in probability to some distributions uy and
w2 on R as n — 4o00.

Then, as n — 400, the spectral measure parp converges weakly in prob-
ability to a deterministic distribution depending only on p1 and po. This
distribution is called the free (additive) convolution of p; and pa, and is
denoted by 1 B po.

A similar result also exists for the singular values of the sum of two rect-
angular matrices and it is due to Benaych-Georges. The empirical singular
value distribution of a matrix A € M, ,(C) is the probability measure on
R, defined by

nAp

1
VA = Z O3, (A) 5
nAp =1
where 01(A),...,onap(A) denote the singular values of A, i.e. the square

roots of the eigenvalues of the positive matrix AA* (resp. A*A) if n < p
(resp. n > p).

Theorem 1.4 (see [5, Theorem 3.13]). Let A, B be two independent n X p
random matrices such that

e cither A or B is bi-unitarily invariant, i.e. for M = A or B, for any
unitary matrices U € M,(C) and V- € M,(C), UMV has the same

law as M,

e v4 and vp converge weakly in probability to some distributions 1 and
p2 on Ry asn,p — +oo with T — c € (0, +00).



Then, as n — 400, the singular value distribution vayp converges weakly
in probability to a deterministic distribution depending only on ui, ps and
c. This distribution is called the rectangular free convolution with ratio ¢ of
w1 and po, and is denoted by 1 Be po.

Free convolutions can be characterized in terms of another key object in
RMT, Stieltjes transform. For a probability measure g on R, we call the
Stieltjes transform of p the function G, : C\R — C defined by

Gu() = [ du(o)

for all z € C\R. The following properties are obvious:

1
<
|Gﬂ(z)| — |Imz|
and | |
, z—2z
- D S
‘G“(Z) G“(Z)’ = |Imz|.| Im 2/|

We will use them implicitly in this paper.

Note that the notion of Stieltjes transform is related to the resolvent one,
since for a matrix A € H,(C), we have G, (z) =  Tr((2I, — A)~!). Useful
properties of resolvents we will use in this paper are gathered in Appendix
B.2.

Stieltjes transform allows to express subordination relations for free con-
volutions. To state these relations, we need some additional notations. For
pu € P(R), we denote by p? the distribution of X2 when X has law u.
Similarly, for 4 € P(R,), we denote by /i the symmetrization of the dis-
tribution v of v X when X has law p, i.e. the symmetric distribution on
R defined by \/u(B) = W for all borelians B. We have the fol-
lowing subordination formulas, the first is due to Biane (cf. [6]) and the
second is obtained from Dozier and Silverstein’s work [10] and a paper by
Benaych-Georges (cf. [5]).

Proposition 1.5. o Let p € P(R) and v = B pg.. We have
Gu(2) = Gu(z = Gu(2)) - (3)

o Let pe PRy),c>0 andv = (\/ﬁ M. , /,uMp,c)Q. We have

Gy(2)
1—cGy(2)
In Theorem 1.6 below, we are interested in the information-plus-noise
model and we control the distance between the spectral measure and the
corresponding rectangular free convolution, by bounding the difference be-
tween the two terms in (4) evaluated at the average Stieltjes transform.

=G, (2(1 = cGy(2))® = (1 — ¢)(1 — cG,(2))) . (4)



1.3 Main results

Note that in the rest of the paper, we will only consider real matrices for ease
but our results should generalize to complex matrices adapting the proofs.
The only difficulty in the complex case is to adapt the general integration
by parts formula (28) which is used several times in this paper, which would
lead to heavier computations.

Let us define, for s,t > 0, the distance ds; on P(R) by

dsi(p,v) = sup [Gu(z) = Gu(2)] (5)

2€Vis
t} . (6)

As the distance d defined in [7], ds; metrizes weak convergence. Let us
mention that for all u, v € P(R), we have

where

V;t:{ze(C]Imz>s,

Im ~

ds,t(,u, V) < min (dKS(M, V)’Wl(:u’ V)) ’ (7)

where dxg and W, are respectively the Kolmogorov-Smirnov and the L!-

Wasserstein distances on P(R). Some key inequalities for the distance be-

tween two empirical spectral measures are summarized in Appendix B.3.
Our first main result is the following.

Theorem 1.6. We assume that ¢, = % is bounded below and above by

two constants in (0,4+00). Let ¢ > 0. There exist s,t > 0 and a constant
cst > 0 such that for any random matriz Y € M, »(R) with i.i.d. entries
satisfying Var(Y11) = 1 and E(Yfl) < +o0, for any deterministic matrix
M e M, ,(R), and for all n large enough, we have

ds.t (E 1y M)y oyt (Ve Be \/MMP,C)Q)

o o 4 1 Te( M M? 1/2
< o (EVLIP +E(Y1Y) <% n (%

1 Tr(MMYHY/?
+ocse | len =+ -+ ——7— |,
n n

where Y is the matriz whose entries are given by Y;k =Y, —EYr).

This result allows to understand the influence of the deformation in the

information-plus-noise model. First, we can observe a decorrelation between

the classical term % and the Frobenius norm of the deformation divided

Tr(M M?)L/2
n

by a better power of n, namely . It is important for us to get this



precise estimate since in Section 3, we apply Theorem 1.6 to a matrix M
whose Frobenius norm is not bounded but of order /nlogn.

Besides, it is interesting to compare Theorem 1.6 to the Wigner case
(cf. [7, Theorem 2.6]). Bordenave and Caputo investigated additive defor-
mations and obtained that in this model, the distance between the spectral
measure and the corresponding free additive convolution is bounded by ﬁ
This bound is uniform in the deformation M and it depends on the initial
matrix through its moments only. In the case of sample covariance matrices,
it would have been surprising if we had obtained a better bound. Table 1
below permits to compare Bordenave and Caputo’s results with ours in the
Gaussian and the general cases. In addition to this, let us mention that in
[8], the authors were interested in the case of Wigner matrices whose entries
have a symmetric distribution satisfying a Poincaré inequality, which leads
to better bounds than [7].

Gaussian Non-Gaussian
Wigner Deformed GUE matrix Deformed VVligner matrix
. 1

martrix Z _—

n V/n

C . Deformed LOE matrix Info-plus-noise matrix
ovarenee 1 Te(MMY)Y? 1 Te(MM?)/2
matrix 7 S S A
n n5/ 4 \/ﬁ n

Table 1: Bound in the subordination relation (3) or (4) for different matrix
models.

Theorem 1.6 above will be used in the proof of our second main result.

Theorem 1.7. Let X € M, ,(R) be a random matriz such that ¢, = 3 —
c € (0,+00). We assume that Var(Xy,1) =1 and that there exist a € (0,2)
and a € (0,+00] such that X171 € Sqa(a).

Then, the empirical spectral measure pxxt,, satisfies the LDP with speed
nite/2 iy P(R,), governed by the good rate function J' defined by

, —mMaya(v)  if there exists v € P(Ry) s.t. p= (Vv B, \/m)Q
J' (1) = and v({0}) > max (0,1 — 1)

+00 otherwise

where my(p) = [g [@|P du(x) denotes the p-th moment of a distribution pu.

It is very similar to Bordenave and Caputo’s result (see Theorem 1.2),
the main difference being the explicit expression of the rate function in all
cases. This is due to the fact that here, we can achieve large deviation ex-
plicitly without using a LDP on graphs.



The rest of the paper is organized as follows. In Section 2, we prove the
bound for rectangular free convolution stated in Theorem 1.6. In Section
3, we prove the large deviation principle in Theorem 1.7. In Appendix A,
we state and prove concentration results used in Sections 2 and 3. Finally,
in Appendix B, we summarize miscellaneous inequalities and identities used
throughout the paper.

2 Asymptotic freeness

This section is devoted to the proof of Theorem 1.6. This theorem is in fact
a consequence of the following, as we will see in Section 2.1.

Theorem 2.1 (Bound in subordination formula (4)). We assume that ¢,, =
% is bounded below and above by two constants in (0,+00). Let ¢ > 0.
There exist s,t > 0 and a function f, bounded on the domain Vs, defined
by (6), such that for any random matriz Y € M, ,(R) with i.i.d. entries
satisfying Var(Y11) = 1 and E(Yfl) < 400, for any deterministic matriz

M e M, ,(R), for all n large enough, and for all z € Vs, we have

19(2) = (1= cg(2)Gpy e (2(1 = cg(2))* = (1 = )(1 — cg(2))))|
Y)Y
< £ (B + B (% T(#M)lj

len — ¢l T 574

( 1 I}QWA4UU2>

where g(z) = and g(z z2)).

G/’I’(Y/\/p+]\/f)(Y/\/_+]\/f)t( )

The proof of Theorem 2.1 follows the same lines as Bordenave and Ca-
puto’s one for the bound in subordination formula (3) for free additive con-
volution (see [7, Theorem A.1]). It consists in two main steps: the Gaus-
sian case and the general case, which we deduce from the Gaussian case
by interpolation. However, in the case of sample covariance matrices, the
computations are heavier and some majorizations must be finer.

Let us mention that in the Gaussian case, the bound consists only in the
last terms (see Proposition 2.3).

In the proof, we define

Y
X=—+M

VP
and we denote by
S = (20, — XX

the resolvent of X X*. We consider s > 2, t > 0, and along the proof, s can
increase and t can decrease. Moreover, f will denote a bounded function on



Vis,t, which can also change from one line to another. In particular, for all
z € Vg and z < y, since we have

2
[Imz|y  |[Imz[y—* \ \Imz sy—z ’

we will write

|21

<
[Im z|v — (2)

as soon as xr < y.

Before starting the proofs, let us state a lemma we will use in the different
steps. Bc(z,0) denotes here the ball with centre z € C and radius § > 0 for
the usual distance in C.

Lemma 2.2. For u € P(R) and z € C, we define
Bt (hy) 5 (1= y)G(=(1 — AR — (1= )(1 — 4h).
There exist s,t > 0 and ls 4,15, € (0,1) such that

o for all p € P(R), z € Viy, and v > 0, ¢, ,(.,7) is Lipschitz on
Bc (O, %) with constant I,

o forallppe P(R), z€ Vsy, and h € Be (O, %), ¢2u(h,.) is Lipschitz on
(0, +00) with constant I ;.

The proof of this lemma consists in simple computations and is left to
the reader. Let us mention however that it relies on the inequality

(o0 —1)(c% —2) B 2t(a+1)> 1=
o?(oc+1) o2 o

|Imn|>1mz< (8)

where n = 2(1 —vh)? — (1 — 4)(1 — vh) and o = 2. We will use it again
later.

Furthermore, note that choosing a larger s and a smaller ¢, [,; and l;t
can be as close to 0 as wanted.

2.1 Proof of Theorem 1.6

First, let us deduce Theorem 1.6 from Theorem 2.1.

Proof. We define v = (\//LMMt H. \/MMP,C)Q and we consider the function
Gz iy defined in Lemma 2.2. Subordination formula (4) can be rewritten
Gz (Gu(2),¢) = Gu(2) for all z € C\R. Consequently, using Lemma
2.2, there exist s,t > 0 and l5; € (0,1) such that for all z € Vy,
|9(2) = Gu(2)] < |g(2) = Bzpuye (9(2),0)]
+ |¢Z,/J1V”Mt (g( )? C) - ¢Zuufjvnwt (GV(Z)? C)‘

19(2) = Dzpuyne (9(2), )| + Lt [9(2) — Gu(2)]

N

IN
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thus
1

5) = Gl < =1

‘g(z) B ¢37NMM'5 (g(z), c)| :

From Theorem 2.1 in which we majorize f by a constant depending on s,
and from the definition (5) of d, ¢, we finally get

Vn n

1 Tr(MMYHY/?
+Cs,t ‘Cn—C‘—F—‘FT .
n n

° o 4 1 Te( M M? 1/2
ds,t (EMXXtv V) < Csit <E ‘Yl,l‘g + E(Yl,l )) <— + #

2.2 The Gaussian case

In this subsection, we assume that Y7 ; is a standard Gaussian. Moreover,
we will simply denote g(z) and g(z) by g and g respectively (see Theorem
2.1 for their definitions). We will prove the following bound.

Proposition 2.3. There exist s,t > 0 and a function f, bounded on Vi,
such that for any random matrizY € M,, ,(R) with i.i.d. standard Gaussian
entries, for any deterministic matrix M € M, ,(R), for all n large enough,
and for all z € Vi1, we have

lg— (1= cg)Gu,, e (2(1 = cg)* = (1 = ) (1 — cg))|

1 Te(MMHY?
< f(») ('C"_C|+E+T

To prove Proposition 2.3, we will follow and improve some computations
by Dumont et al., see [11, Appendix II].

Lemma 2.4 (adaptation from [17, Formula (122)]). Let Y € M,, ,(R) be a
random matriz with i.i.d. standard Gaussian entries, let M € M,, ,(R) be
a deterministic matriz, and let z € C\R. For all integer n, we have

- % Tr(R) = % THAR) — %5 Tx(A) Tr(E(S)R)
4 %Tr(A’R) - S A) THE(S)R) ()
where §
R= <(z(1 —ng) — 1+ cu)l, — _1CngMMt> , (10)

11



At g S;(Mt g “% RsS
:p(l—cng) <Tr( ) >+ —cnyg (95)
I S)O(Mt E(S
+m (gTr( )) (S), (11)
and
! 1 t 1 Py 2
A = =eg) E(SXM'S) + ey E(z5% - S)
1 . 2 t
+ Ao E(Tr(S2X M) E(S). (12)

In this lemma, we compare g to %Tr(R) because, using the notations
in Lemma 2.2, we have 1 Tr(R) = ¢.,,,,,(g:cn), so = Tr(R) is close to
G2y (g5 €) by Lemma 2.2, That is interesting if we have in mind our
goal, which is Proposition 2.3.

Note that, as [17, Formula (122)], the proof of Lemma 2.4 mainly relies
on the Gaussian integration by parts formula (27), so we do not give it here.

However, we can observe an important difference between Formula (122)
in [17] and Lemma 2.4, namely the terms in A’. In fact, the background
here is not exactly the same as in [17]. Indeed, Vallet et al. consider com-
plex Gaussian entries with independent real and imaginary parts having
the same distribution in the matrix Y, whereas we consider real Gaus-
sian entries. Consequently, some simplifications do not occur any longer
and a new term appears. Behind this phenomenon is the quantity { =
K11+ 21K 2 — K22, where K denotes the covariance matrix of the Gaus-
sian vector (ReY1,:,ImY7 ). This quantity is equal to 0 in [17] and to 1
here, that is why we have an additional term.

In the next lemma, we bound the different terms appearing in (9). For
this, we will use the concentration bounds (68) and (70) for the terms in
A and standard inequalities on traces and resolvents (see Propositions B.1
and B.2) for the terms in A’. Our computations will partially follow those
in [17].

Lemma 2.5. There exist s,t > 0 and a function f, bounded on V., such
that for allY, M, n, and z as in Proposition 2.3, we have

1 1 Tr(MMYHY/?
‘g— ETYR‘ < f(z) (E + —

This lemma shows that % Tr(R) is a deterministic equivalent to the Stielt-

. £\1/2
jes transform g¢(z) = %Tr(S) as soon as Tr(Mnsij‘ﬂ) tends to 0 as n — 400,

i.e. when the perturbation M is not too large.

12



We can compare this result with the bound obtained in [17, Proposi-
tion 6]. Two main differences must be highlighted. First, as we mentioned
above, the model is not exactly the same. Indeed, we consider real Gaussian
entries and not complex Gaussian entries with independent real and imag-
inary parts, which produces an additional term in A’. However, the terms
in A are present in both cases, so we can compare the bounds for these
terms. Here is the second difference. In [17], the authors assume that ||M ||
is uniformly bounded in n and get the bound %
A, we will get the bound

v t\1/2
) (% + M) -

n

. Here, for the terms in

Moreover, if we use the bound (69) instead of (70) in the proof, and if
we observe that Tr(MM?")'/2 < \/n||M||, then we get the bound %(1 +
| M), which is the same as in [17] when || M|| is uniformly bounded in n.
Consequently, our bound has two advantages: it is slightly better than the

bound in [17] and it applies without any assumption on M.

Proof. First of all, let us remark that

‘ L <fe)

1—cng

. Besides, we have
IRl < f(2) (13)

because on the one hand, % is a resolvent evaluated at n = z(1— cng)2 —

(1 —cn)(1 = cpg) soits operator norm is less than and on the other

1
[1m 7| 7
hand, we have the inequalities [1 — c,g| < 1 + a7 and (8) (we apply the
latter with o = 2).

By proposition B.1 (ii), it follows that

%Tr(IE(S)R)‘ < |{r(12|
or just
%Tr(IE(S)R)‘ < f(2). (14)

Note that more precise bounds can be obtained, see [17, Appendix E|.

13



Next, let us recall that A is defined by

A-_1 g <Tr(SXMt)§> + "% EGs)
p(1 —cng) 1 —cng
Cn o : t

and observe that Tr(SXM?) = Tr(X*SM).

The first term in (9) we bound is | % Tr(A) Tr(E(S)R)|. First, using the
concentration bounds (68), (70), and the Cauchy-Schwarz inequality, we get

! Tr __ E Tr(S)o(Mt),SQ'
n \p(l = cag)

1 : B —ETr ¢ _
~Tr (ME [(Tr(SMX') - ETr(SMX"))(S ES)})‘

n

= ' Cn E[l(Tr(XtSM)—ETr(XtSM))%(Tr(S)—ETr(S))}‘

1 —cng n
c 1 1/2 1 1/2
< ——Var [ - Tr(X*'SM) Var [ — Tr(S)
1 — cng| n n
Cn 9cnv(z) ’ 1/2 depu(z) 1/2
< - 7
< g (e m00) (5
f(z
< n1(7/23 Te(MMY)Y?, (15)

where u(z) and v(z) are defined in Proposition A.1.
Next, using the identity g = 1 Tr(S) and (68), we have

lTr< Cu E@S))':' Cn Var(g)‘< calzl_dewu(z) _ 1(2)

2 2

n 1 —cng 1 —cng 1—cngl n n
(16)
where, for the last inequality, we used the definition of u(z) to get
|2|u(z)
———— < f(2).
1 — cng| (2)

The same arguments also allow to show that

L (TR S)O(Mt E(S
~Tr <p(1_cng)2 (gTr( )) ())

Combining inequalities from (14) to (17) gives

. v £1/2
=5 Tr(A) Tr(IE(S)R)‘ < f(z) <% + %)

14



Computations are similar for the term 1 Tr(AR), using the additional
inequalities (13) and Tr(RR*)/2 < \/n||R|| (see Proposition B.1 (iv)). For
instance, we have

1 —,
—TrE | Tr(SXM")SR
n

1 1 N _ETr t _
L (1)(7 E [(Te(SXM?) — ETe(SXMY)(S ES)R])‘

n 1 —cng)
c 1 1/2 1 1/2
m Var <E Tr(XtSM)> Var (E Tr(SR)>
Cn ) 9cnv(z 1/2 depu(z . 1/2
< o (g monn) - (Fm war )
Cn 9cpv(z 1/2 depu(z 1/2
< Tl ( n9/(4 ) Tr(MMt)> (—nz( )f(z)2>

f(2) t\1/2
< Tr(MMH)Y?

Combining with

1 Cn? o f(2)
e
and
'l Tr <cnIE (f]Tr(SXMt)> E(S)R) < fl(;)g Tr(MMH)Y?
n n

which have a similar proof, we thus have

(19)

v £\1/2
LTaR) < 1) (ni + %)

We have bounded the terms in Lemma 2.4 in which A appears thanks to
the concentration bounds proved in Appendix A. We will now consider the
terms in which A’ appears, in other words the terms not present in [17]. To
this, we will only use inequalities on traces and resolvents (see Propositions
B.1 and B.2). Let us recall that A’ is defined by

1
A = S E(SXM'S) +

1

p(1—cng) E(=5"~5)

1 t
+ A0 =g’ E(Tr(S*2X M) E(S).

15



Using inequalities (i)-(iv) in Proposition B.1 and the resolvent identity
SXX! =28 —1I,, we get

|Tr(SXM'S)|
< Tr(SXX'S)V2Tr(MISS*M)Y?

(i (1) (o)

[Imz| \ |Im z| | Im z|.| Im Z|
< ¥ f(z) Te(M M2 (20)

w | 1 £(2)
"y ——— E(SxMS) )| < D (a2 21
! r(p(l_%) sxarts) )| < L8 mon (21)

In addition,

1 1 1 12| 1
—Tr 7}2252—5)‘ < n( + >
n <p<1 “eng) ) T — gl \[Tm =2 T [Tz

IN

and using (20) again,

%Tr (W E(Tr(S?X M?")) E(S))‘ < J2) Te(MMYY2 . (23)

Consequently, the combination of (14), (21), (22), and (23) gives

Cn , 1 Te(MM')Y2
S TH(A) TH(E(S)R)| < £(2) (n e (24)
By very similar calculations, we get
1 , 1 Tr(MMYHY?
‘5 Tr(A R)‘ < f(z) <g t— 5T (25)

Finally, combining relation (9) with inequalities (18), (19), (24), and
(25), we get

. t\1/2
‘g - %Tr(R)‘ < f(2) <% + %) :

O

Finally, the Gaussian case (Proposition 2.3) follows from Lemma 2.5 and
the second part of Lemma 2.2, since we have

CTH(R) = (1 ng)Ciuy s (21— 0g)” — (1= )1~ 0)).

16



2.3 The general case

We now only assume that Var(Y;;) = 1 and that E(Y) < 4oc. Let
Y € M, »(R) be an independent random matrix such that the f/j’k’s are
i.id. standard Gaussians, we define X =X 4+ M and for all u € [0, 1],

VP
we define Y (u) = /uY +v1—uY, X(u) = Y\%) + M, and S(u) = (21, —

X (u)X (u)t)~t. We have the following, which will allow us to bring back the
general case to the Gaussian case.

Proposition 2.6. There exist s,t > 0 and a function f, bounded on Vi,
such that for any random matriz Y € M, ,(R) with i.i.d. entries satisfying
Var(Y1,1) = 1, E(Y}Y) < +00, and E(Y11) = 0, for any deterministic matriz
M e M, ,(R), for all n large enough, and for all z € Vs, we have

EGy, . (2) —EG,__ (z)‘

:U'X)(t

T 11/
< f(2) (B[via P+ E(Y) ( Ly LW) _

N "

Proof. The proof consists in four main steps. After developing EG,,, ., (2)—

EG,. ., (z), we use integration by parts formulas (see Lemma 2.7). Then,
XX

we respectively focus on bounds for the main terms and the rests in these

integrations by parts.

First step: Development of EG,,, ,(2) —EG,__,(2).

Hg st
Let w € [0,1] and h € [—u, 1 — u]. Proposition B.2 (ii), applied to A = X (u)

and B = %(Y(u + h) —Y(u)) gives

S(u+h)—Su) = Su+h) (X(u)(

/P
L Y(ut iL/)ﬁ— Y0 ¢y
Yt f\b/)ﬁ— Y (u) (Y(u + f\b/)ﬁ— Y(u)>t> S().
Dividing by h and taking h — 0, we get for all u € [0, 1],
S'(u) = S(u) <X(u) Yi%)t + Y:/(;)X(u)t> S(u)
- %S(u) ((@Y + \/?? +M> <;\//% - 2%)

17



Thus we can rewrite

Gruyye (2) = Gug £, (2)
1 1
= ~TrS(1) - - TrS(0)

= 1/1TrS/(u)du
_ [ YYt_ Yy
2n\/_ VP
s
yt MYt Mt Y M!

|

ﬁm\ﬁm

vyt u YY?
\/ﬁ 1—u\/ﬁ

1 |: 2 U 2 ¥
= Z — |S(W)5 1Yk Y0 — 4/ —S(U)j,kYkJYj,l] ,
1<j,k<n VP L-u

Denoting by

(1) = TrS(u)?

1<I<p
1T U 2 o
(2) = Z — |S(w)} 1 Yr Y0 — 1 S(u)irYeaYia|
1<jk<n VP L
1<i<p

)

1<jk<n VP b
1<I<p
G)= >, =S (u) le’]l_i/l—S( JiaMiiYi
1<7.k<n u ’ 7 , I—wu ) ,
121<p

and

18



where S(u)jzk must be read (S(u)?);y, we finally rewrite

1 1
2n,/p /0 E[(1) +(2)+ (3) + (4) + (5) + (6)] du..

(26)

EGu, i (2) —EGu, ., () =

‘Second step: Integrations by parts.‘
Let us recall the formulas we will use below.

Lemma 2.7 (see [16, Formulas (2.1.39) and (18.1.19)]). (i) Let a function
F € CY(R,R) and & a random variable with distribution N'(0,0?%). If
E|F'(§)| < +o0, then

E(F(6)¢) =0’ E (F'(9)) - (27)

(ii) More generally, let p be an integer, a function F € CPTY(R,R), and a
real random variable €. If R |€[PT2 < 400 and the derivatives F', ... F®P+1)
are bounded on R, then

P ‘
E(EF() =) T BEFEDE) +5 (28)
=0

where the kji1’s are the cumulants of the distribution of & and

1+ (342072

(p+1)!

We will apply the Gaussian (27) or the general (28) integration by parts
formula for all j, &k, in order to decompose E[(1) 4 (2)+ (3) + (4) + (5) + (6)]
as a sum of terms that we can bound.

Note a first crucial point here. As we want to apply Theorem 1.6 to
the matrices Y and C' in Section 3 in order to obtain (50), it will not be
sufficient to use the integration by parts formula up to order 2, that is why
we will be interested in terms of order 3 in this formula.

From now, D,; denotes the derivation with respect to Y, ;.

lepl < GE[EPF2NFF D, Cp <

Let u € [0,1], j,k € [1,n], and I € [1,p]. We denote by Fy and Gy the
functions defined by Fi(Yj,;) = Yk,lS(u)ik and G1(Yj,) = Yk,lS(u)ik. We
have

2+/u
Fl(Y;) = —jgyk,lswm-Djvzsw)j,k 65 ()

2u
F{(Y;) = ;Yk,l ((D;0S(u);k)* + S(w);,-DF S (u)j k)

4y/u
+ 7\/1)_5j,k5(u)k,k-Dk,zS(U)k,k ;

19



2u3/2

FO(Yy) = pgﬁYk,l (3D;4S(w)jk-DF 1S () sk + S(u)jp-D3 S (w); k)

6
+ ?U(Sj,k ((Dk,lS(u)k7k)2 + S(u)k,kDiJS(u)k’k) ,

and

2v/1—u
7
Applied conditionally to the variables {Y 5, 1 < a < n, 1 <b < p}U
{Yars (a,b) # (1)}, (27) gives

E;(S(w)? YigY;0) = Var(Yi)E;1(G1(Y5,))

Gh(Y;)) = Vi 1S (u)j-DjaS(w)jk -

where IEM denotes the associated conditional expectation. Similarly, from
(28), we have

k3 (Y

N
Bj1(S(u)3 . Yn1Yi0) = Var(Yi) By (Fy (Y;))+ T) Ej (K (Yio))+e1ki

where E;; denotes the expectation conditionally to the variables {Y, ;, (a,b) #
(7D} U {Yap, 1<a<n, 1<b<p}
Taking the expectation, we thus have

” N
E [S(u)?,kyk,lyjl 4/ ES(“)ikkalYJvl}

ks (Y
= Var(,) E(F(¥0) + S0 B (1,0)) + Bl

_ E Var (V) E(G4 (Y1)

k3 (Y;
= s BS@0 + U B (V) + B0

with
147

3
ler il < E(V) N F oo -

20



Dividing by /p and summing on j, k,[, we thus have

B) = JBE(TS(w?)+

(1.1) 7.kl

> E(Yia(DjiS(u);x)?)

(1.2)
Iﬁ:g(Yl 1)u

+ pg/’Q ZE(Yk‘,ls(u)j,k"D?,ls(u)j,k
3kl

)

g

(1.3)

n 2/%3(Y171)\/E
b

> E(S(w)k,k-DraS ()
ol

)

(1.4)

1
+—= > E(e1k)-
2

Since S(u)t = S(u), we also have

(20)

E(2) = (11) + (1.2) + (13) + (1.4) + —— 3 E(enn) (30)

VP 3okl

with
1+ 7

lea kil < E(Yl 1)- HF ||<>o

Similarly, considering F3(Y} ;) = ?J-JS(u)?’k, we get

EB3) = —pE(TrS(u)?) + 3(Y11) V3/2 u(l — ) ZE?

7.kl

3.1)

(Dy1S(u)jr)?)

/

(32)

Ay ) BT )0 D S

7.k,
(3.3)
L ZE €3kl) (31)
] k,l
1
E(4) = (3.1) + (3.2) + (3.3) + —= > E(c4 k1) (32)
\/ﬁ 75kl
with
1+74 3 1+ 7 3
le3 gkl < E(Y) P e and  Jeqjpl < BVl A |
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for all j,k,1, and considering F5(Yj;) = My ;S(u )] ks

E(5) = Fa(f)vu > E(Myp(DjiS(w)j1)?)

p 7.kl
(5.1)
Y,
POV ™ (0 )0 D2 (w) )
p 7.kl
(5.2)
+> Eles k) (33)
7.kl
E(6) = (5.1) + (5.2) + Y E(cq,5k,) (34)
7.kl
with
1+7* 147
les,j kil < E(Yi). P oo and gl < E(Yi)JIF [l
for all j, k,1.

‘We have thus rewritten

EG,, .(2) —EG,__,(2)

Mxxt

_ L/lE[(m)+(1.3)+(1.4)+(3.2)+(3,3)+(5,1)+(5_2)] o
0

ny/p

‘Third step: Bounds for the main terms.‘
We will develop the different terms in this expression with the differentiation
formulas in Proposition B.2 (vii), and bound them thanks to inequalities on
traces and resolvents (see Propositions B.1 and B.2 again).

Because some computations are very similar, we will be interested in the
terms (1.2), (1.3), and (1.4) only.

Note that in order to simplify the notations, from now, we will denote

S and X for S(u) and X (u).
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Let us start with the term (1.2). Using (84) and (88), we have
> E(Yia(DjuS(w)j1)%)

= Y E[Viu(SX)257 % + 2Y51(5X);085055,5 (SX ki + ViS5 (SX)7 ]
7.kl

= E | Tr(Y(X'S)°25°%) + 2Tr((Y o SX)X'S diag(S)S)

+ S Yii(SX)R,
j k.l

where o is the Hadamard product (see Appendix B.1) and $°? denotes SoS.
Note that it is crucial here to rewrite precisely the terms with the Hadamard
product and then to bound the traces rather than bound directly the entries.
Indeed, it allows us to get better powers of n in the bound, which is crucial
if we have in mind the large deviations in Section 3.

Using Propositions B.1, B.2, and the Cauchy-Schwarz inequality in C"?
and denoting by y a square root of z, we have

| Tr(Y (X'5)°25%)|

IN

VPIXES|Z S| Te(YY )2
VP £\1/2

< — T (YY

~  |Imy|?|Tm z|2 r( )

| Tr((Y o SX)X'S diag(9)S)|
< VPlIX'S|||| diag (). [|S]| Tr((Y o SX)(Y 0 §X)*)!/?

VP t\1/2
< —A——= Tr(YY
= |Imy|?| Im z|? I )
and
$2. 5V (X2, < — D N v (SX
J k,l k,l
1/2 1/2
n
TP (270 (2160w
Tr(YY? 1/2
— uTr(SXth*)I/Q
| Tm z|2| Im y|
< nTr(YYH)Y2 [ nlz| no\Y?
~ |Imz]?|Imy| \|Imz?  |Imz|
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Using also the bound (90), there exists a function f, bounded on V4, inde-
pendent from Y, M, and n, such that for all z € V;;, we have

(1.2)] < [ra(Yi,0)[f (2) E(Tr(YY")'?).

But for a centred random variable, the third cumulant equals the third
moment, so this inequality can be rewritten

(1.2)] S E Y1’ f(2) E(Tr(YY")'/?).
We adopt the same strategy for the term (1.3). We have

Z E(YMS(u)j’k.D]Z,lS(u)j,k)
7.kl

= Z E[Yk,lSj,k.Q(SjJSj’k + (SX)?JSJ"k
7.k,

+ 85 (XPSX) 1Sk + 285 1(SX)j1(SX)ka)]

= 2E | 8;;(S°°Y);, + Te(Y(X'S)*25%?)
7,0

+3 0 8;,5(S7Y ) (XIS X )y + 2 Tr((Y 0 SX)X'S diag(S)S)
75l

so, using the previous bounds, and also

1/2
(o) 1 (o]
38558 < ’Imz’,/_np SISV )2
Jsl Jsl
_ \/np TI‘(SOQYYt(SOQ)*)l/Q
| Im 2|
= |Imz| | Tm 2|4
n3/4p1/2 i
/2
T OV
and
1/2
1

IN

j7l

>S5SV (X' X < e (1 |p]) v ICE

n3/4pl/2 (1 . ‘ .
Im 2|3 Imz
|

) Tr(YYHY2?
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the same arguments as above lead to

E[Y11)
/4

(1.3)] < FRE(T(YY")'?).

Besides, we have

> E(S(uk kDS (W) = > E[Sk k- 29k (SX k]
k,l

k,l
and
1/2
1
> (X )| < TV > I(SX)kal?
Tl Tl
- ’17“”)’2Tr(SXJ(fS*)l/2
mz
< VP ([ i n_ \"?
T |Imz|? \|Imz|?  |Imz|
thus we get

|(1.4)] < E Y11l f(2)v/n.
We finally have

(1:2) + (1.3) + (1.4)] S E 1 f() (B(T(YY)Y2) + Vi) .

Very similar computations allow to show that
8:2) + (33)] <E Y1, f(2) E(Tx(YY")/?)

and
(5.1) + (5.2)] < E[Yi1Pf(2)v/nTr(MM)2.

(35)

(36)

If we remember that Y7 ; and }/}1,1 have mean zero and variance 1, we have
E(Te(YY*)/2 < /np and E(Tr(YY?))Y/? < /np by Jensen’s inequality.

Finally, we can write

(1.2) + (1.3) + (1.4) + (3.2) + (3.3) + (5.1) + (5.2)]

<SENLPFE) (n+ VaTi(MM)?)

‘Fourth step: Bounds for the rests.‘

(37)

The only thing to be left is to bound the rests appeared in the integration
by parts formulas. We recall that for all j,k € [1,n], [ € [1, p], we have

147

3
el < E(Y) N oo -
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Using the expression of Fl(g)(YjJ), differentiation formulas (84), (88), (89),
and inequalities (iv)-(vi) in Proposition B.2, there exists a function f, inde-
pendent from Y, M,n, j,k,l, bounded on V;;, such that

u3/2
ekl < f(Z)E(Yf1)< 7| kz|+ ) :

So, using the Cauchy-Schwarz inequality in R™, we have

%ZE@W < PR ZED@HI
7.kl

IN

J(2) () (Em(yw)w) + Vi)
< fEEYin. (33)

The same bound holds for % ‘Zj,k,lE(@,j,k,l)‘- Similarly, we get

1
— > E(esjka) + Eleajrg)| < F(2)E(Yi)n (39)
\/]3 7.kl
and
Z €5.5,k1 T €65,k < f(z) E(Yfl)\/ﬁTr(MMt)l/Q . (40)

gkl

Finally, combining relations from (26) to (40), we get

< f(2) (E1af + E(YD)) ( + w) . (41)

1
vn n
O

We can now conclude the proof of the general case and obtain Theorem
2.1. In fact, in Proposition 2.6, we assumed that E(Y; ;) = 0, so we only
have to remove this assumption.

Proof. We recall that X = X — E(X) by definition. We also define
9(z) = EGu, ., (2), go(2) = EG ,(2), and g(z) = EG, ., (2). Using
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the notations in Lemma 2.2, we have

|9(2) = (1 = cg(2))G,,, 0 (2(1 = cg(2))?
< |g9(2) = 9o(2)| + 190(2) — 9(2)| + |9(=

—(1=¢)(1 —cg(2)))]
) — ¢z,uMMt (9(2), C)|

02 pr0re (0(2),€) = G200 (90(2), €))|
+ \@bz,uMW (90(2):€) = Bz (9(2), )|
< (L1 [g(2) = g0(2)] + (1 +1s0) 90(2) — 9(2)]

)
(9(2), )]

for s large enough and ¢ small enough by Lemma 2.2.

Since the matrix X — X = E(X) has rank at most 1, using the relations (5),
(7), and (92), we have

+ ‘/g\(z) - ¢z7uMMt

SIP—‘

‘GMXXt (z) - GM)“()"(t (Z)‘ <dsy (MXXt /’Lxxt) < dks (MXXt /’Lxxt) <

Proposition 2.3 (the Gaussian case) applied to Y and Proposition 2.6 (the
centred case) applied to Y permit to get finally

19(2) = (1= cg(2)Gpyy e (2(1 = cg(2))* = (1 = €)(1 — cg(2)))|
. . T 1/

< (Ut b+ 1) (VAP + B ) (% ¥ M)
. \1/2

e <|cn e+ T“f#)

3 Large deviations

This section is devoted to the proof of Theorem 1.7. In this section, X €
M, p(R) is a random matrix such that ¢, = 2 — ¢ € (0,400). Moreover, we
assume that Var(X; ;) = 1 and that there exist o € (0,2) and a € (0, +o0]
such that X1 € S,(a) (see Definition 1.1).

We define
() =
£ =
logn
and we decompose the matrix X as

X
— =A+B+C+D, (42)

p
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where A, B,C, D are the matrices defined by

J— J _ Js

Ajk = —5 LX<t/ Bjk = 3 Litogn)2/e<|X; |<e(n) /p
_ ]7k . — j?k;

Cik = NG Le(n)yp<IX; al<e(m) =1 v Djr = % Letn)y=1 p<|Xul -

Besides, we denote by Bj (1, d) the ball with centre ;1 € P(R) and radius
0 > 0 for the distance d .

3.1 Exponential equivalences

The goal of this subsection is to prove the following.

Proposition 3.1. There exist s,t > 0 such that the random distributions

pxxt/p and (\/Mcct H. 1/,uMp70)2 are ds¢-exponentially equivalent at scale
nite/2 g n — o0, i.e. for all § > 0, we have

. 1
nll)ffoo a2 logP <ds,t (,UXXt/p, (Voo Be \/MMP,C)2> > 5) = —00.

The strategy to prove Proposition 3.1 is similar to the one in [7]. First,
we explain why the contributions of B and D for large deviations can
be neglected (Lemmas 3.2 and 3.3) and then, we show that the measures
H(At+c)(A+c)t and (\/Mcct H. \/MMP76)2 are exponentially equivalent thanks
to a conditioning and a coupling argument in which several tools are needed,
such as the concentration property (82) and the asymptotic freeness result
stated in Theorem 1.6. From now on, we consider s > 2 and ¢ > 0.

First, the contribution of D is negligible.

Lemma 3.2. uxxt/, €t piayB+o)(a+B+0)t are exponentially equivalent.

The proof is very similar to what is done in [7], the only difference being
the use of (92) instead of (91). Therefore, it will not be repeated here.
The contribution of B is also negligible.

Lemma 3.3. uxxt/, €t piaro)aro)y are exponentially equivalent.

Proof. From Lemma 3.2, the triangle inequality, Lemma 1.2.15 in [9], and
the inequality ds; < Wi < Wh, it is sufficient to prove that for all § > 0,

. 1
ngffoo a2 log P (W (11 A4 B+0)(A+B+C)t s B(A+C)(A+C)t) = 6) = —00 .

From (94), which is the analogue of the Hoffman-Wielandt inequality (93)
for covariance matrices, it is sufficient to check that for all § > 0,

, 1 2 .

+ (A+C)(A+O))Tx(BB') > 5) = —00.
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Let § > 0. We have
Tr((A+ C)(A+C)") < Tr((A+ B+ C)(A+ B +C)") < Tr <%th>
using the decomposition (42). Thus,
P (% Tr((A+ B+ C)(A+ B+ C) + (A + C)(A+O))) Te(BB) > 5>
<P ni% Tr(XX") Tr(BB') > 5>

1
<P —Tr(XXt)zE(X%1)+5>
np ’

o9

4 t
+ P (n Tr(BB') > E(Xil) n 5) .
(43)
On the one hand, since Tr(X X?) is the sum of np i.i.d. random variables,
from Cramér’s theorem in R (see [9, Theorem 2.2.3]), we have

lim — logIP’ < Tr(XX") > E(X7)) + 5>
np

n—-+4oo np

~ _sup (9(1@(}(51) 6 — logE(69X171)> <0
0cR

so, since o < 2,
lim ! log P ! Tr(X XY > E(X? 5) = 44
n—>1+OO nlta/2 0g np r( ) ( 1,1) + —O0. ( )

On the other hand, since % — ¢, the same arguments as in [7] lead to

1 4 . 5
= > 7 | =_
nEIqILloo a2 log P <n Tr(BB') > E(X%,l) +5> 00. (45)

Finally, combining (43), (44), (45), and Lemma 1.2.15 in [9], we get the
exponential equivalence of px xt/, and paycyato)e- O

Before proving Proposition 3.1, we need some additional properties.

Lemma 3.4. (i) We have

1 1 " 2\

(ii) Defining I = {(j,k) | |X;x| > (logn)¥*}, for all § > 0, we have

1 1+a/2) _
ngrfoonH 72 logIP’(]I]>5n ) —00.
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(iit) We denote by P, the distribution of X1 conditionally to {|X11]| <
(logn)?}. Let Z, be a random variable with distribution P,. There
exists ¢ > 0 such that

sup mas (E(27), (E(27))* E(Z,)) < C.

Furthermore, the variance of Z,, denoted by o2, tends to Var(X;1) =

1 as n — +o0o and more precisely, there exists n > 0 such that

o8 - 1 < et

Proof. The proofs of (i) and (ii) exactly follow the proof of Lemma 2.4 in
[7]. Therefore, we will only prove (iii).

Let Z,, be a random variable with distribution P, defined as above. We
have

E <X12,1 1\X1,1 \<(logn)2/a)

E(Z?) = E(X2, | | X1 < ( 2/ay
(Z;) = E(X7; | [X1,1] < (logn)~*) P(|X11] < (log n)?/7)

But thanks to hypothesis (1), X12,1 is integrable, so by the dominated con-
1Ogn)2/a> tends to E(X7,) as n — +o0.

Besides, P(|X11| < (logn)?®) tends to 1, so E(Z?) tends to IE(XIQJ) as
n — 400.

The same arguments show that E(Z2) tends to E(X},) as n — 4o00. We
can deduce that there exists a real number ¢ such that

vergence theorem, E (X12,1 1ix, )<

sup max (B(Z2), (E(Z2))%,E(Z,)) <.

Moreover, we have

0,21 = Var(Xi1 | | X11] < (logn)Q/a)
2
E (X12,1 1|X1’1|<(logn)2/a) E <X171 1\X1,1\<(logn)2/a)
P(|X11| < (logn)?/) P(|X1,1] < (logn)?/«)

Using similar arguments, we prove that o2 tends to Var(X;1) = 1 as n —
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+00. More precisely, we can write

2
E <X1271 1\x1,1\<(1ogn)2/a) E (Xl,l 1\X1,1|<(1ogn)2/a>

P (| X1,1] < (logn)?/) P (|X1,1] < (logn)?/)
—E(X71) + (E(X11))°
E (X231 1x,, j<togm ) — ECXE) P (1X1.4] < (log)?/2)
P (| X1,1] < (logn)%/®)
E(X1.1)?P (|X14] < (logn)?*)* — E (Xl,1 1|X171|<(10gn)2/a>2
P (| X1,1] < (logn)Q/O‘)2
E(X?)P (1X1] > (logn)”*) — B (X2, 1x, 1> togmpere )
P (| X1,1] < (logn)%/®)
E(X11)? (IP’ (1X1.1] < (logn)?/@)* — 1)
P (|X1,1] < (logn)?/e)?
9E(X11)E (XL1 1|X171‘2(10gn)2/a)
P (|X1,1] < (logn)?/e)?
E (lel 1\X1,1|zaogn>2/a>2
P (| X1.1] < (logn)Q/O‘)2

3N

_l’_

(46)

2 2
where E <X171 1|X1’1\<(logn)2/a) = <E(X171) —E <X171 1\X1,1\2(10gn)2/a))
was used to get the last equality.

From hypothesis (1), for n large enough, we have

P(|X1,1| > (logn)¥®) < e~ 3loem®
Besides,

P(|X1,1| < (logn)®/®)* — 1
=~ P(|X11] > (logm)*'*) (P(1X1,1| < (logm)**) +1)

and by the Cauchy-Schwarz inequality, we have
‘E <X171 1|X1,1\z(1ogn)2/a) ‘ < E(X7 )2 P(|X14] > (logn)*®)H/?
and

[ (X211, rogmyere ) | < BCXEDY2B(1X 1] = (logm) /)12,
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Going back to (46), we have for n large enough

o2 — 1] < 2E(X7,)e 808" 2 B(x{ )1/ 26 il
+ AE(Xy )% 08’ L4 B(X )| E(X%J)l/%*%(logny
+ 2E(X?,)e3loen)”
Because the moments of X are finite, we can deduce that there exists a
real number 7 such that

o8~ 1] < e E A,

We can now prove Proposition 3.1.

Proof. The proof relies on a conditioning with respect to the entries of X
which are not in A and on a coupling argument to remove the dependency
between A and C.

We use here the same notations as [7]. We denote by F the o-algebra

F=0 {Xj,k 1\Xj,k\2(logn)2/a} ,

Pr and Ex the probability and the expectation conditionally to F, and we
denote by F and F' the events

E— {% T (CC") < (log n)Q}

and
F= {|I| < nHa/Q} ,

with I = {(j,k) | |X;x| > (logn)**}. Thus, the matrix C' is F-measurable
and the events E and F' belong to F. Moreover, from Lemma 3.4 (i)-(ii),
we have

. 1 o . 1 o
nll)r_{loo Tran logP(E€) = —c0 and nll)r_{loo Tran logP(F¢) = —0.
(47)

Besides, conditionally to F, \/pA is a random matrix with independent
entries bounded by (logn)?®. From the concentration result (82) applied
toY = /pA, M = C, k = (log n)?/®, from the inequality dsy < Wi, and

using that a < 2, we get for all 4 > 0 and n large enough,
15 Pr (dst (naroyaror Er paroyarcy) = 6)

B(log n)?/® n26°
ST r P\ " Blogny
Hlogn)le
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hence

1
Jim s g P (E N {dss (nearoyarer Ex maroyaroy) 2 03) = —oo.
(48)

We will now use a coupling argument. We consider an independent
random matrix Y whose entries are i.i.d. with distribution P, defined in
Lemma 3.4, and we denote by A’ the matrix defined by

Yk
J— -77
Ajge = 1G0er Ajk + Lgmer N
Consequently, \/pA’ and Y have the same distribution and are independent
from F. In particular, we will use later that for all bounded continuous f,
we have Ex(£(Y)) = E(f(Y)).
From the inequalities (94) and ds; < Wy, we have
dst (WAL 0y (A+C) > () (ar+0yt)”

< DA~ A)(A— A))Te(A + C)(A +C)' + (A4 +C)(A' + O))

2 Y2
= o3| 2 Lower e > (A + Cn)® + (A + Ci)?
. ik

= n%p Z ZAk+2 (9,]9)2

(4,k)el

= % >y ZAk+2TrCCt+ZAk+ Z
n (j,k)el J.k (4,k)el
2

2 (log n)4/a 2 1 2

(g.k)el (4.k)el

With definition (5) of ds; and conditional Jensen’s inequality for the concave
function z — /4, we thus have

15 1pdsy (BF pasoyatoyt Bx parsoyartoyr)
< 1p1pErds: (pasoyasoy Bao)ya+o)y)

21 1F
n2p

2(n(log n)¥* + Tr(CC?)) Ex Z Y2
(4.k)el
1/4

1
| S v
(J,k)el
(Im)el
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because 1g, 1r, and Tr(CC?) are F-measurable. Since the events {(j, k) €
I} are F-measurable and Y is independent from F, we have

Er [ Y 1gmer Y2 | = 1mer B(YE) = [1I.E(YE) < ||
gk gk

from Lemma 3.4 (iii), and similarly

Er | Y Lgmer Lamer YiuYom | <SP
j7k7l7m

So we have

15 1rdey (BF peasoyatrer Bx pasc)a+oy)
[2¢1p1F
nZp

[2¢cn 4/ 2\, 14+a/2 1+a VA
< 3 <2 (n(log n)** 4+ n(logn) ) n + cpn )

n(log n)*/® T t L v
< (2( (ogn)/* + TH(CCIT| + 1 )}

[2¢c,
(. ng .

_ 1/4 (log ”)Ua
= (6¢cn) Py

<

1/4
3n(10g n)4/an1+a/2:|

for n large enough (we used here the fact that é > 2). It follows that for all
0 >0,

. 1
A e s (B F

N {dst (EF patroyasroy s EF prarsoyarscoy) = 0)) = =00, (49)

In addition, we define 02 = Var(Y; 1) as in Lemma 3.4 (iii). Since C is
F-measurable, Y is independent from F, and 0% E;(Ylﬂjl) < 2¢ < 400 for

n large enough, we can apply Theorem 1.6 to Y/o,, and C, conditionally to
F. Therefore, for n large enough, s large enough, and ¢ small enough, we
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have

1pds, <EIM<0nyﬁ+C> <0nyﬁ+c>t, (VRcor Be \/MMP,C)2>

1 o 1 o 4 1 Tr(CCt)1/2
S cs,t 1E <gE‘Y171‘3+ ;E(Ylﬂ )) (% + %
n n

1 Tr(CcchH/?
+esrlp | |en — ¢ R e
n n

IN

s 8(log n)%/@ N 16(log n)®/* 1 N logn
A\ )\t

n

1  logn
+ Cs,t |Cn—C|+E+W

using Jensen’s inequality and the fact that for all j € [1,n] and &k € [1,p],
we have |Y; x| = [Yjr — Ex(Yjx)| < 2(logn)?/®. Therefore, for all § > 0,

. 1
w1 ptrarz 108 F LE0

{ds,t <E}'N(Uny\/5+c> (%ﬂﬁ(})t’ (Vrcor Be \/MMP,C)2> > 5}) = —00.
(50)

To finish, from (94), we have

(5+9) 5+ +(25+9) (o))

2 1\?2 . Yk 2 Yik 2
< o (1-=) TrvYh) [ > (== +¢y : :
< i (1-7,) T jk<ﬁ+c““> (o )
< 2 (1oL 2T(YYt) 4T(Cct)+g 142 Tr(YY?)
—onp on) ' p z)

35



so, using conditional Jensen’s inequality and doing as above, we get

1EE]—‘d57t< (erC)(\Lf C)hM(Jnnyrc)(anJrC) >
_ 2 1/4

< nzp (1 - U%) <4n(log n)?Ex Tr(YY?) + % (1 + U%) EF(TY(YYt)2)>

[ 9 o2 -1 \? 9 1
Z (o ) (4n(ogn)?. 21+ =) n2p?
n2p <‘7n(0n+ 1)> ( n( Ogn) np<+P ( * U%) " <>

7%_ 1 1/2 1 1/4
— <70n?0n — 1)> <8<(1og n)% +4¢ <1 + ?g)) .

By Lemma 3.4 (iii), we deduce from it that for all 6 > 0,

1/4

IN

1
ngrfoo n1+a/2 log P (E

U (57 ey ) re) 203) =

(51)

To conclude, combining equalities from (47) to (51), Lemma 3.3, and
Lemma 1.2.15 in [9], for s large enough and ¢ small enough, we have for all
4 >0,

1 2
nﬂrfoo l+a/2 log P <d8,t (:“XX’ﬁ/p7 (Vicer Be v/inp ) > = 5) = —00.

3.2 Large deviations for pc

In the previous subsection, we proved that pxxt/, and (\/,Ucct H. \/MMP,C)Z
are exponentially equivalent. Consequently, to obtain the large deviations of
XXt /p (Theorem 1.7), it is sufficient to study the large deviations of pucct
and to apply the contraction principle (see [9, Theorem 4.2.1]). For this, in
this subsection, we will study the large deviations of

o~ (49

and prove the following, from which we will deduce the large deviations of
toct thanks to identity (54) and conclude in the next subsection.

Proposition 3.5. The measure pucr satisfies the LDP with speed n*+/2 in
P(R), for weak topology and good rate function ® defined by

O (1) = { gclc:}/Qma(,u) if wis symmetric and p({0}) > ‘};g' (52)

. b
+o00 otherwise
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where mq (1) = [p |x|* du(x) denotes the a-th moment of pu.

Note that @' is a good rate function because it is well known that for all
m >0 and p > 0, the set

Ko = {neP®) | [faP dute) <m } (53)

is compact for the weak topology. Moreover, the domain of ® can be ex-
plained thanks to Lemma 3.6 (i).

Lemma 3.6. Let M € M, ,(R) and

, (0| M
PR

(i) The distribution ppy is symmetric and ppp ({0}) > E:LEZ'
(ii) We have
2c 1—-c
2 n n
= 8o - 54
Mg cn+1MMMt+1+Cn0 (54)

(111) If M is diagonal, in the sense that only the entries M;;, 1 < j < nAp,
can be non-zero, then

A

nzp(é 00 )+ L= cal s (55)
Mj,j —Mj,; 1+ec, 0-

j=1

1
n-—+p

VS

The proof of this lemma does not present any difficulty and is left to the
reader. We also need a second lemma, which consists in two estimates for
the distribution of X ;. These estimates come from the particular form of
this distribution, see hypotheses (1) and (2).

Lemma 3.7. (i) There exists a sequence (N)nen converging to 0 such
that for all x > e(n), we have

a/2

P(X11] > 2y/p) < e @ mP (56)

(ii) We denote by S, the support of the distribution ¥, defined by (2).
There ezists a sequence (ay)nen converging to a such that for all z € R
satisfying |x| > e(n) and sign(x) € Sy, for all v > 0, and for all n
large enough, we have

X11 > _ apo/2
Pl —X—¢c(@x—7,z+ > e~ anlel®P 57
<ﬁ (0 =7,z +7) (57)

37



The computations to get these inequalities are explained in [7, p. 26]
and are left to the reader.

We will now prove Proposition 3.5. Let us mention that Schatten’s
inequality (95) will be crucial in the proof since it will allow to link the a-th
moment of the spectral measure jucs and the entries of C'.

Proof. Since the set of symmetric probability measures on R is closed for
the weak topology, it is enough to prove the LDP on this set, see [9, Lemma
4.1.5].

Upper bound. Let p be a symmetric probability measure on R. Since the
function m,, is lower semi-continuous, there exists a continuous function h

such that ~(0) = 0 and

P(:“C’ € Bs,t(/" 6)) < P(ma(:uC’) > ma(/‘) - h(6))

for all § small enough. Moreover, by Schatten’s inequality (95) and the fact
T
that ZZ Lar < <Zf:1 ai> for all r > 1, a1,...,ax > 0, we have

1 n+p /n+p a/2 1 n+p n+p
1) < I )2 < o e
i) 53 (7)< 3 e

k=1

Consequently,

P(ucr € Bst(u,0))

ZI ikl" = ma(p) = h(0)

n—i—p

2

= P (cn + L)pltarl2 Z | X Le(n)p<|X;kl<em) -1 yp 2 ma (i) = h(5)
n ],k

< e B (eat P! T2 (ma (1) —h(3)) (E <e'“|X1’1|a 1s(n>ﬁ<\xj,k\3s<n>*1ﬁ) >np

for all a1 € (0,a) by Chernoff’s inequality. Besides, from hypothesis (1),
there exists as € (a1,a) such that for all « large enough, P(|X; 1| > z) <
exp(—agz®). Let us also recall the following integration by parts formula:

for all v € P(R) and f € C}(R,R),

b
[ 1@ dvta) = f@wlla, +o0)) ~ FO(. +50) / F @[, +o0)) do
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Denoting by Py, ,| the law of | X1 [, we thus have

Eexp (a1’X1 1‘ \[<|X11‘<€( ) 1\/13)
€(n)_1\/13 N
<1 [ Vet ary (o)
e(n)y/p
-1
< 1+ e/ —aze(n)?p®/? | /dn) v ara® M T2 gy
e(n)y/p
< 14 e (eama)emep®? A —(az—ar)e(n)*p/?
a1 — a9
— 14 P2 (a2—a)e(n)p/?
as — aq
< exp a2 6*(a2*a1)€(")apa/2
- as — ai
hence

P(ucr € Bst(n,0))

< exp (—%(cn + )P (mg () — 1(8)) + —2 npe—mz—al)e(n)apa/?) _
as — aq

So, for all 4 small enough and all a; € (0,a),

. 1 ap c+1
’ < — _
lim sup -3 log P(ncr € B, 9)) < =5 —1175 (Ma(p) = h(9))
and finally

. . 1 ac+1
lim sup lim sup ———= pEwyD log P(pcr € Bsi(p,6)) < —§cl+—a/2ma(u). (58)

6—0 n—+oo
In the case of a pu satisfying pu({0}) < I;S,
Indeed, inspired by [14], we can observe that for all £ small enough, there
exists R > 0 such that

we have a better result.

p(l-m ) < 1

Therefore,

{wepﬁﬂuw—&RD<%§§—e}

is a neighbourhood of y in which, for n large enough, almost surely, pcr is
not. So we have

1
%l_I)I(l) ngr—fr—loo nlta/2 log ]P)(MCI € B t(M7 5)) oo (59)
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We have obtained the upper bound of the LDP.

Lower bound. Let u € P(R) be a symmetric measure such that p({0}) >

E—:Lg‘. There exists i € P(Ry) such that
1 —¢] 1Ac
= Id
p= 0 Gk (1),

where (—Id)y/i denotes the push-forward of fi by —Id.
We denote by w1, ..., %,np the quantiles of i of orders +111 IRRE
also define ng = min{j € [1,n Ap] | z; > e(n)}, and

, (0 |M
M‘(Mt 0

with M € M,, ,(R) defined by M;; = x; for all j € [ng,nAp] and M =0
otherwise.
From (55), we have

nAp
’ 14+nAp?

we

1 X .
, = Sur 46 s,
’LLM n_|_ij:;(MJ7J+ M],])+ 1_|_Cn 0

Besides,

nAp

2(1Ac) [T a
mali) = 2 [ ol dita) > A DI

Let us also remark that by construction, ds (4, pasr) tends to 0 as n — +oo.

Let 0 > 0. For n large enough, we thus have

)
dst (s i) < 5 - (61)

Using (61), the Hoffman-Wielandt inequality (93), the independence of the
X i’s, the inequalities (56) and (57), the fact that 1 < ng < nAp, and (60),
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we get for n large enough,

P(ucr € Bsyi(u,9))

o
)

1 52
> P M/ 2
B <n+p y) < 4>
5% (n +
]7
. 52(n +p)
> P <Vj € [no,n Apl, (Cj; — M; )? < S A D)
N V(j, k) different, C; 1, = O)
X 02(n+p) 02(n +p)
> Vj e A
- <j bro-nnel ( 8(n A p) m
N V(j, k) different, |X; ;| < e(n) p>
s —(nAp—n,
> [ e elee (1 —e—(a—me(n)apa/?)”p (nAp=not+l)
Jj=no
1 nAp
> §GXP —Qnp Z ’de"apa/Q
J=no
1+¢) (l +cA 1)
a (
> - _on l+a/2 p
el ) eXp 2 1A ma(lu)

Note that we can apply (56) and (57), even if it means to swap fi and
(—Id)4r in order to apply (57). We finally get

ac+1

1
lim inf ———7 log P(uucr € Bst(p,0)) = _§c1+—a/zma(”)

n oo plta/z (62)

for all 6 > 0.

This is the lower bound of the LDP.
22151113)/ 2. We recall that
the set Kq , defined by (53) is compact. Moreover, using the computations

Exponential tightness. Let A > 0 and m =
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done for the upper bound, we have

Plucr ¢ Kam) = P(ma(uc) > m)

< exp |~ (en + p T 2m +
2 as — aq

npe_(a2—a1)6(n)apa/2>

for all a; € (0,a) and some ay € (aj,a). It follows that

. 1 ac+1
hmsup W IOgP(/,LC/ ¢ Ka,7m) S _§Cl-i-—oz/2m =—A. (63)

n—-+4o0o

The combination of (58), (59), (62), and (63) is the desired LDP. O

3.3 Conclusion

To conclude this section, we show how to deduce the LDP for px xt/, (The-
orem 1.7) from the LDP for pcr (Proposition 3.5).

Proposition 3.8. The measure pcce satisfies the LDP with speed n'*®/2

in P(Ry), for the weak topology and the good rate function W' defined by

o Emmgys(v) if v({0}) > max (0,1 — 1)
vv) = { +c/>o i otherwise ' (64)

Proof. We define

and

so that pcct = T (ucer), see (54).

Besides, we have

lim ds(poct, T(per)) =0. (65)

n—-+00

Indeed, let n € N and z in the domain V;; defined by (6). We have

(2) = Gr(uen (2)]
/

Tu(pe)@) — [ d(T(ic) (@)
i) e i)
1

RRZ—X

cp C

{ Hoct

)

| Im z|
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so, taking the upper bound on z € V; ; and the limit as n — +o00, we get (65).

The contraction principle applied to the function T, see [9, Theorem
4.2.1], will allow us to conclude. Indeed, T' takes its values in P(R) and is
continuous for the weak topology. This strategy will make appear the good
rate function U’ defined for all v € P(R) by

U'(v) =inf{®'(u), p€PR)st.v="T(u)}.

For all 11 € P(R), we have (T'(1))({0}) = 3 (1+ 2) ({0})+3 (1 — 1), hence

uioy) = 129 o @ = L1 C'Hc_l):m“(‘)’l‘})'

1+c¢ c c

Therefore, for all v € P(R.) such that #({0}) > max (0,1 — 1), there exists

a symmetric p € P(R) satisfying u({0}) > ‘hg' and v = T(u). We have in
this case

ac+1 o o a
¥ = § s [ Jol” dn(o) = =5 [ 12l AT ()@) = Z5mas(v)

hence ¥'(v) = —Z5mq/5(v). In the case of v({0}) < max (0,1 —1), we can
\1 c|

not find a symmetric p € P(R) satisfying u({0}) > and v = T(u), so
U’(v) = 4o00. Thus, we have computed ¥'(v) for every Ve PRL).

Lower bound. Let p € P(Ry) and § > 0. From (65), for n large enough,
we have dg ;(uccr, T(uer)) < §, hence

P(uccot € Bsi(p,0)) > P <T(MC') € Bsy (M, g)) :

By Proposition 3.5 and the contraction principle, we thus have

1 . / /
minf o logPlucer € Bua(p9)) 2 = inf | W(v) 2 —¥(n).
(66)

Upper bound. Let F be a closed subset of P(R;) and § > 0. From (65),
for n large enough, we have ds(poct, T(per)) < 0, so

P(ucc: € F) < P(T(ucr) € F°),
where F° denotes the d-neighbourhood of F for the distance ds ¢, namely

={vePRy) [ Fn € F, dsy(p,v) <6}
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Applying the contraction principle again, we thus have

1
limsup ——— log P e F) < — inf 9¥'(v).
oy mitaz 08 (neer )< vEFS )

This is true for all § > 0 so, taking the limit as 6 — 0, we get (see [9, Lemma
4.1.6(a)])

1
li —— _logP F) < — inf V(v).
imsup -5 log (Boor € F) < — inf ¥'(v) (67)

Combining (66) and (67), we can conclude that pcct satisfies the an-
nounced LDP. O

Because rectangular free convolution is continuous for weak topology, see
[5, Theorem 3.12], the function p +— (\/ﬁ H. \/M)2 is so, therefore, by
Proposition 3.8 and the contraction principle, (\/Mcct H. \/MMP,C)Z satisfies
the LDP with speed n!T®/2 on P(R,) governed by the good rate function

+00 otherwise

T () = { U'(v) if there exists v € P(Ry) such that p = (v H. | /uMp76)2

Thanks to the exponential equivalence between px xt /, and ( Vicer Be \/MMP,C)Q
obtained in Proposition 3.1, we can conclude that ux xt/, satisfies the same
LDP, see [9, Theorem 4.2.13], which ends the proof of Theorem 1.7.

A Concentration bounds for the information-plus-
noise model

A.1 Concentration for some functions of the resolvent

In Section 2, in order to prove Lemma 2.5, we needed the following concen-
tration estimates.

Proposition A.1 (adaptation from [17, Lemma 8]). Let Y € M,, ,(R) be
a random matriz with i.i.d. entries, let M € M, ,(R) be a deterministic
matriz and let z € C\R.

We define X = % +M, S = (zI, — XX")~! the resolvent of XX, ¢, = %,
and 0 = Var(Y71).

We assume that the distribution of Y11 has mean zero and satisfy the fol-
lowing Poincaré inequality:

VfeC (R,R) s.t. E(f'(Y1,1))* < +oo, Var(f(Y1.1)) < o”E(f'(Y11)%).

Then, for all deterministic matrices U € My (R) and V' € M,, ,(R), and for
all integers n,p, we have

2
4o°cy,

Var (% Tr(SU)) < 5 u(2)||U||(Te(UU?))/? (68)
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r ! T . £1)3/8
X max (HVHM HV,,ww HWP“%) |

F
| Imz|*  |Im 2|3

» 1 1 CE 2
v(z) = max :
| Im z|2” [Tm 23 |[Imz[?" \|Im2]?  |Imz]|

Remarks. e In the proof of Lemma 2.5, we apply (68) to U = I,, and
U = R, and we apply (69) to V = M.

u(z) =

and

e Since ||V < Te(VVH)Y/2, (69) implies

Var <% Tr(XtSV)> < gy v(z) Tr(VVY). (70)

Having in mind the large deviations in Section 3, we want to get a
bound in Tr(M M?) in Lemma 2.5, that is why we use (70) instead of
(69) in its proof.

e We get here slightly better bounds than [17]. Indeed, we can recover
their results from to ours since Tr(AA?) < n||A||? (see Proposition B.1
(iv)). This improvement is due to the fact that we used the inequality
| Tr(AC)| < /n| A (Te(CC*))Y? (see Proposition B.1 (iii)) instead of
| Te(AC)| < nl|AlL|C].

o If the distribution of Y7 ; satisfies the Poincaré inequality with a con-
stant C instead of o2, then o2 must be replaced by C in the bounds
(68) and (69).

e In the case of complex matrices Y, M, U, V', the bounds are very similar
and only the constants change.

Proof. Using the sub-additivity property of variance, the Poincaré inequal-
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ity, and the differentiation formula (84), we get

1 1
Var (E Tr(SU)) = Var ( Z - j,kUk,j)

1<j,k<n

- 2
1 1
S O'QE Z (nz\/z_jDa’bSJ’kUk’])

a’7b .]7k

- 2
1

- 2E Zn—Qp (Z(SX)j7bSa,kUk7j+Sj,a(XtS)b7kUk7j) ]
_a,b 7,k

= B> ((SUSX)ap + (X' SUS)sa)
a,b

= - E | (SUSX)2, +2(SUSX)ap(X'SUS)pq + (X' SUS);,

a,b

2
= ;Tp E [Tr(SUSX(SUSX)") + 2 Tr(SUSX X'SUS)
+Tr(X'SUS(X'SUS))] . (71)

Using the resolvent identity SX X! = XX'S = 25 — I,,, the inequality
| Tr(AB)| < /nTr(AA*)Y/2||B|| (see Proposition B.1 (iii)), and ||S|| < UTlZ\

(see Proposition B.2 (iv)), we get
|Tr(SUSX(SUSX)")| = |Tx(U(2S — 1,)SU'S?)|
S e e g )

[Tm2|* * |Im 2|3

and very similarly,

|Tr(SUSXXtSUS)\g\/EHUHTr(UUt)l/?( 12 - > (73)

[Tm2|* * |Im 23

and

t t ] < £\1/2 ] 1
ITe(X*SUS(X'SUS))| < vaul|U|| Te(UUY) <‘Imz‘4 + TP ) (74)

Combining (71), (72), (73) et (74), we conclude that

1 4o%cy, 1 |2]
— T <
Var <n r(SU)> — nd/2 (]Im 23 |[Imz[*

> |U|| Te(UUH)Y2 .
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Let us now prove the second inequality. By the same arguments as above,
we get

1 1
Var | = Tr(X'SV) ) =V > = XiSkaVig
ar (n r( )) ar kORI

1<k,i<n
I<j<p
2
1 1
2
< oE [Z (n ZDa,ka,j.Sk,M,j +Xk,j-\/z—)Da,b5k,l-W,j) }
a,b 7.k,

o’ t t t 2
= o E {%{; ((SV)mb + (SVX'SX)ap + (X' SVX S)b,a)
2
- %p E [Tr(SV(SV)!) + Tr(SVX'SX (SVX'SX)!)
+ Tr(X'SVX!S(X'SVX'S)!) + 2 Tr(SVXISX(SV))
+ 2Tr(SVX'SVX'S) + 2Tr(SVX'SXX'SVX'S)] . (75)
We will now bound these terms, always using the resolvent identities

SXX! = XX'S = 28 —I,, XX!S* = S*XX'! = z8* — I,, inequalities
(i)-(iii) in Proposition B.1, and the bound ||S|| < 2. We get for example

[Im z|*
TSV (SV)Y)] = [TH(SVV'S)] < VAV Te(VV) oy ! z (0
mz
and
I Te(SVXESX(SVXISX)|
= |Tx(V'S?VX' (2S5 — I,,)SX)|
< Te(VESPVVHS* )2 V)2 Te(X (25 — 1,,)SX X' S*(25* — I,)X)'/?
= Tr(VISPVVEHS*)2V)Y2 Tr(S* (28" — 1) X X (28 — I,)(2S — I,))"/?
1/2
< (x/ﬁHVH?’HSH‘*Tr(VVt)l/Q) : Te((25* — 1)*(28 — I,)*)'/?
1 2| ?
< pl/4 3/2 t\1/4
< e VI TV v%(umd+w>
2
3/ 13/2 t\1/4 2| 1
VP2 (VY <|Imz|2 Tl ) (77)

Very similarly, we get
ITr(X'SVX'S(X'SVXIS))

2
gﬁ&wwﬂﬁwvw“<'” ; 1) . (78)

[Im 2|2~ |Imz|
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‘Tr(SVXtSXVtSH§n5/8HVH5/4Tr(VVt)3/8< LI ) (79)

[Tm 2|3 |Im z|?

1
\Tr(SVXtSVXtS)\gﬁHVHTr(VVt)l/?( 12 + > (80)

[Im 2|3 |Im z|?

and finally

|Im 2|2 |Im 2|

1 2
{Tr(SVXtSXXtSVXtS)\g\/ﬁHVHTr(VVt)l/z( . ) |

Combining inequalities from (75) to (81), we finally obtain the announced

bound. 0

Remark. In the proof above, it is possible to improve some majorizations

using the inequality [|SX|| < UTIZJ\ where y is a square root of z (see Propo-

sition B.2 (v)). For instance, it allows to get

1

| Tr(XTSVXES(XISVXIS)H| < vV Te(VVHY2V. Tagl

instead of (78). However, in (77), which is the other dominant term in (75),
we can not improve the power of n by this strategy.

A.2 Concentration of the empirical spectral measure

In Section 3, in order to prove Proposition 3.1, we needed the following
concentration bound.

Proposition A.2 (adaptation from [7, Theorem 2.5]). Let k > 1, Y €
M, »(R) a random matriz with i.i.d. entries bounded by k, M € M, ,(R) a
deterministic matriz such that %Tr(MMt) < k% and s,t > 0. We assume
that ¢, = 3 — ¢ € (0,400) as n — +00.

There exists B > 0 such that for all s large enough, t small enough, n large

2/5
enough, and 6 € [(BTHQ) ,1}, we have

P (ds,t (M(Y/ﬁw)(wﬁw)taEN(Y/@+M>(Y/@+MV) = 5)
Bk n24°
< 7 7
Remarks. e Here k is a constant but we are interested in the depen-

dence on  in the bound since we apply (82) to a x depending on n in
Section 3.

e This result remains true if Y and M are complex matrices and the
entries of Y have independent real and imaginary parts.
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Proof. We will apply [13, Theorem 1.3(b)] to the (n + p) x (n + p) matrix
0 ‘ % + M
" 7
()| o

The matrix M is not present in [13] but it is possible to do so because

2 Yk
Tr(X%) < EZ(%JF ]k> < —Z k+ L (MM?)
ik

X, =

so, thanks to the hypotheses on Y and M, we have n%rpTr(X?A) < 8k2.
Therefore, the argument in [13, p. 132] does not change and we can apply
[13, Theorem 1.3(b)] adding the matrix M. Consequently, there exists 8 > 0

2/5
such that for all n large enough and ¢ € [(%) ,1] , we have

(wp/}mMA—E/fmmA

where the supremum is taken over all bounded Lipschitz functions f such

that
flz) - f(y)'
T —y

> 6) 5/4; —n265/ﬁ/@4

<1. (83)

sup | f ()] + sup
zeR TH#Y

Moreover, using (90), we can check that when s is large enough and ¢
is small enough, for every z € V4, the function f : z +— ——— is Lipschitz,
bounded, and satisfies (83). Noting in addition that

1
[ @)

1 1 1
= nip (2“ / ~— ey ypray (@) + (0 = p)-;)

and using the definition (5) of ds¢, we find (82) even if it means to change

B. O

B Technical tools

In this appendix, we summarize miscellaneous results used throughout the
paper.
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B.1 Traces and matricial norms inequalities

For a matrix A € M,, ,(C), we denote by || A]| its operator norm associated
to Euclidean norms and

[Alloo = | Ajkl -

max
1<j<n,1<k<p

If B is an other matrix in M, ,(C), we denote by A o B the Hadamard
product of A and B, i.e. the matrix defined by (AoB);; = A; ;B; ;. Finally,
diag(A) denotes the matrix whose entries are given by A; ;0;, where § is
the Kronecker symbol.

Proposition B.1. Let A,B € M,,,(C), C € M,,,,(C), D € M,(C), E €
My, 4(C). We have the following.

(i) | Te(AC)| < (Tr(AA*))V2(Tr(CC))2,
(i) [ Tr(AC)| < nfAJ[C],
(iii) | Te(AC)| < v/nl|A|(Te(CC))2,
(iv) | Al < (Te(AA")? < /nl|Al|,
(v) (Te(AA)Y? < /Pl Alloo,
(vi) || diag(D)]| = || diag(D)lloc < [|Dlloo,
(vii) [|A o Blloo < [[Allocl|Bllc:
(viii) |[A o Bl < [[A]l.| B,
(iz) Tr((Ao B)(Ao B)*) < Tr(AA")|B|,.

Most of these points are classical or easy to check. Note that the com-
bination (iii) of (i) and (ii) will be crucial for us and that a proof of (viii)
requires the use of the matrices

A Ao Ap
A/ = : . PR : .
An 1 An 2 An,p

20



and

B/

B.2 Properties of resolvents

Let A € H,(C) and z € C\R. The resolvent of A at z is the matrix
R(A) = (21, — A)™L. For A € M,,,(C), we denote by S(A) the resolvent

R(AA*), or just S if no confusion can arise.

Proposition B.2. Let A,B € M, ,(C) and z € C\R. We have the fol-

lowing.
(i) SAA* = AA*S = 28 — I,
(ii) S(A+ B) — S(A) = S(A + B)(AB* + BA* + BB*)S(A),
(iti) Guyye (2) = 3 Tr S,
(i) [Slloo < ISl < 1

[Im 2|’

(v) [|SA|leo < ||SA| < IIle\’ where y is a square root of z,

z
Imz"

(vi) [ A*SAll < [|A*SA| <1+ |

(vii) We denote by Dqy the derivation w.r.t. ReAqp and 6 the Kronecker
symbol. For all a,j, k € [1,n] and b,l,m € [1,p], we have

Dy pSjk = (SA)jpSak + SjalA" Sk, (84)

Dmb(SA)jJ = (SA)j,b(SA)a,l + Sj@(A*SA)bJ + 51),15]'7@, (85)
Do p(A*S)1 e = (A"SA)1pSak + (A*S)1a(A"S)p ks + 0150k,  (86)

Da7b(A*SA)l7m = (A*SA)U)(SA)G,m + (A*S)La(A*SA)b,m
+ 5b,m(A*S)l,a + 5b,l(SA)a,m P (87)
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Diijk = Q[Sjﬂsa’k + (SA)j,b(SA)a,bSa,k + Sj7a(A*SA)b7bSa7k
+ 85,a(A"S)b,a(A*S)p ks + (SA)j5Sa,a (A" Skl , (88)

D3 ,S; i = 6[(SA);pSaaSak + Sja(A*S)baSak + Sja(SA)apSak
+ SjaSa.a(A* Sk + (SA);6(SA)L 1 Sak + Sjal(A*9); o (A" )bk
+ (SA)jp(SA)apSa,a(A*S)pk + (SA);jpSaa(A"S)pa(A"S)bk
+ 85,a(A"SA)py(SA)apSak + (SA)jpSaa(A"SA)ypSak
+ S5,a(A*S)pa(A*SA)ppSak + Sja(A*SA)y pSaa(A* Skl . (89)

Most of these relations are classical or obtained by simple computations.
Note however that (v) and (vi) respectively follow from the identities

( gL, | —A >1 B ( 7S* | AL, — A*A)™! >
A7, SAF | 5GPT, — AA) T
and A*(zI,, — AA*) YA = —I, + 2(21, — A*A)~L.

Note also that if y is a square root of z and z belongs to the domain V; ;
defined by (6), then we can easily prove that

T y| = 2 ( (Rez)z +1 Rez) > (f(\/t2+1—t))1/2 >0. (90)

2 (Im z) ~Imz 2

B.3 Inequalities for empirical spectral measures

Proposition B.3 (Rank inequality, see [7, Lemma B.1]). Let A, B € H,,(C).
We have

1
dxs(pa, pp) < Erank(A—B). (91)

Proposition B.4 (Rank inequality for covariance matrices, see [3, Theorem

A.44]). Let A,B € My, ,(C). We have

1
drs(paas, ppp+) < Erank(A—B). (92)

Proposition B.5 (Hoffman-Wielandt inequality, see [7, Lemma B.2]). Let
A, B € Hp(C). We have

W3 ) < - Tr((A — BY?), (93)

where Wy denotes the L?-Wasserstein distance on P(R).

Proposition B.6 (see [3, Corollary A.42]). Let A,B € M,,,(C). We have

Wi(pan, upp-) < % Tr(AA* + BB*)Tr((A— B)(A— B)*).  (94)
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Proposition B.7 (Schatten’s inequality, see [20, Theorem 3.32]). Let A €
Hn(C) and p € (0,2]. We have

p/2

| Ay ;|2 ) (95)
1

n n

1

/ 2P dpa(z) < —
R n ;
k=1 \ j=
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